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We prove that local projections (LPs) and Vector Autoregressions (VARs) estimate
the same impulse responses. This nonparametric result only requires unrestricted lag
structures. We discuss several implications: (i) LP and VAR estimators are not con-
ceptually separate procedures; instead, they are simply two dimension reduction tech-
niques with common estimand but different finite-sample properties. (ii) VAR-based
structural identification—including short-run, long-run, or sign restrictions—can equiv-
alently be performed using LPs, and vice versa. (iii) Structural estimation with an in-
strument (proxy) can be carried out by ordering the instrument first in a recursive VAR,
even under noninvertibility. (iv) Linear VARs are as robust to nonlinearities as linear
LPs.

KEYWORDS: External instrument, impulse response function, local projection, proxy
variable, structural vector autoregression.

1. INTRODUCTION

MODERN DYNAMIC MACROECONOMICS STUDIES the propagation of structural shocks
(Frisch (1933), Ramey (2016)). Central to this impulse-propagation paradigm are impulse
response functions—the dynamic response of a macro aggregate to a structural shock.
Following Sims (1980), Bernanke (1986), and Blanchard and Watson (1986), Structural
Vector Autoregression (SVAR) analysis remains the most popular empirical approach to
impulse response estimation. Over the past decade, however, starting with Jorda (2005),
local projections (LPs) have become an increasingly widespread alternative econometric
approach.

How should we choose between SVAR and LP estimators of impulse responses? Un-
fortunately, so far there exists little theoretical guidance as to which method is preferable
in practice. Conventional wisdom holds that SVARs are more efficient, while LPs are
more robust to model misspecification. Examples of the former statement can be found
in the textbook treatment of Kilian and Liitkepohl (2017, Chapter 12.8) and the survey
of Ramey (2016, p. 84), while the latter statement is expressed by Jorda (2005, p. 162),
Ramey (2016, p. 83) and Nakamura and Steinsson (2018, pp. 80-81), among others.!
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Kilian and Liitkepohl (2017) and Stock and Watson (2018, p. 944), however, caution that
these remarks are not based on formal analysis and call for further research. It is also
widely believed that LPs invariably require a measure of a “shock” (perhaps obtained
from an auxiliary SVAR model), so that SVAR estimation is required to implement non-
recursive structural identification schemes such as long-run or sign restrictions.> Finally,
when applied to the same empirical question, LP- and VAR-based approaches sometimes
give substantively different results (Ramey (2016)). Existing simulation studies provide
useful guidance on particular approaches to local projections or VARs, but differences in
implementation details cause these studies to reach disparate conclusions (Meier (2005),
Kilian and Kim (2011), Brugnolini (2018), Nakamura and Steinsson (2018), Choi and
Chudik (2019)).

The central result of this paper is that linear local projections and VARSs in fact esti-
mate the exact same impulse responses in population. Specifically, any LP impulse re-
sponse function can be obtained through an appropriately ordered recursive VAR, and
any (possibly nonrecursive) VAR impulse response function can be obtained through a
LP with appropriate control variables. This result applies to all common implementations
of local projections used in the literature (Jorda (2005, 2009), Ramey (2016)). While the
result concerns linear estimators, we essentially only require the nonparametric assump-
tion that the data are weakly stationary and that the lag structures in the two specifications
are unrestricted. In particular, we do not impose restrictions on the linearity or dimen-
sionality of the underlying data generating process (DGP). Intuitively, a VAR model with
sufficiently large lag length captures all covariance properties of the data. Hence, iterated
VAR(o0) forecasts coincide with direct LP forecasts. Since impulse responses are just
forecasts conditional on specific innovations, LP and VAR impulse response estimands
coincide in population. Furthermore, we prove that if only a fixed number p of lags are
included in the LP and VAR, then the two impulse response estimands still approximately
agree out to horizon p (but not further), again without imposing any parametric assump-
tions on the data generating process.

The equivalence of VAR and LP estimands has several implications for structural esti-
mation in applied macroeconometrics.

First, LPs and VARs are not conceptually different methods; instead, they are simply
two particular linear projection techniques that share the same estimand but differ in
their finite-sample properties. At short impulse response horizons, the two methods are
likely to approximately agree if the same lag length is used for both methods. However,
with finite lag lengths, the two methods may give substantially different results at long
horizons.

Second, structural estimation with VARSs can equally well be carried out using LPs, and
vice versa. Structural identification—which is a population concept—is logically distinct
from the choice of finite-sample estimation approach. In particular, we show concretely
how various popular “SVAR” identification schemes—including recursive, long-run, and
sign identification—can just as easily be implemented using local projection techniques.
Ultimately, our results show that LP-based structural estimation can succeed if and only
if SVAR estimation can succeed.

Third, valid structural estimation with an instrument (IV, also known as a proxy vari-
able) can be carried out by ordering the IV first in a recursive VAR a la Kilian (2006)
and Ramey (2011). This is because the LP-IV estimand of Stock and Watson (2018)
can equivalently be obtained from a recursive (i.e., Cholesky) VAR that contains the IV.

2See the reviews by Ramey (2016) and Kilian and Liitkepohl (2017, Chapter 12.8).
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Importantly, the “internal instrument” strategy of ordering the IV first in a VAR yields
valid impulse response estimates even if the shock of interest is noninvertible, unlike the
well-known “external instrument” SVAR-IV approach (Stock (2008), Stock and Watson
(2012), Mertens and Ravn (2013)).? In particular, this result goes through even if the IV
is contaminated with measurement error that is unrelated to the shock of interest.

Fourth, in population, linear local projections are exactly as “robust to nonlinearities”
in the DGP as linear VARs. We show that their common estimand may be formally in-
terpreted as a best linear approximation to the underlying, perhaps nonlinear, impulse
responses.

In summary, in addition to clarifying misconceptions in the literature about the rela-
tionship between the LP and VAR estimands, our results allow applied researchers to
separate the choice of identification scheme from the choice of estimation approach. Re-
searchers who prefer the intuitive regression interpretation of the LP impulse response
estimator can apply our methods for imposing “SVAR” identifying restrictions such as
short-run, long-run, and sign restrictions. Researchers who instead prefer the explicit
multivariate model of the VAR estimator can apply our results on how to use instru-
ments/proxies without requiring invertible shocks, as in LP-IV.

Literature. 'While the existing literature has pointed out connections between LPs and
VARSs, our contributions are to establish a formal equivalence result that does not require
extraneous functional form assumptions and to derive implications for structural identi-
fication of impulse responses. Jorda (2005, Section 1.B) and Kilian and Liitkepohl (2017,
Chapter 12.8) show that, under the assumption of a finite-order VAR model, VAR im-
pulse responses can be estimated consistently through LPs. In contrast, our equivalence
result between these two linear estimation methods does not restrict the data generat-
ing process itself to be linear or finite-dimensional. While Dufour and Renault (1998,
equation (3.17)) discuss a similar result in the context of testing for Granger causality,
we go further by demonstrating how causal structural VAR orderings map into particular
choices of LP control variables, and vice versa.* Moreover, to our knowledge, our results
on long-run/sign identification, LP-IV, and best linear approximations have no obvious
parallels in the preceding literature.’

In this paper, we focus exclusively on identification and point estimation of impulse
responses. Plagborg-Mgller and Wolf (2019) provided identification results for vari-
ance/historical decompositions using [Vs/proxies. We do not consider questions related
to inference, and instead refer to Jorda (2005), Kilian and Liitkepohl (2017), and Stock
and Watson (2018).

Outline. Section 2 presents our core result on the population equivalence of local pro-
jections and VARs in a reduced-form setting. Section 3 traces out the implications for
structural estimation. We illustrate our equivalence results with a practical application
to I'V-based identification of monetary policy shocks in Section 4. Section 5 concludes

*In contemporaneous work, Noh (2018) also included the IV as an internal instrument in a VAR; our result
offers additional insights by drawing connections to LP-IV and to the general LP/VAR equivalence.

*Jorda, Schularick, and Taylor (2020) informally discussed the connection between control variables and
recursive SVARs.

