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Abstract

We study linear regression models with clustered data, high-dimensional controls,
and a complicated structure of exclusion restrictions. We propose a correctly centered
internal IV estimator that accommodates a variety of exclusion restrictions and permits
within-cluster dependence. The estimator has a simple leave-out interpretation and
remains computationally tractable. We derive a central limit theorem for its quadratic
form and propose a robust variance estimator. We also develop inference methods that
remain valid under weak identification. Our framework extends classical dynamic panel
methods to more general clustered settings. An empirical application of a large-scale

fiscal intervention in rural Kenya with spatial interference illustrates the approach.
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1 Introduction

Clustered data—such as panel, network, spatial, or group-structured datasets, where indi-
viduals or firms are observed repeatedly or nested within groups—have become increasingly
common in empirical research. These settings present several methodological challenges.
One is the need to account for complex heterogeneity, often addressed through the inclusion
of fixed effects and flexible time or group trends, which typically entails incorporating a large
number of control variables. A more fundamental difficulty arises from within-cluster de-
pendence: observations within the same cluster may exhibit correlation structures, including
spatial and network interference, spillover effects, and time-series dependence. Such depen-
dencies complicate statistical inference and limit the effective aggregation of information
across observations.

The concept of exogeneity becomes more nuanced in the presence of clustered data. As
we demonstrate, assuming only a per-observation exclusion restriction—i.e., that the error
term is uncorrelated with the regressor within the same observation—may fail to provide any
identifying variation for consistent estimation of structural parameters. Conversely, impos-
ing strict exogeneity, where each error term is uncorrelated with all regressors in the same
cluster, is often too strong and implausible in many empirical contexts.

To bridge the gap between strict exogeneity and unrestricted dependence, we adopt an
intermediate assumption: the error term is uncorrelated with a subset of regressors from the
same cluster. The form of this exclusion restriction depends on the application and institu-
tional context. In panel data, it is common to assume errors are mean-zero conditional on cur-
rent and past—but not future—regressors, allowing for feedback from shocks to future poli-
cies. In spatial settings, localized spillovers justify similar structures—for example, spatial
leakage in deforestation (Jayachandran et al., 2017), spillovers in policing (Blattman et al.,
2021), or a fiscal intervention experiment in rural Kenya (Egger et al., 2022). In networks,
treatment effects may propagate through social ties (Paluck et al., 2016). These partial exo-
geneity assumptions better reflect the complex dependence seen in many empirical settings.

When we assume only a subset of exclusion restrictions, it becomes inappropriate to treat
regressors as fixed or condition on them. Their stochastic variation may correlate with the
errors, invalidating standard estimation approaches. As a result, even estimators like OLS

must be interpreted as ratios of stochastic quadratic forms, introducing several challenges.



The most well-known is Nickell bias (Nickell, 1981), which occurs when the expected
value of the OLS error numerator is nonzero, leading to asymptotic bias. While prominent
in dynamic panels with fixed effects and lagged outcomes, this bias arises more broadly
under clustered dependence. A second challenge is inference: standard variance estimators
often fail to account for the cross-cluster dependence of quadratic forms. Finally, the denom-
inator may remain random asymptotically, unlike in classical settings, giving rise to weak
tdentification and complicating inference further.

This paper studies the estimation of structural parameters in linear regression models
with clustered data, high-dimensional controls, and a researcher-specified set of exclusion
restrictions. A key feature of the framework is the grouping of observations into disjoint
clusters, permitting within-cluster dependence and independence across clusters. The set-
ting accommodates unbalanced panels with multiple high-dimensional fixed effects, as well as
spatial, network, and group-structured data. Our approach extends classical dynamic panel
estimators to a broader class of models, addressing the central challenges of bias, inference,
and identification.

Our first contribution is to characterize a class of correctly centered internal instrument
estimators that eliminate the asymptotic bias of OLS. The approach accommodates high-
dimensional exogenous controls and adapts to the exclusion structure specified in the appli-
cation. The resulting estimator is an internal IV estimator, defined as the one closest to OLS
in a well-defined norm. Under some conditions, the estimator is asymptotically efficient and
easy to implement.

The procedure has a simple interpretation: for each observation, controls are partialled
out using only those observations whose errors are uncorrelated with its regressor, yielding
an observation-specific leave-out projection. A just-identified IV regression is then performed
on the transformed equation, using the original regressor as an instrument.

We further characterize the efficiency loss from varying the strength of exclusion re-
strictions. In particular, assuming exogeneity only within the same observation eliminates
all identifying variation when fixed effects are present. This observation underscores the
importance of carefully specifying the exogeneity structure in applied work.

Our second contribution addresses inference. We show that, except in two special
cases—(1) strict exogeneity and (ii) block-diagonal residualization (e.g., models with only

cluster fixed effects)—the estimator’s numerator is a nontrivial quadratic form in the errors.



In such settings, standard cluster-robust variance estimators may fail, and valid inference re-
quires central limit theorems for clustered quadratic forms. These issues are especially acute
in models with many high-dimensional controls, such as two-way fixed effects (Verdier, 2020).
We propose a new central limit theorem and a new variance estimator that account for this
structure.

Our third contribution addresses weak identification, which arises when the internal in-
strument—though valid—captures limited identifying variation due to many controls or weak
exclusion restrictions. As in the classical dynamic panel literature (Blundell and Bond, 1998;
Bun and Windmeijer, 2010), weak identification can compromise standard inference. We de-
velop inference procedures that remain valid even when the estimator’s denominator exhibits
substantial sampling variability.

We propose a comprehensive empirical strategy that combines a correctly centered esti-
mator with identification-robust inference and confidence sets. We apply it to a prominent
randomized evaluation of a large-scale fiscal intervention in rural Kenya (Egger et al., 2022).
A key challenge in this setting is spatial interference: treatment in one village affects out-
comes in neighboring villages, complicating the choice of plausible exclusion restrictions. We
show how relaxing these assumptions leads to less precise estimates and wider confidence sets.

This paper contributes to several strands of the econometrics literature. It relates to the
extensive work on linear dynamic panel data models—a mature field with too many impor-
tant contributions to list exhaustively. For recent overviews on correcting Nickell bias, we
refer to the surveys by Okui (2021) and Bun and Sarafidis (2015). Our estimation approach
is more closely aligned with the internal instrument framework developed in Anderson and
Hsiao (1981), Arellano and Bond (1991), Ahn and Schmidt (1995), Alvarez and Arellano
(2003), and Blundell and Bond (1998), though we extend the framework to accommodate
more general models. In addition, we directly address weak identification concerns noted
by the dynamic panel literature, particularly in Bun and Windmeijer (2010). We also con-
tribute to the emerging literature on quadratic central limit theorems for clustered data
structures. These results have been recently employed in many-instrument panel settings,
such as Ligtenberg (2023), and are crucial for understanding the distribution of estimators
that take the form of quadratic error functionals.

The remainder of the paper is organized as follows. Section 2 describes the data struc-

ture, a plausible set of exclusion restrictions, and two modeling perspectives—outcome-based
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and design-based. Section 3 characterizes the class of correctly centered internal instrument
estimators, introduces our proposed estimator as the solution to an efficiency optimization
problem, and interprets it as a leave-out internal IV procedure. Section 4 addresses uncer-
tainty quantification, and Section 5 establishes a central limit theorem for quadratic forms
with clustered data. In Section 6, we develop inference procedures robust to weak identi-
fication and propose a corresponding variance estimator. Section 7 presents an empirical

application that illustrates the full strategy.

Notation. We use 0 < ¢ < 1 and C' > 0 to denote generic finite constants that may vary
across equations but do not depend on the sample size. For a matrix A, we let A" denote its
Moore-Penrose generalized inverse, tr(A) its trace, ||A||7 = tr(A’A) its squared Frobenius

norm, and || A|| its operator (spectral) norm.

2 Exclusion restrictions with clustered data

2.1 Data structure

We consider the estimation of a structural parameter § in the linear regression model
Yo = 2B +wyd +e, forl=1,... n, (1)

where ¢ indexes the n observations in the dataset. The parameter of interest, (3, is a scalar,
though most of our results extend to vectors of fixed dimension. The vector of strictly
exogenous controls w, has dimension K, which may be large but is assumed to satisfy
K < n. We denote by W = [wy,...,w,]" the matrix of control variables. For simplicity,
we treat W as non-random, although our results can alternatively be interpreted as condi-
tional on W. Throughout, we assume that W has full rank and define the projection matrix
M = I, — W(W'W)~"'W’ which projects out the variation associated with the controls V.

In contrast to standard cross-sectional settings with independent observations, we allow
for dependence within clusters. Specifically, we assume the data can be partitioned into N
disjoint clusters, with independence across clusters and arbitrary dependence within them.

Formally, let {S;}~, be a partition of the index set {1,...,n}, so that UY,S; = {1,...,n}



and S;NS; = 0 for i # j. Let i(¢) denote the index of the cluster containing observation
¢, and define T, = |S;| as the size of cluster i, so that n = S_~  T;. This cluster structure
reflects the sampling design and is essential for the application of laws of large numbers and

central limit theorems.

