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p| M 14%\242
14317 0.949
2| 2.008 0.801
4| 1418 0.668
81 0.981 0.490
12 1 0.529 0.218
20 | 0.126 0.016
40 | 0.007 0.000

Table D.1: M and % as a function of p in the structural model of Smets and Wouters (2007),

with the researcher observing the monetary policy shock and output, and estimating a VAR(p).

Appendix D Further simulation results

We report results for two further sets of simulations from the structural model Smets and
Wouters (2007): an observed monetary shock in Supplemental Appendix D.1, and recursive
monetary shock identification in Supplemental Appendix D.2. This choice of shock of in-
terest and shock identification schemes mimics much applied practice in macroeconometrics
(e.g., see the review in Ramey, 2016). Finally, in Supplemental Appendix D.3, we present
simulations with a larger sample size, which show that the headline simulation findings in

Section 5.3 are consistent with our asymptotic results.

D.1 Observed monetary shock

We again consider the model of Smets and Wouters. The econometrician now observes the
monetary policy shock and total output, and the impulse response function of interest is

that of output with respect to the monetary shock.

REsuLTs. We begin by quantifying the amount of misspecification, with Table D.1 showing
the total degree of misspecification M as well as the minimax MSE-optimal weight M?/(1 +
M?) on LP in Corollary 4.2 as a function of the VAR lag length p. The value of M is
calculated for T = 240 and ( = 1/2 as in Section 5.3. As expected and as in our main
exercise we see that larger p give smaller M. Compared to our analysis in Section 5.3, M
now declines somewhat faster with the lag length p. However, for lag lengths typical in
applied practice (for quarterly data), misspecification is still material, with M ~ 1.42 for a
standard lag length of p = 4.

Next, Figure D.1 shows that, just as in our main exercise, VAR confidence intervals can
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Figure D.1: See Figure 5.2. The DGP is the model of Smets and Wouters, and the researcher
estimates the response of output to an observed monetary policy shock. Lag length p is selected
using the AIC for the top panel and set to p = 4 for the middle panel. The bottom panel changes
the MA polynomial in the VARMA representation to the worst-case af(L;4) at horizon h = 4.
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severely undercover, while LP intervals remain robust. As in Section 5.3 we set T = 240,
simulate 5,000 samples, and construct delta method and bootstrap confidence intervals. For
the top panel lag length is selected using the AIC, giving a median selected lag length of
p = 2. We see that VAR confidence intervals materially undercover, while LP attains close to
the nominal coverage level, yet again consistent with our theoretical results. For the middle
panel we instead set p = 4, again illustrating the “no free lunch” result: as the lag length is
increased, VAR coverage gets closer to the nominal level for short and intermediate horizons,
but at the same time confidence intervals become essentially as wide as for LP. Finally, in
the bottom panel, we show what happens if the actual lag polynomial (L) is replaced by
the horizon-4 worst-case one, a'(L;4).”1 VAR undercoverage is now severe even at shorter
horizons. Overall, however, the magnitudes of undercoverage at medium and long horizons
are broadly comparable with those obtained under the actual (L) implied by the Smets and
Wouters (2007) model, revealing that the least favorable MA polynomial of(L, e) is again
not particularly pathological.

Taken together, the results presented here and in Section 5.3 reveal that, in a typical
macroeconomic data-generating process, our theoretical results have bite for a menu of dif-

ferent (and widely studied) structural shocks.

D.2 Recursively identified monetary shock

For our final exercise we consider an alternative shock identification scheme—identification of
a monetary policy shock through a recursive ordering (plus the assumption of invertibility).
The data-generating process is yet again the structural model of Smets and Wouters, and
the researcher observes output, inflation, and the short-term nominal rate of interest. She
identifies a monetary shock as the last innovation in that system under a recursive ordering, as
in much of the traditional monetary policy shock literature (e.g., see Christiano, Eichenbaum,
and Evans, 1999, and the references therein). We note that, while this identification scheme
fails to exactly recover the model’s true monetary shock, it does in population yield impulse
responses that are qualitatively and quantitatively similar to the effects of a true monetary
shock (see the discussion in Wolf, 2020).