SKilian and Liitkepohl (2017, Chapter 12.8) presented alternative arguments for why it is a mistake to assert
that finite-order LPs are generally more “robust to model misspecification” than finite-order VAR estimators.
They do not appeal to the general equivalence of the LP and VAR estimands, however.
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by summarizing the takeaways for empirical practice. Some proofs are relegated to Ap-
pendix A, and details are presented in the Online Supplementary Material (Plagborg-
Mgller and Wolf (2021)) in the Appendix B.°

2. EQUIVALENCE BETWEEN LOCAL PROJECTIONS AND VARS

This section presents our core result: Local projections and VARs estimate the same
impulse response functions in population. First, we establish that local projections are
equivalent with recursively identified VARs when the lag structure is unrestricted. Then
we extend the argument to (i) nonrecursive identification and (ii) finite lag orders, and we
illustrate the results graphically. Finally, we discuss an in-sample asymptotic equivalence
result that complements the population analysis.

Our analysis in this section is “reduced form” in that it does not assume any specific
underlying structural/causal model; we merely manipulate linear projections of stationary
time series. We will discuss implications for causal identification in Section 3.

2.1. Main Result

Suppose the researcher observes data w, = (r,, x,, y;, q,)', where r, and ¢, are, respec-
tively, n, x 1 and n, x 1 vectors of time series, while x, and y, are scalar time series. We
are interested in the dynamic response of y, after an impulse in x,. The vector time series
r; and g, (which may each be empty) will serve as control variables. Readers who wish to
have a structural interpretation in mind may think of x, as predetermined with respect
to y; and r, as predetermined with respect to {x,, y,}. However, our reduced-form equiva-
lence result below does not require any such predeterminedness assumptions. The precise
roles of the controls 7, and g, will become clear in equations (1) and (3) below.

For now, we only make the following standard nonparametric regularity assumption.’

ASSUMPTION 1: The data {w,} are covariance stationary and purely nondeterministic, with
an everywhere nonsingular spectral density matrix and absolutely summable Wold decompo-
sition coefficients.

In particular, we assume nothing about the underlying causal structure of the economy,
as this section is concerned solely with properties of linear projections.®
As an expositional device, we impose an additional assumption of joint Gaussianity.

ASSUMPTION 2: {w,} is a jointly Gaussian vector time series.

The Gaussianity assumption is made purely for notational simplicity, as this allows us
to write conditional expectations instead of linear projections. If we drop the Gaussianity
assumption, all calculations below hold with projections in place of conditional expecta-
tions.

We will show that, in population, the following two approaches estimate the same im-
pulse response function of y, with respect to an innovation in x,.’

®Online Appendix and replication files in Plagborg-Mgller and Wolf (2021).

"The restriction to nonsingular spectral density matrices rules out overdifferenced data. We conjecture that
this restriction could be relaxed using the techniques in Almuzara and Marcet (2017).

8 Assumption 1 allows the time series to be discrete or censored, though structural interpretation of the
linear impulse response estimand in such cases requires care; cf. the discussion below Proposition 1.

9We write linear projections on the span of infinitely many variables as an infinite sum. This is justified under
Assumption 1, since we can invert the Wold representation to obtain a VAR (co) representation.
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1. LOCAL PROJECTION. Consider for each 4 =0, 1,2, ... the linear projection

Yeen =t + B + Viri+ Y 8, Wiy + Ensy (1)
=1
where &, is the projection residual, and wy, By, Vi, 641, 642, - .. the projection co-

efficients.

DEFINITION 1: The LP impulse response function of y, with respect to x, is given
by {Bx}ss0 in equation (1).

Effectively, this defines the LP impulse response estimand at horizon /4 as

Br= E(yH—h lx,=1,r, {w7}7<t) - E(Yt+h lx,=0,r, {wr}7<t)~ ()

Notice that the projection (1) controls for the contemporaneous value of r; but not
of g,. Notice also that we do not require x, to be a predetermined “shock” variable in
this section, although such additional assumptions may be important for interpret-
ing B, structurally, as discussed in Section 3 below. Importantly, the formulation (1)
is general enough to cover all common empirical implementations of local projec-
tions."

2. VAR. Consider the multivariate linear “VAR(c0)” projection

wt:C+ZAewt—£+ut, (3)
=1
where u, = w, — E(w, | {w,}_«<,<) is the projection residual, and ¢, A;, A, ... the

projection coefficients. Let 3, = E(u,u,), and define the Cholesky decomposition
3., = BB/, where B is lower triangular with positive diagonal entries. Consider the
corresponding recursive SVAR representation

A(L)w, = ¢+ Bn,,

where A(L)=1-Y,7, A.L" and n, = B 'u,. Notice that r, is ordered first in the
VAR, while g, is ordered last."" Define the lag polynomial ), C,L‘ = C(L) =
A(L)~'. Noting that x, and y, are the (n, + 1)-th and (n, + 2)-th elements in w,,
we now introduce the following familiar definition.

0This includes: (i) estimating reduced-form impulse responses via LP and then rotating them using esti-
mates of the impact impulse response matrix from an auxiliary SVAR as in Jorda (2005, 2009), (ii) projections
on an exogenous shock x, = ¢;, (e.g., Ramey (2016), Nakamura and Steinsson (2018)) (in this case control
variables are often omitted, though they may increase efficiency), and (iii) projections on an endogenous co-
variate x, while controlling for confounding variables r, (e.g., Jorda, Schularick, and Taylor (2013)). The fact
that options (ii) and (iii) are covered by (1) is immediate, while Chang and Sakata (2007) show that option (i)
is equivalent in population to directly projecting on the shock x, identified by the auxiliary SVAR as in option
(ii).

"The relative ordering of y, and g, in the SVAR representation does not matter for our results, since it
can be verified that the (n, + 1)-th column of B is equivariant with respect to this ordering. Similarly, if x,
is ordered after y, in the SVAR representation, then the equivalence result below still obtains as long as we
additionally control for y, on the right-hand side of (1) (so in particular B, =0).
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DEFINITION 2: The VAR impulse response function of y, with respect to an innova-
tion in x, is given by {6},},-, Wwhere

011 = Cny+2,o,hBo,ny+1a
and {C,} and B are defined above.

Here, C;. ;, say, refers to the ith row of Cj,, while B, ; is the jth column of B.

Note that our definitions of the LP and VAR estimands include infinitely many lags of
w, in the relevant projections; we consider the case of finitely many lags in Section 2.3.
Note also that we take the use of the control variables r, and ¢, as given in this section, as
controls are common in applied work. We will discuss structural justifications for the use
of such controls in Section 3.

Although LP and VAR approaches are often viewed as conceptually distinct in the
literature, they in fact estimate the same population impulse response function.

PROPOSITION 1: Under Assumptions 1 and 2, the LP and VAR impulse response functions
are equal, up to a constant of proportionality: 6, = \/E(x?) x B, forall h=0,1,2, ..., where
j;:t =X — E(xl | Yy, {wT}*OO<T<t)'

That is, any LP impulse response function can equivalently be obtained as an appropri-
ately ordered recursive VAR impulse response function. Conversely, any recursive VAR
impulse response function can be obtained through a LP with appropriate control vari-
ables. We comment on nonrecursive identification schemes below. The constant of pro-
portionality in the proposition depends on neither the response horizon /# nor on the
response variable y,. The reason for the presence of this constant of proportionality is
that the implicit LP innovation X,, after controlling for the other right-hand side vari-
ables, does not have variance 1. If we scale the innovation X, to have variance 1, or if we
consider relative impulse responses 6,/6, (as further discussed below), the LP and VAR
impulse response functions coincide.

The intuition behind the result is that a VAR( p) model with p — oo is sufficiently flex-
ible to perfectly capture all covariance properties of the data (Lewis and Reinsel (1985),
Inoue and Kilian (2002)). Thus, iterated forecasts based on the VAR coincide perfectly
with direct forecasts E(w,.; | w,, w,_1, ...). Since both recursive VAR and LP impulse
responses are just linear functions of these direct reduced-form forecasts, they coincide.
Although the intuition for this equivalence result is simple, its implications do not appear
to have been generally appreciated in the literature on impulse response estimation, as
discussed earlier in Section 1.

