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Econometrica, Vol. 49, No. 1 (January, 1981)
RESOURCE ALLOCATION*UNDER ASYMMETRIC INFORMATION'
By MiLTON HARRIS AND ROBERT M. TOWNSEND

The purpose of this paper is to provide a method for characterizing efficient allocation
processes and efficient allocations for a large class of environments in which asymmetric
information is an important factor. This method is based on a rigorous application of
statistical decision theory and makes explicit both the information available to agents ex
ante and the way in which information is transmitted during any multistage allocation
process.

1. INTRODUCTION

THE PURPOSE OF THIS PAPER is to provide a method for characterizing efficient
allocation processes and efficient allocations for a large class of environments in
which asymmetric information is an important factor.” This method is based on a
rigorous application of statistical decision theory and makes explicit both the
information available to agents ex ante and the way in which information is
transmitted during any multistage allocation process.” Our approach is illustrated
by its application to a principal-agent environment, a public goods environment,
and a competitive environment with informed and uninformed traders.

In much of the literature on environments with asymmetric information,
efficiency is defined with respect to full or symmetric information.” Much of the
work on public goods, for example, focuses on constructing mechanisms to
achieve Samuelson-Lindahl allocations (e.g., Groves-Ledyard [9]). These are
allocations which would be Pareto optimal if all agents possessed full information
about the actual preferences of the agents. We argue that, as an alternative
approach to characterizing efficient allocations and mechanisms, one must
consider explicitly the restrictions imposed by asymmetric information.” In

' This paper has formed the basis for presentations at the NBER-CEME Conference on Decen-
tralization (held at the University of Minnesota, April, 1978), the Econometric Society mectings
(Chicago, August, 1978), and Northwestern University (October, 1978). We would like to thank the
participants at these seminars, and especially J. Jordan, J. Ledyard, E. Maskin, M. Satterthwaite, and
C. Wilson for helpful comments. In addition we are grateful for the extremely valuable suggestions of
two anonymous referees. Financial support from the National Science Foundation tunder grant
SOC-7826262) and the Federal Reserve Bank of Minneapolis is gratefully acknowledged. We assume
full responsibility for any errors as well as the views expressed here.

“Such environments have recently been the object of considerable and growing attention.
Examples include public goods (Groves and Ledyard [9]), signaliing and screening (Spence [29], Riley
[22]), agency (Spence and Zeckhauser [30], Shavell [28]), insurance (Rothschild and Stightz [25], C.
Wilson [31]), competitive markets with some informed traders (Green [7], Grossman [8]), and auction
markets (Holt [14], R. B. Wilson [32]). By asymmetric information, we mean a situation in which
certain agents believe other agents to be better informed about some aspect of the economic
environment. This is to be distinguished from differential information, a situation in which agents have
dlﬁerem ex ante information, but no agent believes any other agent to be better informed than himself.

* Since writing an earlier version of this paper we have discovered Myerson [18] whose approach is
similar to our own in several crucial aspects. We also wish to acknowledge the influence of the seminal
work of Hurwicz on resource allocation mechanisms (e.g., see Hurwicz [15]). Reiter pioneered in this
area as well (e.g., see Reiter [21]).

* Myerson [18] is a notable exception.

“Such restrictions have proved quite useful in developing positive theories of economic
phenomena: see Prescott-Townsend [19].
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34 M. HARRIS AND R. M. TOWNSEND

particular we argue that in environments with asymmetric information,
uncertainty about preferences, technology, and endowments may be charac-
terized by probability distributions over unknown shocks or parameters. Then
one must take account of this information structure in developing an equilibrium
theory of allocation processes or mechanisms and in defining efficient allocations.
This results in a different theory of allocation processes and a different definition of
optimal allocations than those which would obtain under full information. In
particular, both the normative and the positive implications of our approach
differ, for some environments, from those of the traditional approach.

The approach which we here propose consists of five steps. First, we carefully
specify the economic environment including the information structure. Second,
we define the concept of an allocation mechanism for an environment and specify
the class of available mechanisms. Third, we define the concepts of equilibrium of
a mechanism and equilibrium allocations of a mechanism. Fourth, we define
preferences of the agents over mechanisms and the concept of an efficient
mechanism. Fifth, and last, we characterize efficient mechanisms and their
ailocations. Each aspect of the approach is now discussed briefly.

The gencral class of environments considered in this paper (see Section 3)
includes arbitrary sets of agents, production, and a rich set of possible information
structures comprising both public and private information. An environment
consists of a specification of three objects. First is the set of agents and the
technology of production and exchange available to each coalition of agents.
Second, the preferences of each agent are specified. These are assumed to depend
on a vector of exogenously determined parameters. The information structure is
then specified as the set of parameters which is observed by each agent together
with a prior distribution for each agent describing his information about the
parameters he cannot observe. More than one agent may observe the same
parameter. i.c., some information may be public. These observations are the sole
source of all information asymmetries.

unce an environment is specified, the concept of an allocation mechanism for
the cnvironment may be defined. Intuitively, an allocation mechanism for a given
environment is simply a set of rules which specify the game to be played by the
agents 1n allocating resources and a specification of how the allocation is deter-
riined, given the “plays’ of the agents during the game. In Section 4, this concept
is defined formally, together with the class of all available mechanisms.

Next we must have a theory of the outcome of any given mechanism, i.e., we
must define the concept of equilibrium strategies for a given mechanism. In this
context, a strategv of an agent is a mapping which determines his play or signal at a
given stage of a mechanism as a function of the parameters initially observed by
him and the sequence of past signals of all agents. Optimality of a strategy is
defined relative to the information the agent has at the time the strategy is used.
This informaton will be different from the initial information if the signals of
other agents convey information. In particular, agents are assumed to update their
beliefs about unobserved parameters using Bayes’ rule and the sequence of past
signais of otner agents. Using this definition of optimal strategies, we define a
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perfect Bayesian equilibrium concept for any mechanism. This concept is related
to Harsanyi’s [13] “Bayesian equilibrium” and Selten’s [27] ‘“perfect equili-
brium.”® It also draws on the work of Prescott and Visscher [20], Kydland and
Prescott [17], and E. Green [6]. Once the equilibrium strategies are determined,
the equilibrium allocation of a mechanism is easily defined. The equilibrium
concept is discussed more fully in Section 5.

As can be seen from the above discussion, equilibrium allocations of
mechanisms are allocations which depend on the actual, realized values of the
parameters of the environment (since equilibrium strategies depend on these
values). Such allocations will be referred to as parameter-contingent (or p.c.)
allocations. Preference orderings of agents over mechanisms then are naturally
defined using expected utilities, based on the initial information structure, over
these equilibrium p.c. allocations. Efficient mechanisms are defined in an obvious
way, e.g., a core mechanism is one which cannot be improved upon by any
coalition of agents, a Pareto optimal mechanism is one which cannot be improved
upon by the set of all agents, and so on. These concepts are defined formally in
Section 7.

Our general results provide a fairly simple way of executing the final step of the
approach, namely that of characterizing efficient allocation mechanisms and
efficient allocations. Our first major result (see Section 6) is that the equilibrium
p.c. allocations of any mechanism must satisfy certain self-selection properties.
That is, any agent with private information must prefer (in the sense of expected
utility relative to his initial information) the equilibrium allocation which is to
result under the actual value of the parameters to the equilibrium final allocation
which would result if the parameters observed by him alone took on some other of
their possible values. This is because the actual (equilibrium) strategies must be
preferred to all other strategies, including the strategy of acting as if one’s
observed parameters took on some other value.

Our first result thus shows that certain technically feasible p.c. allocations,
namely those which do not satisfy self-selection properties, cannot in fact be
achieved.” Conversely, a second major result (also in Section 6) is that any p.c.
allocation which does satisfy self-selection properties can be achieved under a
mechanism. Moreover, it is established that one can restrict attention to a
mechanism of a particularly simple form, a direct mechanism under which each
agent reports on the value of each parameter he observes.®

These two results suggest that one can define notions of efficiency directly in the
space of p.c. allocations which exhibit the self-selection property. This we do in
Section 8 where the equivalence between efficient allocations (in a certain sense)
and efficient mechanisms is established. Our third major result is that an allocation

¢ The Bayesian equilibrium concept is used in Arrow [1], d’Aspremont and Gerard-Varet [5], and
Dasgupta, Hammond, and Maskin [4] (D-H-M), among others. It is closely related to the rational
expectations equilibrium (see Prescott and Townsend [19]). We would like to thank L. Hurwicz, J.
Jordan, and E. Maskin for calling our attention to some of this literature.
7 Myerson derives similar results for one-stage mechanisms.
The terminology ‘‘direct mechanism” is borrowed from the game theory literature (see, e.g.,
D-H-M [4]).
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is efficient if and only if it is associated with an etficient mechanism. This, then,
allows one to convert a problem of characterizing efficient mechanisms into one of
characterizing efficient allocations, a problem which can usually be solved using
standard mathematical programming techniques. Using the second result
(outlined in the previous paragraph), one can then easily characterize an efficient
direct mechanism which supports the etlicient allocations.

An additional result, which is somewhat less general than the three results
mentioned above, concerns the relationship between optimal allocations in our
sense and full-information (F1) optimal allocations. In particular, we show that if
there are only two agents and one is fully informed while the other is not, then any
p.c. allocation which is FI optimal for every parameter value and satisfies
self-selection is also optimal in our sense (see Section 8). That this result cannot be
generalized (without adding other restrictions) is shown via an example (see
Section 9).

In addition to the general development of Sections 3-8, outlined above, we also
present three examples. (A fourth example concerned with risk sharing in a pure
exchange environment is discussed in Harris-Townsend [12], where a slightly
different approach was taken.’) The three examples described in Sections 2,9, and
10 respectively are (i) a principal-agent environment, (ii) a public goods
environment, and (iii) a competitive, pure exchange environment.

The agency problem presented in Section 2, before the general development,
introduces several concepts and results central to that development. This
environment is essentially the one analyzed by Hurwicz-Shapiro [16] in which the
agent has better information about some parameters of a production process than
the principal. The example illustrates four important points: (i) an allocation is
achievable by a mechanism if and only if it satisfies certain self-selection condi-
tions, (ii) not all allocations which are optimal in a full information sense are
achievable (i.e., some fail to satisfy the self-selection conditions), (iii) there are
allocations which are optimal in our sense but which are nor full information
optimal, and (iv) which allocations are optimal in our sense depend on prior beliefs
of the agents.

