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Abstract

Two games are best-response equivalent if they have the same best-response correspondence. We
provide a characterization of when two games are best-response equivalent. The characterizations
exploit a dual relationship between payoff differences and beliefs. Some “potential game” arguments
[Games Econ. Behav. 14 (1996) 124] rely only on the property that potential games are best-response
equivalent to identical interest games. Our results show that a large class of games are best-response
equivalent to identical interest games, but are not potential games. Thus we show how some existing
potential game arguments can be extended.
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1. Introduction

We consider three progressively stronger equivalence relations on games and character-
ize each of them.

e Two games are best-response equivalent if they have the same best-response corre-
spondence.

e Two games are better-response equivalent if, for every pair of strategies, they agree
when one strategy is better than the other.
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e Two games are von Neumann—Morgenstamigalent (VNM-equivalent) if, for each
player, the payoff function in one game igual to a constant times the payoff function
in the other game, plus a function that depends only on the opponents’ strategies.

Two games are VNM-equivalent if and only if, for each playethere is a constant
w; > 0 such that the ratio of payoff differeas from switching between one strategy to
another strategy is always;. The constaniy; is thus independent of the strategies being
compared.

Two games are better-response equivalent if and only if they have the same dominance
relations and, for each playérand each pair of strategies anda; such that neither
strategy strictly dominates the other, there exists a constant0 such that the ratio of
payoff differences from switching between andq; is alwaysw;. In general, this is a
weaker requirement than VNM-equivalendeis weaker both because the proportional
payoff differences property is no longer requite hold between some strategy pairs, and
because the weight; is not necessarily independent of the strategy pair. But if the game
does not have dominated strategies, the weights can no longer depend on the strategies
being compared, and better-response equivalence collapses to VNM-equivalence.

Two games are best-response equivalentif and only if, for each playereach pair of
strategies; anda; such that both strategies are a best response to some belief, there exists a
constantw; > 0 such that the ratio of payoff differences from switching betv\temmdalf
is alwaysw; . Even if a game has no dominated strategies, this is a weaker requirement than
VNM-equivalence. In games with diminishing marginal returns, best-response equivalence
is always a strictly weaker requirement thdNM-equivalence. Examples are given in the
paper.

The most extensive discussion and applications of these relations have come in the
literature on potential games. Monderer and Shapley (1996b) said that a game was a
“potential game” if there exists a potentialrfction, defined on the strategy space, with
the property that the change in any player’s payoff function from switching between any
two of his strategies (holding other players’ strategies fixed) was equal to the change
in the potential functiort. A game is “weighted potential game,” if the payoff changes
are proportional for each player. Thus a gaim a weighted potential game if and only
if it is VNM-equivalent to a game with identical payoff functions. While some results
using potential or weighted potential game arguments are using the VNM-equivalence to
identical interest games, other arguments are just using the better-response equivalence and
even only best-response equivalence implications of VNM-equiva®Acs. paper that
deals only with equilibria is using only biesesponse equivalence (e.g., Neyman, 1997;

Ui, 2001; Morris and Ui, 2002). Similarly, fitious play only uses the best-response

1 See also Ui (2000) for a characterization and examples of potential games.

2 Arguments that exploit potential arguments to prove the existence of a pure strategy equilibrium (e.g.,
Rosenthal, 1973) only userdinal properties of payoffs. Monderer arhapley (1996b) introduced ordinal
potential games and Voorneveld (2000) and Dubeyl.e2802) showed how ordinal potential games can be
weakened to only require pure strategy best-response equivalence.
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properties of the game (Monderer and Shapley, 19964). application using only
better-response equivalence but not the VNM-equivalence appears in Morris (1999).
Some papers studying quantal responsesanhststic best responses in potential games
use the full power of VNM-equivalence (e.g., Blume, 1993; Brock and Durlauf, 2001,
Anderson et al., 2001; Ui, 2002).

The fact that VNM-equivalence is the same as better-response equivalence in the ab-
sence of dominated strategies and may beethffit in the presence of dominated strategies
has been noted in a number of contexts (see Sela, 1992; Blume, 1993, p. 409; Monderer
and Shapley, 1996b, footnote 9; Maskin and Tirole, 2001, p. 209). However, our charac-
terizations of better-response equivalence in the presence of dominated strategies and of
the significant gap between better-response equivalence and best-response equivalence fill
a gap in the literature.

The paper is organized as follows. In Section 2, we describe our notions of equivalence
and give an example illustrating the differences. In Section 3, we report our characteriza-
tions. In Section 4, we restrict attention to a class of games where best-response equiva-
lence is a strictly weaker requirement thdNM-equivalence and characterize that class.

We also discuss an extension to games with itdistrategy spaces and its application. Sec-
tion 5 briefly discusses better-response and best-response equivalence in the mixed strategy
extension of a game.

2. Equivalence properties of games

A game consists of a finite set of playe¥sand a finite strategy set; fori € N, and
a payoff functiong; : A — R for i € N whereA =[],y Ai. We write A_; =[], A
anda_; = (a;)j»+ € A_;. We simply denote a game ly= (g;);ey. Throughout the
paper, we regard; (a;,-): A_; — R as a vector inRA-i . We write g; (a;, -) > gi (a{, 2
if gi(ai,a—;) > gi(a,a_;) for all a_; € A_;, and g;(a;,-) > gi(a},-) if gi(aj,a_;) >
gi(a,a_;)foralla_; e A_;.

Fori € N, let A(A_;) denote the set of all probability distributions owér ;. We call
each element ofA(A_;) playeri’s belief. For X; C A;, let A;(a;, X; | gi) € A(A_;)
be a set of playei’s beliefs such that player with a payoff functiong; and a belief
Ai € Ai(ai, X; | gi) weakly prefersy; to any strategy irX;:

Ai(ai, Xi | 8i)

= {Ai e A(A_) ‘ Z Li(a—i)(gi(ai,a—;) — gi(aj,a_;)) > Oforallg; Xi}.

a_jeA_;

WhenX; is a singleton, i.e.X; = {a;}, we write A; (a;, a; | g;) instead ofA; (a;, {a;} | gi).

3 Sela (1999) establishes convergence of fictitious play in a class of “one-against-all” games. These games are
best-response equivalent to identical interest games, but not potential games.

4 More precisely, they use the full power'gNM-equivalence sutthat the constant; is the same for all the
players.

5 Mertens (1987) studied various notionkbest-response equivalence, but with his more abstract strategy
spaces and focus on admissible best responses, there is little overlap with the material in this paper.
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We are interested in characterizing twguévalence relations on games captured by
these sets of beliefs by which players prefer one particular strategy.

Definition 1. A gameg is better-response equivalent to g’ = (g/);e if, for eachi € N,
Ai(ai,a] | gi) = Ai(ai,a] | g)

forall a;, a; € A;.

Definition 2. A gameg is best-response equivalent to g’ = (g;);cn if, for eachi e N,
Aiai, Ai | &) = Ai(ai, Ai | 8))

forall a; € A;.

If g is better-response equivalentgq theng is best-response equivalentgg since

Ai(ai, Ai | &) = m Ai(ai,a}| g).

a;eA,

An easy sufficient condition for better-response equivalence is the folldwing.

