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We provide a price theory for incomplete markets that extends the traditional Walrasian
analysis. We derive formulas expressing the consumption response to current and future
changes in interest rates and income. Our analysis provides a natural decomposition of
these responses into substitution and income effects with structural interpretation, em-
phasizing statistics such as the marginal propensity to save and local measures of pru-
dence in utility. We handle general uncertainty in a compact and intuitive manner by ad-
justing probability distributions: a risk-adjusted probability, commonly used in finance,
and a novel prudence-adjusted probability, specifically useful for incomplete markets.
Our formulas reveal various cross-restrictions implied by the theory on consumer behav-
ior. Numerical explorations show that the new statistics we identify matter significantly
to understand aggregate demand in incomplete markets, beyond the impact of heteroge-
neous marginal propensities to consume or binding borrowing constraints.
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Dear Prudence, won't you come out to play? —The Beatles, The Beatles

1 Introduction

Demand theory provides the framework to understand behavior stemming from ratio-
nal consumers operating within classical Walrasian Price Theory settings. The central
Slutsky equation explains agents’ responses to price changes by decomposing them into
income and substitution effects. Other well-known results such as Slutksy symmetry,
homogeneity, budget exhaustion have been usefully invoked to derive results, limit free
parameters, or impose or test the restrictions implied by rationality. However, outside
classical settings these results do not necessarily hold. A popular class of models features
Walrasian static markets, linked over time by imperfectly and incomplete asset markets,
including borrowing constraints and lack of insurance. The goal of this paper is to gen-
eralize the classical demand theory framework and flesh out the behavioral predictions
and restrictions in such settings.

Our baseline model captures all the essential elements of incomplete market mod-
els. Agents care about the discounted sum of expected utility from a single consumption
good; we make no special assumption on the utility function. Agents face uncertainty
about their future income; we make no special assumption on uncertainty. They can save
and borrow in a single risk-free asset and are subject to a borrowing constraint. Mar-
kets are incomplete for two reasons: agents cannot insure against future realizations of
uncertainty and the borrowing constraint may be binding. Technically, both these fric-
tions imply that the sequence of budget constraints cannot be reduced to a single budget
constraint, as in traditional Walrasian Demand theory. We later discuss an extension that
allows for multiple goods within each period, multiple risky assets, as well as shocks
to the discount factor, the utility function and the borrowing constraint; all our results
generalize to these extensions.

Our first set of results provide expressions for the change in current consumption from
changes in current and future interest rates and income, along with a decomposition into
substitution and an income effects. Naturally, changes in income only produce income
effects, while changes in interest rates induce both income and substitution effects. Our
formulas provide the primitives and sufficient statistics that shape these responses. They
also provide a way to compare the responses to changes in income and interest rates at
different time horizon and across states. For example, one might compare a change in

the interest today versus one two years from now, or a increase in future income in a low



state versus a high state.

It is useful to first consider a Walrasian scenario without uncertainty. In this case, our
expressions for the income effect are completely standard, equal to the current marginal
propensity to consume times the net present value of income. On the other hand, our
expression for the substitution effect is novel and shows that a change in the interest rate
at some future date T is discounted by the marginal propensity to save from the current
period t = 0 to t = T, that is, the product of the marginal propensities to save in all
intermediate periods. Intuitively, this discounting captures how connected the agent is
to this future date. This, in turn, affects the responsiveness in the present of changes
in interest rates at this future date. An obvious and extreme case is that of a complete
disconnection when the borrowing constraint becomes binds, since then the marginal
propensity to save is zero. Our result shows that even when the borrowing constraint
does not bind, the marginal propensity to save captures the degree of connection and
response to future interest rate changes.

The next challenge is to extend these results to incorporate uncertainty. Our pa-
per show how this can be done in a simple way. Indeed, our expressions are simply
weighted averages of the deterministic ones and can be expressed as the expectation us-
ing reweighed probabilities. Indeed, we introduce two new probability distributions, or
changes of measure, that distort the original objective probability measure to incorporate
the agent’s preference over both risk and prudence. The first probability is a risk-adjusted
one familiar from finance theory: it reweighs states of the world by the marginal utility
of income (i.e. first derivative). We show that this is the appropriate measure to compute
substitution effects. It also is the appropriate measure to compute welfare impacts. The
second probability is a novel prudence-adjusted one that we develop to evaluate income
changes. It captures the precautionary effects inherent to incomplete market settings:
reweighing states of the world by the curvature of utility with respect to income (i.e.
second derivative). Note that this second adjustment is absent in the certainty-equivalent
permanent-income model, that is with quadratic utility and absent borrowing constraints.
In that case, the probability distribution is the original one, without any adjustments.
However, this is a borderline case and we show that an adjustment is generally required
for more standard utility functions and borrowing constraints that induce precautionary
savings motives.

Let us take a step back and discuss our two changes of measure by focusing on the
effects on welfare and consumption of changes in income. In the absence of risk, the
effect of a future income change on welfare and consumption is simply summarized by

its impact on lifetime wealth. Indeed the consumption response is given by the marginal
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Table 1: Consumption and welfare responses to future state-dependent income changes.

propensity to consume (MPC) times the net present value (NPV) of the marginal income
change, while the welfare impact is the marginal value of wealth (MVW) times the NPV
of the income change. In this sense, the discount in the NPV can be interpreted as the
price, at initial time, of future income.

This can be easily extended to uncertainty if markets are complete by using the Arrow-
Debreu prices. In each period, we can consider a probability measure that weighs states
in proportion to its price. It is then possible to determine the equivalent wealth change
by the expected present value using Q, or simply Q-NPV for short, and with it the con-
sumption and welfare responses. This discussion is summarized in the first two columns
of Table 1.

What about incomplete markets? As it turns out, we can still construct a risk-adjusted
Q, with the marginal utility (weighted by probability) playing the role of implicit Arrow-
Debreu prices. Once again the Q-NPV of future income changes determines the change
in welfare. However, it no longer determines the consumption response to future income
changes. To see why, imagine an employed agent saving for unemployment. An increase
in unemployment benefits makes the agent richer, the income effect, but also relaxes the
precautionary motive to save. This precautionary effect is not generally captured by the
risk-adjusted Q. This has to do with the fact that prudence and risk aversions are distinct
properties of preferences. Indeed, while risk aversion is related to concavity of utility,
prudence is related to concavity in marginal utility function (Kimball, 1990).

To compute the response to income changes we construct a new prudence-adjusted
probability Q! and show that it typically overweighs “bad” states compared to Q. In-
deed, we provide a formal result for transitory shocks, and confirm it in our numerical
explorations for persistent shocks. This implies that an additional dollar in a state where
consumption is low generates a larger consumption response under incomplete markets.

As mentioned, the risk- and prudence-adjusted probabilities are key to developing our
price theory for incomplete markets. In particular, for interest rate changes the substitu-




tion effect is computed using Q while the income effect of these changes uses Q, just as
it is for income changes. To highlight the role of Q! versus Q, we decompose the income
effect into a welfare effect, determined by the Q-NPV of interest and income changes,
and the difference between the Q'-NPV and the Q-NPV. This gives a decomposition into
substitution, wealth and what we call a precautionary effect. The latter effect highlights
the impact of incomplete markets.

At the origin of demand theory for Walrasian settings, Slutzky and Hicks provided
two alternative compensation schemes. In particular, Slutzky envisioned providing trans-
fers that would allow a previous consumption plan to remain feasible after price changes;
the budget constraint then pivots through the original consumption choice. Hicks, in-
stead, envisioned a compensation in terms of income designed to keep utility exactly
constant. Although these schemes are different and generally lead to different responses,
to a first-oder both schemes deliver exactly the same consumption responses.

Our substitution effect is a defined following the Slutzky compensation scheme, that
provides income in real time to compensate for interest rate changes; the budget con-
straint pivots through the original consumption plan. For comparison sake, we define
a Hicks-compensated effect by compensating for current and future interest using initial
wealth only. Unlike the Walrasian case, with incomplete markets this compensated effect
does not typically equal the substitution effect.! Indeed, the compensated effect equals
the Slutzky-substitution effect defined earlier, plus the precautionary effect from the in-
terest rate changes defined earlier, captures the precautionary effect present in incomplete
markets through the difference between Q' and Q.

Going beyond the impact on present consumption, we show how to compute the full
impulse response of consumption. We also provide further cross-restrictions on behav-
ioral responses relating the current response of consumption to future income and interest
rates to the future responses to concurrent changes in these variables.

Finally, we revisit the properties of the Slutsky matrix and show that the substitution
effects are symmetric. In this sense, Slutzky symmetry extends to incomplete markets
settings. However, it turns out that the Hicks-compensated effect, which does not always
equal the Slutzky-substitution effect, is not generally symmetric.

Our individual price theory provides a lens to inspect the mechanisms behind aggre-
gate demand responses. We explore this by dissecting the aggregate response of con-
sumption with heterogeneous agents. The literature has stressed the importance of ac-
counting for the heterogeneity in marginal propensities to consume, as well as their in-

!In a Walrasian setting, these two compensation schemes are not identical and they do not have identical
results for discrete changes, but they do have the same effect to a first order.



teraction with heterogeneous income shifts. First, we show that the heterogeneity in risk
valuation Q and Q! matters beyond MPC heterogeneity. Second, in line with our results
for a single agent, the aggregate marginal propensity to save is shown to be crucial to
assess the discounting of future interest rate changes.

Finally, we turn to a quantitative exploration in a standard Bewley-Huggett-Aiyagari
model. We find that the direct effect of borrowing constraints is rather limited, atten-
uating the (partial equilibrium) effects of future interest rate cuts by less than 10%. In
contrast, the impact of the marginal propensities to save is significant, almost halving the
aggregate response to an interest rate cut at a four year horizon. Indeed, because of the
tight borrowing constraints, many agents dissave at the margin which hinders their abil-
ity to transfer funds in the future, even when they are not constrained. This additional
discounting impacts all households and goes largely beyond the direct effect of borrowing
constraints. Similarly, the precautionary effects of interest rate changes largely dampens
the income effect (or “redistribution channel”) of future cuts.

Related Literature. Our work builds on the classical approach to consumer demand.
This is a long and important literature with milestone contributions by Marshall (1890),
Slutsky (1915), Hicks (1939), Hicks and Allen (1934a) and Hicks and Allen (1934b). Deaton
and Muellbauer (1980) provides a thorough review.

While the environment of the classical theory of demand is static, its results can be
directly applied to the canonical dynamic complete market model of Arrow and Debreu
(1954). Our main contribution is to extend these results to incomplete markets.

Models of incomplete markets and their income fluctuations problems were initially
formalized and studied as extensions of Friedman’s permanent income model, by Bew-
ley (1977), Schechtman and Escudero (1977), Chamberlain and Wilson (2000) among oth-
ers. In terms of individual behavior, few properties were obtained beyond existence and
monotonicity of the consumption function. Two important later contributions by Kimball
(1990) and Carroll and Kimball (1996) studied precautionary motives and established the
concavity of the consumption function. Our paper is complementary and continues this
line of work, investigating the theoretical predictions of this important class of models.

A quantitative literature has simulated incomplete market models to study its effects
on growth Aiyagari (1994), asset pricing Huggett (1993), macroeconomic fluctuations
Krusell and Smith (1998), optimal taxation Aiyagari (1995), and may other issues. An
extensive empirical literature also emerged, estimating and testing these models, starting
with Hall (1978); Flavin (1981); Hall and Mishkin (1982) and continuing with Attanasio
and Weber (1995); Carroll (1997); Gourinchas and Parker (2002); Blundell et al. (2008), to



name a few. Our paper thus complements this line of work by offering a fuller characteri-
zation of the restrictions imposed by the theory and the sufficient statistics involved, also
offering a better understanding of the mechanisms at work in consumer behavior and its
link to the traditional Walrasian Price theory.

Our work is related to Auclert (2015) which studied the transmission of monetary
policy to aggregate demand in heterogeneous agents economies. The main focus in that
paper is on an heterogeneous income effect channel that supplements the substitution
channel. This channel is based on covariance of heterogenous marginal propensities to
consume with asset positions. Auclert (2015) shows that these statistics are sufficient
for contemporaneous transitory change to the interest rate, but are no longer sufficient
to characterize persistent shocks or changes in future interest rates or income. Our pa-
per provides the necessary characterization and statistics shaping these responses. More
broadly, our paper provides a general framework for the growing literature seeking to
identify sufficient statistics for partial equilibrium effects (e.g.Kaplan and Violante, 2014,
Berger et al., 2017), or to derive the aggregate intertemporal MPCs are in Auclert et al.
(2018).

Farhi and Werning (2019) study the response of current consumption to future in-
terest rate changes in an incomplete market setting in general equilibrium. That paper
considers both rational expectations outcomes as well as level-k boundedly rational one.
The level-k concept employed justifies putting more weight on the partial equilibrium
responses, which is precisely the object of study of the present paper. Our paper is also
broadly related to a literature extending standard demand theory to allow for boundedly
rational agents. Gabaix (2014) considers sparse agents who disregard some of their state
variables, Aguiar and Serrano (2017) use Slutsky matrices to characterize deviations from
rationality, Farhi and Gabaix (2020) extend the classical framework to revisit optimal tax-
ation theory with bounded rational agents.

2 The Income Fluctuations Problem

For most of the paper we adopt a baseline model that is sufficiently general to encom-
pass traditional incomplete market models. We consider a standard one-good income-
fluctuation model with exogenous borrowing constraints. The model is later generalized
in Section B to allow for several goods, multiple assets, and shocks to preferences and

borrowing constraints.



Shocks, interest rates, and income shifters. We denote the shock process by 6;, and the
history of shocks up to t by 6" = (6,61, - - - ,6;). We denote by P the probability measure
on the history of shocks, by [E[-] the expectation with respect to this measure, and by
E¢[-] = E[-|#'] the expectation conditional on the realization of 6'. The agent’s income in
period t is y(6'). She saves through a short term risk free bond a;. We denote the gross
interest rate between t and t + 1 by R;(6%).

Agent’s problem. The problem of the agent in period t after history 6' and with wealth

at is
max E 3 (e (6!
{a:(6%),c:(6%)} ;)’B ( t( ))]
subject to the sequence of budget constraints
b (00 t—1 t
Cf(6)+ Rt(f)f) _at(e )+yt(9)

a;(0") > By (0"),

with initial condition ag(6°) = ag given. Here B;(6") is an exogenous borrowing limit.

Individual indirect utility and Marshallian demand functions. For given ay, the solu-
tion to the problem gives a sequence for consumption and assets c;(ag, 0'; {R;}, {y:}) and
a;11(0", {Rt}, {y:}) and to denote their dependence on future interest rates processes. Our
goal is to study the comparative statics with respect to these processes.

