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This online appendix contains proofs and additional results for the paper “Inference
on Winners.” Appendix A details the assumptions used to impute standard errors for the
JOBSTART estimates reported in Cave et al. (1993), and reports additional results for our
simulations calibrated to the JOBSTART data. Appendix B shows that our unconditional
and conditional coverage requirements arise as necessary conditions for minimax decision
rules in two-step decision problems. Appendix C generalizes the conditional inference
results discussed in the main text, extending these results to allow additional conditioning
variables and unbiased confidence intervals. Appendix D proves our results for the finite-
sample normal model. Appendix E provides further details on how our conditional and
unconditional inference procedures can be adapted to provide forecast intervals. Appendix
F states and proves the uniform asymptotic results referenced in the main text. Appendix
G provides additional results and discussion to complement the application in Section 7 of
the main text. Finally, Appendix H provides empirical results for an additional empirical
example, based on Karlan and List (2007).
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A Details and Additional Results for JOBSTART Application

This appendix provides additional details and results for the JOBSTART application

discussed in Section 2 of the main text.
A.1 Standard Error Imputation

This appendix shows how we obtain the standard errors for the average treatment effects
reported in Table I of the main text based upon estimates and standard errors in Tables
5.13 and B.4 of Cave et al. (1993).

The results in Table 5.13 of Cave et al. (1993) are based on what we term “the long
regression”. Letting ¢ denote the individual, =1 denote the third year (months 25-36)
and t =2 the fourth year (months 37-48) after individual assignment, we suppose that

the long regression has the form

Yie=00+7s, Dils, {Si}+ Z (Bs(1=Dy) +7sDi) L{ Si }+ X6 +eu, (A1)
SEy\Sr

where Y}, is the outcome of interest (annual earnings in year t), D; is an indicator of treat-
ment, 1,{S;} is an indicator for site s, Xj is a vector of time-invariant binary characteristics,
and ; is the unobserved residual for individual ¢ in period t. We base our specification
of the long regression upon information in and around Table 5.13 of Cave et al. (1993)
since the regression equation is not formally stated. We equate the reference site, which we
denote by s, €. for .7 the set of sites, with SER/Jobs for Progress in Corpus Christi, TX
in accordance with Table B.4 of Cave et al. (1993). An (implicit) maintained assumption
in our analysis of this example is that all regression coefficients are time-invariant.

Table 5.13 in Cave et al. (1993) reports estimates for the average cumulative treatment
effect on outcomes over months 25-48 after the treatment. Using the form of the long

regression, we can write these cumulative outcomes as

Yi+Yo=200+27, D1, {S;} + Z (285(1=D;)+27sDi)1{Si}+2X[0+ein +en. (A2)
s€S\sr

Denoting estimates of the parameters of (A.1) in the usual way, Table 5.13 thus reports,



for each binary d and s€.%,

. 200+ 295, d+27y, 5 , for s=s,,

E[}/ﬂ‘i‘YiQ’Di:d,SZ':S,Xi:i’ds]: . . . (A3)
260+28s(1—d)+27,d+27, 5, for s#s,,

where Z4 is a group average.
To give a causal interpretation to the results from the long regression (A.1), we assume
that potential outcomes are also linear, with the potential outcome for person 7 in period

t under treatment status d taking the form

Yio(d) =00+75,dLs {S}+ Y (B.(1=d)+7sd) 1 { S} +X[0+24(d),

Sey\&r

where Elg;(d)]=0. Note that this model implies that conditional average treatment effects
on earnings given (.5;,X;) depend on S; but not on X;, and that the site-specific average

treatment effect on cumulative earnings at site s€.¥ is then
T =E[Yi (1) +Yi(1)]Si =] —E[Yi1(0) +Y:2(0)|5; =]
=E[Yi +Yp|Di=1,5=5X;=2]-E[Y; +Y;|D;=0,5=s5,X;=1],

27, for s=s,

2v,—20s for s#s,,

where the second line follows from randomization of D; and homogeneity of the conditional
average treatment effects in X;. The estimates for 7, reported inTable 5.13 of Cave et al.
(1993) thus correspond to

27s,. for s=s,
P ki (A.4)

27, —233 for s=#s,,

which measures the difference between the average outcomes in the treated and control
groups at a given site. Cave et al. (1993) report neither confidence intervals nor p-values
for these estimates; we must, therefore, impute them.

We base this imputation on the results reported in Table B.4 of Cave et al. (1993).



These results are based on what we call “the short regression”,

Sey\Sr

where the definition of the regressors is the same as in (A.1). Note that, in contrast with
Table 5.13, the dependent variable of the regression reported in Table B.4 is earnings over
months 3748, rather than cumulative earnings over months 25-48. Moreover, since the
functional form of the short regression differs from (A.1), v and e;5 differ.

Table B.4 of Cave et al. (1993) reports both estimates and standard errors for the
parameters in (A.5). Our goal is to infer standard errors for 75 based upon the standard
error estimates obtained for the linear regression coefficients of (A.5). In order to do so,

we rely on several assumptions.

Assumption 1 (Independence of binary characteristics)
X; is independent of (D;,S;).

Although useful for simplifying our analysis, Assumption 1 can be rejected using the data
reported in Cave et al. (1993). Specifically, the ratio of men to women varies across sites
in Table 2.1 of Cave et al. (1993), and this variation is more than we would expect due
solely to sampling variability. To accommodate this and other potential failures of our
assumptions, we examine the sensitivity of our empirical results in this application to

changes in the standard errors.

Assumption 2 (Uniform random assignment at sites)

Imposing Assumption 2 means we do not have to worry about the relative sizes of
the treatment and controls groups at each site, or their influence on the variance of any
obtained estimates.! Although there are slight differences in the ratio of treated to control
individuals across sites, these differences are small.

We now rewrite (A.1) using Assumptions 1 and 2. Let p;=E[1,{S;}] for all s€.7,
and rewrite (A.1) for t=2 as

Yo=80+7Dit D (=B=7s ) DALS}+ Y Blo{Sih+Xid+e0

s€S \sr s€S \sr

IDifferences in the number of individuals at each site are already captured by the standard errors
in Table B.4.



1 /
=no+YD;+ Z 5[%+5s—%r]ls{si}—f—XiﬁsﬂLVi% (A.6)
565’\87»

where
Vig= Z (Vs = Bs =5 )(Di—1/2)(1s{Si } —ps) +€i2- (A7)
s€S \sr
Given that v is mean-zero, and is uncorrelated with any of the regressors in (A.6) under
Assumptions 1 and 2, the projection coefficients in (A.6) coincide with the coefficients of
(A.5). We can hence associate, for all s€.7\ s,

1
As= 5 [’Ys +Bs_’73r]'

Table B.4 in Cave et al. (1993) reports the standard error of ), for s€.7\ s, where )\, is
the OLS estimator for the site dummy coefficient using observations collected over months
37-48. We then let 75 and B,, s€.7, be the OLS estimators that we would obtain via
(A.1) using earning observations from t=2 only.

Under Assumption 1, 55 and B, are uncorrelated. In addition, (A.7) implies that
conditional on the regressors (D;,S;,X;), ;2 in the long regression of ¢ =2 is necessarily
smaller (stochastically) than v in the short regression, in the sense that E[v3|D;,S;,X;] >
E[3,|D;,S:,X;] almost surely. Accordingly, the asymptotic variance of the OLS estimator
for As obtained from the short regression is larger than the asymptotic variance of the

estimator for A\; based on the coefficient estimates from the long regression, i.e.,

V()2 Var (3Gt ) ) 2 3 [V + VarB V)] ()

4
for each s in large samples.
Next, to relate the variances of 7, and B, to the variances of the OLS coefficients in
the long regression for cumulative earnings (i.e., to relate these variances to the coefficients

in (A.2)), we impose the following assumption.

Assumption 3 (Homoskedasticity of the earning shocks)
Conditional on regressors (D;,5;,X;), the variance of €; is identical to the variance of &2,

and &;1 18 uncorrelated with ;.

Under Assumption 3, the variance of the OLS coefficients of (A.1) with t=2 is half of

the variance of the OLS estimators for the linear regression coefficients of (A.2); given that

6



the regressor matrix is common to both equations, the variance of the OLS estimators
is proportional to the variance of the regression residuals. Thus, Var(%;)= Var(27s)/2 and
Var(j3,) = Var(28,)/2. Accordingly, inequality (A.8) can be written as

Var(i,) 2% Var(24,)-+ Var(25,) +Var(23,, )] (A.9)

Note that if Assumption 3 fails and ;; and ¢;5 are correlated, this would tend to increase
the standard errors for the long regression, and hence the importance of our winner’s curse
corrections.

Our goal is to obtain the variance of 7,, s€.¥, which is

Var(24s,) for s=s,,
Var(7s) = . (A.10)
Var(29;)+Var(25;) for s#s,.

To pin this quantity down, we impose an additional assumption:

Assumption 4 (Variance)

(i.) The inequality in (A.9) holds with equality. (ii.) For all s € %\ s, and t =1,2,
Var(Yy(0)|S; = s) = Var(Yy(1)|S; = ), which implies that Var(23,) = Var(23,). (iii.)
Var(Yin (1)+Ya(1)|Si=s,) = Var(Yii (1) +Yie(1)|S;=s,), where s, indicates Connelley Skill
Learning Center in Pittsburgh, PA.

We justify our choice of Connelley Skill Learning Center as a reference for SER/Jobs for
Progress by noting that the sample mean of Y;;(1)+Y;2(1) in Pittsburgh is closest to that
of Corpus Christi, TX.

Focusing on s = s, under Assumptions 1 and 4, and noting that the sample size of
Connelley Skill Learning Center is 2/3 that of SER/Jobs for Progress, we obtain

1 2 1
Var(\,,) = 3 (2Var(2’}sp) + §Var(2?ysp)) = g\/ar(?ysp),

from (A.9). Hence, we can pin down the variance of 7, as

Var(7,,) =2Var(29,,) =6Var(\s, ).



Similarly, for s=s,, (A.10) gives
Vax(7,) = Var(23,,)= - Var(23,,) =2Var (3, ),
whilst for the remaining sites, s€.%\{s,,s,}, we obtain
Var(f,) = Var(35,) + Var(35,) =8Var(3,) — Var(23,,) =8Var(3,) — 2Var(A, ).

which allows us to impute standard errors for the remaining sites. Note that our imputed
standard errors for all sites are consistent with the reported significance levels in Table
5.13 of Cave et al. (1993).

A.2 Conditional Coverage Results

To complement the simulation results reported in the main text, Figure 7 plots the con-
ditional coverage given 6=0" for 6% the site yielding the largest effect in the JOBSTART
data (i.e. CET), where to illustrate coverage distortions we extend the horizonal axis to
include negative scaling factors. As expected the conditional interval has correct conditional
coverage, while coverage distortions appear for the hybrid and projection intervals for
negative scaling factors. In this case 6=0* with low probability, but conditional on this

event X () tends to be far away from px(6*), since for s <0 site * has the smallest ATE.

Consequently, projection and hybrid confidence intervals under-cover.
A.3 Split-Sample Results

This appendix reports the results from applying split-sample methods in the simulations
calibrated to the JOBSTART data. As in the main text, we report results corresponding
to the case where we use half of the data to select a target site, and the other half is used
for inference.

As discussed in the main text, sample splitting changes the site selected. Hence, a
first important question when considering sample splitting is to what extent it reduces
the quality of the treatment selected, relative to using the full data for targeting. Figure
8 provides one answer to this question, plotting the average difference in treatment effects
between the best site (CET /San Jose in this simulation design) and the selected site, that
is pux (0%) — Elpux(0)] for 0% corresponding to CET/San Jose. As in the main text, the
horizontal axis varies the scaling s on the site-specific average treatment effects. As these

results make clear, there is a substantial loss from sample splitting in this context, with
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Figure 7: Coverage conditional on 6=6*, for 6* the site with the largest effect in the JOBSTART
data (i.e. CET/San Jose), where X ~ N (s-jix,%) for fix the JOBSTART point estimates and X
the diagonal matrix with the squared JOBSTART standard errors on the diagonal. The horizontal
axis varies the scaling factor s, and our preferred scaling s* is marked with a vertical line.

the regret increasing by nearly 40% at our preferred scaling s*.

B A Decision-Theoretic Model of Inference After Selection

This appendix shows that our unconditional and conditional coverage requirements arise
naturally as necessary conditions for minimaxity in a two-step decision-theoretic model.

In particular, consider a decisionmaker who observes

()= ((0)2)

with p = (1y 1) unknown and ¥ known. They must make a two-part decision, first
selecting an element 6 € © and then reporting an interval I intended to cover puy ().
Suppose that the decisionmaker has lexicographic preferences, prioritizing the selection
problem first and the inference problem second.