In Section 9, after the general development, we examine a simple public goods
environment in which each agent knows only his own preferences for public and
private goods. The main point of this example, aside from further illustrating the
power of our approach, is to establish that achievable full information optimal
allocations (namely achievable Samuelson-Lindahl allocations) need not be
optimal in our sense.'” Thus if one takes our approach seriously, full information

“ Further applications are contained in Harris and Raviv [11, 12].

" This complements the results of D Aspremont and Gerard-Varet [S] (hercafter D-G-V) and
Arrow [1] who establish that in some public goods environments there is at least one full information
optimal p.c. allocation which can be achieved as a Bayesian equilibrium. A related question is whether
a full information optimal p.c. allocation can be achieved under a mechanism satisfying a budget
balance requirement under a dominantstrategy (strong Nash) equilibrium, for as D-H-M [4] point out,
any p.c. allocation which can be attained as a dominant strategy equilibrium can also be attained as a
Bayesian equilibrium. Itis well known that there does not exist one mechanism with this property for a
fairly rich class of utility functions. (Of course a given mechanism may work for a particular set of utility
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optimal p.c. allocations are not necessarily desirable from a normative point of
view.

Finally, in Section 10 we note, by way of contrast, that in a pure exchange
economy with informed and uninformed traders (informed traders are all
informed about the same thing) competitive equilibrium allocations in which
prices fully reveal a]l information are core allocations in our sense. This result
turns on the standard definition of the core and the fact that with no private
information there are no self-selection constraints. Section 11 contains some
concluding remarks.

2. A PRINCIPAL-AGENT ENVIRONMENT WITH TECHNOLOGICAL UNCERTAINTY

We consider in this section a principal-agent model motivated by Hurwicz-
Shapiro [16]. A principal, p, has sole access to a technology for transforming labor
effort z into output y of the single consumption good of the model in accordance
with a production function f. Let y = f(z, ) = 8z. Here the parameter 6 is drawn
from a known distribution. In particular, 8 can take on one of two values, 6" or 02,
with 8'<6” and ¢ denotes the probability that # =6'. The agent (worker),
denoted a, knows the actual realization of 6; the principal (manager, landlord)
does not. The principal takes the probability that 6 = 6" to be ¢. The agent alone
can supply labor, and such effort cannot be observed by the principal.

The principal cares only about consumption. Thus, letting 7 denote the reward
to the agent (his allotment of the consumption good), the utility function of the
principal is assumed to be U,(y,r)=y—r. The agent values both leisure and
consumption, and his utility function is assumed to be u,(r, z) =r — z?. Hence with
y = 0z, the agent’s utility as a function of output, reward, and the productivity
parameter 6 is U,(y,r, 0)= r—(y/0)2.

The environment is depicted in Figure 1. The space of feasible allocations is the
area below the 45° line through the origin. Indifference curves of the principal are
45° lines with his utility increasing toward the southeast. Indifference curves of the
agent depend on 6 and are labeled by 6' or 6°. His utility increases toward the
northwest. Allocations which would be efficient under full information are shown
by the vertical lines labeled C; (allocations which would be efficient if both parties
knew that 8 =6’ for j=1,2). Thus any point on say C; is such that marginal
product of labor equals the agent’s marginal rate of substitution between effort
and reward, if 6 =6".

A parameter-contingent (p.c.) allocation for this environment is an output
quota y(#) and reward to the agent r(6) which depends on the true, realized value

functions.) This has motivated some to consider a weaker notion of equilibrium, namely the (weak)
Nash equilibrium. Under this notion of equilibrium there do exist mechanisms which satisfy both the
budget balance and full information optimal criteria. (See, for example, the celebrated work of
Groves-Ledyard and the **demand revelation™ literature.) Yet here one may question how it is that the
weak Nash equilibrium is to be attained; in a weak Nash equilibrium an agent’s signal will vary with
parameters unobserved by him. Both Groves-Ledyard [9] and D-H-M [4] have noted difficulties with
adjustment schemes which are intended to circumvent this problem.



38 M. HARRIS AND R. M. TOWNSEND

Up increasing

\

Indifference
curve of p

0
(autarky)

FIGURE 1.—Principal-agent environment.

of the productivity parameter 6. Such a p.c. allocation can be denoted (y;, r;),
j=1,2,wherey; = y(e)’) andr; = r(6’). In this environment, a p.c. allocation (y;, r;)
satisfies self selection if and only if the agent (worker) prefers the allocation (y;, r1)
in which he must produce y, in return for a reward r; to (y», r2) if, in fact § = 01,
and vice versa if § = 6°. A p.c. allocation satisfying this property is shown in Figure
1 as points B = (yy, r1) and D = (y,, r,). Mathematically the condition which (y;, r;)
must satisfy to be a self-selection p.c. allocation is

SS)  n—(y:1/8)’=r—(y2/8"),
"2—()’2/02)22"1 —(Y1/92)2~

The first point we wish to make with this example is that if a p.c. allocation does
not satisfy (SS) it cannot be achieved by any mechanism and conversely, if it does
satisfy (SS) it can be achieved by a very simple mechanism. In this regard, an
allocation is achieved by a mechanism if that allocation is an equilibrium allo-
cation of the mechanism. Although the above statement is true for any
mechanism, it will be easier to motivate if we restrict ourselves to direct
mechanisms. In a direct mechanism, the agent is asked to name a value for 6
(either " or 8°) and then some pre-determined allocation [y (m), r(m)]is effected,
where m is the value of @ declared by the agent. To see the first part of the
statement, suppose we have a p.c. allocation which does not satisfy (SS), say
{y1,r)=A, (y2, r2) =B in Figure 1. That is, suppose we wish to achieve the
allocation represented by point A (in Figure 1) when 6 = 6' and the allocation
represented by point B when 6 = 6°. Now suppose that to achieve this allocation,
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we choose the direct mechanism with

[y(8"), r(6"H]= A4,
[y(6%), r(6>)]1=B.

Note, however, that A and B do not satisfy self-selection, and in particular the
agent prefers B to A regardless of the true value of 6. Thus in the direct
mechanism described above, the agent will always declare m = 8” even if 6 = 6.
Thus the equilibrium allocation of this mechanism will be B for either value of 6.
In this case A will not be achieved when 6 = ' by this mechanism. The only other
choice of a direct mechanism which has any chance of resulting in A for § = " and
B for 6 =67 is

[y(6°), r(8)]= A4,
[y(8"), r(6")]=B.

In this case, the agent will always declare m = ', and the equilibrium allocation
will again be B for either value of . Consequently the p.c. allocation represented
by (A, B) cannot be achieved by a direct mechanism.

For the second part of the statement, suppose we have the p.c. allocation
represented by (yi,r1)=B, (y2,r2)=D in Figure 1. Consider the direct
mechanism in which the final allocation as a function of the agent’s declared value
m of @ is given by [y(m), r(m)]=(y, r;) for m = 6’. Since the pair (B, D) in Figure
1 satisfies (SS), the agent will always declare the true value of 8. Thus if = ', the
equilibrium allocation of this mechanism is simply (y, r;). That is, the p.c.
allocation represented by (B, D) can be achieved using a simple direct mechanism
in which the agent’s equilibrium strategy is to ‘“‘tell the truth.” In Sections 3-8,
these results are generalized to a large class of environments and mechanisms.

The second point we wish to illustrate in this example is that there are full
information optimal p.c. allocations which are not achievable. A full information
optimal p.c. allocation is simply a p.c. allocation (y,, r;) such that (yq, 1) is on C
and (y», r;) ison C, and both are below the 45° line. For example, consider the p.c.
allocation represented by points A and E in Figure 1. Note that the agent prefers
A to E no matter the value of 8. Therefore (A, E) does not satisfy (SS) and, as
indicated above, cannot be achieved.

The third point we wish to make with this example is that there are p.c.
allocations which are optimal in our sense but which are not full information
optimal (this will also serve to illustrate our definition of optimality in Section 8).
For this environment, a feasible p.c. allocation (y;, r;) is Pareto optimal if (i) it
satisfies (SS) and (ii) no other feasible p.c. allocation satisfying (SS) can make the
principal better off (in the expected utility sense, taking expectations over 8 using
his prior) without making the agent worse off for at least one value of 6, and (iii) no
other feasible p.c. allocation satisfying (SS) can make the agent better off for at
least one value of § without either making him worse off under the other value of 6
or making the principal worse off.
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Using this definition it is easy to establish that a solution of the following
problem is a Pareto optimal p.c. allocation which is best for the principal subject to
the constraint that the agent be no worse off for either value of 6 than in autarky,
when (y, r) = (0, 0) (these individual rationality constraints are labeled “IR” in the
problem).

max _@(y1=r)+(1—¢)y2—r)

pri=1,
subject to (SS),
(IR)  r,—(y;/6')’=0 for j=1,2,
(Feasibility)
O<r=<y for j=1,2.

In the objective function, ¢ is the principal’s prior probability that 6 = 8. Note
that since any solution must satisfy (SS), it can be achieved by a direct mechanism
as outlined above.

A typical solution (for a particular value of ¢) is shown as (y¥, rf)= c*(8'),
j=1,2 in Figure 1. Notice that c*(8") is not on Cy, thus showing that there are
optimal p.c. allocations which are not full information optimal.

The fourth, and last, point we wish to make in this example is that optimal
allocations in our sense depend on prior distributions, whereas full information
optimal allocations do not (this fact plays a key role in the public goods example of
Section 9). To see this imagine that the probability which the principal places on
the event  =6", i.e., ¢, increases. The principal will then seek to increase his
utility in this event. This can be accomplished by moving ¢*(8') along the agent’s
6" indifference curve toward point A. Since self-selection must hold, c*(6?) must
move up C, toward point F, i.e., p must give up utility in the event § = §°. He is
willing to make this tradeoff since his probability on § = 6" has increased. Thus the
original values of ¢*(#) are no longer optimal when the principal’s prior changes.

This concludes our discussion of the agency example. We now proceed to the
general development.

3. THE GENERAL ENVIRONMENT

The general economic environment consists of a finite set T < R of agents and a
collection of production technologies associated with coalitions of agents. The
agents are defined by their common consumption possibility set C = R L, where [,
the number of commodities, is a fixed integer, [/ =2; by their preferences; and by
their initial information.

Preferences are assumed to depend on a vector, 6, of parameters. Let N =
{1, ..., n}be the set of parameter indices; @, < R, O, finite, be the set of possible
values of the kth parameter, k € N, with typical element 6, ; and @ = X .y Oy be
the parameter space with typical element . Each agent a is assumed to have
observed values of the parameters 6, for k in some subset N, = N. The set of
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possible values of parameters observed by agent a is then @* = X cn, Ok, With
typical element §°. We assume that each of the n parameters is observed by some
agent,i.e.|_.c7 N, = N. For any subset of agents A = T, let No = _.c 4 N, be the
set of parameters observed by agents of A. Let @4 = X cn, Ox.

