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Abstract

We investigate optimal commodity taxation in a social insurance
framework based on Varian (1980). We show that the tax prescrip-
tions in this moral hazard framework are notably similar to those
derived from models based on Mirrlees’ (1971) self-selection frame-
work. In particular, Atkinson and Stiglitz’s (1976) results on uni-
form commodity taxation are valid in this setup. We incorporate
pre-committed goods — those whose consumption must be decided be-
fore the resolution of uncertainty — and show that tax prescriptions
are also analogous to the existing literature. Keywords: Efficiency,
Optimal Taxation, Asymmetric and Private Information. JEL Clas-
sification Numbers: H21, D82.

1 Introduction

There are two conceptually distinct models of optimal income taxation. The
first one was introduced by Mirrlees [1971] and extended in Mirrlees [1976],
Atkinson and Stiglitz [1976] and others. It emphasizes the trade-off between
redistribution and efficiency in an heterogenous population. The second one,
introduced by Varian [1980] and Eaton and Rosen [1980a, 1980b, 1980c],
emphasizes the trade-off between insurance and incentives which may be
present even with ex-ante identical agents. At the heart of both models
lies an informational asymmetry. However, these are of different nature:
Mirrlees’s model is one of self-selection (we shall refer to this model as SS),
while Varian’s is one of moral-hazard (we shall refer to this model as MH).



Even though the SS model has become the paradigm, both models cap-
ture aspects of the problem which may motivate a society’s desire for taxa-
tion. Thus, they should both be relevant for thinking about the normative
questions of taxation.

Arguably, the most fundamental results obtained from SS models are
those related to the supplementary role of commodity taxation. In partic-
ular, using an SS model, Atkinson and Stiglitz [1976] showed that the role
of commodity taxation is greatly reduced when a non-linear income tax is
available. Unfortunately, not much is known about the commodity tax pre-
scriptions implied by an MH model.

Arnott and Stiglitz [1986] address the problem of commodity taxation in
the presence of moral hazard. However, their main point is to show that
commodity taxes may improve welfare. They do not fully explore conditions
for uniform taxation as the literature using SS models does. In this paper
we address this issue exploring the commodity tax implications of an MH
model.

We show that the commodity tax prescriptions of both models are essen-
tially identical. In particular, Atkinson-Stiglitz’s result on uniform taxation
holds in the MH model. Following recent developments in the SS literature,
we incorporate pre-committed goods in the analysis — goods whose quan-
tity must be decided before the resolution of uncertainty. Given the lifetime
interpretation of our model these goods may be a significant part of con-
sumption. Once again the results are analogous, although more general, to
those currently available in the SS literature.

In the process of interpreting our results, we are able to re-examine the
intuition for certain results in SS models. In particular, Cremer and Gah-
vari [1995b] offer an intuitive interpretation for their result on the optimal
subsidization of pre-committed goods based on precautionary behavior. We
argue that their interpretation is misleading and offer an alternative one
based on the general principle that whenever deviations from prescribed be-
havior induces changes in the consumption pattern, differential commodity
taxation is a useful supplement to the income tax schedule. We show that,
even with separability assumptions, under normality this is exactly the case
for pre-committed goods: an agent who shirks shifts consumptoin away from
pre-committed goods.

These interpretations also help understand the related results in dynamic
principal agent problems in the contract theory literature. In these models
a common characteristic is that the agents intertemporal marginal rate of



substitution is not equalized to that of the principal

The rest of the paper is organized as follows. Section 2 lays out the basic
model, generalizing Varian’s [1980] moral hazard model. Section 3 derives
the implications for optimal commodity taxation of this model. Section 4
extends the model to incorporate pre-committed goods, analyzed in Section
5. Interpretation of the results and concluding remarks are contained in
Section 6.

