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Abstract
Forward guidance—and macroeconomic policy more generally—relies on shifting expectations, not only
of future policy, but also of future economic outcomes such as income and inﬂation. These expectations
matter through general-equilibrium mechanisms. Recasting these expectations and these mechanisms in
terms of higher-order beliefs reveals how standard policy predictions hinge on the assumption of common knowledge. Relaxing this assumption anchors expectations and attenuates the associated generalequilibrium effects. In the context of interest, this helps lessen the forward-guidance puzzle, as well as
the paradox of ﬂexibility. More broadly, it helps operationalize the idea that policy makers may ﬁnd it
hard to shift expectations of economic outcomes even if they can easily shift expectations of policy.
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Introduction

The effectiveness of macroeconomic stabilization depends on the ability of policy makers to shift market
expectations of the relevant economic outcomes. For example, the Fed continuously strives to manage
expectations of future interest rates, with the intent of inﬂuencing macroeconomic activity. The actual effect
of the Fed’s acts and communications depends on the joint response of a multitude of economic agents
(ﬁrms, consumers, banks, etc). The response of each one of them, in turn, hinges on how that agent expects
other agents to respond—or, equivalently, on the expected effect on aggregate spending, inﬂation, and laboror credit-market conditions. As a result, the Fed’s ability to steer the economy hinges on its ability to manage
this kind of expectations, not just the expectations of future interest rates.
In this paper, we revisit the predictions that standard macroeconomic models make about the ability
of policy makers to shift market expectations of the relevant economic outcomes. In particular, we argue
that standard models “maximize” this kind of ability by imposing common knowledge of the policy itself
and of the responses of economic agents to it; they therefore risk overstating the effectiveness of certain
policies, such as that of forward guidance in the context of a liquidity trap. Conversely, by relaxing common
knowledge, we operationalize the idea that policy makers may have difﬁculty in managing expectations of
economic outcomes, even if they can perfectly manage expectations of policy.
Context. We demonstrate the above ideas within the following context: the power of forward guidance
during a liquidity trap, that is, the power of the monetary authority to stimulate macroeconomic activity
today by promising to follow a certain policy in the future, after the economy has exited the trap.1
More speciﬁcally, suppose that the economy is in a slump and that the zero-lower-bound (ZLB) binds up
to a future date t = T − 1, for some T ≥ 2. Because of this constraint, the monetary authority is unable to
stimulate aggregate demand by reducing the current Federal funds rate. According to the New-Keynesian
(NK) model, the same goal can be achieved by a credible promise to keep the interest rate below its “natural
level” after the ZLB has ceased to bind, that is, at t ≥ T . What is more, the larger T is and the further into
the future forward guidance operates, the stronger is its effect on real economic activity and inﬂation.
Policy makers and macroeconomists alike ﬁnd these predictions to be counterintuitive, which is why
the issue is known as the “forward guidance puzzle”.2 Existing attempts to resolve the puzzle, such as
McKay, Nakamura and Steinsson (2016b), hinge on modifying the micro-foundations of the NK model. The
alternative we propose here shifts the focus to the formation of expectations.3
Preview. We take as given the monetary authority’s ability to shift the expectations of the interest-rate
policy that will be in place after the economy exits the liquidity trap.4 Without serious loss of generality,
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Our insights apply more generally. The speciﬁc context, however, helps for concreteness, plus it is topical.
The term was coined by Del Negro, Giannoni, and Patterson (2012); see also Eggertsson and Woodford (2003), Carlstrom,
Fuerst, and Paustian (2012), and McKay, Nakamura, and Steinsson (2016b).
3
Throughout, by “micro-foundations” we refer to the model ingredients that determine the best responses of the relevant “players”
in the economy. This includes the speciﬁcation of preferences, technologies, idiosyncratic risks, and liquidity constraints—which is
McKay, Nakamura and Steinsson (2016b) come in—but leaves out the formation of the beliefs these players form about the actions
of others—which is where our contribution comes in.
4
Throughout, we abstract from the commitment problems discussed in, inter alia, Bassetto (2015) and Woodford (2012). Nev2
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we suppose that policy maker uses an announcement or other means to vary only expectations of RT , the
interest rate right after the ZLB has ceased to bind, and thereafter replicates ﬂexible-price outcomes.5 We
then seek to investigate how the economy responds to such a shift.
Before tackling this issue, it is useful to make a digression from macroeconomics to microeconomics.
Consider the following question: how does an individual consumer responds to news of a future interest-rate
change that applies only to herself, as opposed to the entire economy? Answering this question helps isolate
the partial-equilibrium (PE) effect of forward guidance from its general-equilibrium (GE) effects.
Because agents discount the future, the PE effect diminishes with the horizon, T, and becomes vanishingly small as T → ∞. This elementary observation, which is essentially a corollary of the Permanent
Income Hypothesis, underscores that the forward-guidance puzzle is exclusively about GE mechanisms.
What are these GE mechanisms? The most crucial one is the feedback loop between aggregate spending
and inﬂation. Reducing the nominal interest rate at t = T causes inﬂation at t = T. Because the nominal
interest rate is pegged prior to T, this translates to a low real interest rate between T −1 and T. This stimulates
aggregate spending at T −1, contributing to even higher inﬂation at T −1, which in turn feeds to even higher
spending at T − 2, and so on. Clearly, the cumulative effect at t = 0 increases with T, which explains why
the power of forward guidance also increases with T —indeed without bound—according to the NK model.
The aforementioned feedback loop is the ﬂip-side of the “deﬂationary spiral” that helps the NK model
generate a sizable recession during a liquidity trap. The initial trigger is different, and the sign is reversed,
but the GE mechanism is the same. In the standard model, this mechanism is captured by the interaction of
the representative household’s Euler condition with the New-Keynesian Philips Curve (NKPC).6
But there are two additional GE mechanisms, buried underneath these equations. The one has to do
with the feedback from future inﬂation to current inﬂation: for given real marginal costs, the individual ﬁrm
is more willing to raise its nominal price today if she expects other ﬁrms to do the same in the future. The
other is a modern, and dynamic, variant of what was known as the “income multiplier” in the IS-LM model:
when the individual consumer expects other consumers to spend more in the future, she is encouraged to
spend more herself today, because her own income increases with aggregate consumption.
Our main result is that relaxing common knowledge attenuates all the aforementioned GE effects by
anchoring the expectations of future income and inﬂation. An integral step to this result is the development
of a game-theoretic representation of the NK model, which helps unearth the role of higher-order beliefs.
Once we depart from the common-knowledge benchmark, the demand block of the NK model (the
Euler condition) becomes a dynamic beauty contest among the consumers, whereas its supply block (the
NKPC) becomes a dynamic beauty contest among the ﬁrms. Each beauty contest alone captures the GE
interaction—equivalently, the strategic complementarity—that operates within the corresponding block of
the model. That is, the one beauty contest captures the strategic complementarity in the spending decisions
ertheless, the friction we accommodate could also reﬂect lack of common knowledge about policy maker’s commitment.
5
Our results can readily be extended to the case in which the nominal rate is lowered below the natural rate for ∆ periods after
exiting the trap, for any ﬁnite ∆ ≥ 1. We let ∆ = 1 only to simplify the exposition.
6
For the NK version of the liquidity trap and the operation of the aforementioned mechanism under common knowledge, see,
inter alia, Krugman (1998), Eggertsson and Woodford (2003), and Werning (2012).
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of the consumers, while the other captures the strategic complementarity in the pricing decisions of the
ﬁrms. The feedback loop between aggregate spending and inﬂation can then be recast as a higher-layer
beauty contest that is played between the two groups of agents.7
Under these lenses, it becomes abundantly clear how the predictions of the theory depend, not only on
the assumed micro-foundations, but also—and indeed quite crucially—on an additional set of assumptions
that help pin down higher-order beliefs (i.e., beliefs about the beliefs of others).
Some of these assumptions are embedded in the solution concept: similarly to Perfect Bayesian Equilibrium (PBE), Rational-Expectations Equilibrium (REE) imposes common knowledge of the rationality and
of the strategies of all agents. The rest come in the form of a strong informational assumption: all agents
share the same information at all times, and this property is itself common knowledge. In general, the
combination of these assumptions imposes that the agents are able to perfectly coordinate the adjustment
of their beliefs and of their actions to any exogenous change in the environment. In our context, it boils
down to maximizing the capacity of the policy maker to control the agents’ expectations of inﬂation and real
economic activity, in a sense that we make precise in due course.
In our view, the puzzle is squarely about this issue. We therefore seek to loosen the policy maker’s grip
on the market’s expectations of future inﬂation and future economic activity.
We achieve this by letting agents have incomplete information and therefore lack common knowledge
of the policy and of one another’s response to it. We thus build on a growing literature that uses higherorder uncertainty as a modeling device for accommodating a realistic friction in the coordination and the
adjustment of equilibrium beliefs, while maintaining the standard, rational-expectations, solution concept.
See Morris and Shin (1998, 2002) and Woodford (2003a) for key early contributions; Angeletos and Lian
(2016b) for a survey; and Coibion and Gorodnichenko (2012, 2015) for corroborating evidence.
In the presence of the aforementioned friction, higher-order beliefs tend to move less so than lowerorder beliefs in response to news about future policy. By the same token, expectations of future inﬂation
and income can be anchored even if expectations of future nominal interest rates are not. It follows that all
the aforementioned GE effects are attenuated—and so does the power of forward guidance. What is more,
we show that longer horizons raise the relative importance of higher-order beliefs. It follows that the power
of forward guidance is diminished more when the policy operates further into the future. This provides more
broadly a rationale for “acting now rather than later”, or for front-loading policy interventions.
We develop the key ideas under fairly general speciﬁcations of the information structure, allowing, inter
alia, for endogenous learning through market signals.8 This helps clarify the robustness of our insights, but
risks obscuring the take-home message. We thus also illustrate the crux of our ideas with a stark information
structure that kills learning, parameterizes the degree of common knowledge by a scalar λ ∈ (0, 1], and
facilitates sharp comparative statics. When λ = 1, the standard NK model is nested. When λ < 1, common
7

Like Morris and Shin (2002), Angeletos and Pavan (2007), Bergemann and Morris (2013), and others, by “beauty contests” we
refer to a class of linear-quadratic games that feature strategic complementarity and incomplete information.
8
In general, such signals can shape the level, persistence, and propagation of higher-order uncertainty. See, e.g., Amador
and Weill (2010), Angeletos and La’O (2013), Benhabib, Wang, and Wen (2015), Charhour and Gabbalo (2016), Hellwig and
Venkateswaran (2009), Huo and Takayama (2015), and Veldkamp (2011). They are, however, of lesser importance for our purposes.
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knowledge is relaxed. The lower λ is, the larger the departure from common knowledge and, as we show,
the weaker the policy maker’s control over expectations of income and inﬂation.
Under this speciﬁcation, we can measure the power of forward guidance by the elasticity of aggregate
output at t = 0 (“now”) with respect to the period-0 average expectation of RT (“the policy after the liquidity
trap has ended”). Let ϕ = ϕ(λ, T ) denote the absolute value of this elasticity as a function of the degree
of common knowledge, λ, and of the horizon, T . The standard NK model is nested with λ = 1; the
power of forward guidance is then given by by ϕ∗ = ϕ(1, T ); and the puzzle relates to the property that ϕ∗
increases with T and explodes as T → ∞. Relative to this benchmark, we show that, for any T , ϕ is strictly
decreasing in λ; that is, the attenuation of the power of forward guidance is stronger when the degree of
common knowledge is smaller. Furthermore, the attenuation increases without bound as forward guidance
operates further into the future: for any λ < 1, the ratio ϕ/ϕ∗ decreases with T and vanishes as T → ∞.
As noted earlier on, this is because longer horizons raise the relative importance of higher-order beliefs,
which translates to stronger anchoring of expectations of inﬂation and real economic activity. Finally, the
documented attenuation effect can be quantitatively signiﬁcant: for a plausible parameterization and a
relatively modest level of higher-order uncertainty, ϕ is about one quarter of ϕ∗ at horizon of 5 years.
We complement these results with one that relates to the “paradox of ﬂexibility.” The latter refers to the
prediction that greater price ﬂexibility ampliﬁes the recession during a liquidity trap—or, more generally,
the volatility in the output gap when the current interest rate is pegged.9 The ﬂip-side is that monetary
policy, in the form of forward guidance, becomes more potent when there is less nominal rigidity. Our own
result is that the attenuation is itself stronger when prices are more ﬂexible. This is because the same GE
mechanisms that underlie the forward-guidance puzzle also underlie the paradox of ﬂexibility. By anchoring
expectations of inﬂation and income, lack of common knowledge helps contain both “anomalies”.10
We conclude the paper with an “as if” result that recasts the lack of common knowledge as a form of
discounting of the forward-looking terms of the Euler condition and the NKPC of the otherwise-standard,
representative-agent, NK model. This illustrates that the assumed friction can be re-interpreted as a relaxation
of solution concept, echoing the observations made in Angeletos and Lian (2016a,b) and complementing the
results of Garcia-Schmidt and Woodford (2015) and Farhi and Werning (2016). It also builds an intriguing
connection to recent work on “discounted Euler conditions”, which we discuss in the sequel.
Layout. The remainder of the paper is organized as follows. Section 2 expands on the relation of our
paper to the literature. Section 3 introduces our framework. Section 4 reviews the standard, completeinformation, version of puzzle. Section 5 removes common knowledge, develops our beauty-contest representation, and reveals the role of higher-order beliefs. Section 6 illustrates the key results with a stark
information structure. Sections 7 and 8 elaborate on the robustness of our insights and on the role of longer
horizons. Section 9 touches on the paradox of ﬂexibility and provides the aforementioned “as if” result.
Section 10 contains the conclusions. The Appendix contains the proofs.
9
10

See, inter alia, Eggertsson and Krugman (2012), Werning (2012), and Kocherlakota (2016).
The same logic is likely to apply to other anomalies, such as the “paradox of toil” (Eggertsson, 2010, Wieland, 2014).
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Related Literature

Our paper builds heavily on the macroeconomic literature on incomplete information and beauty contests.
Important precedents include Morris and Shin (2002, 2006), Woodford (2003a), Angeletos and Pavan (2007),
Nimark (2008, 2011), Angeletos and La’O (2010, 2013), and Bergemann and Morris (2013); see Angeletos
and Lian (2016b) for a survey. Our marginal contribution rests on the representation of the two blocks of
the NK model as beauty contests; on the speciﬁc dynamic structure of these games, which requires the
development of new formal arguments; and on the lessons delivered for the application of interest.
The “as if” result that maps our economy to a representative-agent model with a discounted Euler condition and a discounted NKPC resembles results from McKay, Nakamura and Steinsson (2016a), Werning
(2015), and Gabaix (2016). In contrast to these papers, however, the distortion of the equilibrium conditions at the aggregate level does not originate from a distortion of the optimality conditions at the individual
level (or, equivalently, of the structure of best responses).11 This is because our paper holds constant the
micro-foundations and, instead, uses lack of common knowledge to anchor equilibrium expectations and
to attenuate the given GE interactions. The assumed friction is therefore distinct, not only conceptually,
but also empirically. Furthermore, it appears to be consistent with the evidence on inﬂation expectations
documented in Coibion and Gorodnichenko (2012, 2015).12
The idea that lack of common knowledge attenuates GE effects is not limited to the context of this paper. In Angeletos and Lian (2016a), we have formalized this idea within a more abstract framework by
establishing two closely related results: an observational equivalence between the introduction of incomplete information and certain relaxations of the solution concept, including Tatonnement and the reﬂectiveequilibrium concept of Garcia-Schmidt and Woodford (2015); and a result that bridges the gap between
micro and macro elasticities. The present paper can be seen as an application of this broader idea.13
The two works that are closest to the present paper are Farhi and Werning (2016) and Wiederholt (2016).
Farhi and Werning (2016) share our objective of attenuating the feedback mechanism between aggregate
income and individual spending, but attain this objective by replacing the standard equilibrium concept with
level-k reasoning as opposed to introducing incomplete information. They also abstract from the feedback
loop between aggregate spending and inﬂation, which, as we explain, turns out to be of central importance
from quantitative perspective. Instead, they focus on the interaction between level-k reasoning and liquidity
constraints, a friction from which we abstract entirely. Wiederholt (2016), on the other hand, shares our
insight that incomplete information helps attenuate the feedback loop between aggregate spending and
11

In McKay, Nakamura and Steinsson (2016a) and Werning (2015), the distortion originates in liquidity constraints; in Gabaix
(2016), it obtains because agents are not as proﬁcient in maximization and forecasting as mainstream economics impose.
12
By recasting the NK model as a beauty contest and introducing a friction in the formation of the beliefs of the actions of others,
we also connect to the experimental literature on beauty contests (e.g., Nagel, 1995, Duffy and Nagel, 1997), which has also
emphasized the relevance of departing from the common-knowledge, fully-rational, benchmark.
13
In addition to the speciﬁc lessons we deliver for the context of interest, a novelty in the present paper is the emphasis given to
forward-looking expectations. Related in this respect are also Allen, Morris and Shin (2006), Bachetta and Wincoop (2006), and
Morris and Shin (2006), who emphasize how incomplete information induces inertia in the response of forward-looking expectations to innovations in fundamentals in asset-pricing models.
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inﬂation, but abstracts from the one between aggregate income and individual spending. Finally, neither
of these works contains our results about either the paradox of ﬂexibility or how the horizon increases the
relative importance of higher-order beliefs.14
The feedback mechanism between aggregate and individual spending plays a prominent role in a number
of other papers, although in manners that are orthogonal to the contribution of the present paper. For
instance, Gali et al. (2007) and Farhi and Werning (2012) use this mechanism to increase the GE effects
of ﬁscal stimuli in the presence of liquidity-constrained, or “hand-to-mouth”, consumers, whereas Werning
(2015) uses it to explain why liquidity constraints may increase the GE response of aggregate consumption
to interest rates, in contrast to the case made by McKay, Nakamura, and Steinsson (2016a,b). These papers
work with the NK framework and rest on the interaction of the aforementioned mechanism with nominal
rigidity. Angeletos and Lian (2016c), on the other hand, combine this mechanism with rational confusion to
augment an otherwise standard RBC model with effects that resemble Keynesian multipliers and that help
generate realistic, demand-driven, business cycles in the absence of nominal rigidity.

3

Framework

In this section, we set up our framework. This is the same as the textbook NK model (Woodford, 2003b;
Gali, 2008), except that we remain more ﬂexible about the formation of expectations.
Consumers. There is a measure-one continuum of ex-ante identical, inﬁnitely-lived, households, or
consumers, in the economy, indexed by i ∈ [0, 1]. The preferences of consumer i are given by

U0 =

+∞
∑

(
β t log ci,t −

1+ϵ
1
1+ϵ ni,t

)
,

(1)

t=0

where ci,t and ni,t denotes her consumption and labor supply at period t, β ≡ e−ρ ∈ (0, 1) is the discount
factor, ρ > 0 is the discount rate, and ϵ > 0 is the inverse of the Frisch elasticity.15 The budget constraint in
period t is given, in real terms, by the following:

ci,t + si,t = ai,t + wi,t ni,t + ei,t ,

(2)

where si,t is the consumer’s saving in period t, ai,t = Rt−1 si,t−1 /πt is her initial asset position, Rt−1 is the
gross nominal interest rate between t − 1 and t, πt ≡ pt /pt−1 is the gross inﬂation rate, pt is the aggregate
price level at t, and wi,t and ei,t are the real wage and the real dividends received by the consumer.
Firms. The ﬁnal good is produced by a competitive sector, using a continuum of intermediate-good
14

Farhi and Werning’s work was developed concurrently with ours; Wiederholt’s appeared earlier. Somewhat related are also the
following papers: Andrade et al. (2015), which studies how agents with different prior information can give different interpretations
to the same forward-guidance announcement; Gaballo (2016), which studies the social value of news about future policy; and
Kiley (2016), which argues that some of the paradoxical predictions of the NK model are not shared by variant models that attribute
the nominal rigidity to informational frictions.
15
To economize on notation, we have set the elasticity of intertemporal substitution to one.
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varieties, indexed by j ∈ [0, 1] , and a CES technology with elasticity ς . Aggregate output is thus given by

(∫
yt =
0

1(

ytj

ς
) ς−1

) ς−1
ς

dj

,

(3)

where yt,j is the intermediate-good input from variety j . Each variety j is in turn produced by a monopolistic
ﬁrm (also indexed by j ), using labor under a linear technology:

ytj = ltj ,

(4)

where ltj is the labor input of monopolist j .
We introduce nominal rigidity in the usual, Calvo-like, fashion: in each period, a randomly selected
fraction θ ∈ (0, 1] of the ﬁrms must keep their prices unchanged, while the rest can reset them. In addition,
we assume that each resetting ﬁrm faces a ﬁrm-speciﬁc markup shock, which we denote by µjt . The latter
is i.i.d. over time but correlated across j. The aggregate markup shock is denoted by µt . Its modeling role is
to limit the information that agents can extract from observed inﬂation.16 Finally, we let each ﬁrm pay out
all the proﬁts it earns in each period, ejt , as dividends to the consumers.
Idiosyncratic Shocks. To limit the aggregation of information through market signals, we introduce
idiosyncratic shocks to wages and dividends. The real wage paid by ﬁrm j at t is wtj = wt ujt , where wt is
the average wage in the economy and ujt is i.i.d. across j and t. The real wage received by consumer i at t
is wi,t = wt ξi,t , where ξi,t is i.i.d across i and t. Finally, the dividend received by consumer i is ei,t = et ζi,t ,
where et denotes aggregate proﬁts and ζi,t is i.i.d across i and t.17
Log-linearization. To keep the analysis tractable, we work with the log-linearized conditions of the
model. We let a tilde over a variable denote the log-deviation of this variable from its unconditional mean.
We also let the means of the (logs of the) idiosyncratic shocks be zero.
Equilibrium, Information, and Common Knowledge. With the exception of Proposition 2, which develops the more general beauty-contest representation of the NK model, we employ the standard solution
concept, namely rational-expectations equilibrium (REE). We nevertheless depart from standard practice by
f
relaxing the information structure. Let Ii,t and Ij,t
denote the information set of, respectively, consumer i
f
and ﬁrm j in period t. Next, let It ≡ (∪i Ii,t ) ∪ (∪j Ij,t
) denote the union of the information sets of all agents.
f
The standard model assumes complete information, or common knowledge, in the sense that Ii,t = Ij,t
= It

for all i, j, t and all states of Nature. We will instead allow for incomplete information, or lack of common
16