For the first step selection problem, the decisionmaker must select a decision rule
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Figure 8: Average regret px(0*)— Elux(0)], for selection based on full vs. split sample, where
50% of the data are used for selection.

mapping data realizations to (possibly randomized) selections,
59 AXY— A(@)

for A(©) the set of probability distributions on ©. In a slight abuse of notation we use
J9(X,Y) € © to denote the realized choice. We assume that the decisionmaker aims to

minimize an expected loss that depends on p,
E#[LH((S@(XvY)nu)]

Since p is unknown the decisionmaker must aggregate across p values in some way, for
example putting a prior on p and selecting Bayes decision rules or focusing on the worst
case and selecting a minimax rule.

As a concrete example of the first-stage preference, consider a decisionmaker who

selects dy to minimize the maximum regret based on pux

min sup{rgleaéxux(ﬁ)—EM[,uX(ég(X,Y))]}.

o p

10



Results from Lehmann (1966) and Eaton (1967) imply that picking dg(X,Y") =argmaxX (6)
solves this problem when g is unconstrained and Y x is proportional to the identity matrix.
More broadly there is a substantial statistical decision theory literature on optimal selection.
For our purposes, we will take the solution to the first-step decision problem as given and
focus on the second-stage decision problem.

In the second stage the decisionmaker solves an inference problem. Define the loss

La(0.1.) = F(I)+ 1 (v (0) £ 1) = 111D+ Y1 {0=0}1{ v (7) 21}

0ce

where |I] is the Lebesgue measure of the interval I while f(-) is a non-negative and weakly
increasing function with f(c0) =a*. We consider two versions of expected loss in the
second-step problem. The first simply averages the loss across (X,Y) realizations. For
second-step decision rule d;: X' x )Y — A(Z) (for Z the set of intervals on R and A(Z) the
set of probability distributions on Z) this yields expected loss

E[f(16r(XY))+1{py (06(X.Y)) €61 (X,Y) }]. (A-11)

Alternatively, for settings where we are concerned about selection we introduce a selection
dummy S where as in the main text we assume that S is independent of (X,Y") conditional
on §p(X,Y’). Denote the conditional distribution of S|dg(X,Y) by Fgs,. If we care about

the second-step loss only in those cases where S=1, this yields expected loss
B g5, L (100(XSY))) + 1y (36(X,Y)) €0, (X,Y) 1S =1]. (A.12)

We next show that minimax decision rules in the second stage imply correct coverage,
with criterion (A.11) yielding unconditional coverage and criterion (A.12) yielding condi-
tional coverage. For (A.11), note that always choosing I =R yields a loss of f(o0)=a*
regardless of the value of ;. Hence, for a minimax decision rule 67 we must have that the

worst-case expected loss is weakly less than o,

SlPlLPEu[f(!59(X,Y)|)+1{My(5e(X,Y)) gor(XY)} <o,

11



Since f(-) is non-negative this implies that
supPry. {py (09(X,Y))€07(XY)} <o,
I

which is precisely our unconditional coverage requirement. Hence, minimax second-stage
rules under criterion (A.11) always have unconditional coverage at least 1—a*.

If we instead consider (A.12), note that the unknown parameters now include both g
and the conditional distribution Fgs,(x,y). By the same argument as in the unconditional

case the minimax expected loss must be bounded above by a*,

supsup £, g5, [ (106(X,Y)) +1{py (36(X,Y)) €7 (X V) S =1] <,

B Fgs,

which implies that

supsup Pry, py {py (0g(X,Y)) €57 (X)Y)|S=1} <o’

u Fgs,

As noted in the main text, however, to ensure that

sup PT#,FSMH {MY (69 (va)) Q(S} (X>Y) |S: 1} <a’

Fsis,

we must have that
PTM{NY(59(X7Y)) Q’&(X,Y)‘(S@(X,Y)} < O‘*a

so minimax rules in this setting must ensure conditional coverage at least 1—a*.

C Conditional Inference

This section extends the conditional inference results developed in Section 4 of the main
text in two directions, first allowing dependence on additional conditioning variables, and

then introducing uniformly most accurate unbiased confidence intervals.
C.1 Additional Conditioning Events

Suppose that in addition to conditioning on {9 =@}, we also want to condition on an

additional event {§=4}, for ¥=~(X) some function of X. We thus seek estimators that

12



~

are quantile-unbiased conditional on (67),
Pru{,&a zﬂy(é)\é:é,fyzﬁy} —aforall §e©, F€T, and all p, (A.13)
and confidence sets with correct conditional coverage
Pr#{py(é) eCI|@:éﬁ:&} >1—q for all f€ O, F€T, and all p. (A.14)

One reason we might want to allow such additional conditioning is that we are interested
in performance conditional on S=1 for an unobserved variable S € {0,1} as discussed in
Section 3 of the main text, where we generalize the assumption in the main text and assume
that S is conditionally independent of (X,Y") given the pair (9,&) If we have no other restric-

tions on the distribution of .S, then in order to guarantee conditional coverage given S=1,

inf inf Pru,psm{uy(@) ECS\Szl} >1—a,

T

it is both necessary and sufficient that we have conditional coverage (A.14).

As in the main text, we re-write the conditioning event in terms of the sample space of

X as {X : 92@,?2&} =X(07), and study the conditional distribution of (X,Y(0)) given

X eX(07). For Z; as defined in (10) of the main text, let

Y(63.2)= {2+ (Sxr (B)/2v(B) Jye X (6) }.

Conditional on 6 = 0, 4=+, and Zy =2z, Y(@) again follows a one-dimensional normal
distribution N (z1y (0),%y(0)) truncated to Y(0,7,2).

To characterize Y(6,7,2), note that for X(f) as derived in the main text, we can

write X(0,7) =X (0)NA,(3) for A, (3)={X € X:~v(X)=7}. Likewise, for Y,(5,2) defined
analogously to (11) in the main text, Y(6,7,2) = Y(0,2)NY;(5,2). The form of X, (%) and
Y, (%,%) depends on the conditioning variables 4 considered.

To construct quantile-unbiased estimators, let Frn (y;py(9),0,7,2) denote the distri-
bution function for a N(uy 0,5y (0))) distribution truncated to Y(0,7,z). This function

is strictly decreasing in iy (6), so define fi, as the unique solution to

Fr(Y (0)ijia0.7,25) =1—av. (A.15)

13



To establish optimality, we impose one additional assumption.

Assumption 5
If ¥ = Cov((X",Y")) has full rank, then the parameter space for p is R%®l. Otherwise,
there exists some u* such that the parameter space for i is { /L*—i—Z%v:vERQ'@'}, where

Y3 s the symmetric square Toot of 3.

This assumption requires that the parameter space for p be sufficiently rich. When 3 is
degenerate (for example when X =Y, as in Section 2 of the main text), this assumption
further implies that (X,Y") have the same support for all values of . This rules out cases
in which a pair of parameter values py, ps can be perfectly distinguished based on the

data. Under this assumption, ji, is an optimal quantile-unbiased estimator.

Proposition 7

Let [i, solve (A.15). [i, is conditionally a-quantile-unbiased in the sense of (A.13). If As-
sumption 5 holds, then i, is the uniformly most concentrated a-quantile-unbiased estimator
in that for any other conditionally c-quantile-unbiased estimator [t} and any loss function

L(d,,uy(é)) that attains its minimum at d= iy (0) and is quasiconvez in d for all py (),

B |L (oot 0))0=07=3] < B, [ L (iter 0)) 16 =0.57=7]
for all i and all €O, F€T.

Proposition 7 shows that ji, is optimal in the strong sense that it has lower expected loss
than any other quantile-unbiased estimator for a large class of loss functions. Hence, fi 1 is
an optimal median-unbiased estimator, while Clgr= [ﬂ% 7/11_%] is an optimal equal-tailed

confidence interval.
C.2 Unbiased Confidence Intervals

Rather than considering equal-tailed intervals, we can alternatively consider unbiased
confidence intervals. Following Lehmann and Romano (2005), we say that a level 1—a«
two-sided confidence interval C1 is unbiased if its probability of covering any given false
parameter value is bounded above by 1—a. Likewise, a one sided lower (upper) confidence
interval is unbiased if its probability of covering a false parameter value above (below) the
true value is bounded above by 1—a. Using the duality between tests and confidence in-

tervals, a level 1—a confidence interval C'1 is unbiased if and only if ¢(uyo) =1{py0 ¢ CI}

14



is an unbiased test for the corresponding family of hypotheses.? The results of Lehmann
and Scheffé (1955) applied in our setting imply that optimal unbiased tests conditional on
{92@,’}:’?} are the same as optimal unbiased tests conditional on {@:@,’y:’y,Zé :z(;}.
These optimal tests take a simple form.

Define a size « test of the two-sided hypothesis Hy: uy () = f1y,0 as

Prsalive) =1 Y O) ¢l Z).c(2y)] |

where ¢(z), ¢,(2) solve

PriCela(z)c(z)]}=1-a, EICH{CEla(z)cu(2)]}] = (1-a) E[(]

for ¢ that follows a truncated normal distribution

ng‘gey(éﬁ/az)a SNN(NY@,ZY(@))

Likewise, define a size « test of the one-sided hypothesis Hy: py (0) > iy as

¢OSf,a(,uY,0) = 1{FTN(Y(é);:uY,O797:}/72) < Oé}

and a test of Hy:py (0) <pyp as

¢OS+,a(,uY,0) = 1{FTN(Y<é);,uY,Oaéﬁ/7Z> > 1—05}

Proposition 8
If Assumption 5 holds, ¢rsa, P0s—.a, and post.q are uniformly most powerful unbiased

size « tests of their respective null hypotheses conditional on 0=0 and A=7.

To form uniformly most accurate unbiased confidence intervals we collect the values
not rejected by these tests. The two-sided uniformly most accurate unbiased confidence
interval is CIy = {y,0: ¢rsa(ptyo) =0}. Cly is unbiased and has conditional coverage
1—a by construction. Likewise, we can form lower and upper one-sided uniformly most
accurate unbiased confidence intervals as C'Iy— = {yo: Pos—.a(ty0) =0} = (—00,f11—4,

and Cly + ={pyvo: pos+.a(ftyo) =0} =[fla,00), respectively. Hence, we can view Clgr as

2That is, Hy: py (é) =y, for a two-sided confidence interval, Hy: My(é) >y, for a lower confidence
interval and Hy: py (0) <py,o for an upper confidence interval.

15



the intersection of level 1— ¢ uniformly most accurate unbiased upper and lower confidence
intervals. Unfortunately, no such simplification is generally available for C1;;, though
Lemma 5.5.1 of Lehmann and Romano (2005) guarantees that this set is an interval.

C.3 Behavior When P?“M{ézé,‘y:’y} is Large

In Proposition 3 of the main text, we showed that our median-unbiased estimators and
equal-tailed confidence intervals converge to conventional ones when Pru{ézé} — 1. The

same result holds for general conditioning events and unbiased confidence intervals.

Lemma 2
Consider any sequence of values fiy,, and z ,, such that Pry,. {@ =04 =7|Z;= z@m} — 1.
Then under iy, conditional on {@ = é,ﬁ =7,25= Z@,m} we have Cly —,Cly, Clgr—,

Cly, and fi1 =, Y (0).
Proposition 9

Consider any sequence of values i, such that Prum{@:é,’y:’y} — 1. Then under i,
we have Cly —,Cly, Clgr —,Cly, and ,&% —p Y(é) both conditional on {92@,'?:'?}

and unconditionally.

D Proofs

WEe first prove the results stated in Section C, and then build on these to prove the results
for the finite-sample normal model discussed in the main text.
D.1 Proofs for Results in Section C

Proof of Proposition 7 For ease of reference, let us abbreviate (Y (0),py(6),25) by
(Y,fiy,Z). Let Y(—0) collect the elements of Y other than Y (f) and define sy (—6)

analagously. Let

Y*:Y(—é)—Cav(Y(—é),( ’ ))v(( . ))+( ’ )
e ()

and iy = pux — (Z Xy(-,(z)) / Ey(é)) ity Here we use AT to denote the Moore-Penrose

pseudoinverse of a matrix A. Note that (Z ,f/,Y*) is a one-to-one transformation of (X,Y),
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and thus that observing (Z,Y,Y*) is equivalent to observing (X,Y). Likewise, (fiz.jiy &)
is a one-to-one linear transformation of (yx,uy ), and if the set of possible values for the
latter contains an open set, that for the former does as well (relative to the appropriate
linear subspace).