D-1T6 be precise, we first set p = 1, derive the VARMA (1,00) as discussed in Section 5.1, and then switch
out the implied lag polynomial a(L). The estimation lag length is selected by AIC.



p| M 14%\242
116.973 0.980
2 13.780 0.935
412558 0.867
8| 1.613 0.722
12 ] 1.117 0.555
20 | 0.611 0.272
40 | 0.230 0.050

Table D.2: M and % as a function of p in the structural model of Smets and Wouters (2007),

with the researcher observing output, inflation, and interest rates, and estimating a VAR(p).

REsurTs. Our findings in this third application largely echo those of the previous two, so
our discussion here will be brief. First, Table D.2 reveals that the degree of misspecification
is again material for lag lengths typical in applied work (e.g., M ~ 2.56 for p = 4). Second,
Figure D.2 shows that VAR undercoverage can yet again be material, while LP robustly
achieves coverage close to the nominal level. In the top panel lag length is selected using the
AIC (delivering a median lag length of p = 2), which as before results in VAR undercoverage.
Finally, we in the bottom panel replace the model-implied lag polynomial a(L) by the worst-
case one (with the same amount of overall misspecification), and now yet again find very

material VAR undercoverage.

D.3 Further results on the cost-push shock

To complement our simulation evidence in Section 5.3, we here repeat the cost-push shock
exercise of that section for a larger sample size, now setting 7' = 2,000. We fix p = 2, in line
with the median AIC lag length selection in our main exercise.

The results shown in Figure D.3 are similar both qualitatively and quantitatively to our
main findings in the top panel of Figure 5.3, especially for the bootstrap confidence intervals.
Hence, our results with T" = 240 in Section 5.3 are not driven by small-sample phenomena.
Figure D.3 also plots the theoretically predicted VAR coverage probability (orange dashed
line), computed following Corollary 3.2. We see that this asymptotic coverage is very close

to the actual one.
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Figure D.2: See Figure 5.2. The DGP is the model of Smets and Wouters, and the researcher
estimates the impulse response of output to a monetary policy shock identified through a recursive
ordering in a trivariate system with output, inflation, and interest rates. Lag length p is selected
using the AIC for both panels. The bottom panel changes the MA polynomial in the VARMA

representation to the worst-case af(L;4) at horizon h = 4.
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Figure D.3: See Figure 5.2. The DGP is the model of Smets and Wouters, and the researcher
estimates the response of inflation to an observed cost-push shock. We set T' = 2,000 and p = 2, in
line with the AIC selection in Supplemental Appendix D.3. The orange dashed line indicates the
asymptotic VAR coverage predicted by Corollary 3.2.



Appendix E Proof details

We impose Assumption 3.1 throughout. Let || B|| denote the Frobenius norm of any matrix
B. Tt is well known that this norm is sub-multiplicative: ||BC|| < ||B]| - ||C||. Let I,, denote
the n x n identity matrix, 0,,x, the m X n matrix of zeros, and e;, the n-dimensional
unit vector with a 1 in the ¢-th position. Recall from Assumption 3.1 the definitions D =
Var(g;) = diag(o?,...,02), 9 = (I, — AL) " 'Hey = 320, A*He;_,, and S = Var(g;).

E.1 Main lemmas

Lemma E.1. For any i* € {1,...,n} and j* € {1,...,m}, we have
Yietrh = Onrejes + Bﬁb,i*,ﬁgﬂ + B;17z‘*7j*yt—1 + &nive + T~“On(L)ey,

where

h
Qh,T = e;*,n(AhH + T_C Z Ah_eH&@)ej*,m7
(=1

!/ —
By o v = €

v

'Ii Ahﬂj*Hilv
B;L,’i*,j* E ;*7,,1 |:Ah+1 - AhﬂJ*Hﬁllj*A] 9

h
— hTT = / h—{
éh,i*,t = ei*mA Hj*gj*,t + E ei*,nA HEtJrg,
=1

and O5,(L) = 02 OneLt is an absolutely summable, 1 x n two-sided lag polynomial with

the j*-th element of ©y equal to zero. Moreover,
T—h
T3 (On(L)e)ese s = Op(T2).
t=1
Proof. Tteration on the model in Equation (3.1) yields
h
Yoon = A"y 3 AV Heyop + T Ha(L)eye). (E.1)

=0

As in Section 3.2, let Yoo = (Y14, ---,Yyj=—1,4)" denote the variables ordered before y;«, (if

any). Analogously, let ¥« , = (Yj+114, - - - Yns) denote the variables ordered after y- ;.