It is possible to extend the model so as to micro-found the markup shocks in terms of preference shocks that shift the elasticity
of the demand faced by each monopolist; see Angeletos, La’O and Iovino (2016) for an example.
17
The aforementioned shocks can be justiﬁed in a similar manner as in Lucas (1972) and Lorenzoni (2009). Suppose that each
household contains one worker and let ηi,t be a shock to her labor disutility. Suppose further that, at each t, the economy is split in
a large set of decentralized labor markets (“islands”). Workers and ﬁrms are randomly allocated in these markets, in such a manner
that the these markets differ from one another only in terms of the average preference shock: the “average” worker in market m
has taste shock equal to η̄tm , where η̄tm washes out once we aggregate across all markets but is non-zero within the typical market.
Then, it is possible to show the equilibrium wage in market m is given by wt η̄tm , which in turn pins down the wage shock of any
given ﬁrm or any given consumer by the shock η̄tm of the market to which this agent have been allocated. One way or another, the
sole modeling role of these shocks is to limit the extraction of information through market signals.
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knowledge, in the sense that the aforementioned equalities cease to hold (in a non-trivial manner).
Auxiliary assumptions. To sharpen the exposition, we assume the following: at every t, the current values
of Rt and of (pjt )j∈[0,1] are commonly known (and therefore so is the current price level); each consumer

i has knowledge of the current values of (wi,t , ei,t ); and each monopolist j has knowledge of the current
values of (wtj , µjt ). These assumptions could be relaxed without affecting the essence of our results. They
are nevertheless useful, not only because they simplify the exposition, but also because they help clarify
that that our results do not require that the agents be inattentive to, or unaware of, their current economic
condition. Instead, it sufﬁces that they are uncertain about the future. We ﬁnally assume that the shocks to
markups, wages, and endowments are unpredictable on the basis of past information.
Monetary Policy. With the exemption, once again, of Proposition 2, we assume the following.
Assumption 1 (Monetary Policy) There exists a known T ≥ 2 such that: (i) At any t ≤ T −1, the interest rate
is pegged at Rt = R̄, where R̄ ≥ 1 is known. (ii) At any t ≥ T + 1, monetary policy replicates ﬂexible-price
2 > 0.
outcomes. (iii) The common prior about RT is a lognormal distribution with mean ρ and variance σR

This assumption restricts monetary policy at all dates other than T, thus letting us identify forward guidance with expectations of RT . Part (i) is automatically satisﬁed in a liquidity-trap context: a binding ZLB
constraint is nested by letting R̄ = 1. Because we focus on the log-linearized version of the model, however,
it makes no difference whether R̄ is 1 or an arbitrary peg. To simplify the exposition, we set R̄ = β1 , which
means, in terms of log-deviations, that R̃t = 0 for all t ≤ T − 1.18 Part (ii) permits us to identify forward
guidance with expectations of the interest rate RT that will obtain right after the ZLB has ceased to bind.19
Finally, part (iii) allows RT to be a random variable, so that we can accommodate variation in expectations
of it, as well as higher-order uncertainty about it.
How can the policy maker inﬂuence expectations of RT ? We bypass this question and, instead, focus
on understanding the extent to which the policy maker can inﬂuence expectations of future income and
future inﬂation, taking as given the shift in expectations of future policy. To be concrete, however, it is
useful to think of the policy maker as making an announcement at t = 0 that is informative about the likely
value of RT . We can then obtain the crux of our results by varying the degree of common knowledge about
this announcement. This anticipates the exercise we conduct in Section 6. Before doing this, however, we
review the forward-guidance puzzle in the context of the standard NK model.

4

The Standard NK Model and the Puzzle

The standard version of the NK model is nested in our framework by imposing the following assumption.
Note that R̃t ≡ log Rt − log R∗ , where R∗ = β1 is the steady-state interest rate. Also note that we can readily introduce a
discount-rate shock that forces the ZLB to bind for all t < T and accordingly let R̄ = 1. All the results then continue to hold,
subject to re-interpreting ỹt and π̃t , for all t < T , as the gaps from the liquidity-trap path rather than from the steady state.
19
The results extend if we assume that ﬂexible-price allocations obtain after a commonly known date T ′ , for any T ′ ≥ T + 1.
Letting T ′ = T + 1 is only for simplicity. Finally, the assumption that such a T ′ exists and is commonly known is consistent with
standard treatments in the literature (e.g., Eggertsson and Woodford, 2003, Werning, 2012), but is not innocuous: it sidesteps the
equilibrium selection issues emphasized in Cochrane (2016b) by pegging beliefs of outcomes at t ≥ T ′ .
18
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Assumption 2 (Complete Information) All consumers and all ﬁrms share the same information at all dates
f
and all states of Nature: Ii,t = Ij,t
= It for all i, j, t and all states of Nature.

This assumption allows the agents to be uncertain about future monetary policy and future economic
outcomes. In combination with the REE concept, however, it rules out all kinds of higher-order uncertainty:
all agents always share the same expectations, not only of future interest rates, but also of future income and
future inﬂation, plus this fact is itself common knowledge. It is this kind of “perfection” in the coordination
of beliefs that we ﬁnd unrealistic and that we seek to relax in the sequel. For the time being, however, we
can use this property to reach the following.20
Lemma 1 Under Assumption 2, equilibrium output and inﬂation solve the following system:

where κ ≡

(1−θ)(1−βθ)(ϵ+1)
θ

ỹt = Et [ỹt+1 ] − R̃t + Et [π̃ t+1 ] ,

(5)

π̃t = βEt [π̃ t+1 ] + κỹt + κµ̃t ,

(6)

≥ 0 and where Et denotes the rational expectation conditional on It .

Condition (5) is the standard Euler condition. Condition (6) is the standard New-Keynesian Philips curve
(NKPC). It is well known how to derive these conditions in the representative-agent version of the NK model.
Lemma 1 establishes that, as long as information is complete, the same conditions characterize the loglinearized equilibrium of our model despite the presence of idiosyncratic risk.21
To study the predictions of the model for forward guidance, we bring in Assumption 1. From part (ii) of
this assumption, ET [ỹT +1 ] = ET [π̃T +1 ] = 0. From part (i), R̃t = 0 for all t < T. Using these facts, iterating
(5) and (6) backwards from t = T to t = 0, and using the Law of Iterated Expectations,22 we can obtain the
following characterization of equilibrium spending at t = 0.
Lemma 2 There exists a function ϕ∗ : N → R+ such that, under Assumptions 1 and 2, equilibrium spending
at t = 0 is given by

ỹ0 = −ϕ∗ (T ) · E0 [R̃T ].
This result permits us to identify the “power of forward guidance” by the scalar ϕ∗ (T ): this scalar measures how much the policy maker can stimulate economic activity at t = 0 by shifting expectations of the
interest rate at t = T. As noted earlier, we can think of the policy maker inﬂuencing E0 [R̃T ] through a policy
announcement. By deﬁning the power of forward guidance in terms of the elasticity of ỹ0 with respect to

E0 [R̃T ], as opposed to its elasticity with respect to the announcement itself, we sidestep the question of how
credible or noisy that announcement might be. While this is an important question on its own right, it is not
20

To simplify the notation, we henceforth rescale the markup shock by (1 + ϵ).
This clariﬁes, ﬁrst, that the sole modeling role of this risk is to limit the revelation of information and, second, that the benchmark
of comparison is indeed the textbook, representative-agent, model, with its familiar equations.
22
At the individual level, this law applies always. At the aggregate level, it applies if information is complete, but not otherwise.
21
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the question of interest for us. Instead, the question of interest is how much inﬂuence the policy maker has
on economic activity conditional on her inﬂuence on expectations of interest rates. In the standard model,
the answer to this question is given by ϕ∗ .23
With this in mind, we can now formulate our version of the “forward-guidance puzzle” as follows.
Proposition 1 (Benchmark) The scalar ϕ∗ (T ), which measures the power of forward guidance under common knowledge, satisﬁes the following:
(i) If κ = 0 (equivalently, θ = 1), then ϕ∗ (T ) = 1 for all T.
(ii) If κ > 0 (equivalently, θ < 1), then ϕ∗ (T ) is strictly higher than 1 for all T, is strictly increasing in T,
and explodes to inﬁnity as T → ∞.
Part (i) considers the pedagogically useful case in which prices are inﬁnitely sticky (i.e., θ = 1), so that
inﬂation is completely unresponsive to aggregate demand (i.e., κ = 0). In this case, the power of forward
guidance is the same regardless of the horizon at which it operates. Part (ii) considers the more relevant case
in which inﬂation is responsive (i.e., κ > 0). In this case, the power of forward guidance increases without
bound as the time of action is pushed further and further into the future.
To understand part (i), it sufﬁces to inspect the Euler condition alone. When prices are totally sticky

(θ = 1), inﬂation is ﬁxed at zero. Iterating the Euler condition between t = 0 and t = T gives
y0 = −R̃0 −

T
∑

E0 [R̃t ] + E0 [ỹT +1 ].

t=1

This reveals an important property: if we ﬁx expectations of inﬂation, the effect of future interest rates on
current aggregate spending is the same as that of current interest rates, regardless of how far in the future
we look at. Note that this marginal effect is 1 here because we have ﬁxed the elasticity of intertemporal
substitution to 1; allowing the latter to be another number is completely inconsequential for our purposes:
it merely scales ϕ∗ (T ) by that number for all T . Part (i) is a direct implication of this property along with the
fact that Assumption 1 pegs the interest rate before T and kills the output gap at T + 1.
Part (ii) rests on the interaction of the Euler equation and the NKPC, that is, on the feedback loop between
aggregate spending and inﬂation. Reducing the interest rate at t = T causes inﬂation at t = T. Because the
nominal interest rate is pegged prior to T, this translates to a low real interest rate between T − 1 and T.
This stimulates demand at T − 1, contributing to even higher inﬂation at T − 1, which in turn feeds to even
23
To shed further light on the meaning of ϕ∗ , drop Assumption 1 and consider, instead, the following exercise. Starting from an
arbitrary equilibrium path, consider a variation in monetary policy that changes expectations of interest rates at t ≤ T, but not after
T , for an arbitrary T ≥ 1. Then, for all t ≤ T,

∆c̃t = −

T
−t
∑

ϕ∗ (τ ) · ∆Et [R̃t+τ ],

τ =0

where ∆Et [R̃t+τ ] is the aforementioned change in expectations of interest rates, ∆c̃t is the resulting change in equilibrium spending,
and ϕ∗ is the same function as the one in Lemma 1. Therefore, even if we move outside the liquidity-trap context, we can still
interpret ϕ∗ (τ ) as the partial elasticity of equilibrium spending with respect to the expected interest rate τ periods ahead, where
“partial” means holding expectations of other interest rates constant.
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higher demand at T − 2, and so on. Clearly, the cumulative effect at t = 0 increases with T, which explains
why the power of forward guidance also increases with T.
We henceforth refer to this feedback loop as the “inﬂationary spiral” caused by the promise of lax monetary policy in the future. As the term suggests, this is the ﬂip-side of the “deﬂationary spiral” that helps the
NK model generate a large recession out of a small drop in aggregate demand (e.g., an exogenous discountfactor shock). The trigger is different, and the sign is reversed, but the mechanism is the same. By the same
token, the insights we develop in the sequel regarding the attenuation of this mechanism apply, not only to
forward guidance, but also to demand shocks whose magnitude or persistence is not common knowledge.
In the standard model, the aforementioned spiral causes the power of forward guidance to increase
without bound as T increases—which is what part (ii) of Proposition 1 states. The “forward-guidance puzzle”
pertains to this theoretical prediction and to its quantitative counterparts: plausible calibrations of the model
deliver a quantitatively large ϕ∗ (T ) even if T is relatively small. For more details, see Carlstrom, Fuerst, and
Paustian (2012), Del Negro, Giannoni, and Patterson (2012), and McKay, Nakamura, and Steinsson (2016b).
This completes our review of the standard NK model. In the sequel, we show how relaxing the commonknowledge requirements of the model reduces the ferocity of the inﬂationary spiral and, in so doing, helps
diminish the puzzle. But this is only one part of the story. Even if we shut down this spiral by brute force
(i.e., by setting κ = 0 and forcing inﬂation to be unresponsive), we still get an attenuation effect relative
to the standard model: part (i) of Proposition 1 ceases to hold. As we explain, this is because there is
another important GE mechanism at work, which is hidden underneath the Euler condition and which is
also attenuated once information is incomplete; this mechanism is the modern reincarnation of what was
known as the “income multiplier” in the IS-LM model.

5

Deconstructing the NK Model into Two Beauty Contests

In this section, we develop a game-theoretic representation of the NK model, which clariﬁes the relevant
general-equilibrium interactions and unearths the role of higher-order beliefs. To this goal, we momentarily
drop, not only the assumption of complete information, but also the REE solution concept. This permits
us to characterize the optimal behavior of the consumers and the ﬁrms as functions of their subjective
expectations of future income and inﬂation or, equivalently, of the future actions of other agents. Once this
is accomplished, it becomes evident how the predictions of the standard NK model hinge on presuming a
certain “perfection” in the adjustment of this kind of endogenous expectations to any exogenous change in
the environment—and, conversely, how the friction we accommodate in this paper rationalizes a smaller
adjustment in these expectations, thereby also attenuating the GE effects of forward guidance.

Expectations and Beauty Contests
We start by characterizing the optimal behavior of the consumers and of the ﬁrms, while allowing them to
hold arbitrary subjective beliefs of future income and future inﬂation. This leads to our ﬁrst key result: we
11

represent the NK model as a pair of beauty contests, one for the demand block and another for the supply
block of the model. This result is instrumental for the subsequent analysis, but it is also interesting on its
own right: its applicability extends well beyond the context of forward guidance.
Consumers. Consider an arbitrary consumer i. As usual, the following intertemporal budget constraint
holds in all periods and all states of Nature:24

}
}
+∞ {
+∞ {
(
)
(
)
∑
∑
Rt+j−1 −1
Rt+j−1 −1
k
k
Πj=1 πt+j
ci,t+k =ai,t +
Πj=1 πt+j
(wi,t+k ni,t+k + ei,t+k )
.
k=0

(7)

k=0

Taking the log-linear approximation of the above around the steady state,25 we get the following:
+∞
∑

k

β c̃i,t+k = ãi,t +

k=0

+∞
∑

β k {Ω (w̃i,t+k + ñi,t+1 ) + (1 − Ω) ẽi,t+k } ,

(8)

k=0

where Ω is the ratio of labor income to total income in steady state. The consumer’s optimality conditions,
on the other hand, can be expressed as follows:

ñi,t =

1
(w̃i,t − c̃i,t ) ,
ϵ

(9)

[
]
c̃i,t = Ei,t c̃i,t+1 − R̃t + π̃t+1 ,

(10)

where Ei,t is the expectation of consumer i in period t. The ﬁrst condition describes optimal labor supply;
the second is the individual-level Euler condition, which describes optimal consumption and saving.
At this point, it is worth emphasizing that our analysis preserves the standard Euler condition at the
individual level. This contrasts with McKay, Nakamura, and Steinsson (2016a,b) and Werning (2015), where
liquidity constraints cause this condition to be violated for some agents, as well as with Gabaix (2016), where
a cognitive friction causes this condition to be violated for every agent. We revisit this point in Section 9,
when we show that our analysis rationalizes a discounted Euler condition at the aggregate level, in spite of
the preservation of the standard condition at the individual level.
Combining conditions (8), (9) and (10), we obtain the optimal expenditure of consumer i in period t as
a function of the current and the expected future values of wages, dividends, and real interest rates:

c̃i,t =

ϵ(1−β)
ϵ+Ω ãi,t

−

+∞
∑

(
[
])
β k Ei,t R̃t+k−1 − π̃t+k

(11)

k=1

+ (1 − β)

[

(ϵ+1)Ω
ϵ+Ω w̃i,t

+

ϵ(1−Ω)
ϵ+Ω ẽi,t

]

+ (1 − β)

+∞
∑

β k Ei,t

[

(ϵ+1)Ω
ϵ+Ω w̃i,t+k

+

ϵ(1−Ω)
ϵ+Ω ẽi,t+k

]
,

k=1
24

For now, one should think of the state of Nature as a realization the exogenous payoff relevant shocks along with the entire
cross-sectional distribution of subjective beliefs in the population. Once we impose the REE concept, the latter can be replaced
with the cross-sectional distribution of the exogenous signals (information) received by the agents.
a
25
∗
In a symmetric steady state, ait = a∗ = 0. For this reason, we let ãi,t ≡ ci,t
∗ , where c is steady-state consumption.
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This condition, which is a variant of the consumption function seen in textbook treatments of the Permanent
Income Hypothesis,26 contains two elementary insights. First, all future variables—wages, dividends, and
real interest rates—are discounted. Second, the current spending of a consumer depends on the present
value of her income, which in turn depends, in equilibrium, on the future spending of other consumers.
The ﬁrst property guarantees that the decision-theoretic, or partial-equilibrium, effect of forward guidance diminishes with the horizon at which interest rates are changed; the second represents a dynamic
strategic complementarity, which is the modern reincarnation what was known as the “income multiplier”
in the IS-LM framework. We elaborate on these two points in the sequel. For the time being, we aggregate condition (11), and use the facts that assets average to zero and that future idiosyncratic shocks are
unpredictable, to obtain the following condition for aggregate spending:

c̃t = −

+∞
∑

[
]
[
β k Ēt R̃t+k−1 − π̃t+k + (1 − β) (ϵ+1)Ω
ϵ+Ω w̃t +

ϵ(1−Ω)
ϵ+Ω ẽt

]

(12)

k=1

+ (1 − β)

+∞
∑

β k Ēt

[

(ϵ+1)Ω
ϵ+Ω w̃t+k

+

ϵ(1−Ω)
ϵ+Ω ẽt+k

]

k=1

where Ēt [·] henceforth denotes the average expectation of the consumers in period t.
Firms. Consider a ﬁrm j that gets the chance to reset its price during period t. The optimal reset price,
27
denoted by pj∗
t , is given by the following:

{
j
p̃j∗
t = (1 − βθ) (w̃t + p̃t ) +

+∞
∑

}
[
]
f
j
+ (1 + ϵ) (1 − βθ) µ̃jt ,
(βθ)k Ej,t
w̃t+k
+ p̃t+k

(13)

k=1
f
where Ej,t
denotes the ﬁrm’s expectations in period t and µ̃jt is the corresponding markup shock. The inter-

pretation of this condition is familiar: the optimal “reset” price is given by the expected nominal marginal
cost over the expected lifespan of the new price, plus the markup. Aggregating the above condition, using
the fact that the past price level is known and that inﬂation is given by π̃t = (1 − θ) (p̃∗t − p̃t−1 ), where
∫
p̃∗t ≡ p̃j∗
t dj, we obtain the following condition for the level of inﬂation in period t:

π̃t =

(1−θ)(1−βθ)
w̃t
θ

+

(1−θ)(1−βθ)
θ

+∞
∑

(βθ)k Ētf [w̃t+k ] +

k=1

1−θ
θ

+∞
∑

(βθ)k Ētf [π̃t+k ] + κµ̃t ,

(14)

k=1

where Ētf [·] henceforth denotes the average expectation of the ﬁrms. The latter may or may not be the same
as the average expectation of the consumers.
26

To see this more clearly, suppose that initial assets are zero, that the real interest rate is expected to equal the subjective discount
rate at all
and that labor supply is ﬁxed (ϵ → ∞). Condition (11) then reduces to c̃i,t = (1 − β) [Ωw̃i,t + (1 − Ω) ẽi,t ] +
∑periods,
k
(1 − β) +∞
β
E
[Ωw̃i,t+k + (1 − Ω) ẽi,t+k ] , which means that optimal consumption equals “permanent income” (the annuity
i,t
k=1
value of current and future income). Relative to this benchmark, condition (11) adjusts for three factors: for the endogeneity of labor
supply, which explains the different weights on wages and dividends; for initial assets, which explains the ﬁrst term in condition
(11); and for the potential gap between the real interest rate and the subjective discount rate, which explains the second term.
27
To economize notation, we rescale the markup shocks: we replace µ̃jt and µ̃t with (1 + ϵ)µ̃jt and (1 + ϵ)µ̃t .

13

Market Clearing, Wages, and Proﬁts. Because the ﬁnal-good sector is competitive and the technology
∫
∫
∫
satisﬁes (3) and (4), we have that p̃t = p̃jt dj and ỹ t = ỹ jt dj = ˜ltj dj. The latter, together with market
∫
clearing in the labor market, gives ỹt = ñt ≡ ñi,t di. Market clearing in the market for the ﬁnal good, on
the other hand, gives

∫
ỹt = c̃t ≡

c̃i,t di.

Finally, note that the real proﬁt of monopolist j at period t is given by ejt =

(

pjt
pt

)
− wtj ytj . Log-linearizing and

Ω
aggregating the latter gives ẽt = − 1−Ω
w̃t + ỹ t . Combining all these facts with (9), the optimality condition

for labor supply, we arrive at the following characterization of the aggregate wages and the proﬁts:

w̃t = (ϵ + 1) ỹt

and

[
ẽt = 1 −

Ω(ϵ+1)
1−Ω

]
ỹt .