2 The Basic Model

The model is an extension of the standard principal-agent setup to allow
multiple goods and non-separability of effort and consumption. Agents max-
imize expected utility with preferences, in each state of the world, defined
over effort, e, and n consumption goods, *’ = (x!, 22, ..., 2"), by the strictly
quasi-concave Bernoulli utility function w (z,e). Technology is linear with
measurement units chosen so that all producer prices equal one.

We use the following notational conventions. Prices and quantities are
represented by row and column vectors, respectively. We also use 1 to denote
the n-dimensional row vector of ones.

Agents exert effort to influence the distribution of the random income, w.
Thus, income is distributed according to the density function f(w;e). Once
income is realized agents choose their consumption basket, x.

We assume a continuum of agents and that w is i.i.d. across agents.
All risk is then idiosyncratic, and if all agents choose the same effort level
realized and ex-ante distributions coincide. These assumptions allow us to
avoid dealing with a stochastic government budget constraint.

The government’s problem is restricted only by the environment’s in-
formational structure. The individual income realizations w are publicly
observed but effort levels e are not. Thus, government can set a non-linear
income tax schedule ¢(w). It may also linearly tax commodities affecting their
price. The restriction to linear commodity taxes is implicitly justified by as-
suming that only total transactions between the consumption and production
sectors are observed, and not transaction between consumers [see Guesnerie
[1995]].

After uncertainty is resolved, an agent with income realization w pays
income taxes according to the schedule ¢ (w) = y(w) — w, and uses the
remaining income, y(w), to choose a bundle z that maximizes his utility.



The consumer’s choice of & conditional on his choice of e and its expenditure
on consumption goods, y, yields the indirect utility function:

V(g,y,e) = max u (x,e)
s.t. qr <y
where ¢ denotes consumer prices. To make insurance desirable we assume

that V,,, <0, so that the agent is risk averse.
Before the resolution of uncertainty each agent solves:

e [V (g.9(w),€) f(w,e)dw 0

A necessary condition for (1) is:

/ (v; + Vf7) fdw =0 2)

To keep the analysis manageable, in setting up the government’s problem
below we shall replace (1) with (2) as the incentive constraint — this is known
as the first-order approach. It is well known that this substitution may not
be valid in some cases'. It remains an open question whether our results are
sensitive to this strategy; the economic interpretation we offer towards the
end of the paper suggest these are robust.

The government can be seen as directly choosing y(w) — implicitly defining
the tax schedule t (w) = w—y(w) — as well as consumer prices, ¢, to maximize
the agent’s expected utility:

max /V(q,y(w),e)f(w,e)dw

2,y(-),e

subject to the resource constraint,

l/W—L#@wW%MfW£Mw=&

and the incentive compatibility constraint (2).

1See Mirrlees (1999) and Rogerson (1985).



3 Optimal Taxation

The related Lagrangian to the government problem is given by,

Ez/{v+ubé+v%}+ﬂw—gﬂ}ﬂm

The first order conditions with respect to y(w), and ¢ are,

Vy (1 + u%) + pVey — A2y =0, (3)

/{V;] (1"'/1%) +MVeq_)‘1nxq}fdw:0> (4)

Our results do not require the government maximization of e, thus we do not
display the first order conditions for e.

From Roy’s identity we have that V, = —2'V}, where 2’ is the transpose
of vector x. This allows us to write the cross derivative term in (4) as:
Veg = Voo = = Vet = Vy, (5)

Substituting (5) into (4), yields, after transposing the vector equation:

/ {—x [V;, (1 + ,u%) + Ve — A (Inxy)] — A1l — m/yxe} fdw=0

where x°(q, V, e), is the Hicksian demand for x conditional on e.
Finally, (3) allows us to cancel terms and, by using properties of homo-
geneity and symmetry of z we write (4) as:

/ / 2 fdw = % / 2.V, fdw (6)

This equation is the exact analogue of equation (86) in Mirrlees [1976]. Each
row of this vector equation is:

Zti/ngfdw - %/xé‘/yfdw

The term on the left hand side in the expression above is a measure of what
Mirrlees calls the “encouragement” of good j. A good should be (weakly)
encouraged whenever xJ is non-negative?, and discouraged, otherwise.

