A Semistructural Methodology
for Policy Counterfactuals

Martin Beraja

Massachusetts Institute of Technology and National Bureaw of Economic Research

I propose a methodology for constructing counterfactuals with respect
to changes in policy rules that does not require fully specifying a partic-
ular model yet is not subject to Lucas critique. It applies to a class of
dynamic stochastic models whose equilibria are well approximated
by alinear representation. It rests on the insight that many such models
satisfy a principle of counterfactual equivalence: they are observation-
ally equivalent under a benchmark policy and yield an identical coun-
terfactual equilibrium under an alternative one.

I. Introduction

Economists follow either structural or reduced-form (and semistructural)
approaches to answer counterfactual questions. The former relies on spec-
ifying primitives of a particular model. This is a daunting task whenever
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researchers are uncertain about features of alternative models that are
hard to distinguish with available data and reasonable a priori. If counter-
factuals differ under these alternative models, their credibility is under-
mined. The latter approaches require less commitment to a particular
model and have proven useful to evaluate observed policy changes, as
in Sims (1980). However, the structural approach is the leading paradigm
for studying unobserved, potential changes in policy rules because the
analysis is not subject to the critique in Lucas (1976). Are there then rea-
sonable circumstances when we can analyze the effects of a counterfactual
policy rule change without having to commit to a particular model?

In this paper, I propose a semistructural methodology for constructing
counterfactuals with respect to policy rule changes. Itis useful in circum-
stances when a linearization approach is reasonable and we do not wish
to fully specify a model’s microfoundations, yet we are worried about us-
ing approaches that contain too little information for the analysis to be
immune to Lucas critique, like those based on structural vector auto-
regressions (SVARs).' The method hinges on an insight about dynamic
stochastic models with equilibria that are well approximated by a linear
representation, like the ones in Uhlig (1995). The insight is that many
models that can match an economy’s reduced-form equilibrium under
a benchmark policy rule—observationally equivalent models—will also
generate an identical counterfactual equilibrium under an alternative
policy rule. Regardless of their microfoundations, these models thus sat-
isfy a principle of counterfactual equivalence.

The method has three steps. The first is using data from an economy
under a benchmark policy rule to estimate a recursive law of motion of
the equilibrium of dynamic stochastic models—a reduced-form model.
The second is imposing restrictions on these models’ equilibrium equa-
tions. They need to be enough to identify all coefficients in such equa-
tions—the structural model—given the reduced-form model. The last
step is solving for the counterfactual equilibrium under an alternative
policy rule, given the identified structural model. As such, the method
isin the spirit of ideas advanced at the Cowles Commission (e.g., Hurwicz
1962; Marschak 1974) as well as more recently by the literature on suffi-
cient statistics (e.g., Chetty 2009).?
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* Marschak’s maxim says that for many policy questions, it may not be necessary to fully
identify all model parameters but only combinations of subsets of parameters. Hurwicz
(1962) noted that these should be policy invariant.
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II. Tllustrative Example: Interest Rate Rules
in New Keynesian Models

The goal of this section is to illustrate the semistructural methodology in
a simple example. I consider counterfactuals with respect to changes in
interest rate policy rules in the context of three-equation New Keynesian
models. I begin by describing notation and language that will be used
throughout. I then show that different models are counterfactually equiv-
alent. Finally, I show how to construct counterfactuals without having to
specify a particular New Keynesian model.

The canonical New Keynesian model describes the equilibrium behav-
ior of output y, inflation m, and the nominal interest rate 7, in log devia-
tions from a zero inflation steady state in terms of three equations. In ma-
trix form, the equilibrium conditions include the Euler equation and the
New Keynesian Phillips curve (NKPC),

Vi+1 b/
1l 10 -1
0= o [E, T+ + o ™
08B0 ) k —1 0 .
e L4 (Euler)
Vit b (NKPC)
000 100
+ w1 | + a |,
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and the interest rate policy rule,

Yer1 e V-1
O:[O GWOME, Tt +[0)‘ 0 _1] ™, +[0 00,] T—1
Ut U U1
b, (Rule)
+[0 0 1]| a
m
where 1 /0 is the intertemporal elasticity of substitution, 3 is the discount
factor, k is a combination of subsets of parameters (e.g., the frequency of

price changes), and {0,, 0,, 0} are policy rule parameters. Moreover, {b, a,
m,} are assumed to be independent AR(1) processes described by
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b
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where N is a diagonal matrix of parameters governing persistence and {e/,
€/, €'} are a demand shock, a cost-push shock, and a monetary policy
shock, respectively.

From now on, let £ denote the collection of matrices with structural
parameters in (Euler) and (NKPC), and let ® denote the collection of
matrices with policy parameters in (Rule). I will say that p = {£, 0} is
the structural model described by the structure £ and the policy ©.

Suppose that there is a unique and stable recursive law of motion of
the equilibrium:

e Y1 bz
m| =P|m,| +0| a | (RLM-NK)
U U my

From here on, I will say that I' = {P, Q, N} is the reduced-form model,
where P and Q are the (stable) solution to the nonlinear system of matrix
equations

1 1 (P QN + PQ
1-0-10-—-000100
o o P Q
060 «-10000010 = 0s. (SMERLM-NK)
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For example, the structural model p° described by structure £° and policy
@’ below,
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®0

has the reduced-form model I'®
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[0 0 —0.35 1.70 —0.50 —0.59
PP=100-016|,0" = |1.46 324 —0.27 |,
10 0 0.38 159 1.61 0.63
0.9 0 0
N'=10090]|
L0 00

A.  Observational Equivalence

Many models have the same reduced form under policy ®°: they are ob-
servationally equivalent. To see this, consider two models with a different
NKPC. The first one is from Gabaix (2020), where firms are inattentive.
The NKPC in this behavioral model is

Vir1 W
0=1[0B8M O|E | T | + [xm/ =1 0]|m
iz+1 il
(NKPC1)
V-1 b
+[000]|my|+[010]|a

s

U m

where M’/ and m/ govern inattention to future economic conditions. The
second model is from Christiano, Trabandt, and Walentin (2010), where
firms need to borrow short term to finance materials and labor inputs.
The NKPC in this working capital model is
Vir1 b/ V-1
0=[0 BOJE, | ms | + [k =1 x]|m | +[0 O O] m
Z‘1+1 iz it—l
b
+[0 v 0]| a

m
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where x and y are combinations of parameters and account for financ-
ing and materials needs.

The behavioral model has reduced form I'” because it has structure £°
when BM/ = 0.9 and kn/ = 0.3. The working capital model has reduced
form I'® even if it has a different structure £':

1
1 l0—1 0O —— 0001 00
g o= 2 2 .
0070 0 0.38 -10.040 0 0 0150

The common feature of these models is that their structures satisfy exactly
six restrictions per line; see the structure in (Restrictions) below. As
lemma A.1 in the appendix shows in the general case, this feature makes
them observationally equivalent.

B.  Counterfactual Equivalence

Consider a policy change from ©° to ®'. There are models that have the
same reduced form I'’ under policy ®° that also have the same reduced
form I'" under policy ®': they are counterfactually equivalent. But not all
observationally equivalent models satisfy such a principle of counterfac-
tual equivalence.