Using Assumption 3.1(iii), partition

Hy 0 0
H - (ﬂj*, H.J‘*,Hj*) = H21 HQQ O
Hs Hsy Hss

conformably with the vector y; = (g; o Yje s i)' Let I;. denote the first j* — 1 rows of

the n x n identity matrix. Using the definition of y, in Equation (3.1),

Yo, = Lo Ayeor + Hugjey + T~“Hy1L.a(L)e,

where g;., = I;.&;. Using the previous equation to solve for g;. , we get

gy = Hy' (Y., — Ly Ayro1 — T~ HuLjo(L)e). (E.2)

Expanding the terms in (E.1) we get:
h
Yoon = A"y + APHe, + T A"Ha(L)e, + Y AP “(Heypo + T Ha(L)er o)

(=1

= A"y, 4 + (Ahﬂj*gj*,t + AhH%j*gj*vt + Ahﬁj*gj*’t>

h
+ T CA"Ha(L)e, + Y A" “(Heypo + T Ha(L)es1s)
(=1

— Ah+1yt,1 + Ahﬂ]* Hﬂl (gj*,t - l]*Ayt,1 - Tﬁngllj*Oé<L)€t) + AhH.J‘*Ej*’t + Ahﬁ]*gj*’t

h
+ T CA"Ha(L)e, + Y A" “(Heypo + T Ha(L)ests),
=1
where the last equality follows from substituting (E.2). Re-arranging terms we get

Yierin = (e nA"Hajo) ejoe + (€ fA"H HI )y 4 (e [AMT = AMH G HG' L AL g
=B

EE;?.,’L‘*,]’* h,i*,j*
L h
+ 6;*7,” (Ath*ej*,t + Z Ah_KH&H_@)
(=1
=En,i* ¢
h
+T %, (—Ath*HﬁIHHIj*a(L)at +>° Ah—fHa(L)gt+g> : (E.3)
£=0



Using the definition of 67 = €. ,(A"H+T~¢ Y}, A"*Hay)ej- ,, and adding and subtract-
ing e/ (T‘C Sh Ah_KHOKg) e« mej ¢ to (E.3), gives a representation of the form

y ¥
*n

Yis t+h = Onreit + Bk,iw*gﬁ’t + B, e oY1+ Epir i + Ty, (E.4)

h h
U = e, <—Ath*Ij*oz(L)et +>Y A" Ha(L)ey — (Z Ah_éHagej*7me;*,m> 5t> . (E.5)

=0 =1
Algebra shows that @; can be written as a two-sided lag polynomial, ©,(L) = 2 0, ,Lf,

with coefficients of dimension 1 x n given by the following formulae:
1. For ¢ > 1:
h
@h’[ == _e;*7nAhﬂj*lj*Oé[ + Z 6/ AhisHOég+s.

*n
s=0

2. For ¢ = 0:
h h
Ono = e;*ﬁnAh_SHas -> eé*7nAh_SHasej*7me/»

J*’m7
s=1 s=1

and, consequently, Oy, o j« = Op 0€j+m = 0.
3. For t e {—(h—1),...,—1}
h—1

/ h—s+¢
> e A Hoay.

s=—/
4. For £ < —h, Oy = 014p.

We next show that ©p(L) is absolutely summable, that is

o0
Z H@h,lH < Q.
{=—0c0
To do this, it suffices to show that
(o]
> 18]l < oo,
=1

since all the coefficients with index ¢ < —h are 0. Note that, by definition, for any ¢ > 1:

h
Jevell + 3 A" N H [ lleveqs -

s=0

1On.ell < A" H - L;-

10



Thus,
> 1Onel < ||Ah||||ﬂj*lj
=1 =1 5=0

Let A € [0,1) and C' > 0 be chosen such that HAZH < ON for all £ > 0 (such constants exists
by Assumption 3.1(ii)). Then

A llevgss -

ZZHAh *Meaes|l < CZZY’ *llevers|]

{=1s=0 151

< C’Z Z eyl

/=1 s=1

< ChY o

(=1

< 00,

where the last inequality holds because the coefficients of «(L) are summable. We thus

conclude that
Yie t+h = Onmje ¢ + Bz,ygﬁ’t + B;z,yyt—l + Enie e + T_C@h(L)gta

where O5(L) is a two-sided lag-polynomial with summable coefficients.