Example 1 (Unbalanced panel data). Consider a regression with individual and time fixed
effects: y;, = o; + e + Bxy + e, where y;; and x;; denote the outcome and treatment for
student i at time ¢. Let ¢ = £(i,t) index the observations, and define clusters as S; = {£(i, t) :
for all observed t}. Students may be observed in different and potentially non-overlapping
periods. Clusters need not coincide with individual indices 7; for example, one may define

clusters at the family level if students are siblings. [

Example 2 (Spatial data). Suppose we estimate the causal effect of a policy x,, implemented
in municipality ¢, on outcome y,. Assume that municipalities are nested within metropolitan
areas i, which define the clusters. A rich set of controls is included—such as cluster fixed
effects and federally influenced covariates—so that (x,, e,) are assumed independent across

clusters, but may be arbitrarily dependent within clusters. [

Example 3 (Network data). Consider treatment and outcome data for individuals con-
nected via a social or informational network. The data may be drawn either from distinct
clusters within a large network or from multiple independent networks. Conditional on a
comprehensive set of controls, we assume independence across clusters, while allowing for

complex, unrestricted dependence within each cluster. []

2.2 Exclusion restrictions

Assume that random regressors x, and errors e, have uniformly bounded second moments.
There is a variety of exclusion restrictions one may impose in regression (1). The weakest
of these is the contemporaneous exclusion restriction, E[z,e,] = 0 = Ele,| for all ¢, which
defines the parameter 8. When all observations are independent, this restriction (under
mild regularity conditions) ensures that ordinary least squares (OLS) yields a consistent
estimator of 5. However, as we show later, in the presence of clustered data when the
regression includes cluster fixed effects, imposing only contemporaneous exclusion fails to

yield a consistent estimator of 5.



At the other extreme is the strict exogeneity condition: Ele, | ] = 0, which implies
E[z;e,] = 0 for all ¢ and ¢. Under strict exogeneity, OLS is unbiased conditional on z. In

particular, by the Frisch-Waugh-Lovell theorem, we have:

BLS _ .T/My _ /8 + 5’/‘_/6
o Mz iz’
where y = [y1,..., v, © = [21,...,7,]', and ¥ = Mz denotes the residual from regressing

x on W. Conditionally on z, the regression errors {e,;} are the only source of randomness.
Since BLS is linear in the errors, standard results—such as unbiasedness, the law of large
numbers, and the central limit theorem—hold. The only complication introduced by the
clustered data structure is the need to adjust standard errors appropriately: cluster-robust
standard errors are required because the relevant level of independence is at the cluster level.

Strict exogeneity is often too strong to hold in applications with clustered data, where un-
modeled dependence between regressors and outcomes within clusters is likely. Researchers
should tailor the exclusion restrictions to reflect institutional or structural features of the
setting. We assume the researcher can specify and provide a matriz of exclusion restrictions,
denoted by &, an n x n indicator matrix encoding the imposed moment conditions. Specif-
ically, £, = 1 encodes the assumption E[z;e,] = 0, while £, = 0 encodes the absence of a
restriction and allows E[z;e,] # 0.

Due to the assumed independence across clusters, we automatically have E[xze,] = 0
whenever i(¢) # i(£). For notational simplicity, we assume &, = 1 in such cases. Thus, zero
entries in £ may only occur within the blocks corresponding to clusters. Zeros within these
blocks represent the absence of exclusion restrictions. We consider the problem of estimating

B in regression (1) under the exclusion restrictions encoded in the matrix &.
Assumption 1. Assume Ele,] =0, &, =1 for all ¢, and E[zze,] = 0 whenever £, = 1.

Assumption 1 ensures contemporaneous exogeneity, E[x,e,] = 0, which underlies the

desirable properties of OLS in standard cross-sectional settings.

Example 1 (continued). Suppose a researcher is interested in estimating the effect of
program participation x;; on student achievement ;.. It is plausible that current achievement

y; could influence future eligibility or desire to participate x;, for s > ¢, thereby inducing



correlation between the current error term e; and future regressors x,,, violating strict
exogeneity. In such settings, it is common to assume weak exogeneity: Ele;,z;,] = 0 for
s < t, meaning the error is uncorrelated with current and past regressors but may influence
future regressors. This structure arises naturally in dynamic panel models when, for instance,
the lagged outcome is included as a regressor, z;; = 1, or more generally when regressors
and outcomes jointly evolve over time. In this case, the matrix £ has triangular blocks of
zeros if the observations are ordered by clusters and by time within each cluster.

If clustering is defined at the family level, the researcher may also be concerned about
sibling feedback effects. For example, if the experience of an older child with the program
affects a younger sibling’s participation. In this case, the researcher may refrain from im-
posing exclusion restrictions across such pairs, encoding this by zeros in the corresponding

entries in &£, linking the older sibling’s error with the younger sibling’s regressor. [

2.3 Asymptotic bias of OLS

In the absence of strict exogeneity, the OLS estimator may suffer from asymptotic bias and,

in some cases, may even be inconsistent.

Lemma 1. Suppose assumptions 1 and 6 (stated in the Appendixz) hold. Then,

% 22:1 23:1 M@E[Weé]
Q

B =5+ +0,(1),

. . . . BT 1 n ~2
where M, are entries of the n x n projection matriz M, and Q = lim = >~/ | 7j.

This lemma is a relatively straightforward extension of the well-known Nickell bias (Nick-
ell, 1981). Nickell’s original work focused on a more restricted setting commonly referred to

as a “dynamic panel data” model.

Example 4 (Dynamic panel data).

Yir = 0 + BYi i1 + €. (2)

This is a special case of our Example 1 with the weak exogeneity assumption Ele;, | {y;, : s <

t}] = 0. Consider the simplest case of a balanced panel with T; = T for all i. The projection



matrix M corresponds to demeaning within entities, and thus has a block-diagonal structure
when observations are ordered by cluster. Under homoskedasticity with error variance o2,
Elzze,] = Ely; s 1€ = 3 16? when s > t. Substituting these expressions into Lemma
1 yields the bias formula originally derived in Nickell (1981). It is well known that in this
setting, OLS is inconsistent for fixed 7', as the bias does not vanish. The leading term of the
bias is O(1/T), and if T' grows slower than the number of clusters N, the bias may dominate

the variance asymptotically, resulting in invalid inference. U]

The source of Nickell’s bias is well understood: differencing out fixed effects mixes obser-
vations from different periods, and future values of the regressor may correlate with current
errors. Our framework is more general than the standard dynamic panel specification in (2).
It is worth emphasizing that the result established by Nickell (1981)—and generalized in
Lemma 1—is best understood as an asymptotic bias: a term which, when subtracted from
the OLS estimator, yields a consistent (or asymptotically unbiased) estimator. Asymptotic
bias is distinct from finite sample bias, as it ignores the randomness in the denominator of
the OLS expression. While this randomness becomes negligible asymptotically, it is present

in finite samples.

2.4 Design based modeling

Model (1) combined with Assumption 1 can be viewed as an instance of outcome modeling,
since it specifies the outcome equation. In cross-sectional settings, however, OLS estimators
perform well when either one of the outcome or treatment equations is correctly specified.
The alternative approach—based on the treatment equation—is referred to as design-based
and is commonly used when researchers understand the random assignment of treatment,
such as in randomized controlled trials (RCTs). In this paper, we define a design-based

model by specifying the following treatment equation, along with Assumption 2:
T, = wyd, + v, (3)

Assumption 2. Assume E[v,] = 0, &, = 1 for all ¢, and E[v;(y, — Bx,)] = 0 whenever
&y =1.



Example 3 (continued). Suppose a researcher wishes to estimate the effect of access to
resources on individual outcomes by conducting an RCT in which individuals ¢ are randomly
provided with additional resources. The researcher assumes that the treatment assignment
equation is correctly specified as ¥, = w;d, + v,, where p, = w;d, denotes the propensity
score, which may depend on individual characteristics as well as cluster fixed effects.

Now suppose there are reasons to expect interference—that is, an individual’s outcome
may be influenced by the treatment assignment of their friends, for example, due to the
sharing of resources within social networks. The researcher observes the friendship network

and randomizes treatment independently of it. The outcome equation is posited as
Yo = B, + g(W, Foz) + e,

where Fj is a friend-selection matrix indicating which peers may influence individual ¢. The
error term e, is assumed to be independent of all assignments x, but may be correlated
within clusters to capture common shocks (e.g., village-level effects). In this case, the out-
come modeling approach is complicated by the need to specify the functional form of the
indirect effect. This effect might depend on whether any friends are treated, the number of
treated friends, or the unobserved intensity of friendships. The quantity g(W, F,x) may vary
systematically within clusters, and this variation may not be well captured by fixed effects
or observed covariates. Consequently, if the indirect effect is absorbed into the unmodeled
regression error term, the outcome model (1) may be misspecified.

Nonetheless, design-based assumptions remain valid for pairs ¢ and ¢ who are not friends:
Elvi(ye — Bz,)] = Elvg(g(W, Fiz) + e,)] = Elvg] - E[g(W, Fyz) + e, = 0,

by the independence of treatment assignment. In this context, the exclusion restriction
matrix £ is the complement of the adjacency matrix of the friendship graph: it has zeros for

direct friends and ones elsewhere. [

The asymptotic bias expression from Lemma 1 can equivalently be restated in the design-

based framework:

ALS x/My B U'My B
Mz Mz

% 222:1 MZeE[Uz@e — B,)]
Q

v' M (y — Bx)
v Max

B+ =0+ + 0,(1).
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The primary exposition in this paper is framed within the outcome modeling approach.
However, all results can equivalently be reformulated under the design-based perspective
with only minor modifications. We provide such restatements in the remarks following the
main theorems. Additionally, where appropriate, we discuss the possibility of a doubly ro-
bust formulation, in which the researcher assumes that either the outcome equation or the

treatment equation is correctly specified, without committing to which one.