For instance, consider a more hawkish interest rate rule with 6, = 0
instead of 6, = 0.4. Then, both the canonical model and the behavioral
models associated with structural model {£°,0'} have the same reduced
form T"" but the working capital model associated with structural model
{£',0'} has a different reduced form I''. In particular, the two counter-
factuals are

0 0 —0.63] [5.32 —1.56 —0.84 ]
P'=100 —-034],0" = |586 195 —0.38 |;
0 0 048 | 3.32 1.11 0.90 |
[0 0 —0.63] [5.72 —1.67 —0.84
P'=100-033[,0 =536 210 —0.38 ]|
[0 0 049 | [8.03 1.19 0.90 |

The example shows that the principle of counterfactual equivalence is
intimately related to Lucas critique. If the data-generating process is the
structural model p°, a model with structure &' would match the reduced
form I'” under policy ©° but would lead to the wrong counterfactual I'"
under policy ®'. Such a counterfactual analysis would not be immune
to Lucas critique.
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C.  The Semistructural Methodology

Suppose that a researcher has estimated the reduced form I'° using data
from an economy under the interest rate policy rule ®°.> Knowledge of
this reduced form is not sufficient to identify a counterfactual with re-
spect to a policy rule change. However, assume that the researcher also
has some a priori knowledge about the structural model that generated
it. In particular, she knows that the structure £ satisfies the following six
restrictions in each of its lines:

Sll El? 0 514 O Slﬁ El7 SIS 0 1 O O
£ = (Restrictions)

12§20 0 £21 &5 0 £7 850 0 10

The restrictions imply, for example, that only demand shocks shift the
Euler equation—the coefficients {£11,£110) associated with {a, m,} are set
to zero—or that the interest rate does not appear in the NKPC—the co-
efficients {£43,£096,E50} associated with {i4,, 4, 4} are set to zero.

Imposing these restrictions is enough to identify the unknown coeffi-
cients in the structure £, given the reduced-form model I'’ and the policy
®°. The reason is that, as theorem 1 shows in the general case, knowledge
of {I'’,@° imposes only six restrictions per line in the structure, whereas
there are 12 unknown structural coefficients per line. Then, imposing
six additional restrictions per line identifies the full structure £°.

Finally, to construct a counterfactual equilibrium, the researcher pro-
ceeds as usual: solve a system like (SMERLM-NK) for {P',Q'} given the
structure £° and a counterfactual policy ®' of interest. The counterfactual
equilibrium is identical for all models described by the same structure £°
regardless of their microfoundations, like the canonical and behavioral
New Keynesian models in the example above. Itis also robust to variations
across models with different structures £ that are nevertheless counter-
factually equivalent; these are described by lemma A.2 and propositions A.1
and A.2 in the appendix.

III. General Case: Policy Rules in Dynamic
Stochastic Models

In this section, I present the semistructural methodology for policy coun-
terfactuals. I first describe the class of dynamic stochastic models that it
applies to. Then, I introduce the principle of counterfactual equivalence
and show the main result that underpins the methodology.

Consider dynamic stochastic models with equilibria that are character-
ized by a linear system

* Appendix A.3 shows how to recover the reduced form when the equilibrium has a
SVAR representation.
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0 = FE,[x+1] + Gx, + Hx—y + LE,[z1,] + Mz,

0

O/E [x1] + O + Opx—1 + Oz, (SME)
0= —z4 + Nz + €41,

where x,is a column vector of length & that includes all observed endog-
enous variables in deviations from the steady state—a number p of which
are policy variables—and z, is a column vector of length s that includes
exogenous unobserved state variables. As Uhlig (1995) and the appendix
show, many models’ equilibria can be approximated by such a system.

DerINtTION 1 (Structural model). A structural model p = {£, @}
is described by a structure ¢ collecting policy-invariant matrices
§=[F G H (LN + M)] and a policy @ collecting matrices of endoge-
nous policy rule parameters ® = [®; O, O, O, ].

The coefficients in structure £ are combinations of parameters derived
from fully specifying a particular model—for example, a New Keynesian
model. They often lack a direct economic interpretation. Coefficients
in policy ® do have such interpretation—for example, interest rate rule
parameters. Note that the definition implies that policy does not affect
steady-state values potentially in .

Next, I restrict the class of models in (SME) to those that satisfy two
assumptions.

AssumpTION 1 (Stability). {£, N, O} are such that the system (SME) is
stabilizable.

Under assumption 1, there is a stable recursive law of motion of the
equilibrium

x = Px, + Qx,
(RLM)
z = Nz + €,

where P and N have all eigenvalues inside the unit circle. In particular,
using the method of undetermined coefficients, {P, Q} solve the nonlin-
ear system of matrix equations

(P) QN + PQ
F G HIN+M P Q
= 0,4s. (SMERLM)
®f 0, @,, 0. k.(8h+s) I ()
0: IA (3k+s) .(k+s)

AssumMpPTION 2 (Uniqueness). {§, N, ©} are such that {P, Q} are
unique.
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The assumptions ensure that the reduced-form model defined below
is stable and unique.

DerINITION 2 (Reduced form). The structural model g has the
reduced-form model I' = {P, Q, N}.

A.  The Principle of Counterfactual Equivalence

The examples in section II and appendix section A.2 illustrate that many
models are observationally equivalent: they have the same reduced form
under a given policy ®. Lemma A.1 in the appendix formally character-
izes a set of observationally equivalent models in the general case. It shows
that the structural model cannot be uniquely recovered from the reduced-
form model. There are 3k + s coefficients in each line of the structure &,
yet the reduced form I' imposes only k£ + s linear restrictions per line.

Next, consider a policy change from @° to ®'. Many models that have
the same reduced form under ®° would typically have a different counter-
factual equilibrium under ®'—the Lucas critique. But are there models
that have reduced form I'” under policy ®° that also have reduced form I'!
under policy ®'? I will say that such models satisfy a principle of counterfac-
tual equivalence: they are observationally equivalent under both a bench-
mark and a counterfactual policy.

Section II and appendix section A.2 show examples of models that sat-
isfy the principle (and some that do not). Lemma A.2 and proposi-
tions A.1 and A.2 in the appendix characterize a set of counterfactually
equivalent models in the general case. They show that there are two types
of counterfactually equivalent models. The first is all models with the
same structure £. These models are nevertheless different from each
other in that they have different microfoundations. The second type is
models with different structures but that satisfy the conditions in the
lemma. For example, the propositions show that a sufficient but not nec-
essary condition is that the lines in a model’s structure are linear combi-
nations of the lines in another model’s structure.

B.  The Semistructural Methodology

The central question of how to construct a counterfactual without hav-
ing to commit to a particular microfounded model can now be stated
as follows: What additional restrictions need to be imposed on the struc-
tural model p so that knowledge of the reduced form I'” under the ob-
served policy ®° uniquely identifies a structure £° and therefore a unique
counterfactual I'" under a counterfactual policy ©'?