(15)

Beauty Contests. Condition (12), which follows merely from consumer optimality, pins down aggregate
spending as a function of the average subjective beliefs of wages, proﬁts, interest rates, and inﬂation. If a
consumer knows that markets clear and that other consumers are rational, she can infer that (15) holds, which
means that her subjective beliefs of wages and proﬁts are pinned down by her subjective beliefs of aggregate
spending according to (15). Aggregate spending can then be expressed as a function of the consumers’
average beliefs of interest rates, of inﬂation, and of aggregate spending itself. Similarly, combining (14) and
(15), we can express aggregate inﬂation as a function of the ﬁrms’ average beliefs of aggregate spending and
of inﬂation itself. We therefore reach the following result.
Proposition 2 (Beauty Contests) Suppose that agents have (ﬁrst-order) knowledge of the structure of the
economy and of the rationality of other agents. Then, aggregate spending satisﬁes

ỹ t = −

+∞
∑

β

k−1

}
{ +∞
{
}
∑
k−1
β
Ēt [ỹt+k ] ,
Ēt [R̃t+k−1 ] − Ēt [π̃t+k ] + (1 − β)

(16)

k=1

k=1

where Ēt denotes the average expectation of the consumers. Inﬂation, on the other hand, satisﬁes

π̃t = κỹt + κ

+∞
∑

k

(βθ)

Ētf

[ỹ t+k ] +

k=1

1−θ
θ

+∞
∑

(βθ)k Ētf [π̃t+k ] + κµ̃t ,

(17)

k=1

where Ētf denotes the average expectation of the ﬁrms.
This result, which has been obtained without the use of either the equilibrium concept or any particular
information structure, permits us to interpret the NK model as the interaction of two dynamic beauty contests,
one for the “demand block” of the model and another for the “supply block”.
Condition (16) deﬁnes a dynamic beauty contest among the consumers. In this game, expectations
of inﬂation shape expectations of real interest rates. Conditional on the latter, the optimal spending of a
consumer increases with current aggregate spending as well as with her expectations of future aggregate
14

spending, because the spending of other consumers determines her own income. Condition (16) therefore isolates the strategic complementarity that operates within the demand block—or, equivalently, the GE
mechanism that we refer to as the “income multiplier”.
Condition (17) deﬁnes a dynamic beauty contest among the ﬁrms. In this game, expectations of aggregate
spending shape expectations of real marginal costs. Conditional on these expectations, the optimal reset
price of a ﬁrm depends, not only on past inﬂation, but also on her expectation of future inﬂation, because
the latter shapes the ﬁrm’s nominal marginal costs in the future. Condition (17) therefore isolates the strategic
complementarity that operates within the supply block.
To the best of our knowledge, our representation of the demand block of the NK model as a “consumption
beauty contest” is novel to the literature.28 This representation is instrumental for the subsequent analysis.
Its usefulness, however, extends beyond the scope of this paper: by recasting the income multiplier that is
hidden behind the representative-agent Euler condition as a form of strategic complementarity, we indicate
more generally how lack of common knowledge—whether of the state of Nature or of the rationality of
agents—can attenuate the related GE effects of all kinds of policy or other shocks.
The “inﬂation beauty contest” in condition (17), on the other hand, builds a bridge between our work
and that of Woodford (2003a). Similarly to that paper, the fact that higher-order beliefs are anchored helps
rationalize inertia in the response of inﬂation to changes in aggregate demand. In contrast to that paper,
however, the change in aggregate demand is itself the product of the endogenous behavior of the consumers,
a property that adds an extra layer of higher-order beliefs. Furthermore, the ﬁrms in our framework face no
uncertainty about current marginal costs. Instead, they only face uncertainty about future marginal costs.
This uncertainty matters because the Calvo friction causes the ﬁrms’ pricing-setting behavior to be forwardlooking, a property that is absent in Woodford (2003a). By the same token, the complementarity captured
in condition (17) is distinct from the one emphasized in Woodford (2003a): whereas the latter concerns
the static relation between aggregate income and real marginal costs, ours concerns the degree of price
stickiness and is the game-theoretic analogue of the forward-looking aspect of the NKPC.29
Each of the aforementioned beauty contests describes the behavior of one group of agents—the consumers or the ﬁrms—taking as given this group’s expectations of the other group’s behavior. The interaction
of the two groups is itself a higher-layer beauty contest, one that captures the feedback loop between aggregate spending and inﬂation, that is, the GE mechanism that we refer to as the “inﬂationary spiral”.
Remark. The beauty contests obtained above involve expectations of the actions of others in future
periods. In this regard, they are reminiscent of the beauty contests found in the literature on incomplete28

As already explained, this representation follows, essentially, from the Permanent Income Hypothesis together with the fact that
aggregate output equals aggregate consumption; the novelty rests in the game-theoretic interpretation and the related implications,
which will be come clear in the sequel. Farhi and Werning (2016) have concurrently developed a similar representation, which is
used to study the interaction of level-k reasoning with incomplete markets. The same kind of beauty contest appears also in Angeletos and Lian (2016c), although in the context of a model that abstracts from nominal rigidity and aims at different goals. Finally,
Wiederholt (2016), contains a different beauty-contest representation, one that concerns the interaction of the Euler condition and
the NKPC as opposed to opening up the Euler condition.
29
By letting ﬁrms face both incomplete information and a Calvo friction, Nimark (2008) also touches on the role of forwardlooking higher-order beliefs in price-setting behavior, although for different purposes than our paper.
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information asset-pricing models, such as Singleton (1987), Allen, Morris and Shin (2006), and Bacchetta
and Van Wincoop (2006). There is, however, a certain difference. In the aforementioned papers, outcomes
in period t depend merely on expectations of outcomes in period t + 1. In our setting, by contrast, expectations of all periods after t matter. This explains the additional complexity in the structure of the hierarchy
of beliefs that is relevant in our paper, as well as the speciﬁc horizon effect we document.

Higher-Order Beliefs and Equilibrium Expectations
The preceding analysis imposed individual rationality together with market clearing, but did not impose
either an equilibrium concept or common knowledge of rationality. It thus obtained aggregate outcomes
as functions of subjective expectations of future nominal interest rates, future inﬂation, and future income.
Throughout our analysis, the expectations of nominal interest rates are treated as exogenous. The expectations of inﬂation and income, instead, are crucial endogenous objects. To pin down this kind of expectations,
the macroeconomic theorist must specify the solution concept and the information structure.
This is a delicate choice, which the standard practice resolves in rather lighthearted manner. By imposing the REE concept along with complete information, standard macroeconomic models impose common
knowledge of rationality, of strategies, and of the state of Nature. These are strong assumptions that together
impose—indeed deﬁne—a certain kind of perfection in the response of this kind of subjective expectations to exogenous impulses. In this paper, by contrast, we accommodate a realistic imperfection in the
aforementioned response by allowing information to be incomplete.
For the rest of the paper, we thus bring back the REE concept, as well as Assumption 1,30 but refrain
from imposing Assumption 2. We thus show how the standard models imposes a certain restriction on the
response of expectations of income and inﬂation to forward guidance—and, conversely, how the friction
we accommodate in this paper helps modify this response in an empirically plausible manner.
Whatever the information structure may happen to be, once we have imposed the REE concept, we can
express the relevant expectations of future income and inﬂation as a function of the higher-order beliefs of

R̃T . To see this more clearly, suppose momentarily that prices are inﬁnitely sticky (θ = 1 and, equivalently,
κ = 0), which kills inﬂation and let us concentrate on the demand side.
Since prices cannot change, inﬂation expectations satisfy Ēt [πτ ] = 0 for all (t, τ ). By Assumption 1, on
the other hand, income expectations satisfy Ēt [ỹτ ] = 0 for all (t, τ ) such that t ≤ T < τ , whereas interestrate expectations satisfy Ēt [R̃τ ] = 0 for all (t, τ ) such that t ≤ τ < T . It follows that, for any t < T, condition
(16) reduces to the following:

ỹ t = −β T −t Ēt [R̃T ] + (1 − β)

{T −t
∑

}
β k−1 Ēt [ỹt+k ]

k=1

This is a simpliﬁed version of our “consumption beauty contest”, where inﬂation expectations have dropped
30

For our purposes, it sufﬁces to employ the weaker solution concept of Rationalizability: once Assumption 1 is imposed, our
results follow directly from iterating conditions (16) and (17), that is, from assuming common knowledge of rationality.
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out, leaving the “income multiplier” among the consumers as the only relevant GE mechanism.
Now, pick any (t, τ ) such that τ < t < T and take the period-τ average expectation of both sides of the
above condition to obtain the following representation of Ēτ [ỹt ] :

Ēτ [ỹt ] = −β

T −t

Ēτ Ēt [R̃T ] + (1 − β)

{T −t
∑

}
β

k−1

Ēτ Ēt [ỹt+k ] .

k=1

This gives the consumers’ ﬁrst-order equilibrium beliefs (i.e., the equilibrium expectations) of future income
as a function of their second-order beliefs of interest rates and income. Next, provided that τ > 1, for
any s < τ we can take the period-s average expectation of both sides of the above to obtain Ēs Ēτ [ỹt ], the
second-order beliefs of income, as a function of third-order beliefs of interest rates and income. Using this
argument iteratively, we can ultimately express the consumers expectations’ of income at any given period
as a function of their hierarchy of beliefs of future interest rates (i.e., of k -order beliefs for k = 1, 2, 3,...).
It is worth noting that this iterative procedure assumes higher and higher orders of knowledge of the
rationality of others. Furthermore, any such order is implied by common knowledge of rationality, which is
itself imposed by the REE concept. This explains why this procedure helps, not only characterize, but also
dissect the expectations that obtain under the REE concept.
The same basic logic applies if we let κ > 0, except for two differences. First, higher-order beliefs pin
down, not only expectations of income, but also expectations of inﬂation. Second, the relevant higher-order
beliefs get richer, because they involve, not only what the consumers think about other consumers, but also
what the ﬁrms think about other ﬁrms, as well as what the consumers think about the ﬁrms and vice versa.
The consumers’ beliefs about other consumers matter through the income multiplier; the ﬁrms’ beliefs about
other ﬁrms matter through the pricing complementarity; and the one group’s beliefs about the other group
matter through the inﬂationary spiral.
We summarize these observations in the following.
Corollary 1 Regardless of the information structure, the equilibrium expectations of future income and future inﬂation are pinned down by the hierarchy of beliefs about R̃T .
For our purposes, higher-order beliefs of R̃T are therefore synonymous to expectations of future income
and inﬂation and are directly tied to the GE effects of forward guidance. It is then important to recognize
how different informational assumptions map to different restrictions on these objects.
By imposing complete information along with the REE concept, the standard version of the NK imposes
that all kinds of higher-order beliefs collapse to ﬁrst-order beliefs. Although this makes it impossible to detect
the role of higher-order beliefs, this does not mean that higher-order beliefs don’t matter. It only means that
higher-order beliefs have been “swept under the carpet”.
From this perspective, the added value of Proposition 2 is to “open up” the two fundamental equations
of the NK model and to reveal the higher-order beliefs that operate both within and across the demand and
the supply blocks of the model. The next step is to show how incomplete information helps anchors all
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these higher-order beliefs and, in so doing, also anchors the equilibrium expectations that consumers and
ﬁrms form about future income and future inﬂation. We complete this step in the next sections.

PE vs GE, and Relaxing Rational Expectations
We conclude the present section with few additional points regarding the crucial distinction between GE
and PE effects and the possible interpretation of the friction we introduce in this paper.
Inspecting condition (16) reveals the following basic point: if we were to hold constant expectations of
inﬂation and aggregate spending, a one-unit reduction in Ēt R̃T would have raised ỹt by β T −t . This effect
can be interpreted as the PE effect of forward guidance.31 Clearly, this effect is bounded, decreases with
the distance between t and T, and vanishes as this distance goes to inﬁnity. This clariﬁes that the puzzle
is exclusively about the GE effects of forward guidance. But now note the following: any mechanism that
anchors expectations of future inﬂation and income also attenuates the relevant GE effects. This facilitates
the following complementary interpretation of what we do in the sequel: by accommodating incomplete
information, we operationalize the notion that GE effects operate in “less-than maximum capacity”.
Another complementary interpretation is the following. As noted before, conditions (16) and (17) are
valid for arbitrary subjective expectations of future income and future income. Imposing the REE concept
along with complete information—which is the standard practice—restricts these expectations in a very
speciﬁc manner, ultimately leading to the predictions we reviewed in the previous section. Relative to
this benchmark, relaxing either the REE concept or the assumption of complete information help “free up”
expectations. This explains the sense in which incomplete information can be seen as a substitute for
relaxing rational expectations. That said, it is not the case that “anything goes” once we allow for incomplete
information. Rather, we obtain a structured, or “disciplined”, departure from the standard model. The
precise structure is made clear in the rest of the paper.32

6

Revisiting the Power of Forward Guidance

In the previous section, we represented the NK model as a pair of beauty contests and used this representation
to recast the equilibrium expectations of income and inﬂation, and the relevant GE effects, in terms of higherorder beliefs. To complete our contribution, we need to show how lack of common knowledge anchors this
kind of expectations and, in so doing, also attenuates the GE effects of forward guidance. In this section,
31

Going back to condition (11), we see that the elasticity of individual consumption with respect to the individual’s own expectation of R̃T , holding constant her expectations of future income and inﬂation, as well as her current income, is β T −t+1 . The
difference between this number and the one reported in the main text is due to the fact that (11) has already incorporated the GE
effect on contemporaneous income. This difference, however, is an artifact of the discrete-time speciﬁcation of the model: as the
length of the time interval shrinks to zero, the effect of contemporaneous income on spending becomes vanishingly small. This
justiﬁes the interpretation given in the main text.
32
This discussion echoes the related broader observations we have made in Angeletos and Lian (2016a,b). It also highlights the
complementarity between the approach taken in this paper and the one taken in Farhi and Werning (2016), which capture bounded
rationality with a weaker solution concept, namely, level-k reasoning.
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we illustrate this point with the help of a stark speciﬁcation of the information structure, namely under the
following assumption.
Assumption 3 (i) Monetary policy is speciﬁed as in Assumption 1 and the period-0 policy announcement
is given by z ∼ N (R̃T , σz2 )
(ii) Each consumer and each ﬁrm receives a private signal of z at t = 0. This signal is given by xi = z + vi
for consumer i and by xj = z + v j for ﬁrm j , where vi ∼ N (0, σ 2 ) and v j ∼ N (0, σf2 ) are independent of
each other, independent of R̃T , and i.i.d. across, respectively, i and j.
(iii) No other information arrives exogenously at any t ≤ T.
(iv) The volatilities of the aggregate markup shock and of all the idiosyncratic shocks are inﬁnite.
Part (i) facilitates a concrete interpretation of how forward guidance is conducted: through the announcement z . Accordingly, σz2 can be interpreted as (the inverse of) the precision, or the “trustworthiness”, of the
policy announcement.
Part (ii) removes common knowledge of the policy announcement: agents observe z with idiosyncratic
noise. It is possible to micro-found the idiosyncratic noise as the product of rational inattention or costly
information processing, as, e.g., in Sims (2003) or Myatt and Wallace (2012). We have also considered a
variant (available upon request) that allows the agents to become gradually aware of the policy announcement, as in Mankiw and Reis (2002), and have found that this delivers similar results as the simple case
considered here. With this in mind, one may interpret σ as a measure of how “inattentive” consumers are,
and similarly σ f as the corresponding measure for the ﬁrms. That said, as it will be clear in the sequel, the
key is that letting σ > 0 and σ f > 0 introduces higher-order uncertainty about the policy announcement
(i.e., uncertainty about the beliefs of others, the beliefs of the beliefs of others, etc). Accordingly, it is best
to interpret σ and σ f as measures of the departure from common knowledge.
Finally, part (iii) shuts down any other exogenous source of information, while part (iv) shuts down
endogenous learning from all kinds of market outcomes. These are stark assumptions, which we relax in
the next section.33 Here, we employ them in order to guarantee a tractable belief hierarchy and to deliver
a sharp illustration of the more general insights of our paper.
Remark. The assumption that the agents lack common knowledge of the policy announcement should
not be taken too literally. As already noted, the idiosyncratic noise in the observation of the policy announcement can be the product of rational inattention. Furthermore, even if the announcement itself is
perfectly and publicly observed, different agents may give different interpretations to it because they have
different private information about the other elements of the state of Nature, thus giving rise once again to
higher-order uncertainty about R̃T . Last but not least, what is ultimately of essence is not the uncertainty
about the policy itself, but rather the uncertainty about the responses of other agents.
33

That said, part (iv) is not necessarily as unrealistic as it may appear at ﬁrst glance: ﬁrst, idiosyncratic shocks are at least an order
of magnitude bigger than aggregate shocks; and second, estimated DSGE models and VAR-based empirical work alike attribute
most of the variation in inﬂation to markup shocks, or other residuals, which are orthogonal to identiﬁed monetary shocks and
contribute very little to the observed variation in aggregate employment and output.
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Higher Order Beliefs
Recall from Section 5 that aggregate spending at any date t < T depends on expectations of future income
and inﬂation, which in turn can be expressed as functions of higher-order beliefs. With this in mind, we
now explain how Assumption 3 pins down the relevant higher-order beliefs.
To simplify the exposition, we momentarily shut down the friction among the ﬁrms (σ f = 0) and focus
on the friction among the consumers (σ > 0). First, note that the information set of a consumer remains the
same for all t ∈ {0, ..., T − 1}. This means, not only that a consumer’s belief of R̃T stays constant over time,
but also that her beliefs of the future beliefs of other consumers collapse to her beliefs of the current beliefs
of other consumers.34 Second, note that E[R̃T |z] = δz , where δ ≡

σz−2
−2
+σz−2
σR

∈ (0, 1) and, since z contains

more information about R̃T than the information of any individual consumer, Ei,t [R̃T ] = Ei,t [E[R̃T |z]] =

δEi,t [z] and therefore Ēt [R̃T ] = δ Ēt [z] . Finally, note that Ei,t [z] = λxi , where xi is i’s signal about z and
λ≡

σ −2
2 −1
σ −2 +(σz2 +σR
)

∈ (0, 1), and therefore Ēt [z] = λz. It follows that the average ﬁrst-order belief of R̃T is

given by

Ēt [R̃T ] = Ē0 [R̃T ] = λδz.

(18)

Iterating the above then gives the following expression for higher-order beliefs:

[
[
[ ] ]]
Ē0 Ēτ1 ...Ēτk R̃T ... = λk+1 δz = λk Ē0 [R̃T ]

(19)

for all k ≥ 1 and all {τ1 , ....τk } such that 0 ≤ τ1 ≤ ... ≤ τk ≤ T − 1.
For any realization of z, the scalar δ , which relates to the precision, or the “trustworthiness”, of the policy
announcement, has the same proportional effect on beliefs of all orders. By contrast, the scalar λ, which
parameterizes the lack of common knowledge among the consumers,35 has a differential effect across the
belief hierarchy. In particular, for any λ < 1, higher-order beliefs vary less than lower-order beliefs with any
given variation in z . Furthermore, the larger the departure from common knowledge is (i.e., the smaller λ
is), the faster higher-order beliefs converge to the common prior, whose mean is zero, as k → ∞. Finally,
even when the departure from common knowledge is arbitrarily small, in the sense that λ is arbitrarily close
to 1, beliefs of sufﬁciently high order remain arbitrarily anchored to the common prior: for any λ < 1, the
average k -th order belief of RT converges to 0 as k → ∞, regardless of how close λ is to 1.
In a moment we will see how these properties rationalize why the consumers’ expectations of income
and inﬂation can be anchored and, in so doing, also attenuate the power of forward guidance. For now, we
would like to emphasize that these properties are not unduly sensitive to the stark informational assumptions
we have made. The property that higher-order beliefs are anchored to the common prior is true for generic
information structures and is indeed the hallmark of the friction we consider in this paper, that is, of the lack
of common knowledge.36
34

It is then as if the agents play a static beauty contest in each period, with an important twist: the degree of complementarity in
this “as if” static game is increasing in T.
35
Indeed, λ is directly related to the level of “common-p belief” (Kajii and Morris, 1997).
36
See Samet (1998) for a formalization of this point.
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We ﬁnally note that, once we allow for a similar friction on the ﬁrm side (σ f > 0), we obtain similar
properties not only about the higher-order beliefs that operate within the group of ﬁrms, but also about those
that transcend the two groups. By the former we refer to beliefs of the form Ētf Ēτf : this kind of belief satisfy
(19) with Ētf in place of Ēt and λf ≡

σf−2

2
σf−2 +(σz2 +σR
)

−1

∈ (0, 1) in place of λ. By the latter we refer to beliefs

of the form Ēt Ēτf or Ēτf Ēt : this kind of belief satisfy a similar condition like (19), except that now λ and

λf matter jointly.37 Notwithstanding this additional complexity, the essence remains the same: whether we
look at the consumers or the ﬁrms, lack of common knowledge anchors higher-order beliefs and therefore
also anchors expectations of income and inﬂation.