Finally, we show that

T—h
T Y (On(L)er)esep = Op(T7H12).
t=1
To do this, we write
On( Z@hzét ¢+ Onoet + Z On et

= t=—(h—1)

{ <Z @h,€5t€> €j*,t}
(=1 t=1

is white noise (mean-zero and serially uncorrelated components). The summability of

1. Note first that the process

11



coefficients of © (L) further implies that

1 T—h T —h [
Z Z@hfgté Ejxt | = T Var Z@hfgt*f Ejxt ] < O0.

t=1 /=1

Thus, by Markov’s inequality, we have that
1 T—h

Py (z Onser. g> et — Oy (T2,

. Note second that the process
{(@h705t) 5j*,t}:il

is i.i.d. with mean zero (since ¢; has independent components and Gg;+ = 0). Since

the process has finite variance, we conclude that

1Th

L (B0

. Finally, note that the process

—1 o0
{ ( Z @h,ZEt—Z) 5j*,t}
{=—(h—1) =1

is white noise (mean-zero and serially uncorrelated components). Therefore,

@h,gEt_g Eprt | = Var @h’g&ﬁ_g Ejrp | < 0OQ.
VT & t=—(h—1) ’ T t=—(h—1) ’

We conclude that

1 T—h —1
T S Onegir | o0 = Op(T72).

Consequently,

t=1 \t=—(h—1)
T—h
T3 (On(L)er)eje s = O (T2, O
t=1

12



Lemma E.2.

00 T
A—A=T"HY ayDH'(A)'ST 4+ TN He, 1S+ 0,(TC).

=1 t=1
In particular, A — A = O,(T~¢ +T~/?).

Proof. Since,
—1

A T—h T—h
A—A= (Tl Z Uty£1> <T1 Z yt1?/£1> ’

=1 =1
the result follows from Lemmas E.7 and E.S. ]

Lemma E.3. .
1 _
o2, T Z o€+ + Op(T 1/2>-

J t=1

U—Hej =

Proof. By Lemma E.5, 7 = (01(j+—1, 1, ﬁl), where the j-th element of 7 equals the on-impact
local projection of ;-4 on y;-;, controlling for Y, and 1;_1. The statement of the lemma
is therefore a direct consequence of Proposition 3.1 and the fact that (by definition) &y,;+ =0
for i < j*. ]

Lemma E.4. Fiz h > 0. Consider the regression of yj-, on g=; = (g; t,yg_l)’, using the

observationst =1,2,...,T — h:

. X
Yjet = Ve i + Thr

Note that the residuals Ty, are consistent with the earlier definition in the proof of Propo-
sition 3.1. Let A;-* be the row vector containing the first j* — 1 elements of the last row
of —H™! (where H is defined in Assumption 3.1(iii)). Let Nyo = (=N, 1,01x(n—jv)) and
V= (N, (M. A))'. Then:

i) Op — 0 = Oy (T~C +T-1/2).

i) TV @y — ejea)eje s = 0p(T7Y2).
iii) For € > 1, TV M@0 — €50 0)erse = 0p(T7V2).
w) TS M (Eny — ejed)ng = 0p,(T7V2).

“1N~T—h 22 P 2
v) T3 By — o

13



vi) For any absolutely summable two-sided lag polynomial B(L), T~ SE" (2, i—ej-4)B(L)e; =
O,(T~¢ +T1/2).

Proof. By Equation (3.1), the outcome variables in the model satisfy
y, = Ay + H[L,, + T Ca(L)]e, t=1,2,...,T.

By Assumption 3.1(iii), the first j* rows of the matrix H above are of the form (H, 0« (j=—m)),
where m is the number of shocks and H is a j* x j* lower triangular matrix with 1’s on the
diagonal.