The theorem shows the answer: it suffices to impose 2k independent
linear restrictions in each line [ = {1,... k — p} of the structure, where
k is the number of endogenous variables in (SME).
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TraEOREM 1 (Counterfactual identification). Let{R, r,} describe a set
of 2k independent linear restrictions on the coefficients in line / of a
structure . Given observed policy ®° and reduced form T, there is a
unique structural model p° = {£°,©"} that

i. has reduced form I'” under policy ©°% and
ii. has a structure £° that satisfies the restrictions R,(£])" = » in each
ofits lines [ = {1, ...k — p}.

Then, given & and counterfactual policy ®', there is a unique counter-
factual reduced form I,

The proof is by construction. As such, it describes a semistructural
methodology for policy counterfactuals. We noticed before that solving
for the reduced form I entailed solving the nonlinear system of equa-
tions (SMERLM), given the structural model u° = {£°,0°} and N°. How-
ever, consider the reverse mapping instead. Given the reduced form I,
(SMERLM) implies a linear system of equations that any structure £ must
satisfy in order to match this reduced form.

In particular, each line [ = {1, ...k — p} in a structure solves

F
(P')" P" I 0, G

070 0 0N/ 0 , = O(/¢+.\).1-
(Q N +P Q) Q Ok Is (k+s) .(3k+s) ]-Il

(LNO + M>/l (3k+s).1

This system is generally underdetermined: many structural models have
the same reduced form. There are 3k + s unknown coefficients but only
k + s equations. Then, adding a set {R, r} of 2k independent linear re-
strictions for line /, we obtain the exactly determined system

E/
PP Lo, ;
1
(QONO +P0Q0)/ Q(J/ Ok IS /
H,

R4 (3k+s).(3k+s)

(LNO + M)li (8k+s).1

[ O(k+s).1 ‘|
T (3k+s).1

Solving this system for every line [ uniquely identifies a structure £°
that (i) generates I under ®° and (ii) satisfies {R, 7,}. To construct the
unique counterfactual I'', we then solve the usual nonlinear system
(SMERLM) for {P', Q'} given structure £° and counterfactual policy ©'.
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IV. Discussion

Knowledge of the reduced form alone is not sufficient to identify a coun-
terfactual with respect to a policy rule change. Since Lucas (1976), it has
been thought that fully specifying a model’s microfoundations was needed
to fill this gap and to ensure that the counterfactual accounts for changes
in the behavior of agents that understand that policy has changed. The
semistructural methodology just described shows that this is not necessar-
ily the case: we can construct a counterfactual with sufficient knowledge
about the structural model p alone.

There are three nontrivial parts to the methodology. The first is realiz-
ing that a counterfactual depends only on the structural model p and not
the particular microfoundations that led to it (as sec. IT illustrates). This
requires momentarily abandoning how we typically think about models
and instead thinking about them as a collection of equilibrium equations
and matrices. The second is to realize that imposing restrictions directly
on equilibrium equations can identify a structure £ and thus a counter-
factual. This requires noting that the reverse mapping from the reduced
form to the structure is linear (as the proof of theorem 1 shows). The last
is realizing that the counterfactual is robust to variation in primitives
across models with identical structures but also more generally across
all that belong to a counterfactually equivalent set. This set is character-
ized by lemma A.2 and propositions A.1 and A.2 in the appendix.

The required restrictions can be obtained in two ways in practice. The
firstis from inspecting the equilibrium equations of known models. If an
equation satisfies a restriction in many models, then this is a good can-
didate to be part of the 2k required ones. The examples in section II
and the appendix as well as Beraja (2022) follow this approach. The sec-
ond way is ad hoc. Try different restrictions and check how the counter-
factual changes—a form of sensitivity analysis.

V. Conclusions

I have presented a semistructural methodology to construct counter-
factuals with respect to policy rule changes that does not require commit-
ting to a particular model. It rests on an insight about widely used linear
dynamic stochastic models that I have called the principle of counterfac-
tual equivalence. The principle says that many models that are observa-
tionally equivalent under a given policy also yield an identical counterfac-
tual equilibrium under an alternative one.

The examples here served to illustrate the methodology but are not
enough to assess its practical relevance. A richer application is Beraja
(2022). It shows that US fiscal integration helps stabilize regional busi-
ness cycles. That paper and appendix section A.2.3 also show two other
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uses. First, while it may not be computationally hard to compute counter-
factuals for several models, the methodology boils them down to their
core essence. This can help clarify which assumptions are important
and organize previous results coming from disparate models in a litera-
ture. Second, the methodology can guide building new models that would
match evidence from a policy change. One begins by trying different ad
hoc structural restrictions and solving for the equilibrium after the policy
change. If some restrictions were able to reproduce the evidence, one can
then think about microfoundations for a model that would satisfy them.
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A.1 The Principle of Counterfactual Equivalence

This section describes how to characterize a set of models that are counterfactually equiva-
lent with respect to a policy rule change within a class of linear models of dynamic stochastic
economies.

I begin by defining a class of models, and develop notation and language that I use through-
out. Consider a model j whose equilibrium is generically described by the non-linear conditions:

0 =Bt [f (Xeg1, Xt Xe—1, Ze41, 2¢) ]
0 =IE; [0 (x¢41, X¢, Xt—1, 2441, 2t) ]

0=9(z11,2t) + €141 iid €141 with E[e;1] = 0, Var(erq) = %,

where x; is a column vector of length ‘k” that includes all observed endogenous state variables
and could include observed endogenous control variables as well, z; is a column vector of length
‘s’ that includes exogenous unobserved state variables,! fi(.) is a vector function with codomain
R, and 6(.) is a policy rule with codomain IR?, where p is the number of policy variables.?

A first order approximation around the non-stochastic steady state of model j results in the
following system of equations:

0 = FIE[x;1] + Glxy + Hxp 1 + LEy[zs11) + Mz
0 = O¢E;[x; 1] + Ocx; + Opxt 1 + Oz (SME)
0= —2z441+ Nz; + €41,

where, with some abuse of notation, x; and z; now represent deviations from the steady state.?
As in the paper, I next define a structural and reduced form models, and impose the assump-

tions of stability and uniqueness.

Definition A.1 (Structural model). A structural model y = {Z,©} is described by a structure &
collecting policy-invariant matrices { = [ F G H (LN+M) ] and a policy © collecting matrices of

endogenous policy rule parameters © = [ O 6, 0, O, }
Assumption A.1 (Stability). {¢, N, ®} are such that the system (SME) is stabilizable.

Under Assumption A.1, we have a stable solution to (SME) that can be written as:

xt = Pxp—1 + Qz (RLM)

zt = Nzy_1 + €

!Note that restricting the system to only one lag is without loss of generality because we can always “stack”
equilibrium variables in models with more than one lag.

2Formally, the full description of the equilibrium conditions also includes initial conditions for endogenous and
exogenous state variables, as well as terminal conditions. Moreover, note that neither the policy nor the laws of motion
for exogenous variables are indexed by j.

3Uhlig (1995), from whom I borrow some notation, studies a very similar system of equations.

A2
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where P and N have all eigenvalues inside the unit circle. In particular, using the method of
undetermined coefficients, {P, Q} solve the non-linear system of matrix equations

(P)> QN+PQ
F G H LN+M P 0
- Ok.(k+s)~ (SMERLM)
O O, 0, 0, kGrre) | K 0k
0s I

(Bk+s).(k+s)
Assumption A.2 (Uniqueness). {{, N,©} are such that {P, Q} are unique.
The assumptions ensure that the reduced form model defined below is stable and unique.