PrROOF: The proof of the proposition relies only on least-squares projection algebra.
First, consider the LP estimand. By the Frisch—Waugh theorem, we have that

B, = Cov(yiin, X1)
"TE®)

t

(4)

For the VAR estimand, note that C(L) = A(L)™! collects the coefficient matrices in the
Wold decomposition

w=x+CLyu,=x+Y CBn, x=C(lec.

=0
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As a result, the VAR impulse responses equal

0, = Cn,+2,.,hB.,n,+1 = Cov(Yiih, N,t)s (5)

where we partition n, = (1, , Ny, Ny n’q’t)’ the same way as w, = (7}, x,, y;, q,)". By u, =
B, and the properties of the Cholesky decomposition, we have!?

1 ~
Nyt = —F7—— X Uy, (6)
E(@ )

’
rt?

where we partition u, = (u;,, u.;, u,,, u, )’ and define

Uy =Up, — E(uy, lu,) =X, (7
From (5), (6), and (7) we conclude that

9, — Cov(yiin, X1)

h
E(%)
and the proposition now follows by comparing with (4). Q.E.D.

In the special case where x, represents a “shock,” in the sense that E(x, | r,, {w,},-,) =
0, the LP estimand B, coincides also with the impulse response estimand ¢, from a dis-
tributed lag regression y, =a + Y ,-, ¢¢X,—¢ + o, (understood as a linear projection); see
Baek and Lee (2020). Note that in this special case, the LP estimand is unchanged if we
drop all control variables in equation (1). However, the projection coefficient ¢, differs
from the LP (and VAR) estimand if x, correlates with r, or with lags of the data (Alloza,
Gonzalo, and Sanz (2019)).

Proposition 1 implies that linear LPs are exactly as “robust to nonlinearities” as linear
VAR methods, in population. This is because, while the equivalence result concerns lin-
ear estimation methods, our argument was nonparametric in that it did not rely on func-
tional form assumptions on the true data generating process, such as linearity or finite
dimensionality. In the Online Appendix, we prove that the common LP/VAR estimand
can be interpreted as a “best linear approximation” to the true, possibly nonlinear, struc-
tural/causal impulse responses. Of course, this best linear approximation may bear little
resemblance to the impulse responses in the underlying nonlinear model, which will gen-
erally depend on the history and magnitudes of current and past shocks, unlike the linear
impulse responses. !4

In conclusion, LPs and VARs should not be thought of as conceptually different
methods—they are simply two particular linear projection techniques with a shared es-
timand. LPs and VARs offer two equivalent ways of arriving at the same population pa-
rameter (4), or equivalently (2), up to a scale factor that does not depend on the horizon 4.

12 is lower triangular, so the (n, + 1)-th equation in the system Bv, = u, iS By, 11,10, Mt + Byt 11 Mxt =
u, ., with obvious notation. Since 7, , and 7,, are uncorrelated, we find By, 11,5, +1Mx.c = Uxs — E(Uy s | My0) =
uy, — E(uy, | u,,) =1, Expression (6) then follows from E(nfm) =1.

BObserve that Uy — X = E(x [ 715 {Ws} coocrar) — E(X; | {wr}cocrar) = E(ux,t [ 715 {Wr} —oocrar) = E(ux,t |
Uy, {wf}—oo<7<l) = E(”x,z | Mr,t)-

14See Kilian and Vigfusson (2011) as an example of a model in which the common linear estimand of local
projections and VARSs is not the structural object of interest.
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2.2. Extension: Nonrecursive Specifications

Our equivalence result extends straightforwardly to the case of nonrecursively identi-
fied VARSs. Above we restricted attention to recursive identification schemes, as the VAR
directly contains a measure of the impulse x,. In a generic structural VAR identification
scheme, the impulse is some—not necessarily recursive—rotation of reduced-form fore-
casting residuals. Thus, let us continue to consider the VAR (3), but now we shall study
the propagation of some rotation of the reduced-form forecasting residuals,

n:.=bu,, ®

where b is a vector of the same dimension as w,. Under Assumptions 1 and 2, we can
follow the same steps as in Section 2.1 to establish that the VAR-implied impulse response
at horizon h of y, with respect to the innovation 7, equals—up to scale—the coefficient
B, of the linear projection

Yirn = iy + Bh (b/wt) + Z Sz’[wtfli + gh,n (9)

=1

where the coefficients are least-squares projection coefficients and the last term is the
projection residual. Thus, any recursive or nonrecursive SVAR(o0) identification proce-
dure is equivalent with a local projection (9) on a particular linear combination b'w, of
the variables in the VAR (and their lags). For recursive orderings, this reduces to Proposi-
tion 1. We give concrete examples of the mapping from nonrecursive VAR to the rotation
vector b in Section 3.2 as well as in the Online Appendix.

2.3. Extension: Finite Lag Length

Whereas our main equivalence result in Section 2.1 relied on infinite lag polynomials,
we now prove an equivalence result that holds when only finitely many lags are used.
Specifically, when p lags of the data are included in the VAR and as controls in the LP, the
impulse response estimands for the two methods agree approximately out to horizon p,
but generally not at higher horizons. Importantly, this result is still entirely nonparametric,
in the sense that we do not impose that the true DGP is a linear or finite-order VAR.

First, we define the finite-order LP and VAR estimands. We continue to impose As-
sumptions 1 and 2. Consider any lag length p and impulse response horizon #.

1. LocAL PROJECTION. The local projection impulse response estimand B,(p) is de-
fined as the coefficient on x, in a projection as in (1), except that the infinite sum
is truncated at lag p. Again, we interpret all coefficients and residuals as resulting
from a least-squares linear projection.

2. VAR. Consider a linear projection of the data vector w, onto p of its lags (and
a constant), that is, the projection (3) except with the infinite sum truncated at
lag p. Let A,(p), £ =1,2,..., p, and 3,(p) denote the corresponding projec-
tion coefficients and residual variance. Define A(L; p) =1 — )}, A.(p) and the
Cholesky decomposition ¥,(p) = B(p)B(p)'. Define also the inverse lag polyno-
mial > Ci(p)L* = C(L; p) = A(L; p)~! consisting of the reduced-form impulse
responses implied by A(L; p). Then the VAR impulse response estimand at horizon
h is defined as

0,(p) = Coi2,00(P)Bo,11(P);
cf. the definition in Section 2.1 with p = co.
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Note that the VAR(p) model used to define the VAR estimand above is “misspecified,”
in the sense that the reduced-form residuals from the projection of w, on its first p lags
are not white noise in general.

We now state the equivalence result for finite p. The statement of the result is a simple
generalization of Proposition 1, which can be thought of as the case p = co. Define the
projection residual ,(p) = x, — E(x, | 11, {w;}i—pert) =X, — Yty 00(p) w,_, (Where the
last n, + 2 elements of gy(p) are zero). Let also the operator Cov”(-, -) denote the co-
variance between any variables in the VAR that would hypothetically obtain if the data in
fact followed a VAR(p) model with the parameters (A(L; p), 3,(p)) defined above.

PROPOSITION 2: Impose Assumptions 1 and 2. Let the nonnegative integers h, p sat-

isfy h < p. Then 0,(p) = VE(X.(p)*) x Bu(p) + du(p), where the remainder is given by
bi(p) ={EE(P))Y "2 20, i ACOV(Yipn, i) — COVP (Yirn, W)} 0e(P)-

PROOF: Please see Section A.1. Q.E.D.

Thus, if long lags of the data do not help to predict the impulse variable x, (that is,
when g,(p) =0forall £ > p— h+ 1), then the population LP and VAR impulse response
estimands agree at all horizons & < p, although generally not at horizons 4 > p. This
finding would not be surprising if the true DGP were assumed to be a finite-order VAR
(as in Jorda (2005, Section 1.B), and Kilian and Liitkepohl (2017, Chapter 12.8)), but
we allow for general covariance stationary DGPs. The reason why the result still goes
through is that a VAR( p) obtained through least-squares projections perfectly captures
the autocovariances of the data out to lag p (but not further), and these are precisely what
determine the LP estimand.”® For example, if p = 2, then Cov”(y;, x,_,) = Cov(y,, X;_2),
but generally Cov”(y,, x,_3) # Cov(y;, X;:_3).