Definition 3. A gameg is VNM-equivalent to g’ = (g;);en if, for eachi € N, there exists
a positive constant; > 0 and a functiornQ; : A_; — R such that

gi(ai, ) =wig(ai,") + Qi(")
forall a; € A;.
It is straightforward to see that@is VNM-equivalent tog’, then
gi(ai, ) — gi(aj,-) = wi(g/(ai,") —gi(a]."))
for all a;, alf € A;. Conversely, if this is true, then a functi@n : A_; — R such that
0i() =gi(ai,") —wigl(ai,-)

is well defined, and thugis VNM-equivalent tog’. Thus, we have the following lemma.

Lemma 1. Agamegis VNM-equivalent to g’ if and only if, for each i € N, there exists w;
such that

gi(ai, ) — gi(aj.-) =wi(g(ai.") — g{(q].")) (1)

for all a;,a; € A;.

It is straightforward to see that VNM-equivalence is sufficient for better-response
equivalence. In fact, (1) implies that

6 Blume (1993) called this property fsingly best-response equivalent.”
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Z Ai(a-i)(gi(ai,a—;) — gi(a},a;))

a_jeA_;

=wi Y dila-)(gi(ai, a—) — gj(aj, ai))
a_jeA_;
forall »; € A(A_;) and thusA;(a;, a; | &) = Ai(a;, a] | g;) forall ¢;, a] € A;.

Best-response, better-response, and VNMaajence are equivalence relations. Thus,
they define an equivalence class of games. For example, weighted potential games
(Monderer and Shapley, 1996b) with a weighted potential functioA — R are regarded
as a VNM-equivalence class of an identical interest gém€ f;);cny with f; = f for all
i € N. Thisis clear by Lemma 1 and the following original definition of weighted potential
games.

Definition 4. A gameg = (g;)ien IS aweighted potential game if there exists a weighted
potential functionf : A — R andw; > 0 for eachi € N such that

gi(ai, ") — giaj,-) =wi(f(ai,) = f(a].-))

forall a;,a € A;. If w; =1foralli e N, gis called a potential game angdis called a
potential function.

As the concept of VNM-equivalence leads us to the definition of weighted potential
games, the concept of better-response edprivz and that of best-response equivalence
lead us to the following definitions of new classes of games.

Definition 5. A gameg = (g;)ien IS a better-response potential game if it is better-
response equivalent to an identical interest géme( f;);cny With f; = f foralli e N.
A function f is called a better-response potential function.

Definition 6. A gameg = (g;)icn IS abest-response potential game if it is best-response
equivalentto an identical interest gaine ( f;);cy With f; = f foralli € N. Afunction f
is called a best-response potential function.

Voorneveld (2000) called a game a best-response potential game if its best-response
correspondence coincides with that of an identical interest game over the class of beliefs
such that; (a—;) = 0 or 1. Thus, best-response potential games in this paper form a special
class of those in Voorneveld (2000).

Existing potential game results that rely only on better-response equivalence or best-
response equivalence, such as those mentioned in the introduction, automatically hold
for the larger class of better-response potential games or that of best-response potential
games. Thus, we are interested in exactly when and to what extent better-response and
best-response equivalence are weaker requirements than VNM-equivalence.

Notice that best-response and better-response equivalence are clearly weaker require-
ments than VNM-equivalence, because thtetamposes too many constraints on payoffs
from dominated strategies. Moreover, best-response equivalence is significantly weaker
than better-response equivalence, as shown by the following example.
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Consider a two player, three strategy, symmetric payoff ggtmey) parameterized
by (x,y) € R?H, where each player’s payoffs are givby the following payoff matrix
(where the player's own strategies are represented by rows and his opponent’s strategies
are represented by columns):

| 1 2 3
1 x —x —2x
2 0 0 0
3| -2y -y y .

In the special case where= y = 1, we have gamg(1, 1) with the following payoff
matrix:

| 1 2 3
1 1 -1 -2
2 0 0 0
3| -2 -1 1.

If a row player has a belief; (k) = my for k € {1, 2, 3}, he prefers strategy 1 to strategy 2
if and only if

Ty = Mo+ 27m3;

he prefers strategy 1 to strategy 3 if and only if
(x +2y)m1 > (x — y)m2 + (2x 4 y)7s;

he prefers strategy 3 to strategy 2 if and only if
73 > w2 + 271

Thus the region of indifference between strategies 1 and 2, and between strategy 2 and 3,
does not depend onandy. Moreover, whenever strategy 1 (or 3) is preferred to strategy 2,

it is also preferred to strategy 3 (or 1). Thus the best response regions for this game are as
in Fig. 1, forany (x, y) € R‘Z|’+' Thusg(x, y) is best-response equivalentgdl, 1) for any

7T2:1

Strategy 2 is
best response

Strategy 1 Strategy 3

Fig. 1. The best response regions.
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(x,y) e R?H. On the other hand, the region of indifference between strategies 1 and 3 does
depend orx andy: in particularg(x, y) is better-response equivalentge, 1) if and only
if x = y. We will discuss this example again in Section 4.

3. Results
3.1. Generic properties of games

We will appeal to some generic properties of games, i.e., properties that will hold for all
but a Lebesgue measure zero set of payoffs (as long as each player has at least two actions).

Gl Foralli e N, if gi(a;,-) > gi(a;,-), theng;(a;, -) > gi(a;, -) for distincta;, a; € A;.

G2. For all i € N, vectorsg;(a;,-) — gi(a;,-) and g;(a;,-) — gi(a;,-) are linearly
independent for distinat;, a;, a;’ € A;.

G3.Foralli e N, if A;j(a;, A; | gi) N A,’(al{, A; | gi) #9, then
Ai(ai, Ai\{aj} | gi)\Ai(ai.a] | gi) #9 fordistincta;, a; € A;.

3.2. Better-response equivalence

Strategya; strictly dominates ¢; in gameg (we write a; >? a)) if gi(a;i,) > gi(a;,),
or, equivalently,A,»(a{, a; | gi) = 9. Strategiesy; andalf are better-response comparable
(we writea; ~? @) if neithera; >9 a/ nora; = a;.

Proposition 1. If games g and g’ satisfy generic property G1, then g is better-response
equivalent to ¢’ if and only if, for eachi € N, (a) they have the same dominance relations

(=9 = >?/) and (b) whenever a; is better-response comparabletoa/ (a; ~? ), thereexists

P =

w (a;, a;) > 0 such that
giai,") — gi(al, ") = wi(ai, a})(g;(ai,") — g/ (a;,"))- (2)
Farkas’ Lemméplays a central role in the proofs.

Lemma 2 (Farkas’ Lemma)kor vectorsap, as, . .., a, € R", thefollowing two conditions
are equivalent.

o If (a1y),..., (@y.y) <OforyeR", then (ap.y) < 0.8
e Thereexists x1, ..., x,, > 0suchthat xja; + - - - + x,a, = ap.

7 See a textbook of convex analysis such as the remeatby Hiriart-Urruty and Lemaréchal (2001), or the
classic one by Rockafellar (1970).
8le.,if Yi_yajy; <Oforeachi =1,....,m,then}t_; ag;y; <O.
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Proof of Proposition 1. We first show that (a) and (b) are sufficient for the better-response

equivalence of andg'. If a; ~? a}, then (b) implies that

Z rita—i)(gi(ai,a—y) — gi(aj.a—;))

a_i€A_;
= wj(ai, a;) Z riCa—i)(g/(ai,a—) — gl(a],a_;))
a_i€A_;
and thus
Aj(ai,aj| gi) = Ailai,aj | &)
If a; >? a;, then
Aj(ai,aj| gi) = Ai(ai,a] | g]) = A(A).
If a; >? a;, then
Ai(ai,aj | gi) = Ai(ai.a] | g) = 9.
To prove necessity, suppose tigds better-response equivalentgo Since
Ai(ai,a}| gi) = Ai(ai,a] | &),
we have
a, & Ai(d),ailg)=Ai(a.ailg)=0 & a 9

1

9
and thus (a) holds.

