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Estimation with Valid
and Invalid Instruments

Jinyong HAHN' and Jerry HAUSMAN#

ABSTRACT. - We demonstrate analytically that for the widely used
simultaneous equation model with one jointly endogenous variable and
valid instruments, 2SLS has smaller MSE error, up to second order, than
OLS unless the R?, or the F statistic of the reduced form equation is
extremely low. We also consider the relative bias of estimators when the
instruments areinvalid, i.e. the instruments are correlated with the stochastic
disturbance. Here, both 2SLS and OLS are biased in finite samples and
inconsistent. We investigate conditions under which the approximate
finite sample bias or the MSE of 2SLS is smaller than the corresponding
statistics for the OLS estimator. We again find that 2SLS does better than
OLS under a wide range of conditions, which we characterize as functions
of observable statistics and one unobservable statistic.

Estimation avec instruments valides et invalides

RESUME. — Nous démontrons analytiquement que, pour le modéle
largement utilisé a équations simultanées avec une variable conjointement
endogéne et des instruments valides, les DMC ont une plus petite
erreur quadratique (MSE), jusqu’au second ordre, que les MCO a moins
que la statistique de R? ou de Fischer de I'équation en forme réduite
soit extrémement faible. Nous examinons aussi le comportement des
estimateurs lorsque les instruments ne sont pas valides, c’est-a-dire
lorsqu’ils sont corrélés avec la perturbation stochastique. Dans ce cas,
a la fois les DMC et les MCO sont biaisés et non convergents a distance
finie. Nous recherchons les conditions pour lesquelles le biais a distance
finie ou I'erreur quadratique moyenne est plus faible pour les DMC que
pour les MCO. Nous trouvons encore que les DMC se comportent mieux
que les MCO sous un large ensemble de conditions, caractérisées par
des fonctions des statistiques observables et d’une statistique non
observable.

1 J. Haun: University of California, Los Angeles.
T J. Hausman: Massachusetts Institute of Technology (MIT).
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Introduction

While 2SLS is the most widely used estimator for simultaneous equation mod-
els, OLS may do better in finite samples. Econometricians have recognized this
possibility, and many Monte Carlo studies were undertaken in the early years of
econometrics to attempt to determine condition when OLS might do better than
2SLS. Here we demonstrate analytically that for the widely used simultaneous
equation model with one jointly endogenous variable and valid instruments, 2SLS
has smaller MSE error, up to second order, than OLS unless the R?, or the F statistic
of the reduced form equation is extremely low.

We then consider the relative bias of estimators when the instruments are invalid,
i.e. the instruments are correlated with the stochastic disturbance. Here, both 2SLS
and OLS are biased in finite samples and inconsistent. We investigate conditions
under which the approximate finite sample bias or the MSE of 2SLS is smaller than
the corresponding statistics for the OLS estimator. We again find that 2SLS does
better than OLS under a wide range of conditions, which we characterize as func-
tions of observable statistics and one unobservable statistic.

We then present a method of sensitivity analysis, which calculates the maximal
asymptotic bias of 2SLS under small violations of the exclusion restrictions. For
a given correlation between invalid instruments and the error term, we derive the
maximal asymptotic bias. We demonstrate how the maximal asymptotic bias can
be estimated in practice.

Next, we turn to inference. In the “weak instruments” situation the bias in the
2SLS estimator creates a problem, since it is biased towards the OLS estimator,
which is also biased. The other problem that arises is that the estimated standard
errors of the 2SLS estimator are often much too small to signal the problem of
imprecise estimates. Here we derive the bias in the estimated standard errors for the
first time, which turns out to cause the problem. This derivation also has implica-
tions for the test of over-identifying restrictions.

We do not survey the weak instruments literature. For recent surveys see Stock
et. al. [2002] and Hann and Hausman [2003].

1 Model specification

We begin with the model specification with one right hand side (RHS) jointly
endogenous variable so that the left hand side (LHS) variable depends only on
the single jointly endogenous RHS variable. This model specification accounts for
other RHS strictly exogenous variables, which have been “partialled out” of the
specification. We will assume that!

1 Without loss of generality we normalize the data such that y, has zero mean.
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(1.1) Y =By, +g

(1.2) Yy = 2Ty +V,,

where dim (7,) = K. Thus, the matrix z is the matrix of all strictly exogenous vari-
ables, and equation (1.1) is the reduced form equation for y, with coefficient vector
7,. We also assume homoscedasticity:
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(1.3) ]~N(O,Z)~N 0, :
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We use the following notation:
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Y 21
: , Oy = Var(g;), o, =Var(vy,), o, =Cov(g;,vy,;).
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We initially assume the presence of valid instruments, £[z’¢/n] = 0 and =, # 0.

Throughout this paper, we assume that ® = néz'znz / n is fixed as in BEKKER [1994].
We also assume:

| Conprition 1: K = 0 as n — o such that K /<Jn = pw+o(l) for some p#0.

BEkKER [1994] introduced an alternative asymptotics, where K = O(n). Bekker
asymptotics are a simpler version of a higher (third) order asymptotic approxi-

mation?. The approximation K = O(\/ﬁ ) adopted here is a simpler version of a

second order asymptotics, which will highlight the role of the second order bias in
various instrumental variable estimators.