Definition A.2 (Reduced form). The structural model y has the reduced form model T = {P,Q, N'}.

A.1.1 Observationally equivalent models under a benchmark policy ©°

Imagine that we parameterize a model j*, resulting in structure ¢*. We consider a benchmark
policy ®° and obtain the reduced form I'’. We now ask: what are the set of models j that
can generate I'? Or, in other words, which models are observationally equivalent to j* under the
benchmark policy @%?4

The first step in answering this question is realizing that, regardless of their primitives and
particular parameters, any two models j and i with an identical structure & = & = & will
generate an identical reduced form I' for any ®. Thus, as the following definition states, the
question of observational equivalence can be understood as one about model structures.

Definition A.3. (Observational equivalence) Given {®°, T}, define O(@°,T?) as the set of struc-
tures & that generate reduced form T° under benchmark policy @°. Model j and j* are observationally
equivalent if and only if model j can be parameterized so that & € O(@°,T).

Because, given policy ®° and model j*’s structure ¢*, the recursive representation I'’ solves
(SMERLM), we immediately obtain the following lemma characterizing O(@°,T?).

Lemma A.1. (Necessary and sufficient conditions for observational equivalence) A structure
& belongs to O(@°,T?) if and only if every line & for | = {1,2,..,k — p} satisfies the following linear
system, given T:

(P%)2 PY L O

, "= 04, Null OE
(QONO 4 POQO)/ QO Ocr s (Cl) (k+s).1 ( )

(k+s).(3k+s)

A number of comments are in order. First, notice that a researcher solving for I'% needs
to solve a non-linear system (SMERLM), given a structure and policy {¢*,0"} and N°. However,

consider the reverse mapping instead. Given values for the reduced form I'?, (SMERLM) implies a

“Note that this notion of observationally equivalence is stronger than the usual one because two models cannot be
told apart even if the impulse response matrix Qp was known and the structural shocks could be recovered.
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linear system of equations that any structure ¢ must satisfy in order to match I'’ under policy ©°.
This linear mapping then characterizes a set of observationally equivalent models, as stated in the
lemma above. Formally, a structure belongs to O(@°,I?) if and only if each of its lines is in the
null space of the (k + s).(3k + s) matrix above and thus solve (Null OE). Second, we can readily
see that, because 3k 4 s > k + s, the linear system (Null OE) is in general underdetermined. This
implies that O(@°,T?) includes multiple structures ¢. In other words, knowledge of I'?, @° alone
are not enough to uniquely identify the model (described by ¢*) which generated such I'’ under
eP.

A.12 Counterfactually equivalent models when policy changes from @° to @'

Consider an alternative policy ®!. We again solve model j* and obtain the reduced form I'l. We
now ask: from those models that were observationally equivalent to j* under policy ®°, which
models would also generate the reduced form I'! if the policy were to change from ®° to @'?
Or in other words, which models are observationally equivalent to j* both under policies ®° and
@'? As the following definition states, we will call such models counterfactually equivalent.

Definition A.4. (Counterfactual equivalence) Given {®°,I°} and {@!,T'}, define C(@°, T, @, T!)
as the subset of structures & in O(@°, ) that generate reduced form T under alternative policy ®'. For-
mally, C(@°, T, 0L, T!) = 0O(@° %) N O(O®L, T'). Model j and j* are counterfactually equivalent if and
only if model j can be parameterized so that & € C(@°,1°,@!,T).

Given the above definition and Lemma A.1, we obtain the following lemma characterizing
the counterfactually equivalent set C(@° T, @!,T1).>

Lemma A.2. (Necessary and sufficient conditions for counterfactual equivalence) A structure ¢
belongs to C(@°,T°, @, TY) if and only if every line & for | = {1,2,..,k — p} satisfies both (Null OE)
and the following linear system, given T° and T':

. (1Pli2,_(P0)2 | Pl,_PO, ] [ B } O (Null CE)
(Q'N?+ PIQ") — (Q°N°+ P°Q°)" Q' —Q° (k-+5).2K 2k.1

We have seen before that O(@®% I?) is not a singleton because (Null OE) was underdeter-
mined. Is it the case now that (Null CE) is determined and, therefore, C(®°I% ®',T) is a
singleton? Propositions A.1 and A.2 show that the answer is again no, and further characterize
this counterfactually equivalent set.

!’

Proposition A.1. (Sufficient condition for counterfactual equivalence) If (§;) = Eﬁ;’i ch (C;*Z)/
foralll ={1,2,..,.k — p} and some constants cl, then & € C(@°,10,0',T1).

!
*
n.
/

Proof. For any line n = {1,2,..,k — p}, we know that

] from the structure of model j* is a
n.

solution to (Null CE), by construction. This implies that, given constants c/,, a linear combination

5(Null CE) is obtained by subtracting (Null OE) under policy OV from the corresponding system under policy oL
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F ! 3 */
Lo = Zk:p cl ", | is also a solution. Replacing any such solution into (Null OE), we
. n.
H/
obtain the remaining elements 0 L., | in this proposed structure ¢. This shows that, if
(LN + M),

every line in the structure ¢ of a model can be written as (&;) = Zﬁ;’; cL (&2), then & solves both
(Null OE) and (Null CE) and, therefore, belongs to C(@°,T%,®!,T!). B

The proposition shows that if a model j can be parameterized so that the lines in its structure
& can be written as a linear combination of the lines in ¢*, then this is a sufficient condition
for j and j* to be counterfactually equivalent when the policy changes from @° to @!. This is
because every line in ¢* is a solution to (Null OE) and (Null CE) and thus so are any linear
combination of them. Therefore, (Null CE) is underdetermined with rank less than 2k — (k — p)
and the counterfactually equivalent set includes more structures than ¢* alone.

Are these structures the only ones in C (@0, % 0!, Fl)? The next proposition shows that this is
not the case when the number of endogenous and exogenous state variables (rank(P! — P°) + s)
is strictly smaller than k + p, where, as reminder, k is the total number of endogenous variables
(policy or not) and p is the number of policy variables. Otherwise, the sufficient condition in
Proposition A.1 may or may not be necessary as well, depending on the application.

Proposition A.2. (Sufficient condition is not necessary) If rank(P' — P°) +s < k+ p, then
C(@°, 10,01, ) includes structures & which do not satisfy the sufficient condition in Proposition A.1.

Proof. We begin by defining A(I'%,T?) in system (Null CE)

(pl)z' _ (PO)Z/ pt _ po’

0 1y —
AT = (Q'NO + P1QY — (QONO + POQY) Q' — Q'
(k+s).2K

We have shown above that A(T? T!) must have incomplete rank since the span of the k — p

I
*

n

columns [ G*-/ ] are solutions to (Null CE). In particular, we know that it has at least k — p

n.
linearly dependent columns and thus rank(A (T, T1)) < min{rank(P' — P°) +s,2k — (k — p)}.
Therefore, if the total number of endogenous and exogenous variables rank(P! — P%) + s is strictly
less than k + p, then rank(A(T?,T1)) < 2k — (k — p). As a result, there must be other solutions

’
*

F
to (Null CE) than the ones in the span of the kK — p columns [ G'i', ] . Taking any such solution

n.