To prove (b), suppose that ~7 a/. We know that; ~¥ a/. Let r; € A(A_;) be such
that

/
a; > a;

> hias)(gi(ar.azi) — gi(al.ai)) > 0.

a_j€A_;
Sincer; € Ai(a;, a) | g) = Ai(a;,a|g)),
Y hila-i)(giai,a—i) — gi(aj, a—i)) > 0.
a_ij€A_;
This implies that if(y,_,)a_;ea_, € R4~ is such that
= Y va(gitai.az) - gi(aj.ai)) <0,
a_jeA_;
—ya_; <0 foralla_; e A_;,

then
= Y va(gi@iaz) - g/(aj.ai)) <O.
a_jeA_;
By Farkas’ Lemma, there exisg;' >0andz, ; >0fora_; € A_; such that

—lef (gitai,) —gilaj.-)) — Z 2a_; 871 () = —(gi (@i, ) — gi(a],"))

a_j€A_;
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wheres“~: A_; — Rissuchthasi(a’ ;) =1ifa’ ; =a_; ands*~ (a’,) = 0 otherwise.
Thus,

x;”f (gi(ai,) — gi(a, ")) < gilai,) — gi(ai, ).

If x“i =0, theng;(a;,-) — g/(a;,-) > 0. However, this is impossible sinae~l./a implies

that a; does not strictly dominate; in g’ and G1 requires that i&; does not strictly

dominatez/, then it is not the case thgﬁ(a,, ) —giaj,) = 0. Thus,x;‘f > 0.
Symmetrically, we have '

xar (8i(af, ) — gilai, ) <gi(af, ) — 8} (@i, )
Wherefo > 0. Thus,
(.X 5 _-xal)(gi(ai1 ) _g’(al/’)) <0

If xaf —xal > 0, theng;(a;, ) — gi(a;,-) <0, and Ifxaf xZ{ < 0, theng;(a;,-) —
gi (a,, -) = 0, which we already noted are impossible. Thtfs—xa , Which implies that

x;’f (giai,) — gi(aj.-)) =g/ (ai,-) — g(q;,-).

This proves (b). O

If g has no dominated strategy, then (2) is true for evgry; € A;. If w;(a;,a)) is the
same for every,;, a; € A;, then better-response equivalence implies VNM-equivalence.
However, Proposition 1 does not say anything about whether;, ;) does depend upon
a;,a; € A;. Thus, we are interested in when better-response equivalence implies VNM-
equivalence. The following proposition prakés a sufficient condition for the equivalence
of better-response equivalence and VNM-equivalence.

Proposition 2. Suppose that games g and g satisfy generic properties G1 and G2, and
that, for each i € N and for any a;,a; € A;, there exists a sequence {a{‘}Z;1 such that
al.lza,',a' =aj, a; ~?ak+lf0rk=1,...,m—1, andaf ~?a?‘+2f0rk=1,...,m—2.

Thengis better response equivalent to g’ if and only if g is VNM-equivalent to g'.

Note that the above condition concernin@ is trivially satisfied if no strategy is
dominated, i.e. ~, is the complete relation. Sohe proposition immediately has the
following corollary.

Corollary 3. If g and g satisfy generic properties G1 and G2 and have no strictly
dominated strategies, then g is better-response equivalent to g’ if and only if g is VNM-
equivalenttog'.
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It should be emphasized that the suffitieondition of Proposition 2 is sometimes
satisfied even when there are strictly dominated strategies in the game. For example,
consider the following two player game, where only the row player’s payoffs are shown:

Consider strategies of the row player. We have12, 2~93,3~94,1~93,2~94
as in Fig. 2, satisfying the condition of Projiien 2, while strateg 1 strictly dominates
Strategy 4.

To prove the proposition, we use the following lemma.

Lemma 3. Suppose that g and g satisfy generic property G2. For some A’ C A;, if there
exists w; (a;, a;) > 0 such that

for all a;, a € A}, then w; (a;, a}) isthe samefor all a;, a; € A].
Proof. Without loss of generality, assume that| > 3. For distincta;, b;, ¢; € A}, there
existw; (a;, b;), w; (b;, ¢;), wi(a;, ¢;) > 0 such that
gi(ai, ) — gi(bi, ") = wiai, b) (g (@i, ) — g (bi.")),
gi(bi, ) — gi(ci, ) = wi(bi, ¢i) (g (bi, ) — gj(ci, ),
gi(ai, ") — gi(ci, ) = wiai, ¢;)(g;(ai, ") — gj(ci, ).
We first show that; (a;, b;) = w; (b;, ¢;) = w;(a;, c;). Since
wi(ai, bi) (8] (ai, ) = 8 (bi, ) +wi(bi, ) (] (i, ) — g(ci. )
=gi(ai,") — gi(bi,-) + & bi,-) — gi(ci,-)
= wj(ai, ¢;) (g (ai, ) — gi(ci, "))
= wi(ai, ¢i)(g/ (@i, ) — &/ (bi, ) + wi(ai, ci) (g, (bi, ) — g (ci, ),
Strategy 4
Strategy 3

Strategy 2
Strategy 1

Fig. 2. The graph ofv?.
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we have

(wiai, b)) — wilai, c)) (g (@i, ) — g;(bi. "))
+ (wi(bi, ci) — wi(ai, ¢i))(g; (bi, ) — g (ci, ) =0.
By G2,g(a;,-) — g/ (b;,-) andg;(b;, ) — g/ (c;, -) are linearly independent and thus it must
be true thaw; (a;, b;) = w; (b;, ¢;) = w; (a;, ;).
Similarly, for distinctbd;, ¢;, d; € Ag, w; (b, ¢;) = wi(ci, d;) = w;(b;,d;). Therefore,
wi (a;, b;) = w;(c;, d;) foranya;, b;, c;, d; € Ag, which completes the proof.0

We now report the mrof of Proposition 2.

Proof of Proposition 2. We show that ifg is better-response equivalentgbtheng is
VNM-equivalent tog’. By G1 and Proposition 1, if; ~? a;, there existw; (a;,a;) > 0
such that

gi(aia ) - gl(al/7 ) = w;j (ala [)(g[ (ah ) - g:(a:a ))

If |A;] =2, this completes the proof by Lemma 1. Suppose thgt> 3. Fora;, a; € A;,

let {a¥}"_, be a sequence such that=a;, a" =a/, a* ~dait fork=1,...,m — 1,

1

anda¥ ~? af*z fork=1,...,m — 2. There exisky, yx > 0 such that
gi(ak ) gl( k+1 ‘)_xk(g,( lk’ ) g( k+1’ ))
gi(af ) —gi(af ™) = xupa(ei () — g (a2, ),

gi(af, ) —gilaf ™2 -) = we(gi(af,-) — gi(a*2, ).