Note, next, that since (Z,Y,Y*) is a linear transformation of (X,Y), (Z,Y,Y*) is jointly
normal (with a potentially degenerate distribution). Note next that the subvectors of
(Z ,?,Y*) are mutually uncorrelated, and thus independent. That Z and Y are uncorre-
lated is straightforward to verify. To show that Y* is likewise uncorrelated with the other
elements, note that we can write Coov (Y*,(Y,X "y ) as

(v ) )-emsean( e (5)) vl (1)

For VAV’ an eigendecomposition of Var((}},X "y ) (so VV'=1I), note that we can write

A5 ()

for D a diagonal matrix with ones in the entries corresponding to the nonzero entries of

A and zeros everywhere else. For any column v of V' corresponding to a zero entry of D,

_ /
v Var((Y,X ! ) )v:O, so the Cauchy-Schwarz inequality implies that

Cov(Y(—é),( )Y( >>v=0-
Cou<y<—é>,< § )>VDV’:COU<Y<—9>,< § ))vv’:Cov(Y(—(;),(

!/

<

))

so Y* is uncorrelated with (?,X ! )
Using independence, the joint density of (Z,Y,Y*) absent truncation is given by

Inz2(Ziz) g Usiy) ey (07 505)
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for fy normal densities with respect to potentially degenerate base measures:

Inz(Ziz) = dét(27r22)—%exp (—%(é—ﬁz)lEin(é—ﬂzo

o~ 1 (?Q—ﬁY)2>
Ny (Uiy ) =21y ) 2exp| ————
Iy @iy )= ( ) p( >,

*, x ~ -1 1 * o~k * *
Iy (y'5py ) =det (2 Xy~ 2exp(—§(y —iiy) Sy (y —HY)),

where det(A) denotes the pseudodeterminant of a matrix A, ¥, =Var(Z), Sy =%y (6),
and Yy« =Var(Y™).
The event {X ex (é,’y)} depends only on (Z,Y) since it can be expressed as

- Y v (-0) ~ N
742y ) e x|
Yy (0)
so conditional on this event Y* remains independent of (2 ,f/) In particular, we can write
the joint density conditional on {X eX (é,’y)} as

1{ (z+2XY(-,9)zy(9)—1g> e X(é,’y)}

Prigin {X€X(07)}

fN,Z(E;ﬂZ)fN,f’ ity ) [y (55 hy)- (A.16)

The density (A.16) has the same structure as (5.5.14) of Pfanzagl (1994), and satisfies proper-
ties (5.5.1)-(5.5.3) of Pfanzagl (1994) as well. Part 1 of the proposition then follows immedi-
ately from Theorem 5.5.9 of Pfanzagl (1994). Part 2 of the proposition follows by using Theo-
rem 5.5.9 of Pfanzagl (1994) to verify the conditions of Theorem 5.5.15 of Pfanzagl (1994). [J

Proof of Proposition 8 In the proof of Proposition 7, we showed that the joint density of
(Z,Y,Y*) (defined in that proof) has the exponential family structure assumed in equation
4.10 of Lehmann and Romano (2005). Moreover, Assumption 5 implies that the parameter
space for (ux,puy) is convex and is not contained in any proper linear subspace. Thus, the
parameter space for (fiz,fiy,i3) inherits the same property, and satisfies the conditions
of Theorem 4.4.1 of Lehmann and Romano (2005). The result follows immediately. [J
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Proof of Lemma 2 Recall that conditional on Z; =23, 6 =0 and 4 =4 if and only if
Y (0) ey(éﬂ,zé). Hence, the assumption of the lemma implies that

PTMY,m {Y(é) ey(éﬁ@ZéNZé:Zé,m} - L

Note, next, that both the conventional and conditional confidence intervals are equiv-

ariant under shifts, in the sense that the conditional confidence interval for py (#) based

on observing Y'(A) conditional on Y (8) € Y(6,%,7;) is equal to the conditional confi-

dence interval for uy () based on observing Y (0)— 13- (0) conditional on Y'(0)— pi3-(0) €

V(0,7,Z5)— 115 (0) for any constant p3-(6). Hence, rather than considering a sequence of
values fiy,,, we can fix some pj, and note that Pr {Y(é) Ey,’;L|Zé:zé7m} — 1, where

Vi =V(0,7,%5) — piym(0)+15%-(0). Confidence intervals for piy,,,(6) in the original problem

are equal to those for 13 (0) in the new problem, shifted by gy, (0) — 3 (6). Hence, to prove
the result it suffices to prove the equivalence of conditional and conventional confidence
intervals in the problem with puy fixed (and likewise for estimators).

To prove the result, we make use of the following lemma, which is proved be-

low. First, we must introduce the following notation. Let (¢; gr(ttv.0,Y).Curr(ttv,0,Y))

denote the critical values for an equal-tailed test of Hy : py(0) = pyo for Y (0) ~

N(My(é)7zy(é)) conditional on Y(f) € Y. That is, (¢, zr(iy0.V):Cupr(fivo,Y)) solve

Fry(cer(pyo,.d)iivo,.Y) =5 and Fry(cu,er(tyo.d)ityv0,Y)=1—5, where Fry(-py0,))

is the distribution function for the normal distribution N ( jy,0,2y(6) ) truncated to ).

Similarly, let (¢, (py.0,Y),cuv (1y0,))) denote the critical values for the corresponding un-
biased test. That is, (¢ (1y0.).cuv(1v0,Y)) solve Pr{C€ [ec,u(pyv,0,Y)cuv (tyv0.Y)]} =
1 —a and E[CHCE au(pyoV)cuv(tvol)]}] = (1—a) E[C] for ( ~ £|§ € Y where

{~ N(MY,mEY(@» :

Lemma 3

Suppose that we observe Y (6) ~ N </Jy(é>,2y(é)> conditional on Y (0) falling in a

set Y. If we hold (Ey(@),uxo) fixed and consider a sequence of sets V,, such that
Pr{Y(é) Gym} — 1, we have that for

Orr(j1v0) = 1{Y (B) 2 e (v Vi) o (v, V) | (A7)
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and

00 1ny0) =1{Y (B) ¢l (o) cuar(pvo D) . (A1)

(c1e7(1y.0,Ym) Cu 1 (1Y, 0:Vim)) = (MY,O —ca n\/ Sy (0) v t+cs v/ Sy (9))

and

(1,0 (ky:0:Yim) Cur (1y,0,Ym)) — (MY,U —Ca N/ Sy (0),41v:0 +ca N/ Ey(é)) :

To complete the proof, first note that CIgr and CI; are formed by inverting (families
of) equal-tailed and unbiased tests, respectively. Let C'I,, denote a generic conditional

confidence interval formed by inverting a family of tests

Omlitv0) =Y O) & lalivo Vi) culimvo ) |

Hence, we want to show that

Cln— {Y(é) —ca n\/ Sy (0),Y (0)+c2 vy /zy(é)} : (A.19)

as m— 00, for C'1,,, formed by inverting either (A.17) or (A.18).
We note that C'I,,, is a finite interval for all m, which holds trivially for the equal-tailed
confidence interval C'lgr, and holds for Cyy by Lemma 5.5.1 of Lehmann and Romano

(2005). For each value piyo our Lemma 3 implies that

Pmt1y,0) —=p 1{Y (é> ¢ [My,o —ca N \/;@) Hyo+es N \/;@)] }

for ¢, equal to either (A.17) or (A.18). This convergence in probability holds jointly for all
finite collections of values py, however, which implies (A.19). The same argument works
for the median unbiased estimator ji 1 which can also be viewed as the upper endpoint

of a one-sided 50% confidence interval. [J

Proof of Proposition 9 We prove this result for the unconditional case, noting that

since Pry, {9 = 9;? = ’y} — 1, the result conditional on {9 = é,‘y = :y} follows immediately.
Note that Pr,,, {9 =04 :’y} — 1 implies Pry, {@ = é,&:ﬂZ@} —, 1. Hence,

for g(py,z) = Pry, {9:9ﬁ:ﬁ|Z§:z}, we see that g(pym,Z;) —, 1. Note, next,
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that for d the Euclidian distance between the endpoints, if we define h.(uy,z) =
Pr, Ad(Cly,Cly)>¢e|Zz==}, Lemma 2 implies that for any sequence (fty,,2m) such that
9(tymszm) = 1, he(fty,my2m) —0. Hence, if we define G(9) ={(uy,2): g(py,2) >1—0} and
H(e)={(py,z):he(py,2) <e}, for all €>0 there exists §(¢) >0 such that G(5(¢)) CH(e).
Hence, since our argument above implies that for all § >0, Pr,, {(py,m.Z;)€G(6)} — 1,
we see that for all >0, Pr,, {(pym,Z;) €H(e)}—1 as well, which suffices to prove the
desired claim for confidence intervals. The same argument likewise implies the result for

our median unbiased estimator. [

Proof of Lemma 3 Note that we can assume without loss of generality that py,,=0 and

Sy (0) =1 since we can define Y*(9) = <Y(é)—ux0> /4/ Sy (0) and consider the problem

of testing that the mean of Y*(6) is zero (transforming the set ), accordingly). After

deriving critical values (¢;,¢}) in this transformed problem, we can recover critical values

for our original problem as (¢;,c,) =1/ 2y (0)(c} )+ 1y 0. Hence, for the remainder of the

proof we assume that py =0 and Xy (6)=1.

Equal-Tailed Test We consider first the equal-tailed test. Note that this test rejects

if and only if Y (0) &€ [c1 g1 (Y),cu,pr(Y)], where we suppress the dependence of the critical
values on fiy,o =0 for simplicity, and (¢, gr(Y),cu,er(d)) solve Fry(c,er(Y),Y) =14 and
Fry(cupr(Y),Y)=1-5, for Fry(-,)) the distribution function of a standard normal
random variable truncated to ). Recall that we can write the density corresponding to

Fra(y,Y) as 22 £ (y) where fy is the standard normal density and Pr{€ €Y} is the

Pr{¢ey}
probability that €} for £~ N(0,1). Hence, we can write Fry(y,))= fiwlif[ge}ﬁ}wy)dy

Note next that for all y we can write Fry(y,Ym) = am(y)+ Fn(y), where Fy is the

JY HGEYm v (5)d7
Pyr{feym]}v “— — Fx(y). Recall,

standard normal distribution function and a,, (y) =
however, that Pr{{€Y,,} —1 and

‘ / ll{geym}fN@dg—FN(y)‘:\ [ btoevi-
:/ yoolwym}fw@d@éPr{&zym}%o

for all y, so a,,(y) —0 for all y. Theorem 2.11 in van der Vaart (1998) then implies that
ay(y) — 0 uniformly in y as well.

Note next that Fry (c,pr(Vm)Ym) = m (i er(Vm)) + Fn (cer(Vm)) = § implies
cLET(ym):Fgl(%—am(cl,ET())m))), and thus that cLET(ym)—)F&l (%) Using the same
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&

2), as desired.

argument, we can show that ¢, gr(Vm) — F ng (1 -

Unbiased Test We next consider the unbiased test. Recall that critical values
auv (Y), cuu (V) for the unbiased test solve Pr{¢€cu(Y),cov(Y)]} =1 — a and
EICHC € ) curONH = (1= ) EI] for ¢ ~€J¢ €Y where £~ N(0,1).

Note that for (,,, the truncated normal random variable corresponding to Y,,, we can
write Pr{(,, € [c,cu]} =am(c,cu) +(Fy(cw) —Fn(q)) with

am(cr,ca) = (Fn(c) = Pri{¢m <c}) = (Fi(cu) = Prim < cu}).

As in the argument for equal-tailed tests above, we see that both Fy(c,)— Pr{(,<c,}
and Fiy(¢;)— Pr{(, <q} converge to zero pointwise, and thus uniformly in ¢, and ¢ by
Theorem 2.11 in van der Vaart (1998). Hence, a,,(c;,¢,) — 0 uniformly in (¢,¢,).

Note, next, that we can write E[(,1{(m € [c,cu]} =[61{& € [ci,cul ] +bm(a,cy) for

( Hyedn}

PriEc Y] 1) yfn(y)dy.

b(eca) = Bl fom el -ler{e e el = [

Note, however, that j;j“(l{yeym}—l)yf]v(y)dygE[[§|1{§§Zym}]. Hence, since
“( Hyen}
/Cl(Pr{geym}—l)ny(y)dy‘
[ aevy-nurst)+
< B+ |(prgagy )| | Hremnlivtoids

. P(ggzymHK 1) 'En&u

<

/l (%—Hyej}m}) ny(y)dy'

1
Pr{€cY,}

by the Cauchy-Schwartz Inequality, where the right hand side tends to zero and doesn’t
depend on (¢;,¢,), b (c,c,) converges to zero uniformly in (¢,c,).

Next, let us define (¢jm,cum) as the solutions to Pr{(,€[c,c]} = 1 — a and
EGnl{¢n ey} = (1—a) E[¢y]. From our results above, we can re-write the prob-
lem solved by (cim,cum) as Fiv(c) — Fn(a) =1 —a —an (a.c.), EEH{EEa.cl]}l] =
(1=) E[Gn) — b (cr,c4). Letting @y, = sup,, ., [am(c,c.)|, and by, =sup, .,
thus see that (¢ m,Cum) solves Fy (c,) — Fn(a) =1—a—a), and E[E1{E€c,cn]}] =
(1—@) E[(n] — b}, for some aff, € [~ @), b}, € [~bm,bim|. We will next show that for

bin(ccu)| We
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any sequence of values (a* ,b* ) such that a’, € [~a,,a,] and bF, € [—l_)m,gm} for all m,

mi)»’m

the implied solutions ¢y, (aZ, b7, ), Cum (@i, bi,) converge to Fiy'(2) and Fy'(1—%). This

mi’’m

follows from the next lemma, which is proved below.