(LN + M),
structure that solves both (Null OE) and (Null CE). This shows that, if rank(P! — P°) +s < k+ p,
then C(@O, o, @1,F1) includes more structures beyond the ones whose lines can be written as

@) =X k(e . m

Taken together, the propositions imply that there are three “types” of counterfactually equiv-

Hl
and replacing it into (Null OE), we again obtain the remaining elements [ L ] in a

alent models. The first type are those models j which can be parameterized so that & = &,
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which is a special case of the sufficient condition in Proposition A.1. While their structures
are identical, these counterfactually models are nevertheless different to each other in the sense
that they have different microfoundations and, therefore, different nonlinear conditions 0 =
E; [ fi (X1, Xt, xt_],Zt+1,Zt):| characterizing their equilibrium. The second type are those models
whose structures & differ from &*, but can nevertheless be parameterized so that the lines in &/
are linear combinations of those in ¢*. The last type are models whose structures do not satisfy
this sufficient condition, but can still be parameterized to satisfy the necessary and sufficient

conditions in Lemma A.2.

A.2 Additional Illustrative Examples

This section presents two additional illustrative examples beyond the one in Section 2 of the
paper. The first example is on federal transfers policy rules in models of a fiscal and monetary
union. The second example is on unemployment benefits policy rules in search-theoretic models
of labor market.

A.2.1 Federal transfer rules in models of a fiscal and monetary union

Consider an economy comprised of many islands, inhabited by a representative household and
firm. The only other agent in the economy is a federal government. Households consume, work,
and save/borrow in a non-state-contingent asset—a nominal bond in zero net supply. Firms
produce final consumption goods using labor and intermediate goods. By assumption, the final
consumption good is non-tradable, intermediate goods are tradable, and labor is not mobile
across islands. Finally, each island has an exogenous endowment of intermediate goods. The
federal government sets the nominal interest rate on the nominal bond, and gives lump-sum
transfers to the islands. Assume that the nominal interest rate follows an endogenous rule that is
a function of only aggregate variables (together with a fixed nominal exchange rate, this implies
that the islands are part of a monetary union). Also, assume that federal transfers are a function
of island-level variables alone. Throughout, I assume that parameters governing preferences and
production are identical across islands and the islands only differ, potentially, in the shocks that
hit them—these shocks include a shifter of the households discount rate, a productivity shifter in
the production function of final goods, and the exogenous endowment of tradable intermediate
goods. Finally, I assume that all labor, goods and asset markets are competitive.

Firms and Households. Final goods producers use labor Ngt and intermediates X}, in island k
at time t and face prices Py;, wages Wy, and intermediate prices Q; (equalized across all islands

because of assumed tradability). Their profits are

Y 1—
max Pere™ (NY)* (Xp) ' ™% — Wie N, — Qe Xt
ktr <>kt
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where ay; is a productivity shock and « : @ < 1 is the labor share. Unlike the tradable goods
prices, final good prices (Py) vary across islands.
Households preferences are given by

) 1-c 1+v
t,—Okt—Okt (th> _ v v
)L e ( -0 Ty

t=0

Eo

where Cj; is consumption of the final good, Nj; is labor, éy; is an exogenous processes driving the
household’s discount rate. Moreover, I follow Schmitt-Grohé and Uribe (2003) and let py; be the
endogenous component of the discount factor that satisfies px;+1 = pxr + P(.) for some function
®(.) of the average per capita variables in an island. As such, agents do not internalize this de-
pendence when making their choices. This modification induces stationarity for an appropriately
chosen function ®(.) when assets markets are incomplete (as we assume below).

Households are able to spend their labor income Wj;Ny; plus profits accruing from firms
IT; and exogenous endowment of tradable goods Q:e’x, financial income By;_1i;—1 and transfers
from the government T7;;, where By;_; are nominal bond holdings at the beginning of the period
and 7; is the nominal interest (equalized across islands given our assumption of a monetary union
where the bonds are freely traded) on consumption goods (Cy;) and savings (By; — By;—1). Thus,
they face the period-by-period budget constraint

PitCrt + Bt < Bie—1(1 +ip-1) + Wit Nkt + Tt + Tier + Qiie™
Federal government. The federal government budget constraint is

B + Y e+ QG =B ;(1+i1-1)
k

where G is some exogenous level of government spending in intermediate goods. The key feature
of a fiscally integrated economy is that the federal government has the ability to redistribute
resources across islands via transfers 7. If the islands where fiscally independent such transfers
would not be possible.

I assume that the federal government announces a nominal interest rate rule iy = i(.) as a
function of aggregate variables in the economy alone. Moreover, it announces a transfer policy
rule as a function of per-capita employment, wages and assets in an island

Tt = T(Wia)* (Nie)* (Byg—1)™
Again, agents do not internalize this dependence when making their choices.

Exogenous shocks and processes. I assume the exogenous processes are AR(1) processes, with
an identical autoregressive coefficient across islands, and that the innovations are iid, mean zero,

random variables with an aggregate and island specific component. First, define 7y = &5 — dgr—1.
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Then,

Akt = Palgt—1 + TaUf + 04€3,
_ ~ 9%
Tkt = PyYki—1 1 040 + 0y €

_ ~ ] 7
Nkt = Pylkt—1 + 030 + Oy€py

with Y €%, = Yy €], = Y€, = 0. By assumption, I assume the average of the regional shocks
sum to zero in all periods.

The "discount rate" process yy; is a shifter of a household’s discount rate, but it can be viewed
as a proxy for the tightening of household borrowing limits. The "productivity" process a;; can
be interpreted as actual productivity, or a shifter of firm’s demand for labor or firm’s mark-
ups. Finally, "wealth" process 7;; is modeled as an endowment of intermediate goods but can
be interpreted as shifters of the budget constraint that agents face such as exogenous changes in
household wealth.

Equilibrium. An equilibrium is a collection of prices { Py, Wy, Q;} and quantities

{Cxt, Nkt, Bie, Tit, ngt' Xy } for each island k and time ¢ such that, for an interest rate rule i; = i(.)
and given exogenous processes {ay, Ik, Ykt }, they are consistent with household utility maxi-
mization and firm profit maximization and such that the following market clearing conditions
hold:

Cxt = e”’“(let)"‘(th)/3

Nit = ngt
G+) X =} e
k k

0=) Bqu+Bf
k

Aggregation. The first important assumption for aggregation is that all islands are identical
with respect to their underlying production and utility parameters.® The second assumption is
that the joint distribution of island-specific shocks is such that its cross-sectional summation is
zero. If K, the number of islands, is large this holds in the limit because of the law of large
numbers. I log-linearize the model around this steady state and show that it aggregates up to
a representative economy where all aggregate variables are independent of any cross-sectional

considerations to a first order approximation.” I denote with lowercase letters an island variable’s

%Given that the broad industrial composition at the state level does not differ much across states, the assumption
that productivity parameters are roughly similar across states is not dramatically at odds with the data.