The preferences of each agent are represented by a utility function U, which
depends on his consumption bundle and the parameter vector,i.e. U,: C X @ > R.

We assume that each agent’s beliefs concerning parameters not observed by
him can be summarized by a nondegenerate prior distribution. This prior for agent
a is a mapping p, from @ x @ into the interval [0, 1]where p,(£|0%) is interpreted
as a’s prior probability that the value of the true parameter vector is £ given that
he observes 6°."' Note that ¢ specifies a value for the parameter vector observed
by agent a; thus if £€“ # 6°, p,(£]6“) = 0. We also assume that p,(£]6“)> 0 for all ¢
such that £“ = 6“.

An essential ingredient in defining the economic environment is a specification
of the allocations achievable by any coalition of agents. Thus, with any subset A of
agents of T we associate a nonempty set A (A) = C™.'* A typical element of A (A),
say ca, consists of a consumption bundle ¢, € C for each agent a € A. We may
think of A as a mapping which associates with each subset of agents of T its set of
achievable allocations. The technology is a specification of A.

We are now ready to define the economic environment. An environment E is a
vector [T, I, N, (No)aet; O, A, Ur, pr, 6], where T is the set of agents, [ is the
number of goods, N is the set of parameter indices, N, is the set of parameters
observed by agent a, U, is the utility function of agent a, p, is agent a’s prior, and
@ is the actual value of the parameter vector. A sub-environment E4 of E for a
subset of agents A < T isavector[A,, Na, (Na)aeca, Oa, A, Ua,pa, 64], where A is
restricted to A.

Crucial to our analysis is a specification of what each agent knows before any
trade takes place, i.e., the initial information structure. Given an environment E,
each agent in T is assumed to know everything except the values of certain
parameters, i.e., everything except 6, for j& N,. It should be emphasized that if
agent a knows 6, while agent b does not, then both know that agent a is better
informed about parameter k.

This completes our description of the general class of environments. We now
turn to developing the concept of a resource allocation mechanism and proving
some general results.

4. MECHANISMS

Our concept of a mechanism is simply a set of rules which define an extensive
form game to be played by the agents. These rules are constraints on what

" For most of our analysis the parameters may be thought of as being drawn from some
exogenously specified joint distribution known to all agents with agents’ priors being conditional
distributions given their observed parameters. We do not require this consistency, however.

2 1n general, we use the following notation for Cartesian products of sets. If A< T and {Y,|a € A}
is any collection of sets, then we denote the product X, 4 Y, by Y*. Anelementof Y* is denoted by
(Ya)aeA or by Ya.



42 M. HARRIS AND R. M. TOWNSEND

proposals the agents may make at each stage of a multistage bargaining process
and a rule for determining the final allocation as a function of the sequence of
these proposals.'

The elements of a mechanism for a sub-environment E, for a set of agents
A c T with technology A (or, for short, a mechanism for A) are as follows. First is
an integer, 7, which is interpreted as the number of stages in the mechanism, i.e.,
signals are sent by the agents sequentially in stages 1,2, . .., 7. Ateach stage, each
agent is assumed to have observed all previous signals. Second is a set & which is
the set of all potential signals and an element s° which is the null signal (hereafter
taken to be the word “pass”) introduced mainly for notational convenience. The
mechanism is assumed to begin with all agents sending the null signal (at stage 0).
Thereafter an agent may send the null signal only if required to do so. Thus
observing the null signal provides no new information. Third is a sequence
Sa={Sulac A, t=1,...,7} of constraint sets which define the set of feasible
signals for each agent at each stage. Each of these subsets of ¥ may depend on all
past signals, i.e. each S, is a correspondence which associates with each sequence
of past signals, s'a ', asubset Sy (s'a ') of the signal space . Fourth is a function F
which determines the final allocation in A (A) as a function of the entire sequence
of signals, s7."*

A mechanism for a set of agents A will be denoted by M4 or by an explicit listing
[7, Sa, F]of its elements (Where & can be taken to be any set containing all signals
consistent with S4). Note that the only aspect of the environment on which a
mechanism depends is the technology, A.

We denote by # 4 the class of all mechanisms for the set of agents A.

5. EQUILIBRIUM OF A MECHANISM

In this section we define the concept of an equilibrium for a mechanism. The
concept we adopt is closely related to Harsanyi’s [13] Bayesian equilibrium and
Selten’s [27] perfect equilibrium; consequently we call it perfect Bayesian equili-
brium. Speaking loosely, we use the term equilibrium of a mechanism to mean a
specification of a strategy and a posterior distribution for each agent at each stage
of the mechanism such that two properties hold: (i) the specified strategy of each
agent at each stage is maximal for him relative to his specified contemporary

'* The definition of a mechanism used here is a straight-forward extension of the one used in our
carlier paper (Harris-Townsend [12]). The reader is referred to that paper for a fuller discussion of the
issx{ss involved in this concept and some examples which motivate the definition.

The formal definition is as follows: Given A < T and A 4 a mechanism for the set of agents A, M 4,
is: (i) an integer 7= 1; (ii) a set, ¥, a designated element, s° € &, and a sequence

Sa={Sa: (P '52%lac A, t=1,..., 7} where
t

(P ={shIx X A fort=1,...,7 5% =(5")aca
r=1

and (#*)°={s%). If s°c S, (s'5") for some a, 1, and s ', then S..(s'a')={s"; (iii) a function,
F:(F%) > A(A).
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posterior distribution, taking as given the past signals, specified contemporary
strategies of the other agents, and specified future strategies of all agents, and (ii)
the specified posterior distribution of each agent at each stage is consistent with
Bayes’ rule and the specified past strategies of all other agents.

We now make this definition more precise. For what follows we consider a given
mechanism [7, S4, F], for aset of agents A = T. A strategy atstage ¢ for each agent
a is a function o, mapping previous signals, s% ', and the vector of parameters
observed by agent a, 8° into a signal in £.'°

It is clear that a specification of strategies for each agent of A determines
entirely the sequence of signals which will be sent under the given mechanism, as a
function of the parameters observed by agents of A. In particular, given some
stage r, a sequence of future strategies o4 " from stages r + 1 through 7 for each
agent of A, a sequence of past and present signals s}y, and a parameter draw 64, we
may calculate the sequence of induced signals from stages r + 1 through 7 (see the
Appendix and footnote 16 below for a more formal development).

Now consider the decision problem confronting agent a at stage r. Agent a
takes as given the past signals s%w!, the contemporary strategies of others,
(opr (s ", £%)), b€ A —{a), and the future strategies of all agents, o4 """. He may
then calculate the contemporary signals of the other agents and all future signals
as functions of the unobserved (by agent a) parameters and his own present signal.
Finally, using this calculation, agent a may calculate his expected utility for the
final allocation determined by this sequence of signals as a function of his current
signal, i.e., Eq{U.[Fa(sa), &llsi’, an oa 7, 6%}, where F, is the allocation
assigned by F to agent a, and the expectation is taken using his current beliefs
about & p.,(£]6% s41)."® Here sk ', o4 = (04,), bea=A—{a}, and ol are
taken as given. Agent a then chooses his current signal, s,, to maximize this
expected utility over the set of feasible signals at stage r, Sar(sih).

Agent a’s current beliefs about ¢ are, however, not arbitrary. Rather, agent a
takes as given the strategy of every other agent b at each previous stage j,
crb,-(s’; ! §°), and eliminates from consideration any parameter vector § which is
not consistent with previously observed signals. The posterior at any stage r is thus

5 More formally we have a strategy at stage t for agent a, 1 <t<r,ac A, which is a function
o-c.,:(Sf’A)"1 x @% > ¥ We assume that strategies and the allocation rule, F, are deterministic. In
general this is inconsistent with the spirit of our approach, because the constraint that a proposal not be
chosen in arandom way is, in general, unenforceable. In many applications, however, this restriction is
not binding, i.e., any mechanism whose equilibrium final allocations are random, because either the
strategies or the allocation rule are random, can be dominated by one in which they are deterministic
(see Harris and Townsend [12]).

16 Note the recursive procedure used to define ¥}, (840 4) in the Appendix. Then starting at stage
r, given past signals s’ ', one may similarly define Y5 (6.4, Sarls'a |, @arn 04 "), the sequence of signals
which will be sent under the given mechanism as a function of the parameter vector 6, and the
contemporary signal s,, of agent a, given past signals, contemporary strategies of others, and future
strategies of everyone. Thus

EsdUlFa(sa), Ells's ', gan aa 7, 69}

552@ Parlélsal, 0V ULAF[sa ', U (€, Sarlsn ' 0an a7, £).
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the initial prior normalized in this way. We are thus led to the following formal
definition of an equilibrium.'’

DEFINITION 1: Let A be any subset of agents, and let M4 be any mechanism for

A. A perfect Bayesian equilibrium of M, is a sequence of strategies o =
{ok,/r=1,..., 7} for each agent in A, and a set of distribution functions p% =

{pk.lr=1,..., 7}foreach agentin A, where p¥,: @ x @ x (¥*)" ' > [0, 1], which
satisfy the following two properties:

(i) For any agent a € A, any stage r =1,...,m any parameter vector 6“ € @*
and history sly °, ! and given strategies o4, let Aa,(s A ) denote the set of parameter
values which are consistent with the observed past signals s’s ' of agents other
than a, given those agents’ equilibrium strategy functions. That is,

A, (s Y={¢eOlforeverybea,and1<j<r-1,c5[shk’', € ]1=sy}.

Then let Ka,(sA' , 8%) denote the total prior probability assigned by a to such
parameter values given that he observes values §° for parameters he can observe.
That is,

Kar[s:(la ea]z Z . pa(ﬁlaa)
)

S€la(SA

Then p¥,(£]6% ss ') is assumed to satisfy

Pa(£160°)/Kar(sa ', 8Y); €€lulsh’) = T;
pE(£10% s )= < 0; 2 A, (sh ) * T,
a(flaa); ar(sA )_

(ii) For any agent ac A, stage r=1,...,7, parameter vector §°c ®“ and
history s's ', the strategy o, (si ', 6°) is assumed to solve

max E;“,{U [F.(sh), Ellsa ' ok, o&7"7, 6%,

Sar€Sar(sA”

where the expectation E, is taken with respect to p¥.(£]6° s’ ') taking ok, and
o¥7 as given.