Proposition 2 implies that LP and VAR impulse response estimands will agree approx-
imately at short horizons for a wide range of empirically relevant DGPs. If, as in many
applications, x, is a direct measure of a “shock,” and thus uncorrelated with r, and all
past data, then necessarily ¢, ( p) = 0 and so the LP/VAR equivalence holds exactly out to
horizon 4. More generally, the LP estimand projects y,,, onto X,(p); thus, the projection
depends on the first p + & autocovariances of the data. The estimated VAR(p) gener-
ally does not precisely capture the autocovariances of the data at lags p+1,..., p+ A,
and so the LP and VAR may not agree exactly. However, as we illustrate in Section 2.4,
empirically relevant DGPs often have o,(p) = 0 for long lags ¢, since it is typically only
the first few lags of the data w, that contribute substantially to forecasting x,. But then
¢, (p) =0 for h « p, so the LP/VAR equivalence holds approximately at short horizons
(in particular, ¢o(p) =0).

In conclusion, even if we use “too short” a lag length p, the LP and VAR impulse re-
sponse estimands only disagree materially at horizons longer than p. This is a comforting
fact in applications where the questions of interest revolve around short-horizon impulse
responses.

2.4. Graphical llustration

In this section, we graphically illustrate our previous theoretical results in the context
of a particular data generating process: the structural macro model of Smets and Wouters

SBaek and Lee (2020) proved a similar result for the related but distinct setting of single-equation autore-
gressive distributed lag models with a white noise exogenous regressor.
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ILLUSTRATION: POPULATION EQUIVALENCE OF VAR AND LP ESTIMANDS
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FIGURE 1.—LP and VAR impulse response estimands in the structural model of Smets and Wouters (2007).
Left panel: response of output to a government spending innovation. Right panel: response of output to a
negative interest rate innovation. The horizontal line marks the horizon p after which the finite-lag-length
LP(p) and VAR(p) estimands diverge.

(2007). We abstract from sampling uncertainty and throughout assume that the econome-
trician actually observes an infinite amount of data.'® Since this section is merely intended
to illustrate the properties of different projections, we do not comment on the relation of
the projection estimands to true structural model-implied impulse responses. We formally
discuss structural identification in Section 3.

The left panel of Figure 1 shows LP and VAR impulse response estimands of the re-
sponse of output to an innovation in government spending. We assume the model’s gov-
ernment spending innovation is directly observed by the econometrician, who addition-
ally controls for lags of output and the fiscal spending innovation itself. This experiment
is therefore similar in spirit to that of Ramey (2011). As ensured by Proposition 1, the
LP(oc0) and VAR(o0) estimands—that is, with infinitely many lags as controls—agree at
all horizons. Since by assumption the “impulse” variable x, is a direct measure of the gov-
ernment spending innovation, we have X,(p) = x,. Thus, any LP(p) estimand for finite
p also agrees with the LP(co) limit at all horizons. Finally, we observe that the impulse
responses implied by a VAR (4) exactly agree with the true population projections up until
horizon & = 4, as predicted by Proposition 2.

The right panel of Figure 1 shows LP and VAR impulse response estimands for the
response of output to an innovation in the nominal interest rate. Here, the model’s in-
novation is not directly observed by the econometrician, only the interest rate. The LP
specifications control for the contemporaneous value of output and inflation as well as
lags of output, inflation, and the nominal interest rate; as discussed, this set of control
variables is equivalent to ordering the interest rate last in the VAR. Thus, the experiment

16We use the Dynare replication of Smets and Wouters (2007) kindly provided by Johannes Pfeifer. The code
is available at: https://sites.google.com/site/pfeiferecon/dynare. We truncate the model-implied vector moving
average representation at a large horizon (H = 350), and then invert to obtain a VAR (c0).
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emulates the familiar monetary policy shock identification analysis of Christiano, Eichen-
baum, and Evans (2005), although we, at least for the purposes of this section, interpret
the projections purely in a reduced-form way. Again, the LP(co) and VAR(o0) estimands
agree at all horizons. Now, however, the “impulse” X,(p) upon which the LP(p) and
VAR( p) methods project depends on the lag length p, so these estimands differ from the
LP(00)/VAR(o0) estimands. Furthermore, the LP(p) and VAR(p) estimands also differ
from each other, as the remainder term ¢, (p) in Proposition 2 is not exactly zero. Nev-
ertheless, because distant lags of w, do not contribute substantially to forecasting x, in
this DGP, all impulse response estimands are nearly identical until the truncation horizon
p =4, consistent with the discussion in Section 2.3.

2.5. Sample Equivalence

In addition to being identical conceptually and in population, we show in the Online
Appendix that the difference between the local projection and VAR impulse response
estimators converges to zero asymptotically in sample when large lag lengths are used

in the regression specifications. Formally, let ,(p) and 6,(p) denote the least-squares
estimators of the LP and VAR specifications (1)—(3) if we include p lags of the data in the
VAR and on the right-hand side of the local projection. Under standard nonparametric
regularity conditions (Lewis and Reinsel (1985)), the sample analogue of the population
equivalence result in Section 2.1 holds: There exists a constant of proportionality k such
that, at any fixed horizon #, the distance |9h( p) — f<[§h( p)| tends to zero in probability
asymptotically, provided that the lag length p tends to infinity with the sample size at an
appropriate rate. We relegate the details of this result to the Online Appendix.
Combining Proposition 1 and the logic in Newey (1994), we conjecture that the least-

squares local projection and VAR impulse response estimators B,(p) and 8,(p) are
equally asymptotically efficient (at a fixed horizon /) under weak regularity conditions,
provided that the lag length p tends to infinity at an appropriate rate with the sample
size. In finite samples, and with finite lag lengths, the two estimation methods are likely
to agree approximately at short horizons due to Proposition 2, but the choice between the
procedures at long horizons requires navigating a bias-variance trade-off."” Much more
research is warranted on the optimal way to resolve the bias-variance trade-off in prac-
tice.'®

3. STRUCTURAL IDENTIFICATION OF IMPULSE RESPONSES

We now show that our result on the population equivalence of LP and VAR impulse
response functions has important implications for structural identification. The problem
of structural identification is a population concept and thus logically distinct from the
choice of finite-sample dimension reduction technique. We apply our equivalence result
to show that popular “SVAR” identification schemes—including short-run restrictions,

7A VAR with p lags extrapolates its long-run responses from the first p sample autocovariances, which
are estimated more precisely than the long-lag sample autocovariances used by the local projection estimator.
Hence, the VAR impulse response estimates at long horizons typically have lower variance than local pro-
jections, but potentially higher asymptotic bias if the lag length is misspecified (though this depends on the
magnitude of the misspecification, see Schorfheide (2005), and Kilian and Kim (2011)).

8The forecasting literature offers extensive guidance on the choice between direct forecasts (analogous to
LP) and iterated forecasts (analogous to VAR) (Schorfheide (2005), Chevillon (2007), Marcellino, Stock, and
Watson (2006), Pesaran, Pick, and Timmermann (2011), McElroy (2015)).
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long-run restrictions, and sign restrictions—can equivalently be carried out using LPs.
Conversely, invertibility-robust structural estimation with an external instrument (proxy)
is also possible using VARs, not just LPs.

3.1. Structural Model

To discuss structural identification, we impose a linear but otherwise general semipara-
metric Structural Vector Moving Average (SVMA) model. This model does not restrict
the /inear transmission mechanism of shocks to observed variables (see the Online Ap-
pendix for a discussion of nonlinear models). SVMA models have been analyzed by Stock
and Watson (2018), Plagborg-Mgller and Wolf (2019), and many others. The class of
SVMA models encompasses all discrete-time, linearized DSGE models as well as all sta-
tionary SVAR models.