The agent problem is obviously recursive and can be represented by value and con-

sumption functions that depend on current assets. We denote these functions as
Vi(ar, 0% {Rvs}, {yess})
Ce(ar, 0'; {Revs}, {yers})

Note that

ct(05{Re}, {yi}) = (a0 {Re}, {yi}), 05 {Revs } {yess ).

These functions are generalizations to an incomplete-markets setting of the classical
price theory concepts of indirect utility and Marshallian demand functions. To streamline
the notation we sometimes leave the dependence on the arguments implicit.

Two key statistics of our analysis are the marginal propensity to consume (MPC) and



the marginal propensity to spend (MPS). They are defined as follows:?

3:¢(6') =3us(a1,0; {Rys}, {yrss))
MPS;(6") =R;(6") (1 — 9,c:(0")).
In addition, we define the stopping time T as the first date, starting from t = 0, at which
the borrowing constraint binds. Note that T is not generally deterministic and typically

depends on the sequence of realized shocks.

Complete Market Benchmark. We will benchmark the incomplete market model against
a complete markets model. In that case, agents can purchase, at history 0t assets at prices
q:(6'*1) paying R; in state 6;,1. Agents are subject to the same exogenous borrowing

constraint.The budget constraints are then,

ct(0) + Y qi (0" ) brya (0711) = Re—1 (0" ) be (6") + v (6, Xt)

0r+1
Ri_1(61)bs(0") > By(6Y).
The complete market problem defines additional policy functions, the quantity of as-

sets purchased at !, that are denoted b; 1 (8°*1, {R;}, {y:}) and b1 (ar, 015 {Ryvs}, {yiss}).
We then define a state-dependent marginal propensity to save

MPS(0141,0") = Ri(0")0aby1(ar, 0" {Riss b, {yies})-

We can similarly define a stopping time T as the first date at which one of the borrowing

constraint binds.

3 Main Results: Response to Interest Rate and Income Changes

In this section, we express the derivatives of the Marshallian demand function with re-
spect to interest rate and income changes. Thus, we are examining the responses of con-
sumption to a contemporaneous announcement of interest rate and income changes. We
later turn to total derivatives that take into account that wealth at ¢t changes due to the

past announcements at t = 0.

2Qur marginal propensity to spend is technically a marginal propensity to increase wealth in the next
period.



3.1 Deterministic Case: Discounting with MPS

For presentation purposes it is useful to first consider the case without uncertainty, which
effectively puts us in a Walrasian setting. We seek an expression for

v (9% 4oy 990 p gt
dcy = t;) (ay(et)dy(ﬂ ) + aR(Gt)dR(O )> .

We then have the following result.

Proposition 1. The response of consumption to a change in the sequence of prices and income

{dR;} and {dy:} is given by

dey T MPS,\ dR; 1 9cy & (L1 ar41 dR;
__—6(00)2<H R. E‘Faa—aoz EJR—S (TtR—t—l—d]/t)/

€0 =0 \5=0 =0
where €(co) = —cou’ (co) /u'(co) is the local elasticity of intertemporal substitution.

Note that there is no reaction to changes beyond 7, the date at which the borrowing
constraint binds. This is intuitive, as the borrowing constraint interrupts the connection
across periods, segmenting decisions. The first term on the left hand side is the substi-
tution effect, involving the local elasticity of substitution. The second term is an income
effect, involving the marginal propensity to consume.

The first term in the expression above is the substitution effects and contains some
standard elements and some new elements. As usual, this effect is mediated by the elas-
ticity of substitution. The more novel element is that the expression shows that the sub-
stitution effect depends on the sum of discounted price changes, discounting using the
agent’s marginal propensity to save. The product [T._, MPS;/ R represents the marginal
propensity to save from the current period to t. Intuitively, this captures how connected
the agent is to this future date. This, in turn, affects the responsiveness in the present
of changes in interest rates at this future date. Overall, the expression clarifies that the
sensitivity of consumption to future change in interest rates may be low for two reasons.
First, the planning horizon of the agent may be interrupted at 7, so the agent does not re-
spond to changes in interest rate that happens after 7. Second, the consumption response
is further lowered through the product of marginal propensities to save as the MPSs typ-
ically fall towards zero as the agent get closer to the borrowing constraint. Note that the
tirst situation can also be thought of as a special case of the second: when the borrowing
constraint binds the MPS is equal to zero.

The second term in the expression above is the income effect, which requires little

comment, as it is the standard demand theory expression. In period t the income ef-
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fect is comprised of the change in income and the impact of the change in the interest
rate on the budget constraint, which is proportional to the asset position. The impact on
consumption is then simply the present value of these income effects times the marginal
propensity to consume. The income effect term will become more interesting in the case

with uncertainty, to which we not turn.

3.2 Adding Uncertainty: Precautionary Effects

We now consider the case with uncertainty and consider the impact of a change in the
path of interest rates and income. The two sequences can be state dependent and are

announced at t = 0. We now seek an expression for

aco ; dco ¢
2092< SAY(E") + S AR )
We can also interpret these responses as the partial derivatives of the Marshallian con-
sumption function.

Our next result is one of the main results in the paper and expresses the substitution
and income effects as simple weighted averages of the deterministic expression. The
weights define probability distributions that can be thought of as risk- and prudence-
adjusted probabilities.

Proposition 2. The response of consumption to a change in the sequence of prices and income
{dRs} and {dy} is given by:

dey o [t MPSs\ dR; 1 9cg Lt | ar41 ARy
C_() ——€(C0)1E0 Z (H Rs R_t+CoaQOIE Z Q)R_S Tt?t—’_dyt (1)

t=0 \s=0 t=0

or probability distributions Q and Q' defined b
p Y Y

d_Q(9t+1 | gt) — V/(aH—l/ GH_I) — u/(c(at+1/9t+1)) (2)
ap ~ E(V'(a, 071 [0 E (' (c(ar,6071)) | 67)
d_QI(GH-l | gt) = V//(at—&-l/ 9t+1) _ u//auc(aH—l/ 9t+1) ) (3)
dp E (V" (a;41,0t11) |6t)  E (u"9,c(a;4q,0t11) | 6F)

The probability measure Q is a marginal-utility reweighing of the objective proba-
bilities. This is a standard risk-adjustment that is commonly used in finance and other
areas of economics. As we show later, this probability also enters the picture under
complete markets, since risk adjustment occurs under complete market by way of the
Arrow-Debreu prices which are equated to marginal utilities. The probability measure

11



Q! is, in contrast, novel and represents a second derivative reweighing of the objective
probabilities. Intuitively, this reweighing captures precautionary effects. Indeed, under
quadratic utility we have that V" is constant and so Q' = P. More generally, the lo-
cal sensitivity of V", related to V", has been insightfully defined as a measure of local
prudence related to precautionary savings by Kimball (1990). Thus, we can interpret Q'
as a prudence-adjusted probability. We later provide an important result comparing our
prudence-adjusted probability Q! to the standard risk-adjusted Q.

The first term captures the substitution effect allowing for uncertainty. As we can see,
future changes in interest rates are valued just as in deterministic case, discounting by
the marginal propensity to save, but now taking the expectation using the risk adjusted
probabilities Q. Everything else equal, an agent will react more to a change in interest
rate in a state with high marginal utility.

The second line in equation (1) shows that income effects are averaged using the
prudence-adjusted probability Q. Intuitively, under incomplete markets income changes
are valued in a risk-adjusted manner, but they affect consumption through precautionary
motives. For example, if future income is raised in a low consumption, low income state,
then this may affect the desire to “save for a rainy day”.

Another intuition is that changes in income affect consumption and this in turn affects
the risk-adjustment. The measure Q! takes this change in valuation into account. The sub-
stitution effects do not directly incorporate this change in valuation because compensated
price effects do not generate any such changes.

The response of consumption to income changes is therefore determined by the po-
tentially binding borrowing constraint—which cuts the planning horizon at T—and by
the prudence-adjustment Q.

Note that even when future changes in interest rate or income are deterministic the
risk- and prudence-adjustment probabilities can come into play. To see this in a simple
case, suppose the path of interest rates is deterministic. First consider a change in future
income at some date ¢ that is constant across all states of nature. Then

I
Z—;(: - aacoﬁmg (A((T > ) = aaco%.
s=0 "8 s=0""8
We see that what matters is the prudence-adjusted probability of the borrowing constraint
not binding Q'(t > t), which is generally different from the objective probability P(t >
t). In particular, as we show below for most cases of interest the probability Q will
overweigh bad states of the world, leading one to expect Q'(t > t) > P(t > t). Next

consider a future interest rate change at ¢ that is constant across all states of nature. Let
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us focus on the substitution effect,

Note that even though R; is deterministic, the MPS; are not if the agent faces (idiosyn-
cratic) income uncertainty between 0 and t. Thus, the discounting by Hé:o MPS; is
stochastic and the formula uses the expectation with the risk-adjusted probability Q.

Complete Markets. When markets are complete we obtain a similar result

MPS,(65+1, 95)> dR,

dco e(co) lEQ Z (H =

Co -0

(4)
1 dcp EQ a1 dRy
T o dag Z (HRS> (Rt R, T

t=0

The expression is very similar to incomplete markets. However, now the income effects
are evaluated using Q instead of Q!. In addition, the MPS is defined across states. Intu-
itively, there is no precautionary effect, so the appropriate response to changes in income
is entirely through the risk-adjusted valuation.

Change in Risk. Our framework can accommodate “risk shocks”, for example an in-
crease in uncertainty captured by an increase in the variance of shocks, in a simple manner
by changing locally the underlying transition kernel 7t defined by the physical measure
P. Changes in the underlying distribution can also be interpreted as "news shocks” or
changes in beliefs. We consider absolutely continuous changes with respect to 7w such

that [E; (d7ty+1/m:41) = 0. The consumption response is then given by

T =1 MPS dm>

e (ST V> o

The formula makes clear that changes in risk are equivalent to price changes for consump-
tion responses: an increase in the probability of state 651 acts as an increase in the virtual
Arrow-Debreu price of the state. Since, in partial equilibrium, they do not affect directly
the monetary returns of assets, agents respond to “risk shocks” through a substitution
channel.

13



3.3 Risk- and Prudence-Adjusted Probabilities: Origins, Intuition and
Results

Our characterization of the derivatives of the Marshallian demand function relies on the
probabilities Q and Q. Here we discuss the origin of Q and Q!, provide further intuition
and, finally, provide some results comparing them. In particular, we provide conditions
ensuring that Q! overweighs bad state relative to Q.

First, where do these adjusted probabilities come from? They are defined by two mar-
tingale conditions, both stemming from the Euler optimality condition equation. The

optimal consumption plan satisfies (when the constraint does not bind at ¢#):

u’(ct) = ,BRt]Et (u’(ct+1)) ’ (5)

This in turn implies by the Envelope theorem
V/(a,0) = BRiE; (V' (ar1,601) )
differentiating we obtain
V" (ar,60') = BRyMPS/E, (v”(atﬂ,ef“)) . ©6)

This implies that discounted version of V' and — V" are positive martingales,® which we
can use to define the adjusted probabilities.

Next, we provide more intuition for the two adjustments. The first adjusted probabil-
ity Q, is familiar and related to the standard stochastic discount factor Bu’(c; 1) /u'(ct). It
defines the prices of the shadow Arrow-Debreu securities that would make the consump-
tion plan of the agent optimal in a complete market setting. The prices associated with Q
give the valuation, in terms of welfare at time 0 of one more dollar of wealth in the future
(when the constraint is not binding on the path). As in the complete market setting, the
Arrow-Debreu price PAP (6! | ) at 0' of one dollar at 6'*! is given by Q(0'*! | 6*) /R;.

In contrast, the second adjusted probability Q! gives the compensating variation for
consumption at time 0 of one more dollar of wealth in the future. The probability Q
allows to compute the standard compensating variation: an additional dollar in state 6'
can be compensated by Q(6") dollars to keep welfare constant. Q' allows to perform the
same exercise for consumption: an additional dollar in state 6! has to be compensated
by Q!(6") dollars to keep consumption constant at time 0. With incomplete markets, the
two probabilities Q and Q! differ since the valuation of future states changes as the agent

3More precisely,V’ and — V" appropriately discounted and stopped at Tare martingales.
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gets richer. The agent consumption plan changes not only because she is richer —in terms
of the virtual Arrow-Debreu prices — but also because the Arrow-Debreu prices change
with wealth. Q! incorporates this change and, in this sense, is intimately related to the
presence of a precautionary motive.

We formalize this intuition in the following Proposition which relates the twist in val-
uation introduced by Q'to the degree of prudence (Kimball (1990), Carroll and Kimball
(1996)) exhibited in the agent’s utility function.

Proposition 3. We characterize the change in valuation introduced by Q' as follows.
a. Assume that u"'u’ /(u")? > 1 and BR < 1, then:

) QI(9t+1|9t)
31 { Q67|67 } =0

In particular, if the process y(0;) is i.i.d., we have

Q!(0:11,0'0") _ Q'(67,,,0']6")
fgn, = 7 otlgf ’
Q(0r+1,066") Q(0;,1,0'16")

for any 0}, such that y(0; ;) < y(6;41).

b. In the limiting case where u''u’ / (u'"")? = 1 utility is exponential u(c) = —e~"°. Then if
borrowing constraints never bind we have Q' = Q.

c. When utility is quadratic u(c) = ¢ — bc? so that u"'u’ / (u"")? = 0. Then in the absence of

borrowing constraints or if they do not bind we have Q' = P

Ql(6,14,0'0") _ Q'(6;,,,0'(6")
flghy, = 7 otlgf ’
Q(0r11,06|6") Q(0;,1,0'16")

for any 0, ,, such that c(0;_,,0") < c(6i41,6").

The proposition shows that with non-increasing absolute risk aversion, additional
wealth in the future reduces the gap between the measure Q and Q!. This implies in
particular that the measure Q'is more volatile than Q with respect to the transitory com-
ponent of income shocks: the measure Q! puts relatively more weight on the bad realiza-
tion of income than the measure Q. Indeed, an increase income in a “bad” state provides
more insurance than in a “good” state and this additional benefit is captured by Q. In
this sense, the measure Q! is the measure P adjusted for prudence. When the agent is
risk averse, the measure Q already puts more weight on states “bad” states compared to
the physical measure P, so that the measure Q! amplifies the overweighting of bad states.
Note that the Q'overweighting of bad state is also true for some simple persistent income
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changes. Consider for example an AR(1) income process with persistence p and suppose
that the borrowing constraint is never binding. In that case, a positive realization of the
income shock corresponds to an increase in wealth of 1/(1 — (p/R)): the overweight-
ing of bad realization of the income process by Q! is even stronger than with transitory
shocks.