By Lemma 3,x; = xx41 =y for all k <m — 2. By lettingx; = w; (a;, a}), we have

m—1

gi(ai,) —gi(aj,-) = (gi(af,) —gi(af ™))
k=1

m—1

= Z:xk(gl{(af‘, . g,( k+l’ ))

= w;j (ala ,)(g, (@i, ") — g,{(a,{, ))

To summarize, for all;, a; € A;, there existsv; (a;, a;) > 0 satisfying the above equation.
By Lemma 3.w; (a;, a}) is the same for ali;, a; € A;. By Lemma 1gis VNM-equivalent
to g, which completes the proof.O

3.3. Best-response equivalence
Strategies; anda; arebest-response comparable (we writea; %? {) if both strategies

are best responses at some belief, i&a;, A; | gi) N Ai(a), A; | gi) # 9. Note that
a; 3 a; it and only if A; (a;, A; | i) # 9.
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Proposition 4. If games g and g satisfy generic property G3, then g is best-response
equivalent to ¢ if and only if, for each i € N, (a) they have the same best-response
comparability relation (%? = %?/) and (b) whenever g; is best-response comparableto a;
(a; &) a)), there exists w; (a;, a}) > 0 such that

giai,") — gi(al,-) = wi(ai,a})(g;(ai,") — g/ (al,-)).
Proof. We first show that (a) and (b) are sufficient for the best-response equivalence
of gandg. If A;(a;, Ai | g) =9, thenA;(a;, A; | &) = Ai(ai, Ai | g}) =¥ because
Ai(ai, Ai | g) = ¥ implies thata; ~) a; is not true and thus (a) implies that ~7 a;
is not true. IfA; (a;, A; | &) # ¥, then{a; | a; %? a’} # ¢, and we must have

Ai(ai, Ai | gi) = ﬂ Ai(ai,a]| gi) = ﬂ Aj(ai,a} gi). Q)

/ . AP
a;€A; {ajlai~ia;

Clearly, (3) is true whera, | a; &) a/} = A;. To see that (3) is true whefa, | a; ~ a/}
C A;, suppose otherwise. Then,

mAi(aiva“gi)C ﬂ Ai(ai,af | gi),

ajeAi {ajlai~aj)

and thus there existg’ ¢ {a! | a; %? a!} such that
ﬂ Aj(ai,a] | gi) C ﬂ Ai(ai,a] | gi).
ajeA; ajeA;\{a]'}

However, this implies thad; %? a!', which is a contradiction. Thus, (3) must be true. If
a; 3 a/, then (b) implies that

Z Ai(a-i)(gi(ai,a—;) — gi(a},a;))

a_ij€A_;
= w; (ai, a,{) Z )»i(a—i)(g,{(aiv a—i) — 8:{(‘1:{7 af,')),
a_j€eA_;
and thus
Ai(ai,af | i) = Ai(ai,a] | &) @

Therefore, by (a), (3), and (4), we havig(a;, A; | gi) = Ai(a;, A; | g;). This completes
the proof of sufficiency.
To prove necessity, suppose tlgds best-response equivalentgo Since

Ai(ai, Ai | &) = Ai(ai, Ai | g)),
we have
Ai(ai, Ai | g) N Ai(a], Ai | &) = Ai(ai, Ai | g)) N Ai(a], Ai | g))

9_ 9 Thi
and thus~® = ~7 . This proves (a).
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If a; &9 a/, then there exists; € A(A_;) such that
> hitai)(siai,a—) —gi(af.a—)) >0 foralla) e A;,
a_ij€A_;

Z ri(a-i)(gi(aj,a—i) —gi(a/,a—;)) >0 foralla] € A;)\{a;}.

a_j€A_;

Sincer; € Ai(a;, Ai | &) = Ai(ai, Ai | g}),

Z hi(a—i)(gi(ai, a—;) — gi(aj, a—;)) = 0.

a_jeA_;

The above implies that, ify,_,)a_;ca_, € R4~ is such that

= > va(sitai.a) —gi(aj.ai)) <O,

a_jeA_;

- Z Ya_; (gi(ai,a—) — gi(a/,a—;)) <0 foralla] € Aj\{a;, a}},
a_;j€A_;

_ Z va_;(gi(aj,a—i) — gi(a,a—;)) <0 foralla] € Aj\{a;.a]},
a_;j€A_;

—ya_; <0 foralla_; e A_;,

then
- Z Ya_; (gl{(aha—[)_gl{(al{’a_i)) <0

a_jeA_;

By Farkas’ Lemma, there exisgf >0, yj{ (A —> R, andSZ;‘ :A_; — R such that
—xZif (gi(ai,) —gi(aj. ")) — V;’f ()= 5:} () =—(g/ (@) — g(q."))
where

v = > qu;,(gi(ai,-)—gi(a{/,-))+ > vzlf,(gi(a{,-)—gi(a{/,-))

1
al'#a;.a; al'#a;.a;
o d
withw ,, v, > 0and
1 1

5= D 2400

a_j€A_;

with z,_, > 0. Thus,
xor (8iai, ) = gilaf, ) + v, O < gilai, ) — gi(a, ).

ai
!
a;

We showx® > 0. Suppose thatZi;' =0, i.e.,yz’(-) < glai, ") —glal,-). Let

A€ Ai(ai, AiNa)} | gi)\Ai(ai. a] | &),
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which exists bys; &9 a/ and G3. Since., € A;(a;, Ai\{a)} | &) N Ai(a], Ai\ai} | &),

> Mlayga)

a_jeA_;
= >l > ala-i)(giaia-) — gi(a) a-))
af'#a;,a; ’a_;eA_,-
Y Y K (silaf.ai)—gi(af.a)) > 0.

i
” / cA_:
a; ;&ai,ai a—;€eA—;

Sincer; € Ai(aj, Ai | &) = Ai(aj, Ai | g) andh; ¢ A;(ai, Ai | &) = Ai(ai, Ai | 8)),
Y Mla-i)(giai,a—) — gi(aj,a—i)) <O.
a_ij€A_;

This is a contradiction. Thus, we must hax{je > 0.
We have I

x:f (giai.) — gi(aj.-)) + V;Ei ()< gl(ai,) —gl(a].")
and symmetrically
xa! (gi(al,-) — giai, ) +va () < gl(al,) — gitai, )

wherex%, x§i > 0. Adding both,
(32 =i ) (git@r. ) = gi(af. ) + 7 O + 7 ) <O. (5)

We shOWle;’ — x4 =0. Suppose thatZ;" — x4 > 0. Let

i

ri € Ai(al, AiNfai} | gi)\Ai(a], ai | gi)
C Ai(ai, AiNfal} | &) N Ai(a], Ai\{ai} | gi).
Then, the expectation of the Idftand side of (5) is positive because
(lef - XZI’/) Z Ai(a—i)(gi(ai,a—;) — gi(aj,a—;)) >0
a_jeA_;
and

> e (v @ +via-n)

a_j€A_;

= 2 (uh+u) Y mGn(sitana) - gilala-)

n ’ . .
a; ;éa,-,ai a_j€A_;

+ Z (v:’{{/ + uZ{,) Z ri(a—i)(gi(aj,a—i) —gi(a),a—i)) = 0.