Thus our equilibrium concept is Bayes1an in the sense that each agent evaluates
strategies and outcomes relative to that agent’s prior (or posterior) distribution
over unobserved parameters, and perfect in the sense that strategies are required

to be optimal for all possible previous histories.

In general, a mechanism may have more than one equilibrium. In what follows,
we assume that one particular equilibrium prevails and refer to “‘the equilibrium” of
a mechanism. For the specific mechanisms considered below, the equilibrium
assumed to prevail will be clear from the context.

7 Note that in the definition, p% (£]6%, s's') = p.(£]6%) for any history s ' which is inconsistent
with the equilibrium strategles of agents other than a, evaluated at any gossnble parameter values, i.e.,
for siy ' for which Aa,gsA )= . Also note that for r =1, p¥ (¢16%, sa) =p.(£]6°) for any £ and 6°
and 2,005 [£]6% s ' ]=1for any 9% s/s
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Given any mechanism M4 for a set of agents A, the equilibrium strategies for
M 4 determine an equilibrium sequence of signals, s’ (84), for each possible value
64 of the vector of parameters observed by agents of A. This equilibrium
sequence of signals, in turn, determines the equilibrium allocation, F[s% (64)] for
M, as a function of 64, which we denote by ca(Ma, 684). If a mechanism has
multiple equilibria, we could denote each one explicitly by including the equili-
brium sequence of strategies as an argument in ¢ 4. This notation would allow us to
make explicit which equilibrium sequence of strategies is assumed to prevail. This
would, however, make the notation more cumbersome. In what follows we will
rarely need to make explicit which equilibrium sequence of strategies is assumed
to prevail. We have therefore chosen to suppress the equilibrium strategies in the
notation.

At this point the reader may well wonder why we have not restricted our
analysis a priori to games in normal as opposed to extensive form and used the
(regular) Bayesian equilibrium notion. This would simplify the notation and
proofs considerably. Our answer is that games which are sequential and use the
perfect equilibrium notation are of intrinsic interest and seem natural in many
economic contexts.'® Thus, for us, the real question is whether games in extensive
form with the perfect Bayesian equilibrium notation are equivalent in some sense
to games in normal form with the (regular) Bayesian equilibrium. In this regard we
agree with Selten [27] that *“. . . in the transition from the extensive form to the
normal form some important information is lost.” In particular, in the asymmetric
information environments of this paper, the (regular) Bayesian equilibrium
concept for normal form games allows neither an explicit representation of
learning nor the concept of perfectness. That the latter concept has content is well
illustrated by noting that the perfect Bayesian equilibrium for our extensive form
games admits far fewer equilibria than does the (regular) Bayesian equilibrium for
their normal form counterparts.'”

6. SELF-SELECTION THEOREMS

In this section we demonstrate two closely related results. The first result
characterizes allocations which result from mechanisms. It is shown that the
equilibrium allocation of any mechanism must satisfy certain self-selection pro-
perties.”” The second result is that, conversely, any allocation which satisfies these
self-selection properties can be achieved by a mechanism.

'8 See, for example, Kydland and Prescott [17], Prescott and Visscher [20], and E. Green {6].

' We are indebted to Jim Jordan for providing us with an example. The example is omitted for the
sake of brevity but is obtainable from the authors on request. It may well be, however, that every
perfect Bayesian equilibrium of an extensive form game (mechanism) is one of the many Bayesian
equilibria of its normal form counterpart. We might well have set out to prove this so that the
self-selection theorem, Theorem 1, would be more easily established (for normal form games). Here
we hazard the opinion that such a proof would be similar in many respects to the proof of Theorem 1. In
any event we would still need to consider extensive form games and endure the consequent notational
burden.

2 The concept of self-selection has been used extensively in insurance and screening literaturcs
(see, e.g., Rothschild-Stiglitz [25], C. Wilson [31], Salop and Salop [26]). This concept is closely reluted
to incentive compatibility as discussed by Hurwicz [15].
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These results are important and require some elaboration. First, note that
mechanisms result in parameter-contingent (p.c.) allocations, i.e., allocations
which depend on the realized values of the parameters. This would suggest that if
one is interested in characterizing optimal allocations for this class of environ-
ments. one could ignore the mechanisms by which these allocations are achieved
and simply search over the set of all technically feasible p.c. allocations. Our first
result shows that certain technically feasible p.c. allocations, namely those that do
not satisfy the self-selection properties, cannot, in fact, be achieved. This implies
that, at least, one must eliminate from consideration all p.c. allocations which do
not satisfy these properties. Our second result then shows that only these
allocations need be eliminated. This latter result is established by showing that any
p.c. allocation satisfying the self-selection properties can be achieved by a
mechanism of a certain, simple form. This result itself is important since it implies
that the class of mechanisms that need be considered can be reduced to those of
this form.

Having emphasized the crucial importance of self-selection properties, it
remains to define them precisely and show why they arise. To motivate these,
consider an agent, say a, who has private information about, say, 6; (i.e., only this
agent observes the value of §,). Whatever mechanism is used, say M, agent a may
behave as though 6, = § even if he has observed 6, to be y (y and § are any two
elements of @,). That is, he may use the functional form o of the equilibrium
strategy to generate signals, but evaluate this strategy at the counterfactual
realization 6, =8 instead of at #, =1vy. This strategy is an alternative to the
equilibrium strategy. Since agent a is the only agent who knows 1, this alternative
strategy will generate the equilibrium allocation for the counterfactual 6, =8,
namely cs(M, 8, 6,,...,6,). Of course equilibrium strategies are preferred
(maximizing) so agent a must prefer the allocation ca(M, v, 6, . . ., 6,) where his
parameter draw is 6, = y.

It should be pointed out that if more than one agent observes a parameter, i.e., if
the information is public, then the above argument does not hold. This is due to
the fact that the adoption of the Bayesian equilibrium concept for mechanisms
precludes collusion. In general, the existence of public information does not
constrain the allocations which may be achieved by mechanisms (this point is
illustrated by example in Section 10).

We now proceed with a formal treatment of self-selection. For the rest of this
section Jet A be a subset of agents, let M, be a mechanism for A with
M, =[71,Sa, F], and let (¢, pi7) be an equilibrium of M.

Parameters observed only by one agent are private to that agent, and as noted
above, play a special role in the analysis. Accordingly, for any vector of
parameters # and for any agent a, we write 8 = (6, 85), where 6 consists of those
components of § which only a observes and 6% consists of the remaining
components of . The vector 85 is called the private parameter vector of agent a.

The first main result of this section (discussed above) is as follows:

Tureorgv 1 (Self-Selection for Mechanisms): For any mechanism Ma, any
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agent a, and any value of agent a's observed parameters 6,

L Udlca(Ma, £a), €E1pa(€]60°)= ¥ Ulc.(Ma, 85, £57). €lp, (£]6)
(e @

£e®
for any other possible value of agent a’s private parameter vector, 8 p.
PrOOF: See Appendix.

As discussed above, a mechanism for the set of agents A results in a p.c.
allocation which is feasible relative to the technology A, i.e., mappings ¢1: O >
A(A). Clearly, we can discuss such p.c. allocations regardless of whether they are
the result of some mechanism (hereafter the term p.c. allocation will be taken to
mean a p.c. allocation which is feasible relative to the appropriate technology).
Accordingly, for an arbitrary p.c. allocation, ¢4, for any agent a and any value of
his observed parameters 6, define a’s expected utility for ¢, by

Vi(Car 89) = 52@ Ual¢a(€a), €lpa(£167).
The p.c. allocation ¢4 is said to satisfy self-selection (SS) if for every a e A,

ValCar 6%) 2526 Udl¢a(8%, €5), Elpa(£167)

for any #° and any alternative value of a’s private parameter vector §,. Thus
Theorem 1 can be interpreted as saying that all p.c. allocations achievable by a
mechanism must satisfy SS. (An allocation is achievable by a mechanism if it is an
equilibrium allocation of the mechanism.) Theorem 2 (below) states that the
converse is also true, i.e., any p.c. allocation which satisfies SS is achievable by a
mechanism. Moreover, the mechanism which can be used to achieve the allo-
cation (referred to as the direct mechanism, D, below) is of the following simple
form: there is only one stage in which each agent reports a value for each
parameter he observes; the final allocation is given by a pre-specified function of
the values reported by each agent. If all information is private, this allocation
function is the p.c. allocation to be achieved.

More formally, a direct mechanism is any mechanism in which 7 =1, §,,(s4) =
©°, for each agent a.

THEOREM 2: For any p.c. allocation ¢4 which satisfies SS, there exists a direct
mechanism D 4 such that C,(04) = ca(Da, 64) for any parameter vector 6 5 and such
that the equilibrium strategies under Da are truth-telling. Furthermore, if all
parameters are privately observed, i.e., 8“ = 0% for each agent a, then the allocation
rule F for D4 can be assumed to be the same as the p.c. allocation ¢ .

PROOF: See Appendix.
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For the case in which all parameters are privately observed, the direct
mechanism D4 of Theorem 2 is Bayesian incentive compatible in the sense of
d’Aspremont and Gérard-Varet [5]. Thus the SS condition generalizes this notion
for mechanisms to environments with public information.

7. PREFERENCES OVER MECHANISMS AND EFFICIENCY

We =< ume that at the time when each agent a must express a preference over
mechanisms he already knows the value of the parameter vector §°. Thus
preferences over mechanisms are defined using expected utilities, based on the
initial information structure, for the final allocation of an equilibrium of the
mechanism. Again if the equilibrium is not unique, one particular equilibrium
must be selected. The definitions below rely heavily on this assumption.”’

More precisely, given a set of agents A, an environment E 4, and a mechanism
M, with equilibrium (X", p&7), the expected utility of agent ae A for the
mechanism M, is defined as

WalMa, 6°]1= gZ@ Ua{caMa, €], E}pa(£167).

Given these preferences for mechanisms, we can define the concepts of
blocking a mechanism and core mechanism. A coalition B< A can block a
mechanism M, if there exists a mechanism M such that W,[Mj, £]=
W,[M., £"]for every b € B, £° € ©° with strict inequality for some b € B, £” € ©°.
Note that in this definition, we require that the expected utility for M5 for each b
be at least as great as his expected utility for M, for each possible draw of b’s
observed parameters.”* The reason for this specification is to ensure that efficient
mechanisms (defined below) will be independent of the actual parameter draw.
That is, the mechanism which we denote as efficient may well depend on the
technology, preferences, and general information structure, but we do not want
our selection to depend on particular values of parameters. The elements of the
environment on which we allow dependence will be referred to as the partial
environment. More precisely, the partial environment relative to E4, denoted E%,
includes all elements of E4 except the specific parameter draw, 64.