Lemma 4
Suppose that ¢, and ¢y solve Pr{&€lc,c,)} =1—a+ay, and E[E1{E€[c,cu)}]=d,, for
Ay Ay —0. Then (¢pm,Cum) = (—0%7]\;,0%7]\;).

Using this lemma, since E[(,]—0 as m— o0 we see that for any sequence of values
(af,.br) — 0, (cm(ak, bt com(at, bt)) — (—C%’N,C%’N). However, since a,,b, — 0 we
know that the values a, and b, corresponding to the true ¢, ¢, » must converge to

zero. Hence (¢ m,Cum) — (—c%,N,c%,N) as we wanted to show. [J

Proof of Lemma 4 Note that the critical values solve

Flandnd)= ( FN(cu)—FN(cl)—(l—a)—am ) .

f Cuyf N —dy,

We can simplify this expression, since a_ny( )=—yfn(y), so fq yfn()dy = fn(c)—
fN (Cu)

We thus must solve the system of equations g(c)—v,, =0, for

g(c):< Fy(e,)—F() ) Um:( t+(1-0) )
fN(Cl)_fN(Cu> 7 dm

Note that for v, =(1—a,0)" this system is solved by c= (—c%, NyCe, N). Further,

2 N —fN(Cl) fN(Cu)
809( ) ( —afn(a) cufn(ca) >7

which evaluated at c= (—C%,N,C%’N) is equal to

( —fnlesn)  Iulesn) )

cenIn(egn) cgnfn(esn)

and has full rank for all a€(0,1). Thus, by the implicit function theorem there exists an
open neighborhood V' of v, = (1—a,0) such that g(c¢)—v=0 has a unique solution c(v)

for veV and ¢(v) is continuously differentiable. Hence, if we consider any sequence of
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—Ca
values vy, = (1—a,0), we see that c(v,,) — ( 2N ), again as we wanted to show. [J
Ca N
2 b

D.2 Proofs for Results in Main Text

Proof of Proposition 1 Let us assume without loss of generality that 6=0,. Note that
the conditioning event {maxgce X (0)=X(6,)} is equivalent to {M X >0}, where

1 -1 0 0 .. 0
{1t o0 —10 . 0
1 0 0 0 .. -1

isa (|0 —1) x |©] matrix and the inequality is taken element-wise. Let A= [— M Ogel-1)x|e| ] ,
where 0(o|-1)xje| denotes the (|©]|—1)x |O| matrix of zeros. Let W =(X",Y”)" and note
that we can re-write the event of interest as {IW: AW <0} and that we are interested
in inference on 7'y for 7 the 2|0| x 1 vector with one in the (|©|+1)st entry and zeros
everywhere else. Define

Zg =W —cY(h),

for ¢ = Cov(W,Y (9))/Sy (), noting that the definition of Z; in (10) of the main text
corresponds to extracting the elements of Zg corresponding to X. By Lemma 5.1 of Lee
et al. (2016),

{W:AWSO}:{sz(éjg)gY(é) <U(6,23) V0, g)zo},

where for (v); the jth element of a vector v,

)
™
n

I

B
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Note, however, that

<AZ§> =25(0;)—Z5(01)

and

. EXY(GDQI) _EXY(QDQJ)
(Ac)j—— Sy (01) )

Hence, we can re-write

—(AZ); S (0:)(Z3(0;)— Z(61))
(Ac)j EXY(91,01)—2XY(91,9]~)’

Xy (61)(Z5(0;) — Z5(

j:ZXy(91 791)>ZXY(9179j)2XY (81,01) EXY (0

5z . Xy (01)(Z5(6;) = Z(0
Ub,7) =

( 4 j:EXy(91,QI1I)H<nEXY(91,6’j)ZXY (01,91> EXY (9

01))
0;)’

1)
0;)

and
V(0,7;)= min —(Z5(0,)—Z3(64)).

JExy (01,01)=Xxy (01,0)

Note, however, that these are functions of Zj, as expected. The result follows. [
Proof of Proposition 2 Follows as a special case of Proposition 7. [
Proof of Proposition 3 Follows as a special case of Proposition 9. [

Proof of Proposition 4 We prove the result for coverage, while the result for median

unbiasedness is analagous. Provided 0 is unique with probability one, we can write

Pru{u(é) ECI} :ZPT‘“{@:@}PTH{M(@) EC’I\é:é}.

0cO

Since Zae@Pm{ézé} =1, the result of the proposition follows immediately. [J

Proof of Lemma 1 The assumption of the lemma implies that X (6) — X (6) has a
non-degenerate normal distribution for all ;. Since © is finite, almost-sure uniqueness of

0 follows immediately. [

Proof of Proposition 5 We first establish uniqueness of j12. To do so, it suffices to show
that FE (Y (0);uy (0),0,7;) is strictly decreasing in iy (A). Note first that this holds for the

truncated normal assuming truncation that does not depend on py-(A) by Lemma A.1 of
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Lee et al. (2016). When we instead consider Ffh (Y (0);uy(),0,7;), we further truncate to

Y(O)E [ 0)-cay/Sr BB+ 2 )|

Since this interval shifts upwards as we increase juy (6), FE (Y (0); uy (0),6, Z;) is a-
fortiori decreasing in py (A). Uniqueness of jiff for a € (0,1) follows. Note, next, that
ER (Y (0); 11y (9),0, Z5) € {0,1} for py(A) & CI5 from which we immediately see that
o H B
fig €CIp.

Finally, note that for yy(8) the true value, FEL (Y (6);y (8),0,75) ~U[0,1] conditional
on {é:é,Z@:Zé,/Ly(é) EC’IP}. Since FE (Y (0);1y(0),0,Z5) is decreasing in juy (),

Pry il? > iy (0)/0=0.2y= 2. (B) € CT} }

= Pry{ P (Y (B (0).0.3,23) 21~ l0=0,Zy= 23, (0) € CI} | =

and thus 17 is a-quantile-unbiased conditional on {é:é,Zé:Z’é,MY(é) eCI ?,} We can
drop the conditioning on Z by the law of iterated expectations, and a-quantile unbiasedness

conditional on iy (é) eCl f, follows by the same argument as in the proof of Proposition 4.

Proof of Proposition 6 The first part of the proposition follows immediately from

Proposition 5. For the second part of the proposition, note that

Pr“{,uy(@) GC’]gT} :PTH{,Uy(@) GC'I]@} X

ZPTM{ )ECIB}PTH{/LY(G)ECIgT]é:é,uy(é)GClg}
)
:PT#{M)/( )EC’Iﬁ}i g_(l—ﬁ)i:—gzl—a,

where the second equality follows from the first part of the proposition. The upper bound
follows by the same argument and the fact that P'r’u{ 1y (9) e CT f,} <1.0

E Forecast Intervals
This appendix provides additional details on the forecast intervals discussed in the main

text. Let Z) ,5=X— 2)‘1%;(2))3/1_2(9) denote the analog of Z; in the main text which

uses Y] o in place of Y. The same argument as in Section 4 of the main text implies
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that conditional on 8=6 and Zy 95=2 for Ly, , =%y +Yy,, Y12 (A) is distributed as a
N(0,%y,_,(8)) variable truncated to Y_5(8,2) = [L£1_2(0,2) Uy_5(0,2)], where

i Sy (0) (2(0)-2(0))
L15(0,2)= max = —,
0€0:Sxy 0)>Txy (6,0) 2xy (0) —Yxy (0,9)

Zvi_a(0) (=(6)=(0))

Z/{lfg (é,Z) = 1 ~ = = .
0eO:Xxy (0)<Zxy (6,0) ZXY (9) — EXY (9,9)

The interval CI;;? fails to cover zero only when Y;_5(0) lies in the tails of this conditional
distribution. Letting g, (@,z) denote the o quantile of the truncated normal distribution,

~

the resulting conditional forecast interval for Y5(6) is thus

A ~ A ~

FI={y2:Y(0) = q1-a/2(0,Z,_,5(12)) <2 <Y (0) = uy2(0,2,_,5(32))},

where with a slight abuse of notation Z; ,5(y2)=X— XEJYL((Z))(Y@) —12). To see why this

forecast interval has correct coverage conditional on any realization of @, note that

Pridva(0) € F110=0,2, ==}
:Pru{y(é) —(11—a/2<é7Z1—2,é(Y2(é))) < Y2(@> < Y(é) _q‘l/2(@721—2,@(}/2(é)))|é:é721—2,9 = Z}
= Pm{qa/z(é,z) <Y1-2(0) <qi-a2(0,2) |é:é721_2,é ZZ} =l-a

since Zl_m(Yg(é)) = Z,_55- We can construct conditional upper and lower one-sided
forecast intervals analogously.

We can similarly construct unconditional forecast intervals for Yg(@) based on our
hybrid approach. Let ¢ (é,ﬁ ,z) denote the a-quantile of Yl,g(é) truncated to Y (é,ﬁ,z) =

L1 ,(0,8,2) Ut 5(6,8.2)], where

‘C{{Q(éaﬁaz) = ma,x{ _Cé‘_Q \/ ZYl_z (é),ﬁl_g (é,Z)}
U, 6,8,z —min{cé% /Xy, , (9),2/{1_2(9,2)}

for c}fz the 1— 3 quantile of maxg|Y; _2(0)|/+/2v,_,(0) (i.e. the projection critical value).
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The unconditional forecast interval is then

~

FIT = {?/2 5Y(é) _Qfl _a=B_ (éﬁ»Zl—z,é(m)) <o SY(é) —q s (9,5,21_2,@(342))}-

T 2(1-p) 2(1-8)

To see why this forecast interval has correct unconditional coverage, note that

PTN{YQ(@) € FJH}

— PTN{YQ@) eFT™|—cy /Sy, (0) <Vi_o(0) <cj 2y /zyl_z(é)}
X pm{_c;—% /Sy, (0) <Yia(0) <ch /Dy, (é)}

=P { YOl oy 0570 S0 SY )~y (052, oy50)

2(1-p)

‘_cgzmgz(é)sfzw\/M}
xpm{_cy Sy, (0) <Via(8) <ch? Em@}

ZPT#{qI;E"l :%) (é76721—279) SK—Q(é) SQi a— (9767Z1—2,9)

2(1-p)

D)<Y < B0 b (-9)

:(1—?%?)(1—@:1—0%

where the inequality follows from the fact that

Pr“{—cg—% /Sy, (0) <Vioa(0) <ch /Sy, (é)} >1-4.

F Uniform Asymptotic Validity

This section establishes uniform asymptotic validity for plug-in versions of the procedures
discussed in the main text. One could use arguments along the same lines as those below
to derive results for additional conditioning variables 4, but since such arguments would
be case-specific, we do not pursue such an extension here.

Feasible finite-sample estimators and confidence intervals are denoted as their coun-
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terparts in Sections 4-5 of the main text, with the addition of an n subscript. We suppose
that the sample of size n is drawn from some (unknown) distribution P €P,,. To simplify
repetitive notation we work with scaled estimates (X,,,Y;,) which correspond to v/n-(X,,,Y;,)
for (X,,,Y;,) as discussed in Section 6 of the main text. Similarly, we work with a variance
estimator f]n :n-in for in as discussed in the main text.

We first impose that (X,,,Y;,) are uniformly asymptotically normal under P € P,,, where

the centering vectors (fixn,ttyn) and the limiting variance 3 may depend on P.

Assumption 6

For the class of Lipschitz functions that are bounded in absolute value by one and have
Lipschitz constant bounded by one, BL,, there exist sequences of functions px,,(P) and
tyn(P) and a function 3(P) such that for £p~ N(0,5(P)),

Xn_NX,n(P>
f( m_NKn(P) )

Uniform convergence in bounded Lipschitz metric is one formalization for uniform conver-

Ep —E[f(¢p)]|=0.

lim sup sup
n—=Xpep, feBL1

gence in distribution. When X,, and Y,, are scaled sample averages based on independent
data, as in Section 2 of the main text, Assumption 6 will follow from moment bounds,
while for dependent data it will follow from moment and dependence bounds.

We next assume that the asymptotic variance is uniformly consistently estimable.

Assumption 7

The estimator in 1s uniformly consistent in the sense that for all € >0

lim sup Prp in—E(P)H>€}:O.

n=oopep, {‘
Provided we use a variance estimator appropriate to the setting (e.g. the sample variance
for iid data, long-run variance estimators for time series, and so on) Assumption 7 will
follow from the same sorts of sufficient conditions as for Assumption 6.

Finally, we restrict the asymptotic variance.