2These goods are said to be ‘(weakly) positively related to effort’ in the terminology of
Pollak (1969), who first formally analyzed those conditional demands.
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Proposition 1 If preferences are weakly separable between x and e so that
u(z,e) = v(h(z), €)
for some function v : R?> — R, then uniform commodity tazation is optimal.

Proof. This is a straightforward application of (6). =

This is the analogue of the celebrated Atkinson-Stiglitz result on uniform
taxation derived in an SS model based on Mirrlees’s [1971] setup. The propo-
sition shows that their result also holds in an MH model based on Varian’s
[1980] setup.

4 Pre-Committed Goods

In this section, following Cremer and Gahvari [1995a, 1995b], we extend the
model to introduce pre-committed goods — those whose consumption must be
decided before the resolution of uncertainty. Because the uncertainty mod-
eled of this paper represents an uncertainty of lifetime wealth, consumption
in initial periods of life may be a good example of pre-committed goods.

Thus we divide the goods into two groups: m pre-committed goods, de-
noted by 2/ = (2%,2% ...,2™), and n ex-post goods, which we denote by
2 = (z', 22, ..., 2"). We write the Bernoulli utility function as u (z,z,¢). We
maintain the simplifying assumption of a linear technology with producer
prices normalized to unity.

We solve the consumer’s choice of = conditional on z and e and expendi-
tures for ex-post goods, y, to obtain the indirect utility function:

V(¢ y,2,e) = maxu(z,z,e)

s.t. qr <y

The agent is assumed to be risk averse so that V,,, <0 for all (¢,y, z,¢€).

The timing of events is as follows. Agents first choose e and z, then
uncertainty is realized and agents with income w pay the income tax t(w) and
keep the disposable income, Y (w) = w — t(w). Agents then pay for the pre-
committed goods, at prices r, and use the remaining income y(w) = Y (w)—rz
to purchase z. Their ex-ante maximization problem is:

z,e

max/V(q,Y(w) —rz,z,e) f(w,e)dw
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Which yields, in addition to the optimality condition for effort (2), the first
order conditions for the optimal choice of z:

/‘éfdw:r//%fdw (7)

In setting up the government’s problem, we can view the variables of
choice as (Y (w),r, q, e). However, for any (y(w), z, q, ) there is a price vector
r given by (7) that makes z optimal for all agents. Thus the problem can be

written as choosing (y(w), 2, g, €) instead of (Y (w),r,q,¢e) .2
The government’s problem is then,

max /V(q,y(w),z,e)f(w,e)dw

2,q,y(-),e

subject to the resource constraint,

/[w —1.2—1x(q,y(w),ze) fw,e)dw=0 (8)

and the incentive compatibility constraint (2).

5 Optimal Taxation with Pre-Committed Goods

The Lagrangian for the above problem is,

,C:/{V—i-,ulve—i-vé} —i—)\[w—lmz—lnx]}fdw

f
The first order conditions with respect to y(w), ¢ and 2" are,*
Je _
Vo [T+ 07 |+ Ve = M2y =0, (9)

3Tn other words, the problem we shall setup next is equivalent to the problem of maxi-
mizing expected utility choosing z, r, ¢, Y(-) and e subject to the resource constraint (8),
the incentive compatibility constraints (2), and the first order conditions (7).

“We use 9L/9z instead of dL/dz because it allows us to define x,/ as an n x m matrix
of similar nature of z,. Each row is the gradient of an ex-post good’s demand function
with respect to the pre-committed goods - which, just like prices, are taken as parameters
in the second period decision problem.



/ {Vq <1 + u%) + puVeq — )\Inxq} fdw =0, (10)

/ {sz <1 + uf7> + Ve = A[L, + Inrczf]} fdw =0 (11)

First notice that (10) is analogous to (4) so using the same procedure as
before we transform the expression into:

t/ngdw = %/xevyfdw (12)

We also used both the symmetry and homogeneity properties of x¢, which
hold conditional on z and e.