" ’ . .
aj'#a;,a; a_j€A_;
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This is a contradiction. Symmetrlcally, »f P xal < 0, then we have the symmetric
contradiction. Thu9; ’ —xal =0,and (5) is reduced to

v O+ Vi) <o, (6)

We showy /() = yi’{(«) = 0. Suppose that either’/ (-) # 0 or y,' () # 0 is true. Let
Ai, A; € A(A_;) be such that

Ai € Ai(a), AiNai} | gi)\Ai(a}. a; | gi)

C Ai(ai, AiN{a]} | gi) 0 Ai(a], Ai\lai} ] i),
A€ Ai(ai. Ai\aj} | gi)\Ai(ai.a] | gi)

C Ai(ai, ANa]} | &) N Ai(af, Ai\fai) | &)

Consider(x; 4+ 1.)/2 € A(A_;). Then, the expectation of the left-hand side of (6) is
positive because

Z rila—i) + M(a—)

5 (Vaa;" (a—i) + V;’{ (afi)>

a_jeA_;

= ¥ () X T e —alalan)

i

al'#a;.a] a_j€A_;
/ / ila—i) + Ai(a—;
+ Z (vZ’{/ + uZ@) Z ita) 5 i) (gi (a,{, a—i) —&i (al{/’ “—i))
al'#a;.a] I "asieA
; Li(a—;) "
2 Z (M ” +U //) Z 2 (gl'(aisafl‘) _gi(a[ 1a7i))
aj'#a;,a] “ a_j€A_;
A(a—;
+ Z (v 4w ,,) Z %(gi (aj.a—i) — gi(a],a—;)) > 0.
aj'#a;a] “ a_i€A_;

This is a contradiction. Thusz, ()= yal ( )=
Summarizing the above, we have

xaf (gi(ai, ) —gi(a}.")) =g/ (ai,-) — gi(al.")

wherex > 0. This proves (b). O

The following proposition and corollary flow by exactly the same arguments in
Proposition 2 and Corollary 3 in the previous subsection for better-response equivalence.

Proposition 5. Suppose that games g and g satisfy generic properties G2 and G3, and
that, for each i € N and for any q;, alf € A;, there exists a sequence {a{‘}Z;1 such that
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ailza,-,a;":a;,af‘%?af‘Jrlfork:l,...,m—l,af%?aerzfork=1,...,m—2.Then

g is best-response equivalent to ¢ if and only if g is VNM-equivalent to g'.

Corollary 6. If g and g’ satisfy generic properties G2 and G3 and %? is the complete
relation, then g is best-response equivalent to ¢ if and only if g is VNM-equivalentto ¢'.

4. Gameswith own-strategy unimodality

Best-response equivalence relation is an equivalence relation. It will be useful if, as
a closed form, we can describe the best-response equivalence class of a game in which
best-response equivalence is a strictly weaker requirement than VNM-equivalence.

Let A; be linearly ordered such that; = {1, ..., K;} with K; > 3. Forg;:A_; > R
andw; : A;\{K;} - R4, let(g;, w;) o gi : A — R be such that

(gi-wi)ogi(l,-)=qi("),
a,-—l

(gi,wi) o gi(ai,) =qi(-) + Z w;i(k)(gitk+1,-) — gi(k,)) fora; >2.
k=1

Let D; (g;) be a class of payoff functions of playeobtained by this transformation:

Di(g)={g:A—>R|g = (g, w)ogi gi:Ai >R, wii A\[Ki} > Ryt }.
Itis straightforward to see thgf € D; (g;) if and only if there existsv; : A;\{K;} — Ry
such that

gi(ai+1,) —gi(ai,) =wi(a)(gi(ai + 1) — gi(ai, ")) (7)
for all a; € A;\{K;}. Note thatg; € D;(gi), &/ € D;(gi) implies g; € D;(g}), andg; €
D;(gi) with g/ € D;(g}) impliesg" € D;(g;). Thus,D; (g;) defines an equivalence class of
payoff functions of player. We write

D(9) = {9 = (g))ien | g; € Di(g;) foralli e N}.

For example, consider a parametrized class of gajges y)}(x,)')eR3_+ discussed in

Section 2. We have thag(x, y)}(x)y)e]Ri+ C D(g(1, 1)). To see this, we writg(x, y) =

(gi(- | X, ¥))iew,2)- Then, for any(x, y) e R2 | andi # j,

gi(L,ajlx,y)=gqia;),

gi(2,aj|x,y)=gi(aj) +x(gi(2,a;11,1) —gi(1,a;|1,1)),

gi(Bajlx,y)=gi(aj)+x(gi(2,a;11,1) —gi(1,a;|1,1))
+y(8iB,a; 111 ~gi(2,a;11,1)

whereg; : {1, 2, 3} — R is such thay; (1) = x, ¢; (2) = —x, andg; (3) = —2x. Remember
that, for any(x, y) € RL, g(x, y) is best-response equivalentddl, 1). It is easy to see
that every game i(g(1, 1)) is VNM-equivalent tag(x, y) for some(x, y) RL. Thus,
every game irD(g(1, 1)) is best-response equivalentgdl, 1).
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This observation leads us to the question when every garf¥ghn is best-response
equivalent tay. We provide a necessary and sufficient condition for it.

We say thatg; is own-strategy unimodal if, for all; € A(A_;), there exist&* € A;
such that,

Z Ai(a-i)(gi(ai,a—) — gi(ai —L,a—;)) >0 if a; <k* andk* > 1,
a_j€A_;

Z ri(a-i)(gi(ai,a—) — gi(ai +1,a_)) >0 if a; > k™ andk* < K;.

a_jeA_;

(8)

Note that ifg; is own-strategy unimodal, then (8) is true if and onlyife A; (k*, A; | gi).
Clearly, by (7),g; is own-strategy unimodal if and only g € D;(g;) is own-strategy
unimodal.

We say thatg; is own-strategy concave if;(-,a—;) : A; — R is concave, i.e.,
gi(a; +1,a_;) — gi(a;,a—;) is decreasing im; foralla_; € A_;.

Lemma 4. Supposethat g;(a; + 1, a—;) # gi(a;,a—;) for all a; € A;\{K;} anda_; € A_;,
and that there is no weakly dominated strategy. Then, g; is own-strategy unimodal if and
only if thereexists g; € D; (g;) such that g; is own-strategy concave.

Proof. Suppose thatg; € D;(g;) is own-strategy concave. Theg;(a; + 1, a_;) —
gi(a;j,a—;) isdecreasing in; foralla_; € A_;. Thus,Zaﬂ_eAﬂ_ Aila—i)(gi(ai+1,a_;)—
gi(ai,a—;)) is also decreasing in; for all »; € A(A_;). This immediately implies that
gi € Di(gi) is own-strategy unimodal. Since

> hitasi)(gilai +1.ay) — gi(ai.ap))
a_jeA_;
1 ~ ~
= Y rila-)(@itai +1,a-) — &i(ai, a-)),
wiai) =

gi is also own-strategy unimodal.