Assumption 8
There exists a finite \>0 such that

1/A<3x(0;P),2y(0;P) <\, for all €O and all PEP,,

1A\ Sx(0:P) S (3:P)~ Sx (05:P) for all 6.9€© with 08 and all PEP,.
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The upper bounds on Xy (0;P) and Xy (6;P) ensure that the random variables ¢p in
Assumption 6 are stochastically bounded, while the lower bounds ensure that each entry
(X,,Y,) has a nonzero asymptotic variance. The assumption of nonzero variance rules
out the case where one element of X, is a non-random threshold (as discussed in Section
3 of main text), but our asymptotic results can be extended to cover this case at the
cost of additional notation. The second condition ensures that no two elements of X,, are
perfectly (positively) correlated asymptotically, and hence, by Lemma 1, guarantees that
0, is unique with probability tending to one. Note that this condition is weaker than a

standard assumption bounding the eigenvalues of Xy (P) away from zero.

High-Dimensional Settings Our asymptotic analysis considers settings where |9,
and hence the dimension of X,, and Y,,, are fixed as n— 0o. One might also be interested
in settings where |©| grows with n, but this will raise complications for both the normal
approximation and estimation of the asymptotic variance. Such an extension is interesting,

but beyond the scope of this paper.

Variance Estimation Practically, even for fixed |©| one might still worry about the
difficulty of estimating ¥ in finite samples, since this matrix has |©|(|©]+1)/2 entries.
Fortunately, in many cases Y has additional structure which renders variance estimation
more tractable than in the fully general case. Suppose, for instance, that we want to
conduct inference on the best-performing treatment from a randomized trial, as in Section
2 of the main text and Section H below. In this case, provided trial participants are drawn
independently, elements of X,,(#) corresponding to distinct treatments are uncorrelated
and 3 is diagonal. In other cases, such as Section 7 of the main text, |©| may be large,
but the elements of X, are formed by taking combinations of a much lower-dimensional
set of random variables. In this case, X x can be written as a known linear transformation

of a much lower-dimensional variance matrix.
F.1 Uniform Asymptotic Validity

In the finite-sample normal model, we study both conditional and unconditional properties
of our methods. We would like to do the same in our asymptotic analysis, but may have
Pr{@n = é} — 0 for some é, in which case conditioning on 6,=0is problematic. To address
this, we multiply conditional statements by the probability of the conditioning event.
Asymptotic uniformity results for conditional inference procedures were established by
Tibshirani et al. (2018) and Andrews, Kitagawa, and McCloskey (2021) for settings where

the target parameter is chosen in other ways. Their results, however, limit attention to
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classes of data generating processes with asymptotically bounded means (fx y.pty). This
rules out e.g. the conventional pointwise asymptotic case that fixes P and takes n— oo.
We do not require such boundedness. Moreover, the results of Tibshirani et al. (2018) do
not cover quantile-unbiased estimation, and also do not cover hybrid procedures, which
are new to the literature.?

Our proofs are based on subsequencing arguments as in D. Andrews, Cheng, and
Guggenberger (2020), though due to the differences in our setting (our interest in condi-
tional inference, and the fact that our target is random from an unconditional perspective)
we cannot directly apply their results. We first establish the asymptotic validity of our

quantile-unbiased estimators.

Proposition 10

Under Assumptions 6-8, for [ia, the a-quantile unbiased estimator,

lim sup Prp{/la,n >y (9n;P> |én :9} —a‘Prp{én :é} =0, (A.20)

n—o0opep,

for all 0O, and
lim sup Prp{ﬂaynzﬂym <9n;P)}—a’ =0. (A.21)

n—}OOPEan

This immediately implies asymptotic validity of equal-tailed confidence intervals.

Corollary 1

Under Assumptions 6-8, for Clgr,, the level 1 —a equal-tailed confidence interval

lim sup Prp{uxn@n;])) EC’IET,n|9n:§}—(1—04)‘Prp{9n:é}:O,

n—)OOPEfpn

for all 0O, and

lim sup Prp{uxn(@n;P> GC[ET,n}—(l—a)’:O'

TL—>OOP€fpn

We can likewise establish uniform asymptotic validity of projection confidence intervals.

Proposition 11

3In a follow-up paper, Andrews, Kitagawa, and McCloskey (2021), we apply the conditional and
hybrid approaches developed here to settings where 6 =argmax || X ().
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Under Assumptions 6-8, for Clp,, the level 1—a projection confidence interval,

liminf inf P’I“p{,uyn (Qn,P> EC’IPn} >1—a. (A.22)

n—oo PeP,

To state results for hybrid estimators and confidence intervals, let CH (5;P> =
1 {9n:é,uym (@H;P> ECI}’@’”} be an indicator for the hybrid conditioning event that

0, is equal to 0 and the parameter of interest ,uy(é) falls in the level 3 projection confidence
interval C'T }’Bgyn. We can establish quantile unbiasedness of hybrid estimators given this

event, along with bounded unconditional bias.

Proposition 12
Under Assumptions 6-8, for [Lgln the a-quantile unbiased hybrid estimator based on CT ]gn,

lim sup Prp{ Agn_uyn <9n,P> |CH (9 P> —1} oz‘Ep{Cfl{ (@;P) } =0, (A.23)

n—=0pep,

for all0€ O, and

limsup sup Prp{ﬂf’n >y, (@H;P> } —a‘ <max{a,1—a}p. (A.24)

n—oo PeP,

Validity of hybrid estimators again implies validity of hybrid confidence intervals.

Corollary 2

Under Assumptions 6-8, for CI gT,n the level 1—a equal-tailed hybrid confidence interval
based on C’Ign,

ln sup Prp{wn <0n,P> ecI. |c! (9 P) - 1} i—g Ep{qff (é;P) } —0, (A.25)
for all 0O,
hnn_1>101<1>fplgfnPrp{ Lvm (emp> € CIETn} 1-a, (A.26)
and
limstap sup Prp{ Lvm <6n,P) e CIETn} < 1_6 <1-a+tpb. (A.27)

Hence, our procedures are uniformly asymptotically valid, unlike conventional inference.*

4The bootstrap also fails to deliver uniform validity, as it implicitly tries to estimate the difference be-
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F.2 Auxiliary Lemmas

This section collects lemmas that we will use to prove our uniformity results.

Lemma 5

Under Assumption 8, for any sequence of confidence intervals C1,,, any sequence of sets
C,(P) indexed by P, C,(P)= {(Xn,Yn,E ) GCn(P)}, and any constant o, to show that

limsup sup Prp{uxn <@H;P) eCI,|C,(P) :1} —oz)Prp{Cn(P) =1}=0

n—oo PeP,
it suffices to show that for all subsequences {ns} C{n}, {P,.} P> =x> P, with:

1. ¥(P,,)—X*€S for

S= {2 1AL (Zx(0),5y(0) < A1/AL \/ S x(0;P)Sx (0;P)—Xx (0,6;P)

(A.28)
2. Prp, {C, (P,,)=1}—p*€(0,1], and
8. pxpy (Pry) —maxgpix n, (0;F,,) — us € M for
Mie={px €[00, mayax (6)=0}.
we have
SILIgOPrpn {,uym (éns;Pns> €Cl, |Cn.(Pn,)= 1} =a. (A.29)
Lemma 6

For collections of sets Cp1(P),....Co.s(P), and C, ;(P) =1 { (Xn,Yn,fln> ECn,j(P)}, if
lim,,,esuppep, Prp{Cn;(P)=1,Cy 5 (P)=1}=0 for all j#j" and

lim sup Prp{uyn<9n,P>€C] |Cn,j(P)= 1}—(1—04)‘PTP{C’W(P):1}20

n—oopep,

for all 5, then

liminf inf PT’p{MYn <9n,P> eCl, } (1—«)-liminf inf ZPTP{CM P)=1},

n—oo PeP, n—00 PEP,—

tween the “winning” policy and the others, which cannot be done with sufficient precision. We are unaware
of results for subsampling, m-out-of-n bootstrap, or other resampling-based approaches for this setting.
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n—oo PEP,, n—o00 PEP,“—

limsup sup Prp{uxn <9n;P> € Cfn} <1—cq-liminf inf ZPTP{CM(P) =1}
j

To state the next lemma, define

E(é Z E) = max o é> (Z(G) _Z(~ ) (A.30)
el 0cO:Txy (§)>ny (@9) Yxy (é) —Yxy (é,@)

u(é A 2) - min - <9> <Z<0) _Z<N > (A.31)
T o (1)< (09) Sy () Sy () |

where we define a maximum over the empty set as —oo and a minimum over the empty

X;: o Xn_ma*XOMX,n(H;P)
Yy Yo—pivn(P) ’
we next show that using (X;;,Y;f,f],» in our calculations yields the same bounds £ and

U as using <XmYn,§]n>, up to additive shifts.

set as +o00. For

Lemma 7

For L(é,Z,E) and u(é,z,z) as defined in (A.30) and (A.31), and
Zé’nxnzg%gg?m(é), Zg’nX;%Y; (9)
we have
ﬁ(é,zgyn,ig :L(é,zévn,i,L) . (é;P), u(é,zgm,in> :u(é,zévn,io . <9;P>.
For brevity, going forward we use the shorthand notation
(c (é,zé,n,in) U (é,zém,in) L (é,zgmin) U (é,zgm,in)) — (Lol L5 1),

Lemma 8
Under Assumptions 6 and 7, for any {ns} and {P,.} satisfying conditions (1)-(3) of Lemma
5 and any 0 with JT5% (9) > —00, (YJS,E’;S ,L{,’{S,ins,éns) —4q (Y*,E*,U*,E*,@), where the
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objects on the right hand side are calculated based on (Y*,X*X*) for (X */,Y*/),NN (p*,2%)
with p* = (%, 0).
Lemma 9

For Fy again the standard normal distribution function, the function

YONU=p | —u
M Ve M\ Vo)
_Up ) _Lop
FN( zyw)) FN( zy(e>>
is continuous in (Y (0),1,5y(0),LU) on the set

{(Y(8),1.35y(0) R’ LERU{—00} U eERU{o0}: Ty (6) >0,L <Y () <U}.

F.3 Proofs for Auxiliary Lemmas

Proof of Lemma 5 To prove that

limsup sup Prp{uy,n (@mP) eCI,|C,(P) :1} —oz)Prp{Cn(P) =1}=0

n—oo PeP,

it suffices to show that

timinf inf (Pr » { ¥n (én;P) €CL|Co(P)= 1} —a) Prp{C,(P)=11>0 (A.33)
and
liirfélopsggn (Prp{,uy’n <9n;P) €CI,|Cn(P)= 1} foz> Prp{C,(P)=1}<0. (A.34)

We prove that to show (A.33), it suffices to show that for all {ns}, {P,.} satisfying
conditions (1)-(3) of the lemma,

liminf Pryp, { . (éns ;Pns> eClL,.|Cp.(P)= 1} >a. (A.35)

5§—00

An argument along the same lines implies that to prove (A.34) it suffices to show that

limsupPrp, {[Lyms <9n ;Pns> €Cl, |C,.(Pn.)= 1} <o (A.36)

§—00

Note, however, that (A.35) and (A.36) together are equivalent to (A.29).
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Towards contradiction, suppose that (A.33) fails, so

liminfping (Prp{uy,n (émP) €CIL,|C,(P)= 1} —a) Prp{C,(P)=1}<—¢,
n—oo FePn
for some >0 but that (A.35) holds for all sequences satisfying conditions (1)-(3) of the

lemma. Then there exists an increasing sequence of sample sizes n, and some sequence
{an} with P, €P,, for all ¢ such that

limsup (Pres, {ving (BuiPay ) €CLy[Coy (Pa) =1} =) Prp, {Co, (Pa,) =1} < —=. (A.37)
We want to show that there exists a further subsequence {ns} C{n,} satisfying (1)-(3) in
the statement of the lemma, and so establish a contradiction.

Note that since the set S defined in (A.28) is compact (e.g. in the Frobenius norm),
and Assumption 8 implies that E(an) €S for all g, there exists a further subsequence
{n,} C{n,} such that

lim 2(P, ) — ¥*

r—00
for some ¥*€S.

Note, next, that Prp, {Cy, (P, )=1}¢€]0,1] for all , and so converges along a subse-
quence {n;} C{n,}. However, (A.37) implies that Prp, {C,, (P, )=1}> % for all r, and
thus that Prp, {Cy, (P, )=1}—p*€[<,1].

Finally, let us define 1% ,,(P) = pxn(P) —maxgpx . (0;F), and note that %, (P) <0
by construction. Since 1%, (P) is finite-dimensional and maxgu ,,(P;0) =0, there exists
some € © such that %, (P;f) is equal to zero infinitely often. Let {n,}C{n;} extract
the corresponding sequence of sample sizes. The set [—00,0]/®! is compact under the metric
d(px,fix)=||Fn(pux)—En(fix)|| for Fx(-) the standard normal cdf applied elementwise,
and ||| the Euclidean norm. Hence, there exists a further subsequence {ns} C{n,} along
which p . (FPn,) converges to a limit in this metric. Note, however, that this means that
W . (Pn,) converges to a limit ;€ M* in the usual metric.

Hence, we have shown that there exists a subsequence {n,} C{n,} that satisfies (1)-(3).

