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search-mediated economy (as in one with existing incomplete lagged con-
tracts) the evolution of aggregate demand matters. This raises three ques-
tions - how aggregate demand affects the static efficiency of the economy,
how government policies affect aggregate demand, and how systematic
manipulation of aggregate demand affects the evolution of the economy.
To pursue these questions, we need a richer set of tractable models of al-
location processes that are more realistic than the Walrasian auctioneer.
Staying within microeconomic rules of model construction, it has been
hard to construct even special models (much less general models) encom-
passing the set of institutions needed to answer these questions. Never-
theless, the existing models point up the likelihood that macroeconomic
policy can be used constructively, and make the case that this is poten-
tially a very valuable research agenda, as well as one that is fun.
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CHAPTER 11

Arrow-Debreu programs as
microfoundations of macroeconomics

Robert M. Townsend

1 Introduction

The class of general equilibrium models of Arrow (1964), Debreu (1959),
McKenzie (1959), and others is an excellent starting point for the study of
actual economies. On the positive side, this class of models can be used
to address the standard macroeconomic concerns of inflation, growth,
fmd unemployment, and also more general phenomena such as the ob-
jects and institutions of trade, the absence of insurance arrangements of
some kinds, or the dispersion of consumption in a population. On the
pormative side, this class of models can be used to study stabilization pol-
icy and optimal monetary arrangements.

. Contrary views are often expressed in professional conversations and
in the literature. Indeed, the Arrow-Debreu model is often said to be
operational only under such unrealistic assumptions as full information,
complete markets, and no diversity. Here, however, an alternative view is
argued. The Arrow-Debreu model can accommodate not only diversity in
preferences and endowments but also private information, indivisibilities,
§patial separation, limited communication, and limited commitment. That
is, stapdard results on the existence of Pareto optimal allocations and on
the existence and optimality of competitive equilibrium allocations can
be shown to apply to a large class of environments with these elements.
Further, stylized but suggestive models-with these elements can be con-
sFructed and made operational so that Pareto optimal and/or competi-
tive equilibrium allocations can be characterized. On the positive side,
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these models deliver implications for the methods of interaction of eco-
nomic agents and for the outcomes from that interaction. On the norma-
tive side, the Pareto optimal or core allocations of these models allow
scope for activist policy.

To sharpen the argument, a terminological point should be resolved
immediately. Here an Arrow-Debreu model or (better put) an Arrow-
Debreu environment is one specified at the level of the primitives of, say,
Debreu (1959): households j =1, 2, ..., n; linear commodity space L; con-
sumption set X” in space L for each household j; preferences represented
by a utility function / on set X for each household j; an endowment
point w” in space L for each household j; firms k=1,2, ..., m; and pro-
duction possibility set Y* in space L for each firm k. (Here, moreover,
household j will be said to have direct access to production iechnology
Y/, so that reference to firms as entities apart from households will be
suppressed.) Thus, given an Arrow-Debreu environment, one can deliver
(under specified assumptions) Pareto optimal allocations as solutions to
the problems of maximizing weighted sums of the utilities of the house-
holds, subject to the constraints implied by endowments and technology.
That is, maximize the objective function

n
> Nud(x)
j=1
subject to the constraints
x'eX’ j=1,2,...,n (feasible consumption),

yieYl j=1,2,...,n (feasible production),

n n n
S x/=3 w/+ 3 y/ (resource feasibility),
ji=1 Jj=1 Jj=1

with values for the weights M satisfying

Such programming problems are referred to in this chapter as Arrow-
Debreu programs, and hence our title: Arrow-Debreu programs are the
microfoundations for the broad positive and normative view of macro-
economics outlined above.

Of course, the outcome of an Arrow-Debreu program - a Pareto opti-
mal allocation — may or may not be _cﬁgg@li_ng_lg under a price system,
and in that sense the standard competitive-markets hypothesis intimately
associated with the general equilibrium models of Arrow, Debreu, Mc-
Kenzie, and others need not be imposed. That is, one may not necessarily
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worry about whether there exist a price system p* and allocations x4" and
y?, j=1,2,...,n, such that:

(i) for every household j, x’" solves
maximize u/(x’)
xJe x’
subject to p*x’ < p*w’/+ p*y’7;
(ii) for every “firm” j, y/" solves
maximize p*y”/;
yle Y/

& o & } 4 .
i) Y x'=Ywi+ 3y
=1 7=n i=1

On the other hand, the hypothesis that allocations are those achieved in
competitive markets often serves to sharpen the predictions of the mod-
el, tightening the mapping from Arrow-Debreu environments into out-
comes. And (of course), under the competitive-markets hypothesis, sense
can be made empirically of observations on prices. Thus, implications
under the competitive-markets hypothesis are also described in many of
the environments discussed below, as a useful supplement to the discus-
sion of Pareto optimal allocations. In fact, it is stressed in this chapter
that standard theorems on the existence and optimality of competitive
equilibria can be shown to apply to a large class of these environments,
including environments with diversity and various impediments to trade.
The point is that competitive markets need be complete only relative to
the natural commodity space for a specified environment. With private
information, for example, full indexation is generally neither required
nor possible.

An alternative hypothesis to be coupled with Pareto optimality is the
idea that allocations must be in the core. That is, an allocation x/°, y/",
Jj=1,2,...,n,is in the core if it is feasible [i.¢., if it satisfies the competi-
tive equilibrium condition (iii) above] and if there does not exist any sub-
set C of households with allocation ¥, 7!, ie C, with the property that
the allocation X', y' is feasible for C, that is,

¥leX! yeY, and I ¥=3I 5+ Y wh
ieC ieC ieC

and allocation ¥/, ¥/ improves upon the *-allocation for C, that is,
ui(xE) = u'(x™)
for all i e C, with a strict inequality for at least one i€ C.

In many environments the set of core allocations is smaller than the set
of Pareto optimal allocations, and so again the mapping from environ-
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ments into outcomes can be tightened. In fact, core allocations and com-
petitive-equilibrium allocations are sometimes coincident. The core no-
tion is especially nice for an analysis of economies in which production
or distribution must be done by groups of agents, as by banks or interme-
diaries, and should be useful also for analysis of the outcomes of politi-
cal processes.

To reiterate, then: The class of general equilibrium models of Arrow,
Debreu, McKenzie, and others is a useful starting point for the study of
actual economies. The idea is to start with a stylized Arrow-Debreu envi-
ronment; impose Pareto optimality, the competitive-markets hypothesis,
or the core hypothesis; and then make predictions about the methods of
interaction of economic agents or the outcomes from that interaction.
This way of proceeding has theoretical content, insofar as variations in
Arrow-Debreu environments do imply variations in outcomes. Indeed,
these variations are especially striking when one includes diversity, un-
certainty, and various impediments to trade. Furthermore, if we search
broadly for observations, we discover variations in environments and in
outcomes for actual economies. Thus one can contemplate matching styl-
ized theories with observations in some way. For example, one can try
first to match an environment from an actual economy having some ap-
parent impediment to trade with the environment of a theory having a
stylized version of that impediment, and then one can try to see if the ob-
served outcome of the actual economy matches up in some way with the
outcome predicted by the theory. Alternatively, one can begin with some
striking arrangement in an actual economy and ask whether any theoreti-
cal environment might yield such an arrangement. Either way, one hopes
to match observations with theories without making the theoretical envi-
ronment too complicated or implausible.

This matching exercise is instructive, but at a relatively early stage.
Thus no particular economy is studied here in great detail and no grand
cross-economy comparisons are attempted. But observations from actual
economies serve at least to motivate the theoretical environments studied
in the sections that follow. That is, observations from the typical medi-
eval village studied by economist McCloskey (1976), historian Bennett
(1974), and sociologist Homans (1975), from the Pacific island communi-
ties studied by anthropologists Malinowski (1953) and Firth (1939), from
hill tribe communities in northern Thailand studied by anthropologist
van Roy (1971), from villages in southern India studied by economists
Binswanger and Rosenzweig (1984), and from African hunter-gatherer
tribes studied by anthropologist Lee (1979) all suggest that economywide
consumption and labor sharing, the presence or absence of currency, and
other forms of social interaction are interesting arrangements to study,
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and also that uncertainty, private information, indivisibilities, spatial
separation, limited communication, and limited commitment may be use-
ful in helping to understand these arrangements.

In summary, then, this chapter proceeds as follows. Section 2 sets up a
programming problem for a standard general equilibrium model with un-
certainty and some diversity among agents. Solutions to that program-
ming problem are then described, with an emphasis on co-movement im-
plications for consumption. Theorems on the existence and optimality of
competitive equilibria are also reviewed. Section 3 extends the analysis to
an economy with multiple commodities; Section 4 deals in particular with
leisure, deriving implications for leisure sharing, absence of quid pro quo,
and monitoring. Section 5 extends the analysis to include capital goods.
Existence and optimality theorems are reviewed for the general, extended
models of these sections. Aggregation across diverse households facili-
tates the analysis in these sections and delivers as a special case the stan-
dard neoclassical growth model.

Section 6 introduces the possibility of private information, to cope with
observations from “primitive” societies that are anomalous relative to full
information theory. Section 6 also describes how to handle some noncon-
vexities in the underlying commodity space induced by this private infor-
mation, namely by the introduction of lotteries. With these lotteries, ex-
istence and optimality results follow by more or less standard arguments.
Section 7 introduces the possibility of indivisibilities in consumption and/
or leisure, and asks in a preliminary way whether this might help to ac-
count for anomalous observations. Section 8 in turn introduces the possi-
bility of spatial separation. With indivisibilities or spatial separation one
must again face a nonconvexity in the underlying commodity space, and
Sections 7 and 8 describe how to do this successfully. Again, lotteries are
useful and allow one to recover standard optimality and existence theo-
rems. Special cases of these models deliver the macroeconomic neoclassi-
cal models of recent literature, seeking to explain anomalous time-series
observations.

Section 9 introduces the possibility of limited communication into a
model with spatial separation and private information, motivated by an
effort to explain the observed use of curreney and financial intermediaries
in some societies. Again, it is shown how to deliver a programming prob-
lem for various possible communication technologies, and an effort is
made to interpret these various programming problems and their solu-
tions relative to actual observations. As a byproduct of this discussion,
one can disctiss optimal currency rules and other normative issues. Fi-
nally, Section 10 introduces the possibility of limited commitment, to ex-
plain observed and more standard roles for currency and to explain the
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existence of markets in some societies but not others. Here a kind of se-
quential core notion is adopted, and it is argued that the outcomes of
various competitive spatial models of currency can be interpreted as the
outcomes of modified programming problems. This class of models with
spatial separation and limited commitment also offers promise as a class
of neoclassical macroeconomic models seeking to explain observed fluc-
tuations.

2 Uncertainty and the standard Arrow-Debreu program with
cross-household diversity ¢

It is difficult at best to make inferences about risk sharing and co-move-
ments of household consumption from descriptive historical or anthro-
pological material. Still, it seems from the work of Homans (1975) and
McCloskey (1976) that the dominant institutional arrangement of the me-
dieval village economy - the so-called strip system — was designed in ef-
fect as an economywide insurance arrangement. Fields of a typical village
were divided into long narrow strips, and any individual’s holdings were
dispersed so as to reduce the variability associated with diverse soil, topo-
graphical, and meteorological conditions. Even more obvious ex post risk
sharing is apparent in the primitive island communities studied by Firth
(1939) and Malinowski (1953), where relatively large portions of agricul-
tural output were transferred to local chiefs, followed by some redistri-
bution. In northern Thailand, hill tribe communities apparently engage
in extensive intravillage and intervillage sharing of rice. The sharing of
produce and equality in consumption of the hunter-gatherer tribes stud-
ied by l.ee (1979) is renowned.

The theory of risk bearing and the treatment of uncertainty developed
by Arrow (1964), Debreu (1959), and others predicts such economywide in-
surance arrangements, at least under specified assumptions and in the ab-
sence of various “frictions.” In particular, imagine a stylized pure-exchange
economy subject to uncertainty. There are a finite number of households
indexed by j, j=1,2,...,n, and these will be taken to be the primitive
economic units. There are a finite number of consumption dates ¢, =
1,2, ..., T and one planning date, # =0. Thus, for simplicity, identical fi-
nite lifetimes of households are assumed. Each household j has a contin-
uous concave date-¢ utility function Uf(ctf ) over units of consumption c,f
of the single underlying consumption good of the model at date ¢. For
each household j, satiation in consumption is impossible; on the other
hand, there may be a minimal subsistence level of consumption. Con-
sumption c,f must lie in some a priori consumption set X ,f, and this is as-
sumed to be closed, convex, and bounded from below. The utility of fu-
ture consumption is discounted at rate 8, 0 <8 <1, the same rate for all

Microfoundations of macroeconomics 385

households. The endowment e,j(e,) of each household j at date ¢ of the
single consumption good is a function of some publicly observed shock
¢, at date f and is in the interior of the consumption set X IJ The shocks
¢, are each presumed to take on at most a finite number of values, say
from some common set S. From the point of view of the planning date
t=0, shock sequence (¢, ..., ¢,) is drawn with probability prob(e, ..., ).
[Extensions to more general stochastic processes are given in Hansen and
Richard (in press).] There is presumed to be no storage of any kind, at
least not initially. That is, the pure exchange case is studied first, for sim-
plicity.