The CARA utility function works as a limiting case. It is well known that, in that
case, the degree of precautionary savings does not vary with agents” wealth. Since the
precautionary motive is constant, the Q valuation of future states is independent of the
agent’s initial assets and the measure Q and Q! coincides.

Finally, the last item in the proposition shows that Q! is less volatile than Q in the
quadratic case. This makes clear that the overweighting of “bad” stated via the prudence-
risk adjustment dQ'/dQ is related to non-increasing absolute risk aversion. Indeed, with
quadratic preferences, an increase in the variance of future income reduces welfare (the Q-
NPV of the income change is negative) but does not affect consumption. With an increase
in variance, the prudence-risk adjustment (through dQ’/dQ) is positive and exactly offset
the negative risk effect (through dQ/dP) and we have Q' = P.

The measure Q! is specific to the incomplete market setting and has no additional in-
formational content when markets are complete: both welfare and consumption remains
constant when an additional dollar in state 6! is compensated by Q(#") dollars at 0. In-
deed the valuation of future states is then given by exchangeable Arrow-Debreu securities
whose prices do not depend on the agent’s wealth.

Remark. When markets are complete, the probabilities Q and Q! are identical:
Q(Qt—i—l | Qt) — QI(QH-l | et)l

in every state 0 where the constraint is not binding between 6 and 9/*1.

When markets are complete, we can again define the measure Q with the stochastic
discount factor as dQ/dP(6'! | 8") = BiReu'(c(as11,0111)) /1 (c(as, 0;)). However, since
it is possible for the agent to purchase an asset at price q;(6;+1) paying R in state 6,11, we
have that dQ/dP(0'*1 | 6!) = g;(6'*1) for all asset levels a;. It follows that the measure Q'
is also equal to g;(0'*1) in all states and at all histories.

3.4 Welfare impacts and Slutzky versus Hicks Compensation

We now investigate the welfare impacts from changes in future interest rates and income
and discuss their connection to the substitution effect. In particular, we ask: is the sub-

stitution effect is related to a welfare compensated response? Our answer is that, unlike
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in complete market Walrasian setups, with incomplete markets it depends on how the
compensation is carried out.

In particular, it will become apparent that our substitution effect is equal to the re-
sponse one obtains if compensation is carried out in real time, at each future date and state
providing additional income to cancel out the income effects from interest rate changes.
This type of compensation ensures that the previously chosen consumption path is still
teasible. This is akin to the way Slutzky defined compensation, since it also pivoted the
budget set through the original chosen consumption basket. As it turns out, just as in a
Walrasian setup this compensation increases welfare for large changes, but the first order
effect on welfare is zero.

Another compensation scheme is that of Hicks, who envisioned providing extra in-
come to keep utility unchanged. Here we explore this type of compensation using changes
in initial wealth. In a complete market Walrasian setting the Slutzky and Hicks compen-
sation are not the same and produce different results for arbitrary changes, but they lead
to the same responses to a first order. We show that in our incomplete market setting this
is no longer the case.

Roy’s Identity. Let us first consider the welfare impact of changes in income and interest
rates. Since shock that occurs beyond the horizon at which the constraint binds have an
impact on welfare, we extend the definition of the measure Q to all histories, Q(6°) =
[T,_; BRxu' (cs) /1’ (co) P(6°). Note however that Q is not a probability measure and that
[dQ(6°) <1, with equality if and only if no constraint binds between t and s.

Proposition 4. The welfare of an agent with wealth a; in state 0y at t is given by V (ay, 04, t). The

change in welfare in response to a change in assets day, interest rates {dRs} and income {dy;} is
t—
B Q 1 fapp1dRy
dVo = 9,V (dao + E; <§)g R {_Rt =t d]/t})) , 7)
where 9,Vy = u'(cg).

Since consumption does not react to shocks occurring beyond 7, we will focus on the
welfare impact of a change {dR; }o<s< and {dys }o<s<r,

vy = 3.V, (da +E§ <iﬁ ! {”t“dR*ery })) 8)
0= 0 0 > Y b p t .
’ ° =0s=0Rs U Re Ri

This result is an extension of Roy’s identity to the incomplete market setting. Future

changes in income and prices are evaluated according to the measure Q since it gives the
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Arrow-Debreu prices of future states. Indeed, one dollar in state 6° is valued at Q(6°)/
| b L Ry of time t dollars and this therefore also gives the welfare equivalent change in
wealth at t. Similarly, an increase in the interest rate at s is equivalent to a decrease in the
price of consumption at s’ > s. In the static Roy’s identity, we have that 5 dV cl the
decrease in welfare resulting of an increase in the price of good i is proport10na1 to the
quantity of good i consumed. Here, the quantity of goods consumed after s is given by
“jz—tl which explains the welfare impact of a change in interest rates.

The formula also allows us to determine the full set of welfare-compensated changes
with dVy = 0 satisfying

oo t—1
1 (a;41dR
O_dﬂo-HEQ(ZH { t+1 t+dyt}>-
R
Once again, however, consumption does not react to changes that occur beyond 7. Thus,
we consider only shocks that occur before 7. Their welfare effect is given by equation 8

and so we consider compensated changes to be those satisfying

T t—1
O—da0+IEQ (ZH 1 {at—Hth“‘dyt}) .

R;

Slutzky Compensation. One simple compensated change is one that happens in “real

time” as changes occur. In particular, setting dag = 0 and suppose

App1 ARy

0=
R; Ry

+ dy;

at all dates and states of the world. This compensation scheme is in the spirit of the
original Slutzky one because it ensures that the agent can maintain the same consumption
path {c;} after the change, i.e. dc; = 0 at all dates and states is budget feasible. Of course,
it will generally not be optimal to maintain the same consumption path. Indeed, applying
Proposition 2, we see that a Slutzky-compensated change will only leave the substitution
effect as the predicted change in consumption. This justifies interpreting our substitution

effect as a Slutzky-compensated response.

Hicks Compensation. We now explore an alternative compensation scheme. There are
two reasons to do so. First, one might argue that the Slutzky-compensation is some-
what at odds with the incompleteness of markets since the implied income transfers are
generally state contingent. But then, if such transfers are available, why not use them to
improve welfare and complete markets? A counterargument is that the substitution effect
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is conceptual exercise, even in a Walrasian setting, not a normative one. A second reason
for exploring an alternative, however, is that Hicks offered a different form of compensa-
tion using income to maintain utility constant. In our context, one can think of this as a
transfer of wealth in period 0.

We thus explore the consequences of this simple compensation scheme. To distin-
guish it from the previously labeled substitution effect (equal to a Slutzky-compensated
response) we will denote this response simply as “compensated”. As we show next, this
response equals the substitution effect plus a term that captures the precautionary effect,
present due to the fact that Q # Q'

Proposition 5. Consider a change in interest rate at t, dR;. The consumption response when the

agent is compensated at initial time is:

t
MPS; dRipr
dcl = —e(co)coES [[ 5= ——
0 ( 0) 0% (5_0 Rs R;

. S

substitution effect

n %COUQ Q_I = 1 ap41 dRipr
g >\ Q "SoRs Ry Ry

N J/

©)

-

precautionary effect

Similarly, a (state-dependent) change in income at t gives the following compensated response:

dc QI t—1 1
h_ 900 Q H
dcg = aaOCovo ( Q' Rs e |- (10

(. J/

precautionary effect

For comparison, the compensated response in complete markets is:

(11)

f MPS,(65+1,6°) thM>
s=0

dcg = —e(co)colEg <H R R,

(.

-~

substitution effect

for a change in interest rate and simply O for a change in income.

The first term of the compensated response is simply the substitution effect. As in the
complete market setting, substitution effects generate no change in welfare. The second
term is specific to incomplete markets. As we mentioned before a change in income in
state 0° has two effects: first a wealth effect at the initial (pre income change) valuation of
the state Q(#°) and second a change in the valuation of the state given by Q(6°) — Q(6°).
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This second effect is due to the impossibility to make state dependent transfers and is
precisely the precautionary motive. Compensating the agent takes care of the first effect
and the derivative of Hicksian demand function in incomplete markets is the sum of a
substitution effect and a precautionary effect. The precautionary effect is higher when the
income change occurs in the states where the prices Q increase relatively more, that is
the states where Q/Q is higher. Indeed these correspond to sates where prices increase
more with wealth, or equivalently states towards which the agent would transfer more
funds if it was feasible to have state dependent savings (at rate Rs). An income change
with zero present value according to Q but skewed towards higher Q! /Q does not change
welfare but reduces the need to precautionary save and increases consumption at t. As
shown in Proposition 3, when income is i.i.d. and that utility is in the DARA class, the
precautionary effects of income change is positive when income increases in a low income
state and negative otherwise.

4 Additional Results

This section contains some additional results. First, we discuss the impact of announcing
future changes on consumption in subsequent periods. Our previous results described
the effect on impact. Here we show that similar formulas and statistics explain the ef-
fect on the entire consumption path. Second, we present a result extending the classical
Slutzky symmetry to incomplete markets. Third, we show that we can express the cross-
relations across elasticities as a Martingale condition. Finally, we draw out some conclu-
sions for aggregate consumption, showing that the heterogeneity in risk- and prudence-
adjusted probabilities can affect the aggregate.

4.1 Impulse Response Function

So far, we have considered the consumption responses of agents at the time of the an-
nounced changes in current and future interest rates and income. This corresponds to
differentiating the Marshallian demand with respect to these variables keeping initial as-
sets fixed. We now characterize the reaction in other periods, after the announcement,
sometimes called the impulse response function (IRF).

From a mechanical perspective one can proceed as follows. Our previous character-
ization tells us how ¢y reacts. We can then use the budget constraint to infer assets for
t = 1. Once this is done, we can compute consumption at t = 1 using this new asset

position just as before. Continuing in this way we can compute the entire path. To see
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this more formally, denote by dc; the response of expenditure at history 6/, with t > 0, for

a change in interest rate and income. Formally we consider the total differential

aét aCAt act
dep = (—d 6°) + =——~—<dR 95)> + —day,
;, 3065y Y 0) + SRy R da,
dR
da;y1 = Re(dy; — dcy + day) + ?tat.
t
To study income and interest rate changes we simply set dag = 0 and iterate on these
equations; our previous analysis provides the determinants of % and %. The term

g—; da; captures new effect due to the response of assets that was not present for t = 0.
The second equation allows us to compute the asset response recursively.

Next, we derive an insightful condition on the response dc;1 in terms of the past re-
sponse dc; and other determinants. Our first observation is that, as long as the borrowing
constraint is not binding, the log response of consumption along the path, adjusted for

the changes in the interest rate, is a martingale under the risk-adjusted probability Q;,

EQ {L%} _ lde + @ (12)
€41 Cry1 €t Ct R

Although this condition is simply a log-linearization of the agent’s Euler equation, it can

be viewed as formalizing the “random walk” concept introduced by Hall (1978). How-

ever, our martingale condition is obtained for a comparative static and is satisfied by the

resulting first-order (log) response around an arbitrary baseline stochastic consumption

path.*

To interpret the martingale condition let us consider the CRRA case with CRRA case
with €; = €;41 = € constant and suppose there is no current change in the interest rate
dR; = 0 (there are possibly future changes dR;4s for s > 1). Then the martingale condi-
tion says that the log response at t + 1 is an average of that at ¢ (using the risk-adjusted
probabilities). More generally, changes in the response of consumption along the path
must be responses to either (i) changes in the interest rates along the path; (ii) changes in
the elasticity; (iii) or the arrival of new information.

Our next result goes further and provide an expression for the realized dc; 1, not just
its expectation. In other words, for the “error” in the “random walk” above. It helps spell
out what arrival of information is relevant.

4“Indeed, consumption {c;} itself is not a martingale. Our expression is also distinct from standard log-
approximation carried out in many models, performed around a deterministic steady-state. Instead, we
are studying the first-order response process {dc;} around the original {c;} without approximating {c;}
around a steady state. This is why the relevant expectation is EQ and not .
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Proposition 6. Consider a change in the sequence of income {dy;} and interest rates {dR;}. If
the borrowing constraint does not bind at t, then the response of consumption at t + 1 is given by

dct—i—l . dCt 4 th

= —|— ts 1 ].3
€r11Ct+1 €1Ct Rf s ( )

where ]E:tQ[Et+1] = 0 and

daCti1 Q Q!
Et41 = m (]Et+1 (wiy1) — IE; (wt+1)>,

Revaluati;nrof Wealth
—lEﬂl (Ris1) — EP (Rt+1)1

Revaluation of Interest Rate

Qt ) ( dCt th 0/ )
-1 —+ —+E~ (R ,
\( Qr eict Ry  (Re)

Revaluation of State Prices

_ i1 dR T s MPS; dR
where wyyy = Yy 1 114 Rk ( Rt dys> and Riy1 = Yoy g Tlicn "1 5 R

S

It is worth noting that one can verify that for t = —1 this formula replicates Proposi-
tion 2 if we were to set dc_q = 1E91() = Eg;() =0.

To understand the economics in this formula, let us first discuss the case where there
are only changes in income. First note that when wealth at s increases, consumption at 6
increases by dc;/das = dct/day Hlt(;i MPSy. Developing and slightly rewriting equation
(13), we get:

8ct

dCt:a—aO

t
]EQI
0 (ZU()Z + ;

Change in wealth at 0

{EQI ws) — ]E?jl(ws)}.

(.

EE

Revaluation o f wealth

The response at t is the sum of two terms. First, there is the initial perceived change in
human wealth upon announcement given by the Q'-NPV of the income change. Second,
over time the agent as the history of shocks 6° unfolds the agent gets information and
reevaluates the change in human wealth. Note that the reevaluation of wealth may occur
because the changes in income are stochastic or because T is stochastic. The consump-
tion change dc; may also be stochastic even without any wealth revaluations, due to the
fact that 37‘:(*) depends on the history of shocks 6. Returning to equation (13), these two
possibilities must be captured by uncertainty in Q/Q or € along the path.

Note that the revaluation term is specific to incomplete markets, as the agent cannot
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freely transfer income across states. By contrast, with complete markets, the agent can
freely reallocate the initial wealth change across states. The revaluation term cancels and

the response is given by:’

aCt
dCt = a—aOIE(?(ZUQ)

It is worth noting that the consumption response to a positive income shock is (weakly)
positive at all dates in complete markets. Because of the revaluation of wealth, this not
necessarily the case in incomplete market, even on average.

Finally, if the income change happens at 0, then there is no revaluation effect and the

average consumption response at ¢ takes a simple form:
dey/dyo = 9aciIT,_{ MPS.