ASSUMPTION 3: The data {w,} are driven by an n,-dimensional vector &, = (&y,,...,
&n,.t) Of exogenous structural shocks,

w=p+0L)s, OUL)=) O,L', (10)

=0

where u € R, @, € R™*" and L is the lag operator. {®,}, is assumed to be absolutely
summable, and O (x) has full row rank for all complex scalars x on the unit circle. For nota-
tional simplicity, we further assume normality of the shocks:

iid.

g ~ N(,1,). (11)

Under these assumptions, w, is a nonsingular, strictly stationary jointly Gaussian time
series, consistent with Assumptions 1 and 2 in Section 2. The (i, j) element O, ;, of the
n, X n, moving average coefficient matrix @, is the impulse response of variable i to shock
j at horizon ¢.

The researcher is interested in the propagation of the structural shock &;, to the ob-
served macro aggregate y,. Since y, is the (n, + 2)-th element in w,, the parameters of
interest are 0,51, h =0,1,2,.... In line with applied work, we also consider rela-
tive impulse responses 0, ,21,/0,,.1.10. This may be interpreted as the response in y,,
caused by a shock ¢, of a magnitude that raises x, by one unit on impact.

3.2. Implementing “SVAR” Identification Using LPs

In this subsection, we show that LP methods are as applicable as VAR methods when
implementing common identification schemes. Our main result in Section 2.1 implies that
LP-based causal estimation can succeed if and only if SVAR-based estimation can suc-
ceed. We will exhibit several concrete and easily implementable examples of this equiva-
lence.

Identification Under Invertibility. Standard SVAR analysis assumes (partial) invertibil-
ity, that is, the ability to recover the structural shock of interest, ¢, ;, as a function of only
current and past macro aggregates:

&1, € span({w;} _cozr<)- (12)
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A given SVAR identification scheme then identifies as the candidate structural shock a
particular linear combination of the Wold forecast errors:

&, =bu, (13)

where the chosen identification scheme gives the vector b as a function of the reduced-
form VAR parameters (A(L), 3,), or equivalently the Wold decomposition parameters
(C(L), 2,). Under invertibility, there must exist a vector b such that &, , = & ,, so SVAR
identification can in principle succeed (Fernandez-Villaverde, Rubio-Ramirez, Sargent,
and Watson (2007), Wolf (2020)).

We now illustrate through three examples that common SVAR identification schemes
are equally as simple to implement using LP methods. We first consider a standard re-
cursive scheme covered by our benchmark analysis in Section 2.1. The second and third
examples involve long-run and sign restrictions and require the general equivalence result
of Section 2.2.

EXAMPLE 1—Recursive Identification: Christiano, Eichenbaum, and Evans (2005)
identified monetary policy shocks through a recursive ordering. They assume that their
observed data {w,} follow an invertible SVMA model, that is, the condition (12) holds
for all shocks in the system (10). They then additionally impose a temporal ordering on
the set of variables w,: Output, consumption, investment, wages, productivity, and the
price deflator do not respond within the period to changes in the policy rate (Federal
Funds Rate), which itself in turn does not react within the period to changes in profits
and money growth. In the notation of Section 2.1, the assumed ordering corresponds to
the Federal Funds Rate as the impulse variable x,, real and price variables as the controls
r;, and financial variables collected in the vector g,. Thus, for the purposes of structural
interpretation, it is now explicitly assumed that x, and r, are predetermined with respect
to y;. Christiano, Eichenbaum, and Evans implemented their structural analysis through
the recursive VAR (3). By our main result, they could have equivalently estimated the LP
regression (1) and collected the regression coefficients {},-0. The population estimand
would have been the same.

EXAMPLE 2—Long-run identification: Blanchard and Quah (1989) identified the ef-
fects of demand and supply shocks using long-run restrictions in a bivariate system.
Let gdp, and unr, denote log real GDP (in levels) and the unemployment rate, respec-
tively. Then Agdp, = gdp, — gdp,_, is log GDP growth. Blanchard and Quah impose that
w, = (Agdp,, unr,)’ follows the SVMA model in Assumption 3 with n, = 2 shocks, where
the first shock is a supply shock, the second shock a demand shock, and both shocks are
invertible; cf. (12). They then additionally impose the identifying restriction that the long-
run effect of the demand shock on the level of output is zero, that is, ZZO 01,,=0.

While Blanchard and Quah impose their long-run restriction on an SVAR model to
estimate impulse responses, the extended equivalence result in Section 2.2 implies that
the same restriction can be equivalently implemented using an LP approach. To see how,
consider, for a large horizon H, the “long difference” projection

gdp,,,; — gdp,_, = i + Biyw, + Z Sy Wit + En e (14)

=1

Intuitively, this projection uncovers the linear combination of the data that best explains
long-run movements in GDP. By assumption, such explanatory power can only come from
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the supply shock. Thus, to estimate impulse responses with respect to the supply shock, we
can run the local projection (9) with b = B;; and with y, given by the response variable of
interest (either Agdp, or unr,). Indeed, we show formally in Section A.2 that, as H — oo,
this procedure correctly identifies the impulse responses 0; ; ;, with respect to the supply
shock, up to a constant scale factor. In this way, relative impulse responses ©;; ,/0; 1o are
correctly identified.” To estimate relative impulse responses @;, /0, to the demand
shock, the researcher can choose any vector b such that b’ = 0, and then implement the
local projection (9) with b in lieu of b.

In finite samples, the mean squared error performance of the proposed procedure rel-
ative to the conventional SVAR(p) approach of Blanchard and Quah (1989) will depend
on the tuning parameters H and p, and on whether the low-frequency properties of the
data are well approximated by a low-order VAR model.”® For researchers who priori-
tize bias over variance, the LP approach to long-run restrictions has the advantage that
it does not extrapolate long-run impulse responses from short-run autocorrelations, as a
finite-order VAR does.

EXAMPLE 3—Sign Identification: Uhlig (2005) and Rubio-Ramirez, Waggoner, and
Zha (2010) considered set-identification via sign restrictions on impulse responses. For
concreteness, suppose we are interested in the impulse response of real GDP growth y,
to a monetary shock ¢;, at horizon A. As before, assume that the full set of observed data
{w,} follows an SVMA system (10) where all shocks are invertible. As a very simple exam-
ple of sign restrictions, we may impose the identifying restriction that the scalar variable
r; (say, the nominal interest rate) responds positively to a monetary shock at all horizons
s=0,1,...,H.

The traditional SVAR approach to sign identification proceeds as follows. By invertibil-
ity, the monetary shock &, is related to the Wold forecast errors u, through &;, = b'u,,
where b € R™ is an unknown vector. If we knew b, the structural impulse responses of
any variable w;, to &, could be obtained as the linear combination b of the reduced-form
impulse responses of w;, from a VAR in w,. To impose the sign restrictions, we search
over all possible vectors b such that (i) the r, impulse responses are positive at all hori-
zons s =0, 1, ..., H and (ii) the impact impulse response of r, is normalized to 1 (other
normalizations are also possible). Once we have determined the set of possible b’s, we
can then use the VAR to compute the corresponding set of possible impulse responses of
¥, with respect to b'u,.

By the logic in Section 2.2, we can alternatively impose sign restrictions using an LP
approach. We simply estimate the reduced-form impulse responses using LPs instead of

a VAR. Consider the coefficient vector 3, obtained from the projection

Yivn = Ly + B/hwt + Z a/h,gwt—é + &ne

=1

The above LP yields the reduced-form impulse responses ,éh of y, to the Wold forecast
errors u,. Exactly as in the VAR approach, we now seek the linear combination '8, that

19 Absolute impulse responses can be identified by rescaling the identified shock so it has variance 1.

PO Christiano, Eichenbaum, and Vigfusson (2006) and Mertens (2012) made the related point that SVAR-
based long-run identification could employ nonparametric estimators of the long-run variance matrix instead
of the VAR estimator.
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equals the structural impulse response to the monetary shock &, = b'u,. To find the set
of b’s consistent with the sign restrictions, the natural analogue of the VAR approach
is as follows. For each horizon s =0, 1, ..., H, store the coefficient vector B, from the
projection

Vigs = /-Ls + B;wt + Z S/S’gwlfé + %:s,t-

=1

The coefficients Bs measure the reduced-form impulse responses of r, to u,, so sign re-
strictions on the structural impulse responses of r, amount to linear inequality restrictions
on these coefficients. Consequently, the largest possible response of y,,, to a monetary
shock that raises r, by one unit on impact can be obtained as the solution to the linear
program?!

sup b/Bh subject to b/,éo =1,

beR"w
b'B,>0,s=1,...,H.