Following the indexation insight of Arrow (1964) and Debreu (1959),
the natural commodity space in this model is the space of state-contin-
gent consumptions, where a state at date ¢ is a specification of the en-
tir_e history of shocks through date ¢, namely (e, €, ..., ¢,). That is, let
c/(€;, €, ..., ¢) denote the proposed consumption of agent j at date f as a
function of the entire history of shocks. Then a consumption point x” to
household j is the obvious vector x/={c{(€,), cJ(€;,€;), -+r5 CH(€}s -ors €7)
with indexes running over all dates ¢ and over all histories (e, ..., er)}.
The consumption set X of household j is then the obvious cross-product
of consumption set X7 and is therefore closed, convex, and bounded from
below. Similarly, as a linear combination of weakly concave functions,
the global utility function as of the planning date £ =0 is

5
wx)=E 3 B'U’/[c/(e1, .-, €)]
(=1
and is obviously continuous and concave. Thus we are led to a concave
programming problem for the determination of Pareto optimal alloca-
tions as follows.

Pr_ogram 2.1. Maximize by choice of the c,j(el, ..., €) in the sets
X/ the objective function

n T
Z )«{E [ng’Uj[clj(el,...,e,)]} 2.1)

subject to the resource constraint

o

n n

'21 c/(ey,..., )< '21 e/(e,) 2.2)
i= i=
Sfor each date t and eacﬁ history (ey, €3, ..., €,), where again the
weights N satisfy 0sN =<1, T; M=1.

Here expectations are taken as of the initial date =0, and all expec-
tations are held in common. Of course, resource constraint (2.2) bounds
consumptions from above.
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The objective function (2.1) is continuous in the choice variables, the
constraint set is closed and bounded, and autarky is feasible; therefore, a
maximizing solution to Program 2.1 is guaranteed to exist. Further, it
can be established that any solution to Program 2.1 is necessarily Pareto
optimal. Conversely, any Pareto optimum is associated with some point
on the utilities possibilities frontier, and - because the set of utility possi-
bilities is convex — that point can be found as a solution to the program
for some weights M. Hereafter, then, solutions to Program 2.1 shall be
taken as equivalent to the set of Pareto optimal allocations.

Supposing single-valued interior consumption solutions for all house-
holds at all dates and histories leads to first-order conditions

BN prob(ey, ..., ) U [c/(ey, ..., €)] = pler, €2, -5 &), 2.3)

where pu(e, ..., ) is the Lagrange multiplier on the resource constraint
at date ¢ and history (e, ..., ¢). It becomes apparent, then, that the ag-
gregate endowment is to be distributed across households in such a way
that weighted marginal utilities are equated across households. Further-
more, with a common discount rate and common expectations, the terms
B¢ prob(e,, ..., ¢) factor out of these equalities, and the distribution sat-
isfying the equalities is independent of the date and the history of shocks.
Thus only the magnitude of the aggregate endowment,

i el(e)=e(e,), (2.4)
Jj=1

matters in the determination of any household’s consumption at any date
and any history. That is (with some abuse of notation), each ¢’/ depends
only on the aggregate endowment &, and one writes c/(&). Further, this
residual “static” one-period risk-allocation problem has been studied by
Wilson (1968) and Diamond (1967), among others, yielding

acie)  —U’[ci(@))/U’ [c/(8))

08 T {-U¥X[cH@)]/U¥ckeN}’

The right-hand side of (2.5) is a number between zero and unity, and thus
individual household consumption must vary positively with the aggre-
gate endowment. Further, this derivative is shown to depend on measures
of risk aversion in the population at an optimal allocation.

Sharing rules generally are not linear, as there is no reason a priori to
expect the expression on the right-hand side of (2.5) to be some constant.
Two special cases may be noted, however. For the first case, suppose the
utility functions themselves display constant absolute risk aversion 1/v;
for household j, with inverse v;; that is,

U/(c)=—v, exp[—c/v;], ¢=0. (2.6)

(2.5)
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Then for a two-agent economy, for example, the consumption share of
the first agent is

-1
cl@)= (2 7,—1> log(\/N)+e £JEES 2.7
J Y1t 72
Again the M are the weights from the programming problem and the co-
efficient on e is as predicted in (2.5). For the second case, suppose

Ulc)=[(dy(1—d)] " (c— b)Y, 2.8)
where 0 < d <1 with ¢= b/. Then, with a=(1-d)7,
A S A H _ (WY
1 == Jy—a W—apl__ (\2y—ap2 T Sy
c'(e) [?()\ ) ] [(AN)Y 7% —(\) "% ]+e()\1)a+()\2)a. 2.9)

One can imagine “fitting” versions of (2.2) and (2.3) to actual obser-
vations. In fact, Leme (1984) has asked whether such an exercise would
be reasonable for aggregate cross-country data, taking advantage of the
monotonicity property (2.5) and the fact that monotonicity holds at any
level of aggregation. Unfortunately, monotonicity does not hold uniformly
in the postwar data. But then, the world as a whole is hardly an Arrow-
Debreu economy. Smaller, seif-contained economies are more obvious
sources of observations.

Unfortunately, though, panel data from such sources are frequently not
available; consistent observations on household consumptions are rare,
as are observations on actual exchanges among households. On the other
hand, there is sometimes reasonable evidence on aggregate output or ag-
gregate consumption and reasonable evidence on prices or interest rates,
say (respectively) on land or one-period loans. Thus one can try to use
these observations to address the hypothesis of risk aversion - for exam-
ple, to estimate the free parameter d in equation (2.8).

If one is to use available price data, one must then include as part of
the model what role prices are playing. The obvious assumption analyti-
cally is that prices are such that allocations are achieved as if in an equilib-
rium of competitive markets. This assumption is restrictive and ad hoc -
nothing in the theory predicts the existence of competitive markets. On
the other hand, the competitive-markets hypothesis is clean and analyti-
cally powerful. For, in the present context, competitive equilibria can be
shown to exist. Further, the usual welfare theorems apply so that com-
petitive equilibria are necessarily Pareto optimal, and all optima can be
supported as competitive equilibria.

More specifically, let the consumption set X of each household j with
typical component x” be defined as above. Let the endowment point w/
to household j be the vector w’/={e{(e)), ef(e, €;), ..., €L(e), €5, ...y €7)
with indexes running over all dates # and over all histories (ey, ..., e7)}. A
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preference ordering =; for household / is induced by the utility function
u/(x’) as defined above. Then certain assumptions are satisfied: (a.1) X/
is closed; (a.2) X/ is convex; (a.3) X” has a lower bound; (a.4) there is no
satiation consumption in X; (a.5) for every point x’' € X J the upper and
lower contour sets {x€X/: x=,x'} and {xe X/: x <;x’} are closed in X/
(a.6) if x” and x” are two points in X/ and if ¢ is any real number in
(0,1), then x”=;x’ implies tx”+(1—#)x"=;x’; (a.7) there is some x%in
X/ such that x? << w’. By Theorem 1 of Debreu (1959, §5.7), under as-
sumptions (a.1)—(a.7) there exists a competitive equilibrium as previously
defined in Section 1. In particular, there exists a price system p* specify-
ing p*(ey, ..., €, for all dates ¢ and all histories (e, ..., ¢) such that, for
every household J, allocation x/* maximizes 4/(x/) subject to x/€ X/ and

T

tzl ( » ) [c/(eps-ere)—€l(e)ID} (€5, €,) =0, (2.10)

=1 (e),.-- €7

and the allocations x/°, j=1,2,..., n, satisfy market-clearing condition
(2.2). Also, by Theorem 6.4 of Debreu, under assumptions (a.2), (a.5),
and (a.6) for every optimum x/, j=1,2,...,n, there exists a price sys-
tem p* such that x/* minimizes expenditure p*x/ on the upper contour set
{x/e X/: x/=;x/"}. Further, if the exceptional case

p*x’'= min p*x’ Q2.11)

xle x’

does not occur, then x/* maximizes u/(x/) subject to x/€ X/ and condi-
tion (2.10) above, with the endowment w/ replaced by x/". Finally, by
Theorem 1 of Debreu (1959, §6.3), under assumptions (a.2), (a.4), and
(a.6), every competitive equilibrium is an optimum.

Again, under the competitive-equilibrium hypothesis, time series on
rents or interest rates can — at least in principle - be used to check on the
fit of the theory with the reality of an actual economy. At the level of gen-
erality and diversity assumed thus far, however, this still can be a chal-
lenging exercise, as it can be difficult to work backward from prices and
aggregate quantities to individual demands and hence to individual pref-
erences. More structure is needed.

An extreme but operational assumption that does allow a fitting exer-
cise is that preferences of individual households aggregate in the sense of
Gorman (1953); that is, there exists a utility function for a representative
consumer which, when evaluated at aggregate quantities, can be used to
deliver equilibrium prices. In fact, the asset-pricing literature of Gross-
man and Shiller (1981), Hall (1981), Eichenbaum, Hansen, and Richard
(1987), Hansen and Singleton (1982, 1983), Mankiw, Rotemberg, and Sum-
mers (1985), Mehra and Prescott (1985), Shiller (1981), and others can be
interpreted as adopting this aggregation hypothesis. It is equivalent, for
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the pure-exchange single-good economy here, with the supposition that
preferences are of the form of (2.6) or (2.8). It must be emphasized, how-
ever, that some diversity in preferences and consumption sets as well as
some competitive-equilibrium trade can be accommodated. The repre-
sentative consumer construct does not require that households literally
be identical.

3 Programs with multiple commodities and further
aggregation possibilities

The theory thus far assumes only one consumption good, yet on the face
of it this is unsatisfactory, especially if one tries to match the theory to
the reality of any economy. In the medieval village, for example, various
crops were grown, including wheat, oats, barley, rye, peas, and beans.
And in the island community of Tikopia studied by Firth (1939), yams,
fruits, and fish were all part of the regular diet.

Fortunately, formal aspects of the theory are easily modified. If there
are m consumption goods, then one need only let c,/(el, ..., €)and e,f( €,)
denote m-dimensional vectors and continue to make the same assump-
tions for the consumption sets X ,f and utility functions U(-) as above.
Program 2.1 then remains intact and its solutions still correspond with
the Pareto optima. In fact, standard theorems on the existence and opti-
mality of competitive equilibria still apply.

Aggregation possibilities in the sense of Gorman (1953) and described by
Hansen (in press) are also possible. That is, under specified assumptions,
a representative-consumer construct can be used to deliver competitive-
equilibrium prices as marginal rates of substitution at aggregate quanti-
ties. More specifically, suppose for sake of illustration that there are two
underlying commodities, so that c,j =c=(c, ¢;), and that preferences for
each household j, j=1,2, ..., n, over bundles ¢ in some consumption set
X/ C R?at date ¢ are described by a family of indifference curves of the
form

c/=pl(d)+ po(d)(U’). (3.1

Here, d is a 2-dimensional vector (d;, d,), and d, /d, is the marginal rate
of substitution. Thus, as d,/d, is varied-parametrically, one moves along
an indifference curve determining bundle ¢/ for household j. The partic-
ular indifference curve for household j is determined by the utility index
U/, where utility number U’ can result from a monotonic transforma-
tion of some underlying utility function. The point is that diversity in
preferences across households j can be accommodated, namely in the
“baseline” indifference curves p“/(d). However, the “expansion factor”
po(d) is common.
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We may note that at a Pareto optimum with interior consumption so-
lutions, marginal rates of substitution must be equated, so that d would
be common across households. Adding up (3.1) over j for fixed d then
yields

€= 5(d)+ po(d) [ 2 Uf], (3.2)
=

where the over-bar indicates aggregate numbers or functions. Of course,
in any optimal allocation resources are not wasted, so ¢= e, the aggre-
gate endowment. That is, from (3.2),

&= 5(d)+ po(d) [ 3 Uf}. (3.3)
i=

System (3.3) has two equations in essentially two unknowns, marginal
rate of substitution d,/d,, and aggregate utility index X7_, U”, and so
under specified assumptions both these are determined by (3.3). In par-
ticular, then, the marginal rate of substitution at an optimum is pinned
down by the aggregate endowment, although the distribution of utilities
and hence of consumptions is not. Of course, in a competitive equilib-
rium this marginal rate of substitution must be the price ratio.