The Power of Forward Guidance
The preceding analysis explained why λ and λf measure the departure from common knowledge or, equivalently, the degree to which higher-oder beliefs are anchored.38 The standard model, which we reviewed
in Section 4, is nested by letting λ = λf = 1. We now extend the results of that section to the case in
which λ and λf are less than one, that is, to the case in which the consumers and/or the ﬁrms lack common
knowledge.
Lemma 3 Under Assumption 3, there exists a function ϕ : (0, 1]2 × N → R+ such that

(
)
ỹ0 = −ϕ λ, λf , T · Ē0 [R̃T ],
where λ and λf parameterize the informational friction of, respectively, the consumers and the ﬁrms.
This lemma generalizes Lemma 2 from the standard model. To see why this lemma is true, recall ﬁrst
that, regardless of the information structure, Proposition 2 permits us to express that aggregate income—
and inﬂation as well—as a linear function of higher-order beliefs of R̃T . Next, note that, under the assumed
information structure, higher-order beliefs are co-linear to ﬁrst-order beliefs. It follows that we can express
aggregate income as a linear function of Ē0 [R̃T ], with a slope coefﬁcient ϕ that itself depends on the pair

(λ, λf ), on the horizon T , and, of course, on the underlying preference and technologies parameters.39
Just as Lemma 2 permitted us to study the power of forward guidance in the standard, common-knowledge
benchmark by studying the function ϕ∗ , the new lemma permits us to study the power of forward guidance
away from that benchmark by studying the function ϕ. This is done in the next proposition, which extends
Proposition 1 from that benchmark.
Proposition 3 (Attenuation) The scalar ϕ = ϕ(λ, λf , T ), which measures that power of forward guidance
under Assumption 3, satisﬁes the following properties.
37

For example, Ēt [Ēτf [Ēτ ′ [R̃T ]]] = λλf Ēt [R̃T ].
By varying σz , σ, and σ f at the same time, we can vary λ and λf while keeping V ar(Ē0 [R̃T ]) constant. It follows that we can
indeed interpret λ and λf as scalars that parameterize how anchored higher-order beliefs are, while holding constant the variation
in ﬁrst-order beliefs.
39
To simplify the notation, we suppress the dependence of ϕ on the aforementioned parameters.
38
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(i) When κ = 0, ϕ is strictly increasing in λ but invariant in λf . Furthermore, whenever λ < 1, ϕ is strictly
less than 1, is strictly decreasing in T, and converges to 0 as T → ∞.
(ii) When instead κ > 0, ϕ is strictly increasing in both λ and λf . Furthermore, whenever λ < 1 and/or

λf < 1, the ratio ϕ/ϕ∗ is strictly less than 1, is strictly decreasing in T, and converges to 0 as T → ∞. Finally,
when λ is sufﬁciently low, ϕ also converges to 0 as T → ∞.
To interpret this result, keep in mind that ϕ(1, 1, T ) = ϕ∗ (T ), where ϕ∗ is the function obtained in
Proposition 1. This simply means that the common-knowledge benchmark is nested with λ = λf = 1.
Part (i) sets κ = 0 and shuts down the inﬂation response, thus concentrating on the demand block of
the model. Recall from Proposition 1 that, in this case, the standard model predicts that ϕ∗ = 1, regardless
of how far in the future forward guidance operates. Here, instead, as long as the consumers lack common
knowledge (λ < 1), we have that ϕ < 1, it decreases with the horizon T , and it vanishes as T gets larger
and larger. In short, the qualitative effect resembles the PE effect of forward guidance. As we explain further
in the next section, this is because lack of common knowledge attenuates the income multiplier (which is
the only relevant GE effect when κ = 0).
Part (ii) considers the more general case in which κ > 0 and inﬂation is responsive, so that the demand
and supply blocks interact with each other. In this case, the standard model predicts that ϕ∗ increases
monotonically with T and explodes to inﬁnity as T → ∞, due to the feedback loop between aggregate
spending and inﬂation. Relative to this benchmark, lack of common knowledge reduces, not only the level
of ϕ, but also its slope with respect to T. That is, not only is the power of forward guidance attenuated, but
also the attenuation is stronger the longer the horizon. What is more, the attenuation effect itself explodes
with T, in the sense that ϕ becomes vanishingly small relative its common-benchmark counterpart. Finally,
if λ is small enough, ϕ becomes vanishingly small, not only in relative to ϕ∗ , but also in absolute magnitude.
In the next two sections, we elaborate on the robustness of these ﬁndings, on the channels through
which the lack of common knowledge operates, and on the precise reason for which the attenuation effect
increases with T . For now, we point out that the result stated in the Introduction is a corollary of part (ii) of
Proposition 3, obtained under the restriction λf = λ. By allowing λf ̸= λ, we have clariﬁed that it is not
necessary to anchor the expectations of both the consumers and the ﬁrms: anchoring the consumer side is
always sufﬁcient by itself, and anchoring the ﬁrm side is also sufﬁcient by itself provided that κ > 0. That
said, it is also worth noting that, as long as κ > 0, the cross-partial derivative of ϕ with respect to λ and λf
is strictly positive: the friction on the demand side and the friction on the supply side reinforce the marginal
effects of each other. Finally, although we have documented the attenuation effect only it terms of aggregate
spending, a similar result applies to inﬂation as well.

A Numerical Illustration
The quantitative evaluation of the power of forward guidance is beyond the scope of this paper. We nevertheless ﬁnd it useful to illustrate the attenuation effect under a plausible parameterization.
22

Figure 1: Attenuation effect, relative to common-knowledge benchmark, at different horizons.
For the parameters that are common to the standard NK model, we adopt the same parameterization as
the one in McKay, Nakamura, and Steinsson (2016b). We thus interpret the period length as a quarter and
set the discount factor, β , to 0.986, targeting an 2% annual interest rate in steady state. We next set the Frisch
elasticity to 1/2, meaning ϵ = 2. Following Christiano, Eichenbaum, and Rebelo (2011), we ﬁnally let the
price revision rate, 1 − θ, be 0.15. These values imply κ ≈ 0.09, which corresponds to a relatively ﬂat NKPC
and helps the NK model generate realistic volatility in inﬂation.
What remains is the parameterization of λ and λf , which measure the departure from common knowledge. Unfortunately, the existing literature offers little guidance on how to what values may be empirically
relevant.40 In want of a better alternative, we make a plausible yet somewhat arbitrary guess for the degree
of departure from common knowledge: we set λ = λf = 0.75. One can think of this as a situation in which
every agent who has heard the policy announcement believes that any other agent has failed to hear, or
“trust”, the announcement with a probability equal to 25%. This is arguably a modest “grain of doubt” in
the minds of people about their ability to coordinate the adjustment in their beliefs and their behavior.
The solid red line in Figure 1 plots the resulting attenuation effect, as measured by the ratio ϕ/ϕ∗ , against
the horizon length, T. By setting λ = λf , this line assumes that the consumers and the ﬁrms are subject
to the same level of informational friction. The remaining two lines in the ﬁgure shut down the friction in
the one side of the economy (that is, we set either λf = 1 or λ = 1), isolating the role of the friction in the
other side: the dashed blue line isolates the friction in the consumer side, the dotted black line isolated the
friction in the ﬁrm side.
As expected, the attenuation effect is largest when the friction is present in both sides, which each side
contributing to about one half of the overall attenuation effect. In addition, the effect appears to quantitatively
40

For instance, although Coibion and Gorodnichenko (2012, 2015) provide evidence in support of the type of informational
friction we have sought to accommodate in this paper, this evidence regards very different types of shocks and circumstances than
those considered in our paper, making it hard to extrapolate from their empirical ﬁndings to our setting.
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signiﬁcant. For example, at a horizon of 5 years (i.e, T = 20), the power of forward guidance is about one
quarter of its common-knowledge counterpart. Importantly, the aforementioned reduction in the power of
forward guidance is on top of any mechanical effect that the informational friction might have on the extent
by which forward guidance shifts expectations of future interest rates: by construction, the documented
attenuation effect is normalized by the variation in ﬁrst-order beliefs of R̃T .

Expectations of Policy vs Expectations of Income and Inﬂation
The preceding analysis has treated the ability of the policy maker to shift the expectations of R̃T as given.
As noted before, this is because we wish to disentangle expectations of income and inﬂation from expectations of interest rates—a disentangling that becomes meaningful once we have departed from common
knowledge. In line with this, we now state the following result, which helps recast the scalars λ and λf as
measures of the policy maker’s capacity to shift expectations of income and inﬂation.41
Proposition 4 (Income and Inﬂation Expectations) Under Assumption 3, there exist vectors (δty )Tt=1 and

(δtπ )Tt=1 , which are functions of (λ, λf ), such that, for all t ∈ {1, ..., T },
Ē0 [ỹt ] = −δty · Ē0 [R̃T ]

and

Ē0 [π̃t ] = −δtπ · Ē0 [R̃T ].

Furthermore, for any t < T, δty and δtπ are strictly increasing in λ and, as long as κ > 0, they are also strictly
increasing in λf .
To interpret this result, note that the vectors (δty )Tt=1 and (δtπ )Tt=1 measure the shift in the “term structure”
of expectations of, respectively, future income and future inﬂation caused by a one-unit shift in expectations
of R̃T . In simple words, a larger departure from common knowledge decreases the shift in this kind of
expectations for any given shift in expectations of future monetary policy.
This also formalizes the following notion, which we put forward in the Introduction.
Corollary 2 The standard model “maximizes” the ability of the policy maker to control expectations of
future income and future inﬂation in the following sense: the standard model is nested by λ = λf = 1,
which maximizes the values of δty and δtπ for every t < T.
By the same token, one can interpret the exercise conducted in this paper as a method for operationalizing
the notion that the policy maker may face signiﬁcant difﬁculty in managing expectations of income and
inﬂation, even if she can easily move expectations of interest rates.
This pegs the following question: can the policy maker inﬂuence the values of λ and λf by the manner
in which she talks and communicates her intensions about future monetary policy? While this question is
beyond the scope of this paper, we wish to highlight the following possibility: it may be that the policy maker
41

Proposition 4 follows from the same arguments as Proposition 3, yet it offers a new perspective.
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faces a trade off between the precision and the transparency of her communications.42 By “precision” we
have in mind how informative the communicated signals are about future policy; and by “transparency”
we have in mind the degree to which the agents in the economy can reach a common understanding and
a common interpretation of the communicated signals. In the present context, the former maps to the
reciprocal of σz2 , the latter maps to λ and λf . A corollary of our results is then that longer horizons raise the
value of transparency relative to that of precision.

7

GE Attenuation and Expectation Anchoring

In the previous section we presented the crux of our ideas under a stark speciﬁcation of the information
structure. We now examine the robustness of our insights to friction to decrease with time, as the product
of learning via either the endogenous market signals or the arrival of new exogenous information. Most
importantly, we elaborate on the intuition behind our results, including how lack of common knowledge
attenuates the GE mechanisms discussed earlier on. We ﬁnally offer a ﬁrst pass in evaluating the quantitative
importance of anchoring expectations of inﬂation relative to that of anchoring expectations of output.

Information and Higher-Order Beliefs
For the purposes of this section, we replace Assumption 3 with the following.
Assumption 4 (i) Monetary policy is speciﬁed as in Assumption 1 and the announcement is z ∼ N (R̃T , σz2 ).
(ii) In each period t ≤ T − 1, each consumer receives a new private signal of the policy announcement

z , given by xit = z + vit , where vit ∼ N (0, σt2 ) is i.i.d. across i and t and σt > 0. In addition, consumers
learn from market signals available to them, that is, from prices, p̃t wages, w̃it and dividends ẽit .
f
(iii) The ﬁrms have complete information: Ij,t
= It for all j, t and all states of Nature.

Part (i) maintains the dual interpretation of z as the policy instrument through which the policy maker
attempts to shift expectations of future monetary policy, and as the random variable about which agents lack
common knowledge.43 Part (ii) allows the lack of common knowledge to ease over time, as the consumers
can now accumulate more information about z over time both exogenously and through the observation of
(non-trivial) market signals. Part (iii) shuts down the informational friction on the ﬁrm side. Although this
shuts down part of the attenuation effects, it sharpens the exposition by letting us reduce the equilibrium of
the economy to a single beauty contest among the consumers even when we incorporate the response of
inﬂation (see Lemma 6 in the sequel).
42
This possibility has been emphasized before by Angeletos and Pavan (2007), Morris and Shin (2007), and Charhour (2014),
although not in the context we study here.
43
Note, in particular, that E[R̃T |It ] = E[R̃T |z] for all t ∈ {1, ..., T −1} : if agents had been able to share information, they would,
not only reach common knowledge of z, but also use z as the only signal for predicting R̃T . This property limits the complexity of
the hierarchy of beliefs, but is not strictly needed.
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Because of the endogeneity of the information contained in the market signals and also because of the
continuous arrival of exogenous information, the characterization of the hierarchy of beliefs is signiﬁcantly
more complicated than in the previous section. We can nevertheless make progress by noting the following. Let ht ≡ {p̃0 , ...p̃t } and note that this is a sufﬁcient statistic of the public information in period t. For
convenience, let also h−1 = ∅. The following is true.44
Lemma 4 Under Assumption 4, for all t ≤ T − 1, ỹt is a linear function of (z, ht ) and p̃t is a linear function
of (z, ht−1 , µ̃t ).
Since ht is publicly known, this lemma implies that, conditional on ht , the observation of w̃it and ẽit is
equivalent to the observation of two private signals about z; and conditional on ht−1 , the observation of pt
is equivalent to the observation of a public signal about z. We conclude that it is as if the consumers play a
dynamic beauty-contest game in which they receive an exogenous sequence of private and public signals
about z. The fact that the precisions of these signals are actually endogenous to the equilibrium does not
matter for the properties we document below.45
This equivalence helps characterize the belief hierarchy. For any t ≤ T − 1 and any k ∈ {1, ..., T − t},
we henceforth let Btk collect all the relevant k -order beliefs, as of period t :

}
{
Btk ≡ x : ∃(t1 , t2 , ..., tk ), with t = t1 < t2 < ... < tk ≤ T − 1, such that x = Ēt1 [Ēt2 [· · · Ētk [R̃T ] · · · ]]
For convenience, we also let Bt0 ≡ {R̃T }. We can then show the following.
Lemma 5 Under Assumption 4, V ar(x) < V ar(Ēt [R̃T ]) for all x ∈ Btk , k ∈ {2, ..., T − t}, t ≤ T − 2.
Corollary 3 Pick any t ≤ T − 2, any k ∈ {2, ..., T − t}, and any x ∈ Btk , and consider the coefﬁcient of the
projection of x on Ēt [R̃T ]. This coefﬁcient is strictly less than one under Assumption 4, whereas it is equal
to one under complete information.
These results verify that the kind of forward-looking higher-order beliefs that matter in our setting are
less volatile than the corresponding ﬁrst-order beliefs in two complementary senses: their total variance is
lower; and their “slope” with respect to ﬁrst-order beliefs, as measured by the aforementioned projection
coefﬁcient, is less than one. This is similar to what we had in the previous section, except that now higherorder belief need not be perfectly collinear with ﬁrst-order beliefs, due to correlated noise introduced by
the markup shock.
44

The intuition for Lemma 4 is as follows. At any t, the information set of consumer i is given by

Iit = Iit−1 ∪ {xit , w̃it , ẽit , p̃t } = {xi0 ..., xit , w̃i0 , ...w̃it , ẽi0 , ...ẽit } ∪ ht .
Since an individual’s consumption is measurable in ht and her private signals, aggregate consumption—and hence ỹt as well—is
measurable in ht and in the cross-sectional averages of the private signals. The cross-sectional average of xit , the exogenous private
signals, is given by z , whereas the cross-sectional averages of w̃it and ẽit , the endogenous private signals, are pinned down by ỹt . It
follows that the variation in aggregate income is necessarily spanned by (z, ht ). By the NKPC, we can then show that the variation
in πt , and hence also the one in p̃t , is spanned by (z, ht−1 , µ̃t ).
45
By the same token, even if there happen to exist multiple equilibria due to the endogeneity of the information, the results that
follow are valid for any equilibrium, provided at least that we rule out sunspots.

26

The results in the rest of this section use only the property that higher-order beliefs move less than one-toone with ﬁrst-order beliefs. It is well known in the literature that this property holds for arbitrary information
structures as long as one restrict attention to static beauty contests or, equivalently, to within-period higher[ [
]]
order beliefs of the form Ēt Ēt · · · Ēt [·] · · · .46 Unfortunately, a similar result is not readily available for
dynamic beauty contests and for the type of forward-looking beliefs we are interested in. In fact, we can
engineer “pathological” examples that violate this property.47 This explains, not only why the result stated
above does not follow from existing results in the literature, but also why we could not have accommodated
an entirely arbitrary speciﬁcation of the information structure. That said, Assumption 4 is far from necessary
for the desired property to hold.

Special case with κ = 0 : Attenuating the Income Multiplier
We are now ready to elaborate on how the property that higher-order beliefs are anchored, in the sense
of Corollary 3, translates to attenuation of the GE effects of forward guidance. To develop insight, we start
with the special case in which prices are inﬁnitely sticky; that is, we set θ = 1 and, equivalently, κ = 0. By
shutting down the response of inﬂation, this case isolates the GE mechanism (or, equivalently, the strategic
complementarity) that operates within the demand block of the economy.
In this case, the “consumption beauty contest” obtained in condition (16) reduces to the following:

ỹt = −β T −t Ēt [R̃T ] + (1 − β)

T
−t
∑

β k−1 Ēt [ỹt+k ].

(20)

k=1

Expectations of inﬂation have disappeared simply because κ = 0 implies πt = 0 for all t. By the same token,
two of the relevant GE effects, namely the inﬂationary spiral and the strategic complementarity in the ﬁrms’
price-setting decisions, have been shut down. Expectations of R̃T and ỹt+k , on the other hand, continue
to appear. The ﬁrst capture the PE effects of forward guidance; and latter capture the remaining GE effect,
namely the strategic complementarity in the spending decisions of the consumers.
As noted before, we treat Ēt [R̃T ], the expectations of future monetary policy, as exogenous. By contrast, Ēt [ỹt+k ], the expectations of future income, are endogenously determined as an integral part of the
equilibrium—and this is where higher-order beliefs come into the picture.
When information is complete, higher-order beliefs of R̃T collapse to ﬁrst-order beliefs, implying that
expectations of income move one to one with expectations of monetary policy. This is the key to understanding part (i) of Proposition 2. As evident in (20), an increase in the horizon shifts weight from expectations of

R̃T to expectations of future income. Under complete information, expectations of future income move one
46

See, e.g., Morris and Shin (2002) and Bergemann and Morris (2013).
Suppose that there are two periods, t = 0 and t = 1, and two types of consumers, type A and type B. Suppose type A gets
a signal xA = z + uA at t = 1 and no other information either at t = 0 or at t = 1. Suppose further that type B gets a signal
xB = uA + uB at t = 0 and no other information either at t = 0 or at t = 1. Then, clearly V ar(Ē0 [R̃T ]) = 0, because no agent
has any information about R̃T at t = 0, and yet V ar(Ē0 [Ē1 [R̃T ]]) > 0, because type-A consumers have information at t = 0 of the
error that type-B consumer will make at t = 1.
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to one with expectations of R̃T . It follows that shifting weight from the one to the other has no consequence
for the overall effect on aggregate spending.
By contrast, once information is incomplete, the aforementioned tight relation between expectations of
income and expectations of monetary policy is broken: Corollary 3 means, in effect, that incomplete information reduces the “slope” of the expectations of future income with respect the expectations of monetary
policy. By the same token, the following is true.
Proposition 5 (Attenuating the Income Multiplier) Let ϕt denote the absolute value of the coefﬁcient of the
projection of ỹt on Ēt [R̃T ], for any t ≤ T − 1, and suppose that that Assumption 4 holds and that κ = 0.
Then, ϕt < 1 for all t < T − 1.
This result generalizes part (i) of Proposition 3. There, ỹt was proportional to Ē0 [R̃T ], because ﬁrst- and
higher-order beliefs were perfectly collinear. Now, we have ỹt = −ϕt Ē0 [R̃T ] + residualt , where residualt
is a random variable that captures the combined variation in higher-order beliefs that is orthogonal to the
variation in ﬁrst-order beliefs.48 Notwithstanding this change, the following key lesson remains: whereas
complete information imposes that ϕt = 1 when κ = 0, we have ϕt < 1 under incomplete information. As
already explained, this is because lack of common knowledge among the consumers attenuates the income
multiplier (which is the only GE mechanism at work when κ = 0).

General case with κ > 0: Attenuating also the Inﬂation Spiral
We now add back the feedback mechanism between aggregate spending and inﬂation. Quantitatively, this
mechanism is the most important component of the forward-guidance puzzle: the standard prediction that

ϕ∗ increases with T and explodes to inﬁnity as T → ∞ is driven precisely by this mechanism. Attenuating
this mechanism is therefore even more essential than attenuating the “income multiplier”. We now explain
why this can be achieved by removing common knowledge among the consumers, even if we maintain
common knowledge among the ﬁrms.
Whenever κ > 0, aggregate demand and inﬂation are codetermined by the interaction of two beauty
contests in Proposition 2. However, insofar as ﬁrms have complete information, we can reduce this interaction to a single “meta-game” that is played only among the consumers and that nevertheless encompasses
both the income multiplier and the inﬂationary spiral.
To see why, recall that the standard NKPC applies once the ﬁrms have complete information. For any

t ≤ T, the period-t inﬂation can thus be expressed as follows:

π̃t = κEt

[T −t
∑

]
k

β ỹt+k + κµ̃t ,

(21)

k=0
48
Under Assumption 4, this residual can be expressed as a linear combination of the current and the past values of the markup
shock. More generally, this residual may capture any kind of noise in information that happens to be correlated across agents, such
as the one resulting from communication or “sentiment shocks” (Angeletos and La’O, 2013).
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where Et is the expectation condition on It , the entire information in the economy. Furthermore, because

Iit is a subset of It for all consumers and all t, we have that Ēt Et = Ēt for all t. Using these facts with (16),
we reach the following result, which, as anticipated, permits us to represent the entire equilibrium as the
solution to a single beauty contest among the consumers.
Lemma 6 When ﬁrms have complete information and monetary policy satisﬁes Assumption 1, equilibrium
income is given by the solution to the following beauty contest:

ỹt = −β T −t Ēt [R̃T ] +

T −t
∑

(1 − β + kκ) β k−1 Ēt [ỹt+k ].

(22)

k=1

By comparing condition (22) to (20), we see that the feedback between inﬂation and aggregate demand
increases the effective degree of strategic complementarity between the consumers: the sensitivity of current
spending to expectations of spending k periods latter has increased from (1 − β)β k−1 to (1 − β + kκ)β k−1 ;
the term kκ captures the cumulative effect that expectations of future spending have on current spending
through inﬂation and real interest rates. Notwithstanding this point, the nature of the beauty contest remains
the same. It is thus evident that removing common knowledge from the demand block of the economy
alone helps attenuate, not only the income multiplier, but also the inﬂationary spiral. Indeed, from the
perspective of condition (22), the two channels are indistinguishable: what mattes is only the overall strategic
complementarity, as measured by the coefﬁcients (1 − β + kκ)β k−1 , not its decomposition between the two
GE mechanisms.
We can therefore reach the following result, which generalizes part (ii) of Proposition 3.
Proposition 6 (Attenuating also the Inﬂationary Spiral) Let ϕt denote the absolute value of the coefﬁcient
of the projection of ỹt on Ēt [R̃T ], for any t ≤ T − 1. Under Assumption 4, we have ϕt < ϕ∗t for all t < T − 1,
where ϕ∗t ≡ ϕ∗ (T − t) is the complete-information counterpart.
The logic can be summarized as follows. Regardless of the information structure, the inﬂationary pressures triggered by the anticipation of lax future monetary policy raise the value of ϕt that obtains when κ > 0
relative to the one that obtains when κ = 0. These pressures, however, are attenuated when consumers lack
common knowledge. Importantly, the attenuation is self-fulﬁlling in the following sense: when consumers
“fail” to adjust their inﬂation expectations as predicted by the standard model, they also “fail” to spend as
much as predicted by the standard model, which in turn justiﬁes a lower inﬂation response in the supply
block of the economy.