There are three concepts of efficient mechanisms which we wish to consider:
First, define a mechanism M % for A to be a core mechanism (relative to the partial
environment E%) if no coalition B can block M%. Second, define a mechanism
M to be a Pareto optimal mechanism (relative to EY%) if A cannot block M*%.

2! An alternative approach would be to define blocking (see below) in terms of the equilibrium
allocations of mechanisms instead of the mechanisms themselves. Then we could define a core
mechanism to be one with at least one equilibrium which could not be blocked. The results which
follow would not be affected by this alteration of the definition.

22 An alternative formulation would be to suppose that preferences over mechanisms are expressed
prior to the revelation of §° to agent a, but the mechanism must be “played out” (as before)
subsequent to this revelation. In this case each agent may be imagined to have a prior distribution over
the entire parameter vector (say a common joint distribution). Expected utility of each agent for a
mechanism would then involve integration relative to this prior.
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Third, define a mechanism M?% to be an individually rational Pareto optimal
mechanism (relative to E%)if M% is a Pareto mechanism and no single agentin A
can block M%. We use the term “‘efficient mechanism”’ to refer to any mechanism
which satisfies at least onc of the above efficiency concepts.

8. EFFICIENT MECHANISMS AND EFFICIENT ALLOCATIONS

The results of Section 6 suggest that there is an equivalence between p.c.
allocations which satisfy SS and allocations generated by mechanisms. This would
lead one to conjecture that the search for efficient mechanisms can be accom-
plished by searching for p.c. allocations which are efficient in some sense. In this
section we define a notion of efficient p.c. allocations and establish the equivalence
between such allocations and allocations generated by efficient mechanisms.

For this section EY is any fixed partial environment. A coalition B< A can
block ap.c. allocation ¢ 5 satisfying SS if there is a p.c. allocation for B, X, such that
%p satisfies SS and V, (%, 6°)= V,(é, 8) for every be B, 6°c @ with strict
inequality for at least one b€ B, 6” € @°. There are again three concepts of
efficiency we consider. A p.c. allocation ¢4 which satisfies SS is a core allocation if
for any B < A, B cannot block ¢a, a Pareto optimal allocation if A cannot block
Ca, and an individually rational Pareto optimal allocation if ¢4 is a Pareto optimal
allocation and for each a € A, {a} cannot block 4.

THEOREM 3: If C4 is a core allocation, then there is a direct core mechanism M4
such that the equilibrium allocation of M coincides with Ca, i.e. E4(04)=ca(Ma,
04) for all 64. Conversely, if M4 is a core mechanism, then ca(Ma, +) is a core
allocation. The theorem also holds if ‘‘core’ is replaced by ‘‘Pareto optimal” or
“individually rational Pareto optimal.”

PRrROOF: See Appendix.

Theorem 3 has the important implication that one need only characterize
efficient allocations in order to characterize efficient mechanisms. This is useful
because an efficient allocation can often be found as the solution of a constrained
optimization problem. Moreover Theorem 3 implies that the direct mechanism (in
which agents signal values of parameters observed by them) is always efficient if its
allocation function, F; is constructed to generate an efficient allocation. Thus the
problem of finding an efficient mechanism can be reduced to finding an efficient
allocation, then constructing F' to generate this allocation. In the special case in
which all information is private, F can be taken to be the efficient p.c. allocation. A
method for constructing F in other cases is given in the proof of Theorem 2.

We would like to conclude this section by defining full information (FI) optimal
allocations in general and stating a limited result on their relation to optimal
allocations in our sense. Intuitively, a p.c. allocation is FI optimal if it would be
Pareto optimal in the usual sense for any value of the parameter vector. More
formally, ap.c. allocation ¢4 for aset of agents A is FI optimal if for any parameter
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value 6 there is no other feasible allocation c4 such that
Ua[cay 0]2 Ua[(?a(eA), 0]

for each agent a € A with strict inequality for at least one a € A.

Our result is that if there are only two agents and one is fully informed while the
other is not, then any Fl optimal allocation which satisfies the self-selection condition
is also optimal in our sense. This is stated formally as Theorem 4.

THEOREM 4: If T ={a, b}, N, = N, N, # N, and % is a FI optimal p.c. allocation
which satisfies SS, then &% is a Pareto optimal p.c. allocation.

PrROOF: See Appendix.

Note that this theorem applies to the principal-agent example of Section 2.
Thus, in that example, while there are optimal p.c. allocations which are nor FI
optimal, any FI optimal allocation which satisfies SS is also optimal in our sense.
That the result cannot be generalized to more complicated information structures
is shown by example in the section on public goods which follows.

9. A PUBLIC GOODS ENVIRONMENT

Here we describe one of the simplest public goods environments we could think
of and the results of applying the general approach of this paper to that environ-
ment. There are two agents labeled a and b, one private good and one public good.
The public good can be produced on a one-for-one basis from the private good,
but only integer amounts can be produced.23 Each agent has an endowment of
e <1 units of the private good and no public good. Thus neither agent can produce
any public good on his own, and together they can produce either zero or one unit.
Each agent i has a linear utility function of the form U;(x;, y, 6;) = 6:x; + y, where x;
represents consumption of the private good, y consumption of the public good,
and 6; is i’s marginal utility for the private good, i = a, b.

Initially, each agent knows only his own marginal utility for the private good,
i.e., agent /i knows 6; but not 6, for j # i. Moreover, each agent knows that the
other agent’s parameter (marginal utility) can be one of two possible values, 6" or
6% with 0<6' <1, §°>2 (the reason for this assumption will be clear shortly).

Agent i has a prior probability distribution on the value of agent j’s parameter
which may depend on his own parameter value, 6. We denote by a, agent a’s
prior probability that 6, = 6, given that 6, = 6" for k =1, 2. Naturally, agent a’s
prior that 6, = 6°, given 6, =6" is 1—a,. Similarly, B, is agent b’s prior that

23 This integer assumption is made only to avoid the subtle issue of how to define “blocking™ and the
core in a public goods environment. This issue is considered by Rosenthal [23, 24], Champsaur,
Roberts, and Rosenthal [3], and others. It is peripheral to the points we wish to make here.
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0, = 0‘, given that 6, = 6" for k = 1, 2.2 Thus, typically, knowledge of one’s own
tastes for public and private goods allows one to infer something about the tastes
of the other agent. For example if a; were near 1 and a, were near 0, this would
reflect agent a’s belief that agent b is likely to be similar in tastes to himself. We
assume that 0 <a, <1 and 0<B, <1 for k =1, 2. Finally, each agent knows the
production technology for the public good, the endowments of both agents, and
the utility functions of both agents (except for the parameter value of the other
agent).

This environment is very similar to that studied by Arrow [1]and d’Aspremont
and Gerard-Varet [5], but, as will be seen below, our results are somewhat
different from theirs. Applying Theorem 1 (Section 6) we note first that only p.c.
allocations which satisfy certain self-selection (SS) conditions are achievable (as
equilibrium final allocations of mechanisms) For this environment there are two
parameters, 6, and 6, where 6, € @, ={6', 6’} for i = a, b. Thus, we can represent
ap.c. allocation by (yi;, a;, by;), i, j = 1, 2, where yj; is the total output of public good
if 6,=6" and 6, =6’, a; is agent a’s allocation of private good if 6, =6" and
6, =6, and b;; is agent b’s allocation of private good if 6, =6' and 6, = 6'. For
convenience, we define Y to be the 2x2 matrix whose (i, ) entry is y;; and
similarly for A and B. The SS conditions state that if 6, = 6', agent a’s expected
utility for (yy, ay;), j=1,2 (where the expectation is taken with respect to a’s
prior on 6, given 8, = 0 i.e., using the probabilities a; and 1 — al) must be greater
than his expected utlllty for (y,;, a»;) and vice-versa if 6, = = 6°. Also included in
(SS) are similar conditions for agent b. Using the matrix notation mentioned
above, a p.c. allocation [ Y, A, B] satisfies SS if

(SS.1) (1,0)-[Y+91A](1‘_"‘a1)>(0,1).[Y+0‘A]( )
)

(§8.3) (Bl,1—61)'[Y+OIB](1>>(61,1 B [Y+6 B]()

(SS.2) (0,1)-[Y+02A](1a2

—a>

)2(1,0)~[Y+02A]( %2

a>

(S5.4) (Bz,1—32)'[Y+023](?>>(Bz,1—32)'[Y+0213]((1))-

Second, we note using Theorem 2 (Section 6) that any p.c. allocation satisfying
SS, say [Y, A, B], can be achieved using a direct mechanism. In a direct
mechanism for this environment, each agent names a value for his parameter from

24 In order that these priors be consistent, i.e., be conditional distributions derived from the same
joint distribution on (6,, 6,), it must be the case that

02(1"01)232(1 -B1)
a(l1-ay) 31(1’32)~

Independence of priors (a stronger condition than consistency) would require that a; = a, and 8; = Bs.
In general, we do not assume consistency or independence of these priors.
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the set {#', 67} (not necessarily the true value). This is done by both agents
simultaneously. The two messages, say m, and m,, are then mapped into a final
allocation by a function F (-, -). The allocation [ Y, A, B] can be achieved simply
by setting F(8', 6') = (v;, a;, by).

Finally, it follows from Theorem 3 (Section 8) that a Pareto optimal p.c.
allocation and a Pareto optimal mechanism can be found by solving
1

max A1(1,0)~[Y+61A](1‘_’

[Y.A.B]

)+A2(0, 1 [Y+02A](1 @2 )

aq —

1 0
+As(Br, 1—B1) [Y+0‘B](O) +Au(Ba 1—Ba) [Y+ezB](1)
subject to (SS.1)—(SS.4) and

2
Y+A+B sE=[2€ e],

2e 2e
A,B=0, y,;e{0,1}, i,j=1,2.

In this problem, the objective function is a weighted sum (A,’s are the weights) of
the expected utilities of each agent for each possible marginal utility (6;). This
guarantees that no agent can be made better off for some possible value of his
parameter without making him or another agent worse off for some parameter
value. The constraints are the self-selection conditions (§S.1)-(SS.4) and the
technological feasibility constraints. In the remainder of this section, we consider
the relationship between these Pareto optimal allocations (i.e., solutions of the
above problem) and full-information Pareto optimal allocations.

Among the full-information (FI) optimal allocations for this environment are
those that satisfy the familiar Samuelson-Lindahl (SL) conditions. Because of the
linearity of utility functions and the production technology, these SL conditions
are that the public good should be built (y; =1) if and only if the sum of the
marginal rates of substitution of private for public good exceed the marginal cost
of building the public good (namely 1), i.e.,

yi=1 ifandonlyif 1/6'+1/6'>1.