By supposition, (A.35) must hold along this subsequence. Thus,

tiitf (Pr, {snvn, (0P, ) € CLL |G (B) =1} =) ProfCo(Po) =1} 20,

n—oo

which contradicts (A.37). Hence, we have established a contradiction and so proved
that (A.35) for all subsequences satisfying conditions (1)-(3) of the lemma implies (A.33).
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An argument along the same lines shows that (A.36) along all subsequences satisfying
conditions (1)-(3) of the lemma implies (A.34). O

Proof of Lemma 6 Define C,, j.1(P)=1{C, j(P)=0 for all je{1....,J}}. Note that

Prp{,uyn <9n;P> EC’In}
— Prp{py”@n,P)eCl 1Croi(P) = 1}Prp{cn,j(P):1}+o<1>

where the o(1) term is negligible uniformly over P€P,, as n— oco. Hence,

P’I"P{[Lyn <9n;P> EC’In}—(l—a)
z“l(PrP{um(en,P)ecz Ci(P)= 1}—(1—a))Prp{cn,j(P):1}+o(1>

and
liminf inf Prp{,uyn(Gn,P> eCl, } (1—a)

n—oo PEP,

J+1

—lmin I;gﬂjﬂ (Prp{uym (%P) GC]n|Cn7j(P):1}—(1—a)>Prp{C’n7j(P):1}

= hnﬂﬁliolgfpiélgn <Prp{uy7n <9n;P> €CL,|Cy 1 (P)= 1} —(1 —a)) Prp{C, j1(P)=1}

—(1—a)limsup sup Prp{C,, j+1(P)=1}

n—oo PeP,

n—oo PEP,4
j=1

——(1—a)<1 liminf inf ZPTP{CM P)= 1}>

which immediately implies that

liminf inf Prp{uyn <9n,P) eClI, } (1—a)liminf inf ZPTP{CM P)=1}.

n—oo PEP, n—oo PEP VL‘

Likewise,
limsup sup Prp{,uyﬂ (9n;P> c C’In} —(1—a)
n—oo PeP,
J+1
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—limsup sup (Prp{ [y (9,1;13) €CL|Crpyir(P)= 1} —a —a)) Prp{Cysii(P)=1}

n—oo PeP,

J
<a-limsup sup Prp{C,, j11(P)=1}=«a (1—1iminf inf ZPTP{On,j(P) = 1}) .

n—oo PeP, n—oo PEP, )

This immediately implies that

n—oo PEP, n—oo PePp —

J
limsup sup Prp{uy,n (émP) € C']n} <1—q-liminf inf ZPTP{CM(P) =1},
7=1

as we wanted to show. [J

Proof of Lemma 7 Note that

_ ~ uy,n(é;P>
% = o= et (0:P)+ Sy (-0)

Sy (9) ’

SO

2 (0= 2, (8) = Z3,(0)= Z3,,(0) + (Sxvn (0.0) Sy (0)) %

The result follows immediately. [

Proof of Lemma 8 By Assumption 6

< an _ILLXyn.S (Pns)

—d N(O,E*)
}/ns_uxns (Pne) >

Hence, by Slutsky’s lemma

X X, — n.(0; 5, X
Ng — s —MaXgllx, s( s) - NN(,U,*,E*)
}/’vniks Yns - IU/Kns (Pns ) Y*

We begin by considering one 6 € @\{é} at a time. Since in —, 2" by Assumption
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7,if Sty (9) S, (é,e) #0 then

v (0) (2, 00-7;, (0))  =(8)(%0)-7(0))

Svrn (0) S (00) T (8) -2, (26)

where the terms on the right hand side are based on (X*,Y* ¥*). The limit is finite if

Wi (0) > —o0, while otherwise i (6)=—o0 and

2;(@) (Zg(e)—zg (9)) ) {oo if E}Y@)—E}Y(Q 0) >0
-y >

S (0) -5 (09) | #o0 iS5y (0) =5y (0.0) <0

If instead % <é> — X%y <§,9) =0, then since X% (8,0) < /2% (0)2%(0),
Z:(0)~ 22 (9) — X*(0)— X* (9)

is normally distributed with non-zero variance. Hence, in this case

v (0) (2:,40)-2,.5(7))

Sxvn (0) S (09)

— 00. (A.38)

Let us define
o (9) - {ee@\ézz;y (9) S <é,0) 7&0}.

The argument above implies that

. L 10 )

0€0:3%y (0)>T% (6,0) EE(Y(é — X%y 9,0 )

)
and ) ~ ~
R o O G

9cor (é):iXY,ns (é)<§XY,n5 (9,9) EXKTLS <é> - EX}/,ns (~79>
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e BOEOEC)
605y (0)<Txy (0.0) 3%, (9) — Yy (979>

Since

. ax . = N o =
0€0:Sxvny (0)>Sxvms (00)  Yxy,, <9> — XXV, (9,9)

< min iy’ns <é> (Zgﬂs (6)— Zon, (é> )
0€0: S xy s (0)<Sxvin, (00) 5 XY, <9> - iXY,nS (é »9)

Zvn. (é> <Z§,ns O)-%... (é) ) <Y, (0)

— T ng

with probability one for all ny and Y, i>Y*, (A.38) implies

S, (0) (2:,50-2,.5(0))

Svvo (0)—Svr (80)

when Sy, (9) —%, (é,e) for all 0,0 €© such that Sy, (9) > Sy, (é,e) . Similarly,

Sr (0) (22,40)-2,.5(7))

Svr (8) S (30)

when % <§> =%y (9,9) for all 6,6 € © such that 3 XYone (é) < iXy,ns (é,é)). Thus,
the same convergence results as (A.39)—(A.40) continue to hold when we minimize and
maximize over © rather than ©*(f). Hence, (Lx. U ) —q (L U*). Moreover, 0,,. is almost

by the continuous mapping

N——

everywhere continuous in X}, , so (Ygs,ins,éns) — (Y*;}*’é
theorem, and this convergence holds jointly with that for (,C;’;S ,L{;:S). Hence, we have

established the desired convergence. [

Proof of Lemma 9 Continuity for Xy () > 0,£ <Y (§) <U with all elements finite
is immediate from the functional form. Moreover, for fixed (Y(6),u,2y(0)) € R? with
Yy (#)>0and L<Y(0)<U,

ol YO o L—p Fol XO-r )\ L—p
N( =0 ) "\ V5O LY (0)> 0 = "\VEe ) T\VE®
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lim —
L—>—00 U—p [ U— _
- F L F £E_)-F 00
N( zy(m) N( zyw)) N( Sy (0) N( Sy (0)
and
Sy (8 N\ v ) N\ v N\ v
litn v (0) v (0) 1{Y(9)>[,} v (0) v (0)

Hence, we obtain the desired result. [J
F.4 Proofs for Uniformity Results

Proof of Proposition 10 Note that
ﬂa,n Z Hyn (émp> <~ Hyn (émp> € OIU,—,n

for Cly _ ,, = (—00,ftan). Hence, by Lemma 5, to prove that (A.20) holds it suffices to
show that for all {ns} and {P,.} such that conditions (1)-(3) of the lemma hold with
Cn(P)zl{@n:@}, we have

lim Prp,_ { [y, (9715 ;Pns> eCly_,,

S5—00

0, :é} —a. (A1)

To this end, recall that for Fry (Y (6);u,2y(0),LU) as defined in (A.32), the estimator
fieen SOlves Fry (Yn (en) 1Sy <9n) L (én,zén,n,io U (@H,Z@mn,in» —1—q. This cdf is
strictly decreasing in p as argued in the proof of Proposition 5, and is increasing in Y, (@)

Hence, i > (i (@)n;P) if and only if
Frn (Yn (én) Ly (@,;P) Sy (%) L (én,zémn,in) u (enz(,nin)) >1-a.
Note, next, that by Lemma 7 and the form of the function Fry,
Fr (Yn (9n> iy (&;P) Sy (én) L (én,zénm,in> u (@R,Zémn,in»
— Fpy (Yn (en) 05y (en) L (én,zgmn,in) u (enzenin)) ,
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SO flamn = [y n <@n;P> if and only if
Fry (Y; (én) 05y 0 (én) L (én,zg n§n> u (én,zg nin)) >1—a.

Lemma 8 shows that <Yn* (9n> ,im <(9n> Ly U O > converges in distribution as s — oo,
so since Fry is continuous by Lemma 9 while argrnax@X *(#) is almost surely unique and

continuous for X* as in Lemma 8, the continuous mapping theorem implies that

(0050 1) 2.0 3.}
(o (055 () 20 afo-5))

Since we can write

Prp, {FTN(Y (ens),o Syn (Gns),ﬁ* u*) a]@nszé}

B, [1{FTN<Y <9n5>,0 Sy, (9%),& u*>>1 a}l{é Szé}]
e ) ’

and by construction (see also Proposition 7 in the main text),

Fry (Y* (9) 0,55 (9) ,c*,u*,é) 0=0~U10,1],
and Pr{@:é} =p* >0, we thus have that

PTPHS{FTN (YJ (é"s>50’iy’” (9’“)’5* u*> a|ém:é}

%Pr{FTN (Y* (é);o,zz; (9) c u*) >1—ald= 0}
which verifies (A.41).

Since this argument holds for all € ©, and Assumptions 6 and 8 imply that for all
6,0 €O with 97&9, limnﬁoosuppepnPrp{Xn(H) =X, (é) } =0, Lemma 6 implies (A.21). [

Proof of Corollary 1 By construction, Clgy,, = [/la J2.m5l—a /Zn]v and [l1—a/2.n > fla/2n
for all a<1. Hence,
Prp{uxn (9n;P> € C’IET,n|9n :é}
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= PTP{NY,TL <én7P> < ,&l—a/2,n‘én :é} _PTP{NKn <én7P> < ,&a/Q,n’én :é}>
so the result is immediate from Proposition 10 and Lemma 6. []

Proof of Proposition 11 By the same argument as in the proof of Lemma 5, to show
that (A.22) holds it suffices to show that for all {ns}, {P,.} satisfying conditions (1)-(3)
of Lemma, 5, liminf, . Prp,_ { Hy o, <én5 ;Pn5> eCl pms} >1—a.

To this end, note that

My m (éns§Pns> € C'IP,n5 if and Only if Yn*s (éns> S I:_Ca (ii/,m) i\:Y <éns) ,Ca (iY,né> iY (9719)
for ¢,(2y) the 1—a quantile of maxy|£(0)]/+/2y (f) where £~ N(0,Xy ). Next, note that
ca(Xy) is continuous in ¥ on S as defined in (A.28). Hence, for all 0, ¢, (Xy)\/2y(0) is

continuous as well. Assumptions 6 and 7 imply that <Yjs,ins,9ns) —d (Y*,E*,@), which

by the continuous mapping theorem implies
(x; (5,.) (v gy(ens))w (Y*(a),%@@ z*y@).
Hence, since Pr{ ’Y* (@) ’ —ca(Z3 )2 [ 25 (@) :0} =0,

—ca(z;),/z;(é),ca(z*y) 2;(9)]} (A.42)

where the right hand side is at least 1—a by construction. [J

Pro, v (300 ) 0T, ) %pr{y* (0)<

Proof of Proposition 12 Note that ﬂfm > [y, <9n;P> if and only if py,, (@R;P) €
CIfl_,, for CIff_ = (—o0,fifl]. Hence, by Lemma 5, to prove that (A.23) holds it suffices
to show that for all {n,} and {P,_} such that conditions (1)-(3) of the lemma hold with
Cn(P)=1 {@n = 9,uym <9n;Pn> € C’Ig,n}, we have

tim Pre, {iivn, (Bu.iPo.) €CHE 0, =0pv. (nibn. ) €CT}, b =ar

S5—00

Recall that for Fry (Y (6);,5y (0),LU) defined as in (A.32), i1, solves

Fry <Y:n (én> ;Mailf,n (én> ,Ef <,u,én> ,Llf <,u,én)> =l—a,
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for

Efj (u,9n> :max{ﬁ@n,Z@mn,in) J—Cq, <f]yﬂ> iy <9n> },
A () =i (0,2, % (S) o 0)

The proof of Proposition 5 shows that Fry (Yn (9n) ;/L,iym (971) L1 (,u,@n) Ui (u,én» is

strictly decreasing in p, so for a given value pyp,

il > pyo <= Fry (Yn <@n> ;Mxo,iym <én) Ll (Mxoaén) uy (MY,O;&@)) >1—a.