To compute the smallest possible impulse response, replace the supremum with an infi-
mum.*? In population, this LP-based procedure recovers exactly the same identified set as
analogous sign restrictions in an SVAR.

In the Online Appendix, we show how to perform local projection identification with a
completely general system of sign, zero, and magnitude restrictions on multiple variables,
shocks, and horizons, as in the SVAR frameworks of Rubio-Ramirez, Waggoner, and Zha
(2010) and Kilian and Murphy (2012). There we also argue that narrative restrictions as in
Antolin-Diaz and Rubio-Ramirez (2018) and Ludvigson, Ma, and Ng (2020b) can be ex-
ploited in a local projection framework, by recasting those restrictions in the instrumental
variable framework analyzed in Section 3.3 below.

Our examples demonstrate that invertibility-based identification need not be thought
of as “SVAR identification,” contrary to standard practice in textbooks and parts of the
literature. As a matter of identification (i.e., in population), the two methods succeed or
fail together. Ideally, researchers ought to decide on the identification scheme separately
from how they decide on the finite-sample dimension reduction technique. The former
choice should be based on economic theory. The latter choice should be based on the
researcher’s preferences over bias and variance as well as on features of the DGP.

Beyond Invertibility. If the invertibility assumption (12) is violated, then identification
strategies that erroneously assume invertibility—independent of whether they are imple-
mented using VARs or LPs—will not measure the true impulse responses.” Instead, these

ATo consider impulse responses to a one-standard-deviation monetary shock, replace the equality constraint
in the linear program by the constraint b’ Var(u,)~'b = 1. The resulting linear-quadratic program with inequal-
ity constraints is similar to those in Gafarov, Meier, and Montiel Olea (2018) and Giacomini and Kitagawa
(2020).

2We focus on computing the bounds of the identified set. An alternative approach is to sample from the
identified set, as is commonly done in the Bayesian SVAR literature (Rubio-Ramirez, Waggoner, and Zha
(2010)).

BSeveral recent papers have demonstrated how to perform valid semistructural identification without as-
suming invertibility; cf. the references in Plagborg-Mgller and Wolf (2019). Often such methods rely on LP or
VAR techniques to compute relevant linear projections, without interpreting the VAR disturbances (i.e., Wold
innovations) as linear combinations of the contemporaneous true shocks.
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methods will measure the impulse responses to a white noise disturbance that is a linear
combination of current and lagged true structural shocks:

&, =9(L)e,. (15)

The properties of the lag polynomial (L) are characterized in detail in Fernandez-
Villaverde et al. (2007) and Wolf (2020). Combining (10) and (15), we see that, in general,
both LP and VAR impulse response estimands are linear combinations of contemporane-
ous and lagged true impulse responses. Thus, projection on a given identified impulse &,
correctly identifies impulse response functions (up to scale) if and only if &, , affects the
response variable y, only through the contemporaneous true structural shock &;,. Triv-
ially, this is the case if &, is a function only of &, (the invertible case); less obviously,
the same is also true if &, is only contaminated by shocks that do not directly affect the
response variable y,.** Instrumental variable identification, discussed next, is the leading
example of this second case.

3.3. Identification and Estimation With Instruments

Instruments (also known as proxy variables) are popular in semistructural analysis. We
here use our main result in Section 2 to show that the influential local projection instru-
mental variable estimation procedure is equivalent to estimating a VAR with the instru-
ment ordered first. This is true irrespective of the underlying structural model.

An instrumental variable (IV) is defined as an observed variable z, that is contempora-
neously correlated only with the shock of interest ¢, ;, but not with other shocks that affect
the macro aggregate y, of interest (Stock (2008), Stock and Watson (2012), Mertens and
Ravn (2013)).* More precisely, given Assumption 3, the IV exclusion restrictions are that

COV(Z,, gjs 1z, wT}_oo<T<,) #0 ifandonlyif bothj=1andt=s. (16)

Stock and Watson (2018, p. 926) refer to this assumption as “LP-IV*,” and it is routinely
made in theoretical and applied work, as reviewed by Ramey (2016) and Stock and Wat-
son (2018). The assumption requires that, once we control for all lagged data, the instru-
ment is not contaminated by other structural shocks or by lags of the shock of interest.

Without loss of generality, we can use projection notation to phrase the IV exclusion
restrictions (16) as follows.

ASSUMPTION 4:

zi=¢; + Z(lp@zt,@ + Aw,y) +ag 4 vy, (17)
=1
where a #0, c,, ¥, e R, A, e R*™ v, R N(0, 02), and v, is independent of &, at all leads
and lags. The lag polynomial 1 — Y")° W,L" is assumed to have all roots outside the unit
circle, and { A}, is absolutely summable.

2In particular, this means that neither invertibility nor recoverability (as defined in Plagborg-Mgller and
Wolf (2019)) are necessary for successful semistructural inference on impulse response functions.

BWe focus on the case of a single IV. If multiple IVs for the same shock are available, Plagborg-Mgller and
Wolf (2019) show that (i) the model is testable, and (ii) all the identifying power of the IVs is preserved by
collapsing them to a certain (single) linear combination.
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Crucially, the assumption allows the IV to be contaminated by the independent mea-
surement error v,. In some applications, we may know by construction of the IV that the
lag coefficients ¥, and A, are all zero (so z, satisfies assumption “LP-IV” of Stock and
Watson (2018, p. 924), without controls); obviously, such additional information will not
present any difficulties for any of the arguments that follow.

LP-IV. The Local Projection Instrumental Variable (LP-IV) approach estimates the
impulse responses to the first shock using a two-stage least squares version of LP. Loosely,
Mertens (2015), Jorda, Schularick, and Taylor (2015, 2020), Leduc and Wilson (2017),
Ramey and Zubairy (2018), and Stock and Watson (2018) proposed to estimate the LP
equation (1) using z, as an IV for x,. To describe the two-stage least-squares estimand in
detail, define W, = (z,, w;)’ and consider the “reduced-form” IV projection

Yieh = MRE,n + BrE#Z + Z 5§F,h,sz—e + ERE (18)

=1

for any i > 0. Consider also the “first-stage” IV projection®

X, = prs + Brsz + Z Sts. Wit + Ers.i- (19)

=1

Notice that the first stage does not depend on the horizon 4. As in standard cross-
sectional two-stage least-squares estimation, the LP-IV estimand is then given by the ratio
Breiv.n = Brr.n/Brs of reduced-form to first-stage coefficients (e.g., Angrist and Pischke
(2009, p. 122)).7

Stock and Watson (2018) showed that, under Assumptions 3 and 4, the LP-IV estimand
Brrrv,, correctly identifies the relative impulse response @, 2.1.,/0,,.1.1.0. Importantly,
this holds whether or not the shock of interest ¢, is invertible in the sense of equation
(12).

We now use our main result from Section 2.1 to show that the LP-IV impulse responses
can equivalently be estimated from a recursive VAR that orders the IV first. As in Sec-
tion 2, this result imposes no functional form assumptions on the underlying structural
model and does not yet impose any exclusion restrictions on the IV z, (although such as-
sumptions are of course required to interpret the estimand causally, as discussed below).

COROLLARY 1: Let Assumptions 1 and 2 hold for the expanded data vector W, = (z,, w,)’
in place of w,. Assume also that Brs # 0, cf. (19). Consider a recursively ordered SVAR(c0)
in the variables (z,, w,)’, where the instrument is ordered first (the ordering of the other vari-
ables does not matter). Let 0, , be the SVAR-implied impulse response at horizon h of y, with
respect to the first shock. Let 0, be the SVAR-implied impact impulse response of x, with
respect to the first shock.