It is easy to see that the discounted sum of the responses is exactly one, and that the
stronger the marginal propensities to consume, the more front loaded the response is.
Turning to changes in interest rates, we have a similar revaluation of perceived interest
rate changes along the IRF path. It should be noted that, even if the change is determin-
istic, the revaluation may occur due to the stochasticity of T and the MPSs. Intuitively, as
the agent moves closer to a borrowing constraint she becomes more disconnected from
the future and less sensible to future interest rate changes. In this sense, the perceived
interest rate change becomes larger after a “good” shock (e.g. higher income) and smaller
after a “bad” one (e.g. lower income), even if the actual interest change is deterministic.
Why is it that even without revaluation of perceived interest rate or human wealth
changes, the consumption response dc;/ (€:c;) may still be disturbed along the path? This
is related to precautionary effects in that it requires shocks to Q!/Q:. Once again we
can also link this to a revaluation of the implicit Arrow-Debreu state prices under incom-
plete markets. To see this, consider first the complete market case where there is no such
revaluation. Assuming that state prices remain constant and considering an interest rate

change far in the future, we would have:

dct—|—1 o dCt

€t+1Ct41 et
Along the IRF path, in complete markets, consumption responds proportionally more
in states where the value of consumption is more elastic. Note that this requires state

>The formula is only true if the constraint does not bind between 0 and t on the history 6. If it does

the formula becomes dc; = %IETQO (Z{QEO Hi,:lm Rik,dyk> , Where 1 is the last date at which the constraint
TO -

binds between 0 and ¢.

23



dependent transfers. When the agent transfers funds only through a risk free asset, a
dollar of saving at ¢ instead translates to an increase in consumption at t + 1 of d,c141 #
€1+1¢++1- Note that the ratio 9,¢;11/ (€+1¢4+1) is exactly proportional to Q!/Q: when she
saves more, the agent unexpectedly becomes richer, in “bad” states where the MPC is
large or consumption low (compared to the complete market benchmark). Equivalently,
this means that a decrease in the shadow Arrow-Debreu price at t + 1 would be needed in
states where the agent values wealth more to maintain the complete market relationship.
Denoting by g;(6'!) the price of 6; 1 (at 8?) the revaluation of the state price is:

dqe _ dey  depn ocl—g{
Gt €€t €r41Ct41 Qr

The relationship translates once again the fact that shadow Arrow-Debreu prices depend

on the agent’s wealth (when the curvature of the marginal value of wealth is not constant)

in incomplete markets.

4.2 Slutsky Symmetry

A central result of price theory is that the price derivatives of the compensated demand
function are symmetric. With our definition of the compensated responses in incomplete
market, the symmetry breaks because of the precautionary effect. Indeed, a change in
price at the initial time # creates no precautionary response since Q; = Q! = 1: there is no
risk in contemporaneous changes and therefore no precautionary effects and no response
of consumption (besides the substitution effect) at future dates. However a change in
price at s > t creates a precautionary effect at t: the precautionary effect is inherently
asymmetric. We focus here on the substitution effect and show that a modified version of
Slutsky symmetry exists with incomplete markets. To formally introduce changes in the
price of consumption at history 6%, we modify the budget constraint of the agent to:

a; t+1 ¢ t t
%t;) — 4 (6") — pi(6")(c(0") — ye(6:)).

In that case the compensated response to a price change dp, (6') is defined as:

deg (6)  dey, (0%) | dey, (6%)
dpy, (61) — dpy, (61) T dys, (61)

In words, the pure substitution effect is the total effect, including the implied change in

(C(th) —Yn (9t1 ))

wealth at ¢, of a price change at t;, where the price change is compensated for at 1, so

that the precautionary effects are canceled.
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Proposition 7. The substitution effects satisfy for any s, s' > 0:

Qi) dcS(h)  Qi(6") dci(6")

= , 14
[T} R(65) dpe (67)  TT—1 Ry (6") dpi(0") (14)

In particular we have:

S d S/
B (oo ) =B | mrean i ) 0s)
Hk:() Rk(g )dpy Hk:() Rk(6 )dpt

As mentioned before, the measure Q is related to the price of the fictitious Arrow-

Debreu securities that would make the consumption plan of the agent optimal in a com-
plete market setting. More precisely, we have that PAP (6) = p;(6")Q(6") / TT._{ Rk, with
PAP(9*) the Arrow-Debreu price of state 6! in complete markets. In complete markets,

we can rewrite the equation as :

def(0")  p(8") dcj(0') _ pi(0) dcp(6")  dci(6")
dPAD () PAD(9t)dpu(6t)  PAD(0) dp:(6)  dPAD(gY)

And we obtain the standard symmetry. This implies, in particular, that in incomplete

market, we would recover the standard slutsky symmetry if we were to use the shadow
Arrow-Debreu prices defined by p;(6')Q:(6)/ [T5* R(6%). In incomplete market, the re-
lation expresses the fact that consumption reacts too much to changes in prices in states
that are overpriced (PAP(0") < p:(08")P:(6")/ [T, ' R(6%)) and too little in states that are
underpriced. This comes from the fact that the agent cannot make state dependent trans-
fers: in response to an increase in price at 0 for example, the agent would like to substitute
towards states with higher Q but cannot do so because she only has access to a risk free
bond.

4.3 Cross-Restrictions on Elasticities

Our previous formulas and decomposition were expressed in terms of the present value
of price and income changes. As we now show, one can alternatively the consumption
responses recursively in terms of the sensitivity of income to contemporaneous changes
in prices and income. The following result characterizes the sensitivities of consumption

to future income and interest rate changes.

Proposition 8. For all t > 0, the sensitivities of consumption at t with respect to income and
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interest rate changes at T are given by

y(8') _a¢g i y(6') 0¢,(6")
0 ) _ pot |1t T) o ayen (16)
1 9d¢ -0 HtflR 1 9&(6t) | 7
¢ oa | t1s=0"" c(h)  oa
Ri(0") _aég i Ry(6%) 0¢,(6")
— @ aR(0) _ o' | L= 1) T aR(@) 17
1 9¢ 0 Hf—lR 1 9&(6") ! (17)
co da | L=t (60 T da

Proposition 8 relates the sensitivity of consumption to future changes in income or in-
terest rates at 0 to the contemporaneous sensitivity of consumption at t to income and in-
terest rates at t. In this way it characterizes a cross-restriction implied by the theory on dif-
ferent elasticities. It establishes the property that [(y(6")/cs)9¢s/0y(6")]/[(1/cs)(9és/0a)]
and [—(R¢/cs)(9¢s/9Rt)]/[(1/¢cs)(9¢s/da)] are discounted (at the prevailing interest rates)
martingales under the probability measure Q!, as long as no borrowing constraints binds,
otherwise they become sub-martingales.

The response to interest rate change is here written in terms of Q! while Proposition 2
expressed the response in terms of both Q and Q. In our setting, the two probabilities are
related: for a an arbitrary dR;(6'), we have

t—1 f—1
MPS. dR I 1 9,¢0 €1ct AR
IE(()Q (H = s RttﬂtST> _ IE(()Q (1—[ alQ €tlt t]lt§~(> )
S

0 0 Rs 8act €0Co Rt

This means in particular that in a deterministic setting, the time 0 response to a change in
R; can be written Rydcg/dRy = —0,¢0/act(cietMPS; — dgciasy1)/ T1h Rs.®

Equations (16) and (17) can be understood as Euler equations for behavior. Just like
the standard Euler equation, these are optimality conditions involving endogenous ob-
jects which characterize the objective that the agent is trying to achieve (smoothing his
consumption). They cannot directly be used to solve exactly for the path of consump-
tion, but they provide a unified framework and set of intuitions for the different effects at
work.

4.4 Extensions

In the appendix, we generalize our benchmark model by allowing the agent to purchase
multiple goods and assets in every period. This can be done in a straightforward man-

ner: intertemporal decisions are fully determined by the per period expenditure function

®This formula is consistent with results for a deterministic setting in the working paper version of
Auclert (2015), where the MPS discounting is implicitly contained in the MPC and consumption at ¢.
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and the static indirect utility function. We can therefore characterize the probabilities Q
and Q! in terms of the per period indirect utility function and the marginal propensities
to spend which replace the per period utility function and the marginal propensities to
consume in the simple model. Having defined the relevant adjusted probabilities Q and
Q!, we can decompose the spending response in terms of income, substitution and pre-
cautionary effects, evaluate the welfare impact of income and price changes and explore
the properties of the response, in particular the symmetry of the substitution matrix. The
response of good demand is then characterized by the total spending response and the
static elasticities: the price elasticities derived from the static Hicksian demand function
and the static Engel curves.

We focus in particular on the comparative statics of expenditure with respect to good
price changes. It can be summarized, as for interest rate changes, by an income, precau-
tionary and substitution channels. As in the static Slutsky equation, the income effect
of a change in the price of good i is proportional to expenditure share (at the time of the
change) of good i. It is weighted by the state price Q for pure income effects while precau-
tionary effects depend on the distance between Q and Q'. To characterize the substitution
effects, we show that a change in the vector of commodity prices at ¢, {dp.} generates a
change in the price index at t given by dc;/de; - dp; , where dc;/de; are the static Engel
curves. Intuitively, a price matters more for the price index if agents consume more of
it at the margin. Since an increase in the price index at f is equivalent to increasing the
interest rate at t and lowering it at t — 1, we obtain the same characterization for the sub-
stitution effects of commodity prices as for the interest rate.

In parallel, we show how a richer asset structure can improve agents’ insurance. In
particular, we show, on the one hand, how it can extend the planning horizon of the agent
by bypassing the state where the constraint binds and, on the other mute, the precaution-
ary effects, by characterizing the subspace on which the measure Q and Q! coincide.
Finally we derive the response of asset demand to changes in the sequence of price and
income which allows us to characterize the full impulse response of expenditure.

In a more technical appendix, we explain how to extend our result to a continuous

time environment.

4.5 Implications for Aggregate Consumption

So far, we have focused on individual consumption functions and characterized their
sensitivities to income and interest rate changes. These individual consumption functions

can be combined into an aggregate consumption function and our results can then be used
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to compute the sensitivity of the aggregate consumption function to income and interest
rate changes.
To do so, assume that the initial joint distribution of assets a; and productivity histories

6! at date t is given by ¥;. The aggregate consumption function is given by :

Co(¥s; {Ri}, {X)) = / Gi(as, 0 (R, (X 1) d¥: (ar, 01).

To simplify exposition, we focus on the standard case were risk — captured by the process
0; —is idiosyncratic. In that case the interest rate is deterministic. To streamline notation,
we drop the stopping time T which is implicitly captured, for example in Q!, since by
definition Q!(6!) = 0 fort > .

Corollary 1. When shocks are idiosyncratic, the aggregate sensitivity to aggregate income changes

is given by:
I
aCo ol g (dQ!/dP dy;/dX; ¢ [ 9aco E§ (dy:/0X)
= = 0Co——— 5 {1+ Cov , + Cov; ,
0X; H;t{:%) Ry 9X: ol "9Yi/0X; 2,:Co” QlaY;/0X;

where 3,Cy = E§ (9aco) is the average marginal propensity to consume, 9Y;/9X; = EF (dy;/9X;))
is the impact on aggregate income and Q) = EY (Q!(t < 7)) is the average Q' probability that
the constraint does not binds at horizon t.

The formula expresses the aggregate sensitivity to income changes by isolating three
channels. When MPCs are constant across the distribution and that the impact of the X
shifter is state independent” and constant across the distribution ¥, the formula reduces to
2,Co Q{ / TI Rk 0Y;/0X;. This term corresponds to a quasi representative agent response.
However compared to the perfect foresight/representative agent case, the aggregate in-
come change is discounted by Q!. In a perfect foresight environment, the response would
be given by 9,Co 1/ [] R 0Y;/0X; and the income change is simply discounted by the
gross interest rate R;. Risk and binding borrowing constraints introduce an additional
discounting Q! which captures the average probability, taken with the probability Q’, that
agents’” horizon is cut off before t. As discussed in Proposition 2, this discounting is larger
than the average physical probability that the constraint binds: @ < Ef(1(s < 7)).
When the constraint never binds, we have Q! = 1 and we recover the perfect foresight
response.

The second term in the formula, Cov{ (dQ!/dP/Q},9xy;/9xY:), introduces the first
distributional impact of the aggregate shifter X;. Keeping the marginal propensities to

"That is dYs/0Xs = 9Y5/0X; in all states 6.
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consume constant, the aggregate response deviates from the quasi representative agent
one when the impact of X varies across states or the income/wealth distribution. The Q!
value of the change then differs from PQ{ since on the one hand, QI varies across states
and on the other, agents value differently future states across the distribution ¥. Incom-
plete markets therefore generate a new form of cross-sectional heterogeneity, through the
risk valuation Q/, that matters to understand aggregate demand beyond heterogeneous
marginal propensities to consume. When the effect of X is state independent, but not
constant across the distribution, this covariance term is positive when dxy; is positively
correlated with initial wealth and income. Indeed, income /wealth poor households have
a higher chance to be constrained and value future income less. The impact is however
more ambiguous when the incidence of X is state dependent. If the constraint never
binds, Q! is larger in “bad” states and heterogeneity in Q! further dampens the response
to the shifter X; when the individual shocks are higher in good states. For example, for
a "wage” shock given by dxy: = v, the covariance Covg (dQ'/dP,dxy:) would be neg-
ative when the constraint never binds. When the constraint binds however, this not as
clear since the probability that the agent is constrained in a “bad” state is larger, in which
case Q! is zero. In our quantitative analysis of a wage shock, we see that the impact of
QI is strongest in the middle of the distribution. At median income, agents are not con-
strained but face the highest variance of future income, so that the first effect dominates:
heterogeneous risk valuations dampen the aggregate response.

Finally the third term introduces heterogeneity in marginal propensities to consume.
For contemporaneous shocks, this is the only form of heterogeneity which matters and
our formula reduces to:

BCO - aYO v aaCO ayo/aXO
a—xo—"’ﬂCOa—xo{”Covf (aaco’ayo/axo :

which has been extensively used in the literature. For contemporaneous changes, hetero-
geneous MPCs amplifies the aggregate consumption response when income changes are
largest at the bottom of the income/wealth distribution where the MPCs are largest. The
impact of heterogeneous MPCs is however different for future income changes for the
same reasons highlighted above. High MPCs agents are typically constrained and have
therefore a low Q! value of future income changes. The Q! valuation of future states can
therefore be anti correlated with the marginal propensities to consume. We now turn to

the aggregate response to interest rate changes.

Corollary 2. When shocks are idiosyncratic, the aggregate sensitivity to interest rate changes is
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given by:

1
Rt 9Cy Q{ A1 ¥ (dQI/dP a1 ) y [ 9aCo IE(? (ar41)
—— =0,Cp 1+ Cov , + Cov ,
Co 9R; Hk o Rk Co Q,{ A1 0 2.Co Q{At—l—l

. dQ/dP nn%@) c0ﬁf<€““ E?UMP%Q)}/

—~L MPSHL1+C T( , —,
"TTh R 0{ MO\Ta  Mmpss Co” QMPS]

where Ay = EF (ay) denotes aggregate wealth, &y = EJ (egco/Co)) is the average elasticity
of intertemporal substitution and MPS{ = E[ ([Ti_o Rk(1 — 94cx)) is the average marginal
propensity to save between 0 and t.