As in the proof of Proposition 10

A

zg*(@n):max{g(@n,zgmnsn),_ca(gm) gy(@n)}
u;g*(@n):mm{u(@n,zgm,gn),ca(gm) ay(@n)}

S0 Man>MYn(é P) if and only if FTN<Y <@ ) Oiyn@ ) EH (@ ) MH (9 )) >1—a.
Lemma 8 1mphes that (Y Eyn EH (0 Z/{H (9) 0, >—>d <Y Xy LH <) 0

ol

where

(X,Y,X*). Then by the continuous mapping theorem and (A.42),

(Fo (42, (30,0 (002218 () 245 () 100, =8 (0382, ) et 1)
(P (v (8) 0:53,(0).27 (0) 20 (8)) a{ =0 (8) € |-eal )5 (0) calmiy 53 (5) | ).
Hence, by the same argument as in the proof of Proposition 10,

Slggoprljns {NY,ns (ém QPns> S CIgf,ns ’éns = énuY,ns (éns ;Pns) € leﬁi',ns } =a,

as we aimed to show.
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~—H
To prove (A.24), note that for C1j; | ,, = (ﬂgn,oo),

) . . —H
,Uzg,nZ/lY,n (anap) <~ Hyn (97“P> gCIUan

and thus that the argument above proves that

lim sup P?“p{,uym (@H;P) ECN’I'ngm]Cf (é;P)}—(l—a)’Prp{Cf <§;P> } =0

TL—>OOP€'P”

for CH (é;P) as in the statement of the proposition. Since
ZPTp{éns =0 g1y, (9n5;Pn5> ecry, } :PTP{/LYJLS (9nS;PnS> ecry,, }+o(1), (A.43)

and Proposition 11 shows that

liminf inf PTP{,UY,nS@nS;PnS)ECIIBJnS}Zl—B,

500 PEPp

Lemma 6 together with (A.23) implies that

liminf inf PTP{ﬂ£n<,LLKn (9n;P> } >(1-a)(1-5)=1—a)—p(1—a)

n—oo PeP,

and

limsup sup Prp{ﬂgn <lyn (9n;P> } <l-a(1-B)=(1—-a)+pa
n—oo PeP,

from which the second result of the proposition follows immediately. [

Proof of Corollary 2 Note that by construction CT ng = [ﬂHaB e - ] , Where
’ -p" Taa "
pt_,  <pf ., provided % < 1. Hence,

- e

Prp {,u,ym <9n;P) € CIgTyn c (é,P) }

:Prp{uy,n (én;P) gﬂi2a:%> N (é,P)}—PrP{Wn (@)n;P) <gf;a:%> N (?),P) }

so Proposition 12 immediately implies (A.25).
Equation (A.43) in the proof of Proposition 12 together with Lemma 6 implies that

T A -«
lknilogfplélénPTp{/J,y’n (9n;P) € CIgTyn} > g(l—ﬁ) =1l—a
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so (A.26) holds. We could likewise get an upper bound on coverage using Lemma, 6, but obtain a

sharper bound by proving the result directly. Specifically, note that
n (9n-Pn> eCI. =y (é P, ) ecr
s I ,n n mEn P,TL
Hence,

P?“P{,U,ym (é%;P) ECIng}
:Prp{mf’n (9n;P) GCIJIEJT,anm (@n;Pn> GCIIL;H}PT{MY,” (én;Pn> ECIIB%}.

By the first part of the proposition, this implies that

. 1— .
limsup sup Prp{uxn (Qn;P> EC’IEIT’”} < ﬁlimsup sup Pr{uym (Hn;Pn) ECIﬁn}
n—oo PEP, n—oo PeP,
11—«
< 77
1.5

so (A.27) holds as well. [J

G Additional Materials for Neighborhoods Application

This appendix provides additional details on the neighborhoods application discussed in Section

7 of the main text.
G.1 Simulation Design and Target Parameters

Our simulations take the census tract-level, un-shrunk estimates from the Opportunity Atlas as
the true parameter values. The true parameter value in tract ¢, u;, thus corresponds to tract-level
average household income rank in adulthood for children growing up in households at the 25th
percentile of the income distribution.” We simulate estimates for tract ¢ by drawing fi; ~ N (114,02),
for p; the Opportunity Atlas estimate and o, the Opportunity Atlas standard error. We treat
the draws [i; as independent across tracts. Hence, in each commuting zone, for T the set of
tracts in that CZ we generate jointly normal sets of estimates and corresponding standard errors,
{(ftt,0¢) :t€T}. Our analysis also drops the single tract in the data where o >1, (i.e. a standard
error in excess of 100 percentile points) which was located in the Seattle CZ. No other tract in
the CZs we consider has a standard error larger that 0.2.

As discussed in the main text, in each commuting zone we define © as the set of selections
containing one third of the tracts in 7 (rounded down), ©={6CT:|0|=||T|/3]}. For X(0)=

5Specifically, we focus on kfr_pooled_pooled_p25 from in the file tract_outcomes_simple.cvs, available at
https://opportunityinsights.org/wp-content/uploads/2018/10/tract_outcomes_simple.csv,
downloaded on May 10, 2022.
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ﬁZteeﬂt the average estimate over tracts in 0, @ =argmax X (d) thus selects the third of tracts
with the largest estimates. For ¢; the number of voucher households with children reported to be
living in tract ¢,° we define Y'() as a difference between X () and a ¢; weighted average of fi; over
all tracts in the commuting zone Y (6)= X (0)— % Our target parameter py (6)=E[Y (0)]=

WﬁZteeNt — %’izj * thus measures the difference between the weighted average outcome in the

tracts where voucher households with children currently live and the average across targeted tracts.

We examine the performance of several estimators and confidence intervals for 1y () in each
of our 50 commuting zones. To do so, for each commuting zone and each draw = (/11,---,/1|7’\)
we compute the corresponding estimators iy and confidence intervals C1I. For each procedure

considered (detailed in the next section) we report the median bias, Med (ﬂy—uy (9)), the
median absolute error, M ed(‘,&y—,uy (9) D, the coverage probability Pr{ Ly (9) eCl }, and

the median confidence interval length, Med(|CI|). Specifically, for each commuting zone and
each simulation draw s€{1,...,S} for S=10,000 we draw ji° as described above. We then form
Xs(0)= W}\Zteeﬂf and set O, = argmaxg X,(6). For fty,s and C1T, the resulting point estimate
and confidence interval in simulation draw s, we then approximate the average coverage in that
commuting zone by the sample average %Z 81{ Wy (@5> eCl s}, while Med (ﬂ}/, s— LY (@)) and
the other medians are correspondingly approximated by sample medians across simulation draws.
We record these quantities separately in each commuting zone, and Figure IV in the main text
shows their distribution across commuting zones.

Note that in all cases we focus on unconditional performance measures, both because we
think these are of substantive interest in this application, and because computing and reporting
conditional quantities (e.g. conditional coverage probabilities Pr{ wy (é) eCI0=0 }) is difficult
in this setting given the prohibitively large size of |©|, which is equal to |T| choose ||T|/3].

G.2 Fixed-Length Projection Intervals

We report confidence intervals and, where applicable, point estimates for the conventional, pro-
jection, conditional, and hybrid approaches. Following Chetty et al. (2020) we also report results
based on an empirical Bayes approach. We defer discussion of the empirical Bayes approach to
the next section, while the conventional and conditional approaches are as described in the main
text. Due to the large size of ©, however, we need to modify the projection (and thus hybrid)
approach for this application.

Specifically, the projection approach considered in the main text ensures that the width of

the projection interval for py () is proportional to 1/ Xy (6). To compute these intervals, we need

to approximate the critical value ¢, which we do by repeatedly drawing { ~ N (0,Xy) and setting

6Computed based on the 2018 Picture of Subsidized Housing dataset from the US Department of
Housing and Urban Development, (US Department of Housing and Urban Development, 2018).
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¢ equal to the 1—a quantile of maxg|¢(6)|/1/Zy (0). In the neighborhoods application, however,
solving the optimization problem maxg|¢(6)|//Zy () requires a numerical search over ©, and
is computationally prohibitive. To sidestep this computational challenge, in this application we
consider fixed length projection intervals which set CIp= [Y(@) —CZ,Y(9)+CZ] .

We term these fixed length intervals since their length does not depend on 6. The critical
value ¢, corresponds to the 1 —a quantile of maxy|{()|, again for £ ~ N(0,2y). Unlike the
original critical value c,, we can easily approximate ¢}, by simulation. In particular, to compute
maxy|€(0)] it suffices to independently draw & ~ N(0,07) in each tract ¢, for o; the Opportunity
Atlas standard error for that tract. We then sort the tract-level noise draws &, and select either
the top or bottom third, whichever yields a larger average in absolute value, and take maxy|£(6)|
equal to the resulting (absolute) average. Validity of the resulting projection confidence interval
follows by the same argument as before, as does validity of hybrid estimators and intervals based

on this version of projection.
G.3 Empirical Bayes and Winner’s Curse

Chetty et al. (2020) focus on what they term forecast-unbiased estimates. These correspond
to posterior means from a correlated random effects model which treats mobility as normally
distributed conditional on a set of observable tract characteristics, with a mean that changes
linearly in the tract characteristics and a constant variance. Specifically, for W; the characteristics
of tract ¢, these estimates correspond to posterior means under the prior w that takes py
independent across tracts, with

Wy N (W] B.2). (A44)

They then plug in estimates of w and /3, so in our simulations we do the same.

If we take the model (A.44) seriously and abstract from estimation of w and § (for instance
because the number of tracts is large and we plug in consistent estimates), Bayesian posterior
means solve the winner’s curse problem under the prior. Specifically, note that the posterior
mean for p; given the vector of estimates i is simply the mean given iy, Fr[u|ft] = Er [ |fu]-
The law of iterated expectations implies, however, that Er[u|i] is unbiased for y; conditional

on fi, so for any set £ such that Pr {i€&}>0,

B[y — B[ fre)| fr € E] = 0.

Likewise, since we model fi; as normally distributed conditional on i, the posterior mean is also

the posterior median, so

- . 1
Pro{Ex[u|fu] >ut\,ue£}:§’

and Ey[u|f1] is median-unbiased under the prior conditional on the event {1€ £}. Note, however,
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that selection of a particular set of target tracts can be written as an event {ii € £}, so this
argument implies that Bayesian posterior means are immune to the winner’s curse under the
prior. This depends crucially on the prior, however, since if we calculate the outer probability

with respect to some other distribution of effect sizes 77, we typically have
. . 1
Pri{Exlpulin]> pli€ €} # 5.

G.4 Additional Figure for Movers Application

Figure 9 plots conventional, conditional, and projection intervals for the Opportunity Atlas
application described in the main text.

In our main analysis we compare a simple average over targeted tracts to a weighted average
over tracts in the same commuting zone, weighting by the number of voucher-recipient households
with children. It may also be of interest to treat the targeted and non-targeted tracts more
symmetrically, comparing a simple average over the target tracts to a simple average over the
commuting zone as a whole. Formally, this corresponds to the alternative target parameter
py (0)= ﬁzteeﬂt_ %Ztu,g. Figures 10 and 11 report results for this alternative target in the
Opportunity Atlas data. These results are qualitatively similar to our baseline results, with the
notable exception that the coefficients are substantially smaller. The smaller coefficients from
under this weighting reflects that voucher recipient households are located in neighborhoods
with below-average mobility at baseline. Hence, a simple average of mobility across tracts in a
commuting zone yields a larger average economic mobility than the weighted average we consider

in our main results, and thus a smaller contrast with the targeted tracts
G.5 Evaluating the Normality Assumption in Empirical Bayes

As discussed in Appendix G.3, Bayesian approaches are immune to the winner’s curse in settings
where the distribution of true effects is correctly described by the prior. In Section 7 of the main
text we saw that empirical Bayes credible sets display large coverage distortions in simulations cali-
brated to the Opportunity Atlas data, which suggests that the normal approximation is not entirely
reliable in this application. This appendix formally investigates the quality of the normal approx-
imation in this application and its relationship to the coverage of empirical Bayes credible sets.

We begin by considering formal tests for normality in each of the 50 CZs used in our simulation.

Specifically, the normal prior used by empirical Bayes specifies that
ﬂtWVtNN(W/t,ﬁva)a

for W, a set of (observed) track-level covariates. We observe tract-level estimates fi;~ N (ut,af)
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Figure 9: Estimates and confidence intervals for average economic mobility for selected census
tracts based on the Chetty et al. (2020) Opportunity Atlas, relative to the within-CZ average,
weighted by number of voucher recipient households with children. CZs are ordered by the magni-
tude of the conventional estimate. A coefficient of 0.1 implies that the target tracts are associated
with a 10 percentile point higher average household income in adulthood, for children growing up in
households at the 25th percentile of the income distribution, relative to the weighted average across
the CZ. Diamonds plot the estimated standard deviation of mobility across all tracts in each CZ.
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Figure 10:

o1

Estimates and confidence intervals for average economic mobility for selected census
tracts based on the Chetty et al. (2020) Opportunity Atlas, relative to the within-CZ unweighted
average. CZs are ordered by the magnitude of the conventional estimate. A coefficient of 0.1
implies that the target tracts are associated with a 10 percentile point higher average household
income in adulthood, for children growing up in households at the 25th percentile of the income
distribution, relative to the weighted average across the CZ. Diamonds plot the estimated
standard deviation of mobility across all tracts in each CZ.
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Figure 11: Estimates and confidence intervals for average economic mobility for selected census
tracts based on the Chetty et al. (2020) Opportunity Atlas, relative to the within-CZ unweighted
average. CZs are ordered by the magnitude of the conventional estimate. A coefficient of 0.1
implies that the target tracts are associated with a 10 percentile point higher average household
income in adulthood, for children growing up in households at the 25th percentile of the income
distribution, relative to the weighted average across the CZ. Diamonds plot the estimated
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standard deviation of mobility across all tracts in each CZ.
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for ¢ known. If we knew 3 and w we could thus compute

fu—W{p

which would follow a standard normal distribution if the normal prior were correct. Since § and
w are in fact unknown, within each CZ we construct an estimate B by regressing fi; on W;, and
construct an estimate &2 as the average squared residual minus the average of o2 (or zero in the

2

case where @* would be negative). We conduct a Kolmogorov-Smirnov (KS) test for whether

fu—WB

follows a standard normal distribution, where to account for estimation of the parameters we
compare the KS statistic to a bootstrap critical value, obtained via parametric bootstrap imposing
the normal model. The resulting KS test rejects normality in 37 CZs at the 5% level, and in
27 CZs in the 1% level.