3 Correctly centered estimators

3.1 Class of estimators

This subsection shows that no unbiased estimator exists in these settings with clustered
data and suggests a somewhat weaker restriction that we call correct centering. Assume
we have clustered data {y,, z,} generated according to model (1) under Assumption 1. The
set of controls W, the cluster assignments S;, and the exclusion restriction matrix &£ are
given to the econometrician and treated as fixed. We consider the problem of estimating
the parameter 8. Let F denote the class of all joint distributions F' over (z,y) that satisfy

model (1) under Assumption 1.
Lemma 2. There exists no estimator 3 = u(z,y) that is unbiased for all F € F.

In fact, the proof of Lemma 2 establishes something even stronger: in a cross-sectional
setting with an independent sample {y;, z;}i=; from a correctly specified regression model
y; = Br;+e;, where the regressor z; is random and E[e;| = E[z,e;] = 0, no unbiased estimator
of B exists. The OLS estimator is not unbiased in this setting because the randomness of
the regressors induces randomness in the OLS denominator, making it impossible to pass
the expectation operator through the ratio. This observation motivates the need to consider
a broader and more appropriate class of estimators, in which the normalization is separated

from the centering.

Definition 1. An estimator 3 = % is said to be correctly centered if for all F' € F:

Ep[Ci(z,y)] = BER[Cy(x)].
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Correct centering is a weaker condition than unbiasedness. The key distinction lies in the
treatment of randomness in the denominator. When the denominator is non-random-—so
that E[Cy(z)] = Cy(xz)—the two concepts coincide. In a correctly specified cross-sectional
regression with random regressors, OLS is correctly centered but not unbiased.

For many of the estimators we consider, we can establish a form of the law of large
numbers (under broadly applicable technical conditions) that ensures Cy(z) — E[Cy(z)] £ 0
and Oy (z,y)—E[C, (z,y)] & 0—with any necessary normalization absorbed into the functions
themselves. For instance, Lemma 1 establishes that Cy(z) = L2'Mz = IE[2'Mz] + 0,(1)

and C,(z,y) = tE[z'My] + 0,(1). Regarding the denominator, what matters is the size of

Co ()
E[Cy ()]

and the above law of large numbers holds, then correct centering implies consistency (or

its uncertainty relative to its signal—that is, the strength of identification. If 51

asymptotic unbiasedness) of the estimator.

Lemma 3. The OLS estimator is not correctly centered in the outcome model (1) with
Assumption 1 or in the design-based model (3) with Assumption 2.

x/Ay
z' Az’

correctly centered if and only if A satisfies the following conditions:

. . A . 1 .
Lemma 4. Consider an estimator = = where A is an n X n fived matriz.” It is

(POP) AM = A and (CC) Az =0 for all pairs (£,€) such that &, = 0.

Here, (POP) stands for the partialling-out property, and (CC) refers to correct centering.
Under condition (POP), the estimator satisfies:

@Ay dAfr+Wie4e) by z' Ae
P Ar x Ax N A

Condition (CC) guarantees that E[z’Ae] = 0, ensuring correct centering of the estimator.
The class of estimators described in Lemma 4 coincides with the class of just-identified
linear IV estimators that use linear internal instruments. Specifically, define the instrument

z = A'z, a linear transformation of the regressors. Condition (CC) implies the exogeneity

'Not every correctly centered estimator has the form B A, or is even linear in y. The independence between
clusters imposes strong restrictions on the joint distribution of the data and allows higher-order U-statistics
to be added to the numerator. For instance, if (z;,y;), i = 1,...,4 are observations from distinct (and thus
independent) clusters, and y; = Sz; + e;, then E[x1x2y3y4 . y1y2x3x4] = (. This observation connects to
recent discussions in Hansen (2022) and Portnoy (2022); Lei and Wooldridge (2022).
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condition E[z,e,] = 0 for all ¢. If we estimate model (1) via a just-identified IV regres-
sion using z as the instrument for x, and including W as controls, then a straightforward

generalization of the Frisch-Waugh-Lovell theorem for IV estimators yields:

v 2 My B ' AMy B z' Ay

_ _ _ _ g
JMx 2 AMz o Ax ’

where the final equality follows from the partialling-out property (POP).

Remark 1. If the data are generated from the design-based model (3) under Assumption 2,
then the results of Lemma 4 continue to hold with a slightly modified (POP) condition.
Specifically, we must replace (POP) with the following: (POP’) M A = A. In the case of the
doubly robust model, the corresponding condition becomes: (POP”") MA = AM = A.

Numerous methods have been proposed to correct for Nickell bias in the standard dynamic
panel model (2), or in its extensions with a small number of additional strictly exogenous
regressors. See Okui (2021) and Bun and Sarafidis (2015) for recent surveys. Our approach
aligns with previously proposed methods based on internal instruments—e.g., Anderson and

Hsiao (1981), Arellano and Bond (1991), and Ahn and Schmidt (1995).

3.2 Asymptotic efficiency considerations

Let A denote the set of n x n matrices satisfying conditions (POP) and (CC). This set
forms a linear subspace within the space of n x n matrices. The full space of n x n matrices
has dimension n*. Condition (POP), which is equivalent to AW = 0,,f, imposes nk
linear constraints. Condition (CC) imposes an additional L zero restrictions, where L is the
number of entries A;, required to be zero due to (CC). Therefore, the dimension of A is
at least n(n — K) — L. If the dimension of A is positive, then our estimator class contains
infinitely many candidates, raising the natural question: Which matrix A should we use? As

a default, we propose the choice
A" = in||A—17Ll|r= in||[A— M| pg. 4
arggnelnH nllF arg min | [F3 (4)

The equality holds due to condition (POP). The Frobenius norm defines a Euclidean ge-
ometry on the space of matrices, with the corresponding inner product given by (A, B)p =

tr(A'B). The optimization problem (4) admits a unique solution: the orthogonal projection
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of M onto the subspace A with respect to the Frobenius inner product. In the lemma below,

we show that this choice of A* can be motivated by asymptotic efficiency considerations.

Lemma 5. Suppose Assumption 1 holds and assume that Elee’|x] = 0”1, and E[zz'] = M,
for some constants o>, \ > 0. Consider the function
V(z' Ae) V(Ze)

V(A) = , 5 = —

where z = A'w. Then the minimum of V (A) over the set A is attained at A*.

The function V' (A) represents the asymptotic variance of the IV estimator under strong
identification, i.e., when 2'Az/E[z’Azx] % 1. This efficiency criterion follows the classi-
cal approach of Chamberlain (1987). Lemma 5 shows that, under ideal conditions, our
proposed estimator using A* from (4) achieves asymptotic efficiency within the class of cor-
rectly centered estimators. The two ideal conditions are: first, conditional homoskedasticity,
Elee’ | ] = oI, which implies that the optimal instrument z* minimizes the first stage

prediction error over all z = A’z with A € A:

(A")z = 2" =arg min E[llz —=|?]. (5)
2=A'z,Ac
Second, the assumption E[zz'] = \I,, imposes stochastic homogeneity of the regressors and
ensures the equivalence between the optimization problems (4) and (5).

It is natural that the efficiency of an estimator depends on the distributional properties of
the regressor z, especially in settings like ours where x must be treated as random. Any prior
information—such as the scale of x or its dynamic dependence—can, in principle, be used to
improve efficiency, for example, through cluster-specific weighting or time transformations
(as in GLS). However, caution is needed: the matrix A must remain independent of the
randomness in either x or e to avoid bias, such as the many-instrument bias observed in the
two-step GMM estimator of Arellano and Bond (1991). If additional structure is available,

such as E[za2'] = Q, then asymptotic efficiency is attained by solving:
Ay = intr ((A—1,)QUA - 1,)) = in [|QY*(A~L,)| .
= argmintr (A 1,YQ(A ~ 1,)) = argmin [Q"(A — I,)]

Most results in this paper extend naturally to this weighted setting, except for the leave-
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one-out projection characterization discussed below in Theorem 1(iii).

3.3 Solution to the optimization problem

This subsection derives and discusses the solution to the optimization problem (4).

We begin by introducing what we refer to as leave-out projections. For each index ¢, define
&;. to be the fth row of the matrix &£, which contains indicators for those indices ¢ such that
E[zze,] = 0. In other words, &; identifies all observations for which z; is uncorrelated with
their error term. Let i; = diag(€;.) denote the n x n diagonal selection matrix with ones on
the diagonal corresponding to entries where £, = 1, and zeros elsewhere. Then define W; =
i;lW, an n x K matrix that retains the rows w, for which £, = 1, and sets the remaining rows
to zero. The corresponding leave-out projection matrix is given by M 0 — —W(WiWp) W5,
which partials out controls using only observations whose errors are uncorrelated with z;.

Unlike the full projection M, it excludes data points that violate exogeneity.

Theorem 1. Assume W has full rank. Let A* be the solution to the optimization problem

(4). Then, A* admits the following three equivalent characterizations:

(i) Let the linear restrictions in (CC) be written as Lvec(A) =0, then

vec(A") = (I » — L'(LL)T L)vec(M).

(1) There exists an n X n matriz B satisfying condition B;, = 0 whenever £, = 1 such

that A* = (I, — B)M.

(i) Aj, = Mg), if &, =1, and A}, = 0, otherwise.

Characterization (i) in Theorem 1 highlights the analytical tractability of A* by noting
its connection with linear projection.