Equation (12) is identical to equation (6) where pre-committed goods
were not considered. Including pre-committed goods in the analysis does not
alter the essential results for taxation of the ex-post goods. In particular, as
we show below, an analogue of proposition 1 on uniform commodity taxation
exists in this case.

To further characterize optimal taxes we now impose certain separability
restrictions on preferences. We start by analyzing the case where only weak
separability between e and x is assumed. The most general form of such
separability is represented by:

u(z,x,e) =v(z,h(z,x),e)
In this way, no assumption is made on the separability of z with e or x.
Proposition 2 If preferences are weakly separable between x and e so that
u(z,x,e) =v(z,h(z,),e),

for some function v : R* — R, then uniform commodity taxation of the
ex-post goods is optimal.

Proof. A direct application of equation (12) m

In the discussions and propositions that follow, whenever proposition 2
holds, we adopt, without loss of generality, the convenient normalization that
7 = 0. That is, to simplify statements, uniform taxation of ex-post goods is
interpreted as no taxation of these goods.



Without separability between 2z and e, uniform taxation of z goods should
not be expected to be optimal — nor will uniform taxation hold for all goods
jointly. Thus, to give uniform taxation a chance we assume all goods to be
weakly separable from effort. The next proposition shows that, even in this
case, uniform taxation of pre-committed goods is not guaranteed.

Proposition 3 Let preferences be represented by the utility function
u(z,ze) =v(h(z,2),e)
and let the semi-indirect utility function H be defined as:
H(q,zy) = max h(z,xz) st. xq<y

Then at the optimum:

a. ex-post goods should be untaxed;

b. the tax rates on pre-committed good j s given by:

H .
. cov (V , ZJ)
1 = M (13)

BV, B[]

Proof. Part (a) is implied by proposition 2, since the preference structure
their is more general than the one considered here.

Using (a) and the normalization previously discussed, we have that ¢ =
1,. Adding up property of demand imply the two following conditions:

lxy,=1 and 12,=0 (14)

The first expression in (14) can be used to rewrite (9), the first order condition
for y(-), as:

Hy {Uh +u lvhe + Uh%‘| } =\ (15)
Substituting the second equation of (14) into (11) yields:
/Hzl {Uh + W |}Uhe + Uh%} } fdw = \1_ (16)



Notice that the term multiplying H./ in the integrand of (16) is by virtue of
(15) equal to \/H,, simplifying this expression to,

H,
= fdw=1_. 1
[ Ftdw =1, (17)
Using (7) and (17) and the fact that
H,; H,;
V. = vl = (vnH,) H, = VyFy;
we find that the price of good j equals
v, 24 faw .
IV _ a8)

[V, fdw] || 5 feu]

Yy

We can rewrite this expression as,

H
cov <%, HZ)
H,

BV, B %]

Hy

=pl 1=

which concludes our proof. m

Proposition 3 suggests that, in general, pre-committed goods should not
be uniformly taxed. The following example illustrates a simple case where
optimal taxation of pre-committed goods is in fact not uniform. Let the
utility function be,

h(z, 22 2t 2*) = h! (zl) + h? (z2 + xl) +h? (:L‘2)
v(h,e) = h+l(e)

then 2! should be subsidized, while 22 should be left untaxed.

To see this, notice that v, = 1, V, = H, and that H,i=h"(z;), the
marginal utility of 2!, is constant across realizations of w. Then equation
(13) becomes:

= - =t < 0. (19)




Because H,2/H, is constant we have that t* = 0.

The intuition for this example is, of course, that since z? is a perfect
substitute for x!, they are essentially the same good. Because preferences
satisfy proposition 2, all x goods should not be taxed, and therefore, neither
should z2. On the other hand, according to (19) good z' should be subsidized.
The example illustrates that even with separability between goods and effort
Atkinson and Stiglitz’s [1976] result on uniform taxation cannot generally
hold for the pre-committed goods in our setup.