Important also is the fact that if there is any nontrivial choice of “en-
dowment” e, say from some aggregate production possibilities set, then
the preferences of the representative consumer with indifference curves
represented by (3.2) can also be used to determine a Pareto optimal out-
come. For, as in Figure 1, a move from point A4 to point 0 must necessar-
ily increase the utility indexes 27_, U’. Thus, any distribution of house-
hold utilities at point 4 can be dominated by a suitable distribution at
point 0.

The class of preferences that aggregate in the sense of Gorman include
the class of utility function studied by Eichenbaum, Hansen, and Richard
(1987), namely,

1 m ! a/c
5| 2 scer-epre]
S5a =1 i i
when b{' is a subsistence point of household j for commodity / with o<1
and o< 1. This includes as a special case o= a, so that preferences are
separable over consumption goods, with each commodity utility function
displaying the same index of relative risk aversion. It also includes as a
special case §;=6=a=1, but ¢<1 so that direct aggregation of under-
lying commodities and risk aversion is allowed.

Such special cases also allow Program 2.1 to deliver strong implica-
tions for co-movements of consumption as before. Essentially, separa-
bility delivers m separate marginal conditions and eliminates interaction
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Figure 1

across commodities, something that can overturn the earlier analysis. And
when direct aggregation is possible the analysis can proceed in an obvi-
ous way, namely by combining commodities directly into some aggregate.
Unfortunately, strong results for the general case are not going to fall out
easily, as Scheinkman (1984) has emphasized. It can be said, however,
that observations have pushed the theory in an interesting direction.

4 Programs with production and with leisure as another
commodity

Labor arrangements are often of interest in primitive economies, in part
because such arrangements seem to differ from those to which we have be-
come accustomed. In the medieval village, for example, virtually all resi-
dents participated in benes, communal works for the local lord in times of
need. These and other more standard tasks were specified in great detail
and were associated with an elaborate system of monitors. In the primi-
tive island community studied by Firth {1939), there were community-
wide requests for labor for household-specific projects, and this labor
was often supplied without apparent compensation.

To extend the theory to incorporate leisure, let household j have pref-
erences over units of consumption c,f and leisure ¢ ,f respectively, as repre-
sented by a date-¢ utility function U’(c/)+V/(£/), with each functional
component continuous, weakly concave, and strictly increasing. Separa-
bility is assumed here for tractability, as motivated above. The future is
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discounted at common rate 8, 0 <3< 1. Consumption and leisure must
be at least nonnegative, and leisure is bounded from above by the num-
ber of hours available to household j per unit time, #/. In addition, the
consumption set X { retains the properties assumed earlier. Aggregate out-
put g, at date ¢ is some function f(-,-) of aggregate hours worked, a,=
"_(I7—1/), and some publicly observed shock ¢,. For each shock ¢,
the function f(-, ¢,) displays constant or decreasing marginal returns to
hours worked.

Indexing all commodities by histories ey, ..., ¢, leads to Program 4.1.

Program 4.1. Maximize by choice of the c,f(el, ..-» &) and the
£/(ey, ..., €) the objective function

n T
21 )\/[EO Elﬁ’[Uj[clf(el,...,e,)]+Vj[f,f(el,...,e,)]]} .1
Jj= 1=

subject to (C,j('), f,j(‘)) Eer’

n

2 C{(El,...,E,)SE[(El,--., E[), (4.2)

j=1

n ’ -

E g[j(ﬁl,-.., 6,)5{’,(61,...,6,), (4.3)

Jj=1

C_,(el,...,e,)sf[ '21 Fj—f,(el,...,e,),e,]. 4.4
j=

Proceeding as before, one obtains the implication that consumption c/
of household j should move monotonically with aggregate consumption
C,. Here as well, leisure f,j of household j should move monotonicaily
with aggregate leisure 7,, at least if boundary constraints are avoided.
Both these relationships are invariant as to date and histories. Thus con-
sumption and leisure sharing are delivered, with possibly variable shares
determined by preferences and the weights M. Further, the weights M may
also have implications for the cross-sectional distribution of consumption
and leisure. For example, a household with high consumption on average
might also have high leisure on average. On the other hand, there should
be no direct contemporaneous link between a household’s actual effort
and a household’s final consumption, because t’,f depends on ¢, and c[f de-
pends on ¢,. For example, high labor effort to avert disaster due to some
shock ¢, might not be associated with increased communal consumption.
A relationship between aggregate consumption and aggregate leisure con-
tingent only on contemporary shock ¢, can be delivered, a relationship
that can also depend on the weights M. However, if preferences aggre-
gate in the sense of Gorman, this is sufficient for the relationship between
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aggregate consumption and aggregate leisure to not depend on the weights
N, and this relationship can be delivered as if from the preferences of a
representative consumer.

Another implication of these Arrow-Debreu economies for labor as-
signments is evident from the literature on the principal-agent problem of
Grossman and Hart (1983), Harris and Raviv (1979), Holmstrom (1979),
Mirrlees (1975), Shavell (1979), and others. For specializing our notation
somewhat, let there be two households: household 1 associated with an
agent and household 2 associated with a principal. Suppose that the agent
alone can supply labor effort a;. That is, household 1 has preferences over
consumption ¢! and leisure £'; household 2 has preferences over consump-
tion ¢? only. By the analysis above we may consider a static problem and
index consumption to aggregate output ¢. Thus we are led to Program 4.2.

Program 4.2. Maximize by choice of c(¢), c*(¢), {(¢) the objec-

tive function

MELU'[c'(@)]+ VeI +NELU X&) 4.5
subject to

cl(&)+cXe)y=c, (4.6)
c=f1I'—1(e), €]. 4.7)

Solution c!(&)*, c*(€)* and f(¢)* to Program 4.2 displays an incentive
problem: Given the optimal consumption schedule c(&)*, if household 1
were asked to choose its own level of leisure (effort) £(e) then that choice
would in general differ from £(e)*. That is,

U'le'(@)* 1+ V' e(e)] > U'le! (@) 1+ V' £(e)*], (4.8)

where again € on the left-hand side of (4.8) is determined for some other
leisure choice £(e). In fact, household 1 would generally want to work
less (i.e., consume more leisure) than at the optimum. This idea general-
izes to multiagent problems.

One might also ask whether these implications of Program 4.1 sur-
vive the obvious decentralization hypothesis, that allocations are achieved
as if in competitive markets. To do this, one must distinguish individual
choices from aggregate outcomes. Thus suppose each household j, j=
1,2,...,n, has a production function g/ = f/(a’, ¢,) displaying constant
or diminishing returns to scale with a” as labor input measured in nega-
tive units. That is,

n
q,'=ff< S al, e,> Jj=1,2,...,n,
k=1
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where a,"f, measured in negative units, is labor hours supplied by house-

hold & to household j at date ¢. Of course, individual leisures satisfy

k
al”,

=0+
. 1

™ =

and aggregate consumption satisfies
2 a
&< X q/.
J=1

Date-¢ and history (¢, ..., ¢,)-contingent production sets can now be de-
fined for household j with the second component for labor input and the
first component for commodity output, namely

Y/(er, o €)= (Wiel€rs oes €), Yar(€rs oes &) Yisleys -5 €) 20,
y2t(61: ¢o2y E[) SO’ ylt(el’ gebiess, E[) Sfj[yZI(el’ Sleely e[)s Et]}-

Evidently, with set Y7 as the obvious cross-product over all possible dates
¢ and histories (¢, -.., ¢,) and with aggregate set ¥ as the sum over the Y7,
certain assumptions are satisfied: (d.1) Oe Y7; (d.2) Y is closed; (d.3) Y
is convex; (d.4) YN (—Y) C {0} or impossibility of free production; and
(d.5) YO (—9) or free disposal.

Preferences of each household j can be defined over consumption and
labor supply measured in positive and negative units respgctively. That
is, the utility functions U’(-) and V/(-) deliver function W”(x,,, x,,) and
hence discounted expected utility function u/(x) for x in consumption set
X, with the latter as the obvious cross-product over the redefined X;. The
endowment w/ with a component of zero for labor supply is obviously
defined. It facilitates the analysis here to suppose the component for con-
sumption of w/ is strictly positive.

Proceeding as before, define - over all dates and histories - a price sys-
tem p,(ey, ..., €) and w, (e, ..., ¢) for the consumption good and for la-
bor effort, respectively. There follows the standard definition of a com-
petitive equilibrium with production as given in Section 1. The existence
of a competitive equilibrium follows under the previous assumptions on
consumers and assumptions (d.1)-(d.5) on firms. That a competitive equi-
librium is an optimum follows as before under the previous assumptions.
That any optimum can be supported as a valuation equilibrium follows
as before with additional assumption (d.3).

The implication of leisure sharing is robust to the decentra!ization by
competitive markets, as leisure sharing holds for all weights A; the com-
petitive hypothesis just picks out particular weights. Absence of quid pro
quo of consumption for labor supply is problematical, however. Undet
the decentralization hypothesis, each household j perceives itself as being
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free to vary labor supply, by (say) reducing l’{ (€1, .-, ¢) and receiving
w,/(e,, ..., €) in compensation. In this sense there is quid pro quo. In fact,
if the substitution effect dominates, higher wages could effect higher ef-
fort. However, this increased purchasing power could be spent on a// con-
sumptions c{(el, w..y€.), 7=1,2,..., T and thus absence of movement in
contemporary consumption is possible in equilibrium. Observationally,
matters are subtle because one must distinguish quid pro quo in account-
ing credits from changes in actual consumption. That is, in an economy
with diversity and trade it is a tricky business to distinguish compensation
intended for fina/ consumption from compensation as an accounting pay-
ment. Of course, if preferences aggregate in the sense of Gorman then the
relative wage can be determined as the obvious marginal rate of substitu-
tion of a representative consumer at aggregate leisure and consumption,
and thus time series on wages, aggregate consumption, and aggregate la-
bor effort can be delivered. Thus, one can ask whether there would be
quid pro quo in these data.

Under the decentralization hypothesis, household j chooses a contract
specifying consumptions and labor supplies under all possible contingen-
cies subject only to the budget constraint. In this sense, then, labor is not
assigned. However, once a contract is entered into, the f{(el, ..., €)*plan
must be carried out, and this requires that leisure and labor effort be ob-
served. Monitoring would still be necessary for enforcement of the com-
petitive-equilibrium outcome.

5 Programs with capital goods and storage

A study of various primitive economies reveals the existence of storage
possibilities and various capital assets. The magnitude of within-period
consumption risk in the medieval village, and therefore the need for in-
surance and the strip system, would seem to turn on the possibility of in-
tertemporal storage. Similarly, oxen for ploughing in the medieval village
and canoes in the island economy studied by Firth represent important
capital assets and seem positively associated with the owner’s economic
position.

To begin thinking about storage and capital assets and their implica-
tions for risk and for compensation, imagine that aggregate output g, at
date ¢ is some function of aggregate labor supply, aggregate capital or
storage, and the contemporaneous shock; that is,

n
‘71=f< _EIFJ—F,,K,, 51>’
j=

and consider the following program.
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Program 5.1. Maximize by choice of c[j(el, ())& E{(el, LN
and i,(ey, ..., €,) the objective function

n T i
M )J{EO > B’[Uj[c,j(el,...,e,)]+VJ[B{(el,...,e,)]]} 5.1
j=1

t=1

subject to

> Ctj(el,...,e,)sE,(el,...,e,), (5.2)
j=1

S ey, ) <€y enns &), (5.3)
j=1

Ci(€pseer€) i (€5ens €)
n
Sf[ S Fj—f,(el,...,e,),K,(el,...,e,),e,] (5.4)
i=1

K, e, e)= (1—8)[K, (€1 .y e,_1) I (€L5 o5 €], (5.5)

with [c/(ep, ..., ), 8/ (e, ..., €] € X7,

Here ¢,, I,, {,, and K, are aggregate consumption, investment, leisure,
and beginning-of-period capital (or storage), respectively, at date ¢. In-
equality (5.4) divides output into consumption and investment (additions
to storage), and equation (5.5) is the aw of motion on aggregate capital
(or storage) with 6 as the rate of depreciation.