Then 0,1,/ 0.0 = Bretv.-

PROOF: LetZ, = agy,+v, and a = \/E(2?) = \/a? + o2. Proposition 1 states that éy,h =
a x By, for all A, and éx,o =a x Bgs. The claim follows. O.E.D.

2 As always, the coefficients and residuals in (18)—(19) should be interpreted as linear projections.
?"In the overidentified case with multiple I'Vs, the IV estimand can no longer be written as this simple ratio;
we focus on a single IV as in most of the applied literature.
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This essentially reduced-form result implies that, if we additionally impose the struc-
tural Assumptions 3 and 4, valid identification of relative structural impulse responses
can equivalently be achieved through LP-IV or through an “internal instrument” recur-
sive SVAR with the IV ordered first.?® Importantly, under Assumptions 3 and 4, these
equivalent estimation strategies are valid even when the shock of interest ¢;, is not in-
vertible (Stock and Watson (2018)). Intuitively, although adding the IV z, to the VAR
does not render the shock &, invertible, the only reason that the shock may be nonin-
vertible with respect to the expanded information set {z,, w,} -, is the presence of the
measurement error v, in the IV equation (17).%’ But this independent measurement error
merely leads to attenuation bias in the estimated impulse responses, and the bias (in per-
centage terms) is the same at all response horizons and for all response variables. Thus,
it does not contaminate estimation of relative impulse responses.

IV identification is therefore an example of a setting where SVAR analysis works even
though invertibility fails (including the partial invertibility notion of Forni, Gambetti, and
Sala (2019), and Miranda-Agrippino and Ricco (2019)). The “internal instrument” recur-
sive SVAR (c0) procedure estimates the right relative impulse responses despite the fact
that no invertible structural VAR model generally exists under our assumptions. Our re-
sult implies that it is valid to include an externally identified shock in an SVAR even if
the shock is measured with (independent) error, as long as the noisily measured shock is
ordered first.*

SVAR-IV.  Unlike the noninvertibility-robust procedure of ordering the IV first in a
VAR, the popular SVAR-1V (also known as proxy-SVAR) procedure (Stock (2008), Stock
and Watson (2012), Mertens and Ravn (2013)) is only valid under invertibility. This pro-
cedure uses an SVAR to identify the shock of interest as

1

Bu=———x3

Var(z{)

b

~

where Z[ is computed as a linear combination of the reduced-form residuals u, from a
VAR in w, alone (i.e., excluding the IV from the VAR):

Z=EG | u)=E(Z | (W} orer)-

If Assumptions 3 and 4 and the invertibility condition (12) hold, then SVAR-IV is valid.
In fact, in this case SVAR-IV removes any attenuation bias, thus correctly identifying
absolute (not just relative) impulse responses.’ However, in the general noninvertible

%Plagborg-Mgller and Wolf (2019) showed that point identification of absolute impulse responses—and thus
variance decompositions—can be achieved under a further recoverability assumption that is mathematically and
substantively weaker than assuming invertibility.

Note that, even though Assumption 4 allows z, to be correlated with lags of w;, noninvertibility of &,
is entirely consistent with Theorem 1 of Stock and Watson (2018). That theorem states that if the shock is
noninvertible, then it is possible to construct an example of an 1V Z, satisfying E(Z,¢;,) =0 for all j # 1 and
E(Zi&j—¢ | {w:}-<) # 0 for some j and £ > 1 (so Z; does not satisfy Assumption 4).

%Romer and Romer (2004) and Barakchian and Crowe (2013) included an externally identified monetary
shock in an SVAR, but they order it last, which assumes additional exclusion restrictions. Kilian (2006), Ramey
(2011), Miranda-Agrippino (2017), and Jarocinski and Karadi (2020), among others, mentioned the strategy
of ordering an IV first in an SVAR, but these papers do not consider the noninvertible case.

31 Consistent with our analytical results, Carriero, Mumtaz, Theodoridis, and Theophilopoulou (2015) ob-
served in a calibrated simulation study that, under invertibility, SVAR-IV correctly identifies absolute impulse
response functions, while direct projections on the IV suffer from attenuation bias.
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case, SVAR-IV misidentifies the shock as &, # &, ,.* Plagborg-Mgller and Wolf (2019,
Appendix B.4) characterized the bias of SVAR-IV under noninvertibility and showed that
the invertibility assumption can be tested using the IV.

Summary. The relative impulse responses obtained from the LP-IV procedure of
Stock and Watson (2018) are nonparametrically identical to the relative impulse re-
sponses from a recursive SVAR with the IV ordered first (an “internal instrument” ap-
proach). Assuming an SVMA model and the IV exclusion restrictions, these procedures
correctly identify relative structural impulse responses, irrespective of the invertibility of
the shock of interest. This allows researchers to exploit VAR estimation techniques while
relying on the same invertibility-robust identifying restrictions as the popular two-stage
least squares implementation of LP-IV. In contrast, the SVAR-IV procedure of Stock and
Watson (2012) and Mertens and Ravn (2013) (an “external instrument” approach) re-
quires invertibility.*?

4. EMPIRICAL APPLICATION

We finally illustrate our theoretical equivalence results by empirically estimating the
dynamic response of corporate bond spreads to a monetary policy shock. We adopt the
specification of Gertler and Karadi (2015), who, using high-frequency financial data, ob-
tain an external instrument for monetary policy shocks.** Because of possible noninvert-
ibility (Ramey (2016), Plagborg-Mgller and Wolf (2019)), we do not consider the external
SVAR-IV estimator, but instead implement direct projections on the IV through (i) local
projections and (ii) an “internal instrument” recursive VAR, following the logic of Corol-
lary 1. In both cases, our vector of macro control variables exactly follows Gertler and
Karadi (2015); it includes output growth (log growth rate of industrial production), infla-
tion (log growth rate of CPI inflation), the 1-year government bond rate, and the Excess
Bond Premium of Gilchrist and Zakrajsek (2012) as a measure of the part of the corpo-
rate bond spread that is unrelated to default. The data is monthly and spans January 1990
to June 2012.%

Figure 2 shows that LP-IV and “internal instrument” VAR impulse response estimates
agree at short horizons, but diverge at longer horizons, consistent with Proposition 2. The
figure shows point estimates of the response of the Excess Bond Premium to the mon-
etary policy shock, for different projection techniques and different lag lengths. For all
specifications, the Excess Bond Premium initially increases after a contractionary mone-
tary policy shock, consistent with the results in Gertler and Karadi (2015). The left panel
shows results for LP(4) and VAR(4) estimates. Up until horizon /& = 4, the estimated
impulse responses are closely aligned. At longer horizons, the iterated VAR structure
enforces a smooth return to 0, while direct local projections give more erratic impulse re-
sponses. The right panel shows an analogous picture for LP(12) and VAR(12) estimates:

3The VARX approach of Paul (2019) is equivalent with SVAR-IV under Assumptions 1 and 2.

BSVAR-1V does have one advantage over LP-IV (and thus also over the “internal instruments” VAR ap-
proach): Provided the shock is invertible, SVAR-IV does not require z, to only be correlated with lagged shocks
through observed lagged variables as in Assumption 4, cf. Stock and Watson (2018, Section 2.1).

%The external 1V z, is constructed from changes in 3-month-ahead futures prices written on the Federal
Funds Rate, where the changes are measured over short time windows around Federal Open Market Commit-
tee monetary policy announcement times. See Gertler and Karadi (2015) for details on the construction of the
IV and a discussion of the exclusion restriction.

3The data were retrieved from: https://www.aeaweb.org/articles?id=10.1257/mac.20130329.
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FIGURE 2.—Estimated impulse response function of the Excess Bond Premium to a monetary policy shock,
normalized to increase the 1-year bond rate by 100 basis points on impact. Left panel: lag length p = 4. Right
panel: p = 12. The horizontal line marks the horizon p after which the VAR(p) and LP(p) estimates may
diverge substantially.

The estimated impulse responses agree closely until horizon 4 = 12, but they diverge at
longer horizons.