"The model we presented has many islands subject to idiosyncratic shocks that cannot be fully hedged because
asset markets are incomplete. By log-linearizing the equilibrium we gain in tractability, but ignore these considerations
and the aggregate consequences of heterogeneity. As usual, the approximation will be a good one as long as the
underlying volatility of the idiosyncratic shocks is not too large. If our unit of study was an individual, as for example
in the precautionary savings literature with incomplete markets, the use of linear approximations would likely not be
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log-deviation from the aggregate union equilibrium. Lowercase letters with a tilde denote devi-
ations from the steady state. For example, ny, = iy, — iy and 7i; = Y %ﬁkt =Y %log (Nkt/N).
I assume that the monetary authority announces the nominal interest rate rule in log-linearized
form: 1,1 = @E;[;11] where 7, is the aggregate inflation rate. Finally, I assume that the
endogenous component of the discount factor is such that ®(.) = ¢pny,.

The following lemma present the aggregation result and shows that we can write the island
level equilibrium in deviations from these aggregates.

Lemma A.3. For given {ay, Yit, Ykt }, the behavior of {wiy, Nkt, bkt, Thts Prts Ckts Xkt b 0 the log-linearized
economy for each island in log-deviations from aggregates is identical to that of a small open economy where
the price of intermediates and the nominal interest rate are at their steady state levels, i.e. §; = i; = 0 VL.

Proof. The following equations characterize the log-linearized equilibrium

Wit — Pt = — Tkt + OCke

<

Wy — Pre = (& — 1) (g — Xpe) + e
Gt — Pre = a(figy — Xpy) + G

0 = Bt (— (fiutge1 — Mitggy1) + (Pres1 — Pre) + (e — 7ie) + Vi1 — 1)

kt = Wit — Pkt + Tt

bie = B(1+7) (b1 + 1) + G — 71(Gr + Fxe) + The

BB + 1Y Ty + G = BS(1+ 1) (B, + 1))
k
Ty = Yokt + Buflyy + Opbrg 1
Zt-l—l = (PplEt[f’tH - f’t]

After adding up, the aggregate log-linearized equilibrium evolution of {@; — f, #i; } is character-
ized by

0 = Be(—(mupr — ) + (1= ¢p) (Prea — Pr) + Fee1)

1
0 = o (W — Pr + 1iy) +;ﬁt— (W — Pr)

wt—ﬁt:(ﬁc—l)flt—f—ﬁt—f-(l—()é)ﬁt

muy = —O'(th — ﬁt + ﬁt)

which is equivalent to the system of equations characterizing the log-linearized equilibrium in

appropriate. However, since our unit of study is an island the size of a state I believe this is not too egregious of an
assumption. The volatilities of key economic variables of interest at the state level are orders of magnitude smaller
than the corresponding variables at the individual level.
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a representative agent economy with a production technology that utilizes labor alone with an
elasticity of &, no endogenous discounting and only 2 exogenous processes {d; + (1 — a)7;, ¢}
Next, take log-deviations from the aggregate in the original system and replace cy, i, muy;
for their corresponding expressions. When we set p, = p, = p, = 0 and 6, = 0, = 0, this results
in the system characterizing the equilibrium of {ny;, Wy, by, Tt } (Where we drop the 'k’ index for

convenience).
1 1 ¢
0=Ei(npq—ne) + | a+ ;(1 —a) | Et(wiy1 —wp) + (E —1)as + L (Euler)
0= —aw; + (1+v) —1)n—a; (Labor market)
(1-0)

B B i .
0= —%bt +(1+ r)%bt_l + %(m —(wr+n))+ 1 (Budget Constraint)
0=—1+6,n (Policy)
0=—a1+el; 0=—m+e, (Shocks)

This system is independent of all aggregate variables and is analogous to the system charac-
terizing the equilibrium in a small open economy without movements in the terms of trade and

nominal interest rate. B

!

Then, to connect to the general case described by (SME), let x; = [ ny wy by 1 | and

!

z; = { ar 1 } . We have that the first line §; in the structure (corresponding to the Euler
equation) is:

F. Gi. Hy, L. N+M;,
—~N—

G=|1a+l(1-a) 00 -1+2 —(a+1(1-a) 00 0ia 1-1 0| (Euler)

Next, consider a different small open economy model with a “discounted” Euler equation,
which we call model ‘1". Gabaix (2020) presents a "discounted Euler equation" that arises when
households have behavioral biases (e.g., inattention to macroeconomic variables or cognitive
discounting). McKay, Nakamura, and Steinsson (2017) offers an alternative micro-foundation
in a model with idiosyncratic income risk and borrowing constraints. In both cases, given a
parameter § governing discounting, the Euler equation takes the form

. . 1 . 1.
0 = OE;(Chpq1) — Gt + EIEt(pkt—&-l — Pkt) — it

When writing in terms of deviations from the aggregate union equilibrium and replacing cx, p;

(and dropping the 'k’ subscript for convenience), we obtain
1 1 1
0 = 0E;(ny41) — n + <a5 + E(l - zx)> E¢(wii1) — (zx + (—7(1 - uc)) wy + (E —1)a;.  (Euler 1)
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The first line in the structure ¢! becomes
d=[0 w+ll-0) 00 -1 —(e+l1-a) 00 04 -1 0] (BulerD)

Alternatively, consider a model with a quadratic portfolio adjustment cost, as in Schmitt-
Grohé and Uribe (2003) — which we call model 2. Given a parameter i governing the cost, the
Euler equation becomes

B B 1 5 B 1. B-
0 = E¢(Chry1) — Cre + E]Et(pktJrl — Prt) — Sl + lp?bkt-

And, therefore, we obtain,
1 1 YB
0=E(np1) —ne + (a+ E(l —a) ) Be(wps1 —wy) + ((; —Dar + o (Euler 2)

The first line in the structure ¢ becomes

gf;[l a+l1-a) 00 -1 —(a+i1-w) £ 0 04 1-1 o]. (Euler 2)

g

A.21.1 Observational Equivalence

Imagine that we have parameterized the baseline small open economy model, resulting in ¢* and
I under policy ®°. We next show that, even when models ‘1’ and "2” do not nest the baseline
model, there are parameterization of these models such that both ¢!,¢? € O(IY, @) for any
parameterization of the baseline, and, therefore, all models are observationally equivalent under
policy ©°.8

Consider a parameterization of such baseline ¢*, a*, v*, ¢*, B, T, 7 which gives rise to structure
¢* and generates recursive representation I'% under policy 92. Then, by construction, we have that
the first line in the structure corresponding to the Euler equation (¢7) satisfies (Null OE). Since

8Notice that, even when § = 1, (Euler 1) is different than (Euler) because of the endogenous discount factor
(governed by ¢). Therefore, model "1” does not nest the baseline. The same holds for model "2 even when ¢ = 0.