The aggregate function here, f(:,+, ), is derived from individual pro-
duction functions

n h
qtj et (kgl a’kj’ kglK[kj’ 6[> o=

for each household j, where at"j is as before (in Section 4) and K ,"f, mea-
sured in negative units, is capital supplied by household & to household j
at date ¢. Further, let i/, measured in negative units, denote additions to
household j’s capital at the end of date ¢ from current production. The
aggregate resource constraint may now be written

q]. (5.7
1

I =

n n
T (—iH+ X c/=
ji=1 j=1 J

Despite this appearance of individual ownership, capital in Program
5.1 can be viewed as common property, allocated across projects at each
date, helping to deliver aggregate output. No household should receive
increased compensation for the act of supplying a capital good to anyone
else’s project. Consumption is determined still by aggregate consumption,
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and so on as before. Of course, the weights N could be related to initial
capital holdings, and if so this invariance result could be weakened. More
generally, one might consider whether versions of this economy with cap-
ital can be decentralized and what interpretations follow.

To do this, let the generic commodity point be a 5-tuple: the first com-
ponent for consumption, the second for investment, the third for begin-
ning-of-period capital, the fourth for end-of-period capital, and the fifth
for labor-leisure. Then imagine household j has two production tech-
nologies, the first for production of the consumption-investment good of
the form

YV(er, oo &) ={y, (€15 ., €,) € 5}{5:)}1,(51, o e,)+Y2f(i1, es €)
Sfj[.ySr(f_]: ceey e,),y3,(e_1, ceey 6[), fr]

and y4[(_6+19 T Er) = _y31(6_19 vees E[)}

and the second for capital accumulation of the form

YH(er, s €) =1r(€r, oo €) € R Y3 1 1(€qs ey €41)

< —((1=)Yarlersorns e +I2,(e1s o V).

Here the + notation below the variables indicates + for output and — for
input, and indicates as well the ranges of the indicated variables; other-
wise variables must be zero. As before, let profit shares in both technolo-
gies be 6%=0 for k#j and 6//=1. Evidently, assumptions (d.1)-(d.5)
are satisfied with Y% and Y% as the obvious cross-products over dates ¢
and histories (e, ..., ¢,), Y/ as the sum of Y% and Y%, and Y as the sum
over j. Households’ endowment vectors in this space are all zero. But note
that production technology Y % is defined relative to some fixed initial as-
signment of capital, y; ,_;, and this may yield some profit to household
J- Household j has preferences over consumption and labor supply,

X1, (€, ..0,6) and  xs,(€q,.-.,6)
i =
at date ¢ under history (¢, ..., ¢€,). :

The standard definition of a competitive equilibrium follows as before
with price system p, (¢, ..., €,) € ®> having components for consumption,
investment, beginning-of-period capital, end-of-period capital, and la-
bor. And as above, competitive equilibria can be shown to exist and to
satisfy the two welfare theorems.

In a standard competitive equilibrium, household j acting under tech-
nology Y'Y makes a “rental” payment ps,(ey, ..., €)— Pa,(€1, - . ., €) per
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unit capital used during period ¢ under history (e, ..., ¢), and thus it
would appear to offer explicit compensation for capital supplied to it. In
this sense there is quid pro quo. However, as before, recipients of these
payments — say, household # - may purchase consumption goods over
the entire horizon and all contingencies. Thus consumption cth(el, b e
need not increase with increases in capital supplied. Thus there need be
no explicit quid pro quo of contemporary capital for contemporary con-
sumption in equilibrium. On the other hand, as noted above, there may
be a more subtle relationship between capital, consumption, and leisure
that would be apparent from Program 5.1: A competitive equilibrium is
associated with particular Pareto weights N, and initial capital holdings
¥3.,=1 determine the income helping to deliver the competitive equilib-
rium. Thus, roughly, the higher is household j’s initial capital, the higher
is j’s weight M, and the higher (on average) might be consumption and
leisure.

Of course, to follow this through one must determine the competitive
equilibrium relationship among consumptions, capital (inventory) hold-
ings, and rentals across households over time and over shocks. Unfor-
tunately, though, with the level of diversity allowed thus far, this is not a
trivial endeavor. Of course, with the aggregation hypothesis one can gen-
erate time series on aggregates from the maximization problem of a rep-
resentative consumer, for then Program 5.1 reduces to the standard neo-
classical growth model.

The standard neoclassical growth model studied by Brock and Mirman
(1972), Cass (1965), Danthine and Donaldson (1981), Koopmans (1965),
and Sargent (1979), among others, is often maligned as being unrealistic
and a poor choice for the study of fluctuations and economywide phe-
nomena. Yet we see now how one is led to it in an attempt to understand
dynamic phenomena, starting from a natural base and getting rid of some
(but not all!) of the diversity across agents. In fact, recent papers of Lu-
cas (1985, 1987), Kydland and Prescott (1982), and Altug (1984) illustrate
how little we know about dynamics induced by optimizing agents, in par-
ticular how time series of aggregate variables can depend critically on
assumptions about technology and preferences. As Lucas (1987) notes,
for example, solutions of the Kydland-Prescott (1982) version of Pro-
gram 5.1 display too little variability in hours worked and investment and
too much variability in consumption, at least relative to postwar U.S.
time-series data. Yet a combination of intertemporal substitution of lei-
sure, gestation lags, and lags in the resolution of uncertainty can at least
partially overcome the deficiency. Further, the work of Altug (1984) indi-
cates there is a tradeoff between intertemporal substitution of leisure and
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multiple capital goods. And it is unclear whether some reasonable combi-
nation of costly physical storage, productive planting of seed, variable
weather, and risk aversion can be reconciled with the observations of low
carryovers and periodic starvation in typical medieval villages. Again it
seems that dynamic phenomena consistent with the neoclassical growth
model are not sufficiently well understood, and are naturally the subject
of continuing research. '

6 Programs with private information

As noted earlier, primitive societies can generate observations that are
anomalous relative to standard Arrow-Debreu theory. In the rice-sharing
scheme of northern Thailand, for example, it is apparent that track is
kept of households’ rice “deficits” over time. In particular, it seems that
a given deficit cannot be indefinitely large or sustained on an indefinite
basis — at some critical point, reciprocity in terms of labor is required.
And, in the absence of that, the deficit-ridden household may be kicked
out of its village. Again, these kinds of intertemporal tie-ins are not con-
sistent with solutions to standard programming problems of the type con-
sidered thus far. Of course, in the case of northern Thailand it is plausible
that unobserved labor effort is the neglected element. One also suspects
that anomalous consumption and leisure patterns abound in villages of
southern India, where apparently there is no explicit monitoring of labor
effort on sharecropped fields. Thus one might again suppose that private
information is a neglected element.

Fortunately, the programming methods under discussion thus far can
be modified to incorporate explicit private information, delivering yet an-
other class of Arrow-Debreu programs. Moreover, the solutions to these
modified programs can differ in substantial and systematic ways from the
solutions to full-information, standard Arrow-Debreu programs. This
section will elaborate on both these points.

To begin, it will prove instructive to return to the pure-exchange econ-
omy of Sections 2 and 3 and incorporate a minimal amount of private in-
formation. Thus, consider an essentially static pure-exchange economy
with two agents, @ and b, each endowed.with an m-dimensional vector of
consumption goods dependent on some shock ¢. In fact, suppose realiza-
tions of agent a’s endowment e%(e) are seen by agent a alone taking on
(say) at most two values, 6’ and 8”, with generic element §, in some con-
sumption period. And suppose for simplicity that realizations of agent
b’s endowment e®(e) are public, say some constant W. Were we to solve
Program 2.1 for this special case, ignoring the private information, we
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would deduce the fact (with risk aversion) that consumptions of agents a
and b should be functions of the aggregate endowment W+ 6 or (for sim-
plicity) just 8, and we would write c%(8) and c?(6).

But now a potential problem emerges. For let f% @) denote the effec-
tive net transfer that agent a is to receive when his endowment is 6; that
is, fAU0)=c%0)—40. It is possible that

ULo'+ f90< U8’ + 40", 6.1)

so that if agent a’s endowment were actually 6’ and he were asked to
name a value for it, he would choose to name 6”, and the allocation to
him would be 68’+ f%(8”) rather than '+ f%(8").

As is apparent, this problem might be remedied by the imposition of
(6.1) with the inequality reversed; that is,

U6+ Y40 =U8+ f46")] (6.2)
and similarly, for =607,
UTo"+ f407)1 = U 6”+ f2(6')]. (6.3)

That is, one might be tempted to impose constraints (6.2)-(6.3) directly
onto Program 2.1 before deriving a solution. In fact, it is the implica-
tion of the work of Myerson (1979) and of Harris and Townsend (1981)
that such a procedure can be rigorously justified. In economies with pri-
vate information there is essentially no loss of generality in imposing such
constraints; such constraints capture all the additional restrictions asso-
ciated with private information.

Of course, these restrictions can be substantial. Private-information
optimal allocations often differ substantially from full-information opti-
mal! allocations - the point to be made in this section. With only one good
for the economy just described, for example, the solution with private
information would be autarkic.

Two qualifications to this discussion should be noted, however. First,
when there is private information on quantities, as in the economy just
described, constraints like (6.2) and (6.3) sometimes can be weakened. In
effect, agent @ could be asked both to name a value for his endowment
and to display the endowment (if necessary) as evidence of his claim. This
can be captured formally by allowing agent a to transfer some amount of
his consumption good to some center, as a “tax,” before receiving any
compensation, as a “subsidy.” Second, even without this modification,
constraints (6.2) and (6.3) do not necessarily leave the space of alloca-
tions [ f%8’), f%6")] convex. That is, problems such as Program 2.1
with (6.2) and (6.3) appended as constraints are not necessarily concave
problems. But Prescott and Townsend (1984a, b), among others, have

Microfoundations of macroeconomics 401

shown that this problem can be remedied with the use of lotteries, and
beneficial exchange is made possible as well. Intuitively, the risk aver-
sion of agent a can vary across distinct deterministic allocations, and thus
lotteries can help to weaken the effect of the incentive constraints, lead-
ing to a Pareto improvement. (An explicit example of this will be given
momentarily.)

More formally for the environment at hand, let 7(#) denote the set of
all feasible displays or “taxes” 7= (7% %) on agents @ and b respectively,
satisfying constraints 0<7?<6 and 0< 7°<W. Similarly, let S(7) de-
note the set of all second-round conditional “subsidies” s=(s%s?%) on
agents a and b respectively, satisfying the constraints s4=0, s?=0, and
59452< 794 7%, so that the sum of the subsidies is bounded by the sum
of the taxes or displays. Next, let 7#7(6) be a lottery on taxes in the space
7(6), let =°(0, 7) be a lottery on subsidies in the space S(7) conditioned
on tax 7, and let 7(7, s, 8) be the joint lottery on taxes 7 and subsidies s.
Agent a is then imagined to effect lotteries 77(#) and #°(6, 7) or (more
directly) n(7,s,#), by his announcement of 6. Program 2.1 is thus re-
duced to the following.

Program 6.1. Maximize by choice of the lotteries w(r,s,0) the
objective function

X {Ee SS U“§— 79+ w(dr, ds, 0)}

b {Eo SS UP[W = 75+ 5°] x(dr, ds, 0)} (6.4)

and given endowment 0 =0’ subject either to
7'(8”) is not a lottery on the space T(9"), (6.5)
so that some realization of the tax lottery or display is not fea-

sible given 0=26', or to

H U8’ — 7%+ 5% x(dr, ds, 6")

> Sg U0’ — 1%+ 5% x(dr, ds, 8"), (6.6)
so that agent a has no incentive to lie, announcing 6" given the
endowment is 0 =0, and subject to

constraints analogous to (6.5) and (6.6)
when the endowment is § =0". 6.7)
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In the absence of qualifications like (6.5), at least, Program 6.1 can be con-
verted to a program that is linear in unconditional probabilities (7, s, 8).

Techniques like this turn out to be surprisingly robust, that is, able to
handle a wide range of private-information problems. First, of cours,
one can handle situations with private information on actions, as in the
standard principal-agent problem; see Myerson (1982). Essentially, one
need only reverse the strict inequality in (4.8) to a weak inequality in the
other direction and place the resulting constraint into Program 4.2. Sec-
ond, one can handle situations in which private information can be made
public at some cost, as with (potentially random) audits or monitoring
technologies, triggered by announcements of agents with private infor-
mation; see Baiman and Demski (1980) and Townsend (1979). Third, one
can handle multiperiod problems, even with period-by-period private in-
formation, as in W. Rogerson (1985) or Townsend (1982). And, finally,
one can handle multilateral private information, as in Moore (1984), My-
erson (1986), and Townsend (1986b), even in multiperiod contexts, pro-
vided there is sufficient commitment or technology to enforce internal
randomization devices. These set-ups, as well as those in Section 9, allow
for difficulties in processing and communicating information and for en-
dogenous information systems.