2 Estimation with valid instruments

In this section, we calculate the second order properties of 2SLS and OLS, and
demonstrate analytically that 2SLS has smaller bias and mean squared error (MSE),
up to second order, than OLS unless the R?, or the F statistic of the reduced form
equation is extremely low.

2 See, e.g., Haun and Hausman [2002a].
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We first characterize asymptotic properties of 2SLS under Condition 1. As a spe-
cial case of Theorem 3 in Section 3, we obtain that:

Treorem 1: Vi (bygps —B) = N[%,VZSLS j, where V,g, .= G,./0.

Note that Theorem 1 predicts that the asymptotic variance of /n (bysrs —B) is
equal to the usual 2SLS first order asymptotic variance. Theorem 1 also predicts
that the approximate bias of 2SLS:

KG KG
@2.1) Elbygrg]-Br—r = o——=B,,
[ ZSLS] n® nR* var(y, ) ’

where R? = ©/var(y,) is the theoretical value from the second (reduced form) equa-
tion3. As a consequence, we obtain the approximate mean squared error (MSE) of
2SLS:

2.2) MSE(2SLS)zGSV2“2+V25LS __K, 4 O
n®  n R Rhw)

=Mygrs-

Note that both terms in equation (2.2) approach zero as (y2 Y,) increases with
increasing sample size. The first term, bias squared also approach zero more
quickly, as expected, since 2SLS is Jn -consistent.

We now characterize the asymptotic properties of OLS under Condition 1. As a

special case of Theorem 4 in Section 3, we obtain the distribution for the OLS
estimator:

THEOREM 2: \/E(bOLS —[B+®G¢n = N0, Vp5),

+C

vv

2 2 2
Oge Ogy _ 208V®
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where Vors =

Theorem 2 predicts the approximate bias and approximate variance as:

cov(y,,e G,
2.3) Elboys]-B ~ Var((;z )) STy,
vV
Oge va . 2va®2

2.4 Vors =

O+c,, (@+0,) (O@+c,)"

3 Note that the approximate bias of 2SLS in equation (2.1) is identical to the well-known result for the
second order bias of 2SLS. See, e.g., ROTHENBERG [1983] or HanuN and Hausman [2002a, 2002b].
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Thus, the approximate MSE of OLS is

2
G

(2.5) MSE(OLS) ~ ( v

O+0,,)°

VOLS

The inconsistency of OLS is evident from equation (2.5) because while the second
term goes to zero as n becomes large, the first term is not a function of .

We now compare the approximate finite sample properties of 2SLS and OLS. We
first compare biases:

Bygs _ K _ 1 1

2.6
( ) BOLS TLRZ I—Rz F

R*/K

(1-7?)/n
first-stage reduced form. Thus, if > 1, 2SLS has less bias. However the OLS
variance is less than the 2SLS variance so we compare the MSEs below.

Before leaving the bias comparisons, we also consider what happens when we
are close to being unidentified so that 7, = a/ Jn, where the vector a has dimen-

where F'= can be interpreted as the “theoretical” F-statistic from the

sion K. Thus, the reduced form coefficients are “local to zero”. With w, = a/ Jn,
equation (2.1) predicts the bias of 2SLS to be

Ko, o©
2.7 Ebysys]-B=~ \; : Z%EBLZSLS’
— ¥
K

where Y = a'z’za. On the other hand, equation (2.3) predicts the approximate bias
for OLS to be:

G vV
(2.8) Elbyrs]-B~ % =Brors-
—%¥+o,,

n

Taking the ratio of the biases under local to zero asymptotics:

l‘~I’+GW

(29) BLZSLS _n
BL()LS L\IJ
K

From equation (2.9), it follows that the bias of 2SLS is smaller than OLS as long as
K < n, a condition which will usually be satisfied in practice.

We next compare the MSE of 2SLS to the MSE of OLS. It is convenient to intro-
duce a normalization, which will simplify the M, , cand M, . expressions. Without
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loss of generality we rescale the units of variables 6, = ¢, = 1 so that var(y,) = 1/
(1-R?) and o, = p.* Using this normalizations we find:

(2.10) Y, K (1-R? )+ nR? |(1_ g2
. 25LS anz RZ ,
Mops = it 4T op  20.R
(2.11) var’(y,) nvar(y,) mvar’(y,) mvar’(y,)
p’(n=1-2R"(1-R*)+1 (1-#°
- 1-R )
n
and
(2.12) Mysrs _ K*p*(1- R*)+nR?

Mpps — (nRH[(n-1-2Rp*(1-R*) +1]’

Which estimator to use will depend on whether equation (2.12) is less than or
greater than unity. We can solve for the “critical value” of p? which causes the
MSE of the 2 estimators to be equal.’ The solution for this “critical value” has a
remarkably simple form:

nR?

(2.13) 2= .
P nR*(n-1-2R"-K*

As n becomes large the “critical value” of p? goes to zero. In any particular sample
R? and F can typically be accurately estimated from the unbiased estimates of the
reduced form so that only p? is unknown. While this parameter value is typically
unknown, the applied econometrician will often have a good (a priori) knowledge
of the possible values of p so that she will be able to determine whether the critical
value is below the square of the correlation coefficient.® As we now demonstrate,
the critical value is often so low that 2SLS will have a lower MSE than OLS, even
for situation with relatively “weak instruments” or a low F statistic.