A decomposition
Throughout this section, we allowed for higher-order uncertainty among the consumers but not among the
ﬁrms. This highlights that removing common knowledge from the one block of the model attenuates, not
only the strategic complementarity that operates within that block, but also the one that operates across the
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Figure 2: Decomposing the effect of different expectations.
two blocks. Not surprisingly, allowing the friction to be present in both blocks at once has a reinforcing
effect, as illustrated in the previous section. Indeed, not only was ϕ increasing in both λ and λf under
Assumption 3, but also the cross partial was positive: adding the friction in the one block of the model
increases the marginal attenuation effect of the friction that is present in the other block.
Figure 1 also suggests that, for a plausible parameterization, the importance of the two blocks is comparable: letting the informational friction inﬂict only the consumer side of the economy appears to be of
similar quantitative importance as letting it inﬂict only the ﬁrm side. Regardless of which side we focus on,
however, attenuation obtains for two conceptually separate forces: the anchoring of inﬂation expectations;
and the anchoring of output expectations. (Keep in mind that expectations of output translate to expectations of income in the eyes of the consumers, and to expectations of marginal costs in the eyes of the ﬁrms.)
How much does each of these two forces contribute to the attenuation effects seen in Figure 1?
We address this question in Figure 2, under the same information structure and same parameterization
as the one used in Figure 1. The left panel focuses on the consumer side; the right panel shifts attention to
the ﬁrm side. In both cases, we decompose the difference between ϕ and ϕ∗ into two parts: one accounted
by the change in inﬂation expectations; and another accounted by the change in output expectations.
Consider ﬁrst the left panel. The solid red line represents the value of ϕ, normalized by ϕ∗ , that obtains
in equilibrium when λ = .75 and λf = 1, that is, when only the consumers are subject to the friction.
The dashed red line represents the value of ϕ, normalized once again by ϕ∗ , that obtains in an ad-hoc,
off-equilibrium, variant in which the following properties happen to be true: the consumers’ subjective expectations of income remain the same as in the aforementioned incomplete-information equilibrium; their
subjective expectations of inﬂation instead coincide with those in the complete-information equilibrium;
and consumers choose their spending optimally given the aforementioned subjective expectations. By construction, this variant therefore isolates the part of the attenuation effect that reﬂects the anchoring of the
consumers’ expectations of income from the part that reﬂects the anchoring of their expectations of inﬂa-
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tion. As evident in the ﬁgure, the anchoring of inﬂation expectations accounts for the lion’s share of the
attenuation effect in the consumer side.
Consider now the right panel, which regards the ﬁrm side. The solid blue line represents the value of

ϕ, normalized by ϕ∗ , that obtains in equilibrium when λ = 1 and λf = .75, that is, when only the ﬁrms
are subject to the friction. The dashed blue line represents the value that obtains in the following ad-hoc
variant: the ﬁrms’ subjective expectations of output, or of real marginal costs, remain the same as those
in the incomplete-information equilibrium; their subjective expectations of inﬂation coincide with those
in the complete-information equilibrium; ﬁrms set prices optimally given the aforementioned subjective
expectations; and ﬁnally the consumers form rational expectations and spend optimally, knowing that the
ﬁrms behave in the aforementioned manner. By construction, this variant therefore isolates the part of the
attenuation effect that is due to anchoring the ﬁrms’ expectations of output from the part that is due to
anchoring their expectations of inﬂation. As evident in the ﬁgure, the latter part is now a bit less signiﬁcant
than the former.
These ﬁndings are, of course, sensitive to the chosen parameterization, especially with regard to the
parameters that determine the size of the inﬂation movements. For instance, by setting θ = 1 (equivalently,

κ = 0), we can force inﬂation to be irresponsive to forward guidance regardless of the information structure; this renders the ﬁrms’ expectations irrelevant, pegs the consumers’ expectations of inﬂation to zero,
and mechanically guarantees that the entire attenuation effect is accounted by anchoring the consumers’
expectations of income. That said, the aforementioned ﬁndings appear to be robust to a reasonable range
of plausible parameterizations. Indeed, it is interesting to note that the consumers’ expectations of inﬂation
turn out to play a dominant role in our benchmark parameterization despite the fact this parameterization
imposes a rather high degree of price stickiness (namely, θ = .85 and κ ≈ 0.09). We conclude that, when
looking at the consumer side, most of the attenuation is accounted by anchoring of inﬂation expectations.
When looking at the ﬁrm side, on the other hand, anchoring expectations of inﬂation and anchoring expectations of output and real marginal costs are of roughly equal quantitative importance.

8

Horizons and HOB

In the previous section, we elaborated on the robustness of the insight that lack of common knowledge
attenuates the GE mechanisms of forward guidance, but did not investigate how this attenuation depends
on the horizon at which forward guidance operates. We now show that longer horizons increase the relative
importance of higher-order beliefs, contributing towards more attenuation. The crux of the argument is the
following. As noted before, longer horizons increase the GE effects of forward guidance under common
knowledge because they increase the number of loops from future spending and inﬂation to current spending
and inﬂation. But when one increases the number of loops, one is effectively walking down the hierarchy of
beliefs, which in turn explains why the attenuation implied by lack of common knowledge itself increases
with the length of the horizon.
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To illustrate the generality of this insight, we allow for an entirely arbitrary information structure.49 We
only bound the level of higher-order uncertainty away from zero, in a manner that we make precise momentarily. Although not strictly needed, we also assume that ﬁrms are completely informed; this simpliﬁes
the exposition by letting us focus on the meta-game among the consumers described in Lemma 6.50
Fix any t ≤ T − 1 and let τ = T − t. Following our earlier results, the equilibrium value of output (and
also of inﬂation) in period t can can be expressed as a linear function of beliefs of order up to τ. The weights
on these beliefs depend on τ, the length of the time that remains till the “moment of action”, but not on t per
se. This is due to the recursive structure of the economy. For any k ∈ {1, ..., τ }, let χk,τ > 0 be the absolute
∑
value of the total weight of ỹt on beliefs of order equal to k ; and let sk,τ ≡ kr=1 χr,τ be the total weight on
beliefs of order up to, and including, k.
Proposition 7 For any k ≥ 1 and any τ ≥ k, let sk,τ be deﬁned as above. The ratio sk,τ /sτ,τ , which
measures the relative contribution of the ﬁrst k orders of beliefs to aggregate spending, strictly decreases
with the horizon τ and converges to 0 as τ → ∞.
In simple words, longer horizons amplify the importance of higher-order uncertainty, because longer
horizons map, in effect, to stronger complementarity. This is an elementary but important observation,
whose implications may extend beyond the context of our paper. For instance, it could help reduce the
indeterminacy problems of the NK model, for these problems are tied to expectations at very long horizons.
In a nutshell, we suggest that one should trust less the predictions of the standard model—or, equivalently,
worry less about its anomalies—when these regard the cumulation of GE effects over long horizons than
when these regard mechanisms that operate in the short run.
Combining the above result with the fact that higher-order beliefs are more anchored than lower-beliefs
suggests that the attenuation we have documented increases without bound as the horizon goes to ∞. We
verify this intuition in Proposition 8 below, under the following assumption.
Assumption 5 (Non-Vanishing Higher-Order Uncertainty) There exists an ϵ > 0 such that:
(i) For all T and all t ∈ {0, ...., T − 2}, there exists at least a mass ϵ of consumers such that

V ar (Et [x]|Iit ) ≥ ϵV ar (Et [x])
for all x ∈ Bτk , τ ∈ {t + 1, ..., T − 1}, and k ∈ {0, 1, ..., T − τ }.
(
)
(ii) V ar Ē0 [R̃T ] ≥ ϵ.
49

Relative to Assumption 4, this means, not only that we allow an arbitrary correlation structure in the noise (both across agents
and across time), but also that we no more need the exogenous private signals to be centered around the initial policy announcement. For instance, it could be that the policy maker makes new announcements over time and that the agents have arbitrary
private information about each announcement. It could also be that the agents receive signals that are independent of the policy
announcement but are otherwise informative about R̃T ; such signals could help the private views that different agents may have
about the future policy regardless of the policy announcements.
50
We have proved Propositions 7 and 8 also for the case where ﬁrms have incomplete information (the proof is available upon request). In this case, the relative importance of higher-order beliefs is actually increased: by letting ﬁrms have complete information,
we have effectively collapsed certain beliefs of higher orders to beliefs of lower orders.
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To interpret this assumption, note that complete information imposes that Et [x] is known to every
agent, and therefore that V ar (Et [x]]|Iit ) = 0, regardless of how volatile Et [x] itself is. By contrast, letting V ar (Et [x] |Iit ) > 0 whenever V ar (Et [x]) > 0 is essentially tautological to assuming that agents have
incomplete information or, equivalently, that they face higher-order uncertainty. Relative to this tautology,
part (i) introduces an arbitrarily small bound on the level of higher-order uncertainty. This bound is needed
in order to guarantee that the higher-order uncertainty does not vanish as we let T go to inﬁnity. Part (ii),
on the other hand, means simply that there is non-vanishing variation in ﬁrst-order beliefs in the ﬁrst place.
The next result then follows from Proposition 7.
Proposition 8 (Horizon) Allow κ > 0, let ϕ denote the absolute value of the coefﬁcient of the projection of

ỹ0 on Ē0 [R̃T ]. Under Assumption 5, the ratio ϕ/ϕ∗ converges to zero as T → ∞.
This result generalizes the lesson ﬁrst derived in Proposition 3 that the attenuation is stronger when the
horizon is longer.51 As already explained, this is because longer horizons increase the number of loops from
future outcomes to current outcomes, thus also increasing the effective degree of strategic complementarity.
To further appreciate what this means, note that, regardless of the horizon, aggregate spending in any
given period depends primarily on expectations of income and inﬂation in the short- to medium run; expectations in the far future do not matter much because of discounting. But it is precisely the former kind
of expectations that depend more heavily on higher-order beliefs. Indeed, for any triplet (t, τ1 , τ2 ) such that

t < τ1 < τ2 , we have that Ē t [ỹτ1 ] involves beliefs of order up to k1 = T − τ1 + 1, whereas Ēt [ỹτ2 ] involves
beliefs of order only up to k2 = T − τ2 + 1 < k1 . Furthermore, although beliefs of order k ≤ k2 show
up in both Ē t [ỹτ1 ] and Ē t [ỹτ2 ], they enter with smaller relative weight in the former than in the latter (by
implication of Proposition 7). To recap, raising T does not affect the relative importance of expectations
of income and inﬂation at different horizons, and yet it raises the importance of higher-order beliefs in the
determination of these expectations.
This insight seems relevant, not only in the context of the forward-guidance puzzle, but also for any other
prediction that rests on general-equilibrium effects operating over long horizons. For instance, consider the
neo-Fisherian prediction that pegging to a low interest rate for a long time can, perhaps paradoxically,
contribute to disinﬂation (Cochrane, 2016a). This prediction appears to depend on iterating beliefs over
long horizons and may thus be sensitive to relaxations of common knowledge. We leave this conjecture
open for future research.

9

Additional Results

We conclude the paper with two additions results. The ﬁrst one touches upon the “paradox of ﬂexibility” and offers another example of the broader applicability of our insights. The second result recasts our
51
One caveat is that, due to the level of generality we have sought to accommodate in this section, there is no guarantee that
ϕ/ϕ∗ decreases monotonically with T.
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mechanism—the anchoring of equilibrium expectations—in terms of a discounted Euler condition and a
discounted NKPC. This in turn highlight an intriguing connection to, but also a crucial difference from, the
existing literature. Both of these results utilize the stark information structure introduced in Section 6, but
the insights are more general.

On the Paradox of Flexibility
We now turn attention to another implication of our analysis. In the standard model, the effect of forward
guidance increases with the degree of price ﬂexibility: ϕ∗ increases with κ.52 As noted in the Introduction,
this property is directly related to the “paradox of ﬂexibility” (Eggerstsson and Krugman, 2013). The next
result proves, in effect, that the mechanism identiﬁed in this paper helps diminish this paradox as well.
Proposition 9 (Price Flexibility) Let ϕ be the scalar characterized in Proposition 3 and set λf = 1. We have
( )
∂ϕ
∂ϕ
∂
∂κ > 0 and ∂λ ∂κ > 0. That is, the power of forward guidance increases with the degree of price ﬂexibility,
but at a rate that is slower the greater the departure from common knowledge.
Note that we have proved the above result only under the restriction λf = 1, which means that only the
consumers lack common knowledge. Whenever λf < 1, there is a conﬂicting effect, which is that higher
price ﬂexibility reduces the strategic complementarity that operates within the supply block, thereby also
reducing the role of λf itself. Numerical explorations, however, suggest that the overall effect of higher price
ﬂexibility is qualitatively the same whether λf = 1 or λf = λ.
We illustrate this in Figure 3. We let λf = λ, use the same parameter values as those used in Figure 1,
and plot the relation between the ratio ϕ/ϕ∗ and the horizon T under two values for θ. The solid red line
is the same as in Figure 1. The dashed blue line corresponds to a lower value for θ, that is, to more price
ﬂexibility. As evident in the ﬁgure, more price ﬂexibility maps, not only to a lower ratio ϕ/ϕ∗ (i.e., stronger
attenuation) for any given T, but also to a more rapid decay in that ratio as we raise T.
This ﬁnding is an example of how lack of common knowledge reduces the paradox of ﬂexibility more
generally. In the standard model, a higher degree of price ﬂexibility raises the GE effects of all kinds
of demand shocks—whether these come in the form of forward guidance, discount rates, or borrowing
constraints—because it intensiﬁes the feedback loop between aggregate spending and inﬂation. By intensifying this kind of macroeconomic complementarity, however, a higher degree of price ﬂexibility also raises
the relative importance of higher-order beliefs, which in turn contributes to stronger attenuation effects of the
type we have documented in this paper. In a nutshell, the very same mechanism that creates the paradox of
ﬂexibility within the NK framework also helps contain the paradox once we relax the common-knowledge
assumptions of that framework.
52

Whenever we vary κ, we vary θ while keeping the Frisch elasticity constant, which means that variation in κ maps one-to-one
to variation in the degree of price ﬂexibility.
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Figure 3: Varying the degree of price ﬂexibility.

Discounted Euler Equation and Discounted NKPC
Let Et [x] denote the rational expectation of variable x conditional on It , the union of the information sets
in the economy. This is the same expectation operator as the one that shows up in Lemma 1, that is, in
the Euler condition and the NKPC of the standard model. With this in mind, we now provide the following
representation of the equilibrium that obtains under the information structure we introduced in Section 6.
Proposition 10 (Discounted Euler Equation and NKPC) Under Assumption 3, the equilibrium dynamics for
aggregate spending and inﬂation solve the following system, for all t < T − 1:

ỹt = ΛEt [ỹt+1 ] + λEt [π̃t+1 ]

(23)

π̃t = βM Et [π̃t+1 ] + κmt ỹ t + κµ̃t

(24)

(
)
−t−1)
where Λ ≡ β + (1 − β) λ ∈ (β, 1), M ≡ θ + (1 − θ) λf ∈ (θ, 1), and mt ≡ 1 − βθ 1 − λf ϕ(T
ϕ(T −t) ∈ (0, 1).
This is an “as if” result that maps our heterogeneous-agent, incomplete-information model to a ﬁctitious
representative-agent, complete-information, model in which the equilibrium dynamics happen to solve conditions (23) and (24). Condition (23) reduces to the standard Euler equation when λ = 1, and similarly
condition (24) reduces to the standard NKPC when λf = 1. Once we remove common knowledge among
the consumers (λ < 1), it is as if the representative consumer discounts her expectations of next period’s
aggregate income and inﬂation by a factor equal to, respectively, Λ and λ. Accordingly, we can interpret
(23) as a discounted Euler equation. Similarly, condition (24) represents a discounted NKPC: inﬂation responds less to both the rational expectation of inﬂation tomorrow and to the innovation in the current real
marginal cost by a factor equal to, respectively, M ∈ (θ, 1) and mt ∈ (0, 1).53
53
Note that Λ and M are bounded from below by, respectively, β and θ. These bounds have to do with the fact that lack of
common knowledge attenuates only the GE effects.
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These forms of discounting must reﬂect the property that equilibrium expectations (equivalently, higherorder beliefs) are anchored, for this is the only friction relative to the standard model. To shed further light
on why the friction manifests as discounting in the fundamental equations of the NK model, let us ﬁrst
concentrate on condition (23).
Recall that, because we have abstracted from borrowing constraints and have rested on the familiar
log-linearizations, the standard Euler equation holds at the individual level:

c̃i,t = Ei,t [c̃i,t+1 ] + R̃t − Ei,t [π̃t+1 ]

∀i, t.

Note that R̃t shows up without an expectations operator in front of it, because R̃t is known in the beginning
of t. By contrast, c̃i,t+1 and π̃t+1 are still uncertain. Integrating the above over i gives the following condition
at the aggregate level:

∫
c̃t =

1

Ei,t [c̃i,t+1 ] di + R̃t − Ēt [π̃t+1 ] .

(25)

0

Note here a delicate point: what shows up in the right-hand side is the average of the individuals’ forecasts
of their own consumption, not of aggregate consumption. Assumption 1 pegs R̃t = 0 for all t < T. To reach
∫1
condition (23), we therefore need to relate 0 Ei,t [c̃i,t+1 ] with Et [c̃t+1 ] and Ēt [π̃t+1 ] with Et [π̃t+1 ].54 It is at
this point that lack of common knowledge manifests as a form of discounting.
Let us elaborate. Due to the uninsurable idiosyncratic risk, cit need not equal ct , regardless of the
information structure. Nevertheless, as long as information is complete, Eit [x] = Ēt [x] = Et [x] for any
∫1
random variable x. Furthermore, 0 Et [c̃i,t+1 ] di = Et [c̃t+1 ], because c̃i,t+1 is the sum of c̃t+1 and of a purely
∫1
idiosyncratic component. It follows that complete information guarantees both 0 Ei,t [c̃i,t+1 ] di = Et [c̃t+1 ]
and Ēt [π̃t+1 ] = Et [π̃t+1 ] , which in turn imply that the standard Euler condition continues to hold, not only
at the individual level, but also at the aggregate level.
Once information is incomplete, however, the aforementioned equalities break down. The property
∫1
that higher-order beliefs vary less that lower-order beliefs implies both that 0 Ei,t [c̃i,t+1 ] di varies less than

Et [c̃t+1 ] and that Ēt [π̃t+1 ] varies less than Et [π̃t+1 ] . This indicates that some kind of discounting is present
at the aggregate level regardless of the speciﬁcs of the information structure. Under Assumption 3, this
discounting take a particular stark form: we have

∫

1

and

Ei,t [c̃i,t+1 ] di = ΛEt [c̃t+1 ]

Ēt [π̃t+1 ] = λEt [π̃t ],

0

which in turn gives condition (23). The same logic explains the discounted NKPC obtained in that proposition: by dampening the response of beliefs about future marginal costs and future inﬂation, higher-order
uncertainty gives rise to a form of discounting in the NKPC.55
54

Keep in mind that c̃t = ỹt in equilibrium.
We have considered an extension (available upon request) that allows for the information friction to diminish with time. This
results to a generalized discounted Euler condition, in which the discounting factors reduce with time. This illustrates the robustness
of the insight, but also clariﬁes that the stark form of discounting obtained in (23) rests on the stationarity of the friction.
55
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Related forms of discounting can be found in McKay, Nakamura, and Steinsson (2016a,b) and Gabaix
(2016). Yet, the underlying mechanism is different, and so are some of the testable implications. As already noted, these works obtain a discounted Euler condition at the aggregate level only by distorting to
a commensurate degree the consumption-saving behavior at the individual level. McKay, Nakamura, and
Steinsson (2016a,b) do so by letting agents be liquidity-constrained, Gabaix (2016) by letting agents apply a
form of cognitive discount on feature state variables. In either case, the distortion that obtains in macro time
series is tied to the one that can be detected in micro data. By contrast, our approach obtains the same “as
if” discounting at the aggregate level, even in the absence of cognitive discounting or any other distortion
at the individual level. Importantly, the mechanism that underlies this form of “as if” discounting seems to
be consistent with the evidence on expectations provided in Coibion and Gorodnichenko (2012, 2015).
The same points distinguish our contribution from Werning (2015). That paper provides a thorough
analysis of how liquidity constraints impact the aggregate-level Euler condition under common knowledge.
It points out that, while the consumption of liquidity-constrained agents is less sensitive to interest rates, it
is also more sensitive to income, which itself reacts in general equilibrium to interest rates. In an important
benchmark, these two effects offset each other in such a manner that the aggregate-level Euler condition
remains the same as the one in the representative-agent model. This underscores that the result of McKay,
Nakamura, and Steinsson (2016a,b) is special. In fact, Werning argues that the empirically relevant case
is the opposite than the one advocated by McKay et al. While this debate is interesting on its own right,
it is orthogonal to our contribution: we shift the focus from liquidity constraints or any other aspects of
the micro-foundations to the equilibrium adjustment in expectations and identify a mechanism that applies
regardless of the underlying micro-foundations.
Notwithstanding these observations, the result obtained in Proposition 10 complements all the aforementioned works in that it provides an additional motivation for augmenting DSGE models with a discounted
Euler equation and a discounted NKPC: the discounting can be a proxy for a variety of realistic frictions,
whether these relate to liquidity constraints, cognitive limitations, or the type of anchored equilibrium expectations we have accommodated in this paper. Qualitatively, all these forms of frictions appear to contribute
in the same direction; their combined quantitative importance remains an open question.
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Conclusion