Characterization (ii) shows that A* closely resembles the OLS projection matrix M, with
the difference given by A® — M = —BM, where B is a sparse matrix. Specifically, By, is
nonzero only if E[z;e ] # 0. As a result, B is block-diagonal (with blocks corresponding to
clusters) and has zeros on the main diagonal. Thus, A* can be computed separately within

each cluster, which is computationally appealing.
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Finally, part (iii) of Theorem 1 offers an intuitive interpretation of the solution. For
each observation ¢, we perform an observation-specific transformation of the original model
(1) by partialling out the control w; using only observations uncorrelated with z;. Define
the residualized outcome as y; = y; — wé;gg, where 53 is obtained from regressing y on w
using only observations with errors uncorrelated with x;. Similarly define z; and e;. These

definitions yield the transformed equation:
v = By +ep. (6)

Since e; is constructed using only observations uncorrelated with x;, we have E[zze;] = 0.

ity Aty BA*

Hence, z; is a valid instrument in (6), and the IV estimator is § = 2 = T

P
R

Example 5 (Panel data with fixed effects). Consider the model
Yir = o + By + ey, with Eley, |2, 24 1,...] =0,

where the error is unpredictable given current and past values of the regressor, but may
affect future values. In this case, the optimal matrix A* has a block-diagonal structure, with
each block corresponding to a cluster. Our estimator transforms the data by demeaning y;,

and z;; using only current and future observations:

T.

k3

T,
* 1 - * 1
Z/z‘t—yz’t—m;yz‘s, :Cit—:cit—Ti_tJrleis

s=t

and estimates the regression y;, = Szj, + e, using x;, as an instrument. This estimator lies
within the class proposed by Arellano and Bond (1991), but applies more broadly. See also
Hayashi and Sims (1983); Arellano and Bover (1995).

Example 6 (Panel data with fixed effects with a limited time feedback). Consider a setting
Yie = 0 + By + ey, with Eley, [{@, s #t+ 1} = 0.

Unlike Example 5, the error e;; may affect the next period’s regressor x;,;,; but not beyond;
feedback is limited to one period. In this case, the optimal matrix A* again has a block-

diagonal structure across clusters. For each observation, we demean y;, and x;; using all time
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periods except t — 1, which may be endogenous:

1

. 1 .
yit:yit_ﬁzyiw xit:xit_ﬂ_lzxisa for t > 1,
s#t—1 s#t—1

T; T.
and for t = 1, we use the full mean: yj} = yiy — = >..0, Yiss Ti1 = Tip — 7= D'y Tis. We then

estimate the regression v}, = Sz, + e;; using x;, as the instrument.

Price of robustness. Our estimator can be seen as a robust alternative to OLS when strict
exogeneity, Ele,| ] = 0, is not credible. The exclusion matrix £ determines the types of viola-
tions it is robust to: Example 6 allows E[z; ;,e;] # 0, while Example 5 allows broader future
dependence. A natural question is whether this robustness reduces efficiency when strict exo-
geneity holds. Under the assumptions of Lemma 5, we have V(A") = X tf(ix*) = /\”ZiHQF , where
tr(A”") reflects the effective sample size. In the standard panel model with strict exogeneity
and homoskedasticity, OLS achieves the efficiency bound with tr(M) = SN (T;—1) = n—N,
as one degree of freedom is lost per cluster due to demeaning. Each block M;; contributes
tr(M;) =T, — 1.

In Example 6, we have tr(A;;) = T; — 1 — 7; the term —= reflects the loss of information

due to robustness against one-period feedback. In Example 5, tr(A;) =T, — 1 — ZtT;z 2.
With ZtTig % > log(T; + 1) — log(2), this shows a substantially greater efficiency loss when
guarding against dependence on any future regressor. Finally, in a panel model with fixed
effects, imposing contemporaneous exogeneity only E[z,e,] = 0 leads to A* = 0. In this case,

the model contains no usable identifying variation.

Remark 2. If one considers the design-based model (3) under Assumption 2, then a minor
modification of Theorem 1, part (iii), is required. The procedure begins by constructing
a proxy for vy, which is obtained as the ¢th residual from regression (3), estimated on a
subsample consisting only of observations ¢ for which &, = 1. This residual is then used as

an instrument in a just-identified instrumental variables (IV) regression of y, on z,.
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4 Quantification of uncertainty

4.1 Importance of cross-dependence

Let x; denote the T; x 1 vector of regressor values within cluster S,—that is, all x, for
which i(¢) = i—and define e; analogously. Due to the cluster structure, the pairs (x;,e;) are
independent across i. Let A;; denote the T; x T} blocks of the matrix A € A, corresponding
to observations in clusters .S; and S;, respectively. The numerators of the estimation errors
take the form of quadratic expressions:
/
- x Ae
12
As these are quadratic forms in random (x;,€;), the variance of the estimators has a non-
standard structure. In particular, establishing asymptotic normality may require a CLT for

quadratic forms.

Special case: block-diagonal structure. It is worth highlighting a special case —where
the numerator reduces to linear forms. If the off-diagonal blocks A;; are equal to zero for
all i # j, then 2’Ae = >, x;A;e;. Since (z;,¢;) are independent across clusters, standard
inference follows directly from the law of large numbers and central limit theorem, provided
the number of clusters N — oo and that the clusters satisfy a negligibility condition. This
scenario arises in Examples 5 and 6 when only cluster fixed effects a; are included in W. In
that case, usual clustered standard errors can be used.

However, this structure breaks down when more complex controls are included.

Example 7 (Multi-way fixed effects). Consider the model:

Yit = O + Vg(ir) T BTit + €3t

where «; is an individual fixed effect, g(i,t) denotes the group (e.g., teacher or classroom) as-
signed to individual 4 at time ¢, and v, is a group fixed effect. For instance, y;, may represent
student i’s academic achievement in year ¢, and z;; could be last year’s score (to study per-

sistence of achievement) or an intervention determined by past performance. The fixed effect
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a; captures student ability, while ~, represents teacher or classroom effects. The clustering
is assumed at the individual level, and we assume weak exogeneity: Ele;, | {25, s > t}] = 0.

Assume all students are observed in two periods. In year 1, students are split evenly
between teachers ¢ = 1 and g = 2; in year 2, they are randomly reassigned to ¢ = 3 and
g = 4. Each classroom has the same number of students. For a student ¢ with teachers

(1, 3), the differenced equation is:
Ay; = Yo — yin = 73 — 11 T BAZ; + Ae;.

OLS partials out teachers’ effects and transforms this to:

1— 1

y; = Ay; — {ZAZJ(LB) + ZAZ/(M) + 1Y@~ ZAy(M)} ’

where the term in brackets estimates ;3 —;, and (2, 3) refers to the group of students who had
teacher ¢ = 2 in year 1 and g = 3 in year 2, and the upper bar denotes the average over the

group. Similar transformations apply to z; and e;. Our estimator BA is IV on the equation
Z'ﬁ\rzl Ti1 5?
ZZN:1 xilx:
ejy, the terms z;;e; are dependent across i. Here, A™ is not block-diagonal, making standard

. . ~SAF .
y; = Bx; + e}, using x;; as an instrument: 5 — = . But since e depends on all

inference approaches invalid and motivating the need for a different variance estimator. [

Example 7 highlights several key points. First, the difference between e; and e; reflects
estimation error from recovering the teacher effects v,. Usage of the full sample to estimate
these effects mixes observations and induces complex dependence, complicating inference.
If 7, estimates are very precise, then ) x;ef will be close to )", x;1e;, and ignoring the
dependence may still yield valid inference.

Second, the OLS transformation for a student in group (1, 3) involves not only students
with shared teachers (¢ = 1 or ¢ = 3), but also those indirectly connected, e.g., students
in (2,4), who share a teacher with others in (1,4) or (2,3). More generally, we can view
students as nodes in a network, where edges represent shared teachers. OLS demeaning
propagates information across this network, creating strong dependencies within connected

components and complicating standard inference methods.”

*While OLS demeaning is efficient under the benchmark conditions of Lemma 5, one may prefer a
less efficient estimator that induces less dependence. In Example 7, instead of using the full sample to
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4.2 The correct formula for quantifying uncertainty

Denote \; = E[z;] and v; = x; — A\;. Then,

N /N N N
x’Ae:Z (Z)\;A”%—UJAJj) ej+z (Zv Aw) e; —Z j+ZQjej.
j=1 \i=1 Jj=1

J=1 \i#j

where Q; = ), oy UQAZ-]- is mean-zero and independent of (e The above is the so-called

_]7 ])
Hoeffding decomposition (Hoeffding, 1948); the two sums are the first two U-statistics, which

are uncorrelated with each other by construction. Thus, the variance decomposes as:
V(z' Ae) (Z ]> +V (Z Qjej> :
j=1

The first term is the first order U-statistic with V (Z” LWje; ) => .V (wje;). The second

term has correlated summands:

\Y (i Qjej> ZV Qj ;) + Z ZE VA eV A e (7)

J=1 i#j

Standard cluster-robust variance formulas omits the final term Zjvzl > it ElviAjev5A €],
which captures cross-cluster dependence. This term vanishes in two important cases: (i)
under strict exogeneity, E[e;v;] = 0 for all j; or (ii) when A is block-diagonal, i.e., A;; = 0 for

1 # j. These are the settings where standard clustered standard errors yield valid inference.

5 Asymptotic Gaussianity

We establish a result on the asymptotic Gaussianity of the numerator of the estimation error,
2’ Ae. This result enables the construction of a hypothesis test for Hy : 8 = S35, as well as

the development of a confidence set for  in the presence of clustered data. Implementation

estimate y3 — 1, one could rely only on students with the same teacher history, e.g., 5(173). This results
in independent “super-clusters” defined by the teacher pairs: (1,3), (1,4), (2,3), and (2,4). One can go
further by forming pairs of students with identical teacher histories and differencing them, creating many
small, independent clusters, then using clustered standard errors on that level. However, this comes at a
cost: the resulting estimator may be highly inefficient due to poor estimation of fixed effects. This strategy
is explored in Verdier (2020).
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details are provided in Section 6. Subsection 5.1 presents a non-technical exposition and
discusses the assumptions required to establish Gaussianity. Subsection 5.2 is intended for
theoretical econometricians and contains the technical details. Readers whose focus is more

applied may skip it.