These allocations are then FI optimal for any feasible allocation of the private good
in this environment. Given our assumption that 0<6'<1, 6°> 2, these SL
conditions reduce to yy1 =y, =ys =1, y,, =0, i.e., any feasible p.c. allocation
LY, A, B]is an SL allocation so long as

1 1
Y = [ ]
1 0
In addition to these Samuelson-Lindahl (or SL) allocations, it is sometimes
optimal not to build the public good even when 1/6' +1/6” > 1. Such an allocation

is optimal when the agent with low value of 6 (high marginal utility for public
good) has too little of the private good to compensate the other agent. Consistent
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with much of the literature on public goods, however (e.g., Groves-Ledyard [9]
and Brock [2]) we shall focus attention on SL allocations, rather than on such
corner solutions.

We would like to use the remainder of this section to focus on a question which
is not addressed in the other examples, namely, is it possible for an SL allocation to
be achievable but not Pareto optimal in our sense? The answer is yes, thus
suggesting that SL allocations, even when achievable, may not be desirable from a
normative viewpoint. From the positive viewpoint, the affirmative answer means
that one might be able to explain public goods allocations which do not fit the SL
definition of optimality by using our approach.

To answer the above question in the affirmative, one need only provide an
example. Before presenting such an example, however, we would like to motivate
the result.”

An SL allocation requires (only) that the allocation of resources be Pareto
optimal for each possible specification of the parameters (6,, 6,). An SL allocation
does not take into account any trade-off between utility under one parameter
specification and utility under another parameter specification, whereas all that
matters for an optimum in our sense is expected utility of each agent across
parameter values he cannot distinguish (i.e., those of the other agent).
Consequently it may be possible to increase expected utility for example by giving
agent a more utility and b less utility for some specification of (8., 6,) while doing
the opposite for another specification of (8,, ;).

To make this verbal argument a bit more explicit, suppose we have an initial SL
allocation which we want to improve. Moreover, suppose we restrict ourselves to a
reallocation which involves only the private good (i.e., consider only reallocations
which are themselves SL allocations). Let Aa;; be the change in a’s allocation of
private good in the event that (6,, 6,)= (6',6"), i,j=1,2. Since we are not
changing the allocation of public good, the change in 4’s allocation of private good
is given by —A4a;;. The corresponding changes in expected utility are given by

AU = a8 day+(1—a)8' dan, i=1,2,

AU! =—B6' day;—(1-B))0' Aaz;, j=1,2,
where AU} is the change in a’s expected utility when 6, = 6' and similarly for
A U;’. Ignoring the fact that the new allocation must satisfy SS, manipulation of the
above expressions for AU; and AU ;’ reveals that we can accomplish a Pareto
improvement only if

ax(l—ay) 2 B2(1—B1)

ay(l—ay) Bi(1-B2)
This nonequality will hold if, for example, @, < a; and 8, > B;. In this case, agent a

believes that agent b tends to have preferences for the public good which are
similar to his own while agent b believes that agent a tends to have preferences

25 The intuition which follows is due largely to the suggestion of a referee.
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which are opposite to his own. Thus the improvement exploits the fact that the
agents hold different beliefs about the probabilities of the same events.>®

The above discussion does not constitute a proof that there are achievable SL
allocations which can be improved upon. The reasons that it is not a proof are that
(i) we have not shown that there are achievable SL allocations in the first place, (ii)
the construction of the Aa;;’s ignores the requirement that the new allocation must
be achievable, and (iii) we restricted ourselves to changing only the private good
allocation, i.e., we considered only reallocations which were also SL allocations.
As mentioned, however, the proof requires only an example. One such example is
the following.”” The SL allocation

1 1 0.44399 0.22898
= S = =
y=Y [1 0]’ A [0.5 0.72487]’

B [0.05601 0.27102]
“Lo.o 0.77513

is achievable and can be strictly dominated by the achievable SL allocation

s [0 o] _[o.o 0.5]
y="v, A‘[o 15> B=los 0.0

when a;=0.9, a,=0.1,3,=0.1,8,=0.9,60'=1, 6°=2.1.

The above example shows that an achievable SL allocation can be dominated by
another SL allocation. We have also computed an example in which an achievable
SL allocation is dominated by an achievable non-SL-allocation (this example is
omitted for the sake of brevity but is available on request).

10. COMPETITIVE ALLOCATIONS AND PUBLIC INFORMATION

In this section we present one final example which illustrates the important
point that when information is public (or common) the set of feasible allocations is
not restricted by any self-selection conditions. As a consequence, in the environ-
ment of this section, a pure exchange economy, the standard result of welfare
economics that competitive allocations are core allocations continues to hold
when the term ‘“‘core” is used in the sense defined in the previous section.

Consider a pure exchange economy with at least three agents and /=2
commodities. The consumption setis C = R'.. Each agent ¢ has an initial endow-
mente,c C.Forany A< T,A(A)={cac CAIZaeA Ca =2aca €q}. There is a single
parameter, 6; € 0, ={9", 6°}, and given 6;, agent ¢ has preferences defined by

26 Note that this is precisely the condition that the agents’ priors be inconsistent (see footnote 23,
above). If we had more general utility functions, say of the form fu(x)+y where u"# 0, then the
condition which the priors must satisfy in order to be able to improve on some SL allocation would
involve marginal utilities like u'(a;) as well as the probabilities ay, Bi. In this case a Pareto
img;ovement could be possible even with consistent priors.

We are grateful to Jeffrey Branman for use of his mixed integer-linear computer code and for
assistance in implementing it to solve the maximization problem presented in the text. The example
presented below was generated using this code.
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U.(c, 8,) for c € C where U, is concave and monotone increasing in c¢. There is
assumed to be a set of informed traders, T, (with at least two members), who
observe 64, i.e., N,={1}foreach tre T;. Let T, = T — T be the set of uninformed
traders, i.e., N, = O for t € T» (we assume T, # ). We assume that all informed
traders have the same endowment and preferences. We further assume that all
uninformed traders have the same preferences, endowments, and the same prior
distribution on 6,.*®

We restrict our attention to competitive allocations which result from the
competitive equilibrium concepts discussed in Green [7] and Grossman [8] in
which all information is revealed in equilibrium. Suppose cr(6’ )is a competitive
allocation in the above sense when 6, = 6’ for j=1,2. Therefore cr(8’) is a core
allocation relative to preferences defined by U, (-, 6’ ), for | j =1, 2. The proof that
the parameter contingent allocation cr(-) is also a core allocation in the sense of
Section 8 is by contradiction. Suppose cr (- ) is not a core allocation. Then there is a

coalition B and a parameter-contingent allocation cp(-) such that for each
beBn Tz,

2
(1) Zl @;Us[cy(6"), 6'1= Z @; Uslcy(8"), 8]
j= j=1
where ¢; is the prior probability of all uninformed agents that 6, = 6’ (j=1,2)and
foreachbe BN Ty,

2) Uslch(0"), 6'1= Uslc,(8'), '] for j=1,2,

with at least one inequality strict. Since all uninformed traders have identical
concave preferences, endowments, and priors, we may assume, without loss of
generality, that c,(-) is the same for all b € B n T,. Now suppose (2) is strict for
some be BN T, and j = 1. Since ¢(6") cannot be blocked relative to 6" pref-
erences, we must have U,[c}(6'), 8'1< Us[c,(6"), 8'] for all b€ B n T,. But by
(1), this implies that U,[c}(87), 6°]> U,[c,(6°), 8°] for all b € B N T,. But since
(2) holds for j = 2, this implies that B can block cT(Oz) relative to 6° preferences.
This is a contradiction. Clearly, the same argument applies if (2) is strict for some
be BN T,andj=2.The only case left to consider is when (2) holds as an equality
forallbe BN T,andj=1,2. In this case, (1) must hold strictly for all b€ B n T.
Therefore U,[cy(6'), 81> U,[c,(6"), 6'] for at least one j for all b € B~ T,. This
again contradicts the fact that c(6’) is a core allocation relative to 6’ preferences
for this j. This completes the proof.

By Theorem 3, the above core allocation cr(-) can be generated using a direct
mechanism. To see how this mechanism operates in this environment, consider
the following simple example. There are only two informed agents, T, ={1, 2}.
Suppose there are two goods and the competitive allocations for the informed
agents are given by c(8) =c2(8") = (10, 10)and c1(67) = c2(6%) = (5, 5). Note that

%8 This is consistent with the notion that priors reflect the information of the agents and would be
different across agents only if information varied across these agents. Since we are assuming that the
information structure is fully described by N, ={1} for te T, N, = & for t € T, there is no reason to
assign different prior beliefs to different uninformed agents.
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both informed traders prefer the allocation associated with 6, = o' regardless of
the true value of 6,. In the first stage of the mechanism, each informed trader
signals an element of {6, 87}. The final allocation as a function of the two signals is
described by Table I (only the bundles assigned to the informed agents are shown).

Signal of Agent 1

8! 82
(10, 10) (10,10)
91
Signal of (10, 10) (5,5)
Agent2 (5,5) (5,5)
92
(10, 10) (5,5)

The upper half of each box shows the final bundle of agent 1 while the lower half
shows the ﬁnal bundle of agent 2. Thus, for example, if agent 1 signals 6" and agent
2 signals 0 then agent 2 receives (10, 10) and agent 1 receives (5, 5). We claim
thata Bayes1an equilibrium pair of strategies is for each mformed agent to signal
6’ if the true value of 01 is 6'. To see this, suppose 6, =6 '. If agent 2 beheves that
agent 1 will signal 6', agent 2 is indifferent as to signalling 6" or 6° since he
receives (10, 10) in either case.”® He may just as well signal 8'. Similarly if agent 1
believes that agent 2 will signal 6', it is optimal for agent 1 to signal 6' as well. An
identical argument holds if 8, = 6°. Note that the {(competitive) allocation (5, 5)
for both informed agents is achieved when 6, = 6” even though both would prefer
the competitive allocation corresponding to 6, = 0' , i.e., (10,10) for each
informed agent. Thus the informed agents would very much like to collude. Such
collusion is ruled out here by the restriction that there be no communication
between players prior to the start of any game and by the adoption of a
noncooperative equilibrium concept.

11. CONCLUSION

In this section, rather than summarizing our results, we consider some direc-
tions for future research which are suggested by our analysis. These directions
include both theoretical extensions and empirical work.