Next we examine the case where utility is weakly separable not only be-
tween all consumption goods and effort, but also between pre-committed and
ex-post goods. The next proposition shows that in this case pre-committed
goods should generally be uniformly subsidized.

Proposition 4 Let preferences be represented by the utility function

u(z,ze) =v(h(g(2),k(z)),e)
then at the optimum:

a. ex-post goods should be untaxed;
b. pre-committed goods should be uniformly tazed or subsidized;

c. if pre-committed good are jointly normal (for a fized e), they should be
subsidized, otherwise, they should be tazred

Proof. Under these assumptions on preferences, we have that:

o, h,

A, ",

Substituting this into (13),

BV, E[g5] EN]E[#]

=T. (20)

since ¢, does not depend on w.
As for part (b), both V;, and h,/H, are functions of w only through y(w).
By concavity of V, V,, is decreasing in y. With normality h,/H, is increasing
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in 3 — see appendix A — and the covariance is negative®. The case of inferiority
reverses the result. m

Before discussing this result further we consider a stronger separability
assumption that delivers simple results. With additive separability, without
any auxiliary assumptions (such as normality), we show that pre-committed
goods should be uniformly subsidized in the following proposition.

Proposition 5 Let preferences be represented by the utility function
u(z,x,e) =g(2) +k(x)+1(e)
then pre-committed goods are uniformly subsidized.

Proof. Under these assumptions (20) becomes:

1
cov <Vy, Vy)

BV E || -

T =

[

Note that in this case, normality and concavity are not be invoked. This
is because concavity (convexity) and normality (inferiority) are related under
this additive specification. Cremer and Gahvari [1995b] obtain similar results
in an SS model with additive separability.

We conclude this section with a loose end, showing that weaker conditions
than those used in proposition 4 guarantee uniform tax rates for the two
groups of goods.

Proposition 6 Let preferences be represented by the utility function
u(z3,6) =0 (g (2), k(2) €)
then uniform tax rates are used for both groups of goods.

Proof. See appendix. =

Whether or not Vi is decreasing and ( is increasing in Y depends on whether Y’ (w) =
Y (w) § 0. With further assumptions we could guarantee Y’ (w) > 0. However, this is not
required for the result.
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6 Discussion

This paper investigates how commodity taxes should supplement an opti-
mally designed non-linear income tax, when it is social insurance rather than
redistribution that motivates the second-best problem. It is shown that rules
very similar to the ones derived by Atkinson and Stiglitz [1976] and Mirrlees
[1976] are optimal for this type of model. This should come as a relief given
the unresolved issue of which model best addresses the problem of income
taxation.

We also show the similarity of optimal tax results when pre-committed
goods are incorporated, as defined by Cremer and Gahvari [1995]. In the rest
of this section we discuss the intuition for our results with special emphasis
on the subsidization result for pre-committed goods.

Non-linear income taxation is a powerful instrument that leaves few left-
overs for commodity taxation. In SS and MH models redistribution and
insurance, respectively, are constrained by the incentive effects they generate
— summarized in the incentive constraints imposed on the problem. Con-
sequently, differential taxation is only beneficial when it relaxes incentive
constraints.

Incentive constraints are relaxed when the demand for goods is affected
by deviating behavior — from truth telling in the SS model and from the
prescribed effort level in the MH model — since then the tax incidence is dif-
ferent for deviators and abiders. Exploiting this difference allows for greater
redistribution or insurance. In a sense, in these cases commodity taxation
acts as a tax on dishonesty or as a subsidy to honesty. Thus separability
always plays a key role in uniform taxation.

Cremer and Gahvari [1995b] offer the following intuition for their result
that pre-committed goods should be subsidized in an SS model. They ar-
gue that the uncertainty of income creates a precautionary behavior leading
to “low” consumption of z goods. Consequently, they argue, to encourage
consumption of z it is optimal to subsidize them.