Modern macroeconomic models assign a crucial role to forward-looking expectations, such as consumer
expectations of future income and future real interest rates or ﬁrm expectations of future inﬂation and future real marginal costs. This property seems both desirable and realistic. However, by assuming common
knowledge of everything along with the rational-expectations solution concept, these models hardwire a
certain kind of perfection in the ability of economic agents to coordinate their expectations and to synchronize their responses to any exogenous impulse. In so doing, they also maximize the capacity of policy
makers to manage these expectations and to steer the economy.
37

In this paper, we argued that removing common knowledge of policy helps accommodate a realistic
friction in the ability of policy makers to manage the aforementioned kind of expectations and to steer
the economy. We illustrated these ideas in the context of the forward-guidance puzzle, working with an
incomplete-information extension of the New-Keynesian model. More speciﬁcally, we assumed that the
economy is in a liquidity trap, so that the zero lower bound (ZLB) on interest rates is currently binding,
and that the policy maker tries to stimulate the economy by managing expectations of the monetary policy
to be conducted after the economy has exited the trap. We then showed how lack of common knowledge
anchors expectations of future income and inﬂation, attenuates the general-equilibrium effects of such policy
commitments, and lessens the forward-guidance puzzle.
The insights and the techniques we have developed in this paper may ﬁnd additional applications. We
offered an example by touching on the paradox of ﬂexibility. Another application could be the determinacy
issues and the “neo-Fisherian” effects emphasized by Cochrane (2016a,b). Yet another application could
be ﬁscal policy during a liquidity trap. The standard New-Keynesian model predicts that, in the presence
of a binding ZLB constraint, ﬁscal stimuli are more effective when they last longer or when they are backloaded.56 The magnitude of the predicted effects hinge on the same general-equilibrium mechanisms and
the same kind of expectations as those that determine the power of forward guidance; they therefore appear
to be equally sensitive to relaxing the common-knowledge assumption.57
The broader policy lessons of our paper are subject to the following qualiﬁcation. In the model under
consideration, the relevant GE effects translate to strategic complementarity; equivalently, they amplify the
PE effects. In other models, the relevant GE effects may translate to strategic substitutability and may therefore
mitigate the PE effects. In this case, lack of common knowledge continues to anchor the expectations of
macroeconomic outcomes and to attenuate the relevant GE effects. Yet, because these effects are working
in the opposite direction to start with, the policy implications are also reversed: attenuating the GE effects
now helps increase, not reduce, the effects of policy.58 Notwithstanding this qualiﬁcation, we believe that
the ﬁrst scenario is more relevant in the context of ﬁscal and monetary policy over the business cycle, not
only because of the speciﬁc mechanisms we have studied in this paper, but also because of other forms of
“macroeconomic complementarities”, such as those associated with collateral constraints and the feedback
loop between asset prices and economic activity. Applying our insights to such settings and working out
the implications for, say, quantitative easing and macro-prudential policies is another intriguing direction
for future research.
We conclude by iterating that the formalization we have adopted in this paper does not have to be
taken too literally. We view incomplete information and higher-order uncertainty as modeling devices that
permit the researcher to anchor the response of expectations to changes in policy, and thereby to attenuate
56

See Christiano, Eichenbaum, and Rebelo (2011), Woodford (2011), and Werning (2012).
This indicates more broadly the value of investigating how lack of common knowledge inﬂuences the macroeconomic effects
of ﬁscal policy, not only in the New-Keynesian framework, but also in the RBC framework. We are investigating this question in
ongoing work (Angeletos and Lian, 2016c).
58
See Angeletos and Lian (2016) for a more abstract setting that allows the GE effects to be the source of either strategic complementarity or strategic substitutability and that shows that lack of common knowledge attenuates the GE effects in either case.
57
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the relevant GE effects, while remaining inside the “comfort zone” of the rational-expectations hypothesis.
But these modeling devices can also be seen a structured way for relaxing that hypothesis. Whether this
represents a competitor or a complement to behavioral approaches is for the reader to decide. One way or
another, the key feature of our approach is that it operationalizes the notion that policy makers may have less
control on market expectations of economic outcomes than what is presumed in standard macroeconomic
models, a property that seems both theoretically appealing and empirically relevant.59

59
A related point is made in Angeletos and La’O (2013) and Angeletos, Collard and Dellas (2016): higher-order uncertainty is
used as a modeling device to accommodate autonomous variation in expectations and forces akin to “animal spirits”.
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Appendix: Proofs
Proof of Lemma 1.

It follows directly from Proposition 2, imposing complete information and equilibrium.

Proof of Lemma 2.

We prove the following stronger result: there exists functions ϕ∗ , ϖ∗ : N → R+ such

that, whenever Assumptions 1 and 2 hold, equilibrium spending and inﬂation at any t ≤ T are given by

ỹt = −ϕ∗ (T − t) · Et [R̃T ],

(26)

π̃t = κỹt + κµ̃t − ϖ∗ (T − t) · Et [R̃T ].

(27)

We prove this result by induction, starting with t = T and proceeding backwards.
When t = T , we have ỹT = −R̃T and π̃T = κµ̃T + κỹT from Lemma 1. (Recall that ỹτ = π̃τ = 0 ∀τ > T
by Assumption 1.) This veriﬁes (26) and (27) for t = T , with ϕ∗ (0) = 1 and ϖ∗ (0) = 0.
Now suppose that the result holds for arbitrary t ∈ {1, ..., T } and let’s prove that it also holds for t − 1. By
the assumption that (26) and (27) hold at t along with the Law of Iterated Expectations and the assumption
that future markup shocks are unpredictable, we have

Et−1 [ỹt ] = −ϕ∗ (T − t) · Et−1 [R̃T ],
Et−1 [π̃t ] = − (κϕ∗ (T − t) + ϖ∗ (T − t)) · Et−1 [R̃T ],
Using the above together with Lemma 1 veriﬁes that (26) and (27) hold also for t − 1, with

ϕ∗ (T − t + 1) = (1 + κ) ϕ∗ (T − t) + ϖ∗ (T − t) ,
ϖ∗ (T − t + 1) = βκϕ∗ (T − t) + βϖ∗ (T − t) .
This completes the proof and gives a recursive formula that can be used to compute ϕ∗ (T ).
Proof of Proposition 1.

(i) If prices are inﬁnitely sticky (θ = 1 or, equivalently, κ = 0), from Lemma 1 we

have πt = 0 ∀t and

ỹ0 = −R̃0 −

T
∑

E0 [R̃T ] + E0 [c̃T +1 ] .

t=1

By Assumption 1 then,

ỹ0 = −E0 [R̃T ],
which proves that ϕ∗ (T ) = 1.
(ii) From the proof of Lemma 2, we have that

ϕ∗ (0) = 1 and ϖ∗ (0) = 0,
40

and, for every τ ≥ 0,

ϕ∗ (τ + 1) = (1 + κ) ϕ∗ (τ ) + ϖ∗ (τ )

(28)

ϖ∗ (τ + 1) = βκϕ∗ (τ ) + βϖ∗ (τ )

(29)

From condition (29), we know, when κ > 0, ϖ∗ (τ ) > 0 ∀τ ≥ 1. Then, from equation (28), we have

ϕ∗ (τ ) > 1 ∀τ ≥ 1, and ϕ∗ (τ ) is strictly increasing in τ.
Now we prove that ϕ∗ (τ ) explodes to inﬁnity as τ → ∞. To this goal, we ﬁrst prove the following
equality:

ϕ∗ (τ + 1)
ϕ∗ (τ − 1)
+
β
= 1 + β + κ ∀τ ≥ 1.
ϕ∗ (τ )
ϕ∗ (τ )

(30)

From condition (28), we have, for all τ ≥ 1,

βϕ∗ (τ ) = β (1 + κ) ϕ∗ (τ − 1) + βϖ∗ (τ − 1) .
Together with conditions (28) and (29), we arrive at condition (30).60
Second, we prove that, when κ > 0,

ϕ∗ (τ )
is strictly increasing in τ ≥ 1.
ϕ∗ (τ − 1)

(31)

From conditions (28) and (29), we have

ϕ∗ (1) = 1 + κ and ϕ∗ (2) = (1 + κ)2 + κβ.
As a result, when κ > 0,

ϕ∗ (2)
κβ
ϕ∗ (1)
=
1
+
κ
+
>
.
ϕ∗ (1)
1+κ
ϕ∗ (0)

Now we proceed by induction. Suppose that, for τ ≥ 1, we have

ϕ∗ (τ + 1)
ϕ∗ (τ )
>
.
ϕ∗ (τ )
ϕ∗ (τ − 1)

(32)

From condition (30), we know

ϕ∗ (τ + 2)
ϕ∗ (τ )
+
β
= 1 + β + κ ∀τ ≥ 1.
ϕ∗ (τ + 1)
ϕ∗ (τ + 1)
Together with condition (32) we have

ϕ∗ (τ + 2)
ϕ∗ (τ + 1)
>
.
ϕ∗ (τ + 1)
ϕ∗ (τ )
60

Note that equality (30) also holds for κ = 0, because conditions (28) and (29) also hold for κ = 0. This will be used later in the
paper.
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This proves (31) when κ > 0.
Finally, from condition (30), we know

ϕ∗ (τ )
ϕ∗ (τ −1)

is bounded above. Together with (31),

ϕ∗ (τ )
ϕ∗ (τ −1)

must

converge to Γ∗ > 0, as τ → ∞. From condition (30) again, we know Γ∗ satisfy61

Γ∗ + β

1
= 1 + β + κ.
Γ∗

(33)

As a result, Γ∗ > 1 whenever κ > 0. Therefore, ϕ∗ (τ ) explodes to inﬁnity as τ → ∞ whenever κ > 0. The
proof of Proposition 1 follows simply from letting τ = T.
Proof of Proposition 2.

Substituting condition (15) into condition (12) gives condition (16), the consump-

tion beauty contest. Substituting condition (15) into condition (14) gives condition (17), the inﬂation beauty
contest.
Proof of Lemma 3.

The lemma follows directly from this claim: under Assumption 3, there exists functions

ϕ, ϖ : (0, 1] × (0, 1] × N → R+ such that, for any t ≤ T − 1,
(
)
ỹt = −ϕ λ, λf , T − t · Ē[R̃T ],
(
)
π̃t = κỹt + κµ̃t − ϖ λ, λf , T − t Ētf [R̃T ]

(34)
(35)

We now prove this claim by induction.
First, consider t = T −1. From conditions (16) and (17) along with the fact that monetary policy replicates
ﬂexible-price allocations from T + 1 and on, we have

ỹT = −R̃T

and

π̃T = κỹT + κµ̃T ,

and therefore

ỹT −1

[ ]
= ĒT −1 [π̃T ] − β ĒT −1 R̃T + (1 − β) ĒT −1 [ỹT ] = −(1 + κ)ĒT −1 [R̃T ],

π̃T −1 = κỹT −1 + κµ̃T −1 + κβθĒTf −1 [ỹT ] + (1 − θ) β ĒTf −1 [π̃T ] = κỹT −1 + κµ̃T −1 − κβ ĒTf −1 [R̃T ].
It follows that the claim holds for t = T − 1 with

ϕ(λ, λf , 1) = 1 + κ ∀0 < λ, λf ≤ 1,

(36)

ϖ(λ, λf , 1) = κβ ∀0 < λ, λf ≤ 1.

(37)

Now, pick an arbitrary t ≤ T −2, assume that the claim holds for all τ ∈ {t+1, ..., T −1}, and let us prove
61

Note that equality (33) also holds for κ = 0, because, when κ = 0,
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ϕ∗ (τ )
ϕ∗ (τ −1)

= τ ∀ τ ≥ 1. This will be used later in the paper.

that it also holds for t. Under Assumption 1, the consumption beauty contest in condition (16) becomes

ỹ t = −β T −t Ēt [R̃T ] +

T
−t
∑

β k−1 Ēt [π̃t+k ] + (1 − β)

k=1

T −t
∑

β k−1 Ēt [ỹt+k ] .

(38)

k=1

Since the claim holds for τ ∈ {t + 1, ...T − 1}, and since ỹT = −R̃T and π̃T = −κR̃T + κµ̃T , we have

ỹt = −β

T −t−1

(1 + κ) Ēt [R̃T ] − (1 − β + κ)

T∑
−t−1

(
)
β k−1 ϕ λ, λf , T − t − k Ēt [Ēt+k [R̃T ]]

k=1

−

T∑
−t−1

]
(
) [
f
k−1
f
β
ϖ λ, λ , T − t − k Ēt Ēt+k [R̃T ]

k=1

{
=− β

T −t−1

(1 + κ) +

T∑
−t−1

β

k−1

[

}
(
)]
f
(1 − β + κ) λϕ λ, λ , T − t − k + λ ϖ λ, λ , T − t − k
Ēt [R̃T ].
(

)

f

f

k=1

where we have used the fact that, under Assumption 3, for 1 ≤ k ≤ T − t − 1,

Ēt [Ēt+k [R̃T ]] = Ēt [λδz] = λδλz = λĒt [R̃T ] and

f
Ēt [Ēt+k
[R̃T ]] = Ēt [λf δz] = λf δλz = λf Ēt [R̃T ].

This proves the part of the claim that regards output, condition (34), with
T∑
−t−1
(
)
[
(
)
(
)]
ϕ λ, λf , T − t = β T −t−1 (1 + κ)+
β k−1 (1 − β + κ) λϕ λ, λf , T − t − k + λf ϖ λ, λf , T − t − k .
k=1

(39)

Similarly, the inﬂation beauty contest in condition (17) gives
−t−1
(
)
) T∑
(
k
f
(βθ)
ϕ
λ,
λ
,
T
−
t
−
k
Ētf [Ēt+k [R̃T ]]
π̃t = κỹ t + κµ̃t − κ + κ 1−θ
θ
k=1

−

1−θ
θ

T∑
−t−1

(
)
(
)
f
(βθ)k ϖ λ, λf , T − t − k Ētf [Ēt+k
[R̃T ]] − κ + κ 1−θ
(βθ)T −t Ētf [R̃T ]
θ

k=1

= κỹ t + κµ̃t
{
−

κ
θ

(βθ)T −t +

T∑
−t−1

(βθ)k

[

κλ
θ ϕ

(

)

λ, λf , T − t − k +

(1−θ)λf
θ

}
(
)]
ϖ λ, λf , T − t − k
Ētf [R̃T ].

k=1

where we have used the fact that, similarly to the consumers’ case, for 1 ≤ k ≤ T − t − 1, Ētf [Ēt+k [R̃T ]] =
f
λĒtf [R̃T ] and Ētf [Ēt+k
[R̃T ]] = λf Ēt [R̃T ]. This proves the part of the claim that regards inﬂation, condition

(35) with
T∑
−t−1
(
(
)
κ
T −t
f
+
(βθ)k κλ
ϕ
λ,
λ
,
T
−
t
−
k
+
ϖ λ, λ , T − t = (βθ)
θ
θ

(

f

)

k=1

(1−θ)λf
ϖ
θ

(

λ, λf , T − t − k

))
.
(40)

43

(
)
We ﬁnally provide a recursive formula for computing ϕ(λ, λf , T − t) and ϖ λ, λf , T − t , which will be
useful later. From condition (39), we have, for t ≤ T − 2,

(
)
(
)
(
)
(
)
ϕ λ, λf , T − t = βϕ λ, λf , T − t − 1 + (1 − β + κ) λϕ λ, λf , T − t − 1 + λf ϖ λ, λf , T − t − 1
(
)
(
)
= (β + (1 − β + κ) λ) ϕ λ, λf , T − t − 1 + λf ϖ λ, λf , T − t − 1 .
(41)
Similarly, from condition (40), we have, for t ≤ T − 2,

(
)
(
)
(
(
)
(
))
(1−θ)λf
f
f
ϖ λ, λf , T − t = βθϖ λ, λf , T − t − 1 + βθ κλ
ϕ
λ,
λ
,
T
−
t
−
1
+
ϖ
λ,
λ
,
T
−
t
−
1
θ
θ
(
)
[
] (
)
= κβλϕ λ, λf , T − t − 1 + β θ + (1 − θ) λf ϖ λ, λf , T − t − 1 .
(42)
(
)
Proof of Proposition 3. To simplify notation, we use ϕτ and ϖτ as shortcuts for, respectively, ϕ λ, λf , τ
(
)
and ϖ λ, λf , τ , the latter deﬁned as in the proof of Lemma 3. Similarly, we use ϕ∗τ as a shortcut for ϕ∗ (τ ),
the latter be deﬁned as in Lemma 2.
(i) When κ = 0, from conditions (36), (37), (41) and (42), we have, for all τ ≥ 1,

ϖτ = 0,
ϕτ = (β + (1 − β) λ)τ −1 .
The proof of part (i) of Proposition 3 then follows simply from letting τ = T.
(ii) When κ > 0, from conditions (36), (37), (41) and (42), we know that ϕτ , ϖτ > 0 for all τ ≥ 1.
(
)
We will ﬁrst prove, for τ ≥ 2, ϕT = ϕ λ, λf , τ is strictly increasing in both λ and λf . We will proceed
by induction on τ. For τ = 2, from (36), (37), (41) and (42), we have ϕ2 and ϖ2 is strictly increasing in both

λ and λf . Suppose for τ ≥ 2, ϕτ , ϖτ is strictly increasing in both λ and λf . From conditions (41) and (42),
we know ϕτ +1 and ϖτ +1 are strictly increasing in both λ and λf , where we use the fact that ϕτ , ϖτ > 0.
(
)
This proves that, for τ ≥ 2, ϕτ = ϕ λ, λf , τ is strictly increasing in both λ and λf . Because of the strict
monotonicity, we also have, for τ ≥ 2,

ϕτ
ϕ∗τ

We now prove that, whenever λ < 1

ϕ(λ,λf ,τ )
ϕ(1,1,τ )
and/or λf

=

< 1, whenever λ < 1 and/or λf < 1.
< 1, the ratio

ϕτ
ϕ∗τ

=

ϕ(λ,λf ,τ )
ϕ∗ (τ )

is strictly decreasing in

τ ≥ 1. We start by noticing, from the proof of Proposition 1, we have, for τ ≥ 3,
ϕ∗τ −2
ϕ∗τ
+
β
=1 + β + κ .
ϕ∗τ −1
ϕ∗τ −1

(43)

Now we prove that ϕτ satisﬁes an inequality with a similar form as (43):

ϕτ −2
ϕτ
+β
≤1 + β + κλ < 1 + β + κ
ϕτ −1
ϕτ −1

44

∀τ ≥ 3.

(44)

From condition (41), we have, for τ ≥ 3,

ϕτ = (β + (1 − β) λ) ϕτ −1 + κλϕτ −1 + λf ϖτ −1 ,
β
βκλ
λf β
ϕτ −1 = βϕτ −2 +
ϕτ −2 +
ϖτ −2 .
β + (1 − β) λ
β + (1 − β) λ
β + (1 − β) λ
From the previous two conditions, we have, for τ ≥ 3,

ϕτ +βϕτ −2 = (β + (1 − β) λ) ϕτ −1 +κλϕτ −1 +λf ϖτ −1 +

β
βκλ
λf β
ϕτ −1 −
ϕτ −2 −
ϖτ −2 .
β + (1 − β) λ
β + (1 − β) λ
β + (1 − β) λ
(45)

Note that, for τ ≥ 3 and λ, λf ∈ (0, 1], from condition (42), we have

[

]
β
ϕτ −1 ≤ (1 + β + κ) ϕτ −1 ,
(β + (1 − β) λ) + κλ +
β + (1 − β) λ

and

βκλ
λf β
ϕτ −2 −
ϖτ −2
β + (1 − β) λ
β + (1 − β) λ
(
[
]
)
βκλ
λf β
=λf κβλϕτ −2 + β θ + (1 − θ) λf ϖτ −2 −
ϕτ −2 −
ϖτ −2
β + (1 − β) λ
β + (1 − β) λ
(
)
]
[
1
1
=κβλ λf −
ϕτ −2 + βλf θ + (1 − θ) λf −
πτ +2
β + (1 − β) λ
β + (1 − β) λ
λf ϖτ −1 −

≤0.
Together with condition (45), we reach at condition (44).
Now we can prove that
ϕ2
ϕ∗2

<1=

ϕ1
ϕ∗1 .

(44), we have

ϕτ
ϕ∗τ

is strictly decreasing in τ , whenever λ < 1 and/or λf < 1. We already prove

We proceed by induction on τ . If
ϕ∗
< ϕτ +1
∗
τ
and/or λf

ϕτ +1
ϕτ

whenever λ < 1

and thus

ϕτ +1
ϕ∗τ +1

<

ϕτ
ϕ∗τ .

ϕτ
ϕ∗τ

<

ϕτ −1
ϕ∗τ −1

for τ ≥ 2, we have

This ﬁnishes the proof that

ϕτ
ϕ∗τ

ϕτ −1
ϕτ

>

ϕ∗τ −1
ϕ∗τ .

From (43) and

is strictly decreasing in τ ≥ 1,

< 1.