H is invertible, which means we can premultiply the first j* equations of (3.1) by H!

to obtain:
[ 050 s (njy vt = [HY 0 s (njr) Avi—1 + L, 0jese(mj)) [T + T~ (L)]es.

By definition, —A;* is the row vector containing the first j* — 1 elements of the last row of

H™' and Now = (—A;*, 1,015 (n—j+)). Thus, we can re-write the j*-th equation above as

[—A}*, 1, Oj*x(n—j*)]yt = )\;'*Ayt—l + €+ T_COéj*(L)€t7
where o« (L) is the j*-th row of a(L). Re-arranging terms we get
Yira = V' + gy + Ty (L)e,

where ¥ = ()., (N.A))" and ¢;-; = (g;*7t,y£71)’. In a slight abuse of notation, and for
notational simplicity, we henceforth replace g;-; by ¢:.

Statement (i) follows from standard OLS algebra if we can show that a) T~ 31" qie - =
0T~ +T712),b) (T ST )™ = 0,(1), and ©) T ST (- (L)) = O,(T ).
Lemma E.9 establishes these results.

Statements (ii)—(iii) are proved in Lemma E.10 below.

For statement (iv), note that

T—h T—h T—h
TS (@ —er)ne =T D> (@ng — o 0)? + T D By — jet)Ejen
t=1 t=1 t=1

Lemma E.11 shows that T~ 27" (&, , — ;)% = 0,(T~/2). This result, combined with (ii),
implies that statement (iv) holds.

14



For statement (v), note that

T—h T—h
T*l Z (fh,t)2 — T*l Z (ih,t — gy + Ej*,t)Q
t=1 t=1
T—h T—h T—h
=7 Z (Zne — gj*,t>2 — 27! Z (Bhp — € )€t + T Z EJZ'*,r
=1 t=1 t=1

Lemma E.11 and statement (ii) imply that the first two terms converge in probability to
zero. Since T35 e2, S o3. (by the Law of Large Numbers), statement (v) holds.

Finally, statement (vi) obtains by decomposing

T—h T—h T—h
T7'Y B(L)e(@ny —ejop) =T > B(L)ewqy(9 — Up) + T T~ > B(L)es[aj- (L))
t=1 t=1 t=1

=O0,(1) x O)(T +T7V) +T7¢ x 0,(1),

where the last line follows from statement (i), Lemma E.6, and moment calculations. O

E.2 Auxiliary numerical lemma

Lemma E.5. Define ¥, = (Yiy1,6, Yir2s-- > Ynt)' to be the (possibly empty) vector of vari-

ables that are ordered after y;, in y:. Partition

2A311 2A312 2A313 011 0 0
Y= Z21 E22 223 ) C= 21 022 0 )
231 M32 233 Cs1 Cs Clsg

conformably with y; = (g; o Yir it Uy 1), where S =0 (in particular, Cay = CA'j*,j*). Then

R .\ =1
~ ~ M 3 ~ ~
(X1, X32) (AH Am) €jx jx = _21 32- (E.6)

21 E22

Note that the lemma implies BO = bo: If i* < J* or ¢¥ = j* then both estimators equal 0
or 1 (by definition), respectively; if i* > j*, then By is defined as the i* — j* element of the
left-hand side of (E.6) (by Frisch-Waugh), while d; is defined as the i* — j* element of the
right-hand side of (E.6).

15



Proof. From the relationship S =0 , we get

- A A A A A
Z11 E12 011011 011021

A R A A A A A

221 222 - 021011 C21C21 + 022

N . SN . X

231 32 C3:C1; C3105 + Cs50C5

The partitioned inverse formula implies
R A\ -1 A A A A
Y Y oo — 1 —(C11Cy) 'O 0y,
Sor ) T Ol + O3 — O (CnCly) 1 Cn Gy 1

C2, 1 ’

SO

N A -1
AR5 Y 3 L/ A ar A A A A 1 .
(231,232)(31 32) ejo e = 25 (—CarCliCH"Chy + CaChy + CpCp) = 5—Cip. O

A2
22 22

E.3 Auxiliary asymptotic lemmas

Lemma E.6. T7' S0 |lys — %> = Op(T7%) and T' S, wi(ys—1 — Ge1)" = Op(T7% +
T=712) where uy =y, — Ay,_1.