5.1 Non-technical exposition

Two main challenges arise when establishing Gaussianity. First, the statistic includes not
only a linear term but also a quadratic form in random shocks. Second, intra-cluster de-
pendence introduces complexities, raising the question of how to restrict such dependence
and what trade-offs arise between dependence and cluster size. Our asymptotic framework
requires the number of clusters to grow, i.e., N — oo.

The first challenge is addressed by developing a new Central Limit Theorem (Lemma
6) for quadratic forms of independent, normalized random vectors. These vectors represent
observations within each cluster. The theorem establishes that, under certain negligibility
conditions, a quadratic form involving matrix-weighted sums of such vectors converges in
distribution to a normal distribution. The core requirement is that the contribution of
any single cluster—as measured, for instance, by the Frobenius norm of the corresponding
submatrix—becomes negligible relative to the total variance. A key strength of this result is
that it avoids direct control over cluster sizes; the cluster size enters only implicitly through
restrictions on the weight matrices.

Our main result—Gaussianity of 2’ Ae—is formalized in Theorem 2 for a general matrix A
and later specialized to our proposed estimator matrix A*. Theorem 2 combines a Lyapunov-
type CLT for linear forms with the new quadratic CLT. Two sets of assumptions are required.

The first set (Assumption 3) imposes conditions on the distribution of errors, includ-
ing moment bounds and tail behavior within clusters. Specifically, any normalized linear
combination of errors within a cluster (i.e., one with unit variance) must have a uniformly
bounded fourth moment. Likewise, normalized combinations of e,v; must have uniformly
bounded (2 + 2§) moments. These assumptions ensure that intra-cluster dependence is
well-approximated by the covariance matrix and rule out extreme tail dependence, such as
aligned outliers not reflected in the covariance. Further, we require that certain correla-

tions are bounded away from one and that variances are bounded away from zero, thereby
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excluding cases of near-perfect predictability.

The second set (Assumption 4) concerns the interaction between the weight matrix A and
the operator norms of the cluster-specific covariance matrices ;. These assumptions ensure
that each cluster’s contribution to the total variance remains asymptotically negligible. By
working with ||Y;||, we allow for a trade-off between cluster size and intra-cluster dependence.
Two stylized examples clarify the implications for the quadratic form (Assumption 4(iii))

that typically requires stronger restrictions :

e In the presence of a pervasive cluster-level shock (e.g., a factor structure), errors within
a cluster may be strongly correlated. Then ||3;|| can grow proportionally with cluster
size T, up to ||%;]| < CT;. To achieve Gaussianity of the quadratic term in this case,
stronger conditions must be imposed on the weight matrix and cluster size, such as

max; T} /n — 0.

e At the opposite extreme, if no pervasive shocks exist and dependence decays rapidly
with distance (in some metric) within the cluster, then [|%;|| may remain uniformly
bounded regardless of cluster size. In such cases, weaker conditions, such as max; 77> /n —

0 suffice.

5.2 Technical details

Lemma 6. Let §; be independent T; x 1 random vectors with E[¢;] = 0, V(§;) = Iy, and
E|7&1" < C|r|* for all T, x 1 vectors 7. Let T be an n x n block matriz with blocks [ of

size T; x T}, symmetric across the diagonal (T';; = F;-i), and with T';; = 0 for all 1. Assume:

max; <Z#¢ H%H%) T2
s — 0 and —5 — 0
> i 2z Il IT[|7

Then as N — oo
1 N
d
7 DD 6Tug S N(0,1),  where V =2|T|F =2 > [Tyl
i=1 j#i i jFi

Let X, denote the covariance matrix of (e}, v;)’, with submatrices Y., and X, ;. Define

the normalized shock vector for cluster 7 as §; = E;l/ 2(6;, v;)’, which is a 27T} x 1 vector. Also
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define the cross-covariance matrix ¥; = Ele;(v; ® ¢;)] of dimension T} x T?, and the variance

matrix ®; = V(v; ® ¢;) of dimension T} x T7.
Assumption 3. The cluster-specific errors (e;,v;)" satisfy the following conditions:

(i) Each %; is invertible, with ||S; '] < C, and & are independent, mean-zero vectors

satisfying E[v;A;e;] = 0.

/
(ii) Lower bound on variance ratio: min; min, ——">—— > ¢;
T (Ev,i®2e,i)‘r

O e

(11i) Bounded alignment: max; <1-—g¢

(iv) Higher-order moment bounds: E|7'&;)* < O||7||*, and E(7'(v;®e;))*™ < C (7'®,;7) e

for some § > 0.

The assumptions above ensure two linear CLTs: one for sums of e; and one for sums of
v; ® e;. Condition (ii) guarantees that (3, 2/ 2vi) ® (Ze_ll / 26i) has eigenvalues bounded away
from zero, preventing near-degeneracy. Condition (iii) ensures that correlations between
e; and v; ® e; remain bounded away from one. The moment conditions in (iv) rule out

heavy-tailed behavior that could dominate the covariance-based approximation.
Assumption 4. Let A be an n X n matriz such that
(i) S (ANZ (AN + [ AE = en;

2 2 I\ ’
(ZZ) max; |57 Ay || — 0 and max; (A A); X, i (A A); -0 :

n n ’

(iii) either one of the two conditions hold:

2 N 2
(a) max; || 27320, Zj;éi ”Aij”F

n

— 0

2 N 2 2
(b) max; [|3;]|”-max; Ej=1(||Aij||F+HAji||F)

2 2
d JAI max, || %]
n n

— 0 an — 0.

Part (i) guarantees that the normalization in the CLT is no slower than 1/y/n. Part (ii)
ensures cluster negligibility for the linear CLT, Part (iii) (b) does so for the quadratic CLT,

while Part (iii) (a) assumes that quadratic part is negligible in comparison to the linear one.

Theorem 2. Let x = A+ v, where A = Ex], and suppose Assumptions 3 and 4 hold. Then,

as N — oo, Z4e 4, N(0,1), where w* = V(2'Ae) > en for some ¢ > 0.

w
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We now discuss how Assumption 4 applies to the matrix A* defined in Theorem 1. Ac-
cording to Lemma 5, the Frobenius norm ||A*||% captures the effective sample size. Assump-
tion 4(i) holds provided A" retains sufficient variation relative to n. From Theorem 1(c),

each row of A* corresponds to a projection, and we have:

n

D (A5)? = Aj and [|AT[|F = tr(A") = Ay
l

/=1

Since A* is observable, ||A*||7 can be computed and directly compared to n. A simple

sufficient condition for Assumption 4(i) is illustrated below:

Example 8. Suppose the data is indexed by ¢ = ¢(i,t) and that a standard weak exogeneity
condition holds: Ele; | z;, : s < t] = 0. Let Xy = {{(,1)} denote the set of first-period
observations for each cluster. For these ¢, we have £,; = 1 for all {, so no observations are
excluded from the projection, and thus Ay, = M. If min, x, My > ¢ > 0 and average
cluster size is bounded, then Assumption 4(i) holds. The condition M, > c is standard in

the many regressors/instruments literature (e.g., Cattaneo et al. (2018)). |

Assumption 5 (Balanced design). Assume that the set of controls and the exclusion matriz
& are such that for any non-trivial submatriz M,—formed from entries M, ,, with £y =0
and &y, = 0 —satisfies | M, || < C.

Theorem 1 shows that A* = (I—B)M, where B is a sparse matrix with relatively few nonzero

entries. Assumption 5 ensures that A* remains close to M under appropriate matrix norms.
Lemma 7. The following primitive conditions are sufficient for parts of Assumption j:
2
o If % — 0, then the first part of Assumption 4 (ii) holds;

3 2
o If Assumption 5 holds, |\ < oo and =210 EZMM”"‘) — 0, then the second part of
Assumption 4 (ii) holds;

o If Assumption 5 holds, and ™= 5 e, T 0, then Assumption /4 (iii)(b) holds.

n

For linear CLTs, the condition max; 7} /n — 0 suffices (Hansen and Lee, 2019; Sasaki and
Wang, 2022), while the quadratic CLT (Assumption 4(iii)(b)) requires the stricter condition

max; T} /n — 0.
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In high-dimensional settings with many regressors, an analog of the second part of As-
sumption 4(ii)—e.g., % — 0—is often imposed as a high-level assumption because direct
verification is difficult; see, for example, Assumption 3 in Cattaneo et al. (2018). Lemma 7
offers low-level primitive conditions that imply this assumption. The bound ||Al|, < oo is

mild since A\, = E[x,], and for a fixed effects projection matrix, we have ||M||,, = 2.

6 Inference with clustered data

6.1 Jackknife variance estimator

Suppose we test the null hypothesis H, : 3 = /3y, and define U; = v, — x;53,. Even under
H,, these differ from the true errors e; due to the inclusion of a predictable component:
U; = e; + w;d. By the partialling-out property of A*, we have ' A*U = 2’ A%e.