In Table 1 we calculate the critical value of p (using the absolute value) for a
range of values of R? for K of 5, 10, and 30 and for sample sizes of n = 500 and
n = 1,000. Here we find that if R? > 0.1 that 2SLS typically will have a lower MSE.
Thus, except in the case of weak instruments, which can arise when both R? is low
and the number of instruments is high, 2SLS is typically the preferred estimator
based on an approximate finite sample comparison of MSEs.

4 Structural equations are homogeneous of degree zero. Since we rescale the variance of the stochastic
disturbance we have to either rescale the coefficients or rescale the units of the variables. We adopt
the latter convention here, although we can do either.

5 The correlation parameter p is the key parameter in simultaneous equation analysis because if it is zero
the OLS estimator is the unbiased Gauss-Markov estimator and the ratio of MSEs in equation (2.12)
equals 1/R?> > 1, but OLS is biased and inconsistent if the parameter value of p is not zero.

6 The parameter p is also estimated from the 2SLS estimation, but a good estimate may be difficult to
achieve in a “weak instrument” situation.
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TaBLE 1

Critical Values of p

R2 0.01 0.1 0.2 0.3 0.5 0.7 0.9
K=5

100 ** 0.3677 0.2323 0.1863 0.1432 0.1210 0.1070

500  ** 0.1423  0.1002 0.0818 0.0634 0.0536 0.0473

1,000 0.3654 0.1002 0.0708 0.0578 0.0448 0.0378 0.0334
K=10

100 ** wox 0.2601  0.1949 0.1455 0.1220 0.1075

500  ** 0.1445 0.1006  0.0819 0.0634 0.0536 0.0473

1,000  ** 0.1006  0.0708 0.0578 0.0448 0.0378 0.0334
K=10

100 ** ok o *x 0.1789  0.1339  0.1135

500  ** 0.1771  0.1050 0.0834 0.0638 0.0538 0.0474

1,000  ** 0.1049 0.0716 0.0581 0.0448 0.0379 0.0334

Notes : ** denotes no critical value of p less than 1.0 exists.

3 Estimation with invalid instruments

Up to this point we have assumed that the instruments are valid so that they are
orthogonal to the stochastic disturbance €,. However, the econometrician may not
be certain that the instruments satisfy the orthogonality condition. We now con-
sider the situation where the orthogonality condition on the instruments fails so that
E[z’g,/n] # 0. We first consider the traditional “large sample bias” of 2SLS:

Gy
(3.1) plim[b,g, ¢ |- B~ —2L5—,
[ 2§L§] R’s

Y2)2

where W= zn,. When we compare this expression with the analogous expression
for OLS

-

(3.2) plim[by,5]—B ~ —2.
G,
Y2l

In general either estimator may be preferred on this criterion depending on circum-
stances. The numerator of equation (3.1) would likely be smaller (“less correla-
tion” in the instrument) than the numerator of equation (3.2), but the denominator
of equation (3.1) is always smaller since R? < 1. Indeed, if R’ is very small, the
OLS estimator may do better in terms of inconsistency.
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In order to gain a better insight, we adopt an asymptotic approximation simi-
lar to the one in the previous section, and investigate conditions under which the
approximate finite sample bias or the MSE of 2SLS is smaller than the correspond-
ing statistics for the OLS estimator. We again find that 2SLS does better than OLS
under a wide range of conditions, which we characterize as functions of observable
statistics and one unobservable statistic.

To do asymptotic approximations we need to specify the correlation of the instru-
ment with the stochastic disturbance in the structural equation (1.1). We use a local
specification:

(3.3) g =2(y/In)+e fory=0.

We assume that (¢, v,) is homoscedastic and zero mean normally distributed with

covariance matrix:
e, G, ©
( lzJNN(O’Q)NN 0,|: 11 ]2:| )
Voi Ojp Oxm

Throughout this section, we also assume that = = TC'ZZ'ZY/ n is fixed.

First, we derive the asymptotic distribution of the 2SLS estimator with locally
invalid instruments’:

Tueorem 3: Under Condition 1, \/E(bZSLS -B)= N[%,stm j

The first term = in the numerator of the mean arises from failure of the orthogonal-
ity condition. The second term is the usual finite sample bias term and it decreases
with the sample size. The variance continues to be V¢, ¢ under instrument invalid-
ity because of the local departure in equation (3.3) similar to Hausman ([1978],
p. 1256).