This is not to say that the outcomes of arbitrary programming prob-
lems are necessarily sharp or well understand. It turns out to be difficult
to characterize optimal consumption schedules in the classic principal-
agent problem; without demanding assumptions, these schedules need not
be even weakly monotone increasing. The problem of when to monitor
or audit and acquire otherwise private information is also difficult ana-
lytically. Multiperiod private information problems deliver history de-
pendence and intertemporal tie-ins, but the exact nature of these tie-ins
and the extent of dependence remain open questions, especially for rela-
tively long horizons with discounting of the future. Finally, little is known
about the solutions to multilateral private-information problems, espe-
cially in multiperiod contexts. Generally, then, the solutions of many pri-
vate-information programs are not neatly characterized and are sensitive
to the nature of preferences, technology, and uncertainty.

Still, the potential of private-information programs to deliver interest-
ing outcomes and interesting institutions cannot be ignored. The remain-
der of this section tries to establish this by consideration of three models
from recent literature.

Private-information economy 6.1

First, imagine with Prescott and Townsend (1984b) an economy in which
each of a continuum of households can supply its own labor to a house-
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hold-specific production function, its own unobserved “back-yard tech-
nology,” yielding output of an idiosyncratic nontraded consumption good
contingent on some production shock ¢ e {1, 2}. Each household can also
supply labor to the public production of an observed transferable con-
sumption good, and each household has its own linear technology for this
production of the form g = ba, where variable a is market labor supply
to its project and coefficient & is positive. Thus each household has an
induced or indirect shock-contingent utility function over units of con-
sumption of the publicly produced good ¢ and units of its own market la-
bor assignment a of the form Uy(c, a) = U(c) — Wy(a), where (for simplic-
ity) 0= c and 0 < a < 7. Fraction w, of agents in the population receive the
household production shock 6, while in the planning period each house-
hold views shock f as occurring with probability wy.

Suppose now that, in the planning period, households enter into an
agreement to receive the market consumption good in amount ¢ and sup-
ply labor in amount @ contingent on some announced value of the pri-
vately observed shock 6. That is, households can enter into a contract
with individually effected options 6. Further, suppose for simplicity that
consumption ¢ and labor supply a can take on at most a finite number of
values, and that these can be determined at random, so that whether or
not a household works (and how much it works) are determined under
a well-specified lottery. Thus, let w4(c, @) denote the probability of get-
ting market consumption bundle ¢ and supplying labor to the market in
amount a. Then, the appropriate programming problem for the repre-
sentative consumer in the planning period is the following.

Program 6.2. Maximize by choice of the my(c,a) the objective

Sfunction

E Wy E 7l-(9(6.9 a) Uo(c, a)y (68)
[} (c,a

subject to the resource constraints

Swg X mlc,a)baz= Y wy, Y w(c,a)c; 6.9)
[’} (c,a) [} (c,a)

subject to the incentive constraints..

(E)WI(C,Q)UI(C, a)Z(E TZ(C,Q)U[(C, a), (6'10)
c,a c,a)
(E)Wz(c,a)Uz(C,a)z 2 mi(c, a)Us(c,a); (6.11)
c,a (c,a)

and subject to the obvious constraints on probabilities

S mlc,a)=1, mlc,a)=0, 0eil,2}. (6.12)

(c,a)
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Note that here the objects my(c, @) enter into the objective function (6.8) as
probabilities of bundle (c, @) if 8 is announced, and appear in the resource
constraint (6.9) as fractions of type-0 agents obtaining bundle (c, a), so
that average output is no less than average consumption.

Solutions to Program 6.2 can be striking. To see this, imagine an ex-
treme case with U(c)=In(c), W,(a)=a, and W,(a) =a?%/3, so that house-
holds of type # =1 are ex post neutral in labor supply although households
of type 6 =2 are not. The full-information solution to the programming
problem for the determination of Pareto optimal allocations - that is, the
solution with constraints (6.10) and (6.11) deleted -is ¢;=c,=b, a;=1/2,
and a,=3/2 if w;=w,=1/2. Of course, with private information this is
not obtainable because consumptions are equated while type-2 house-
holds work harder. But randomness can be introduced into the labor sup-
ply of type 1, preventing type-2 households from claiming to be type 1,
with no effect on the ex ante utility of type-1 households. In fact, set ¢;=
¢, = b as before; set a; =7, the upper bound, with probability «; and set
a,=0, the lower bound, with probability (1—e«), so that expected labor
supply satisfies af+(1—«)0=1/2. This satisfies all incentive constraints
for 7 sufficiently large. Less dramatic examples with lotteries can be con-
structed with all agents risk-averse, but with a loss of ex ante expected
utility relative to the full-information solution.

Indeed, we are reminded - in this discussion of lotteries and diverse em-
ployment experience for otherwise identical households - of what might
happen in a market economy with excess labor supply and sticky wages.
For this and other reasons, it is interesting to ask if the private-informa-
tion economy just described can be decentralized; that is: Is there a mar-
ket that would support the optimum? The affirmative answer given in
Prescott and Townsend (1985b) is summarized here.

Suppose that, prior to the resolution of uncertainty (i.e., in the plan-
ning-period market), each household as a firm or intermediary can make
commitments to the market to supply any number of (c, @) pairs. More
formally, let y,(c, a), if positive, denote the number of commitments to
provide ¢ units of output for and to hire @ units of labor from the group
of households who announce they are of type 6 (such announcements are
public). Each firm-intermediary is constrained by a production-interme-
diarion set

Y= {y= {ye(c,a)}: %wg (E)J’(;(C, a)(ba—c) 20},

which states in effect that the firm-intermediary cannot plan to distribute
more of the consumption good than it provides on average. The coeffi-
cients in set Y are taken as given. Also, because this production set is the
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same over all households and displays constant returns to scale, there is
no loss in simply positing set Y as the aggregate production-intermedia-
tion set.

Each firm-intermediary acts to maximize profits from competitive mar-
kets, taking prices as given. Thus, let py(c, @) be the per-unit price of a
¥o(c, @) commitment in terms of some abstract unit of account. Then the
firm-intermediary acts to maximize

§ (E)ye(c, a) py(c, a)

subject to ye Y.

Households also make market commitments over output labor pairs,
but with a different interpretation. Households are imagined to choose
ex ante in the planning-period market a contract with options, indexed
by 6 € ©. Each option is a (possibly degenerate) lottery over consumption
and labor-supply pairs, and the household can choose the terms of the
lottery as well. But the options are such that a household of type 8 ex post
will choose ex post the option indexed by 6 if indeed it suffers shock 6.
Finally, of course, all the contracts are priced in a competitive market.
More formally, motivated by the discussion above, let the common con-
sumption set be

X= {{x(;(c, a)}: xg(c,a)=0, ¥ xy(c,a)=1,

c,a

2 x5(c, @) Uy(c,a)= Y xys(c,a)Uy(c,a), ,¢ e 6} ;

Let the endowment w be the element wy(c, @) = 0 unless (c, a) = (0, 0) for
each 6 e ©; that is, w puts all mass on the zero point of the underlying
commodity space. Then the objective of the representative consumer is to
maximize ex ante expected utility

§ wp X Xg(c, @) Uy(c, a)

(c,a)

by choosing x € X in the budget set
203 E)pe(c,a)XG(c,a)szo (E Polc, a)wy(c, a).

(c,a c,a) -~
To reiterate, each household purchases a contract as a package and does
not purchase the components separately. But the valuation of a contract
is determined by the valuation of its individual components. In particu-
lar, with constant returns to scale in production, individual components
in equilibrium must satisfy

pi(c,a)=wy(c—ba) vOe O, all (c,a) pairs.
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To ensure consistency of actions taken by households and the firm-inter-
mediaries, the usual market clearing condition is needed:

xg(c, a) = yg(c, a) +wy(c, a).

This condition, when substituted into the production-intermediation set
Y, yields the resource constraint (6.9).

A standard competitive equilibrium (as defined in Section 1) can be
shown to exist and to be Pareto optimal. Here, in fact, the representa-
tive-consumer construct facilitates the argument. But the argument can
be generalized considerably, as in Prescott and Townsend (1984b), for -
as is now apparent - preferences are linear in lotteries, the consumption
set and production set are defined by a finite set of linear inequality con-
straints, and so on. The set of sufficient assumptions is drawn from De-
breu (1962), and the argument is given explicitly in Section 7 in an exten-
sion to indivisibilities. Further, the discrete commodity space can be filled
into a continuum, following arguments like those of Bewley (1972) and
Mas-Colell (1975) as well as Prescott and Townsend (1984b). The general
class of private-information environments that allows standard existence
and optimality theorems is given in Prescott and Townsend (1984a). Of
course, not every private-information environment can be decentralized
in the standard way, as might well be anticipated from the earlier work of
Rothschild and Stiglitz (1976), Spence (1974), and Wilson (1978).

Private-information economy 6.2

As a second private-information economy, imagine with Ito (1984) that
each of a continuum of households can supply one unit of labor either to
an unobserved back-yard technology or to a publicly observed central
technology. In particular, each agent of type j can produce a;+ € units of
the single consumption good of the model from one unit of labor sup-
plied to its back-yard production technology, where g; is private informa-
tion to agent j and ¢ is a privately observed random variable uniformly
distributed on some closed interval. Alternatively, each agent of type j
can produce m(g) or m(b) units of the single transferable consumption
good in the central public technology, depending on the state of nature
s: either good, s = g; or bad, s=b. Public production m(s) occurs with
probability p(s), s = g, b. Virtually all households are risk-averse, with a
common strictly concave utility function U(c) over units of consumption
c. Labor is supplied inelastically. The fraction of agents of type j is w;,
and there are n agent types, so that j=1,2,..., n. Further, households
are ordered in private productivities so that a; <@, <--- <a,. The excep-
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tion is one household with mass wy, say of type 0, who is risk-neutral and
who supplies no labor to any technology.

All households are imagined to be gathered initially at the central pub-
lic technology, and all decide on a common resource allocation scheme.
Next, all households make declarations of their type. Next, all observe
the public technology shock s. Then a decision is made in some way, per-
haps in accord with prior plans, as to whether or not each agent of (de-
clared) type J is to discover the e-draw in its back-yard technology. The
cost of this search to each agent is z > 0 units of consumption. Finally,
with state s public and a; and e private, each household of type j is allo-
cated in some way to one of the two available technologies.

To simplify the presentation of a programming problem, suppose ini-
tially that the e-draws are all degenerate at zero and that this is common
knowledge. Then the only issue is whether a type-j agent does or does not
g0 to his back-yard technology in states s, since there is no point in re-
turning to the public technology. Thus, let w;(s) denote the units of con-
sumption wage for agent j from the public technology in state s, if indeed
agent j is assigned to that technology; let ¢;(s) denote the compensation
from the public technology (gross of search costs) in the event that agent
J 1s assigned to his back-yard technology in state s; and let x ;(s) denote
an assignment function that is either one or zero depending on whether
agent j is or is not assigned to the public technology in siate s. [More gen-
erally, x ;(s) could be interpreted as a population fraction for the resource
constraint.] For simplicity in notation, fet wy(s) denote the consumption
of agent 0 with x,(s)=1.

With this notation, the planning-period problem for the determina-
tion of a Pareto optimal allocation, with weights M to agents of type J,
is equivalent to the following.