Now we prove that, whenever λ < 1 and/or λf < 1,

ϕτ
ϕ∗τ

converges to 0 as τ → ∞. Because

is strictly decreasing in τ ≥ 1, there exists Γ ∈ [0, 1) such that

ϕτ
ϕ∗τ

ϕτ
ϕ∗τ

> 0

→ Γ as τ → ∞. We next prove by

contradiction that Γ = 0.
Suppose ﬁrst that λ < 1. If Γ > 0, we have
ϕτ
ϕτ −1

→ Γ∗ and

ϕτ −2
ϕτ −1

→

1
Γ∗

∗
ϕτ ϕτ −1
ϕ∗τ ϕτ −1

→ 1 as τ → ∞. Because

as τ → ∞. From condition (33), we have

ϕτ
ϕτ −1

ϕ∗τ
ϕ∗τ −1

→ τ ∗ , we have

+ β ϕϕττ −2
→ 1 + β + κ as τ → ∞.
−1

However, this is inconsistent with (44) when λ < 1 and κ > 0. As a result, Γ = 0 when λ < 1.
Suppose next that λ = 1 but λf < 1. We prove a stronger version of (44):

(
(
)) ϕ
ϕτ
τ −2
+ 1 + κ 1 − λf β
≤ 1 + κ + β ∀τ ≥ 3.
ϕτ −1
ϕτ −1

45

(46)

From conditions (41) and (42), we have, for τ ≥ 3,

ϕτ = (1 + κ) ϕτ −1 + λf ϖτ −1 ,
βϕτ −1 = βϕτ −2 + βκϕτ −2 + βλf ϖτ −2 ,
[
]
ϖτ −1 = κβϕτ −2 + β θ + (1 − θ) λf ϖτ −2 .
As a result, for τ ≥ 3,

ϕτ + βϕτ −2 = (1 + κ + β) ϕτ −1 + λf ϖτ −1 − βκϕτ −2 − βλf ϖτ −2
(
)
≤ (1 + κ + β) ϕτ −1 + λf − 1 κβϕτ −2 .
This proves (46).
∗
ϕτ ϕτ −1
ϕ∗τ ϕτ −1

∗

τ
→ 1 as τ → ∞. Because ϕϕ∗ τ → Γ∗ , we have ϕϕτ −1
→ Γ∗
τ −1
(
(
))
−2
τ
as T → ∞. From condition (33), we have ϕϕτ −1
+ 1 + κ 1 − λf β ϕϕττ −1
→ 1+β+κ+

Now, if Γ > 0, similarly, we have

−2
and ϕϕττ −1
→ Γ1∗
(
)
κ 1 − λf β Γ1∗ as τ → ∞. However, this is inconsistent with equation (44) when λf < 1. As a result, Γ = 0

when λ = 1, but λf < 1.
Finally, we prove that, when λ is sufﬁciently low, ϕ(λ, λf , τ ) converges to zero as τ → ∞. The eigenvalues
of the dynamical system (ϕτ , ϖτ ) based on conditions (41) and (42) are

(
m1 =

2
(

m2 =

[
]) √
2
β + (1 − β) λ + κλ + β (1 − θ) λf + θ − (β + (1 − β + κ) λ − β [(1 − θ) λf + θ]) + 4βλf λκ
[
]) √
2
β + (1 − β) λ + κλ + β (1 − θ) λf + θ + (β + (1 − β + κ) λ − β [(1 − θ) λf + θ]) + 4βλf λκ
2

>0

> m1

Note that limλ→0 m2 = β < 1. As a result, when λ is sufﬁciently low, both eigenvalues are below 1, which
means that ϕ(λ, λf , τ ) converges to zero as τ → ∞. The proof of part (ii) of Proposition 3 then follows simply
from letting τ = T.
For t = T > 0, from conditions (16), (17) and Assumption 1, we have ỹt = −R̃T
(
)
(
)
and π̃t = −κR̃T + κµ̃T . As a result, δTy λ, λf = 1 and δTπ λ, λf = κ for all λ, λf ∈ (0, 1].

Proof of Proposition 4.

For 0 < t ≤ T − 1, from condition (34), Assumption 3 and the proof of Proposition 3, we have

[ (
) [
]]
Ē0 [ỹt ] = −Ē0 λϕ λ, λf , T − t E R̃T |z
(
)
= −λϕ λ, λf , T − t Ē0 [R̃T ]
As a result,

(
)
δty (λ, λf ) = λϕ λ, λf , T − t .

46

(47)

Similarly, for 0 < t ≤ T − 1, from condition (35) and Assumption 3, we have

)
[
(
)
[
[
(
]
]]
Ē0 [π̃t ] = −Ē0 κλϕ λ, λf , T − t · E R̃T |z + λf ϖ λ, λf , T − t · E R̃T |z
(
(
)
(
))
= − κλϕ λ, λf , T − t + λf ϖ λ, λf , T − t Ē0 [R̃T ].
As a result,

δtπ

(
)
(
)
f
f
f
(λ, λf ) = κλϕ λ, λ , T − t + λ ϖ λ, λ , T − t .

(48)

Finally, the monotonicity of δty and δtπ with respect to λ and λf follow directly from Proposition 3.
Proof of Lemma 4.

Under Assumption 4, the new information each consumer i receives at period t ∈

{0, ..., T − 1} consists of the exogenous private signals si,t , price level p̃t , his own wage and dividend w̃i,t
]
[
∫
∫
∫
ỹt , we
and dividend ẽi,t . Because si,t di = z, w̃i,t di = w̃t = (ϵ + 1) ỹt , and ẽi,t di = ẽt = 1 − Ω(ϵ+1)
1−Ω
[ ]
have Ēt R̃T and Ēt [ỹt+k ] ∀1 ≤ k ≤ T − t are linear functions of z , {ỹs }ts=0 and {p̃s }ts=0 .62 From condition
t
(22), we have ỹt is a linear function of z , {ỹs }t−1
s=0 and {p̃s }s=0 . Iterating, we have

ỹt is a linear function of z and {p̃s }ts=0 .

(49)

Now, we prove by backward induction that, for t ∈ {0, ..., T − 1},

p̃t is a linear function of z, µ̃t , and {p̃s }t−1
s=0 .

(50)

To prove (50), one only need to prove that

π̃t is a linear function of z, µ̃t , and {p̃s }t−1
s=0 .

(51)

When ﬁrms have complete information, π̃t can be expressed

π̃t = κỹt + βEt [π̃t+1 ] + κµ̃t ∀t ≤ T − 1,

(52)

where Et denote the rational expectation conditional on all available information in the economy up to
[ ]
−1
period t, It 63 . Note that π̃T = −κR̃T , z = ET −1 R̃T , and ỹT −1 is a linear function of z and {p̃s }Ts=0
. From
−2
condition (6), π̃T −1 is a linear function of z , µ̃T −1 and {p̃s }Ts=0
. Now suppose, for some 0 ≤ t ≤ T − 2,

π̃t+1 is a linear function of z , µ̃t+1 and {p̃s }ts=0 . Together with the fact that ỹt is a linear combination of z
and {p̃s }ts=0 , we have π̃t is a linear function of z , µ̃t and {p̃s }t−1
s=0 . This ﬁnishes the proof of (50).
62
Even if there happen to exist multiple equilibria due to the endogeneity of the information, the above statements are valid for
any equilibrium, provided at least that we rule out sunspots.
63
In this case, it contains z and {µ̃s }ts=0 .
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Proof of Lemma 5.

To simplify notation, in this proof we let

[
[
]]
Ēt1 ,t2 ,··· ,tk [·] ≡ Ēt1 Ēt2 · · · Ētk [·] .
Following Lemma 4 and the discussion after it, we know that the information structure assumed in Assumption 4 is equivalent to the following information structure.
Assumption 6 in each period t ∈ {0, 1, · · · , T − 1}, a consumer observes a public signal of the form
(53)

ωt = z + ηt ,
(
)
where ηt ∼ N 0, κ−1
η,t is uncorrelated with z , and a private signal of the form

(54)

si,t = z + ϵi,t ,

(
)
where ϵi,t ∼ N 0, κ−1
ϵ,t is i.i.d. across consumers and uncorrelated with both z and ηt . Moreover, both
noises are uncorrelated over time and unpredictable on the basis of past information.
We require 0 < κϵ,0 < +∞. That is, at period 0, each agent receives a nontrivial but not totally informative
private signal about z . This is required for agents to have incomplete information about z , and thus also
about R̃T , in period 0. For 1 ≤ t ≤ T − 1, we let 0 ≤ κϵ,t < +∞. That is, the private information in
subsequent periods can be totally uninformative (as in Section 6), but cannot reveal z completely (otherwise
agents would attain complete information about R̃T ). Similarly, for 0 ≤ t ≤ T − 1, we let 0 ≤ κη,t < +∞.
Note that under Assumption 4, for any t ≤ T − 1, z is a summary statistics of R̃T based on period t’s
information set It . We have Ēt [R̃T ] = δ Ēt [z] , where δ ≡

{1, · · · , T − t}, and x = Ēt,t2 ,··· ,tk [R̃T ] ∈ Btk , we have

σz−2
−2
σR +σz−2

∈ (0, 1). As a result, for any t ≤ T −1,k ∈

x = Ēt,t2 ,··· ,tk [R̃T ] = δ Ēt,t2 ,··· ,tk [z] .
As a result, to prove Lemma 5, we only need to prove that, under Assumption 6, whenever t ≤ T − 2,

2 ≤ k ≤ T − t, and t = t1 < t2 < ... < tk ≤ T − 1, we have
(
)
(
)
V ar Ēt,t2 ,··· ,tk [z] < V ar Ēt [z] .

(55)

We ﬁrst introduce a few new notations and properties that will be useful for the proof. Whenever

t < t2 ≤ T − 1, under the information structure assumed in Assumption 6, we can use si,t,t2 = z + ϵi,t,t2
to denote the sufﬁcient statistic of all the new private signals consumer i receives between period t and t2
about z . In other words,

κϵ,t
κϵ,t+1
κϵ,t
si,t,t2 = ∑t2
si,t + ∑t2
si,t+1 + · · · ∑t2 2 si,t2 .
s=t κϵ,s
s=t κϵ,s
s=t κϵ,s
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As a result,

where κϵ,t,t2

(
)
κϵ,t
κϵ,t+1
κϵ,t
ϵi,t,t2 = ∑t2
ϵi,t + ∑t2
ϵi,t+1 + · · · ∑t2 2 ϵi,t2 ∼ N 0, κ−1
ϵ,t,t2 ,
s=t κϵ,s
s=t κϵ,s
s=t κϵ,s
∑2
= ts=t
κϵ,s denotes the precision of si,t,t2 .64 Similarly, we can use ωi,t,t2 = z + ηt,t2 to denote

the sufﬁcient statistic of all the new public signals between period t and t1 about z . In other words,

κϵ,t
κϵ,t+1
κϵ,t
ωt,t2 = ∑t2
ω t + ∑ t2
ωt+1 + · · · ∑t2 2 ωt2 .
s=t κϵ,s
s=t κϵ,s
s=t κϵ,s
As a result,

where κη,t,t2

(
)
κη,t
κη,t+1
κη,t
ηt,t2 = ∑t2
ηt + ∑t2
ηt+1 + · · · + ∑t2 2 ηt2 ∼ N 0, κ−1
η,t,t2 ,
s=t κη,s
s=t κη,s
s=t κη,s
∑2
= ts=t
κη,s denotes the precision of ωt,t2 .65 Because ϵi,t and ηt are uncorrelated across time,

whenever s < t < t2 ≤ T − 1, we have

Ei,s [si,t,t2 ] = Ei,s [z] ,

(56)

Ei,s [ωt,t2 ] = Ei,s [z] .

(57)

Now, we provide an explicit formula about each consumer i’s belief about z at period t ≤ T − 1, Ei,t [z] .
(
) 66
It depends on his prior about z , z ∼ N 0, κ−1
, private signals he receives between period 0 and t about
z

z , and public signals he receives between period 0 and t about z . As a result,
(58)

Ei,t [z] = αt si,0,t + βt ω0,t ,
where αt =

κϵ,0,t
κz +κϵ,0,t +κη,0,t

∈ (0, 1) is the relative precision of private signals, βt =

the relative precision of public

signal.67

κη,0,t
κz +κϵ,0,t +κη,0,t

∈ [0, 1) is

Also, the precision of each consumer i’s posterior about z at period

t is κt = κz + κϵ,0,t + κη,0,t .68 Aggregating over i, we have
Ē t [z] = αt z + βt ω0,t .

(59)

From condition (59) and the fact that each consumer i has uncertainty about z at period t ≤ T − 1, the
consumer also faces uncertainty about Ē t [z]:

(
)
V ar Ē t [z] |Ii,t > 0 ∀i and t ≤ T − 1,
64
If κϵ,t,t2 = 0, we can simply deﬁne si,t,t2 = z + ϵi,t,t2 where ϵi,t,t2 ∼ N (0, +∞). That is, consumer i effectively receives a
totally uninformed private signal between period t and t2 .
65
If κη,t,t2 = 0, we can simply deﬁne ωt,t2 = z + ηt,t2 where ηt,t2 ∼ N (0, +∞). That is, consumers effectively receive a totally
uninformed public signal between period t and t2 .
66
2
2
0 < κ−1
z = σR + σz < +∞.
67
We also have αt + βt < 1.
68
We use κ−1 = κz to denote the precision of each consumer i’s prior about z .
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where Ii,t is consumer i’s information set at period t. Using the law of total variance, we have

(
[
])
(
)
V ar Ei,t Ēt [z] < V ar Ēt [z] .
Similarly, note that for any random variable X , and any information set I , according to the law of total
variance, we have

V ar (E [X|I]) ≤ V ar (X) .
Using the fact that Ē t [·] = E [Ei,t [·] |Ωt ], where Ωt is the cross-sectional distribution of consumers’ information sets, Iit , at time t,

( [
])
(
[
])
(
)
V ar Ēt Ēt [z] ≤ V ar Ei,t Ēt [z] < V ar Ēt [z] .

(60)

Similarly, for all h ≥ 2, we have

(
)
(
)
(
)
V ar E¯th [z] ≤ V ar E¯t2 [z] < V ar Ēt [z] ,
where Ē ht [z] =

∫

(61)

[
]
Ei,t Ē h−1
[z]
di denote consumers’ average h-th order belief of z at period t.
t

Now, whenever t < t2 ≤ T − 1, consider the relationship between consumer belief about z at period t
and his belief at period t2 . Speciﬁcally, consumer i’s information about z in period t2 can be decomposed
into three parts: his information about z at period t, new private signals he receives between period t + 1
and t2 about z , and new public signals he receives between period t + 1 and t2 about z . As a result,

Ei,t2 [z] = (1 − αt,t2 − βt,t2 ) Ei,t [z] + αt,t2 si,t+1,t2 + βt,t2 ωt+1,t2 ,
where αt,t2 =

κϵ,t+1,t2
κt +κϵ,t+1,t2 +κη,t+1,t2

∈ [0, 1) is the relative precision of signal si,t+1,t2 and βt,t2 =

κη,t+1,t2
κt +κϵ,t+1,t2 +κη,t+1,t2

[0, 1) is the relative precision of signal ηt+1,t2 . Aggregating over i, we have
Ēt2 [z] = (1 − αt,t2 − βt,t2 ) Ēt [z] + αt,t2 z + βt,t2 ωt+1,t2 .

(62)

Finally, when s ≤ t < t2 ≤ T − 1, we consider Ei,t [ωs,t2 ] and Ē t [ωs,t2 ] . Note that the public signals
between period s and t2 about z has two components: the public signals between period s and t about z and
the public signals between period t + 1 and t2 about z . As a result, there exists γs,t,t2 =
such that69

βs−1,t2 ωs,t2 = βs−1,t2 (1 − γs,t,t2 ) ωs,t + βs−1,t2 γs,t,t2 ωt+1,t2 .
69

If κη,s,t + κη,t+1,t2 =
κη,s,t2
= 0.
κs−1 +κϵ,s,t2 +κη,s,t2

κη,t+1,t2
κη,s,t +κη,t+1,t2

∈ [0, 1]
(63)

κη,s,t2 = 0, condition (63) is automatically satisﬁed for any γs,t,t2 , because in that case βs−1,t2 =
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∈

Using condition (57), we then have

βs−1,t2 Ēt [ωs,t2 ] = βs−1,t2 (1 − γs,t,t2 ) ωs,t + βs−1,t2 γs,t,t2 Ēt [z] .

(64)

Now we prove that, under Assumption 6, whenever k ≥ 2 and t = t1 < t2 < ... < tk ≤ T − 1, we have

(
)
(
)
V ar Ēt,t2 ··· ,tk [z] < V ar Ēt [z] ,
We proceed by induction on k . When k = 2, we only need to prove that, whenever t = t1 < t2 ≤ T − 1,

)
)
(
(
V ar Ēt,t2 [z] < V ar Ēt [z] .

(65)

From conditions (57) and (62), we have

[
]
[
]
Ei,t Ēt2 [z] = (1 − αt,t2 − βt,t2 ) Ei,t Ēt [z] + (αt,t2 + βt,t2 ) Ei,t [z] ,
[
]
Ēt,t2 [z] = (1 − αt,t2 − βt,t2 ) Ēt Ēt [z] + (αt,t2 + βt,t2 ) Ēt [z] .
Together with (60) and the fact that 0 ≤ αt,t2 + βt,t2 =

(
)
V ar Ēt,t2 [z] ≤

κϵ,t+1,t2 +κη,t+1,t2
κt +κϵ,t+1,t2 +κη,t+1,t2

(66)

< 1, we have

)
(
√
√
])
( [
(
) 2
(
)
< V ar Ēt [z] ,
(1 − αt,t2 − βt,t2 ) V ar Ēt Ēt [z] + (αt,t2 + βt,t2 ) V ar Ēt [z]
(67)

where we used the fact that, for any random variables X, Y and scalars a, b ≥ 0, the following is true:

V ar(aX + bY ) = a2 V ar(X) + 2abCov (X, Y ) + b2 V ar (Y )
√
≤ a2 V ar(X) + 2ab V ar (X) V ar (Y ) + b2 V ar (Y )
( √
)2
√
=
a V ar (X) + b V ar (Y ) .

(68)

This ﬁnishes the proof of condition (65).
Now suppose for k ≥ 2, we have, whenever 1 ≤ l ≤ k, and t = t1 < t2 < ... < tl ≤ T − 1,

(
)
(
)
V ar Ēt,t2 ,··· ,tl [z] < V ar Ēt [z] .

(69)

We prove, whenever t = t1 < t2 < ... < tk+1 ≤ T − 1, that

(
)
(
)
V ar Ēt,t2 ,··· ,tk+1 [z] < V ar Ēt [z] ,
Using condition (62), we have

(
)
Ētk+1 [z] = 1 − αt,tk+1 − βt,tk+1 Ēt [z] + αt,tk+1 z + βt,tk+1 ωt+1,tk+1 .
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(70)

Together with condition (64), we have

(
)
[
]
Ētk ,tk+1 [z] = 1 − αt,tk+1 − βt,tk+1 Ētk ,t [z] + αt,tk+1 Ētk [z] + βt,tk+1 Ētk ωt+1,tk+1
)
(
)
(
)
(
= 1 − αt,tk+1 − βt,tk+1 Ētk ,t [z] + αt,tk+1 + βt,tk+1 γt+1,tk ,tk+1 Ētk [z] + βt,tk+1 1 − γt+1,tk ,tk+1 ωt+1,tk .
As a result,

(
)
(
)
Ēt,t2 ,··· ,tk+1 [z] = 1 − αt,tk+1 − βt,tk+1 Ēt,··· ,tk ,t [z] + αt,tk+1 + βt,tk+1 γt+1,tk ,tk+1 Ēt,··· ,tk [z]
(
)
+ βt,tk+1 1 − γt+1,tk ,tk+1 Ēt,··· ,tk−1 [ωt+1,tk ] .
Iterating βt,tk+1 Ēt,··· ,tk−1 [ωt+1,tk ] by condition (64), we have

)
(
)
(
Ēt,t1, t2 ,··· ,tk+1 [z] = 1 − αt,tk+1 − βt,tk+1 Ēt,··· ,tk ,t [z] + αt,tk+1 + βt,tk+1 γt+1,tk ,tk+1 Ēt,··· ,tk [z]
{[ k
]
}
k−1
∑
∏ (
)
+ βt,tk+1
1 − γt+1,ts ,ts+1 γt+1,tl ,tl+1 Ēt,··· ,tl [z]
l=1

+ βt,tk+1

k
∏

(71)

s=l+1

(

)
1 − γt+1,ts ,ts+1 Ēt [z]

s=1

Using (69), we have

Now we prove

)
(
)
(
V ar Ēt,t2 ,··· ,tl [z] < V ar Ēt [z]

1 ≤ l ≤ k.

(
)
(
)
V ar Ēt,··· ,tk ,t [z] < V ar Ēt [z] .

(72)

(73)

From condition (59) and the fact that each consumer i has uncertainty about z at period tk , each consumer
also faces uncertainty about Ē t [z] at period tk . Similar as (60), we have,

(
)
(
)
V ar Ētk ,t [z] < V ar Ēt [z] .
Similarly to (61), we have

(
)
(
)
(
)
V ar Ēt,··· ,tk ,t [z] ≤ V ar Ētk ,t [z] < V ar Ēt [z] .
This proves (73). From conditions (68), (71), (72) and (73), we have

(
)
(
)
V ar Ēt,t2 ,··· ,tk+1 [z] < V ar Ēt [z] .
This proves (70), thus also proving (55) and completing the proof of Lemma 5.
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Cov (x,Ēt [R̃T ])
Whenever t ≤ T −2, 2 ≤ k ≤ t−T and x ∈ Btk , let βx = V ar Ē [R̃ ] denote the co(√t T )
(
)
(
)
efﬁcient of the projection of x on Ēt [R̃T ]. Under Assumption 4, Cov x, Ēt [R̃T ] ≤ V ar (x) V ar Ēt [R̃T ] <
(
)
V ar Ēt [R̃T ] from Lemma 5. As a result, βx < 1. Moreover, we have

Proof of Corollary 3.

(
)
Cov x, Ēt [R̃T ]
(
) < 1.
|βx | =
V ar Ēt [R̃T ]
Proof of Proposition 5.
Proof of Lemma 6.

(74)

This is a special case of Proposition 6.

Under Assumption 1, aggregate spending in equation (22) can be written as

ỹ t = −β T −t Ēt [R̃T ] +

T
−t
∑

β k−1 Ēt [π̃t+k ] + (1 − β)

k=1

T −t
∑

β k−1 Ēt [ỹt+k ] .

(75)

k=1

Substituting condition (21) into the above condition and use the fact that µ̃t is i.i.d. over time, we have

ỹ t = −β

T −t

Ēt [R̃T ] + κ

= −β T −t Ēt [R̃T ] +

T
−t
∑

{
β

k−1

Ēt

[T −t−k
∑

]}
τ

β ỹt+k+τ

+ (1 − β)

τ =0

k=1
T
−t
∑

T
−t
∑

β k−1 Ēt [ỹt+k ]

k=1

(1 − β + kκ) β k−1 Ēt [ỹt+k ] .

k=1

Proof of Proposition 6.