We use Theorem 3 to calculate the approximate bias of the 2SLS estimator with
invalid instruments is:

3.4 Brogrs =

E/Nn+Ko,/n 1-R*( 1 1

- | —ap+—Kp|,
® R Jn n

where we use the previous normalizations and set Gy, = E/ Jn =ap/n. Using

Theorem 3 we find the approximate MSE of 2SLS to be:

(E+po),)’ 1, Vosss

MSE =
12SLS o2 " n

(3.5)

7 See Appendix for proof of Theorem 3.
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We now derive the asymptotic distribution of the OLS estimator with locally
invalid instruments®:

TueoreM 4: Under Condition 1,

dnlo ol g2 ||l= N —2— v |
OLS B @ T 622 @ N 622 OLS

The distribution is centered around the usual OLS bias, as before, and the numera-
tor of the mean of the distribution arises from the instrument invalidity. Again,
the variance continues to be ¥, ¢ under instrument invalidity because of the local
departure in equation (3.3). Using Theorem 4 and the previous normalizations, we
find the approximate MSE of OLS to be:

2
o 1 E+pop | Vs
MSE ;s E( 2+ ] +
®O+c Jn ©+c n
(3.6) 2 NN 22

2 2 4 2
=2 { o] o A=)
n n

The first term in parentheses is the “usual” simultaneous equation bias of OLS that
does not decrease with the sample size.

We now compare the bias of 2SLS under instrument invalidity with the bias of
OLS given similar circumstances. We re-write the bias of OLS using the normal-
ization:

(3.7) Brops = (1 —Rz)(%apﬂa}.

As before, we take the ratio of (3.4) and (3.7):

Brysrs ocp/\/g+Kp/n

(3.8) - .
Brors  R*(ap/~Nn+p)

The ratio of the biases is homogeneous of degree zero in the correlation coefficient
p, so we can simplify terms. We plot the ratio of the biases in Figure 1 for the case
of n=100and K=5and o =0.1.

We find that the 2SLS bias is less than the OLS bias if:

2_
(3.9) LIt

Jn 1-R?

8 See Appendix for proof of Theorem 4.
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FIGURE 1

Ratio of 2SLS Bias to OLS Bias with Invalid Instruments
N=100,K=35,a=0.1
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Equation (3.9) is very easy to interpret. We calculate a “critical o in Figure 2, and
note that it increase quite rapidly, so that the bias of 2SLS with invalid instruments
remains less than the bias of OLS so long as F exceeds 1.0 by a small amount. The
straightforward relationship of equation (3.9) allows for an easy interpretation on
which the econometrician may well have some a priori knowledge.

Note that the common empirical finding that the 2SLS coefficient is larger than
the OLS coefficient can arise because of the OLS bias when the instruments are
valid or because of an improper instrument. Thus, even if the instrument is “almost
uncorrelated” so that ., 0 substantial bias can still arise because R? is often
quite small in the weak instruments situation. Thus, comparing equation (3.4) to
the bias of OLS in equation (3.7), the empirical finding that the 2SLS estimate
increases compared to the OLS estimate may indicate that the instrument is not
orthogonal to the stochastic disturbance. The resulting bias can be substantial.
Indeed, it could exceed the OLS bias, leading to an increase in the estimated 2SLS
coefficient over the estimated OLS coefficient.

Returning to the general situation and using the normalizations the ratio of the
MSEs is

2 2 4 5
(.10)  Alrss (=R (ap+Kp/Vn) /R +1/R .
Mios (1= R)[(ep+np)® +1-(1-R*)p? ~2(1- R*)p*R*]

No straightforward condition can be derived where the ratio is less than one. In
order to gain some insight, we calculated the ratio (3.10) for various values of R?
and p fixinga=0.1, K =5, and n = 100. The ratio (3.10) is below 1.0 except in the
situation where R? becomes quite small (as with weak instruments) and p becomes
small (which decreases the OLS bias).
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FIGURE 2

Critical Values for Alpha
n=100and K =35, 10, 30
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In our comparisons of 2SLS with OLS, two sources of bias arise. The first source
of bias is from the use of estimated parameters, @, in equation (1.2), in forming

the instruments. This source of bias disappears as the sample becomes large. The
second source of bias is from the use of invalid instruments, y # 0 in equation (3.3).
This source of bias does not disappear sufficiently fast with the sample size to
cause 2SLS to be consistent. An interesting question would be about how the com-
parison of IV to OLS would change if the first source of bias were eliminated. We
can eliminate this source of bias (to second order) by using the Nagar estimator

. K
Ly ——y M,y
by = n
N

=/-P,.

, PZ:z(z'z)_lz', M .

z

) K
v.P.y, _;yZszZ

We derive the asymptotic distribution of the Nagar estimator with locally invalid
instruments’:

THEOREM 5: Under Condition 1, \/E(bN -B= N(%svzsm j

9 See Appendix for proof of Theorem 5.
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Thus to compare the MSE of the Nagar estimator to the MSE of the 2SLS estimator
with invalid instruments, we see that the variance of the two estimators is the same,
but that the bias differs as explained above. However, when we compare the bias
square of 2SLS from equation (3.4) with the Nagar estimator we find that

2 2 )
3.11) EiVn+Koy/n) (E/\n) _[2Ko,E/n"? + Ko}, /n’
' o © >

Equation (3.11) can be less than or greater than zero. Thus, we cannot conclude that
using the Nagar estimator to compare with OLS would make the comparison more
favorable to an IV estimator.