Suppose thag; is own-strategy unimodal. We prove the existence of an own-strategy
concave payoff functiog; = (¢;, w;) o g; by construction. Later, we will show that there
existsCy > 0 such that

gitk+1)—gik,) = Cr(gitk+2,-)—gi(k+1,). 9)

ForCy, satisfying (9), we letv; : A; — R4 be such thaiw; (1) = 1 andw; (a;) = ]_[Z;_ll Cr
fora; > 2,andg; : A_; — R be such thag;(a—;) =0 foralla_; € A_;. Since

giai+1,) = gi(ai,) =wi(a)(gi(ai +1.-) — gi(ai, ),
we have

gitk+1,)— gk, ) =wi(k)(gi(k+1,-) — gi(k, ")),
Gitk+2,)—gik+1)=Cawi(k)(gik+2,-)—gi(k+1,-).
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By this and (9), we have
gitk+1,)—gik,) =28 k+2)—gk+1-),

which implies thafg; is own-strategy concave.
We prove the existence d@f; satisfying (9) by Farkas’ Lemma. Before doing it, we
must first observe that if

> hita-i)(sitk+1.a) - gi(k.a)) =0 (10)
a_jeA_;
then
> hitai)(sitk+2.a-) - gitk+1,a)<0.
a_jeA_;
To see this, suppose otherwise. Then, there exjstsA(A _;) satisfying both (10) and
Y hilai)(gitk+2,a) - gitk+1,a))>0.
a_jeA_;
Sinceg;i(k + 1,a—;) — gi(k,a—;) #+ 0 for all a_; € A_;, (10) implies that there exist
a’;,a”; € A_; such that 0< ;(a’;,) <1 with g;(k + 1,4’ ;) — gi(k,a’;) > 0 and

0 < ri(a",) <1 with g (k + 1,a”,) — gi(k,a”,) < 0. Lete > O be sufficiently small.

More precisely, let > 0 be such that

Yaiea rila—i)(gitk+2,a-;) —gi(k+1,a-))
2xmaX, ;ea , lgitk+2,a-;)—gitk+1a)| |

&< min{k,- (a”;), 1= 2i(a”;),
LetA; € A(A_;) be such that

riay) —e fa;=a,,
Aila—) =1 rita—p)+¢e ifa_j=a",,
rila—p) otherwise
Then, we have
> Mla)(sitk+1a) — gitk,ay))

a_j€A_;
= Y hila-)(gitk+1a) — gitk,a))
a_;j€A_;
+e(gi(k+1,a”;) —gi(k.a”;)) —e(gi(k+1,a";) — gi(k.a’;))
=e(gi(k+1.a2;) —gi(k.aly)) —e(gi(k +1.al;) —gi(k.aly)) <O,
> Ma)(sitk+2.a-) - gitk+1.a )
a_jeA_;
= > hila)(gitk+2.a) —gitk+1a)
a_jeA_;

+e(si(k+2a’;) —gi(k+1a’;)) —e(si(k+2.a’;) —gi(k +1.aly))
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> > e (gitk+2.a-) - gitk+1,a))

a_jeA_;

—2¢ max_ lgitk+2,a-;) —gi(k+1,a_;)] >0,

a_j€A_;

which contradicts to the assumption tlzgais own-strategy unimodal.
Now, we know that, ifg; is own-strategy unimodal and satisfies the assumptions, then
it must be true that if

> hitad)(gitk+1.a) — gi(k.a—)) <O,
a_jeA_;
then
> hitai)(sitk+2.a-) - gitk+1.a)<0.

a_jeA_;

This implies that if(y,_,)a_,ca_, € R4~ is such that

> vai(gitk+1a ) —gitk.a)) <O,

a_j€A_;

—Ya_; <0 foralla_; e A_;,
then
Y va(gitk+2.a ) —gik+1a;)<O0.
a_i€A_;
By Farkas’ Lemma, there exis} > 0 andz,_;, > 0 fora_; € A_; such that
a(gitk+1)—gik.)) = > za 87 ()=gitk+2,) = gik+1.).
a_i€A_;
Thus,
xi(gitk+1,) —gik,) > gi(k+2,) — gitk +1,-). (11)

If xy =0, theng;(k+2,-) — g (k+1,-) <0. However, this is impossible since there is no
weakly dominated strategy. Thus, > 0. By lettingCy = 1/x¢, (11) implies (9). O

Consider agairig(x, Mixperz, € PEE, D). In generalg; (- | x, y) is not always
own-strategy concave. Howevef(- | 1, 1) is own-strategy concave. Thus, Lemma 4 says
thatg; (- | x, y) is own-strategy unimodal.

We claim that, genericallyp(g) is a best-response equivalence class if and orgyig
own-strategy unimodal for alle N.

Proposition 7. Suppose that g has no dominated strategy. Every game in D(g) is best-
response equivalent to g if and only if g; is own-strategy unimodal for all i € N. If g; is
own-strategy unimodal for all i € N and g satisfies generic property G3, then every game
best-response equivalent to g and satisfying G3isin D(g).
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Proof. Suppose thag; is own-strategy unimodal for alle N. We show that iy’ € D(g)
theng' is best-response equivalentgoLet; € A;(a, A; | gi). Then, (8) implies that

Z Mi(a—i)(gi(ai,a—) —gi(ai —1,a_;)) >0 ifa; <a} anda) > 1,

a_jeA_; (12)
Z rila—i)(gi(ai,a—) — gi(ai +1,a—)) >0 ifa; >af anda} < K;.

a_jeA_;

By (7), this is true if and only if

Z rila—i)(gj(ai,a—) — gj(ai —L,a—)) >0 ifa; <af anda} > 1,

a_jeA_; (13)
Z Ai (a_,-)(glf(ai, a_;) — gl/»(a,' +1, a_,')) >0 ifa; >a’ anda’ < K;.

a_j€A_;

Thus,; € A;(a], A; | g}). Conversely, lek; € A;(a, A; | g}). Sinceg! is own-strategy
unimodal, we have (13), which is true if and only if (12) is true. Thuss A; (af, A; | g).
Therefore A (a], A; | g) = Ai(a], A; | g/) and thugy' is best-response equivalentgo

Conversely, suppose that every gam®ig) is best-response equivalentgoWe show
thatg; is own-strategy unimodal for alle N. Seeking a contradiction, suppose otherwise.
Then, there exist”, a; € A; and}; € A;(a’, A; | gi) such that either of the following is
true:

af <@ and Y Ai(ai)(gi(@.a) - gi@ —1.a)) >0, (14)
a_je€A_;

a; >a; and Z Ai(a—i)(gi(@i,a—) — gi(@ +1,a—;)) > 0. (15)
a_jeA_;

When (14) is true, leg; = (¢;, w;) o & € D;(g;) be such tha;(-) =0 and

L ifa=a -1,

wia) = [ 1 otherwise

Then, we have

> hitasi) (g (@i, a) — g(af,a))

a_jeA_;
= Y hia-)(g(@i,a) — g/@ —1,a-))
a_;€A_;
+ Z Mila—i)(gj(ai — L ay) — gi(a},a_))
a_jeA_;
=L Y e (g ay)—gi@—1a))
a_jeA_;

+ Z rila—i)(gi@i —1a_) —giaf,a)).

a_jeA_;
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By choosing very largé. > 0, we have

> hilai)(g)(@ia) — gj(af,ai)) >0
a_jeA_;

and thusA;(a], A; | gi) # Ai(a}, A; | g). When (15) is true, we also haw&; (a7, A; |
gi) # Ai(a, A; | g)) by the similar argument. This implies that some gam®ig) is not
best-response equivalentgowhich completes the proof of the first half of the proposition.

We prove the last half of the proposition. Suppose ghas own-strategy unimodal for
all i e N and thatg satisfies generic property G3. Lgtbe best-response equivalentgto
and satisfy G3. We shog/ € D(g).