Based on the proof of our results we believe this explanation to be mis-
leading both for the SS and MH models®. First, note that income uncer-
tainty is already being taken care of by the income tax schedule; it is not
clear whether any further role should be played by the subsidization of pre-

®Da Costa and Werning (2000) show that the exact same propositions obtained here
are true in an SS framework thus generalizing Cremer and Gahvari’s (1985b) results.
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committed goods.

Second, consider the case where there is only one good of each type and
assume the sub-utility functions of these two goods to be equal. For a fixed
level of effort this problem is equivalent to an intertemporal savings problem
under uncertainty. Then, uncertain income induces agents to consume more
or less of z good depending on the concavity or convexity of the marginal
utility of income — the conditions required for precautionary savings. Yet, no
assumptions are made regarding these third derivatives.

Finally, notice that if ;1 = 0, then V,, = A and r = 1, which shows
that incentive compatibility constraints must play a crucial role in the story.
Hence, an argument based purely on precautionary behavior towards risk
appears misleading.

We offer an alternative explanation based precisely on the incentive effects
differential taxation may have on effort. This interpretation applies both to
the SS and the MH models and coincides with the argument used for the x
goods.

Consider an agent deciding to shirk, lowering effort below the optimal
level e*. For every realization of w this agent receives the same amount of
after-tax income as an agent choosing e*. Ex-ante, however, the agent is
poorer since higher realizations of w are less likely”. Even with separability, if
pre-committed goods are normal, the deviating agent will consume relatively
less pre-committed goods. Consistent with the intuition used for the taxation
of x goods — that what is relevant is the change in consumption by the
deviator — these goods should be subsidized.

A Appendix

A.1 Normality Condition

Consider the following problem. For a given level of total income y the agent
solves the optimal allocation of income between the two groups:

m%xh (G (r, yo) K (q,y - yo))

Y

"First order stochastic dominance is not required for the argument. The first order
condition of the agent with respect to e ensures that at the magin an increase in e increases
his income in the sense that the change in distribution increases his expected utility. That
is, [V fdw = — [ V. fdw > 0.
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where G and K are the indirect sub-utility functions corresponding to g(z)
and k(x). The f.o.c. for this problem is simply:

hyGy — hy I, =0 (21)

Where subscripts denote partial derivatives.
Applying the implicit function theorem to (21),
dyo _ hgGyKy — hgy (Ky)2 — Ky,

i - (22)

where A < 0 is the second order condition for the problem. Thus, the sign
of dyo/dy is equal to the sign of the numerator in (22).
Consider, now, the following derivative (we hold yo fixed):

i ( hg )' _ hngy o hghkk (Ky)2 _ hgthyy
dy \ hi IS, Yo hy K, (thy)2 (hery)2

Using the first order conditions, on can rewrite the above expression as:

d hyg 1 )
— WG K, — g () — K
dy <thy>‘y0 hi Ky Gy [orGiy Ky — s (Ky) e

are the same.
Yo

Since hj,K,G, > 0 the sign of dyy/dy and d% <h:f<y)

A.2 Proof of Proposition 6

Proof. We can write the agent’s ex-ante problem as:

max / 0(9(2), K (y (w) — 2,q) ) f(w, e)dw

z,e

where K is the indirect utility function of k(x). The first order conditions
with respect to z are

gz/vgfdw = r'/kayfdw (23)
Manipulating (18) yields,

Gy = {vk—’_:u[vek"i_kae/f]}
ST Y g 1 [veg + Vg fo/ f1} fdw ™

15
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Finally using (23) and (24)

Tf Kykadw _ Ky {Ulc + u [Uek + kae/f]}
ngfdw f{Ug+N[Ueg+Ugfe/f]}fdw "

Hence, r is proportional to 1 — uniform taxation of pre-committed goods is
optimal. m
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