All
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the only state variable is by, this is:

&
(P0)* P O ' 1
(QN"+P'Q") Q" 0Os I o+ g (1—a)
- = 0
0 0 0 0 0 0 0 0 100 0O00O0 0
0 0 0 0 0 0 0 0 01 0O0O00DO0 1+¢*
Plrfa Pl () Phpss Pla P PR Pl 00 10 0000 L0
0 0 0 0 0 0 0 0 00O0OT1TO0DO0 ‘76
5Pl d5iPn 455 daPs dh dn 4 qm 0 0 0 0 10 0
0 )0 40,0 00 0.0 0 0 0 0 90000 1
L 932P13 932P23 932P33 4932Pa3 912 4922 932 Ga i 041
1
11
i 0
_ . ;
0
Pha(p3 — 1+ %) + %P — 1) (" + = (1 —a%)) —0
0
93P+ (=1+ %M(l)l*_" (43,95 — %) (" + %(1 —a*)) + ai —1
g%1%5 + (=14 £)ad, + (405 — 4%) (" + = (1 —a"))

Analogously, for the second line &3, we have that (Null OE) is,

0
0

Py (1 —1) — Pl
0
‘1(1)1 Gtg - 1) - ‘781"‘* -1
Cl(1)2 (%t:;: - 1) - ‘1(2)2“*

Model "1’ is observationally equivalent to the baseline. Consider a parametrization

1

ol al, v, 61, B, 7,7 for model 1" with a "discounted Euler equation." First, notice that budget

constraint is identical to the baseline model. This directly implies that (Null OE) is satisfied for
the third line in the model’s structure g’,‘%. Second, guess that a! = a* and %f:ﬁ = %fgi This
directly implies that (Null OE) is satisfied for the second line in the model’s structure ¢} as well.

Then, to show that model 1" is observationally equivalent to the baseline, we just need to find
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o!,6" such that {f% satisfies (Null OE). That is,

Pp30t — 1+ phapls (a'd' + 5 (1 —at)) = p3 (a! + (1 —ah)) -0

91 P30" — 40y + 4919 (210! + (1 —at)) — g3, (“1 +h(1—al))+ 5 -1
05:P150" — 40y + 4% (210" + F(1—a')) — g3, (a' + (1 —at))

ﬁamd(fl =

51 7
To conclude, we have 1gf1(§wn that whenever the lines in ¢* satisfy (Null OE) — which was by

Guessing that 6! = and replacing above shows that the system is satisfied.

construction since '’ was generated by the baseline model — then there is a parameterization of

model "1” such that the lines in ¢! satisfy it as well.

Model "2’ is observationally equivalent to the baseline. Consider a parametrization
o?,a%,v?,¢?%, B, T, for model 2" with "portfolio adjustment costs." Again, both &3 and C% satisfy
(Null OE) when guessing that a?> = a* and 1+" = %” Thus, we just need to find ¢, such

that ¢2 satisfies (Null OE) as well. That is,

0
0
y
P(p% — 1)+ (% — 1) (@ + 51— ) + L2pY,
0

431 P%5 — a9 + (99,99 — 43;) (&® + %(1 a?)) + = —1 + ¢ 02 %1

L 0035 — 4%, + (4599 — %) (& + (712 (1- )) + LF e 7% i

Guessing that 02 = ¢* + ¢* ‘171;} and ¢°B = ¢*pY,, and replacing above shows that the system
is satisfied. To conclude, we have shown that whenever the lines in ¢* satisfy (Null OE), then

there is a parameterization of model "2’ such that the lines in &2 satisfy it as well.

A.2.2 Counterfactual Equivalence

We now show that, while both models "1” and "2 are observationally equivalent to the baseline
model under policy @°, only model 1" is counterfactually equivalent to the baseline model when
policy changes from @° to @!. Formally, for the parameterizations that make &', 2 belong to
0(0°17), only ¢! is also in C(@°, I, @, ') because ¢] can be written as ¢} + (1 — 6)&}.

Model 1" is counterfactually equivalent to the baseline. For the parameterization above, we

have that &} = &} and (_f%) = (3. We next show that, for such parameterization, there are constants

ci,c} such that &l = cl¢} + cl¢; so that ¢ is a solution to (Null CE). In particular, guessing that
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ci = 6! and ¢} = 1 — 4!, we have that

1 0
af + L (1—a*) 0
0 0
0 0
-1+% Lt g
Sei+(1-"G=0"| —(a+X1-a")) | +(1-5") —a*
0 0
0 0
041 041
L1 -1
L 0 . L O J
_ 5 } i s, i
S+ 81— ) Sl + (1 - o)
0 0
0 0
“1+6% (18 -
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0 0
0 0
041 041
£ bt
0 I 0 i

where the last line follows from the fact that, for model 1" to be observationally equivalent

I c
o*—1 ¢* o1
1+ T+v% 0%

above shows that for, this same parameterization, model "1” is not only observationally but also

to the baseline, we have required ol = and ¢! = and a! = a*. Therefore, the

counterfactually equivalent to the baseline.

Model "2’ is not counterfactually equivalent to the baseline. The coefficient Z—i in (Euler 2)
associated with b; makes it such that, in order to write gf% as a linear combination of the lines in
¢*, we would have to combine both the (Euler) and (Budget Constraint) equations ({7 and (3)
because b; does not show up in the (Labor Market) equation (¢;). However, when doing so, such
linear combination would also have non-zero coefficients associated with b;_1, T; and #;, whereas
(Euler 2) restricts those coefficients to be zero. This implies that it is not possible to write ¢7 as a
linear combination of the lines in ¢*.

Is it still the case there is some parameterization of model 2" that makes it counterfactually

equivalent to the baseline, even when it does not satisfy the above sufficient condition? The
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answer is no. To see this, note that the parameterization necessary so that model 2" is obser-
vationally equivalent to the baseline has ¥?B = ¢*p%. When policy changes from @° to ®!, so
does pY; change to p},. Thus, model "2’ cannot be parameterized to be observationally equivalent
under both ®@° and ®!, and, by definition, is not counterfactually equivalent to the baseline.

A.2.3 Unemployment Benefits in Search-Theoretic Models of the Labor Market

I start by reviewing the key equations characterizing the equilibrium wage (w;) and vacancy-to-
unemployment ratio (9;) in the discrete-time version of a canonical search-and-matching model

with Nash Bargaining and free entry of firms (Mortensen and Pissarides (1994); Pissarides (2000)).

_ 1 ¢ ¢c .
0= 1_¢wt+1_¢yt+1_¢0t+z+bt (Wage Setting (1))
c (1—s)c ,
0=————-+4BE — W1+ —— ob Creation (1
o B [~ a M)

The (Wage Setting (1)) equation determines how the surplus of a match is split between the
worker and the firm. Thus, it relates the wage w; to the (exogenous) productivity of the match
yt, the cost of posting a vacancy c, the vacancy-unemployment ratio 9;, the bargaining power of
the worker ¢, the utility while unemployed z and, importantly for our purposes, unemployment
benefits b;. The (Job Creation (1)) equation determines firms’ incentives to post vacancies and,
because of free-entry, equates the cost of posting a vacancy to the expected benefit of a match
which depends on the discount factor B and the vacancy-filling probability q(6;).

Next, imagine we are interested in evaluating the policy rule b; = b; + (%)6, where b; is
an exogenous policy shock and ® > 0 governs how generous benefits are when labor market
slackness is above or below its long run level.” Moreover, suppose that after estimating the
canonical model with data on wages and the vacancy-unemployment ratio alone, we conducted
a series of counterfactual exercises and found that the policy ® have negligible effects on the
equilibrium behavior of these variables. How should we proceed if either (i) we wished to know
how robust this quantitative result is to variation in model primitives or, relatedly, (ii) we wished
to construct models that generated non-negligible effects?