As in Proposition 2, the wealth effect of interest rate changes corresponds to an income
change of dxy; = a;11/R;. The impact of heterogeneous Q! valuation is again ambigu-
ous: across the distribution, higher income households have higher future wealth and
higher average Q' valuation of future states, but across states, Q! is higher in “bad” states
where wealth is lower. In our simulation, the second effect dominates and heterogeneous
valuations overall mute the aggregate response. Note that in the case where there is no
aggregate liquidity, the wealth response is purely explained by distributional effects.

We now turn to substitution effects. The quasi representative agent response is now
given by —&9Q;/ [T) RxMPS{. In the perfect foresight case, the marginal propensities
to save are uniformly equal to 1 — agents only consume the capital gains generated by
an additional dollar of wealth — and the substitution effect is given by —&y1/ [Tj Ry. In-
complete markets therefore introduce two forms of discounting. As for income effect
an effective fraction Q; of agents are constrained between t and s and do not respond
to interest rate changes. Second, the quasi representative agent has a lower marginal
propensity to save. This second discounting largely dominates the first. Indeed, being
constrained depends on agents” wealth which is quite persistent: notwithstanding a se-
quence of particularly bad shocks, agents move on average slowly to the constraint. The
effective fraction of constrained household at horizon t, Qy, is then typically almost con-
stant. By contrast, risk affects all agents: it increases the average MPC and lowers the
average marginal propensities to save. In the extreme case where MPCs are constant, we
would have MPS) = (R(1 — 9,C))**!, the discounting by the marginal propensities to
save would at least be exponential. For an average annual MPC of 0.2 and an interest rate
R = 1.05, the substitution effect at a 4 years horizon is at least halved compared to the
perfect foresight case, simply through the MPS discounting.

The two distributional effects are similar to the wealth effect ones. Note however
that when the elasticity of intertemporal substitution is constant across the distribution,
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the second distributional effect is given by Cov{ (co /Co, lE(()Q (MPS§)/ Qt/\/lP86>. Since
current consumption is correlated with marginal propensities to save, this second distri-
butional effect amplifies the quasi representative agent response.

5 Illustrative Examples

We now present some simple examples to illustrate the different forces at work. In the
interest of space, we focus on sensitivities to interest rates. We imagine that there is a
one-time unanticipated announcement at f of a change in interest rate at t +s > t, and we

characterize the response of consumption at t.

5.1 Borrowing Constraints Without Uncertainty

We first consider the case with no idiosyncratic risk. To simplify we consider a constant
interest rate equal to the inverse of the discount factor R; = R = B~!. We also assume
that utility is iso-elastic so that u(c) = (c!=7 —1)/(1 — ) if v # 1 and u(c) = log(c)
otherwise. We denote by e = 1/ = —u/(c)/(cu”(c)) the intertemporal elasticity of
substitution, which is the inverse of the coefficient of relative risk aversion. We assume
a binding borrowing constraint between 7 and 7 4 1. Our course, without uncertainty
the change of measure is trivial Q = Q! = P. The point of this first example is therefore
illustrates the impact of binding borrowing constraints while abstracting away from the
risk- and prudential-adjustment effects.

Consumption is constant only up to T with

1— Rfl T
— — —S
G =c= 1ot a0+ Y R™°ys
s=0
for t < 7 while assets are not constant in general before T and depend on the income
path.® In this example the marginal propensities to consume can be shown to equal

ac; 1—R1

a_at T 1 _ R-1-T+t

which is increasing in t and decreasing in T (only depending on the difference T — t).

For t > 7, we trivially have _15_(;3_168 = 0, because the horizon is interrupted at 7.

8Indeed a;y = (1 —1/R™™ ") /(1 —1/R"™)[ag + Lf_q yi/R¥] — L1} yesr/ RS
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Focusing on t < T we have

Ry aC() 1 RT+1 _ Rt+1
- € — a1

o0 OR; — Ri+1 RTH _1

Without the borrowing constraint, the substitution effect at horizon t would be €/R!*1.
With the borrowing constraint, the agent becomes more disconnected with the future: the
MPCs increases over time as the borrowing constraint is approached; by implication, the
MPSs fall over time towards zero. This introduces an additional discount in the substitu-

tion term given by
RT+1 o Rt+1

RT+1 _1
which is decreasing in t and reaches 0 at t = 7. Thus, the substitution response decreases

<1

towards 0 as the horizon of the interest change t approaches the borrowing constraint. At
a given horizon t, the discount is stronger as the distance to the constraint T — t decreases.
Conversely, note that as T — co this discount converges to 1.

The income effect from the interest rate change is standard. The impact of an interest
rate change at t depends on whether the agent is a net borrower or a net saver at ¢ (a; +
yt —c < 0ora; +y; — ¢ > 0), which depends on the particular sequence of y;.

Regarding income changes, for t > 7, we have g—;? = 0 and gLy? = % for t < 7. The
difference is simply that the horizon relevant for the computation of permanent income

stops at T when the borrowing constraint binds, as is well understood.

5.2 CARA utility: Uncertainty Without Borrowing Constraints

We consider here a simple stochastic environment. Agents have Constant Absolute Risk
Aversion utility over consumption u(c;) = —1/ve” 7% and income y; is iid with mean
0. Consumption is linear in wealth and income ¢; = (1 —1/R)(a; +y;) + RT, with T =
—1/9(R —1) [In(BRE(exp(—v(1 —1/R)y))]. We choose R such that the distribution of
wealth is stationary, which gives I' = 0.

As in the deterministic environment, marginal propensities to consume are constant
dasct = (1 —1/R) and marginal propensities to save are 1 everywhere. However the
change of measure is non trivial, Q(y') = Q! (yf) = exp(—y(1—1/R) X4_; yx)/E(exp(—(1 —
1/R) Yt_; yx)- This fundamentally changes the response to state dependent income shocks.
For example with dy;/9X; = y:, we have E(dy;/0X;) = 0, that is permanent income is
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unaffected, but:

9 _ daCopor (Ot
0X; Rt 0X;

uco ( exp(—1(1-1/R)y)
=R E (E(exp(—fr(l—l/my) )

The change of measure overweighs bad realizations (y<0) and underweights good ones

so the response of consumption is negative. When y ~ N (0, ¢), this simplifies to:

aC() 1

a_xt = —ﬁ’Y[(l - 1/R)‘7]2

Consumption decreases with risk aversion and with the variance of the income process.
From the budget constraint, asset after an history y' is given by a; = ag + 28_1 Yk
shocks are directly passed to assets. We can then easily specialize our formula for interest

rate changes to get:

aC() . Q t MPSS aCO Qr [ ar41
Ra_I{t = —€(C0>COIEO <H RS + a_aOIEO <Ri’+l)

s=0
11 1-1/R exp(—=y(1=1/R)y)
Ty R T TREA [a0+yo+t (]E(exp(—’y(l—l/R)y)y)}

The change of measure dampens the income effects of interest rate changes compared
to the perfect foresight case. It can be seen more clearly when shocks are normally dis-
tributed, the expression is then simplified to:

0 1 1
Ra_;ot = o (5 — (1= 1/R)(a0 + yo) +87[(1—1/R)‘7]2)

Since shocks have a full pass-through to assets and assets is a random walk shocks accu-
mulate quickly over time (hence the multiplication of the risk term by t). Therefore, even
though the change in permanent income is given by (1 —1/R)(ag + yo) , the change of
measure makes the response negative at long horizons ¢t for all levels of risk aversion and

initial asset.

5.3 CRRA with Precautionary Effects

We consider here a simple stochastic environment. In period 0, agents have an income of
7. In period 1, a shock € is realized and the agent receives y;, = ¥ + €, for all remaining
periods with probability 71, and y; = ¥ + €; with with complementary probability. We

note by €; the deviations from average income ¥ so that E(e) = 0. The agent starts with
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wealth a > i in period 0 to insure that the borrowing constraint set at 4; > 0 never binds.
Utility is logarithmic in consumption. We take f = 1/R so that ¢; = (1 —1/R)(a; + y¢)
for all t > 1. To simplify the formulas, we take ¢, = —¢j, —so that 7, = m; = 1/2.

Consumption in period 0 is then given by’

_ R-1 K , _Yp 4R Var(e)
=" Y3 with =5 (\/1+R—1 7 1

The first term gives the perfect foresight consumption, where the agent consumes a frac-

tion 1 — 1/R of permanent income y, = a + R/(R — 1)§. Perfect foresight consumption
is dampened by the term x which increases with the variance of shocks and decreases
with permanent income. The marginal propensities to consume and save are given in
0by dscp = 1—-1/R+ A and MPSy = 1 — A/R. The perfect foresight MPC and MPS
(given by 1 — 1/R and 1) are increased and decreased respectively by A = 1/2(1 —1/
\/ 1+4R/(R —1) Var(e)/y%), where A is larger the larger the variance of the shocks is.10

In all future periods, since uncertainty is resolved, the MPCs and MPSs are the same as in

the perfect foresight case and wealth is constant given by a; = a + k. Because of this, the
probabilities Q and Q! do not play a role for the response to interest rate which is given
by:

R ocg 1 A R a-+x
——— = —— 1—-=-)—(1 A :
codRy R (U( R )I/P_ﬁ>

When Var(e) = 0, we have A = x = 0 and we recover the formulas of 5. The first
term is the substitution effect and shows how risk affects the discounted by the marginal
propensities to save highlighted in Proposition 2: as risk increases, MPS( decreases and
the substitution effect is dampened. Since risk increases savings and MPC while decreas-
ing consumption at time 0, the income effect is increased which overall decreases the
consumption response.'! While the probabilities Q and Q' do not matter, in this exam-

ple, for interest rate changes, they do for state dependent income changes. They are given

W ” : _ W Rie+e)? | 4R=1Var(e) _ [1 | Rlerte)
Without the additional assumption, we have x = = <\/[1—|— (Rfl)yp} +4 7 [1 + (Rl)yp})'

10 Additionally, A decreases with permanent income.
" The income effect enters negatively in the consumption response.

34



d_Q(e‘ ) = Yr—r1

dP " Ty, g

d_QI(e.): 1_% (yp_ﬁ)z

dP M T 1 RNy, +r+&)

Where to simplify notation we note € = R/ (R — 1)e. The measure Q overweighs the low

state €;: we have Q(e;)/Q(ey) = (yp +x+ &)/ (yp +x + &)P(e1)/P(ey). In terms of Q,
the odds of & happening increase with &, — &'? and decrease with permanent income.

Similarly we have Q(e;)/Q(ey) = (yp + x + &)/ (yp +« + €1)Q(e1)/Q(ey) and Q' fur-
ther increases the odds of €; compared to Q. The consumption response to a increase in

income in the low state is then given by:

R0 _ (1-R1+21) -
dy x| 2
P - ()

Where 1 — R™! + A is the initial MPC. By comparison a sate independent increase in in-
come dy = 71; which has the same present value as the y; increase gives:

aCO -1
R—=(1—-R"7"4+A)m.
o, ( )7
The impact of risk is twofold. First compared to 5, the MPC is increased by A. Second the
measure Q' further increases the response by overweighting the odds of €, by ((y, + x +
&)/ (yp + x + €))? compared to the physical measure. We can use the decomposition of

Corollary 5 to explicit the channels of the response. First the income effect is given by:

(1-R1+21)
yp+K+é] TCZ.
m+ (1 -m) (yp+;<+éh)

The pure income effect is lower than the full response: the discrepancy between the two
is due to a precautionary effect. Agents save in period 0 to increase consumption in the
low state but since they can only do so with a safe bond, some of it is wasted in the high

state. An income increase in the low state therefore increases consumption beyond the

12Both directly and through x which increases with the variance of €.
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income effect. The ratio of the precautionary effect and the income effect is given by:

| .

°

with Cl:]/p—‘r-K+él
1o lal m [M}

1-m ¢ (1-m)? | ¢

In the relevant range, the ratio of the precautionary effect to the income effect increases
with & /c;: when & contributes more to c;, the consumption in the low state, the amplifi-

cation of the consumption response through the precautionary effect is larger.

6 Quantitative Illustration

In this section, we consider a standard Bewley-Aiyagari-Huggett model of incomplete
markets. This model features not only occasionally binding borrowing constraints but
also precautionary savings. As a result, individual consumption functions are no longer
linear but are instead concave so that marginal propensities to consume depend on the
position in the asset distribution. Moreover, precautionary savings activates the change
of measure terms in our formulas. We explore the responses of aggregate and individ-
ual consumption to change in interest rates and to several types of income shocks. We
perform two exercises: first we quantify the contribution of substitution, income and
precautionary effects using the results of Proposition 2 and Corollary 5. Second, we com-
pare the responses to the standard perfect foresight responses. In particular we examine
how the borrowing constraint and the adjusted probabilities Q and Q! contributes to the
dampening of the perfect foresight responses.

6.1 Calibration

There is a unit mass of infinitely-lived agents. Time is discrete with a period taken to be a
quarter. Agents have logarithmic utility ¢ = 1 and discount factor .

There is a unit supply of Lucas trees capitalizing the flow of dividends ¢Y;, where Y;
is aggregate output. Agents face idiosyncratic non-financial income risk y;(1 — J)Y;. The
idiosyncratic income process is log(y:) = pglog(y:—1) + 6, where 6; is i.i.d. over time,
independent across agents and follows a normal distribution with variance 07 and mean
E[6;] = —02/2 so that E[e%] = 1.

Agents can borrow and lend subject to borrowing constraints. We assume that the bor-
rowing contracts take the same form as the Lucas trees. We also assume that the borrow-

ing constraints take a simple form, namely that agents cannot have a negative position.
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We denote by ¥} the wealth distribution.

This model cannot be solved analytically, and so we rely on simulations instead. We
consider a steady state {Y, R, ¥} of the model with a 2% annual interest rate and a cor-
responding quarterly interest rate of R = 1.005. We take pg = 0.966, and 07 = 0.017 for
the idiosyncratic income process as in McKay et al. (2015) and Guerrieri and Lorenzoni
(2015). For our baseline economy, we take % = 1.44 for the fraction of outside liquidity
to output, exactly as in McKay et al. (2015).13 The values of 8 = 0.988 and 6 = 0.035
are calibrated to deliver these values of R and ¥ The fraction of borrowing-constrained
agents in the steady state is then 14.7%.