4 Sensitivity analysis

Carp [2001] discusses possible concerns that the instruments may be invalid in
discussing the empirical literature that estimates the return to additional education.
The use of instrumental variables in this situation began with GriLIcHES’ [1977]
well known paper. To investigate the possible effect of invalid instruments, we
consider the specification:

(4.1) y(0) =Py, +20+¢

*
g =20+¢

Note that we have added z0 to the error ¢ which causes the instruments to be
invalid.!? We derive the maximal asymptotic bias for a small violation of the exclu-
sion restriction, where s is the correlation between z;m and &,t so that y? is the R? of
between zm and ;. We find the maximal asymptotic bias'! to be:

THEOREM 6: max |plim bias stm ©) =

172
1 plimn_IZ:s,-2 [ v’ ]1/2
= -

Fplimn_lZygi -y

Note that the maximal asymptotic bias can be consistently estimated by

I/
| nflzéj \U2 172
Ry ) v

2

4.2)

10 ImBEens [2003] considers the question of sensitivity analysis, but not in the context of instrumental
variables.
11 See Appendix for proof of Theorem 6.
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The maximal asymptotic bias in (4.2) can be used to conduct a “bound analysis”.
The bound can often be quite large in “weak instrument” situations. This bound
can sometimes conflict with the bound produced by Manski1’s [1990, 2003] non-
parametric approach, since the Manski approach does not allow for errors in
variables.

5 Bias in estimated standard errors

We have previously discussed the biases in the 2SLS estimator in equation (2.1)
and Theorem 1. In the “weak instruments” situation this bias may be quite large.
A further problem arises in that the 2SLS estimator is biased in the same direc-
tion as the OLS estimator as equation (2.4) and Theorem 2 demonstrate. Thus,
Hausman [1978] specification type test will be biased towards not rejecting the
null hypothesis of lack of orthogonality between €, and v, in equations (1.1) and
(1.2). However, another problem has been recognized in the weak instruments situ-
ation. The estimated standard errors for the 2SLS estimator are downward biased,
sometimes leading to the mistaken inference that the 2SLS estimate are much more
precise than they actually are. From analysis based on first order asymptotics the
usual conclusion would be that with “weak instruments” that the reported standard
error of the 2SLS estimator would be sufficiently large to signal the finding that
so much uncertainty exists with the estimate that it would not be of much use.
However, researchers have found that, to the contrary, often the 2SLS estimator in
the presence of weak instruments leads to a reasonably small standard error. Thus,
the researcher may be unaware of the weak instruments problem. The source of
the problem of small reported standard errors of the 2SLS estimator has not been
discussed in the literature. Here we derive the source of the problem and offer a
possible approach to fixing it.

The variance of 2SLS is derived in Theorem | and takes the usual form of

Vass= GSSG'I where © = 'z'zn/n is assumed to be fixed. Now @ is not difficult to
estimate since unbiased estimated of © follow from OLS on equation (1.2). Thus,
the downward bias in the estimated 2SLS standard errors must arise from a down-
ward biased estimate of 5. We now derive the bias. The intuition follows from the

fact that 2SLS is biased towards the OLS estimator, which minimizes &,,. Thus,

we find that the bias of the 2SLS estimator of 3 creates a bias in the 2SLS estimate
of o,,. We find the bias to be:

. pral N
THEOREM 7: E[G5¢; 6]~ O ———— 24— —05,
n ® n n 0O

Note that the leading term in the bias calculation of Theorem 5 is 2 times the bias of
the 2SLS estimator from equation (2.1). As either the number of instruments grows
or the covariance between the structural and reduced term stochastic disturbances
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becomes large, the bias in the estimation of o, will also become large. We now
apply the normalization that we used above to find:

. 2(K-2p°(1-R°) 1 , 1(-R°
ol ]~1- 2EZDTAZRY 1, 101
(5.1) g f noom R
_y 1IeK -4 -1A-F) 1,

n R2 7

The bias can be quite substantial as demonstrated by equation (5.1). The final term
in equation (4.2) will typically be small so that it can be ignored. Equation (5.1)
demonstrates that the downward bias can be substantial; in Monte-Carlo'? results
reported in Table 2, we find that for R>=.01 and p = 0.9 that the mean bias of
the 2SLS estimate of the variance varies from -70% to -80% as K, the number of
instruments, increases from 5 to 30. Thus, we note that the bias in the estimation
even when K =15 can be quite large. This finding explains the result that when
weak instruments are present, the estimated standard errors of 2SLS can appear to
be near those of OLS and small enough to allow the researcher to make conclu-
sions about the likely true parameter value. However, with weak instruments these
conclusions could be erroneous because of the substantial bias in the estimated
standard error of the 2SLS estimator!3.

We now consider the finding that the often used test of over identifying restric-
tions (OID test) rejects “too often” when weak instruments are present, i.e. the
actual size of the test is considerably larger than the nominal size. The OID test
can be quite important since it tests the economic theory embodied in the model
as discuss by e.g. Hausman [1983]. In the weak instrument situation it may have
increased importance given the substantial bias in the 2SLS estimator and the large
MSE that we calculation in equations (3.4) and (3.5). We may write the OID test
as'#:

(5.2) W =

W is distributed as chi-square with K - 1 degrees of freedom under conventional
asymptotics. From equation (5.2), we see that a downward biased of o, can lead to
substantial over-rejection and an upward biased size of the OID test. Thus, correct-
ing for this problem can have an important effect on test results.