With regard to theoretical extensions, we would like to point out three
assumptions whose relaxation may be of interest. The first is the assumption that

29 The method of filling in the entries of the box here corresponds to the construction in the proof of
Theorem 2. It is easy to fill in the entries so that each agent strictly prefers to signal the true value of 6,
given that the other agent is also signalling the truth. On the other hand, it should be noted that there is
an alternative equilibrium for the game in the table. It is easy to check that the strategy ‘‘always signal
' regardless of the true value of 6" is also an equilibrium. Moreover both informed agents end up
better off in this equilibrium when 6 = 67 than in the competitive equilibrium. It turns out, however,
that with very mild assumptions on the way preferences depend on 6, it is possible to fill in the
“off-diagonal” entries of the table in such a way that “‘truth-telling” is the only equilibrium and the
competitive allocation the only equilibrium allocation.
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there are only a finite number of possible values of each parameter. We would
hope that our results continue to hold even when some parameters can take on a
continuum of values. In this context, we note, however, that some results of the
signalling literature are not robust to this specification (see Riley [22]). The second
is that the parameters enter the model only through preferences and not through
the technology of production and exchange. It is our conjecture that the results
will go through without this restriction.’® Third, we note that our model is
essentially static. If the environment involves allocation of resources over time, we
could use the Arrow-Debreu device of regarding commodities delivered at
different dates as different commodities. The analysis is static, however, in the
sense that the mechanism which determines the allocation must be fully played
out at the initial date. Thus, although mechanisms may be sequential in nature, we
do not allow them to be played out over calendar time with consumption occurring
while the mechanism is being played. Relaxing this assumption appears to be
difficult and may result in somewhat different conclusions.

With regard to empirical work, we believe that when our general methodology
is applied to specific environments modeled in sufficient detail, testable impli-
cations will be forthcoming. Since we have not modeled explicitly the process by
which mechanisms are chosen, such implications would have to follow from the
hypothesis that somehow an ‘‘efficient” (core, etc.) mechanism is chosen.
Unfortunately, this procedure has two drawbacks. First, there may be constraints
which limit the ability of the agents to achieve core mechanisms. If one thinks such
limitations important in a specific application, then one must incorporate them
into the environment or explicitly model the mechanism choice process. Second,
there may be (and usually are) a large number of core mechanisms. This will, of
course, reduce the sharpness of any predictions. Explicit modeling of the
mechanism choice process may greatly sharpen the predictions. One trivial way of
modifying our approach to include a specification of the mechanism choice
process is to assume that one agent has the power to choose the mechanism while
all other agents are left only with the choice of whether or not to participate. This
approach has been taken by Harris and Raviv [10, 11] to explain various types of
observed monopoly marketing schemes. Obviously this modification of the
approach is appropriate only in environments in which one agent has monopoly
power. More generally applicable approaches to the issue of the mechanism
choice process are clearly needed.”'

Finally, we would like to focus some attention on the role of prior beliefs in our
approach. As the foregoing analysis makes clear, such beliefs play an important

30 The problem with allowing the parameters to enter through say the production technology
instead of through preferences, is that then which allocations are feasible may depend on the particular
parameter draw. If so, it may not be possible to specify a mechanism which is independent of the
parameters but which still always results in a feasible allocation. In some applications this problem can
be finessed, if the model can be formulated so that the set of feasible allocations does not depend on the
parameter draw. In the agency model of Section 2, for example, the original specification of the model
was such that the relevant parameter was associated with the production technology. In that case,
however, it was possible to respecify the model in such a way that the parameter entered through

preferences.
*! Much of the discussion in this paragraph is due to the suggestion of a referee.
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role in the analysis: which mechanisms and which allocations are efficient in our
sense often depend on prior beliefs of agents concerning parameter values they
cannot observe. For the purposes of positive analysis, if priors are not observable
by the economist, then the theory may be consistent with a very large class of
observed mechanisms and allocations, although some positive implications are
robust to the specification of prior beliefs. Thus, in order to get strong testable
implications, it may be necessary for the economist to specify particular priors (or
classes of priors) as part of his theory. For some applications, this may be no more
difficult than specifying other aspects of the environment, however. For normative
purposes, the economist may also need specific information on priors in order to
suggest an efficient mechanism. Again, this may or may not be difficult relative to
the ever present task of modeling the other aspects of an environment. Finally, we
would like to point out that for some environments (e.g., the agency model
analyzed above), there are mechanisms which are efficient for any prior beliefs.**
Such mechanisms have great intuitive appeal, probably for this reason. Indeed, a
reasonable hypothesis is that observed mechanisms will be such prior-free
efficient mechanisms when they exist. An interesting topic for further theoretical
and empirical research is under what conditions will such prior-free efficient
mechanisms exist.

Carnegie-Mellon University

Manuscript received January, 1979; revision received February, 1980.

APPENDIX: PROOFS OF THEOREMS

Before proving the theorems stated in the text, some further notation and a definition are required.
As mentioned in the text, if, for some given mechanism for a set of agents A, one knows the actual
parameter values, 6,4, and the strategies to be used by each agent at each stage, o, then one may
compute the implied sequence of signals which will be sent under this mechanism. This can be done
recursively as follows. The signals sent at stage 1 are

Sa1=[0a1(5%, 0%)]aca = Tar(sh, 6a).
Thus

(A1) sh=[s% ga,lsh, 04)]

Similarly
Sa =[5h, 0as(sh, 64)]

when sk is given in (A1l). Clearly we may continue this process until all the signals s have been
computed. We denote by ¥}, (4]0 ) this sequence of signals as a function of 6, given the strategies
oa. We also denote by ¥ (4]0 ) the subsequence consisting of signals for each agent from stage 0

through stage ¢ (for 0 << 7). Note that this sequence of signals depends only on strategies through
stage 1.

32 For example, in the agency environment the following mechanism is a core mechanism regardless
of the principal’s prior. (A proof of this statement for a slightly different model is given in Harris and
Townsend [12].) The mechanism has two stages. In the first, the principal proposes any pair of feasible
allocations. In the second, the agent may choose either of these two allocations or autarky. Naturally,
the equilibrium allocation of this mechanism will depend on the principal’s prior.
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We will also need to define precisely the concept of feasibility (relative to some mechanism) for
sequences of signals and strategies. A sequence of signals sj is feasible for a mechanism M, =
[7, Sa, F1if 54 € Sar(s's ") foreachae A, t=1,..., 7. A sequence of strategies o 4 is feasible for M, if
for any 6, € @4, W4 (84lo4) is a feasible sequence of signals for M,.

Theorem 1 is proved using the following two lemmas.

LEMMA 1: Let A be any set of agents, M4 be a mechanism for A with equilibrium (o, pX7), and let
Ap be any possible value of a’s vector of private parameters. Then for any vector of values for those

parameters which are not privately observed by a, £§;, W s (0p, Exloy’) is a feasible sequence of signals
for M 4.

PROOF: This is obvious since ¥ (85, £4;/0%") is an equilibrium sequence of signals for M in any
environment in which the parameter values are given by (85, £5;). Q.E.D.

Lemma 1 shows that it is always feasible for any agent to evaluate his equilibrium strategy at any
value for his vector of private parameters even if this value is different from the true value. Lemma 2
will show that, relative to prior beliefs about the parameter vector &, it is always optimal for any agent to
use his equilibrium strategy as opposed to any other strategy which, given the equilibrium strategies of
the other agents, results in a feasible collection of strategies.

LEMMA 2: Suppose A is any set of agents and Ma =[1, Sa, F] is a mechanism for A with equilibrium
(o, o). Forany agent ac A, if (67, o) is a feasible sequence of strategies, then

E{UF. (W4 (éaloR)), €16} = EAULLF. (W (éalo”, 00)), €167}

for any value of the parameter vector 6* observed by agent a. Here the expectation E, is taken over the
entire parameter vector £ using a’s prior distribution p,(£6°).

PROOF: The proof is by backward induction on the stage. We first show that if agent a has used
strategies o, fort=1, ..., 7— 1, itis optimal (relative to his prior) to use o at stage 7. By definition of
equilibrium for a mechanism, it is optimal (relative to his posterior at stage 7) for agent a to use o, at
stage , for any erevious history, si . This is true, in particular, if s, ' is a history generated by the
strategies (o™ ', o ') for some parameter vector £ Let

sa @ =va ek el
Also, to streamline the notation, let
Qi(sh ', &)= UdFlsk ', ok (sa ', £a)], &),
Qusa ', &)= UdF.[sa ', ok(sh ', &), 0u, 50 1 €9, &),

Thus Q* (s ', ¢)is agent a’s utility if the history through stage 7 — 1 is s ', the parameter value is ¢,
and each agent uses his equilibrium strategy at the last stage. Similarly, Q,(s% ', &) is agent a’s utility
in the same circumstances except that a is assumed to use the alternative strategy o, at the last stage.

Now for s ' =s% (&), Au(si')# O since at least £ d,.(sk ). Thus, it follows (from the

definition of equilibrium for a mechanism), that

; Qs '(£),810.(816%)/Karlsh ' (£), 8]

Sedarlsa (£

= ¥ Q.57 ' (£), 6104(816°)/KurlsT ' (£), 6]

scdarlsa (&)
or, multiplying both sides by K,.[s% ' (£), 6],
(A2) Y, {O (), 8]- Qulsk (), 81pa(8l6%)=0.

scdarisa ()]

But (AZR must hold for each ¢ Moreover, for any two parameter values, ¢ and ¢/, either Aa,[s:(l &)=
Aa,[sf{ (£)] or the two sets do not intersect at all, i.e., if the two sets intersect, then the two histories
s7 ' (£) and s, '(¢) must be the same. Therefore, if we sum the relation (A2) over all parameter
values, £ but eliminate double counting by eliminating one of the values ¢ or & whenever
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A IsW O] = A, 0531 (£)], we obtain

Y Qs (&), Elpa10) = ¥ Qulsh (&), Elpatéla“r.
€€ @

ée @

Recalling the definitions of Q% and Q,,, this shows that it is optimal (relative to his prior) for agent a to
use strategy o, at stage 7 if he has used o, in stages 1, ..., 7 - 1, assuming that all other agents are
using their equilibrium strategies at all stages. It can then be shown (using the same argument) that it is
optimal (relative to his prior) for agent a to use o, | at stage 7~ 1 given that he used o, for
t=1,...,7—2 and that he plans to use o, at stage 7. This then shows that (relative to his prior) the
sequence of strategies o,, ..., Tar 2, Oh. 1, 0. dominates the sequence o for agent a. If we
proceed with this backward induction we obtain that o%” dominates o, for agent a (relative to his
prior) as is claimed in the lemma. Q.E.D.

We may now prove Theorem 1.