The jackknife variance estimator, introduced by Efron and Stein (1981) for symmetric
statistics based on independent and identically distributed data, has also been advocated as
a useful tool in settings involving non-symmetric statistics and non-identically distributed
data (see, e.g., Bousquet et al., 2004; MacKinnon et al., 2023). In our setting, we define the
statistic of interest as Z = ' AU = 2’ A%e = f(D,, ..., Dy), where D, = (x;,U;) denotes the
observed data for cluster i. Let Z;) = f(Dy,...,D;_1,0,D;14,..., Dy) denote the statistic
computed when cluster i is removed (i.e., replaced by zero). The jackknife estimator of the
variance is then given by

N N
VJK = Z(Z - Z(i)>2 = Z
i=1

=1 A

N 2
(Z x;A;iUi + Z x;Aijj) )
=1

J#
The following lemma establishes that V,K is a conservative estimator, potentially overes-

timating the true variance.

Lemma 8. Under Assumptions 1 and 3, the jackknife variance estimator satisfies E[VJK] >
V(Z). Moreover, if Aj; = 0 for all i # j (i.e., A" is block-diagonal), then the estimator is
unbiased under the null: B[V ] = V(Z) = w® when 8 = B,.

Efron and Stein (1981) showed that the jackknife variance estimator tends to be conser-

vative for symmetric statistics derived from independent and identically distributed data.
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While the jackknife correctly captures the variance of first-order U-statistics, it double-
counts second-order terms. In our setting, Z is non-symmetric and based on independent
but non-identically distributed data. The jackknife is conservative for two main reasons: it
gives double weight to the quadratic term (as noted in Efron and Stein (1981)), and Z;
is improperly centered since E[U; — ¢;] # 0. The jackknife variance estimator is unbiased
when Aj; = 0 for all 4 # j, in which case the removal of a single cluster does not affect
the residualization of others. Consequently, Z;) is properly centered, and no cross-cluster
covariances arise. In general, the degree of conservativeness is small when Zjvzl > iz 145 IE

is much smaller than Zjvzl A5 |-

6.2 Tests and confidence sets
Our estimator, BA* = i;‘j—:g = Z¥ belongs to the class of just-identified internal IV esti-
mators. Similar to the IV estimator for dynamic panels proposed by Arellano and Bond
(1991), our approach may be subject to weak identification concerns (see Bun and Wind-
meijer (2010)). To construct inference procedures that are robust to weak identification, we
propose using the Anderson—Rubin (AR) test. The AR test delivers valid inference under

both strong and weak identification.

To test the null hypothesis Hy : 8 = [y, we employ the test statistic

(@ A"y = 25))*
V()

R(B,) = ,
and reject the null if this statistic exceeds the 1 — « quantile of the 3 distribution. The
variance estimator V/(53,) is given by Vjk, which is based on the implied errors U = U(f,) =
y — xfy. By Theorem 2, the AR test has asymptotic size no greater than the nominal level.
A confidence set is obtained by inverting the AR test. Since both the numerator and
the denominator are quadratic in 3, the inversion reduces to solving a quadratic inequality.
The resulting confidence set is always non-empty and always includes the estimator BA*
When identification is strong, the AR-based test and confidence set are asymptotlcally
equivalent to those based on the t-statistic, using B as the point estimator and jﬁA)) as
the squared standard error. Nevertheless, we advocate using the AR test, as the validity of

t-statistic-based inference is not generally guaranteed.
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7 Empirical Application

Policy interventions with spatial effects present a compelling setting for applying our method.
In such contexts, researchers often distinguish between the direct effect of treatment—on the
treated units themselves—and the total effect, which includes indirect impacts arising from
spillovers. A prominent example is provided by Egger et al. (2022) (hereafter EHMNW),
who study a large-scale fiscal intervention in rural Kenya. In their experiment, one-time
cash transfers in total equivalent to approximately 15 percent of local GDP were randomly
assigned to 653 villages. We apply our method to this setting to estimate the direct effect
of the intervention on treated villages.

The villages (our units of observation) were divided into 68 sub-locations (clusters), the
median sub-location contains 7 villages. Treated villages were randomly selected through
a two-stage randomization procedure. Within each treated village, all eligible households
received a one-time cash transfer of USD 1,871 (PPP-adjusted). Eligibility was determined
through a poverty-based means test. The median village includes 98 households, approxi-
mately one-third of whom met the eligibility criteria. EHMNW examine a range of outcomes,
including household consumption, firm behavior, and local prices. Here, we focus exclusively
on village-aggregated outcomes for total household consumption. Results for other outcomes
are similar and available upon request.

The parameter of interest in our application is the village-level direct treatment effect on
average household consumption. Although treatment was randomly assigned, a simple OLS
regression is unreliable due to anticipated interference from neighboring villages. EHMNW
assume that spatial spillovers do not extend beyond a radius of R kilometers, with their
preferred specification (selected through BIC criteria) being R = 2.

This setting fits naturally within our design-based framework, which we illustrate through
estimation under two specifications. In both cases, we define the exogeneity matrix £ using
cutoffs based on pairwise distances between villages. We impose the exclusion restriction
Elv(y,—Px,)] = 0 if and only if the distance between villages ¢ and ¢ is at least R kilometers.
In practice, researchers should choose a distance cutoff below which exogeneity may be
questionable. Here, we illustrate the behavior of the BA* estimator using a range of cutoffs
from 0 to 3 kilometers. In the data, the average pairwise distance between villages within

a sub-location is 2.2 kilometers. On average, each village has 1.5, 4.6, and 6.7 neighbors
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within the sub-location and within 1, 2, and 3 kilometers®, respectively. Our estimates

under different choices of R are shown in Figure 1.

(a) Baseline (b) Continuous treatment
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Figure 1: Estimated effects on household consumption

Notes. The outcome variable in Panel (a) is average household consumption; in Panel (b), it is
average household consumption among eligible households. Effect sizes in Panel (b) are scaled by
the average transfer amount. Jackknife and cluster-robust confidence intervals are computed by
inverting the respective AR test statistics. The estimates labeled “EHMNW?” are taken directly
from the original paper: the & estimate in Panel (a) is based on Specification (1) from EHMNW and
reported in their Table 1 (row 1, column 1); the IV estimate in Panel (b) is based on Specification
(2) from the paper and reported in Table 1 (row 1, column 2). These estimates use spatial standard
errors based on household GPS coordinates, following Conley (2008).

For specification (a), let y, denote the average consumption of households in village ¢, and
let z, denote the binary treatment status of the village. We assume the correctly specified
treatment equation: x, = p;(») + vy, where p; is a cluster (sub-location) fixed effect capturing
treatment propensity. We include sub-location fixed effects because the realized treatment
share can differ significantly from the ex ante assignment probability, especially in smaller
sub-locations.

The results are reported in Panel (a), alongside the baseline estimator from the specifi-
cation used in EHMNW. The baseline estimator is reported in Table 1 (row 1, column 1)
of EHMNW. We find that the estimates remain relatively stable for distance cutoffs below

2 km, suggesting that the bias in estimating the direct effect due to inter-village spillovers

*Based on GPS coordinates. We dropped nine observations for which we do not have GPS coordinates.
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is limited. As larger values of R correspond to more relaxed exogeneity assumptions, the
effective sample size decreases, leading to larger standard errors. Figure 1, Panel (a), also
displays confidence intervals based on the jackknife variance estimator described in Section 6.
In this specification, since the only controls are cluster fixed effects, the A* matrix is block-
diagonal, and the jackknife estimator coincides with the standard cluster-robust variance
estimator.

Specification (b), reported in Figure 1, Panel (b), makes use of the full variation in
treatment intensity. Here, we define y, as the average consumption of eligible households
in village ¢, and let x, denote the total transfer allocated to the village. The assumed
treatment assignment equation in this case is z, = W, + v,, where W, includes the number
of eligible households in village ¢ along with sub-location fixed effects. The parameter of
interest, 3, again represents the village-level direct treatment effect. This parameter is
somewhat comparable to the total effect on eligible households reported in EHMNW, which
was estimated using an instrumental variables strategy and reported in Table 1 (row 1,
column 2) of the paper. Estimates under different exogeneity assumptions are presented
along with both jackknife and cluster-robust standard errors. In this specification, the A*
matrix is no longer block-diagonal, so the two variance estimators do not coincide.

The structure of the matrix A* is shown in Figure 2, Panel (a) for R = 1 and Panel (b)
for R = 3. A blue dot indicates that the absolute value of the corresponding element of A*
exceeds 0.01, while a red dot indicates that it exceeds 0.1. Villages are sorted by cluster (sub-
location), so that block structure, if present, is visible. The figure reveals that the matrix
A* is far from block-diagonal: some villages contribute substantially to the residualization
of controls across many clusters. As the cutoff radius R increases, the trace of the matrix
A" decreases. This pattern reflects a reduction in the effective sample size. The ratio
of Frobenius norms for off-diagonal blocks to diagonal blocks increases with distance, but
remains small. When R = 1, we have tr(A") = 539, while the relative Frobenius norm of
off-diagonal blocks is 0.043. When R = 3, tr(A") = 273 while the Frobenius norm of off-
diagonal blocks is 0.048. Due to the relative smallness of off-diagonal blocks, the confidence

sets using clustered and jackknife variance estimators are very close to each other.
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(a) A" with 1 km cutoff (b) A* with 3 km cutoff
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Figure 2: Non-zero structure of A*

Notes. This figure visualizes entries of the matrix A* with absolute value greater than 0.01 (blue)
or 0.1 (red). Panel (a) shows A™ computed under 1 km cutoff and Panel (b) shows A" under 3 km
cutoft.
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8 Appendix

Assumption 6. (i) Observations are independent across clusters: the set {e;, x,}es, 5

independent across i with max, E[z; + e;] < C.

(ii) The expected variation of the residualized regressor T, diverges with the sample size n;

%Z?:l E[ﬁ] — Q> 0.

(#1i) The number of controls K may grow with n, subject to % < 1—c. The largest cluster

size satisfies max; T;/n = o(1).