6.2 Interest Rate Responses

We first focus on the aggregate effects of interest rates. The total response of an interest
rate shock at ¢ at the time of the announcement is given, as in Proposition 2 and Corollary
5 by:

R dCo . Q ! MPSS
codR, ~ Vs (101 R

(. J

-~
substitution effect

1 dco -0 a1 10c) . o (Qf A1
+ oo ES (Lt gitt) + 5,0 Covf (G dee iy

welfare effect precautionary effect

- J/

We aggregate these individual consumption responses as in Section 4.5, according to
the steady state distribution of income and assets Y. For example the aggregate substitu-
tion effect is simply given by:

t MPS, 1
v >t
—E, (e(co)colEg <| | R - ;{ .

0

We plot in Figure 1 the aggregate consumption response at time 0 of an interest rate
change at different time horizons ¢, and examine the contribution of the substitution,
income and precautionary effect to the total response of consumption.

Due to our logarithmic specification, the substitutions effects (in red) largely domi-
nate. The wealth effect (in yellow) slightly counterbalances the substitution effects. The
precautionary effects (in purple) while small compared to the full response, significantly

13This value for the fraction of outside liquidity to output % = 1.44 is meant to capture the value of
liquid (as opposed to illiquid) wealth in the data.
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dampens the income effects (by approximately 15% at long horizons). In the next subsec-
tions, we explore how the borrowing constraints and the risk adjusted probabilities Q and
Q! contributes to the substitution and income/precautionary effects and we will see that

borrowing constraints and risk significantly dampens the standard risk-less response.

6.2.1 Attenuation of Substitution Effects

We first explore how market incompleteness and borrowing constraints affect the sub-
stitution effects. As explained in Proposition 2, the substitution effects are given by the
elasticity of substitution at time t (here equals to 1) times the present value of the change
in prices. For a change dR; at ¢, the effect is given by:

dC(]l Q 4 MPS; 11T>if
-— = —€(co)colE
{th subs ( O> oo (1;[ R R

We benchmark our simulated response against the standard risk-less response. As
described in Section 5, the standard response is characterized by Q = Q! = P - the
agent valuations Q and Q! are given by the physical measure precisely because there is
no risk —, by constant marginal propensities to save R(1 — d,¢) = 1, and by never binding

borrowing constraints T = co:

dC0:| { 1 1
dol eepalls -
L‘lRf riskless 1;1 Rs Ry

The difference between the riskless response and the simulated one, is explained by three
elements that we introduce sequentially: the binding borrowing constraints summarized
by the stopping time 7, the discounting introduced by the marginal propensities to save
[1H MPSs/Rs and finally the risk valuation Q. We introduce each of these elements to
understand how they contribute to the dampening of the risk-less response.

We first consider the direct effect of borrowing constraints, namely that the agent does
not respond to shocks occurring after the constraint binds. Future state are still valued
according to the physical measure P and we keep the marginal propensities to save equal
to 1 but cut the planning horizon of the agent at T

dcg 1 Mo 1 P(t>t
[d_Rt = —¢€(co)coEo (W %) = —€(C0)C0Rt+1 ( R )

] constraint

The ratio of the riskless response and the constrained response [dcy/dR¢] directly

constraint
gives the probability that the agent is constrained before ¢ and provides the first source of

attenuation.
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Second we account for the stochastic discounting encompassed in the MPSs; which
allows us to quantify more precisely the dampening of the riskless response generated by
the agent’s inability to perfectly transfer funds across states. Formally, future states are
still valued according to P, but the planning horizon of the agent is cut at T and the future
is discounted according to [T MPSs/Rs.

dCo} ! MPSS ]1T>t
T = C() COIEO
{de discount (1;[

Finally, we consider the full response:

dC()l Q d MPSS 11’L'>if
— = —¢€(cg)coE .
{th subs ( O) o (1;[ R R

The ratio of the full response to the discounted response [dco/dR¢] i, allows us to
quantify how much of the attenuation is due to the risk measure Q. Again, the measure

s

Q gives the agents” “shadow” valuation of future states and translates, when it differs
from P their lack of insurance.

Figure 2 pictures the aggregate substitution effects at time t depending on the horizon
at which the change in interest rate happens. The direct effect of the borrowing constraints
is rather limited, attenuating the substitution effects by less than 10%. This is due to two
facts: first, agents who are initially constrained have lower consumption and second,
agents who are unconstrained move, on average, rather slowly to the constraint. Indeed,
note that the slope of the [dcy/dR;]

slope, indicating that if agent are not initially constrained, the probability that they will

; curve barely differs from the [dcy/dR;]

constrain riskless

be constrained at a future date increases slowly. In contrast, the impact of the marginal
propensities to save is significant, almost halving the aggregate response to an interest
rate change at a four year horizon. Because of the tight borrowing constraints, agents
dissave at the margin which hinders their ability to transfer funds in the future, even
when they are not constrained. This additional discounting impact all households and
goes largely beyond the direct effect of borrowing constraints. Finally, the measure Q in-
troduce relatively little discounting. Quantitatively, the variance of the Radon-Nikodym
dderivative dQ/dP is small, which indicates that agents are relatively well insured, on
average, conditional on their initial state.

To get a better understanding of these aggregate effects, we examine in Figures 3, 4 and
5, the individual responses at different level of income. At the disaggregated level, the
direct effect of the borrowing constraint is strongest at the bottom of the asset distribution

for low income agents. However, even at the lowest income level, agents with median
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asset holdings are not be constrained at a 4 years horizon and still barely respond to
interest rate changes. This is again due to their low marginal propensities to save, as they
are below their future expected income but cannot consume at their permanent income
level. The same patterns are present at medium and high income levels. The risk measure
Q plays a slightly more important role at medium income level since the variance of their
future income is larger, but its role in attenuating consumption responses remains very

limited.

6.2.2 Attenuation of Income Effects

We now turn to wealth and precautionary effects. As in Proposition 2, those effects are
given by the marginal propensity to consume at time ¢ (here equals to 1) times the present
value of the change in income valued according to Q'. For a change dR; at ¢, the response

is given by:

{dCQ

_ o [ 1 A1
d_Rt —aaCOIEO <Rt+1 Lt R )

} income

We then again quantify the effects of the borrowing constraints and of the effect of the
adjusted probabilities Q and Q!. To do this, we benchmark the simulated response against
a ”virtual” riskless response. The standard riskless response is given as in Section 5 by
Rdcy/dR; = dacoag/ R since the agent does not save or dissave, assets remain constant
at their initial value ay. In the simulated response however, assets of course fluctuate so
that the flow of income changes generated by a change in the path of interest rate {a;,1/
RdR;/ R}risky differs from the true riskless response. To better quantify the effect of the
change of valuation and of the borrowing constraint, we therefore define a virtual riskless
response where the fluctuating flow of income change {dyX} = {a;,1/RdR;/ Rt} risky is
valued according to the measure P and where the borrowing constraint does not bind,
that is:

dcg ] ( 1 a4 )
- =0d,c0lEq —_—
[de riskless ! R R

[dco/dRy] gives the consumption response of a fictitious agent with the same marginal

propensity to consume and flow of assets as the simulated Bewley-Aiyagari-Huggett

riskless

agent but who is risk neutral and values the future according to the physical measure
P.
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Second we introduce the borrowing constraints:

dc 1 a
{ : =dacoEg (R“rl Trst ;1>

dR;
; only incorporates the direct effect of the borrowing constraint, that is

} constraint

[dCO/de]constmin
the the flow of income changes {dyR} = {a;,1/RdR;/ R}isky is cut at the first time the
borrowing constraint binds given by the stopping time 7. The ratio of [dcy/dR¢]
to [dco/dR]
ferred at time t without violating the borrowing constraint.

constraint

riskless therefore gives the fraction of the total income change that can be trans-

Third, we consider the change of measure Q:

dCo} Q ( 1 ﬂt+1)
— =d,cE 1
{th wealth 00 R ! R

represent the consumption response when future states are valued ac-

[dco/dRy]
cording to their Arrow-Debreu prices. It represents the wealth effect of the interest rate

wealth

change. In addition, IE(? (ﬁ a%) is exactly the compensating variation for the shock

arising at the planning horizon of the agent, that is 1+~ :dR;. The ratio of [dco/dR;] to

wealth
[dco/ ARt sopstraint 15 then the ratio of the wealth value to the physical value of the income
change.

Finally, we consider the complete response in which the future is valued according to

the measure Q':

dco} Q! ( 1 ﬂt+1)
—_— =0,colE 1
|fiRt income o0 R ! R¢

As explained in section 3.4, the difference between [dcy/dR¢] and [dco/dRy]

income wealth

gives the precautionary effect of the interest rate change.

Figure 6 pictures the aggregate wealth and precautionary effects at time t depending
on the horizon at which the change in interest rate happens. The welalth and precaution-
ary effects are small compared to the substitution effects since, with our log specification
of utility, agents have a high elasticity of intertemporal substitution. The first term of our

decomposition, the riskless response [dco] is upward slopping as agent with low

riskless”
initial wealth have higher wealth, on average, in the future and high marginal propen-
sities to consume — and vice versa for agents with high initial wealth. The presence of
borrowing constraints cancels this shifting of expected wealth to high MPCs agents. Note
again that the slope of [dcy/dR;]

slow rate. The change of measure Q plays a very limited role initially, as with substitution

constraint 1S small as agent become constrained at a very

effects, but becomes more significant at longer horizon. Indeed future wealth is very anti
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correlated with the valuation of future states. Finally, the precautionary effect plays a sig-
nificant role in explaining the attenuation of the interest rate change, especially at horizon
shorter than two years, where the effect of the borrowing constraints and the change of
measure Q are negligible.

At the disaggregated level (Figures 7, 8 and 9), the channels through which the inter-
est rate change is attenuated are very different depending on the initial income level of
the agent. At low income levels, virtually all of the attenuation is due to the presence of
borrowing constraint. Agents without assets would still respond to a future change in in-
terest rate when we shut down the constraint, since they have positive wealth in expecta-
tion at future dates. For medium and high income households, most of the attenuation is
due to a precautionary effect. This is particularly strong for agents with medium income.
Even though the wealth effect is close to the riskless effect in the bottom two quartiles of
the asset distribution, the precautionary effect completely cancels it.

6.3 Aggregate Income Changes

We focus here on the aggregate response of consumption to income shocks. The total
response of an interest rate shock at t + s at the time of the announcement is given, as in

Proposition 2 and Corollary 5 by:

dCQ . 8c0 0 8yt/aXt aCO Q QI ayt/aXt
d_}ft = a—aOIEO (111—>t T + a_aOCOVO 6,17>f T

wealth effect precautionary effect

We consider three types of of income shocks. The first one is state independent: all agents
will receive one more dollar at a future date and dy;/0X; = 1. The second is a wage
increase: the income change is proportional to agents” income: dy;/0X; = y; . The third
one is a transitory increase in the productivity of high types: dy;/9X; = 1 for y; = maxy;
and 0 otherwise. We then aggregate the responses linearly according to the steady state
distribution of wealth Y. To make the shocks comparable, we normalize their size so that
the aggregate contemporaneous response is 1. The results are plotted in Figure 10.

As in the previous section, we benchmark the responses against the standard perfect
foresight response where the borrowing constraint never binds given by:

{@} _
dXi riskless

As before, [dcy/dX] gives the consumption response of a risk neutral agent who

values the future according to the physical measure P.

riskless
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We then consider the change of measure Q:

dcy Q 1 Yy
— =0 ]E 1
[dXt:| wealth °c0 (Rt T>taX )

which gives the first term of our decomposition, the wealth effect.
Finally, we consider the complete response in which the future is valued according to
the measure Q:

Xy

dCo
0X

11 0
—3uc0E2 (Rt 1o, yt)

‘| income

The difference between [dcy/d X}]
decomposition, the precautionary effect.

income aNd [dco/dX¢] .01, 8ives the second term of our

The blue line represents the “riskless response”: each agent is given at ty the present
discounted value of their future income change. The response incorporates the hetero-
geneity in marginal propensities to consume but not the heterogeneity in risk valuation.
When future change are valued with respect to Q, we get the wealth effect. The aggregate
wealth effect is one fifth the riskless response for a state independent shock. Finally the
total response is given when future income is valued with Q. The shaded area between
the wealth effect and the total response gives the precautionary effects. Precautionary
effects are strongest for shocks that occur in good states, that is when agents are highly
productive and earn y". Indeed, if we consider a median agent, she should consume more
initially in expectation of a shock arising in a good state. This would however decrease
consumption in bad states which explains the large precautionary effect.

Finally, we examine more precisely how the precautionary effect contributes to the
dampening of income shocks. Formally, in Figure 11 we consider the ratio 1 — [dCy

[dco]wealth'
While precautionary are negligible at an horizon of one or two quarters they rapidly be-

]income /
which expresses the precautionary effect as a percentage of the wealth effect.

come large: at a two year horizon, they reduce wealth effects by 10% to 35% depending
on the nature of the shock.

6.4 Taking Stock

As in the representative agent model, with logarithmic utility, the aggregate response to
interest rate changes is mostly explained by substitution effects. However, the effect is
quite muted compared to the complete market-representative agent case: in our standard
Bewley-Aiyagari-Huggett specification, the substitution effects are 10% lower for a con-

temporaneous change and 50% lower at a 4 years horizon. This dampening is mostly
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explained by the MPS discounting highlighted in Proposition 2. Indeed, because of the
tight borrowing constraints, agents dissave at the margin which hinders their ability to
transfer funds in the future, even when they are not constrained. The discounting af-
tects all households responses and goes largely beyond the direct effect of borrowing
constraints. By contrast the measure Q plays a limited role: examining the disaggregated
responses, this stems from the fact that the marginal propensities to save are quite per-
sistent so that the average marginal propensities to save according to the measure Q or
P are almost identical. Similarly, the adjusted probabilities Q and Q! are almost irrele-
vant for state independent income change. This indicates that the probability of being
constrained taken with the physical measure P or the measure Q and Q! are quasi iden-
tical. However they are fundamental to understand state dependent income changes,
stemming for example from interest changes or wage changes. In these cases, the income
change is lower in "bad” states which triggers a precautionary effect through the measure
Q!. The aggregate consumption response is largely dampened, an effect that goes well
beyond the impact of heterogeneous marginal propensities to consume. The strength of
the precautionary effect across the distribution is in fact uncorrelated with the marginal
propensities to consume and is in this sense an independent channel to understand ag-
gregate responses. Indeed, precautionary effects are small at the bottom and top of the
asset and income distribution because income/wealth poor agents are constrained while
income/wealth rich agents are sufficiently insured. They are strongest in the middle of
the distributions where the MPCs are close to the average. This is because household
in the middle of the distribution have the highest variance of future income and wealth.
Therefore, changes correlated with future income and wealth such as changes in interest
rate or wage creates a large precautionary effect for these agents.