Proof. Using Equation (3.1), write 3, as
yr = AH(L, + T a(L))e_s
s=0

=Y A°He, +T > A°Ho(L)es.

s=0 s=0

=3¢

Thus, the definition of g, implies

y— G =T"¢ Z A*Ha(L)g;—s.

s=0

Lemma E.12 below shows that, under Assumption 3.1, T-' L E[|lys — 7:]|?] = O(T%).

Consequently, the first part of Lemma E.6 follows from Markov’s inequality.

16



In order to establish the second part of Lemma E.6, note that
w (Y1 — Go1) = H{Ln + T a(L)]e; (Y1-1 — Ge-1) -

Lemma E.13 below implies that

ZT: (Y1 = Gi—1) = Oy (T%*lm) . (E.7)

Finally, Lemma E.14 below implies that
1 & _ -
7 2 ol L)er (et = Gi1) = Op(T°). (E.8)
t=1
Equations (E.7) and (E.8) imply

1< N _ e
T Zut(yt—l —Gi1) = Op(T KT 1/2)~ O
t=1

Lemma E.7.

T

-1 Zutyt =T CHZCWDH/ ANV TS Heydl,y 4 0,(T79).
=1 t=1

Proof.

T T T
T S wy, = T > wig + T > ur(ye1 — Gr—1)’

t=1 t=1 t=1

:op(ng) by Lemma E.6

=T 12}1@% T 12}1& Vet + 0,(T™°)

t=1

=TS B+ T4 (1Y BlaDad ]+ o,1)) + (7).

t=1
where the last equality follows from Lemma E.15 below. Finally, note that

oo

Ela(L)eg, 1) =YY  awEleieey_, |H' (A Z ayDH'(A O

/=1 s=0 /=1

Lemma E.8. T7'Y7  y, 4y, 5 S.

17



Proof. By Lemma E.6 and Cauchy-Schwarz, T SL v, ayi = TS G181 + 0p(1).
The rest of the proof is standard. n

Lemma E.9. Fiz h > 0 and j* € {1,...,n}. In a slight abuse of notation, let g
(y‘,]‘*;t? yf{—l),' Then

i) T 1S quejes = Op(T~C + T7Y/2),
i) (T7V S5 qat) ™ = Op(1),
iii) T~ 5" qu(ay-(L)e) = Op(1),
where aj«(L) is the j*-th row of a(L).

Proof. Let ¢; = (g;* »Ui-1) and Ay = ¢, — ;. Note that

T-h T—h T—h
T_l Z qtgj*7t p— T_l Z Atgj*’t + T_l Z (jt&fj*,t, (EQ)
t=1 t=1 t=1

Cauchy-Schwarz implies

| T=h 1/2 | T=h 1/2
<= Ad)? - %, :
<(rx i) (rh)

Lemma E.6 implies the first term to the right of the inequality is O,(T~¢). Assumption 3.1(i)

T—h
-1
t=1

implies that the second term to the right of the inequality is O,(1). Thus, from (E.9) we
have . .
T qejr =0, (T_C) + T Gigjoes
t=1 t=1
Direct second-moment calculations imply that the last term is O, (T_l/ 2). This establishes
part (i) of the lemma.

For part (ii) of the lemma, note that

I A ANV e AN ) AN/ /A =i S 1/ 8 (E.10)
Tt:l ' Tt:l ! Tt:l ' Tt:l ' Tt:1 !

Lemma E.6 implies that the first term is O, (T‘ZC). Cauchy-Schwarz, along with Assump-
tion 3.1 and Lemma E.6, imply that the second and third terms are O,(77¢). The last

term converges in probability to Var(g;). This matrix is non-singular, since ¢, = (g;* o Ti1)s
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where Var(g;—1) = S is non-singular by Assumption 3.1(iv), and Assumption 3.1(iii) implies
that gj* , equals a linear transformation of ;1 plus a non-singular independent noise term.
For part (iii) of the lemma, note that

1Th 1Th 1Th

— Z gt Oé] = Z At Q{] Z':t + = Z Qt O[J L)gt). (El]_)

Assumption 3.1(i) and (v) and Lemma E.6 imply that the first term is O,(77¢). Markov’s

inequality and a moment calculation imply that the last term is O,(1). O]