THEOREM 1 (Self-Selection for Mechanisms): Suppose M, is a mechanism for a set of agents A.
Then for any agent a and any value of agent a’s observed parameters 6,

Y Udlea(Ma, £a), lpal€l0) = Z)Uu[cu(MA,ﬁﬁ'a, £n), Elpa(£10%)

£=0

for any other possible value of agent a’s private parameter vector, §'p.

PROOF: Let 8 be any vector of values for agent a's observed parameters and let 8 by any (other)
values for agent a’s privately observed parameters. Let M, be any mechanism for A (where ac A)
with equilibrium (%", pX"). Then

calMa, 85, Er) = F{W 4 (85, £1loy

for any values ¢} for the parameters that agent a does nm ?rlvately observe. Forany =1, , T, any
values ¢ of a’s observed parameters, and any history s'y ', define a strategy o, for a by

(T“,(S,; ,f ):{7‘1}(3/{ ,5?’,50)

where £ is the sub-vector of ¢“ consisting of those values which a observes but not privately. Thus o,
is the equilibrium strategy of a at stage ¢ but with the values 8% substituted for a's private parameters
regardless of their true values. Then for any parameter vector ¢4 observed by agents of A,

- L kT 7 - 10| Ty
Valéaioz ,oo) = VialSp Enlo i)

Therefore, by Lemma 1. (0", v, ) is feasible. The result then follows from Lemma 2 and the definition

of ca(Ma, €a). Q.E.D.

THEOREM 2: For any p.c. allocation ¢ 4 which satisfies S, there exists a direct mechanism D 4 such
that Cao(04) =ca(Da, 64) for any parameter vector 4. Furthermore. if all parameters are privately
observed, i.e. 0“ = 0'p for each agent a, then the allocation rule F for D 4 can be assumed to be the same as
the p.c. allocation ¢ 5.

PROOF: Let cA be any {feasible) p.c. allocation Wthh satisfies SS. Define @ wea @7 with
typical elements 8™ = (8%),. 1. Note that. in general, Ot # @, since an element of () will contain
rcpeat values of any parameter which 1s observed by more than one agent (For cxample suppose

A={a b}, N={1,2,3} N,={1,2}, N, ={2,3}. Then 6 =(61, 6%) and 6" = (65, fm so that 6
(61, 65, 8 63 ) whllc 64 would be of lhe form (84, 02, 03).) Let Z be the subset of @ consisting of dll
those values of 6" suLh that whenever two agents. a and b, both observe a parameter, say parameter k,
the values 6§ and 6} agree, i.e.,

Z=1{6"c @*for anya,be Aandany ke N, A N;, %= 6%},

For any k€ N and any 6™ Z, define z;(8™) to be the common value of #y for any agent a who
observes parameter k, i.e. for any a such that k € N,,. Thus z; is a function from Z into O,. Fmally, let
z= (zk)k € N4. (In terms of the above example, Z consnsts of all those values of 8” for which 65 =65.
If 6 is such a value, then z(6™) = (6%, 05, #5)= (6%, 85, 6%).)

We wish to construct a mapping F which associates with each value A" a feasible allocation, i.e.
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F:@" > A(A), such that F satisfies the following two constraints:

(A3) forany 0% e Z, F(6™)=calz(6™)]
and
(A4) VulF, 8% v*) < Va(F, v, v*)

for any agent a and values §“ and y“ of a’s observed parameters, where
Vo(F, 8, v*) = E{UL[F.(8% £), €]y},

Here F, is the bundle assigned by F to agent a, £% = (¢°)b € @, and the expectation is taken with respect
to a’s prior p,(&|v).

The mapping F will be the allocation rule of the direct mechanism whose equilibrium allocation is
¢a- Recall that in this mechanism, there is only one stage in which each agent a reports a value for each
parameter he observes. Thus a’s signal w1ll be an element 6 in ®“. Condition (A3) requnres that if the
reported parameter values of all agents, 6, agree for jointly observed parameters, i.e. §* € Z, then the
rule F should give the same allocation as ¢4 would if evaluated at the corresponding value z(GA), i.e
after throwing out duplicated parameter values sent in by several agents. Condition (A4) requires that,
given F, each agent (weakly) prefers to report the true values of his observed parameters, vy, to
reporting any other values §“, provided that all other agents report their true values. That is, condition
(A4)requires that F be such that telling the truth are Nash strategies against F. From this discussion, it
is clear that if we can find such an F, then the direct mechanism with allocation rule F will be the
mechanism required in the statement of the theorem and that the identity maps on @ for each agent a
will constitute a set of (Nash) equilibrium strategies for this mechanism. The remainder of the proof
consists of constructing such a rule F using the assumption that ¢4 satisfies SS.

First consider the case where all parameters are privately observed, i.e., N, n N, = & for any a # b.
In this case Z = @ = @4 so any allocation rule, F, for the direct mechamsm is just a p.c. allocation.
Therefore, for any such rule, F, the above definitions reduce to

ValF, 8% v )= Y U.F.(8% £5), £lpa(£]¥*) (note 5% = 5% in this case)
o]

£e 6

and
V(F, vy, v = V,(F,, v%). (See the definition of V,, in Section 8.)

Moreover, if we take F = (4, then F satisfies (A3) (since Z = @4 and z is the identity in this case). Also
F = (4 satisfies (A4) by definition of SS for p.c. allocations (see Section 8). This proves the theorem for
this case.
For the case in which some parameters are observed by more than one agent, define F as follows. For
eZ. let

F(0™) = ¢alz(6™))

so that (A3) is satistied by definition. We must now define F on Z'= O* — Z such that (A4) holds.
From the definition of V/,, it is clear that we need only be concerned with elements of Z of the form

(8%, £") in which all SIgnaIs agree for jointly observed parameters except that one particular agent (a)
may disagree with the other agents. Accordingly, for any 6 € Z' of the form (84, &), define

F(8°, &%) = Cal83, £51).

Thus F is defined to be ¢4 evaluated at values reported by a for his privately observed parameters and
at values reported by the other agents (assuming they agree on jointly observed parameters) for all
Sther parameters.

For elements of Z' not of the above form, let F be any feasible allocation, i.e. any elementof A(A).
This completes the construction of F. Given the remarks following the statement of conditions (A3)
and (A4), it remains only to show that F satisfies (A4). But

ValF 8% y") = ¥ UL[C.(8%, &), €lpa(£ly®) by construction of F,
£e @

< V(¢ ") since ¢4 satisfies SS,

=V, (F, v y“) since F satisfies (A3).
Thus F does satisfy (A4).
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The mechanism D4 =[1, @*, F]is the required mechanism since under D4 identity maps will be
equilibrium strategies (since F satisfies (A4)). Therefore the equilibrium signals will be 6 if the true
value of the parameter vector is 64. Since all agents will report the same (true) value of jointly observed
parameters, 8™ € Z, so that F evaluated at these equilibrium signals will simply be ¢4(64), i.€.
ca(Da, 64) = Ca(84) as required. Q.E.D.

THEORLM 3: If ¢4 is a core allocation, then there is a direct core mechanism M4 such that the
equilibrium allocation of M4 coincides with Ca, i.e. CA(04)=ca(Ma, 6,4) forall 4. Conversely, if M4 is
a core mechanism, then ca(Ma, -) is a core allocation. The theorem also holds if ““core” is replaced by
“Pareto’ or “‘individually rational Pareto.”

PROOEF: We prove the theorem only for core mechanism and allocation. The proofs for Pareto and
individually rational Pareto mechanism and allocation are exactly analogous.

Suppose (4 is a core allocation. By definition ¢4 satisfies SS. Using Theorem 2, let M, be a
mechanism for A such that

Cal0a)=calMa, 64]

We claim that M, is a core mechanism for E%, for suppose not. Then there is a coalition B< A and a
mechanism M for B such that

W,[M3p, 6°1= W,[Ma, 6°]

for all agents b € B and 6° € ©° with at least one inequality strict. Let £3 = cg[Ms, - ]. Then
Vi(és 6°) = Wy[Ma, 6°]

and
Vi (i, 6°) = W, [M 5, 6°]

But xp satisfies SS (by Theorem 1), so B can block cA (using Xg) contrary to the assumption.

Now suppose M, is a core mechanism for E%. Let ¢4 = ca(Ma, - ). Thus €4 satisfies SS by Theorem
1 and the fact that V,(é,, -) = W,[M,, - ]. Now suppose that B can block ¢4 for some coalition B < A.
Then there is a p.c. allocation % (feasible for B) such that Xg satisfies SS and

Vi (Fp, 8°)= V(G 6°)

for all b and 6° with at least one mequallty strict. Usmbg Theorem 2, let M i be a mechanism for B such
that Xg =cg(Mp, -). Then V,(%, 6°)= W,(M3p, 6°), and so B can block M, (using Mj) in
contradiction of the assumption that MA is a core mechanism. Q.E.D.

THEOREM 4:If T ={a, b}, N, =N, N, # N, and ¢} is a Fl optimal p.c. allocation which satisfies SS,
then ¢% is a Pareto p.c. allocation (in the sense defined at the beginning of Section 8).

PROOF: First note that since N, =N, for any 6§ € ©
(AS) Va(éar 8%) = U,[c.(6), 6].

Now suppose ¢% is FI optimal and satisfies SS. We need only show that no other ¢’ can strictly

dominate ¢% in the sense of Section 8. Suppose, to the contrary, that ¢7 is a p.c. allocation which
satisfies SS and

Vi(é1, 6') = V. (T, 0")

for each te T and 6'€ @' with at least one inequality strict.

CASE 1: V, (¢}, 6%)> V,(¢F, 6°) for some 6° € ®”. Then for some £¢€ O such that ¢ = ¢°,
Us[€5(), £1> Up[¢3(8), €]
Since ¢% is FI optimal, this implies
Ualéa(£), £1< UaLE51(8), €]
or using (A5),
Val€o E1< Va3, €]
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This is the desired contradiction.

CASE 2: V,(El, 6%)> V, (¥, 0°) for some 6 € O. Using (1), this implies that

Ualéa(6), 81> Ua[3(6), 6],

and since ¢% is FI optimal, we must have

(A6) Uslc3(6), 61< U,lc; (6), 6].

Furthermore, since V, (¢, £%) = V, (¥, £°) for every £ € @, using (AS),
Ual€u(8), £12 U,[E35(£), €] forevery £€ 6.

Consequently, since ¢% is FI optimal,

(A7) Usl¢4(&), €1= UpléF (§), €] forevery £€ O.

But (A6), (A7) and the definition of V,, imply that
Vi (3, 87) < V,(¢E, 68°),

the desired contradiction. Q.E.D.
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