7 Conclusion

We have characterized the sensitivity of consumption to income and price changes in
incomplete markets. In the presence of uncertainty, our characterization relied on two
adjusted probabilities. These probabilities, together with contemporaneous elasticities,
elasticity of intertemporal substitution, marginal propensity to spend and the static elas-
ticity of substitution and Engel curves, provide sufficient statistics to characterize con-
sumption responses. The probability Q captures the welfare value of wealth shock and
allows us to explicit the income and substitution channel of price changes thereby extend-
ing their complete market definition to an incomplete market setting. The probability Q

therefore provides a direct link between agents” consumption responses and the welfare
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impact of shocks. The probability Q! is specific to incomplete markets and determines
the precautionary effect of shocks. The difference between the probabilities encapsulates
the effect of market incompleteness and has an economics interpretation as the maximal
strength of the precautionary effects of shocks.

Quantitatively, our simulations show that the probability Q and Q! matter well be-
yond the heterogeneity in marginal propensities to consume or the direct impact of bor-
rowing constraint. Since contemporaneous elasticities (e.g. marginal propensities to con-
sume, elasticity of intertemporal substitution) do not provide enough information to eval-
uate the impact of policies, it is important for future research to incorporate in their analy-
sis estimates of households’ risk valuations. Our framework provides the tools to recover
these valuations from reduced form consumption responses and to connect them struc-
turally to the agent’s decision problem.
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Figure 1: Response to interest rate change and decomposition.
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Figure 2: Aggregate substitution effects and its decomposition.



Substitution Effects for Low Income, Horizon = 0 yr

T e e T e Ty i
0.8 — —
S| 206 -
50| &
S|
==
I 04 —
— = Risk Neutral measure and MPS without borrowing constraints
«+ Risk Neutral measure and MPS with borrowing constraints
02— H Risk Neutral measure Stochastic MPS with borrowing constraints [~
H Risk measure, Stochastic MPS with borrowing constraints
0 b e : I I
0 10 20 30 40 50 60 70 80 90 100
Percentile of asset distribution
2yr
1 I
0.8 —
S| 206 -
g
s
I 04 -
0.2 —
0 b S IO I I I I I I
0 10 40 50 60 70 80 90 100
Percentile of asset distribution
4 yr
B T
1 1 1 1 1
90 100

50 60 70 80
Percentile of asset distribution

Figure 3: Substitution effects for low income agents.
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Substitution Effects for Medium Income, Horizon = 0 yr
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Figure 4: Substitution effects for medium income agents.
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Figure 5: Substitution effects for high income agents.
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Figure 6: Aggregate income effect of interest rate changes and its decomposition.
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Figure 7: Income effects for low income agents.
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Figure 9: Income effects for high income agents.
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Figure 10: Change in aggregate income.
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B General Model

We generalize the model of the main text by allowing for multiple goods and multiple
assets in every period.

B.1 Model and State-Price Densities

In each state 0y, the agent can purchase N goods {c1,...,cy} at prices {p} (6?), ..., pN (6")}.
We denote by ¢; and p; the vectors of goods and prices and by v(e;, py, 6¢) the within
period value function as which depends on net expenditures e;, prices p;, and can also
depend on the state 6;:

v(et, pt, 0r) = max u(ce, 6)
s.t.

Pt *Ct = €.

We denote by c(et, pt, 0¢) the corresponding static consumption function.

Let us first consider a simple portfolio choice. The agent has access to M assets by, ..., by
One unit of b; pays R;(6") in state 6,1 € ©O. , where {O._ }1<ij<pm are a partition of
@, 1, the state space at t = 1. Asset prices are denoted by g} (0%), ..., gM(6"). b;, with
a4+ g =1

The problem of the agent can then be written as
o t—1
max ,0
@™ | & D )P
subject to the sequence of budget constraints

th b1 (0") = ar(0) + ye(0r) —er(6") V>0,
=0

Ary1 (Gt“)

t k
R:(8) bt+1(9 ) Bii1 € OF 4,

ar > By Vt >0,

with initial condition
ut(GO) = ay,
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where By, is an exogenous borrowing limit. The optimal expenditure plan is character-

ized by the M Euler equations associated with each of the assets by:

qive(er) = BiRiEyx (ve(er+1))
qfve(er) > BeRiEx (ve(ers1))  and Rebf, | = Byiy

with Ex(-) = E(-| 611 € OF ;)P(OFf,,]6"). Because agents have access to a larger set of

k
t+1

The planning horizon is then only partially

assets, a binding borrowing constraint in state ;,1 € ©
—k

t+1°
interrupted in state 6; and we modify our definition of the stopping time T accordingly.

does not hamper their ability
to transfer funds from states 6;,1 € ©

Definition 1. The hitting time T at a given initial date t, level of asset a; and state 6; is
defined for any continuation history ‘0 = {6, }x>1 as;

T(t,az,6;,'0) = inf{s > t| g ve(e(as_1,0,_1) > BsRs(0°)Eg_1 x (ve(e(as, 67)) withks.t. 0 € of},

with T(t,a,6:,'0) = oo if the constraint does not bind on the path ‘6. We denote by k(1)
the index of the constrained asset at history ‘6.

By contrast, the hitting time defined in the previous section corresponds to the first
date at which the risk free asset is constrained. We now denote it by /. Note that

7'f < T and it more precisely relates to T as:
THO) =t 45 0y st 0T ={050,, 1} and T(0'TTY) =t+s5+1

In words, the hitting time of the previous section stops at the first date any of the assets
is constrained. In that sense, since agents have access to a richer class of assets to transfer
funds from future states, their planning horizon is expanded.

With the two hitting times in hand, we can rederive the two Euler equations of Propo-
sition ??. The equations for consumption ¢; now apply to expenditure e;, with the marginal

utility of consumption u/(c;) replaced by the marginal utility of income v, (e, pt, 0)-

Proposition 9. The optimal expenditure plan satisfies between any date t and T the two Euler
equation stopped at the first time the risk free asset is constrained:

TAaT -1
e(er) = [y ( H {BsRs} Ue(eTArrf)> (18)
s=t
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and

TAT —1
s=t

with des/das the marginal propensity to spend at s and MPSs(®F,;,6°) = Rs0,b*(6°) for

051 € OF 1/the marginal propensity to transfer funds in states ek L1 ats.

In addition, the two Euler equations can be extended using the hitting time T in the following

way:
T-1
Ue(et) =IE; <HT<T—1 H{ﬁsRs} Ue<€T))
i g
+IE; <HT>T—1 H{,BSRS} q;ﬁg(sve(er—l))
s=t
and
T-1
Vee(er) dey /day =IE; <]1T§T1 H {,BSRSMPSS(GIS‘H, 0°)} vee(er) E)eT/E)aT)
s=t

s=t

T2
+E; (nml [ T{BsRsMPSs(©%1,6°)} g5 ) Veeler—1) aerl/aam>
(21)

Since utility is additively separable in time, the intratemporal allocation in state 8; only
depends on good prices and the total amount spent at 6;, e;. As a result, the indirect utility
v is sufficient to determine the allocation of income across states and the intertemporal
problem is characterized as in Proposition ??: the first equation constrains the discounted
flow of marginal value of income to be constant while the second constrains the marginal
propensities to spend across states.

The first set of equations shows that, as in the previous section, the stopped processes
Uy ingrf and Ve ¢ Aprf9ae; o discounted by B;R; and B:RiMPS; are martingales. However
only part of the agent portfolio might be constrained at 6;. We denote by §; the indicator
that takes the value one if no constraint binds at 6' and Zq,f(; % — the sum of the prices
of the constrained assets — otherwise. The second set of equation shows that [§ve];,,_4

and [§vecdqel, . are also martingales, where § serves to indicate which fraction of the
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portfolio is constrained at 6;. We use this fact to extend the definition of the adjusted
probabilities Q and Q! associated with this martingales on the space {6/% | T(6!*%) >
t+s}.

Definition 2. The probabilities Q and Q! are given by their Radon-Nikodym derivatives
at each point 6!*+1 of the state space, with ;1 € @’t‘ 1 Where the constraint does not bind:

dQ(f)tH\@) BiRt ve(er1(ar41,0:41))  x velerr1(ary1,0i41))

= , 22
ap o (erlar, 0r)) By weler (@, 01)))) D
and
dQ (9t+1 | 9 ) ,BtRl’MPS (®It(+1/9 )Ueeaae(at—i—lret—H) _ k Ugeaae(atJrl, 9t+1) (23)
dp Veedge(at, 0r) q Ej ¢ (VeeOae(as11,0r41))

The interpretation of the two probabilities remains the same: Qtys/ [, 51 Ry is the
price of the virtual Arrow-Debreu security of state 6! while Q' is the time 0 consumption
value of future wealth and incorporates the change in Arrow-Debreu prices as the agent
gets richer. Note that Q( |6) and Q!(- | 6') coincide on ©f , ;: we have Q({6',©F, ;} | 6") =
QI ({6",0f,,}|6") = gf. Indeed one additional dollar in ©f

t+1
tional unit of the k' asset at 6! and its price is fixed at gf independently of the agent’s

is equivalent to one addi-

wealth. Since the M assets are available, funds in @t 41 and 6! are fungible: this neu-
tralizes the corresponding wealth effects on Arrow-Debreu prices and makes the price
densities Q and Q! equivalent on {G)t +1} k- The logic can be extended to the payoffs of
any feasible investment as shown in the following lemma.

Lemma 1. An investment consistent with the stopping time T is given by the sequences {b¥ 1(0°Fo<s<T1
and {ds(6° }o<s<T, with T potentially equal to infinity, such that:

Lkt (6) = by(6°) — ds(8)

bs11(6°) = Rebl1(6°)  for 6541 € OF
bs11(6°) =0 if T<s+1

dr(0T) = br(67).

We then have:
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B.2 Uncompensated Responses

We start by deriving the expenditure responses to contemporaneous changes in income,
interest rate and good prices, we then extend this derivation to future changes in prices

and income.

Proposition 10. The sensitivities of expenditure at t with respect to contemporaneous income,

interest rate changes and good prices at t are given by

]/0 860 yo 860

€ ayo N €0 aao (24)
Rp deg MPSy 1 dep mq
~en ORn T oA . 25
eo dRo ¢(eo) Ro eo 0ag Ry’ (25)
P6 deg PBCB MPS, Bco 1dey ; ;
eo Ip} T e (o) Ro aeop eo dag 0V (26)
where all the functions are evaluated at the optimum and €(ey) = —v.(eg)/eovee (o) denotes the

elasticity of intertemporal substitution, and MPSy = Ro Y_qkd.b% = Ro (1 — 9,eq) denotes here
the total marginal propensity to save.

Proposition 10 translates the results of Proposition ?? in terms of expenditure. The
sensitivity of expenditures to present income changes (yo/ep)(dep/dyp) is the product
of the marginal propensity to spend dep/dap and the ratio of income to total spending
at 0, yo/ep. The sensitivity of contemporaneous interest rate changes is the sum of a
substitution effect e(ep) %050 — where €(¢) denotes again the inverse of the curvature of
indirect utility — and an income effect which depends on wealth at 1. Note that the effect
of binding borrowing constraints on the agent’s ability to substitute between periods is
implicit in MPSp: when the k" asset is constrained we have 9,65 = 0 which reduces
the marginal propensity to save and therefore the substitution effect. The definition of
MPSy = Ry Zq’(‘)aabll‘ makes clear that with multiple assets, the substitution effect is only
zero when all the assets are constrained, as the remaining free assets can still be used to
transfer future funds following an interest rate decrease.

‘The sensitivity to current good price changes is the sum of three terms. The first one,
Phe e 0 , is the mechanical effect of an increase in price i: if the agent does not change her
consumptlon of good i, expenditure increases proportionally to the share of good i in
total spending. The behavioral responses correspond to an income effect — E)eo Poc o 0 , which
is the product of the marginal propensity to spend times the effective loss of income given

by the share of good i consumption, and a substitution effect given by —e(ep) leos 0 g%g 0

ach i - o : : . : .
The term %pé is the change in price index in response to an increase in the price of good i.
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To see this more clearly, let us consider the case of a CES aggregator, where the aggregate
good consumption C, the price index P and good i demand ¢’ are given by:

wip;
ti=¢ Zpll—a'
Y wip;
Lo
We then directly have g llg 5 = Zw(;p ;1, = a E p The substitution effect can then be inter-

MPSQ dln Po
Ro din npg

propensity to spend on good i. Since the real interest rate is given By PR a change in the

preted as —e(ep)

where the change in the price index is given by the marginal

price index Py is equivalent to a change in Ry which explains the form taken by the sub-
stitution effect generated by an increase in price pj).

We now consider the impact of a change in the path of interest rates {dR; }o<;, income
{dys}o<s and good prices {dp; }o<s announced at time 0, on expenditure at 0. Formally
we again have

de ; de e
o Gf,;gt (ay(gt)dy(g )+ BR(gt)dR(e )+ ap(gt)dp(() )) /

so that we can still interpret these responses as the partial derivatives — according to the
announced change {dR; }o<s, {dys}o<s and {dps}o<s — of the Marshallian expenditure
function keeping assets constant.

Proposition 11. The response of expenditure to a change in the sequence of prices and income
{dRs}o<s, {dys}o<s, {dpsto<s is given by:

deo Co Q f MPSS s—|—1’9 ) th aCt aCH_l
€0 €0dp0 €(eo) ]E ( Z H) Ry * a_etdpt - de 41 apti1
1 860 Q! (T Vil 1 {at—i—l th }
+——TF +dyy — cid
eo dag © <§ SUR R, R, AT

(27)
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where €(eg) = —ve(eg)/eovee(eo) is the elasticity of intertemporal substitution and a;1(6°)/
Ry = Y qibl_ , is wealth at t + 1 from t perspective.