For t < T − 1, under Assumption 4, using condition (20), we can write ỹt as a

linear function of elements in Btk (1 ≤ k ≤ T − t):

∑

ỹt = −

1≤k≤T −t and

χx x

(76)

x∈Btk

where χx > 0 for all x ∈ Btk and 1 ≤ k ≤ T − t.
Note that, under complete information (Assumption 2), x = Et [R̃T ], for all x ∈ B0k and 1 ≤ k ≤ T . We
have

∑
1≤k≤T −t and

χx = ϕ∗ (T − t)

(77)

x∈Btk

from the proof of Lemma 2.
Let ϕt denote the absolute value of coefﬁcient of the projection of ỹt on Ēt [R̃T ]. Using (76), (77) and
(74), we know that ϕt < ϕ∗t = ϕ∗ (T − t) .70
70

We use the fact that, when t < T − 1, (76) contains some terms x ∈ Btk with k ≥ 2. We also use that, from Corollary 3, the
coefﬁcient of the projection of such x on Ēt [R̃T ] is strictly less than 1.
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Proof of Proposition 7.

As mentioned in the main text, we maintain the fact that ﬁrms have complete

f
information, Ij,t
= It . Extending the deﬁnition in the main text, for all τ, k ≥ 0, we use χk,τ to denote the

(absolute value of) inﬂuence of k -order average belief of R̃T on spending ỹT −τ .71 Also, for all k, τ ≥ 0, we
∑
let sk,τ ≡ kl=1 χl,τ denote the combined (absolute value of) effect of beliefs of order up to k on spending

ỹ T −τ .
From condition (22), the effect of k -order average belief on spending, χk,τ , can be characterized as

χ0,0 = 1,
χ1,τ = (1 + τ κ) β τ −1 ∀τ ≥ 1,
χk,τ =

τ −k+1
∑

(1 − β + lκ) β l−1 xk−1,τ −l ∀k ≥ 2 and τ ≥ k,

(78)
(79)

l=1

χk,τ = 0 ∀k > τ.
We can then characterize the combined effect of beliefs of order up to k on spending, sk,τ , as

s0,0 = 1,
s0,τ = 0 ∀τ ≥ 1,
sk,τ = β τ +

τ
∑

(1 − β + lκ) β l−1 sk−1,τ −l ∀k ≥ 1 and τ ≥ 0.

(80)

l=1

Let dτ = sτ,τ denote the combined effect of beliefs of all different orders on spending. It coincides with
the spending response under complete information deﬁned in Proposition 1, dτ = ϕ∗ (τ ). This is because,
under Assumption 2, all different orders of beliefs about RT at period t are Et [R̃T ] itself. Following the proof
of Proposition 1, we have

d0 = 1,
d1 = 1 + κ,
dτ
dτ −2
+β
=1 + β + κ
dτ −1
dτ −1

∀τ ≥ 2.

(81)

Now we prove sk,τ satisﬁes an inequality with a similar form as condition (81):

sk,τ
sk,τ −1

+β

sk,τ −2
≤ 1 + β + κ ∀τ ≥ 2 and k ≥ 1.
sk,τ −1

71

(82)

We have χk,τ = 0 ∀k > τ ≥ 0, that is, when the order of belief k is higher than horizon τ = T − t, k-th order belief does
not matter for spending ỹT −τ . This can be seen from iterating conditions (22) once we impose Assumption 1. Also, as one can see
from iterating conditions (22), the inﬂuence of k-order belief on consumption and inﬂation only depends on the distance between
t and T, τ = T − t. That is why we can use notations χk,τ and ψk,τ . Finally, note that we assume ﬁrms are completely informed.
Higher order beliefs here only involve consumer’s belief of consumer’s belief of · · · .
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From condition (80), we have

βsk,τ −1 = β τ +

τ
∑

(1 − β + (l − 1) κ) β l−1 sk−1,τ −l ∀k ≥ 1 and τ ≥ 1.

l=2

As a result, we can write sk,τ in a recursive form:

sk,τ = βsk,τ −1 + (1 − β) sk−1,τ −1 + κ

τ
∑

β l−1 sk−1,τ −l ∀k ≥ 1 and τ ≥ 1,

l=1

βsk,τ −1 = β 2 sk,τ −2 + β (1 − β) sk−1,τ −2 + κ

τ
∑

β l−1 sk−1,τ −l ∀k ≥ 1 and τ ≥ 2.

l=2

Using the previous two conditions, we have, for all k ≥ 1 and τ ≥ 2,

sk,τ + β 2 sk,τ −2 + β (1 − β) sk−1,τ −2 = 2βsk,τ −1 + (1 − β + κ) sk−1,τ −1 ,
sk,τ + βsk,τ −2 = (1 + β + κ) sk,τ −1 + β (1 − β) χk,τ −2 − (1 − β + κ) χk,τ −1 .

(83)

To prove (82), we only need to prove:

β (1 − β) χk,τ −2 ≤ (1 − β + κ) xk,τ −1 ∀k ≥ 1 and τ ≥ 2.

(84)

In fact, we prove the following stronger result:

βχk,τ −2 ≤ xk,τ −1 ∀k ≥ 1 and τ ≥ 2.

(85)

From condition (78), we know that (85) is true for k = 1 and τ ≥ 2. From condition (79), we know that

χk,τ −1 = β τ −1 +

τ∑
−k

(1 − β + lκ) β l−1 xk−1,τ −1−l ∀k ≥ 2 and τ ≥ k + 1,

(86)

l=1

βχk,τ −2 = β τ −1 +

τ∑
−k

(1 − β + (l − 1) κ) β l−1 xk−1,τ −1−l ∀k ≥ 2 and τ ≥ k + 2.

l=2

This proves βχk,τ −2 ≤ xk,τ −1 for k ≥ 2 and τ ≥ k + 2. Together with the fact that, χk,τ −2 = 0 ∀k ≥ τ − 1,
we prove (85) and thus (84). This ﬁnishes the proof of (82).
Based on (81) and (82), we can then establish Proposition (7). That is, for any given k ≥ 1 and τ ≥ k ,
the relative contribution of the ﬁrst k orders,

sk,τ
sτ,τ

=

sk,τ
dτ ,

strictly decreases with τ .

s
> dk,k+1
, because xk+1,k+1 > 0. Then, we can proceed by
First, note that, for any given k ≥ 1,1 =
k+1
sk,τ
s +1
s
τ
induction on τ ≥ k , for any ﬁxed k ≥ 1. If we have dτ > dk,τ
for some τ ≥ k , we have sk,τk,τ+1 > dτd+1
.
τ +1
sk,τ +2
sk,τ +1
sk,τ +2
dτ +2
Using (81) and (82), we have sk,τ +1 < dτ +1 , and thus dτ +1 > dτ +2 . This completes the proof that, for any
s
k ≥ 1 and any τ ≥ k, the ratio sk,τ
, strictly decreases with the horizon τ .
τ,τ
sk,k
dk
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Finally, we prove that, for any k ≥ 1,

sk,τ
→ 0,
sτ,τ

as τ → ∞.

(87)

In other words, we want to prove the relative contribution of the ﬁrst k orders of beliefs to aggregate spending
converges to zero when the horizon τ goes to inﬁnity. We consider two cases, depending on whether κ = 0
or κ > 0.
(i) Suppose κ = 0. From the proof of Proposition 1, we have sτ,τ = ϕ∗ (τ ) = 1, ∀τ ≥ 0. From
condition (78), χ1,τ = s1,τ = β τ −1 . This proves (87) for k = 1. If there exists k ≥ 2 such that (87) does
not hold, we let k ∗ ≥ 2 denote the smallest of such k . Then, (87) holds for 1 ≤ k ≤ k ∗ − 1. Because we
already prove that sk∗ ,τ =

sk∗ ,τ =

sk∗ ,τ
sτ,τ

sk∗ ,τ
sτ,τ

≥ 0 is decreasing with the horizon τ , there exists 0 < Γ < 1 such that

→ Γ as τ → ∞. Note that sk,τ = sk−1,τ + χk,τ , ∀k, τ ≥ 1, we have
χk∗ ,τ
→ Γ as τ → ∞,
sτ,τ

(88)

χk,τ
→ 0, ∀1 ≤ k ≤ k ∗ − 1 as τ → ∞.
sτ,τ

(89)

χk∗ ,τ =
and

χk,τ =

Now we prove that, when κ = 0, for all k ≥ 2 and τ ≥ k + 1,

χk,τ = βxk,τ −1 + (1 − β) χk−1,τ −1 .

(90)

This comes from conditions (79) and (86). From (88) and (89), we have

χk∗ ,τ → Γ and βχk∗ ,τ + (1 − β) χk∗ −1,τ → βΓ as τ → ∞.
This contradicts condition (90) when Γ > 0. As a result, we have proved (87) when κ = 0.
(ii) Now let κ > 0. First note that, from condition (80), we have s1,τ = (1 + τ κ) β τ −1 → 0, as τ → +∞.
From the proof of Proposition 1, we know sτ,τ = dτ = ϕ∗ (τ ) ≥ 1. As a result, (87) is true for k = 1.
If there exists k ≥ 2 such that (87) does not hold, we let k ∗ ≥ 2 denote the smallest of such k . Then, (87)
holds for 1 ≤ k ≤ k ∗ − 1. Because we already prove that
exists 0 < Γ < 1 such that

sk∗ ,τ
sτ,τ

=

sk∗ ,τ
ϕ∗ (τ )

sk∗ ,τ
sτ,τ

≥ 0 is decreasing with the horizon τ , there

→ Γ as τ → ∞. As a result,

we already prove that, in the proof of 1,

ϕ∗ (τ )
ϕ∗ (τ −1)

→ Γ∗ , we have

sk∗ ,τ ϕ∗ (τ −1)
ϕ∗ (τ ) sk∗ ,τ −1

→ 1 as τ → ∞. Because

sk∗ ,τ −2
sk∗ ,τ
1
→ Γ∗ and
→ ∗ as τ → ∞.
sk∗ ,τ −1
sk∗ ,τ −1
Γ
Note that sk∗ ,τ = sk∗ −1,τ + χk∗ ,τ and
a result

sk∗ −1,τ
sτ,τ

→ 0 as τ → ∞, we have

χk∗ ,τ ϕ∗ (τ )
χk∗ ,τ
= ∗
→ 1 as τ → ∞.
sk∗ ,τ
ϕ (τ ) sk∗ ,τ
56

χk∗ ,τ
sτ,τ

(91)

=

χk∗ ,τ
ϕ∗ (τ )

→ Γ as τ → ∞. As
(92)

Now we prove a stronger version of (82)

sk,τ
sk,τ −1

+β

sk,τ −2
χk,τ −1
+κ
≤ 1 + β + κ ∀τ ≥ 2 and k ≥ 1.
sk,τ −1
sk,τ −1

(93)

This comes from the fact that (85) can be written as

β (1 − β) χk,τ −2 + κχk,τ −1 ≤ (1 − β + κ) xk,τ −1 ∀τ ≥ 2 and k ≥ 1.

(94)

Using (33), (91) and (92), we have

sk∗ ,τ
sk∗ ,τ −1

+β

χ∗k,τ −1
sk∗ ,τ −2
1
+κ ∗
→ Γ∗ + β ∗ + κ = 1 + β + 2κ as τ → ∞.
sk∗ ,τ −1
sk,τ −1
Γ

This contradicts (93) and proves (87).
Proof of Proposition 8.

We ﬁrst prove that, under Assumption (5),

( )
(
)k
V ar (x) ≤ 1 − ϵ2 V ar R̃T .

(95)

for any x = Ēt Ēt2 ...Ētk [R̃T ] ∈ Btk .
To simplify notation, let y = Ēt2 ...Ētk [R̃T ] for k ≥ 3, y = Ēt2 [R̃T ] for k = 2, and y = R̃T for k = 1. From
Assumption 5, there is at least a mass ϵ of consumers such that

V ar (Et [y] |Iit ) ≥ ϵV ar (Et [y]) .
As a result,

E [V ar (Et [y] |Iit ) |Ωt ] ≥ ϵ2 V ar (Et [y])
where Ωt is the cross-sectional distribution of consumer i’s information set Iit at period t. Using the law of
total variance, we have

E [V ar (Et [y] |Iit ) |Ωt ] + V ar (E [Et [y] |Iit ]) = E [V ar (Et [y] |Iit ) |Ωt ] + V ar (E [y|Iit ]) = V ar (Et [y]) .
As a result, we have72

(
)
(
)
(
)
V ar (x) = V ar Ēt Ēt2 ...Ētk [R̃T ] = V ar Ēt [y] ≤ V ar (E [y|Iit ]) ≤ 1 − ϵ2 V ar (Et [y])
(
)
(
)
(
)
≤ 1 − ϵ2 V ar (y) = 1 − ϵ2 V ar Ēt2 ...Ētk [R̃T ] .
Iterating the previous condition proves (95).
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We use the fact that for any random variable X , and any information set I , V ar (E [X|I]) ≤ V ar (X) . We also use the fact
that Ē t [·] = E [E [· |Iit |] |Ωt ], where Ωt is the cross sectional distribution of Iit at time t,
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Let ϕ denote the absolute value of the coefﬁcient of the projection of ỹ0 on Ē0 [RT ] . Together with (68)
and the fact that ϕ∗ (T ) = sT,T 73 , we have

(

ϕ
ϕ∗

)2

(
[ ]) 2
)
[ T (
√
( )
Cov ỹ0 , Ē0 R̃T
∑ sk,T (
)k
1
V
ar
(ỹ
)
0
2
2
( [ ])  ≤
(
(
)≤
)
=
1−ϵ
V ar R̃T
ϕ∗ (T )V ar Ē0 R̃T
[ϕ∗ (T )] 2 V ar Ē0 [R̃T ]
V ar Ē0 [R̃T ] k=1 sT,T
( )
[ T (
)]2 V ar R̃
∑ sk,T (
k
T
)
(
).
=
1 − ϵ2 2
(96)
sT,T
V ar Ē [R̃ ]


0

k=1

T

h

(1−ϵ2 ) 2

ϑ
∗ ∈ N such
For any ϑ > 0, there exists h ∈ N+ such that
+
1 ≤ 2 . From Proposition 7, there exists T
1−(1−ϵ2 ) 2
∑
sk,T
ϑ
∗
that, for all T ≥ T ∗ , h−1
k=1 sT,T ≤ 2 . As a result, for all T ≥ T ,

(
)h
T
h−1
T
∑
∑
)k ∑
(
)k
1 − ϵ2 2
sk,T (
sk,T
ϑ
2 2
2 2
≤ ϑ.
1−ϵ
≤
+
1−ϵ
≤ +
sT,T
sT,T
2 1 − (1 − ϵ2 ) 21
k=1
k=1
k=h
This proves

)
T (
∑
)k
sk,T (
2 2
1−ϵ
→ 0 as T → +∞.
sT,T
k=1

(
)
Together with (96) and the fact that V ar Ē0 [R̃T ] ≥ ϵ, the proof of Proposition (8) is completed.
(
)
Proof of Proposition 9. To simplify notation, we use ϕτ and ϖτ as shortcuts for, respectively, ϕ λ, λf , τ
(
)
and ϖ λ, λf , τ , where the functions ϕ and ϖ are deﬁned as in the proof of Lemma 3. Similarly, we use ϕ∗τ
to denote ϕ∗ (τ ) .
From conditions (36) and (37), we have

∂ϕ(λ, 1, 1)
∂ϖ1
∂ϖ(λ, 1, 1)
∂ϕ1
=
= 1 > 0 and
=
= β > 0.
∂κ
∂κ
∂κ
∂κ

(97)

For any τ ≥ 2, when λf = 1, conditions (41) and (42) become

ϕτ = (β + (1 − β + κ) λ) ϕτ −1 + ϖτ −1 ,
ϖτ = κβλϕτ −1 + βϖτ −1 .
As a result, for all τ ≥ 2, we have

73

∂ϕτ −1
∂ϖτ −1
∂ϕτ
= (β + (1 − β + κ) λ)
+ λϕτ −1 +
,
∂κ
∂κ
∂κ

(98)

∂ϕτ −1
∂ϖτ −1
∂ϖτ
= κβλ
+ βλϕτ −1 + β
.
∂κ
∂κ
∂κ

(99)

This is pointed out in the proof of Proposition 7.
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From conditions (97), (98) and (99),

∂ϕτ
∂κ

and

∂ϖτ
∂κ

are strictly positive for any τ ≥ 1 by induction. Moreover,

from conditions (36), (37) and (97), we have that

∂ϕ2
∂κ

and

∂ϖ2
∂κ

are strictly increasing in λ. Then, from

conditions (98), (99) and the fact that ϕτ itself is strictly increasing in λ for all τ ≥ 2, we have

∂ϕτ
∂κ

and

∂ϖτ
∂κ

are strictly increasing in λ for all τ ≥ 2 by induction. The result then follows simply from letting τ = T.
Proof of Proposition 10. To simplify notation, we once again use ϕτ and ϖτ as shortcuts for, respectively,
(
)
(
)
ϕ λ, λf , τ and ϖ λ, λf , τ .
(i) The Euler condition still holds at the individual level, as condition (10) shows. Imposing Assumption
1 and aggregating equation (10), we have, for all t ≤ T − 2:

∫

1

ỹt = c̃t =

Ei,t [c̃i,t+1 ] di + Ēt [π̃t+1 ] ,
0

which is condition (25) in the main text. What remains is to link

∫1
0

Ei,t [c̃i,t+1 ] di to Et [ỹt+1 ] and Ēt [π̃t+1 ]

to Et [π̃t+1 ].
From conditions (11) and (16), we have, for all t ≤ T − 2:

∫

1

Ei,t [c̃i,t+1 ] di = −β T −t Ē t [R̃T ] +

0

T
−t
∑

β k−1 Ē t [π̃t+k ] + (1 − β)

k=2

β ỹt+1 = −β T −t Ēt+1 [R̃T ] +

T
−t
∑

T −t
∑

β k−1 Ē t [ỹt+k ] ,

(100)

k=1

β k−1 Ēt+1 [π̃t+k ] +

k=2

T −t
∑

(1 − β) β k−1 Ēt+1 [ỹt+k ] .

(101)

k=2

Under Assumption 3, each consumer has the same information about R̃T in all periods t ≤ T − 1. In
particular,

Ē t [R̃T ] = λδz ∀t ≤ T − 1,

(102)

f
f
Ē t [Ē t+1 [R̃T ]] = λĒ t+1 [R̃T ] and Ē t [Ēt+1
[R̃T ]] = λĒt+1
[R̃T ] ∀t ≤ T − 2.

(103)

and, by implication,

Furthermore, from the proof of Lemma 3, we have that, for all t ≤ T − 1,

ỹt = −ϕT −t Ēt [R̃T ]

and

π̃t = −ϖT −t Ē t [R̃T ] + κỹt + κµ̃t .

Together with conditions (103) and (103), we have, for all t ≤ T − 2,

]
[
Ēt [ỹt+1 ] = −Ēt ϕT −t−1 Ēt+1 [R̃T ] = −ϕT −t−1 λĒt+1 [R̃T ] = λEt [ỹt+1 ] ,

(104)

[
]
f
Ēt [π̃t+1 ] = Ēt −ϖT −t−1 Ē ft+1 [R̃T ] + κỹt+1 + κµ̃t+1 = −ϖT −t−1 λĒt+1
[R̃T ] + λκEt [ỹt+1 ] = λEt [π̃t+1 ] ,
(105)
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Ē t [ỹt+k ] = Ēt+1 [ỹt+k ]

and

Ē t [π̃t+k ] = Ēt+1 [π̃t+k ]

∀k ∈ {2, ..., T − t}

(106)

Together with conditions (100) and (101), we have, for all t ≤ T − 2,

∫
β ỹt+1 + (1 − β) Ē t [ỹt+1 ] =

1

Ei,t [c̃i,t+1 ] di.
0

Substituting the previous condition into condition (25), we have, for all t ≤ T − 2,

ỹt = β ỹt+1 + (1 − β) Ēt [ỹt+1 ] + Ēt [π̃t+1 ] .
Using conditions (104) and (105), we arrive at the following discounted Euler equation, for all t ≤ T − 2:

ỹt = (β + (1 − β) λ) Et [ỹt+1 ] + λEt [π̃t+1 ] .
(ii) From condition (17), we have, for all t ≤ T − 2 :

π̃t = κ

T
−t
∑
k=1

π̃t+1 = κ

T −t
∑

k

(βθ)

Ētf

T −t
1−θ ∑
(βθ)k Ētf {π̃t+k } + κỹt + κµ̃t ,
{ỹ t+k } +
θ

(107)

k=1

f
(βθ)k−1 Ēt+1
{ỹ t+k } +

k=2

T −t
1−θ ∑
f
(βθ)k−1 Ēt+1
{π̃t+k } + κỹt+1 + κµ̃t+1 .
θ
k=2

Using a similar argument as in part (i), we have that, under Assumption 3, for all t ≤ T − 2,

Ētf [ỹt+1 ] = λf Et [ỹt+1 ] ,

Ētf [π̃t+1 ] = λf Et [π̃t+1 ] ,

f
f
Ētf [π̃t+k ] = Ēt+1
[π̃t+k ] and Ētf [ỹt+k ] = Ēt+1
[ỹt+k ] ∀k ∈ {2, ..., T − t}.

Together with conditions (34), (107) and (108), we have

[
]
(
)
π̃t = κỹ t + β (1 − θ) Ētf [π̃t+1 ] + θEt [π̃t+1 ] + βθκ Ētf [ỹ t+1 ] − Et [ỹ t+1 ] + κµ̃t
[
]
{
(
)
}
= β θ + (1 − θ) λf Et [π̃t+1 ] + κ ỹ t − βθ 1 − λf Et [ỹt+1 ] + κµ̃t
[
]
= β θ + (1 − θ) λf Et [π̃t+1 ] + κmt ỹ t ,
(
)ϕ
where mt ≡ 1 − βθ 1 − λf ϕT T−t−1
. Finally, to verify that mt ∈ (0, 1), note that, from condition (41),
−t
0<

ϕT −t−1
1
.
≤
ϕT −t
β + (1 − β + κ) λ

and therefore

(
)
(
)ϕ
f
βθ
1
−
λ
T
−t−1
1 > mt = 1 − βθ 1 − λf
> 0,
≥1−
ϕT −t
β + (1 − β + κ) λ
60

(108)

which completes the proof.
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