We first observe that; ~7 a; + 1 foralla; € A;\(K;}. To see this, let* € A; (k, A; | gi)
for k € A;, which exists sinceg has no dominated strategy. Note thatijf = Af.‘ or
A =2 then

Y hilapgika-)> Y hila-)gi(a,a)  foralle <k,

a_j€A_; a_jeA_;

(16)
> hila-igitk+Las)> ) hia-igi(aia) foralla >k+1.
a_j€A_; a_j€A_;
Lets € [0, 1] andil’ = 1k + (1 — naf+t e A(A-;) be such that
Yo Mlangitkay= Y Ala-gik+1la). (17)
a_j€A_; a_j€A_;
Then, (16) implies that
Z M ai)gitk, as) > Z M aspgiai,asp) foralla; <k,
a_j€A_; a_j€A_;
Yo dangitk+la)> Y afa-dgitaas) foralla >k+1.
a_jeA_; a_jeA_;

By (17), we have."’ € A;(k, A; | g) N A;j(k+1, A; | gi). Thisimplies that; ~7 a; + 1
for all a; € A,’\{Ki}.

Sinceg andg’ satisfy G3 and are best-response equivalent, we can use Proposition 4,
which says that there exists : A;\{K;} — R such that

giai+ 1) —gi(ai,) =wia)(gi(ai +1.-) — gi(ai, ).
This implies thatg; € D;(g;) and thusy’ e D(g). O

A weaker, but similar claim is true for gamescithat strategy sets are intervals of real
numbers and payoff functions are differentiable, which has a couple of applications. In the
remainder of this section, we discuss this issue.

Abusing notation, we give a definition of bagsponse equivalence for a class of games
with a continuum of actions. Le#i; be a closed interval oR for all i € N. Assume
thatg; : A — R is bounded and continuously differentiable. L&tA_;) be the set of all
probability measures oveY_; and A; (a;, X; | gi) be such that
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Ai(ai, Xi | 8i)

= {Ai e A(A_) ‘ / (gi(ai,a—i) — gi(a},a—;)) dri(a—;) > Oforalla) Xi}.
A

The definition of best-response equivalence is the same as that for finite games: we say that

g is best-response equivalentdoif, for eachi € N, A;(a;, A; | &) = Ai(a;, A; | g}) for
all a; € A;.
We say thal; is own-strategy unimodal if, for any; € A(A_;), there existsc* such
that
0

8a,-
A .

gi(aj,a—)dr;(a—;) >0 ifa; <x*andx* > minA;,

3 - (18)
2 / gi(aj,a_;)dri(a—;) <0 if g; > x™ andx™ < maxA;.
ai
A

Note that ifg; is own-strategy unimodal, then (18) is true if and only;it A; (x*, A; | gi).
Since
9 dgi(ai,a—;)
— / gi(ai,a_)dxri(a_;) = / S dh (a),
da; da;
A A_i
gi is own-strategy unimodal ifg; is own-strategy concave, i.edg;(ai,a_;)/da; iS
decreasing im; foralla_; € A_;.
For measurable functiog: A_; — Randw; : A; — Ry, let(g;, wi)ogi: A — Rbe

such that, fou; € A; anda_; € A_;,

(i, wi)ogi(ai,a—;)=qi(a—;) + / w; (x) 5
X

x<a;

Let

Dig)={g A—>RIg = (g, w)ogi, gi:A-i > R, witA; > Ryi},
D(@) ={d = (g)ien | & € Di(gi)}.

Proposition 8. Suppose that g; is own-strategy unimodal for all i € N. Then, every game
in D(g) is best-response equivalent to g.

Proof. Letd € D(g). Sinceg; is own-strategy unimodal, for all; € A(A;), there exists
a’ € A; such that

ad . .
2 / gi(ai,a_;)dri(a—;) =20 if a; < a;“ anda?‘ >MminA;,
1
A

) (19)
a— gilaj,a_)dri(a—;) <0 if g > a?‘ andaj‘ < maxA;.
a;

—i
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Since
dg;(ai,a—;)
8a,- -
(19) is true if and only if

0gi(ai,a—;)

wi(@i) —— -
1

ad . .
EY / gi(ai,a_p)dri(a—;) >0 if a; <afandaf>minA;,
1
A .

3 y (20)
Ey / glf (aj,a_)dr;j(a_;)) <0 if a; > a;“ andaj‘ < MmaxA4;.
a;
A

Thus,g; is also own-strategy unimodal. Since (19) is true if and only i A; (a}', A; | gi)
and (20) is true if and only if; € A;(a}, A; | /), we must haveA,(a, A; | &) =
Ai(a’, A; | g}), which completes the proof.O

This proposition has a useful applicationncerning the uniqueness of correlated
equilibria. Neyman (1997) showed that ¢ has a continuously differentiable and
strictly concave potential functiohthen the potential maximizer is the unique correlated
equilibrium of g. The set of correlated equilibria is the same for two games if the two
games are best-response equivalent. Thus, we claim the following.

Corollary 9. Suppose that g has a continuously differentiable and strictly concave
potential function f. Then, the potential maximizer is the unique correlated equilibrium
of every gamein D(g).

Note that a game i(g) is not necessarily a potential game and payoff functions are
not necessarily concave.

5. Mixed extensions of equivalence

We have focused on players’ preferences over pure strategies, given nondegenerate
conjectures about their opponents’ behavior. But we could ask the same question in the
mixed strategy extension of the original game; equivalently, we could look at players’
preferences over mixed strategi@sThe natural question is whether or not our discussion
so far must be modified by the “mixed extension” of equivalence.

Fori e N, let A(A;) denote the set of all mixed strategies of playekbusing notation,
we write g; (p;,a—;) = Za,-eA,- pi(ap)gi(ai,a—;) for p; € A(A;). By the mixed extension
of A;, we can naturally defing; (p;, X; | g;) for p; € A(A;) andX; C A(A)):

Ai(pi, Xi | gi)

9 The definition of potential functions of this class of games is the same as those of finite games.
10 The associate editor suggested the observations in this section.
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= {)\i € A(AL) ‘ Z rila—i)(gi(pi,a-i) — gi(p},a-i)) >0 forall p; Xi}-

a_;jeA_;
We use the same ruld;(p;, p; | gi) = Ai(pi.{p;} | &) as before. We consider the
following equivalence relations of games.

Definition 7. A gameg is mixed better-response equivalent to ¢’ if, for eachi € N,
Ai(pi. pi | gi) = Ai(pi. p 1 8})

forall p;, p; € A(A)).

Definition 8. A gameg is mixed best-response equivalent to d' if, for eachi € N,
Ai(pi, A(A) | &) = Ai(pi, A(AD | &)

forall p; € A(A)).

Note that VNM-equivalence is sufficient for both mixed better-response equivalence
and mixed best-response equivalence. Note also that mixed better-response equivalence
is sufficient for better-response equivalence, and that mixed best-response equivalence
is sufficient for best-response equivalence. It is easy to see that mixed best-response
equivalence is not only sufficient but also necessary for best-response equivalence.

Lemma5. A gameg ismixed best-response equivalentto g’ if and only if g is best-response
equivalenttog'.

Proof. Note that

Ai € Ai(pi, A(AY) | &)

& pi€arg max Z Ai(a—i)gi(pj.a—i)
p'/'EA(A’)a,,-eA,,-

& pia;) > 0implies a; € arg max E rila—i)gi(aj,a—;)
aleA;
¢ ‘a_ijeA_;

& pi(a;) >0implies A; € A;(a;, A; | gi).