We further examine the relationship between the quality of the normal approximation and
the performance of empirical Bayes. Specifically, we calculate the rank correlation between the
coverage of empirical Bayes credible sets and the KS statistic across the 50 CZs, obtaining a
correlation of -0.15 (with a p-value of 0.13). This correlation increases to -0.21 (with a p-value of
0.033) when we recenter the KS statistic in each CZ around the mean of its bootstrap distribution.
Hence CZs with a larger KS statistic tend to have worse coverage for empirical Bayes credible
sets, though the low correlation suggests that the KS statistic does not fully capture the features

of the distribution most important for determining the coverage of empirical Bayes credible sets.
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Index Treatment Description

0 0 Control group with no matched donations

Match ratio

1 1:1 An additional dollar up to the match limit

2 2:1 Two additional dollars up to the match limit
3 3:1 Three additional dollars up to the match limit
Match size

1 $25,000 Up to $25,000 is pledged

2 $50,000 Up to $50,000 is pledged

3 $100,000  Up to $100,000 is pledged

4 Unstated  The pledged amount is not stated

Ask amount

1 Same The individual is asked to give as much as their largest past donation

2 25% more  The individual is asked to give 25% more than their largest past
donation

3 50% more The individual is asked to give 50% more than their largest past
donation

Table 4: Treatment arms for Karlan and List (2007). Individuals were assigned to the control
group or to the treatment group, in the ratio 1:2. Treated individuals were randomly assigned
a match ratio, a match size and an ask amount with equal probability. There are 36 possible
combinations, plus the control group. The leftmost column specifies a reference index used
throughout this section for convenience.

H Application: Charitable Giving

Karlan and List (2007) partner with a political charity to conduct a field experiment examining
the effectiveness of matching incentives at increasing charitable giving. In matched donations,
a lead donor pledges to ‘match’ any donations made by other donors up to some threshold,
effectively lowering the price of political activism for other donors.

Karlan and List (2007) use a factorial design. Potential donors, who were previous donors to
the charity, were mailed a four page letter asking for a donation. The contents of the letter were
randomized, with one third of the sample assigned to a control group that received a standard
letter with no match. The remaining two thirds received a letter with the line “now is the time to
give!” and details for a match. Treated individuals were randomly assigned with equal probability
to one of 36 separate treatment arms. Treatment arms are characterized by a match ratio, a

match size, and an ask amount, for which further details are given in Table 4. The outcome
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Treatment Average donation Standard error  95% CI

(1,3,2) 1.52 0.35 [0.83,2.20]
(2,1,3) 1.51 0.46 [0.61,2.41]
(2,1,1) 1.42 0.39 [0.66,2.19]
(3,1,3) 1.40 0.36 [0.70,2.11]

Table 5: The average donations for the four best treatment arms according to the data,
n=>50,083. Treatments are indexed by the indicators for (Match ratio, Match size, Ask amount)
defined in Table 4. The reported 95% confidence intervals are the conventional ones that do
not take selection into account.

of interest is the average dollar amount that individuals donated to the charity in the month
following the solicitation.

In total, 50,083 individuals were contacted, of which 16,687 were randomly assigned to the
control group, while 33,396 were randomly assigned to one of the 36 treatment arms. The
(unconditional) average donation was $0.81 in the control group and $0.92 in the treatment group.
Conditional on giving, these figures were $45.54 and $44.35, respectively. The discrepancy reflects
the low response rate; only 1,034 of 50,083 individuals donated.

Table 5 reports average revenue from the four best-performing treatment arms, along with
standard errors and conventional confidence intervals. The point estimates for the best-performing
arm suggest that a campaign that promises a dollar-for-dollar match up to $100,000 in donations
and asks individuals to donate 25% more than their largest past donation raises $1.52 per potential
donor, on average, with a confidence interval of $0.83 to $2.20. This estimate and confidence
interval are clearly subject to winner’s curse bias, however: we are picking the best-performing

arm out of 37 in the experiment, which will bias our estimates and confidence intervals upward.

Simulation Results To investigate the extent of winner’s curse bias and the finite-sample
performance of our corrections, we calibrate simulations to this application. We simulate datasets
by resampling observations with replacement from the Karlan and List (2007) data (i.e. by draw-
ing nonparametric bootstrap samples). In each simulated sample we re-estimate the effectiveness
of each treatment arm, pick the best-performing arm, and study the performance of estimates
and confidence intervals, treating the estimates for the original Karlan and List (2007) data as
the true values. The underlying data here are non-normal and we re-estimate the variance in
each simulation draw. Hence, these results also speak to the finite-sample performance of the
normal approximation. We report results based on 10,000 simulation draws.

Since revenue does not account for the cost of the fund-raising campaign, it is impossible

~

for the solicitation to raise a negative amount. We therefore set the parameter space for p(f)
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Winner
(1,32) (14,2) (1,43) (2,11 (21,3) (22,2) (233) (241 (24,2) (3,1,1) (3,1,3) (3,3,1)

16.0% 114% 1.3% 13.0% 189% 108% 1.3% 1.5% 2.8% 51%  100%  3.6%

Table 6: Frequency of simulation replications where each treatment is estimated to perform best
in simulations calibrated to Karlan and List (2007). Treatments are indexed by the indicators
for (Match ratio, Match size, Ask amount) defined in Table 4. 31 of the 37 treatments are best
in at least one replication; those that won in at least 1% of simulated samples are reported.

Estimate

Conventional Median unbiased Hybrid

Median bias 0.61 -0.18 -0.18
Probability bias 0.50 -0.07 -0.07
Median absolute error 0.61 0.65 0.64

Table 7: Performance measures for alternative egtimators in simulations calibrated to Karlan
and List (2007). Probability bias is Pr{a™ > pu(6)}—3.

to R, and trim the point estimators and the confidence intervals at zero, "™ =max{0,/1} and
CStrm =10,00)NCS. This trimming does not affect the coverage of the confidence intervals,
and also preserves the a-quantile unbiasedness of the estimators so long as the true value ,u(@)
is greater than zero.

There is substantial variability in the “winning” arm: 31 of the 37 treatments won in at least
one simulation draw and 12 treatment arms won in at least 1% of simulated samples. Table 6
lists these 12 treatments. The variability of the winning arm suggests that there is scope for a
winner’s curse in this setting.

Table 7 examines the performance of conventional, median unbiased, and hybrid estimates, re-
porting (unconditional) median bias, probability bias (Pr{i™ > 1(6)} — 1), and median absolute
error. Trimming the estimators at zero does not affect the reported performance measures. Conven-
tional estimates suffer from substantial bias in this setting: they have a median bias of $0.61, and
over-estimate the revenue generated by the selected arm 100% of the time, up to rounding. The me-
dian unbiased and hybrid estimators substantially improve both measures of bias, though given the
finite-sample setting they do not eliminate it completely and are both somewhat downward biased,

though to a lesser degree.” All three estimators perform similarly in terms of median absolute error.

"This is a particularly challenging setting for the normal approximation, as the outcomes distribution
is highly skewed due to the large number of zeros. In particular, there are on average only 20 nonzero
outcomes per non-control treatment (out of approximately 930 observations in each treatment group).
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Tables 8 and 9 report results for confidence intervals. Specifically, we consider the conventional,
projection, conditional, and hybrid confidence intervals with nominal coverage 95%. Table 8
reports unconditional coverage and median length, while Table 9 reports conditional coverage
probabilities given 6§ values among the 12 treatments listed in Table 6. Conventional confidence
intervals slightly undercover unconditionally, with coverage 92%. Their conditional coverage
varies depending on which treatment is the winner. If the winning treatment is one of the
six best-performing treatments, the conditional coverage is at least 95%, while otherwise the

conventional confidence intervals under-cover with coverage probability as low as 65%. Projection

Unconditional Median length

coverage Trimmed Untrimmed
Conventional CS 0.92 1.88 1.88
CSp 1.00 3.08 3.08
CSer 0.97 2.69 5.91
CSH, 0.97 2.52 2.56

Table 8: Unconditional coverage probabilities of the confidence intervals in simulations
calibrated to Karlan and List (2007). Unconditional median lengths are reported for the trimmed
and untrimmed confidence intervals.

Treatment Average donation Conditional coverage

0 w(6) Conventional CS CSp CSpr CSH,
(1,3,2) 1.52 0.95 1 098 098
(2,1,3) 1.51 0.97 1 097 097
(2,1,1) 1.42 0.94 1 097 097
(3,1,3) 1.40 0.95 1 097 097
(2,2,2) 1.34 0.96 1 097 098
(1,4,2) 1.27 0.99 1 097 097
(3,3,1) 1.26 0.84 1 096 097
(3,1,1) 1.24 0.89 1 097 097
(2,4,2) 1.22 0.79 1 099  0.99
(2,3,3) 1.12 0.65 1 098 098
(2,4,1) 1.10 0.81 1 097 097
(1,4,3) 1.03 0.78 1 096 097

Table 9: Conditional coverage probabilities, Pr{u(f) € C:S™™|§ =6}, of the confidence intervals
for each of the 12 treatments in Table 6. The treatments are sorted according to the average
donation.
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Treatment (1,3,2) Estimates Equal-tailed CI

Conventional 1.52 [0.83,2.20]
Projection - [0.40,2.63]
Conditional ~ — trimmed 0 [0, 1.42]
— untrimmed -7.49 [-47.66,1.42]
Hybrid 0.20 [0.19,1.47]

Table 10: Conventional and bias-corrected estimates and confidence intervals for best-performing
treatment in Karlan and List (2007) data.

confidence intervals over-cover unconditionally and conditionally for these treatments, with cov-
erage 100%. Conditional and hybrid confidence intervals slightly over-cover, with unconditional
and conditional coverage about 97%, and have unconditional median (trimmed) length around
35% larger than conventional intervals and around 20% shorter than projection intervals. It
is important to emphasize, however, that the conditional coverage for projection and hybrid
intervals is particular to the data generating process considered here: as illustrated in Figure
IV of the main text, these intervals do not ensure conditional coverage in general.

The median length of conditional intervals more than doubles if we leave their lower bound
untrimmed. In contrast, the median length of the hybrid confidence intervals is basically unaf-
fected by trimming. This is because despite the similarity of their upper bounds, the lower bound
of the conditional confidence intervals tends to be negative and substantially lower than the lower
bound of the hybrid confidence intervals. In other words, if the parameter space is unconstrained,
the hybrid confidence intervals are substantially shorter than conditional confidence intervals.
The good performance of the hybrid approach in applications with unconstrained parameter

space is encouraging, and in line with the results in Section 2.

Empirical results Returning to the Karlan and List (2007) data, Table 10 reports corrected
estimates and confidence intervals for the best-performing treatment in the experiment. We repeat
the conventional estimate and confidence interval for comparison. The median unbiased estimate
makes an aggressive downwards correction to the conventional estimate, suggesting negative
revenue (-$7.49) from the winning arm if not trimmed. The conditional confidence interval is
tight, ranging from 0 to $1.42, if trimmed at zero, and otherwise extremely wide, ranging from
-$47.66 to $1.42. The hybrid estimate also shifts the conventional estimate downwards, but much
less so. Moreover, the hybrid confidence interval is no wider than the conventional interval, and
excludes both zero and the conventional estimate. These results suggest that future fundraising
campaigns deploying the winning strategy in the experiment are likely to raise some revenue,

but substantially less than would be expected based on the conventional estimates.
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Conditional inference seems potentially natural in this application. The data highlight an
interpretable combination of treatment parameters (1:1 match, $100,000 pledged, with an ask 25%
above an individual’s highest past donation) as best-performing, raising the question of what we
can conclude about this particular treatment, given that it was the best in the experiment. This
is precisely the question answered by the conditional approach. By contrast, while the hybrid ap-
proach ensures correct coverage on average across different “winning” treatments which could arise,

it offers no guarantees given the particular winner observed in the Karlan and List (2007) data.
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