12 The Monte-Carlo design is the same as in Haun-Hausman [2002a].

13 We note recent development on the correctly sized confidence intervals of B, including KLEIBERGEN
[2002], may be of importance in detecting these problems. The new confidence intervals may be
subject to a power problem. See, e.g., ANDREWS, MOREIRA and STock [2004].

14 See, e.g., Hausman [1983].
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6 Conclusions

We derive second order approximations for the bias and MSE of 2SLS (and
the Nagar estimator) with both valid and invalid instruments. The derivation for
invalid instruments is new, to the best of our knowledge. We find that substantial
finite sample bias can occur when weak instruments exist which arises when the
R? of the reduced form regression is low, the number of instruments is high, or the
correlation between the structural and reduced form stochastic terms p is high.

We then compare the bias and MSE of 2SLS with OLS. The OLS estimator is
biased and inconsistent, but its smaller variance may make it preferable to 2SLS
in a weak instruments situation. We determine straightforward and easily checked
conditions under which 2SLS has smaller bias than OLS. These bias conditions
carry over, in large part, to the MSE comparisons because changes in the bias
term are quite important in changes in the MSE term given typical sample sizes of
n =100 or larger. We find that 2SLS is generally the preferred estimator. However,
the econometrician can use our formulae to check the expected performance of
2SLS and OLS in a given situation given some a priori knowledge about likely
parameter values.

We also find that the estimated standard errors for the 2SLS estimator are down-
ward biased, sometimes leading to the mistaken inference that the 2SLS estimate
are much more precise than they actually are. Such bias explains why the actual
size of the often used test of over identifying restrictions (OID test) is considerably
larger than the nominal size. |
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APPENDIX

Bekker asymptotic distribution of 2SLS, OLS, and
nagar under misspecification

Suppose that

Y = YaBre = (zz'nz)B*‘”uu

Yoi =2,y Vo,

where

(U’Iiij 0, O O
Vo O5 0y

Following is the Lemma reproduced from Haun and Hausman [2001]:

Lemma: Let U = [y[* yz]. Assume that £ — o+ o(rf”2 ), and that y2'zmy I n

n

is fixed at ©. Let S =U'P,U and S* =U'M_U. We then have

n' S ®'Bz+%'(’3[,1

n”' S 6'527_]1(,"’31,2

s + . -
et e |2l )

n=S[ n /) L 0 A

alshy | | (5o

n'S5 (1-£)-w,,

where A and A* denote symmetric 3 x 3 matrices such that

Anl = 40)1,1®B2 + 2amﬁ1

A2 = 20,08+ 2[32@03],2 +200,0),

A3 = 4BO, , + 2&0)%2

A2z = 00+ [32(9032’2 1200, 5B+ 0w o, , + ouofz

K2,3 =20, ,0B+ 200, ; + 200, ,0,,

A3z =4m,,0+ 201033’2
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and

ReMark: The os in the Lemma correspond to the “reduced form”. It would be
convenient to rewrite the above with structural form parameters. Because

u=e+pv

we can see that
2
0 =011 +2Po, +P%0,,
O, =01, +P0,,
W5 =6y

Lemma: Suppose that % =p+o(1). Then we have

n

Jn y,zpzyl _OPBIoy HG[’Z,stm
1w Py, © C/ )

Pyt =K Moy,
\/E y? 2 Y n y[2 2 _B SN(O,VZSLS)
K
YaPys =5 M.y,

\/E[yzy; _(54_ 12 j :>N(0,V0LS)

Y2Yr O+0,,

Proor: Suppose that o = 0. Using the previous Lemma, we obtain

(52@2,2 +2®1,2B+@|,1)® 2(@2,2B+®[,2)®
2(,B+0,,)O 40, ,0

-1 oy
n= Sx» O+--0y,

e

n’l(flz—%&lz) _(@.Bj _ o (Bzm2,2+2co],2[5+co|?|)® 2(0,,B+0,,)0
n ' (Sn-Las)| L @ 2(0y,B+0,,)0 40,,0

Jn
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and
ys n—l(§12 +Sll2) _(@.B_i_@l’zj
n! (Ezz +52J‘2) O+m,,
= ~lo, (Bzwz,z+2031,2l3+°°1,1)®+0312.2+C°1,1°32,2 2(032,2B+031.2)®+2°°2,2031,2

2(055B+ 5 )0 +20, 50, 4, ,0 +203 ,

Therefore, using Delta method, we obtain the following:

f[yzpyl e :N(O ﬁ]
e

Py, O+ % "0y

\F[yzpy. XMy e :>N(O G”j

1Py, - " y’2sz2 o o
OB+ G c? 62,02
\/—{yzyl _ Pro, =N| 0, (R 1.2 -2 1.2 .
Yy, O+, (®+0)2«,2) (®+w2’2) (®+c02_’2)
where we used the fact that
o, =6, +2Pc , + 5252,2
O, =01, +P0,,
W5 =6y
Because J’ =p+o(l), we can see that
Op+L.o, 6B %612 _bkon,
Jn d = ;1 - d +0(1)
®+* (1)22 @ ®+ff(522 @

and

I[%P% _%jzf[yzf’yl _®-B+ff'°°nzng(w“('% ®-Bj
L D22

v.Py, © v Py, ©O+L O+, O

7 n

_\/_[ AN _®'B+{f'“)1,2J+H01,2+0(1)

y Py, O+L-0y,
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Asymptotic distribution of 2SLS under misspecification