Discussion of assumptions. Assumption 6(i) formalizes the earlier description: obser-
vations are independent across clusters but may be dependent within clusters. The finite
fourth moment condition is standard in linear econometrics. Assumption 6(ii) ensures suffi-
cient variation in the residualized regressor Z for consistency of OLS, when asymptotic bias
is not an issue. Assumption 6(iii) accommodates high-dimensional controls W, including
multiple sets of fixed effects. While clusters may be large and grow with n, each cluster
must remain asymptotically negligible, as also required in Hansen and Lee (2019). Thus,

the number of clusters N diverges with the sample size n.

Proof of Lemma 1. By definition, &, = Y ,j«_, My»x,. Assumption 1 implies: E[z,e,] =
> vy MyE[z~e,]. Therefore,

1 _ 1

— g E[z.e] = — M ;Elzze,]. (8)
n n =

(=1 =1 j—1

To establish convergence in probability, we use an Efron—Stein-type argument. For

generic clustered variables (vy, u,), with max, ]E[vzl + ué] < O, define:

n
Vy = E MN*U(*7 Vz = E VylUy, Uz = E vazué*.

=1 Les; 2L €S,

2
Note: 7, 7 < 2 i1 v, Zzesi (Zz*esi Mee*“e*) < Zzesi v;. Define M = max; ZéeSi ug.
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Then:

1 & 1 & M?
2 ~2
LY EM< 5B | Y em| <Yl <o ]E(n)
=1 =1 KESZ L
2_
1 N max; 71,
<C|E|5) uj | | <C — =o(1) 9)
N4 Les,; "

Similarly,

1 & 2 1 & 2 maXT
— > _EU; S—zz D viy ui| <C 2ZT =o(). (10)
i=1 1=1

n tes;  tes,

Now consider: S, = £ 370 e, = = 377 w46 = + >y Sy Mypape,. Define:

AS, =S, — %Z Z Myppep = %Z (Zeep + 28p) — % Z Mypzpepr.

0¢5; 1" ¢S, Les; 00 €S,

Applying (9) and (10) with (v, us) € {(2,€0), (e, 3)}, we COHCIUde:ZilE[(AiSn)Q] =
o(1). By the Efron-Stein inequality, V(S,,) < valE[(A-S )], this implies: £ 377 | Fpe, —

2

E [% POy :I:geg] = 0,(1). A similar argument for S, = % Sy T %Z?:l Ty, where:

22~ 1
= — TyTp — — Mo+
n n § 17 I

Les; 00" €S,

implies: + - E[1Y 2 } = 0,(1). By Assumption 6(ii), we have: + 377", il =

Q +0,(1), with @ > 0. Therefore, combining with (8) and applying the continuous mapping

theorem, the result follows. O

Proof of Lemma 2. The following example borrows from Chapter 2.1 of Lehmann and Casella
(1998). Consider i.i.d. Bernoulli variables {z;};—; with p € (0, 1) and i.i.d. Rademacher vari-
ables {¢;}7_;, independent of {z;}. Define z; = ¢;(v22 + 1 —2), y = ¢(z/V2+1—
z), i=1,...,n. Then z;y; = 1 a.s., 7; € {/2, —v/2,1, —1} with probabilities p/2, p/2, (1—
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p)/2,(1 —p)/2, and E[z;] = E[y;] = 0. The data satisfy the correctly specified regression

Ely;;] 1
E[zZ] 1+p’

(2

Thus, this is one of the distributions from class F. Any estimator u(x,y) has expectation

E[U@U’y)] = Z U(xb~--a37m3/17~-~73/n)]9k(1 _p)n—kQ—n’

where k is the number of indices with z; = 1. Hence E[u] is a polynomial in p of degree at
most n and cannot equal § = (1+ p)_1 for all p € (0,1). Thus, no unbiased estimator exists

for this much simpler model.
]

Proof of Lemma 3. A possible data generating process has E[zze,] = M;,(1 — &;). For the
outcome model, the lemma then follows from (8). The derivation for the design-based model

is similar. O

Proof of Lemma 4. Fix a column coordinate j. Take I' € F such that y = 23+W;+e where
d; is the unit vector with 1 in the j-th position. In addition, let the marginal distribution
of x be a point mass at x,, and let e be independent of x. In this case, for u(z,y) to be

correctly centered on F', we have
Ep(z'Ay] — BEp[z'Az] = Ep[a’ AW§,] = 2 AW; = 0.

This holds for all values of z,. This implies AW; = 0 for all j, hence AW =0, i.e., AM = A.
Finally, take a pair of indexes (fy,{,) such that &y, = 0. Take F' € F such that
6 =0,8= B and Eg[zze,] = 0 for all (¢,£) # (£, £y) and Eplvg eq] = 1. Let u(z,y) = © Ay

- l
z Az

be correctly centered, then

0 = Ep[z'Ay] — BoEp[z’ Az] = Ep[z’ Ae] = ZA@EF[xgeg] = Aj 1 Erlz eq)-
N

Hence we must have A; = 0 whenever &;, = 0. [
Proof of Lemma 5. Consider the optimization problem (5), and suppose the minimum is
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attained at z* = A'z. For any other = = A'z, with A € A, define a linear combination
2, = 2"+ az, which also lies in the same class. Minimizing E||z, — z||* over a, the first-order
condition at a = 0 yields: E[z'2"] = E[z'z]. Now evaluate the objective function:

o’E[ 7] o’E[7 7] o’ ~

V(A) = []E(z'x)]2 = [E(Z,Z*)]Z > E[Z*,Z*] = V<A)7

where the inequality follows from the Cauchy—Schwarz inequality and the first-order condi-
tion E[2™2*] = E[2"z]. Finally, observe that the objective in (5) simplifies as:
E|lz —al* = tr [(A' — L,)Elea’)(A — L,)] = M|A ~ L7,

which matches the objective in (4). Hence, A = A™ minimizes both objectives. O

Proof of Theorem 1. Part (i). Consider the optimization problem:
|A — M||% = (vec(A) — vec(M)) (vec(A) — vec(M)) — min  s.t. L£Lvec(A) = 0.

The solution is given by: vec(A") = (I » — L'(LL")" L) vec(M).
Part (ii). Since A is a linear subspace and the Frobenius norm arises from an inner

product, the solution to the projection problem
A= in||A — M| = projp(M
arg min | I = proj(M, A)

is the orthogonal projection of M onto A. Hence, M — A is orthogonal to any A € A in
Frobenius inner product: (M — A*, A)p = 0.

Consider a matrix B with property Bj;, = 0 whenever &;, = 1, then

(A, BM)p = tr(A'BM) = tr(MA'B) = tr((AM)'B) = tr(A'B) = Y _ Ay, ,Bs,4, = 0,
Z1,£2

since for any pair (¢, {,), either B, , =0or A, , = 0forall A € A. then (BM, A)p = 0 for
all A € A. If there exists a matrix B with that property and such that A* = M — BM € A,
then A" must be the projection of M onto A. To find such B, we need (M — BM);, =0
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whenever &£, = 0. This condition leads to the linear system:

M, — E By, My, =0, whenever &, = 0.
€1:€H1:0

This system has as many equations as unknowns. Define Mj; to be sub-matrix of M contain-
ing only elements M, ,, for indexes such that 5@1 = 0 and SZZZ = 0. If the matrix Mj is full

rank, the solution is:
By, = Z M5, (Ml;l)a1 , for 4y st & =0, and 0 otherwise.

L:E5,=0

If Mj is rank-deficient, the system still has a solution if having 25:5&20 ceMy, , = 0 for all
¢, such that 5@1 = 0 implies that 24:5@,:0 ceMj, = 0. This holds since M, , = 12)2le7 where
0y = (WW) 2w, so:

Z C€M€1,€:O:> Z Cg'l])g:0:> Z CKM@:O.

4:E5,=0 4:€;,=0 £:£5,=0

: +
Thus, the system is solvable, and we can choose Bj, = Zz:g@:o M; (M ; ) w, 382 concrete

solution using a generalized inverse.
Part (iii). Let U = W'W, and define selection matrices i; = diag(&;.) and iz = I, — i
as diagonal matrices selecting observations whose errors are uncorrelated and correlated with

xj, respectively. Let Wi = W, Wp = i, so that:
U=WW =W;W;+ WiWg.
By the generalized Woodbury identity (Henderson and Searle, 1981):
(WiWp) " = U + U " Whe(I, — WU "Wh) T WU

Using notation: M = I, — WU 'W', MY = I, — W;(W}W;)"W}. The term

i (I, — WpeU "Wie) Hige = iz (i Mige) Tige
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is a submatrix of M. Pre- and post-multiplying the generalized Woodbury formula by the
(-th and /;-th rows of W, we obtain:

@ _ s X + A i g
Mggl = MZEI - Z Mezl(Mg )él,szfg,el - Meel - Z BMQM£2,61 - Aiélv
01,l0:E7, =0,E5,, =0 £9:E,,=0
where the last equality follows from part (ii). O

Lemma 9. Assume a random vector ¢ € R satisfies E[¢] = 0, V(§) = Ip, and for all

non-random vectors T, E|7'¢|* < C||7||*. Then for any positive definite matriz A € R™*T,

E[(€'A€)"] < O(tr(A))*.