Program 6.3. Maximize by choice of the wi(s), c;(s), and x ;(s)
the objective function

jgo N { 253 PG [x,; () Ulwi(s)]+(1—x,;(s) Ulc;(s) +aj—z]]}

: N 6.13)
subject to the resource constraints

,-21 X (s)m(s)w; = _El(l—x,-(S))cj(s)w,-

< =
r 2_:1 X (S)w;(s) w; + wowe(s),

3 s=gb (6.14)
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and subject to the incentive constraints

S p() [x () Ulw;(s)]+(1—x (s Ule;(s) +a;—2z]]

2 3 p(s) [xi(s) Ulw() +(1—xi(s) Uleis) +a;—z1].  (6.15)

Ito (1984) examines a particular but intuitively appealing solution to
this programming problem. In particular, suppose the risk-neutral agent
is to receive zero (expected) consumption; suppose we ignore momen-
tarily the incentive constraints; and suppose the economy is such that no
one is to leave the public technology in the good state s=g. Then, for
type-j agents who are to stay with the public technology in the bad state
s= b, w(g) =w(b) where for these agents w(-) is independent of j. Simi-
larly, for those type-j agents who are to leave the public technology in the
bad state s=b, w;(g)=c¢;(b)+a;—z. Thus there is full insurance (con-
stant consumptlon) over states s (s=g, b) for each agent type, although
there may be nontrivial variation over types j for j types who leave. Fur-
ther, as one might hope with the presence of a risk-neutral agent, pro-
duction assignments are efficient in the sense that agents leave the pub-
lic project when they are relatively inefficient there; that is, x;(b)=0if
m(b)<a;—z. Indeed, individual productivities are supposed to be such
that there exists some nontrivial critical value of the private productlon
parameter a, say a*, with x ;(b)=0 for all ;> a* and xj(b)—l for a, < a*
(a* nontrivial in that such a k exists). Flnally, the incentive constraints
can be satisfied by making the wage schedule in the good state, w;(g),

monotone increasing in j and by making the compensation schedule in the
bad state, ¢;(b), monotone decreasing in j for all j such that x;(b) =
The idea here is that for agent j to pretend to be a type i rather than type
J with i>j, there is relatively higher consumption when s=g [by the
monotonicity of w;(g)] but relatively lower compensation and hence lower
consumption when s=b; that is, ¢;(b)+a;—z<c; (b)+a, z. The con-
sequent risk keeps agent j from pretending to be a type i, i>j.And a
similar argument applies for type i, i < j. Indeed, Ito finds consumption
and compensation schedules by decentralizing the economy, letting agents
choose agtuarily fair insurance ex ante, and letting agents make their own
state-contingent decisions about whether or not to search and therefore
what compensation to claim given their choice of an insurance papkage.

Ito goes on to consider an even more interesting case. Suppo§e in par-
ticular that the e distribution is not degenerate. Then, upon seeing a; +¢
at cost z, agent j must decide whether or not to return to the public tech-
nology. Of course, with low €’s there may be a return and with high €’s
not. But a returning agent cannot effectively claim a particular € value,
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and nonreturning agents are similarly uninsured. Indeed, under his de-
centralization hypothesis, this lack of insurance delivers for Ito an allo-
cation w;(g) on state s = g greater than the compensation for returning
workers of type j on state s = b. Thus there is no longer full insurance.
More dramatically, relative to the case where e-draws are fully observed
by everyone, there are fewer agent types searching their back-yard tech-
nologies (the critical a* is higher), and also those who search more are
likely to return to the public technology. Indeed, this effect is reinforced
if agents can pretend to search, returning to the public technology to re-
ceive a wage different from the one they would have received had they
not “searched” at all. Ito terms the latter “phantom” search, in contrast
to the case where the act of search is public.

It remains to be seen if solutions like these emerge generally for alter-
native weights N in the programming problem. And some check should
be made to see if the assumed decentralization of decisions is innocuous,
especially when search is public and can be imposed or assigned. How-
ever, based on 1to’s results thus far, it seems that private information can
generate some kind of persistence.

Private-information economy 6.3

A third private-information economy helps make the point that private
information can be an important determinant of institutions and econ-
omywide arrangements. Thus, consider with Boyd and Prescott (1986) an
economy with a countable infinity of agents, each of whom lives two pe-
riods. In the first period, each agent has one unit of time and one invest-
ment project. In the second period, agents eat the single consumption
good of the model. Time can be used in the first period in some investment
project to help produce the consumption good for the second period, or
time can be used in the first period to evaluate one project. Preferences
are ordered in the first period by expected second-period consumption.
The per-unit return r on an investment project if funded is either good
{i.e., r=_g) or bad (i.e., r=b), where of course g > b. The maximal in-
vestment per project is x. Evaluation e of a project in the first period gen-
erates signal e= g or e= b in the first period, and these are (imperfectly)
predictive of future return r on the project. Agents are ordered initially
by types i, i =g or i = b, and an agent’s type  is also (imperfectly) predic-
tive of the future returns r on his project. Here, then, w(i, e, r) denotes
the fraction of agents of type / who would receive signal e if their proj-
ects were evaluated and obtain return r if their projects were funded, and
w(i,e,r) also determines the conditional probability of the event (e, r)
from the viewpoint of an individual agent of type i. Each agent’s type is
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presumed to be private to the individual. On the other hand, the acts of
evaluating and investing are supposed to be publicly observed, as are the
returns r, evaluations e, and consumptions c. Finally, the return r on a
project is supposed to be known ex post even if the project is not funded.

To write down a programming problem for the determination of Pare-
to optimal arrangements, one needs a little additional notation. Thus, let
z; denote the fraction of (declared) type-i projects evaluated, as well as
the probability of an evaluation for an agent of (declared) type i; x; the
amount of time invested in a (declared) type-i project if not evaluated; x;,
the amount of time invested in a (declared) type-i project with evaluation
e; c;, the amount of consumption to a (declared) type-i agent when his
own project is not evaluated and the return on it is r; and ¢;,, the amount
of consumption to a (declared) type-i agent with evaluation e and return
r on his project. Finally, let z, x, and ¢ denote the associated vectors with
components specifying these objects. Then, given z, x, and c, the expec-
ted utility of a type-i agent who reports to be of type j is

Ui(C, Z,j) =sze,r{cjer | i}+(1_zj)Er{cjr | l}a (616)

where expectations are over evaluations e and returns r given actual agent
type i, and again the probabilities are determined by the w(i,e,r). The
programming problem with weights N, j=g, b, can then be written as
follows.

Program 6.4. Maximize by choice of z, x, and ¢ the objective
function
)‘gUizg(C’z9j=g)+)\bUi=b(C:z’j=b)) (6'17)

subject to the time constraint for investing and evaluating in per-
capita terms,

E; f(1—z)x;+z/(x.+1)}=1; (6.18)
the resource constraint for distribution of the consumption good,
Eiz:Eo Cior| 1+ (1= 2D E ey | i1}

SEJAzE, x| i} +(—=z) E {rx; | i}}; (6.19)
the incentive constraints,
Ulc,z,j=i)=Ulc,z,j#i) all i,j; (6.20)
individual rationality constraints on participation,

Ule,z,j=1) = E{r|i}; (6.21)

Microfoundations of macroeconomics 411

and the constraint that
O0=z;=<1 all z., 6.22)
O0=<x;,x.<x all ie.

Boyd and Prescott (1986) go on to define a core allocation as an allo-
cation that cannot be blocked by a coalition. They also assume that the
specification of parameters ¥, g, b, and = are such that: (1) if agent types
were fully known there would be evaluations of good projects; (2) there
would not be evaluations of bad projects; (3) investing in i = b projects
dominates investing in i = g projects with e = b; and (4) if all types of i =
g projects are evaluated and are funded or not at maximum level x under
the above rule then some time would remain, so that bad projects are the
marginal projects. Under these assumptions there exists an (essentially)
unique core allocation, one that is weighted in favor of the agents of type
i=g.

Boyd and Prescott (1986) characterize this core allocation. They show,
for example, that if evaluations e are uninformative but agent types i are
private information then there can be nontrivial evaluations. Of course,
these evaluations are dissipative in the sense that with full information no
evaluations would take place. Even more impressive, though, are results
characterizing the arrangements themselves. In particular, Boyd and Pres-
cott show that — under their definitions - core allocations can be achieved
by nontrivial coalitions of agents, whereas core allocations cannot be sup-
ported in a decentralized security market arrangement, at least not if there
is private information on initial agent types and if evaluations are pos-
sible. In this sense, then, their paper delivers some kind of collective or
centralized institutions, which Boyd and Prescott interpret as banks, add-
ing to our understanding of such institutions and to the related papers of
Diamond (1984) and Townsend (1978, 1983), for example.

Though they may seem alien at first, various kinds of collective or re-
strictive resource-allocation schemes have been observed in practice. In
the Pacific island economies studied by anthropologist Malinowski, for
example, only the chief was allowed to store many essential commod-
ities, though storage displays were themselves public. Similarly, in the
centralized societies of the Egyptian pharaohs there seemed to have been
extensive restrictions on trade and retrade. The private-information the-
ories described in this section are at least suggestive of these kinds of in-
stitutions.

Thus far, little has been directly said about how to tie this section’s
private-information programs to time-series observations and more stan-
dard macroeconomic concerns. The problem, again, is that multiperiod
private-information programs are difficult to solve generally. However,
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progress is being made. Indeed, Green (1985) has solved an explicit infi-
nite-horizon version of a multiperiod private-information model, at least
with the assumptions of constant absolute risk aversion and unbounded
negative consumption. Such contributions provide important links from
the microeconomic contract-theoretic literature to the macroeconomic lit-
erature on growth and fluctuations, and support the broad view of mac-
roeconomics adopted in this chapter.

7 Programs with indivisibilities

Observations from primitive economies suggest that certain indivisibili-
ties may be crucial. The oxen of the medieval village can be utilized only
in discrete units, and the canoes of the Polynesian islands come only in
minimal sizes. Similarly, a migrant worker either does or does not labor
at a specified location or project. Fortunately, an Arrow-Debreu envi-
ronment with such indivisibilities can be analyzed along the lines of Pres-
cott and Townsend (1984a, b) and the general equilibrium literature de-
scribed above, so that standard existence and optimality theorems apply.
Further, environments with indivisibilities can be shown in this way to
have interesting dynamic properties.

For purposes of exposition we shall consider here an extended, gener-
alized version of the environment considered by G. Hansen (1985). That
environment is much like the one that underlies the neoclassical growth
model (Program 5.1), but with the following modifications. First, there
is a continuum of type-j households, fraction w’ of the total set of house-
holds, with the latter being the set of households whose names lie on the
unit interval. Names will be ignored in what follows, however, and type-Jj
households will be treated identically ex ante, as if there were one type- J
agent with weight wJ. More relevant for the present discussion of indivisi-
bilities, pair (c, @) of consumption ¢ and labor supply ¢ can take on at
most a finite number of values for each and every household, and (for
simplicity) consumption sets X { are identical across households j. Thus,
from the point of view of household j as consumer, the commodity point
will be a specification of the probability x/(c, a) of the pair (c, a) over all
pairs (c, @) in some set X.

With these modifications, and the obvious adjustments for converting
leisure to labor, Program 5.1 becomes the following.

Program 7.1. Maximize by choice of the x,f(c,a, €15---5€) and
the i,(ey, ..., €,) the objective function

n T
e )\I{Eo % B’{ Meei(e, a,el,---,e,)[Uf(c)—Wf(a)]B (7.1)
Jj=1 t=1

(c,a)
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subject to
o . .
2wl X oex/(c,a,€,.,€) =T legs 05 €), (7.2)
J=1 (c,a)
i .

J J =
jglw (C%)ax,(c,a,el,...,e,)sa,(el,...,e,), (7.3)
[ (€pseeer €)FT € -nns €)

< flade, .-, &), K€, s €)5 61, (7.4
_,+1(el,...,e,)=(1—6)[K,(61,...,e,_1)+7,(61,...,e,)], 7.5
0=<x/(c,a,e,....,e)<1 T x/(c,a,ep,...,e)=1 (7.6)

c,a

This is a concave program despite the indivisibilities. Further, it can be
solved analytically. Hansen does so by assuming one type of consumer,
so that the j notation can be suppressed; labor supply a taking on only
two values, (say) @ =0 and a = @; and consumption taking on a continu-
um of values. In this case, one is reduced to the representative-consumer
problem of the standard neoclassical growth model, with the exception
here thﬁt (say) o (€, .-, &), the fraction of agents who work @ hours, re-
places ?,(¢,.-.,¢) in Program 5.1 as the obvious labor choice variable
at date ¢ under history (e,...,¢,).