I argue that the principle of counterfactual equivalence offers us some guidance. To see this,
we can log-linearize the system of equilibrium equations around the steady-state, which gives

rise to a structure with the following restrictions,'°

F— 0 0 0 ,‘G: g11 812 413 ;H: 000 ;L: 0 0 ,‘M: nio 0
le fzz 0 0 822 0 0 00 0 lzz 0 0
9 As a motivation for this policy rule, unemployment benefits were substantially extended during the Great Reces-
sion—evidencing that its generosity may depend on the state of the business cycle.
19The wage, vacancy-unemployment ratio, and benefits in log-deviations from the steady-state correspond to the
first, second, and third columns of matrices F,G, H. Analogously, the exogenous policy and productivity shocks

correspond to the first and second columns of matrices L, M. The firs line corresponds to (Wage Setting (1)) and the
second line to (Job Creation (1))

A.15



Supplemental Material (not copyedited or formatted) for: Martin Beraja. 2023. "A Semistructural Methodology for Policy Counterfactuals."”
Journal of Political Economy 131(1). DOI: https://doi.org/10.1086/720982.

By noting the exclusion restrictions that this structure satisfies, we can readily observe that
the (Wage Setting (1)) equation has a rather restricted structure compared to the (Job Creation
(1)) equation. This observation, when combined with the results from Section 2 in the paper,
implies that focusing on primitives or mechanisms that change how wages are set is a promising
avenue for building models that could generate non-negligible effects of unemployment benefits
policy (in the hypothetical case that the canonical model generated negligible effects). Analo-
gously, models that do not significantly alter the (Job Creation (1)) equation (i.e., by changing
the exclusion restrictions) will likely be counterfactually equivalent to the canonical model, thus
implying that the negligible effect of changes in the unemployment benefits policy rule would be
a robust feature of models with varying micro-foundations regarding how firms post vacancies.

For example, if we replaced the assumption of Nash Bargaining with an ad-hoc wage rule ala

Hall (2005), we would obtain a wage setting equation of the form,
0=—wr+z+Ayr + (1 — A)wp 4 (Wage Setting (2))

where A governs how "sticky" wages are.
Or, if we replaced it with the alternating-offer-wage-bargaining protocol in Christiano, Eichen-
baum, and Trabandt (2016), we would obtain the wage setting equation,

0=—-wr(1=B(1—=5—=049(%))) v+ 1+ w)(wr —zt) — (w1 + w3)(yr — z¢) — ccwr1ty
+ B (1 —s—8:9(0)) w3t [Yr41 — ze41] (Wage Setting (3))

where 7 is the cost of delay in bargaining and the w;’s are combinations of structural parameters.

Both structures generated by these models satisfy different exclusion restrictions than the
canonical model because they include backward- and forward- looking terms. As a result, it is
easy to show that they will belong to different counterfactually equivalent sets with respect to
changes in unemployment benefits policy rule.

However, for instance, the seemingly richer model of a financial accelerator in Wasmer and
Weil (2004) generates an identical structure to the canonical model. They assume that matching
in a credit market between firms and creditors is subject to search frictions analogous to the ones
in the labor market. Then, the presence of frictional credit market adds to the cost of posting
vacancies because firms have to be matched to a creditor before they can enter the labor market.
In equilibrium, as opposed to the canonical model, the value of a vacancy in the labor market
is given by a positive constant K that depends on the search costs in the credit market and the
matching probabilities of firms and creditors. Following the the dynamic extension derivation in

Petrosky-Nadeau and Wasmer (2013), we obtain equilibrium equations,!!

HThey assume that firms and creditors Nash-bargain (together) with workers in the labor market and firms and
creditors Nash-bargain with each other in the credit market.
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0=-1 i st f(l,yt T fq,(c + (1= B(1—q(8)))K)0 +z + bt (Wage Setting (4))
0= —q(;) (c+ (1= B(1—q(8)))K) + PE; |y41 — wiy1 + qgﬁ:) (c+ (1= B(1—q(81:1)))K)

(Job Creation (4))

Note that, compared to the canonical model, the effective cost to posting a vacancy is aug-
mented by the additional term (1 — B(1 — g(6;+1)))K which encodes the search frictions in the
credit market. However, it is easy to verify that this system of equations satisfies identical ex-
clusion restrictions than the canonical model. Thus, if the financial accelerator model and the
canonical model can match the equilibrium behavior of wages and labor market slackness, they
are also counterfactually equivalent with respect to changes in the unemployment benefits policy
rule.

The same holds in a model where firms choose recruiting intensity e. In the spirit of Gavazza,
Mongey, and Violante (2016), assume that the cost of posting a vacancy is a well-behaved function
c(e,¥) and the probability of filling the vacancy is gq(9¢)e, where ¢ is the average recruiting
intensity in the economy. Then, we obtain the following equilibrium equations when firms

optimally choose identical recruiting intensities,

1
0=— w + ¢ ye+ ¢ ¢ce(e(ﬁt),ﬁt)ﬁt + z¢ (Wage Setting (5))

—¢ 1—¢ 1—
(1 —s)ce(e(V1),0¢11)

_ ( (84), Y1) .
0= 1(Orre(Bri1) (Job Creation (5))

%), 9
+ BE; | Y1 — Wey1 +
(Be(d))

Again, while this model behaves as if it had a matching and vacancy posting cost with extra
curvature, it has an identical structure to the canonical model. Thus, I conclude that if the canon-
ical model generates negligible effects of alternative unemployment benefits policy rules, then
this quantitative result is robust to variation in primitives regarding certain forms of financial

frictions and endogenous recruiting intensity.

A.3 Estimating the reduced form I' from a SVAR

A necessary input in the construction of the semi-structural counterfactuals is the reduced form
% = {P° Q% N°} under policy ®°. I next show how to recover this reduced-form when the
equilibrium has a SVAR representation.

Following Ravenna (2007), if Assumptions A.1 and A.2 hold and Q is a non-singular square
matrix, then there is a SVAR representation of the recursive law of motion (RLM) of the form:

Xt = p1X¢—1 + P2x—2 + Qe (SVAR)
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where p1 = P+ QNQ™Y; oo = (P — p1)P and V = Var(Qe;) = QZX'Q’. To see this, note that
we can write z; 1 = Q" '(x;_1 — Px;_») and replace it and the law of motion for the exogenous
states into the law of motion for the endogenous variables to obtain the SVAR(2) representation.

Next, suppose that we have estimated the reduced-form VAR — e.g., via OLS equation by
equation — and obtained {p?, 03, V’} in an economy under policy ®. In addition, assume that
we have imposed restrictions on the structural model so that we have identified the impulse
response matrix Q.12 These restrictions are generally in addition to the 2k linear restrictions in
Theorem 1 of the paper which are needed to identify a counterfactual.

We then find solutions X with all eigenvalues inside the unit circle to the quadratic equation
pd = (X — pY)X. Under Assumptions A.1 and A.2, there are only two such solutions. The first
corresponds to PU in the unique stable recursive law of motion. The second corresponds to
QONY(Q") . Then, P° is identified as the solution that results in an implied N° = (Q°) T(po—

pY)QV that satisfies the restrictions on the structure ¢° in Theorem 1.
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