These results provide an empirical illustration of our earlier claim that LP and VAR
estimates are closely tied together at short horizons.** The results further illustrate that
the larger the lag length used for estimation (in both the LP and VAR specifications), the
more impulse response horizons will exhibit agreement between LP and VAR estimates,
consistent with Section 2.3. As this exercise is merely meant to illustrate our theoretical
results, we refrain from conducting statistical tests of the validity of the different regres-
sion models.

5. CONCLUSION

We demonstrated a general equivalence of the local projection and VAR impulse re-
sponse function estimands. Although these estimation methods are linear, the equiva-
lence between them obtains nonparametrically, in the sense that we do not require lin-
earity or other functional form assumptions on the data generating process. This result,
which applies to all common implementations of local projections in the applied litera-
ture, has several implications for empirical practice:

1. VAR and local projection estimators of impulse responses should not be regarded as
conceptually distinct methods—in population, they estimate the same thing, as long
as we control flexibly for lagged data.

2. Local projections with p lags as controls and VAR(p) estimators agree approxi-
mately at impulse response horizons & < p. Hence, VARSs that control for a large

%In unreported results, we confirm this finding for the impulse response functions of output growth, infla-
tion, and the 1-year government bond rate. Ludvigson, Ma, and Ng (2020a), referencing our paper, reached a
similar conclusion in a different empirical study.
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number of lags, as recommended by Kilian and Liitkepohl (2017), will tend to agree
at short and medium-long horizons with local projections that also control for a rich
set of lags. However, at long horizons the methods may disagree substantially.

3. Structural identification is logically distinct from the dimension reduction choices
that must be made for estimation purposes. It may be counterproductive to follow
standard practice in assuming an SVAR model whenever the discussion turns to
structural identification, as this conflates the population identification analysis and
the dimension reduction technique of using a VAR estimator.

4. Any structural estimation method that works for SVARs can be implemented with
local projections, and vice versa. For example, if a paper already relies on local pro-
jections for parts of the analysis, then an additional sign restriction identification
exercise, say, can also be implemented in a local projection fashion.

5. If an instrument/proxy for the shock of interest is available, structural impulse re-
sponses can be consistently estimated by ordering the instrument first in a recursive
VAR (an “internal instrument” approach), even if the shock of interest is nonin-
vertible. In contrast, the popular SVAR-IV estimator (an “external instrument” ap-
proach) is only consistent under invertibility.

6. Linear local projections and linear VARs will continue to estimate the same impulse
responses even when the true data generating process is nonlinear.

7. Although this paper has focused solely on population properties of estimators, the
population equivalence result implies that no single estimation method should be
expected to dominate in terms of mean squared error across every possible data
generating process. In finite samples, and with finite lag lengths, researchers must
navigate a bias-variance trade-off at long horizons. Much more research is warranted
on this key issue for applied research.

We conclude that each of the following common assertions is, in fact, mistaken: (i) VAR
impulse response estimators are generally more efficient than local projection estimators;
(ii) local projections are generally more robust to misspecification than VARSs; (iii) SVAR
analysis is required when implementing nonrecursive, non-IV identification schemes;
(iv) simple SVAR methods cannot be used when the structural shock of interest is nonin-
vertible.

Our work points to several promising areas for future research. First, it would be useful
to adapt the results in the present paper to nonlinear estimators, such as regressions with
interactions or polynomial terms. Second, future research could consider data with unit
roots or cointegration. Third, we only discussed the population properties of IV estima-
tors, and thus ignored weak IV issues. Fourth, it would be interesting to generalize our
LP-IV equivalence result to settings with multiple instruments/proxies. Finally, we have
deliberately avoided questions related to estimation and inference.

APPENDIX A
A.1. Equivalence Result With Finite Lag Length
We here prove Proposition 2 from Section 2.3. We proceed mostly as in the proof of

Proposition 1. As a first step, the Frisch—-Waugh theorem implies that

COV(Yt+h> iz(P))

PP ==& D)

(20)



976 M. PLAGBORG-M@LLER AND C. K. WOLF

We remind the reader of the notation Cov”(-, -), which denotes covariances of the data
{w,} as implied by the (counterfactual) stationary “fitted” SVAR(p) model

A(L; pyw, = B(p)n:, 1~ WN(Q, ), (21)

that is, where 7, is truly white noise (unlike the residuals from the VAR(p) projection
on the actual data). For example Cov”(y;, x,_;) denotes the covariance of y, and x,_; that
would obtain if w, = (7}, x,, y, q,)’ were generated by the model (21) with parameters
A(L; p) and B(p) obtained from the projection on the actual data, as defined in Sec-
tion 2.3. We similarly define any covariances that involve 7,. Note that stationarity of the
VAR model (21) follows from Brockwell and Davis (1991, Remark 2, pp. 424-425).

It follows from the argument in Brockwell and Davis (1991, p. 240) that Cov”(w,,
w;_p) = Cov(w,, w,_,) for all & < p (see also Brockwell and Davis (1991, Remark 2,
pp. 424-425) for the multivariate generalization of the key step in the argument). In
words, the autocovariances implied by the “fitted” SVAR(p) model (21) agree with the
autocovariances of the actual data out to lag p, although generally not after lag p.

Under the counterfactual model (21), we have the moving average representation w, =
C(L; p)B(p)%;, and thus

0,(P) = Cpi2,00(P)Ba s +1(P) = COV’ (Vrsn> Nat)s (22)

where 7, , is the (n, 4+ 1)-th element of 7,. Since B(p) is lower triangular by definition, it
is straightforward to show from (21) that

B stnt(P)Nxe = X — EP (X0 | 1y Ao} 1— pree) = X — E (%, | 1, {0} peree) = Xi(p), (23)

where E”(- | -) denotes linear projection under the inner product Cov”(-, -), the second
equality follows from the above mentioned equivalence of Cov”(-, -) and Cov(-, -) out to
lag p, and the last equality follows by definition. Since Cov” (1, ,, 1..,) = 1, equation (23)
implies

B i1n41 (P)z = COVP()Z,(p), iz(P)) = E(fz(P)z),

where the last equality again uses the equivalence of Cov” (-, -) and Cov(-, -) out to lag p.
Putting together (22), (23), and the above equation, we have shown that

1
01(p) = —=—=—=== x CoV’ (yss, ().
E(%.(p)?)

If we compare with the expression (20), the desired conclusion follows from

p

COVP(}’t+ha fCt(P)) - COV(yH—h, it(P)) = Z {COV(}’t+h, Wi—¢) — Cov’ (Yigns wt—l)} 0:(p),

=0

=0when (1+h)—(t—€)<p

where we have used the notation for the projection coefficients o,(p) defined immedi-
ately above Proposition 2, and we have again appealed to the equivalence of Cov” (-, -)
with the covariance function of the actual data.
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A.2. Long-Run Identification Using Local Projections

Here, we show that the LP-based long-run identification approach in Example 2 is valid.
Define the Wold innovations u, = w, — E(w, | {w,}_s-<,) and Wold decomposition

w, = x + C(L)u,, C(L)EIZ—FZCZLZ. (24)

=1

Since both structural shocks are assumed to be invertible, there exists a 2 x 2 matrix B
such that &, = Bu,. Comparing (10) and (24), we then have ©@(1)B = C(1). Let e; = (1, 0)'.
Note that the Blanchard and Quah assumption ¢;@(1) = (6, (1), 0) implies

¢,C(1)=¢,0(1)B=0,,(1)¢,B,

and, therefore,
eiC(l)Mt = @1,1(1) X e'lBu[ = @1,1(1) X &1t

By the result in Section 2.2, the claim in Example 2 follows if we show that
lim B, =e,C(1). (25)

Define 3, = Var(u,). Applying the Frisch—-Waugh theorem to the projection (14), and
using w,,, = Agdp,, we find

By = Cov(gdp, .,y —gdp, ,, u) %,
H H
= Cov (Z Wi, ries u,) 3= Z Cov(wy e, u) 3" (26)
£=0 =0
On the other hand, the Wold decomposition (24) implies (recall that u, is white noise)
> Cov(weee, u)3,' =Y C,=C(1). (27)
=0 =0
Comparing (26) and (27), we get the desired result (25).
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