Note that
v (i +-2v)
yVZsz2

1 n'(2my + vy ) 2y

= ,
Jn n"y Py,

But
n (zn2+v2)l y=E+n"'Vyzy=E+o0,(1)

n 'y Py, =n' S =0+0,(1)

so that
n_'(zn +v ) 2y =B
= =6+0p (1)

n 'y, Py,

It follows that
] n! (2my + v, ) 2y
n"'y, Py,

(yZ zy[ _
v.P.u,

Ly E
—B]+-—+0»(U
(yzRyz e

( =+ UC) v J
2518

I (bygs —B)

Asymptotic distribution of OLS under misspecification

Note that
L Zy)

b _yrzyl _yz(yl T

oLs = = ,
YU Y2
yzyl 1 n! (27[2 +V2) zy
n”'yyu,

n
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But
n~! (emy + v, ) 2y =E+n"'vy,zy=E+0,()
nilyyzyz =n"'Sx» +n7152lz =0+0,,+0, (1)
so that
n”! (21, +v, ) zy =
— = +0, 1)
n Py, O+0,,

It follows that
L -1 ’
G c +v
Jn bow‘(B*‘ 1,2 J -Jn yyzlh _{BJF 1,2 j +” (ZTE ' 2) i
O+, YalYa O+0,, n YrYs

:\/E[y:zyl*—[ﬁ+ o2 j]+ = +o,(1)

Y292

=Nl —V
2]

Asymptotic distribution of nagar under
misspecification

Note that

’ ' ' R _K,’ R
_ P -SypMy ek (yl szy) y2Mff(y' +ﬁzy)
nhy, ‘%Z/zszz nhy, ‘%%szz

N

Py -EpMyl 1 7 (emy +v,) 2y

v Py =KMoy Nnon (P, - Ky My, )

But

n (2my + vy ) zy=2+0,(1)

i K
n I(?szzyz ‘;szz?bj =0-+o, (1)

so that

n! (21, + v, ) 2y

0 (P~ S oMy,) ©

+0,(1)
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It follows that

\/g(bN - B)

TN

S S, » :
Y Py =5y My —B]+ n(amy +vy) 2y
2Py, =2, M.y, n (2P ~ Ky M., )

Jn
Jn

SPyl =Ky My =
= y2 2 ]"(yz 24 -B +—+0p(1)
Py, —Tllezyz
:’N(éavzswj

Sensitivity analysis

Consider a model with one endogenous regressor where other included exog-
enous variables are partialled out. The model takes the form where

Yy, =xB+e, i=L...,n
Denote the available instrument as z,, and write the first stage regression as
T, = Z R4V,

2SLS estimator is obviously given by
~ _ -1 _
Bosus = X2(22) 2X | x7(22)"' 2y,

where

Ly Yn ¥4

What is the property of & if the exclusion restriction is in fact violated? In order
to implement violation exclusion restriction, we add a little noise to €, and consider
a new model

yi (8)=z,f+20+¢,
where

g =2,0+g;
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Let

é;SLS (6) = [X'Z(Z’Z)_] Z’X}_l X'Z(Z’Z)_l P (6)
and

brsrs (6) = plim B;SLS (6) -B

We would like to examine the maximal asymptotic bias |b,, (0)| for a small viola-
tion of exclusion restriction, i.e., the violation such that the correlation between

2,0 and & is some small number . We argue that

. e ~2 .
provides such measure of sensitivity. Here, Ry denotes the R? in the first stage.

It can be shown that

where
& =plimn~'2'Z
Note that
Obygrg (6) _ (n,q)n)—l oD
00’

which is maximized when 0 « 1. We therefore focus on the type of violation such
that 6 = & « 7t for some scalar &. Without loss of generality, we will write

brsrs (9) =bygrs (é ) 7‘) =bysrs (é)

Note that the population R? in the regression of €* on z, which is equal to the
square of the correlation y between &/ and 2/, is equal to

) OB E.ndr
v 000+ B[] | & mon+ B[] |
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and
.
brsrs (é) = (nlq)“) n’d)(§ ) “) =&

We can solve &2 as a function of y? ,and obtain

@2 _ E[eﬂw—2
TOR 1—y?