Thus, if Aj(a;, Ai | &) = Ai(ai, A; | g) for all a; € A;, then A;(pi, A(A) | gi) =
Ai(pi, A(Ay) | g)) forall p; € A(A;). This completes the proof.O

This lemma implies that the characterization of mixed best-response equivalence is
reduced to that of best-response equivalence.

On the other hand, mixed better-responseajance is a strictly stronger requirement
than better-response equivalence. Consider a two player, three strategy, symmetric payoff
gamesg andg’, where each player's payoffs are givby the following payoff matrices



284 S Morris, T. Ui / Games and Economic Behavior 49 (2004) 260287

(where the player's own strategies are represented by rows and his opponent’s strategies
are represented by columns):

/

g g
| 1 2 3 | 1 2 3
111 -2 =2 1| » —-2x —ZX
210 0 0 2| 0 0 0
3/12 -1 -1 3| 2y —y —y

We assume that, y > 0 andx/2 < y < 2x. Then, 1~92, 2~93,3-91, and>9 = »-9.
We also have (gi (L, ) — £i(2,-)) = g;(L, ) — ;(2,-) andy(gi (2, ) — &i(3,)) = g;(2, ) —
g;(3,-). Thus, by Proposition 1g is better-response equivalentgo However, we can
show thatg is mixed better-response equivalentfoonly if x = y. To see this, suppose
that a row player believes that the column player never chooses 1: a row player has a
belief A; with A;(1) = 0. Consider a row player’'s mixed strategy such thatp; (1) = p
and p;(2) =1 — p. In g, he prefers strategy; to strategy 3 if and only i2p > —1,
i.e., p <1/2. Ind, he prefers strategy; to strategy 3 if and only if-2xp > —y, i.e.,
p < y/2x. In order forg to be mixed better-response equivaleng/toit must be true that
1/2=y/2x,i.e.,x = y. In this caseg is VNM-equivalent tog’ and thus mixed better-
response equivalent tp.

In the above example, the relaticm? generates a connected graph since?lz
and 2~? 3. Thus, under the connectedness%ﬁ‘, better-response equivalence does
not necessarily imply VNM-equivalence, but mixed better-response equivalence may
imply VNM-equivalence. The natural question is whether this is true. Remember
that Proposition 2 provides a condition to ensure the equivalence of better-response
equivalence and VNM-equivalence. Thendition includes the connectednes&c?r. But
the connectedness is not sufficient as demonstrated by the above example. In contrast,
the following proposition asserts that the connectednes§cﬁnsures the equivalence of
mixed better-response equivalence and VNM-equivalence.

Proposition 10. Suppose that games g and g’ satisfy generic properties G1 and G2, and
that, for each i € N, ~? generates a connected graph on A;. Then g is mixed better-
response equivalent to g’ if and only if g is VNM-equivalentto g'.

To prove the proposition, we use the following lemma.
Lemma 6. Supposethat g and g’ satisfy generic properties G1 and G2, and that g ismixed
better-response equivalent to g'. For distinct a;, by, ¢; € A;, if a; ~7 b; and b; ~7 ¢;, then

there exists w; > 0 such that

gi(ai,) — gi(bi,-) =wi(gj(ai,") — g/ (bi,")),
gi(bi, ) — gi(ci, ) = wi(g;(bi, ") — gi(ci, ).

Proof. By G1 and Proposition 1, there exist(a;, b;), w; (b;, ¢i) > 0 such that
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gi(ai, ") — gi(bi, ") = wi(ai, bi) (g} (ai, ) — g/ (bi, ")),
gi(bi, ") — gi(ci, ) = wibi, ¢;)(g;(bi, ") — gj(ci, ).
We show thaw; (a;, b;) = w; (b;, ¢;).
Eithera; N? Ci, aj >l-g ci, Or¢; >lg a; is true. Ifq; Nl-g ¢;, there existsw; (a;, ¢;) > 0 such
that
gi(ai,") — gi(ci, ) = wiai, ;) (g} (ai, ) — gi(ci, "))
by Proposition 1. Tius, by Lemma 3w; (a;, b;) = w; (b;, ¢;) = w; (a;, ¢;).
Suppose that; > ¢;. Note that~?=>7 by Proposition 1. Lek; € A(A_;) be such
that

Y hila-i)(gibia—i) — gi(ci,a-) <O, (21)

a_jeA_;
which exists since; ~?/ ¢; and G1. The relation; >?/ ci implies that
Z Ai(a—i)(gj(ai,a—;) — gj(ci,a—)) > 0. (22)
a_j€A_;
By the weighted average of (21) and (22), we can chgeseA(A;) such thatp; (a;) = p,
pi(bj) =1— p,and
> hilai)(g(piai) — gj(ci.a—)) =0. (23)
a_j€A_;
Mixed better-response equivalence implies that
Z riCa—i)(gi(piya—i) — gi(ci,a—;)) =0. (24)
a_j€A_;

Now calculate

gi(pi,+) — gi(ci, ) = pgi(ai, ) + (1 — p)gi(bi,-) — gi(ci, )

= p(gi(ai,) — gi(bi, ")) + gi(bi, ") — gi(ci, )

= wj (a;, bi) p(g;(ai.-) — g (bi, "))
+ wi (bi, ¢i) (8] (bi, ) — gj(ci, )

= wi(a;, bi)(pg(ai,-) + (A — p)gj(bi.) — g/ (ci. "))
+ (wi(bi, ci) — wi(ai, b))(g/ bi, ) — gi(ci, )

= wj(ai, b)) (g (pi,") — gi(ci. ")
+ (wi(bi, ci) — wi(ai, b))(gl bi, ) — g/ (ci, ).

By the expectations with respectip for both sides of the equation, and by (23) and (24),
we have

(wi(bi, i) — wiai b)) Y hila—i)(g}(bi,a—i) — g/(ci,a—)) =0.

a_jeA_;
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By (21), we must havew; (a;, b;) = w; (b, c;). Similarly, if ¢; ~? a;, we must have
w; (a;, bi) = w; (b;, ¢;). This completes the proof.O

We now report the mrof of Propogion 10.

Proof of Proposition 10. We show that ifg is mixed better-response equivalengtdhen
gis VNM-equivalenttay'. By G1 and Proposition 1, if; w? al, there existsv; (a;, a;) >0
such that

gi(ai, ) —gi(al,") = wi(ai,a})(g/ (@i, ) — gi(al,")).
If |A;] =2, this completes the proof by Lemma 1. Suppose that> 3. Fora;, alf € A;,
let {aX}"_, be a sequence such thét=a;, a" = a/, ak ~daft fork=1,...,m — 1,
which exists by the connectednessé’f. There exists; > 0 such that

gilar.) —si(af™ ) = x(gi(af. ) = gi(af ™).
By Lemma 6,x; = xi+1 for all k <m — 1. By lettingx; = w; (a;, a}), we have

m—1
gitai,) —gi(al,) = D (silaf,-) —gi(a*,))
k=1

m—1

=3 (ot )~ siat™ )

= wj(a;, a}) (g} (@i, ) — gj(a}.")).
To summarize, for all;, a; € A;, there existsv; (a;, a;) > 0 satisfying the above equation.
By Lemma 3,w; (a;, a}) is the same for ali;, a; € A;. By Lemma 1gis VNM-equivalent
to g, which completes the proof.O
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