Lemma E.10. Fiz h > 0 and j* € {1,...,n}. Then

T—h

TN (@ny —ejen)ejes = 0p(T7?). (E.12)

t=1

Moreover, for { > 1,
T—h

T Z (Zht — €jvt)Ete = Op(T71/2>- (E.13)

t=1
Proof. In a slight abuse of notation, let ¢ = (g; o Yi1)'- We first establish (E.13). By
definition of ¢, we have 2, — e+, = (¥ — @h)’qt + T %a;«(L)e;. As in Lemma E.6 define
=22 A Hey 5. Let ¢ = (g;*’t,gg_l)/ and A; = ¢ — ¢;. Thus,

T—h 1 T—h
T_l Z (a?h,t — 5j*,t)5t+€ (T Z At€t+g> (E14)

+ (=9 <T i ~t5t+£> (E.15)

+ 7}( (; - (o (L)ey) €t+é> . (E.16)

t=1

By Lemma E.9, (¢ — 3),) = O,(T~¢ 4+ T~'/?). Direct second-moment calculations can be
used to show that the terms in (E.15)—(E.16) are of order

Op(T~¢ + T~ YO, (T~?) and O,(T~1/?),

respectively. This implies that both terms are o,(T~1/2).
Finally, note that Lemma E.6 and Assumption 3.1(i) imply that the sum in (E.14) is
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O, (T*C). Thus, (E.14) is of order
0,(T~¢ + T V)0, (1) = 0, (T712),

using ¢ > 1/4. Since we have shown that (E.14)—(E.16) are o,(T~/2), then for £ > 1,
T—h
T Z (Znt — € 1)Etre = Op(T_l/Q)-
t=1

The proof of (E.12) is entirely analogous. O

Lemma E.11. Fix h > 0 and j* € {1,...,n}. In a slight abuse of notation, let ¢ =

(y‘;’*,t7 y£71>/ and

.f'hﬂg = (19 — ﬁh)’qt -+ 8j*7t + TﬁCOéj* (L)St,

where aj«(L) is the j*-th row of a(L). Then

T—h
T3 (Bny — gj-0) = 0,(T7?). (B.17)

t=1

Proof. Let ¢, = (g; o Ui-1) and Ay = ¢4 — . Then

T—h T—h . . )
TS (B —epn)?=T7"> ((19 — ) A+ (9 — 90)' G + T_Caj*(L)st) :

t=1 t=1

To establish (E.17), it suffices by the ¢,-inequality to show that
a) TS (0 - 0aYA) = 0, (T717),

b) Ty ((79 - ﬁh)/@:f = 0p (T_I/Z),

¢) T S5 (e (L)e)” = Oy (1)

To establish (a), note first that Cauchy-Schwarz implies

Z(ﬁ Bya) <o~ ﬂhH( ZHAA!Z)

Lemma E.6 implies that the term inside the parenthesis is O,(T~2¢). Lemma E.9 implies
(0 —0p) = O, (T‘C + T_1/2>. Since ¢ > 1/4, statement (a) follows.
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To establish (b), we apply Cauchy-Schwarz to obtain

2 (110 ~2>
- Z q | -
(T t=1
Assumption 3.1 implies that the term inside the parenthesis is O,(1). As in the previous

paragraph, [ — 0, = O, ((T‘C + T_1/2)2>. Since ¢ > 1/4, statement (b) follows.
Finally, statement (c) follows from Assumption 3.1(i) and (v). O

g(ﬂ Bya) < [0~

E.4 Auxiliary lemmas to the auxiliary lemmas

Lemma E.12. There exists a constant C' € (0,00) such that
E |l — al?] < CT7*. (E.18)

Proof. The definition of g; implies

yr — G =T°¢ Z A*Ha(L)e;—s.

s=0
Expanding a(L) = 3222, ayLf, we obtain
y— G =T"° Z Bsei_s, where B, = ZAS_ZHO.%. (E.19)
s=1 (=1

By the independence assumption on &; in Assumption 3.1(i),

Elly: = 3:l?] = 772> trace (B.DBY).

s=1

Expanding B, and changing the summation indices shows that E [||y; — %||?] equals