We might note in passing that Hansen’s model is designed to address

the anomalies raised in the earlier work ot Kydland and Prescott (1982) -
that Program 5.1 delivers too little variability of hours worked relative to
U.S. postwar time-series data. And Hansen is successtul, inasmuch as his
version of Program 7.1 delivers too much variability in hours. That is,
Hansen does seem to have selected a key aspect of the model to modity.
It might also be stressed that the variability is induced by the indivisibil-
ity, a “real rigidity,” and that nominal rigidities so often believed to be
necessary are, in fact, not needed (which is not to say that nominal rigidi-
ties are unimportant). Similarly, lotteries transform the underlying pref-
erences of consumers to some mongrel objective function (7.1), and mea-
sured risk aversion for the mongrel may bear little relation to actual risk
aversion for underlying preferences.
. It should be stressed also that existence and optimality results follow as
in Prescott and Townsend (1984b), despite the indivisibilities. The com-
mon consumption set of type-j households is the set of possible lotteries
over C(?nsumption ¢ (measured in positive units) and labor supply @ (mea-
sured in negative units) in underlying consumption set X over all dates
and histories; that is,
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X= {{x,(c, Ay €p50eny €))7

0<x,(C,a, €55 €)1, 2 X,(C, 0,65, €)= 1}.
c,a

Underlying consumption set X is presumed to contain the point (0, -0
of zero consumption and maximal labor supply for each household j. Set
X also contains the endowment point of each household, the point (0, 0).
Further, as is apparent from Program 7.1, one can trace out the path of
maximal aggregate feasible consumption - say, 2,(e,--., ) at date ¢ and
contingent on history (g, ..., €) - by supposing that aggregate labor sup-
ply is at a maximum at each date, investment is arranged to support max-
imal carryover earlier, and so on. Next, define

El(el! veny 6[) ]

é,*(el,...,e,)=max[ -
i w

and

e*= max [&(ep,-..,€)]

T, 6eq, 00 0ep)
Then some consumption number ¢** > &** along with zero labor supply is
supposed also to be in underlying consumption set X. This will ensure
that no household j is ever satiated in its attainable consumption set X;
that is, there is always a dominating element in consumption set X even
though set X itself is bounded.

Preferences #/(x’) over set X are defined in the obvious way, as is
the endowment w/, the latter putting all mass on the underlying endow-
ment bundle (c, @) = (0, 0) uniformly for all dates and histories. House-
hold j as producer makes y,(c, @, €1, ---, &) commitments if positive to de-
liver ¢ units of output for consumption (measured in positive units), and
to hire @ units of labor (measured in negative units) at date f, contin-
gent on history (¢, ..., €/), as well as deciding as before on components
Vor(€seens €)s V3r(€15 5 €5 and yg,(€;, ..., ¢) for investment, beginning-
of-period capital, and end-of-period capital. That is,

Yilillepn--b )= {y,(el, SRS Ak C}‘:Iy(c, Ay €qyennr €)CH Vo€, s &)
sfj[c%y(c, A, €y eer ), V3,15 oees &) e,] and
Var(€rseees €)= —Y3,(€05 0005 e,)}
with Y%(e,, ..., ) exactly as before in Section 5. Finally, it may be sup-

posed that each of the fractions w’ is a rational number, so that some
integer m may be taken to be a least common denominator. Then the

Microfoundations of macroeconomics 415

continuum-agent economy is equivalent to a finite-agent economy with
number w’/m agents of type j.

One can now make use of the theorem in Debreu (1962): The finite-
agent economy has a quasi-equilibrium (defined below) if (a.1) A(mX)N
(—A(mX))=1{0}; (a.2) XAis closed and convex; (b.1) for every j and for
every consumption x’ in X, there is a consumption in X preferred by j to
x’; (b_.2) fqr every x’€ X the sets {x/e X:u/(x/) = u/(x')} and {x/e X:
u{(xf_) =< u{(x’)} are closed in X; (b.3) for every x’ in X, the set {x/e X:
w/(x/y=u/(x’)} is convex; (c.1) ({mw/}+mY)NmX # J; (c.2) (Iw/}+
AY)NX#0; (d.1) 0Oe Y/; and (d.2) A(mX)NA(Y)={0}. Here A(S)
denotes the asymptotic cone of set S. Each of these conditions can be ver-
ified to hold for the economy with indivisibilities under consideration,
just as in Prescott and Townsend (1984b). One key, of course, is that the
consumption set is defined by a set of linear inequalities and that prefer-
ences are linear in lotteries.

Here a quasi-equilibrium is a state [(x/")(¥/")] and a price system p*
such that

(o) for every j, x/"is a greatest element in
{xe X:p*-x<p*w/+p*y/"} under u/(x)
and/or p*-x/"= p*-w/+p*-y/ = Min p*- X;
(B) p*y/'=Maxp*Y/;
(v) Zmelx’=3;me’y’+Z; mw/w/; and
) p*#0.

Thus a quasi-equilibrium can differ from a standard competitive equilib-
rium in condition («). Here, however, the configuration of equilibrium
prices p* can be delivered from profit-maximization condition (3) on the
aggregate production set Y in particular, the price pf(c, a, ¢y, ..., ¢) for
the (c, @) component at date ¢ under history (e, ..., €,/) satisfies

6f(-,-,e,) aJ

pic,a, ey, €)= yb,](el,...,e,)[ —
da

where ¥/ (e, ..., €,) is the Lagrange multiplier of the aggregate production
constraint Y,'(e,, ..., ¢) and its associated aggregate production function
S, -, €). If all the ¥/ (e, ..., €,) were 2610 then all pi(c,a, e, ..., €) would
be zero, and this would imply from condition () that p*=20, in contra-
diction to condition (8). Thus at least one y/!(ey, ..., €) is positivé and this
makes p*w/+ p*-y/" > Min p*- X because the point x € X, putting mass
unity on point (0, —7) for all ¢ and (e, ..., ¢,), has negative valuation.
Thus the first part of conditions () must prevail, and there exists a stan-
dard competitive equilibrium.
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That competitive equilibria are necessarily Pareto optimal and that Pa-
reto optima can be supported as competitive equilibria also follow di-
rectly from the arguments in Prescott and Townsend (1984b) and in De-
breu (1954). .

In summary, then, lotteries facilitate the analysis of economies with
some underlying nonconvexity, here delivering existence and optimality
theorems. And they help in this regard even when they are not needed
- that is, even when lotteries are not actually used at an optimum or in
equilibrium.

8 Programs with spatial separation

The Polynesian economy studied by Firth (1939) and the hill tribe com-
munities studied by Van Roy (1971) have prominent aspects of spatial
separation, with clusters of population separated by nontrivial distances.
Still, these clusters are not isolated from one another. In the island econ-
omy studied by Firth (1939), agents occasionally migrate in order to en-
gage in group canoe-building projects or to work in dispersed orchards.
And in the economy studied by Van Roy (1971), there is (as noted earlier)
sharing of rice across villages and occasional migration of some laborers
from one village to another. For these environments, then, we might not
want to look at individual consumption relative to aggregate consump-
tion or individual leisure relative to aggregate leisure, at least not without
taking into account some aspects of this spatial separation.

But how are we to do this? It would seem natural and instructive to an-
swer this question first in the context of a simple pure-exchange economy
of the type described at the beginning of previous sections, but modified
here to accommodate a minimal amount of movement of agents across
space.

Thus consider an economy with two locations, two dates, and four
agents, as described in Table 1. Here agents @ and a’ reside in locations 1
and 2 (respectively) for both dates, while agents b and &’ reside in loca-
tions 1 and 2 (respectively) at the first date, and for unspecified exogenous
reasons switch locations at the beginning of the second date. Agents are
presumed to have endowments and preferences over consumption goods
in each location where they happen to be.

One could write down a concave programming problem for the deter-
mination of a Pareto optimum for this spatial economy, much like Pro-
gram 2.1 except that here there would be a resource constraint not only
for each date and history but also for each location. Thus one would
distribute the consumption good at each particular location among all
participants at that location in such a way as to equate weighted margin-
al utilities. Individual consumptions thus would vary positively (weakly)
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Table 1. Agent pairings in a spatial economy

loc 1 loc 2
=1 (a, b) (a',b’)
1=2 (a,b") (a’,b)

with location-specific aggregaies at a point in time over shock realizations,
and - to the extent that a population remained unaltered over subsets of
dates at any location - individual consumptions would vary positively
(weakly) with location-specific aggregates over time. But the distribution
of the consumption good would be sensitive, generally, to the population
mix at any given location, making the implications of the theory more
difficult to test. (Of course, conclusions like this would hold even if entire
groups of a given population were to move about exogenously.)

A still more elaborate treatment of spatial separation (required in a se-
rious application) would recognize that location choices are endogenous,
that individuals are capable of supplying labor in any location they might
choose, and that consumption may be transferable. This raises a poten-
tial nonconvexity problem, but fortunately the problem can be solved.
This is illustrated well by a model of R. Rogerson (1985), and it will be
described in this section.

So, imagine with Rogerson (1985) an economy with two sectors or lo-
cations. In each location i, i=1, 2, production can take place according
to the familiar neoclassical production function

qi=Jilai, K> ). (8.1)

Here a;, is aggregate man-hours supplied in location i at date ¢ measured
in positive units; K; is the stock of an immobile capital in location i, the
same at any date #; ¢, is a common date-# shock; and so on. However, cap-
ital K; plays no role in the analysis, and it is hereby suppressed from the
notation. There is a continuum of workers, again with names on [0, 1],
and each worker has an endowment of 7 units of leisure at each date. If a
representative worker were to supply a;, hours in location 1 at date ¢ and
a,, hours in location 2 at date ¢, as well as to receive ¢, units of consump-
tion, then his utility (with the exception noted below) would be

Ulc, ay,, a5 ] =c,+VI[I—{a,+ay)]. (8.2)

However, only one of either a,, or a,, can be positive, and this is the non-
convexity. Further, there is an assumed psychic cost to moving, so that if
a worker in location 1,_, at date 7 — 1 is allocated to sector 1, at date ¢ with
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1,_;#1,, then a positive term  is subtracted from the utility function in
(8.2). This induces a location-contingent utility function

c,+VIl—a,] fif - e Tlpens

_ 8.3
c+Vil—al-m if 1,#1,_,, ®-3)

U(Cr’ a, 1|1, )= {
where it is understood that consumption ¢, and labor g, take place at lo-
cation 1, at date ¢, that consumption is transferable across locations, but
that labor supply is not transferable. Finally, at the first date £ = 1 the up-
per branch of the utility function applies, and the previous location con-
ditioning element is suppressed from the notation.

Rogerson overcomes the nonconvexity problem by letting the location
assignment of each individual be determined in a lottery. In particuiar,
adopting notation different from Rogerson’s, let w;(c;, a;, k, €;) be the
probability that an individual at date 1 and contingent on shock ¢, is as-
signed location k, k=1, 2, receives consumption in amount ¢, and sup-
plies labor in amount a;. Here, for simplicity of notation and analysis,
both ¢; and ¢, are assumed to take on at most a finite number of values,
though it may be noted that, in a Pareto optimum with a continuum of
values, lotteries on ¢; and a; would be degenerate; that is, ¢, and a; would
be deterministic up to ¢,. Indeed, ¢ would be independent of location k.
Of course, 7;(cy, 21, k, €;) also denotes the fraction of agents in the popu-
lation who are assigned at date 1 and contingent on ¢, the location k£ and
the bundle (¢, a;). Also let 7;(¢c;, a5, 1, €, €| k) be the probability that
an individual is assigned at date 2 and contingent on history (e;, €5) the
location i and the bundle (c,, @,), given the date-1 assignment to location
k. Of course, w5(cy, a5, i, €1, €5 | k) also denotes the fraction of agents in
the population who experience the latter event.

To further facilitate the analysis, the numbers = ,(c,, a,, &, ¢) and
w5(Cs, a1, I, €1, €5 | k) are combined by multiplication; that is, let

(Cy, a1, K, €3, o, 1, €1, €) = T5(Co, A, 1, €1, €3] k) Ty(Cyp5 ap, K, €) (3.4)

so that w(-) on the left-hand side of (8.4) is the obvious joint probability
over the event in parentheses, indexed by (e, €;). Further, let

w(e,an ke, €)= X X w(c,a1,k,63,a3, 0, €2, €) (8.5)
Cy az i
so that 7(-) on the left-hand side of (8.5) is the marginal probability of
the event in parentheses, indexed by (e, ¢;). Finally, because ¢; is not
known at date 1, require

T(Clyal’k9 E]’ 62)=7T(C1, al’ka E]y eé) VEZ; Eés (8'6)

so that the argument ¢, is not present. This thus yields the 7 (¢, @, &, €;)
specified initially.
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With this notation, the determination of a social optimum in a two-
period world reduces to the following.