Now, note that the population R? in the first stage R? is equal to

n'dr

which can be solved for n'dm as
’ 2 2
T'dn =R} E[a:b ]

We therefore obtain

or

Digression: robustness of 2SLS

In general, we estimate 3 by

B =| (74 XT (ZA) ¥

49
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and the counterpart under small misspecification is

B (0)=[(z4) x| (24) " (8)
so that

b, (8)=plimB,, (6)-
—plim (24) XT (2A) Y* (0)-B
= plim (24) XT (ZA) (XB+20+2)-B
=B+ plim| (74) XT (24) 20-p
=plim[A'Z'X]" A'Z'Z6
= plim| 4'72(27)” Z’XII A 776
=(ADr) A'D6

Note that

abZSLS (e)

oy = (Tc'CDn)_l n'd

and

24 (6)

—(Aon) " AD

Instead of dealing with a normalization involving the weight matrix @, it is
convenient to use assume that ® = /. We then have

61)25[/5' (e) — (TC,TE)_I 7[’
o0’

and

0b4(6) _
o0’

brors(8)
0’ -

REemARK: If there is only one instrument, then 2 n!. Therefore, small &

indicates that 2SLS is sensitive to misspecification.
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ReMARK: If there are multiple components in 7, and if the first component of 7 is
small relative to other components of &, then abz#f(e) would be small, i.e., 2SLS
1

is not very sensitive to the violation of the exclusion restriction in z,.

ReMARK: Note that

Obysrs (9) —('x)”! =L
] o
and
HabA (6) ’ =(Arn)_l A’A(A’n)_' _ “AH2 > HAH2 =L=H5bzsLS (9) i
o (A AP o

Therefore, 2SLS is the most robust estimator among the class of IV estimators
b,.
A

Higher order bias of &’

Our model is given by
yi=xP+e,

T, =f+u, =zn+y, t=L...,n

where (g, u,)’ is homoscedastic and normal. We consider the 2SLS

B _z'Py
25LS QT,P.T

and the related estimator for the variance of &:
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~2

We have the following characterization of &

_2(811
n

87 - (stLs - B))2

{2 e

! gj(ﬁzsw B)

(H+2fu unuj(BQSLS' B)2

where

LEMMA:

Elf'f :lﬂ:’Z'Zn
n

Jn
B0 )
o L) g e )0
T,=0
[ J%(%f%%%(

n

2
>

i=]
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](stLs -8
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Proor: Note that 2SLS is a special case of the k-class estimator

B _z'Py—Fk-z'My
M e'Pr—k-x'Mz

for

a6+%
C1-ab-t

and O is the “eigenvalue”. Note that 2SLS corresponds to ¢ =0 and »=0. The
result follows from DoNALD and NEWEY [1998].
We therefore obtain

Lemma:

T n H
T2 2T2
i au[ 1 T3j z\/—[ su)( : T]j_l_ 1 °
n n H nH n H2

Because
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and
g'u fle 1 1
—=0, (1), —=—T7T=0 | —
o0, Lf-—1-0,[L]
fu:Op B ’ uu_Op(l)
n n
we obtain
~2  g'g
(e} =
n

Now, note that

Jﬁ(“—cg):op(l), Jﬁ[g u -cwj:op (1), JE(“'“—ci] ~0.(1)

n

We therefore obtain

and
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or
~2
o =o;
1 ! 2 1
+—\/E(8 ° _ng__ssu [_Ti)
n n \/ﬁ H
' 2 22
L2 (g 1) 2 V(1) 1R 1elT
n  \H H n n \H nH n H?
1
+0[) ;
Assume that we can ignore the o, (%) term in Lemma expansion in calculation
of expectation. We then obtain.
2 2 2
7)ot 2E2h 1y Lol
n H n n H
where

H Elf'f:ln"Z'Zn
n n

This result can be proved in the following way. From the immediately preceding
lemma, we have

1 ! 2 1
(e o)

! 2 2m2
Lo (bnetn) 2m(2 s, | Lg) LI L

- n nH n H?
+o,,(]
1

Because expected values of the O, (T) terms in the second line are zero, it suf-
n

fices to consider the O, (%) in the third line. First, we note that

3|

E[T,] =E{“’P8J - L ko

NS
s B -
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from which we obtain

= K-2)c2
E - 2 Gsu 1 T2 +LT§j :_%w
n o )i n %

Second, we note that

o 2o g

due to symmetry. Third, we note that

B[ 17 |- Ho,

from which we obtain

pl LI 1ol | 1, 10,0,

nH n H? n° o on
We therefore obtain
2
E[Az]:cz_g(K_z)Geu_le 15565
) H n°® n H

ReMaRrk: In order to understand this result, imagine a counter-factual situation
where the first order asymptotic approximation for Jn (Bz SIS~ [3) is exact, i.e.,

write

\/;(62SLS _B> = %TI

We would then have

1 g'e 2) 2 (1 j
+—\/E __GS __GSU _T
Jn (n NV

' 2 22
2 V(L)L 1
n n \H nH n H?

1
+0P g
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and

~2
Therefore, our result implies that the approximate mean of & is smaller by

(K-2)az,

2
n H

than would be expected out of first order asymptotic approximation.

Remark: our result can be understood from a different perspective. Note that the
approximate bias of 2SLS is equal to

(K—Z)G

eu

1
=BG+ T]=

Jn

Roughly speaking, 2SLS is biased toward OLS, which minimizes

1 K

e —azrib)2 with respect to b. If the 2SLS B, is close to the OLS

B()L 5. then we should expect

n 2 n K

1 1 ~ 2 1 J
;Z(?Ji‘%ﬁzsz,s> N;Z(yi_%ﬁow) <<EZ(%‘$2‘B)2 =;§812

i=1 i=1 i=]