533 5 e (A Hou Dl ),

s=101=1 =1

Moreover, since for any two matrices My, My of conformable dimensions trace(M;M;) <
[ Mi|[[| Mz]], then

trace (A*~ Hay, Dag, H'(A')™2) < [ H|* - | D] - | A - [1(A)* %] -l || - [l .
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Let A € [0,1) and C' > 0 be chosen such that [|A¢|| < CAf for all £ > 0 (such constants exists
by Assumption 3.1(ii)). Then

B{ly - ] < T5C? H|?|D) (i A?T) (i Haelu) (i H%H) ,

7=0 l1=1 lo=1
oo o0 2

< T HIP|D) (Z A?T) (Znagn) ,
7=0

C? H D >

Lemma E.13.

th;@t Y1 — Yo 1) :Op(T7<>'

Proof. By Markov’s inequality, we need to show that the following expression is bounded:

,2].

Equation (E.19) in the proof of Lemma E.12 and Assumption 3.1(i) imply that the summands

T*FE

o

are serially uncorrelated, so the above expression equals

1 T
T* ) E et (s — Ger)'|1?]

t=1

<75 ZE (el e — g,

t 1
- TQCf S E (lel?] £ [lye—r — Ge-1117]
t=1

= T2 trace (D)E [”yt—l - @tﬂHQ] :

The third line follows from Assumption 3.1(i), while the last line follows from stationarity.

Lemma E.12 implies that the final expression is bounded. O

Lemma E.14.

1 T
Za Vet (Y1 — Ge1) = Op(T™°).

t:l
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Proof. By Markov’s inequality, we need to show that

1 & 3
TSE H|T Z &(L)et (ytfl _ yt71),
t=1

|

is bounded. By stationarity and Cauchy-Schwarz, the expression is bounded above by

T E(la(L)zl 1y — Gl
1/2 . 1/2
<T(E[Jlaal]) " (B[l - g-IP])
The first expectation on the right-hand side is bounded due to Assumption 3.1(v). Hence,
Lemma E.12 implies that the entire final expression is bounded. O]
Lemma E.15.

T g (a(L)ewiii_y — Ela(L)ewg; 1)) = op(1).

Proof. For an arbitrary ¢ € {1,...,n} and s > 1, define
['s = Cov(a(L)es@i—1, a(L)er—sTip—s—1)

[o¢] [o¢]
= Cov (Z ap e, Ji-1, Y aézgt—s—ﬂzgi7t—s—1)

l1=1 lo=1

[o.¢] (o]

~ ~ /

= > > o, Cov(ero,Git—1, Et—s—taUist—s—1) V.
l1=1/42=1

By Theorem 7.1.1 in Brockwell and Davis (1991), the statement of the lemma follows if we
can show that I'y — 0 as s — oo.

Decompose

Uit—1 = Eis—1 | {et-s ?:_11] + Efii—1 | o)) T ElJip—1 | {€—s}omp, 41 -

_~(=) _~(0) _~(+
=Yt =Yit-1 :y£,t11

For /1 < s, the serial independence of ¢; implies that
COV<€t—41gz(;Zla 5t—s—€2gi,t—s—1) - E[gi(;_)l]E[ﬁt_élﬁg_s_@gm_s_l] = 0,
COV(&—zlz?fg)fl, Et—s—toUit—s—1) = 0,
COV@#&ZL(,J{L, Etms—toUit—s—1) = E[gt—zl]E[gl‘(lﬁlg;,s,@ﬂi,t—s—l] =0,
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and therefore

Cov(et_p,Yit—1,Et—s—t,Yit—s—1) = 0.

Inserting this result back into the earlier expression for I'y, we get

(o) o
T =1 >, > an Cov(er—ibit—1, Et—s—tTist—s—1) 0y,
l1=s+1/l2=1
oo oo
< Y Y llag - llewll - | CovieroGii-1:e-s—e,Gis—s—1) |
l1= S+1fz 1
<> Y lonl lagl: sup | Var(€-eie)|
l1=s+1/l2=1
12 [ &
S( [Nz 1] - yzt) > el Z o, |
lo=1 l1=s+1

<o

— 0 ass— oo,

where the last line uses absolute summability of «/(L).
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