Program 8.1. Maximize by choice of
W(cl’alsk, fl) and 7r(Clsal’ k, €y, a7, i, 61’62)

the objective function

EO[E 2 E U(Cly ala k)W(C[, a19 k) 61)

e Nk

+X XX T Y SU0(e,ay,i k)

cp ay k ¢y ay i
1 4 2002

‘7T(C1,al,k,CZ,az,i,Gl,Ez)} (8.7)

subject to the resource constraints at date t = 1, contingent on ¢,

E E E C17I'(Cl, al; k’ 61)

cpifayirek

S%fklz Ealﬂ'(cl,al,k,él), 61:|; (8.8)

€ aq
subject to the resource constraints at date t =2, contingent on
(€15 €2),

E 2 E 2 E ECZW(Cl’alsksc29a29i’61362)

cp a k ¢y ap i

SELI:E 2 E E Eazﬂ'(cl»al»k,cbaz,i,fl,fz),fz];

cp a k ¢y ay
(8.9
and subject to constraints (8.5) and (8.6) on «’s.

Now one can let a common-date ¢ =0 consumption set X be deter-
mined by probabilities x(c,, a;, k, €;) and x(c;, a;, &k, ¢;, a3, I, €1, €;) be-
tween zero and one, summing to one for each shock ¢, and history (ey, €;),
respectively, with restrictions like (8.5) and (8.6) for the x(:). And one
can let production set Y be determined by the elements y(c,, a;, X, €;) as
units of commitments to hand out ¢, units of output at location k& and
hire @; units of labor at location k, both contingent on ¢;; and by the ele-
ments y(c;, a;, k, €3, as, i, €], €5) as units of commitments to hand out ¢,
units of output at location k and hire a; units of labor at location &, to
hand out ¢, units of output at location / and hire @, units of labor at loca-
tion £, all contingent on (e, e;) with y(-) replacing =(:) in (8.5), (8.6),
(8.8), and (8.9). Thus theorems on the existence and optimality of com-
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petitive equilibrium follow by standard arguments. In fact, the argument
is virtually immediate because everyone is alike in the planning date =0,
so there is (in effect) a representative consumer.

R. Rogerson (1985) apparently solves Program 8.1 indirectly, by use of
recursive methods. In fact, Rogerson has computed recursive equilibria
to his model for example environments (though initial location assign-
ments appear to be given, potentially inconsistent with the formulation
of the optimum problem given here). In these examples, with some reluc-
tance to move (m>0), changes in hours per worker lead changes in em-
ployment, employment displays some persistence, and hours per worker
are more highly correlated with real wages than is employment. The point
is that Rogerson’s model seems to offer a rich variety of time series dy-
namics, and so again models motivated (as here) by a study of primitive
economies seem useful in addressing standard macroeconomic concerns.

9 Programs with limited communication

We have argued thus far that programs with private information and spa-
tial separation are rich in implications and at least suggestive of actual ar-
rangements. Still, it is a striking fact that none of these programs can ex-
plain commonly observed arrangements such as the use of currency and
financial instruments. One way to remedy this failure is to incorporate
limited communication, as in Townsend (1987b) and the related work of
Brunner and Meltzer (1971), Gale (1980), Ostroy (1973), and Ostroy and
Starr (1974). (A second way - the incorporation of limited commitment —
is discussed in Section 10.)

To begin the discussion, then, it is useful to merge the private infor-
mation economy generating Program 6.1 with the spatial model depicted
in Table 1. In particular, agents a and @’ move between two locations ac-
cording to the pattern in Table 1 (i.e., do not actually move at all), and
have random privately observed endowments 8¢, and 64, (respectively) ob-
served at the beginning of date ¢, #=1,2, at locations 1 and 2 (respec-
tively). Agents b and b’ move according to the specified pattern of Table 1
and have public endowments wf and wf (respectively) at location i and
date ¢. Each agent j has preferences over consumption bundles ¢ at each
date ¢ and at his assigned location i as represented by the utility function
Uf(ciﬂ). Also, for simplicity, suppose there is only one underlying con-
sumption good; that agents @ and a’ are identical in preferences and in
the distribution of endowments; and that agents b and b’ are identical to
one another as well.

Now suppose the most primitive of communication technologies is in
effect; that is, suppose there are no telecommunications, no recording
devices, no portable but otherwise worthless tokens, and no storage pos-
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sibilities for the consumption good. At each location and date agents can
make announcements of their contemporary but privately observed en-
dowments, and can make announcements as well of their histories of pri-
vately observed endowments, announcements, and trades. Thus, one can
consider allocation rules 7/(-) and =;;(:) at location / and date ¢ which
have as arguments these announcements, and it is possible to write down
a programming problem for the determination of Pareto optimal out-
comes, much like Program 6.1, keeping track of the 4 agents and 2 loca-
tions. However, announcements of past histories have no force in any
incentive-compatible arrangement. Given the imposed communication
technology, there is no way to achieve bona fide intertemporal tie-ins, as
agents will always make the best possible announcement given the contem-
porary state. Thus, the programming problem would reduce to four sep-
arate versions of Program 6.1. With only one commodity, then, the solu-
tion is necessarily autarkic, at least if utility functions display decreasing
absolute risk aversion; see Townsend (1985b).

This dismal outcome can be avoided if the spatial itinerary of agents is
altered or if the communication technology is slightly improved. Taking
the first suggestion, suppose agents b and b’ do not move in the above
model. Then, as in W. Rogerson (1985) and Townsend (1982), intertem-
poral links and beneficial trade is possible. Indeed, more elaborate set-
ups in which agents return periodically to some go-between allow benefi-
cial trade and suggest a model of an intermediary.

Taking the second suggestion, while still precluding telecommunica-
tions and commodity storage, suppose the existence of portable conceal-
able artificial tokens - objects that do not enter into anyone’s utility func-
tion or into any production technology but that can be carried about and
redistributed at any location where agents meet under the prespecified
rules of a resource allocation process. Then, in the model considered
above, beginning-of-second-period token holdings are an endogenously
determined and privately observed endowment, an extra state variable
that can be announced by the agents, triggering taxes and subsidies both
of tokens and actual commodities. Indeed, with the symmetry assump-
tions, one can write down an (apparent) two-agent, two-period program-
ming problem, much like Program 6.1 with the following exceptions:
There are token as well as commodity taxes and subsidies at the first date,
contingent on a’s (or @’’s) endowment announcement at the first date, say
6,; there are token as well as commodity taxes and subsidies at the second
date, contingent on a’s (or @’’s) endowment announcement at the second
date, say 0,, and on a’s (or a’’s) announced beginning-of-period token
holdings, say m,; and there are incentive constraints in both the first and
second periods, to ensure truthful revelations. It can be shown that these
portable concealable tokens allow beneficial multilateral trade.
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These results can be extended in several directions. The first is by con-
sidering alternative communication technologies. For example, if one
considers storage and bona fide commodity tokens, the intertemporal in-
centive constraints generally are more binding and the solutions generally
are Pareto inferior; essentially, commodity storage confounds the use of
objects as signals of past events. Alternatively, systems with multiple ar-
tificial tokens can dominate systems with single artificial tokens; that is,
multiple tokens allow more intertemporal tie-ins and hence weakened or
less binding incentive constraints. Written message systems generally do
even better, in the sense that more history becomes a matter of reliable
record and not subject to the requirements of incentive-compatible report-
ing. Finally, centralized electronic interspatial telecommunication systems
represent an endpoint in the spectrum of communication technologies,
removing limited communication as a constraint on the outcomes of pro-
gramming problems.

These private-information, spatial-separation, limited-communication
set-ups can be taken to observations from actual economies. For example,
the role for intermediaries described above is not inconsistent with the
role played by medieval bankers in twelfth-century Italy, as described by
Townsend (1985). There, bankers were essentially person-specific oral as-
signment systems. Similarly, as is argued in Townsend (1987b), observa-
tions by anthropologists on the strange use of noninterchangeable mul-
tiple commodity currencies and ceremonial objects in various close-knit
societies are not inconsistent with the use made (in the theory) of mul-
tiple portable tokens. There is also some evidence that financial instru-
ments emerged in Europe in the fifteenth century as written messages sent
among partners in long-term trading relationships; see Townsend (1985).

Another direction for this work is the study of optimal monetary pol-
icy, as in Townsend (1987a). For example, in writing down a programming
problem for the determination of optimal arrangements in the token/
currency set-up described above, one is naturally poised to ask questions
concerning the optimal social use of currency in the face of various pri-
vate and economywide shocks. One can use as a base the banking model
of Diamond and Dybvig (1983), where groups of agents suffer from pri-
vately observed shocks determining their urgency to consume. The more
urgent is consumption, the more goods an agent wishes to withdraw from
an otherwise productive investment project. As for the model of Dia-
mond and Dybvig, a Pareto optimal consumption allocation can be de-
termined as some solution to a programming problem, as in Section 6.
On this base, then, one can impose some spatial separation (say, two spa-
tially separated investment projects) and suppose that groups of agents
are exogenously shifted over time, much like single agents b and b’ above.
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Tokens then serve as concealable records of deferred consumption for
patient movers, and it can be shown that both the level of tokens and the
mix of tokens relative to location-specific “bank credits” should be re-
sponsive to economywide shocks determining the relative number of pa-
tient consumers and the relative number of movers. Thus Arrow-Debreu
optimum problems allow considerable scope for activist monetary policy.

10 Programs with limited commitment

If the interpretation of currency given above seems somewhat unusual,
perhaps that is because one does not tend to think of currency as an effi-
cient communication device in the context of a social planning problem.
Rather, one may view currency as an object that preserves value and fa-
cilitates trade in a decentralized market economy, an economy in which
agents meet anonymously or infrequently and have little commitment to
one another. Indeed, in Europe from the tenth to the fifteenth centuries,
for example, gold coins circulated largely among international traders,
facilitating interregional trade in occasional periodic meetings [see Town-
send (1985)]. More generally, circulating currency emerged at roughly the
same time as market exchange. This use of currency, then, has not yet
been explained by the theory.

For that matter, markets themselves have not yet been explained by the
theory. As emphasized, many of the programming problems described
above can be decentralized with a price system, and im that sense an opti-
mum is not inconsistent with the existence of markets. And price obser-
vations have been used to fit various of the economies described to data;
see especially the work of Eichenbaum, Hansen, and Richard (1987). But
the theory itself does not explain markets as an efficient institutional ar-
rangement.

What the theory is missing, apparently, is some lack of commitment.
That is, in the programming problems described above, it is as if agents
agree at some initial date to allocation rules for future dates, contingen-
cies, and locations - rules that are costlessly enforced and maintained de-
spite possible time inconsistencies and incentives to renege. In fact, it may
be difficult to enforce such rules and prevent reneging, and this can be an
important determinant of actual arrangements.

A natural way to introduce limited commitment is to suppose that plan-
ning problems must be solved successively, period by period, perhaps for
particular and potentially variable weights N across agent types j. Thus
there would be no precommitment to a social rule, and agents would do
what is best for themselves at the moment looking forward to the future.
Indeed, this leads logically to the notion of a sequential core, something
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akin to a notion suggested earlier by Gale (1980). In some last period (if
there is one), the allocation of consumption goods must be in the core,
not blocked by a coalition of agents. With the prespecified direct utility
functions for consumption, this core outcome then induces indirect utility
functions for all agents up to state variables such as beginning-of-period
capital holdings or currency. Then, in the next-to-last period, the alloca-
tion of consumption goods and capital or currency must be in the core -
given the current state, the contemporary direct utility functions for con-
sumption, and the last-period value functions derived above. Continuing
in this way, perhaps indefinitely (so as to be rid of sensitivity to initial
conditions), one can generate sequential core outcomes.

An equivalence between core allocations and competitive-equilibrium
allocations then helps to make the connection to models with sequential
competitive markets. In the models of currency with spatially separated
agents described in Townsend (1980), for example, agents move about
exogenously from location to location, trade commodities against paper
currency in competitive markets when they meet, and then continue on,
perhaps never to meet again. Thus one can conjecture that the noninter-
ventionist monetary equilibria of Townsend (1980) - equilibria with val-
ued currency - are (essentially) equivalent to sequential core outcomes,
and the role played by currency when commitment is limited would be
explained. Again, this theory would be consistent with the observations
given above on the emergence and use of currency.

Thus spatial models of currency, and some of the so-called Clower
constraint models of currency [e.g., Lucas and Stokey (1984), Townsend
(1987d)], appear to be within the Arrow-Debreu tradition described in
this chapter: They seem to yield outcomes that are solutions to program-
ming problems with limited commitment. Further, these currency mod-
els promise to be an interesting base for the study of more traditional
macroeconomic phenomena, addressing observations that are anoma-
lous relative to the standard neoclassical growth model. Finally, in better
matching the environment of the theory with the environments of actual
economies, this class of spatial limited-commitment models promises to
be an interesting study in its own right.
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