Proof of Lemma 9. Since A is positive definite, it has a spectral decomposition A = Zle pjd)j@/}},

where j; > 0 and {t,} is an orthonormal set of eigenvectors. Then:

E[(¢'A¢)’] (Zuj V36 ) = > i E[(56)* ()]

4. k=1
T
-y i B VEWLE < S g = Cltr(A4)) =
4.k=1 4.k=1

Proof of Lemma 6. We use Lemma A2.1 from Seglvsten (2020). Define:

'i 5% ZFZ]£j7

JFi

AW

where fl is an independent copy of ;. To apply Lemma A2.1, we must verify:
N N
D E(AW)]=0(1) and > E[(AW)Y] 0.

i=1 i=1

For the second moment: Y, E[(A,W)*] = 23N >z tr(DyT;) = 1. For the fourth mo-
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ment, decompose the expression into two terms.
4 X
DOEIAWIY = 55 Y ED (ETu) + 30 D (6T4€)" (ETad)’)

=1 j#i i ki)

The first term 1is:

%E {ZZE [<££Fijsj>4\5j]} < %EZZ T3¢0

C o C ) C
= WE {ZZ (5jFisz'jfj)2} S5z > (tr(;T)" = V2 S ITslE,
i g i g i g

where we used Lemma 9. For the second term, we notice that

E[(grijgjf(gz{rikgk)z] = E(gz{rijréjgifz{rikrgkgi)

< \JEIET 16 ELET W) < CIITy 31 Tul3-

Combining both yields

2
C €' max; (Zj;éi HR;HF)
> EAW]' < vz S ITslE+ D ITGlIEITwlE | < v —0

i g ki)

Condition (i) of Lemma A2.1 of Sglvsten (2020): We need to verify:

N
é Z Z Z g'rjl'(figz/' + ]Ti)rikfk 5.

i=1 k>i j#i

This expression decomposes into five terms: 21, + 415+ I3+ 61, + % sz>z |IT;x||%. The final
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term converges to 1 as V' = 2||F||%, so it suffices to show that I, I, Iy, I, 2 0.

ZZ Z 5J Jt gzgz_ ) zkgkﬁo

i=1 k>i j¢{ik}

N
L=233 3 grrag b,

i=1 k>i j¢{ik}

N
L= 233t (Tl — DTlel— 1) 50,

i=1 k>1

ZZU ((&& — DITy) = 0.

=1 k>i

In all cases, the expectation of the left-hand side is zero, so we only need to check that

the variance of each expression converges to zero.

C / /
V() < V_ZZ Z tr ji (&& — Ip)r ki (&6 — Ip)Ty;) + (gjrjigif(girikrkjgj))
i=1 k#i j¢{i,k}

C & , ,
=77 2. 2 [E (€Tl wid) — tr(Tylalwly)] ZE (5T 56 (6T L r)]-
ik j#k

i,k,j

Here we used the circular property of traces, the fact that &’s with different indexes are

independent with identity covariance, and I';; = 0. The first summand of the last sum is

bounded by

%

C C
<3 <Z(Z T3 l15)% + ||Fij||%7) < Vmgxz IT1[% — 0.
i isj j

C (S~ e C _
o (ZE (6T3&)" —tr(T) + 3 (D00, )) o3 (Z(tr(f‘ii))2 +) Hriju‘;)
i=1 i,7 .3
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Here we used tr(T;;T;T;,Ty;) = [|T;:05117 < 1Tl *1ITs 17 < |71/ 7 Denote T = T'*. Then

C N C N
W Z ‘ [(é; ji&) <€z ’Lk‘Fk‘]gj _Z 5] j’LEZ gz zgf])”

i,k,j=

<

1,j=1

R c L, Cmax||Tyle
V_ Z: \/]E 51 L&) \/E (& wfj < ) Z: 1Tl - 105 < v )

We notice that [Tl = | 5 Tuligle < /S 1Tl /S 1Tl < max; 3, 1055

Thus, I; = 0. All summands in [, are uncorrelated unless the set of indexes j, k coincides

C . C . T2
V(1) <3z Z D0 w(@aluly) = WtY(FQF) < S IPIITIE <

2 2
il=1N k>ik>1 j#i HFHF

— 0.

In this argument we defined T';; = > ksigst Ll and |IT||% < |IT||%. This gives I, 2 0.
Introduce 7, = tr (Ti (68 — DTwi(&:&7 — 1))

Elni] =E (flla‘rki(gigz{ — D&, — tr(Typ D (8 — ])))2

= E[V(&. (& — Da&lé)] < EE[(GT (68 — DTwée)’|]
< CE (tr(Tui(&€ — DTw))” = CE (€Tulwi& — Tulli)”

< CE (§TuT&)” < ClTalh.

Notice that n,;, are uncorrelated with any other n’s except n;;. Thus

% liz _ E[n CmaxikHFikH% 0
= V 4 Nik _VQZZ M) < — V.

i=1 k#i i=1 k#i 4

Finally, to prove I, 2> 0 we notice that all summands are independent, thus
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]

0
A

v

struct the full (2n) x (2n) matrix A with A,; in block (i, j) and A;; = 0 for all i. Note that

- 0
Proof of Theorem 2. Define A;; = Eil/Q ( 0 ) 21/2 to be a (27;) x (27;) matrix. Con-

A is generally not symmetric. The variance of the quadratic component can be written as:

(Z Zv Ajje ]> =V <Z Zéz{;lijgj> = Z Ztr(fl 151 flwflji) = tr(AA") +tr(A?).

JoiAd JoiAd JoiAd

The first term, tr(AA’), corresponds to 3 i V(Qje;) in the decomposition of Equation (7).
The second term, tr([lz), captures the correction due to cross-cluster dependence.

If two random variables 7; and 7, have correlation bounded by 1 — ¢, then V(n; + 75) >
c(V(n) +V(n,)). Assumption 4(i) on bounded alignment and Assumption 3(i) imply

max |corr(ie;, T(v; ®€;))| < 1—¢,
T1,T2

w® > Zc ) + V(vec(A);) (v; ® ¢;))) + tr(AA").

J=1

Notice that tr(AA") = ||A||% > C 2 D it ||Al]||% due to Assumption 3(i).

V(WiAje;) = V(vec(A),) (v; ® e;)) > ¢ vec(A%;) (2, @ S j)vec(A%;) = c|| A7

J4493%9

Combining the above with Assumption 4(i), we conclude w” > cn.
Next, recall that: z'Ae = Z] Lwje; + Z] 1 Dz Vi iAi;e;. We first establish asymptotic

normality for the linear component, S% using Lyapunov’s condition. For (NA)e

j=1%;%j> i€

Lyapunov’s condition holds due to bounded fourth moments from Assumption 3(iv). For

Z] vj A]j ;» we apply the higher-moment bound in Assumption 3(iv):

Elvj A e, < E|vec(Al;) (v; @ e;)]P* < C (VGC(A/~~),(I)-V6C(Al~))l+§
< O (vee(A) (S, ® So)vee(A)) ' = O\ A, |15

Hence: Z L ElWjA;; j|2+25 < C'max; |4 ||z Z;VZI |A,;||%. Using Assumption 4(ii), which
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~ 2
. . max; ||A,;;
implies % — 0, we have:

2420 9
]] ”F

i Elvid;e] ma; [ Ay 17 35550 1Apl% _  max; |4,
w'te N (V(vjAje;)) -’ N n’

J43%

— 0.

Thus, the linear part satisfies a CLT": %Zjvzl wje; 4 N(0,1).

We now apply Lemma 6 to the quadratic part: Zfil Z#lv Agje; = 35 Q/ngj, with

r = %( A+ A"). Assumption 4(iii) ensures that either the quadratic term is asymptotically

negligible compared to w, or the conditions of Lemma 6 are satisfied. O
Proof of Lemma 7. For the first statement notice that ZZ(AZZ)2 = Ay, <1, so:
Z |AZ 17 < ZAEE < C’maXT
(eS;

According to Theorem 1, A" = (I — B)M, where B is sparse with non-zero elements B,;
only if £; = 0. If ||M; || < C, then ||B,||> < C and all elements of B are bounded. Thus,
HI - BHOO < CmaXiTm

max(A'A);E;(A'N); < Cmax |3 - [|(AA); 3 < Cmax [[3i]] - max T (AN 15

< Cmax |[Si]| - max T; - [|M|5]11 = BIS A < € max [[S;]] - max T | M]|%.

For the third statement:

D (A5, < ZMeel +Z > BuMy, )P < M, +ZHBZ|| > M
¢

£:£,;=0 b:€,7=0

<1 —l—C’Z Z ]\/fé1 <1+ C(m?xTi)Mgl,gl < CmiaXTi.
¢ 5:522:0

Here we used the fact that £,; = 0 only within a cluster and thus has less than 7} elements.

ZHAuHF < Z ZAKK < C’maXTk

6eS; =1
From Theorem 1, B is block-diagonal with row/column sparsity bounded by max; T;. Thus:

43



IBII* < 1Bl Blloe < C(max; T;)*. Hence, [|[A"[|* < (I = B)M||* < C(max; T;)". O
Proof of Lemma 8. We start by expanding the jackknife difference:
Z = 2y = —pj +wje; + Z()\;A;iei + ngfjw;-(S) + Z(véAfjej - v;A;iei),
i#] i#]

/

where pi; =3, NAGwi6, w; = (A™N); + vjAj;. We now compute the squared expectation:

i#j 7]

using the fact that all components are uncorrelated due to independence across clusters.

Summing over j and comparing to the true variance V(Z), we obtain:

N
EVi] =V(2)+ Y i+ YV (vidje; + viA%ie) + Y > V(X Alie, + vjAjw)d) .
J

=1 j<i J o i#j

Therefore, E[Vik] > V(Z), and the jackknife variance estimator is conservative. In the

special case Aj; = 0 for all ¢ # j, all additional terms vanish, yielding E[Vik] = V(Z). O
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