As in Proposition 2, the first line of the decomposition defines the substitution effects,
where future interest rate changes are valuated with the virtual Arrow-Debreu price den-
sity Q and discounted by the product of marginal propensities to save, while the second
defines the income effects, valuated according to the measure QI which takes into ac-
count the wealth effect on the implied prices of future states. The insurance provided by
the M assets is implicit in the formula. First, the horizon of the agent is determined by
the new stopping time 7. Given an expenditure plan {e¢s}s>0, the horizon of the agent,
when she only has access to a risk free asset to readjust her spending following a change
in prices and income, is characterized by the stopping time 7"/ < 7. As explained in the
previous subsection, 7'/ stops at the first date at which any of the M assets is constrained,
and, in that, sense, the planning horizon of the agent is expanded. Second, the agent’s
ability to transfer funds across states is now characterized by the marginal propensity to
save MPS;(®F

s+1/
propensity to saves is constrained to be equal across the @ subspaces. The richer asset

6°'). When the agent can only saves with a risk free asset, the marginal

structure allows the agent to access funds from the “good” states bypassing the “bad”
ones: the finer the partition {®F};, the more flexibility the agent has to transfer wealth
and the stronger the substitution effects. Third and finally, income changes which cor-
respond to the payoffs of feasible investments, as described in lemma 1, have the same
valuation under the measure Q and Q! and the insurance effects of these income changes

are muted. To see this, consider an income change in 1, the expenditure response at 0 is

deg _ 10eo [0 (dy1 Q! (dy1 _ dj1
eo _eoaao {]EO (Rl +1E0 R1 R1

with djy = E (dy1| 61 € ©F).

then given by:

The valuation Q! only matters for the fraction of the income change that deviates from
the average change on ®%. More generally, using Lemma 1, we can rewrite the income

effects, for an income shock at ¢, as:
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e BE () B2, (e (6, € ©F)

15" Ry
s—1
aao s=1 Ho

The finer the partition {@};, the less the measure Q! matters, as income changes can
approximately be insured against through the available assets. In the limit, we recover
the complete market response where future changes are valued according to Q.

In terms of good prices, the expenditure response differs for contemporaneous and
future changes. First, since the expenditure function e; = ¥ pici directly depends on cur-
rent prices only, there is obviously no “mechanical” effect of future price changes. Second
since the real interest rate at 0 is PyRy/ Py, and thatd In P;/d lnpf; = E)eci pf;, a price change
at t is equivalent to an increase in interest rate at ¢t and an equal decrease at t — 1, for
t > 0. Since there is clearly no substitution towards past consumption at 0, only the
equivalent increase in interest rate is present for contemporaneous changes, which ex-

plains the somewhat different response to present and future price changes.

Equivalently, we can characterize the sensitivities of expenditure to future prices, in-

terest rate changes and income recursively:

Corollary 3. Forall t > 1, the sensitivities of expenditure at O with respect to prices and interest
rate changes at t are given by

pt Q aﬁt Pt
P Py(r > t) (28)
0 7
e | TToR« 5
% | B 1 aet T
oR; _ 1=Q oR;
gz = E; Ht 1R get (> 1), (29)
ag at i
% I 1 o
W _ =Q ayt
day k=0" U 5,

where all functions are evaluated at the optimum.

As before, the Corollary states that aet -/ gefll (t > T)and ae* -/ gef]l (T > T) discounted
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by 1/ Héﬁl R, are martingales with respect to the measure Q!. Note however that it is not
the case for the sensitivity of expenditure to prices change. This is due to the discrepancy
between the response to present and future price changes described above and the term
1- ggf in 28 precisely corrects for it. In other words, because of the discontinuity in the ex-
penditure response the discounted sensitivity to future price changes is a submartingale

rather than martingale, we have:

aeo B Bet/

apr Q! 1 apt ¢ /

E = IEO Ht/ 1R aet/ 11( ) fOT' < t,
aao aﬁ o

880 I aet

ot I 1 9

9Pt < ]EQ pt ]1( )

aﬂ 0 Ht TTt—1p R dey

aao aut

From the expenditure response, we can easily express the individual good response at

t using the intratemporal hicksian demand function.

Corollary 4. The response of good consumption to a change in the sequence of prices and income
{dRs}o<s, {dys}o<s, {dpsto<s is given b

) alh
dey =Y aCO

J'Po

. dct
dp] + —O{deo — Codpo}

ih
where & 0 is the price derivative of the static hicksian demand for good i.
oy

The corollary simply generalizes the standard Slutsky equation. The change in good i
demand works through an intratemporal substitution channel, which is exactly the same
as in the static case, and an income channel, which incorporates all intertemporal effects

through the change in total expenditure dey derived in Proposition 12.

Responses to Past Announcements

We now derive the expenditure response when the announcement of the price and income
was made in the past. We denote by dy,e; the response of expenditure at history 6/, for

a change in interest rate {dR; }o<;, income {dy; }o<s and prices {dps}o<s announced at 0
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Formally we have:

der = ) (%dy(es) +az§%d1{(95) +%dp(95))

05, t<s
aet dﬂt s dﬂt s dﬂt s
an; (dyws)dy )+ TRy RO+ ey P )) :

,0<s

Past changes in prices and income affect spending indirectly, via a change in asset position

at t, while contemporaneous and future changes have a direct and indirect impact.

Corollary 5. The expenditure response at history 6! for a change in the sequence of income
{dys}ty<s<T announced in ty < t is given by:

aet

de; = 3a: ZMPS Qt){ s (ws) —Eg_4 <ws|®]§s>},

with ws = zT b Hk ! 1 T dyrand ks = kif 0541 € Ok, . along the history 6*. For a change
k=s y + + s+1 8 Y g

in in the sequence of mterest rates {dRs}o<s ,

Bet

dor= 52 ;0 MPS,(6') {Es (ws) ~ Bsy (ws |OF) |

t

B QN0 0,5 Qa(0) o Ry ek
e(et)ets;){QS(et)]Es (RS) Qs_l(gt)]Es—l MPSs_l(G)]SCS’GS_l)RSll S

/ /
. x41 dR 1) MPS (65 t1,6°) dR .
With ws = 2,( . ]—[S, kR—/ﬁ—*}(l—k and R; = Zk s HS/_ % 5. Where to sim-

plify notation, we denote by MPSs(6") /R = TT."1 MPS(65+1,6%) /Ry the total discounted

marginal propensity to save in state 0" from 6° state and use Q_1 = Q' ;| = 0 and MPS;(6°)/
R; =1

Remark 1. To simplify the formula, we did not include the stopping times 7;. Note how-
ever that the formulas are still consistent with the stopping times: if the constraint binds
between 0 and 6°, then MPS,(0") = 0. Similarly, from the definition of Q!, Q! (9;/) = 0if
the constraint binds between 6° and 9;,.

The Corollary shows that the responses to past announcements feature the same mis-
allocation terms as in the one asset case. However, as the agent can more freely relocate
funds across states, the effect is subdued. Indeed suppose that income increases in state

0;,1 € OF .. If the agent can save only through a risk free bond, the misallocation term

t+1°
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1 — Q}(0;11) in state 6,1 and —Q!(6;,1) otherwise. By contrast here the terms is 0 on
@iﬂ for!] # k,and 1 — Q{(6t+1)/Q£(®i+l) at 0;11. As the partition {®It{+1}k becomes
finer, the agent can more freely allocate wealth across states and and the misallocation
terms becomes smaller. In the limit we obtain the complete market responses where there

is no misallocation.

General Asset Structure

We now briefly show how to generalize our results with a more general portfolio choice
problem. The agent has access to M independent assets b!,...,bM. One unit of b’ pays
R = R;(0;)7i(011) in state 6,1, where R; is a component of returns common to all
assets , and ri is asset and state specific. Asset prices are denoted by q}(@t), ...,qf\A(Ot),
with g} + ... +qgM = 1.

When the constraint binds at history 6/, the set of feasible local change in portfolio is
restricted in the following way: we denote by C;(6") = {6i11 | Re X 74(6¢41)b}, 1 (6%) =
B;y1} the set of states for which the constraint binds at 6'+1, and the set of feasible local
change to the agent portfolio by B;(0) = {(dby, ..., dbar) | Re ¥ 7i(8;41)db; = 0 for ;41 €
C;(6")}. From B; we can define the set unconstrained states U; = {0;,1 | 3(dby, ..., dby) €
B; with Y ;71(0;,1)db; # 0} and the set of constrained stated as the complementary C; =
Uy . Note that C; C C;, but that the reverse is not true: if the asset returns are proportional
in two states, for example, even if the constraint binds in only one of them, the agent
will be unable to transfer funds from the other. With these notations, we can redefine the

stopping time T:

Definition 3. The hitting time T at a given date ¢, level of asset a; and state 0; is defined

for any continuation history ‘0 = {6;, 4 }x>1 as:
T(t, az, 6, t9) = inf{s >t | 9t+1 € Ct(gt)},
with (¢, ay, 64, tf)) = oo if the constraint does not bind on the path tg.

To simplify exposition, we redefine the asset structure. We denote by b!, ..., b™ the
modified assets — with prices q~1, .y q~M and returns R}, ..., RM — that satisfy the following
properties. First, the M assets are divided in two subgroup: b}, ..., b}’ form a basis of
B:, where 1; is its dimension, while I;ff S e B?A spans its complimentary. Therefore, at any
history, the first 1; assets can be freely purchased and the remaining M — 1; are binding.
Second, the new basis satisfies IEt(Uee%etRi +1R]t‘ +1) = 0forall 1 < i,j < . This can
simply be obtained via Gram-Schmidt orthogonalization and allows us to recover the
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simple asset structure of the previous section. Finally, we rescale the prices and returns

of the assets. The price of the i'" asset is scaled according to its share in the marginal

9,b!
portfolio, so that the new price is ql e L. This scaling is valid at any history where B;

”bt+1

is non empty and the corresponding return in state 6, is Rl . To avoid adding in
notations, q”t' and Ri 41 refer to the rescaled prices and returns from now on. The advantage
of the rescaling is that prices sum to one and that the total return in state 6;11, Ryy1 =
Y R = % does not depend on the construction of the basis b',...,b™. The

measures Q; and Qt are then defined as before with R, replacing R;.

Definition 4. The measures Q; and Q! are given by their Radon-Nikodym derivatives in
each state 6;11 ¢ C¢(6):

dQ 99 g1 | gty — BtRir1ve(e(ars1,041)) ] Ry10.(68F1)
dp Rt+1’03(€(11t, Qt)) E (Rt+1ve(€(at+1, 9t+1)) | gt) ’

and

dQ (6t+1 | 0 ) ﬁth+1MPSt(9t+1,et)veeaQE(aH_l, et—l-l)
Ueeaae(ﬂt/ Qt)
_ Rt+1MPStveeaae(at+1r 9t+1)
E (RtJrlMPStUeeaae(atJrl/ 9t+1) | gt)

with MPSy (6", 6") = ¥; Ry 410ab}, | = ¥ Ry419abl 4

Since neither our definition of the marginal propensities to save nor the total return
Ri41 depend on the way we redefine b1, ..., bM, the measure Q and Q! are also indepen-
dent of the choice of the basis. We can then rederive the expenditure response to a contem-

poraneous announcement of a change in prices and income as in the previous sections.!4

Proposition 12. The response of expenditure to a change in the sequence of prices and income
{dRs}o<s, {dys}o<s, {dps}o<s annouced at t is given by:

deo Q f MPSS S_|_1, 95) { th aCt aCH_l }
0 040 = —e(eg)ES 4 %y, 2oy
e e 0T 0) (Z l_g Rsiq R, ' oe 1t der i1 Pre1
10eg o (il 1 {atﬂ dR; }
+——FE ~ ~ +dyy — cid ,
eodag (s;() Q)Rsﬂ Ripq Ry Y cipt
31)

4The response to past announcements can be derived in a similar fashion.
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The formulas are essentially identical to the simpler case, but the risk free return R;
is replaced by R;. Indeed, if the risk free asset is constrained at t but not the risky one,
wealth is tranferred at t 4 1 through the later. The effective return between t and t + 1
would then given by the risky returns. R; generalizes this idea by taking the return of the

marginal portfolio.

Finally we restate the result of Lemma 1 with this general asset structure. The payoffs
of any investment, where the investment is cashed out before the borrowing constraint
binds, has the same present value under the measures Q and Q! and is the initial wealth

needed to invest. The Lemma will be useful when we discuss the compensated responses.

Lemma 2. An investment consistent with the stopping time T is given by the sequences {b¥_; (6°)}1<s<1_1

and {ds(0°) }s<s<1, with T potentially equal to infinity, such that:

Y q5bl, 1 (6°) = bs(6°) — ds(6°)
boy1 (0°F1) = Lk REDE, 4 (6°)
bs+1(95+1) =0 lf 0541 € Bt(Gt)

dr(67) = br(07).

We then have:

B.3 Compensated Responses

We now consider the welfare impact of income and price changes and re-derive the com-
pensated expenditure responses. We keep the notations of the simple asset structure, but
the results are also true in the general case.

Proposition 13. The welfare of an agent with wealth aqy in state 0y at t is given by Vy(ag, 6).

The change in welfare in response to a change in the sequence of prices and income {dR;}o<s,

{dps}o<s and {dys}o<s is given by
= a;41 dR o
dVo=E Zﬁfve(et) {t_+1_t + dy; — ZC; dpi}
0 Rt Ry

If we only consider changes that happen at the planning horizon of the agent, that is {dRs }Ogsg(rfl)/
{dps}o<s<(r—1) and {dys }o<s<(r—1), the welfare impact is given by:
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(32)

at the horizon T at which the agent responds to the change.

Remark 2. If we extend the definition of the measure Q to all histories, Q(6°) = IT5 " BRxv(es)/

ve(et), we have:

Note however that Q is not a probability measure and that [ dQ(6") < 1, with equality if
and only if no constraint binds before ¢.

The formula extends our dynamic Roy’s identity to settings with multiple goods and
assets. In the static formula, the welfare impact of change in price is given by p'dV /dp' =
01V pic’, where 9]V is the derivative of indirect utility to income. In the dynamic setting,
the price of good i at history 6° is 'p! (6°) = Q(6°)/ [T ! Rxp! from time ¢ perspective. The
dynamic formula is essentially the same as the static one with {pioV /9 fp’ = 9,V 'pic. and
the marginal value of wealth replacing the marginal value of income.

As before, the formula gives the equivalent change in wealth at ¢, in terms of welfare,
of a change in prices and income. For changes arising at the planning horizon of the agent

(that is {dRs}i<s<7, {dps}i<s<r and {dy; }i<s<7), the equivalent change in wealth is

IVl 1 (g dR, o
Us+1

t s'=t

and any transfers {t;(6°)}o<s, with present value [E° (23 ts/ TIS_Y Ry > equal to Wy ex-
actly compensate agents for these shocks. To be consistent with the market incomplete-
ness defined by the asset structure and the borrowing constraints, we consider transfers
that satisfy the description of lemma 1 and 2. More precisely, the transfers satisfy:

by =

quscbéCH(Gs) = bs(6°) — £5(6°)

bey1(05T1) = RebX, 1 (6°)  for 6,41 € OF

bs1 () =0 if T<s+1.
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In words, the transfers are made through the assets available to the agents and do not
bypass the borrowing constraints. If transfers were unrestricted, a social planner could
replicate the complete market allocation without borrowing constraints, which would be
at odds with our setting. Note that the cost of those transfer is precisely by = Wy and
that there discounted value with respect to the measure Q is also Wy by lemma 1 and 2.
They therefore compensate agents for shocks emerging at the planning horizon of agents,
which are the only ones they respond to. We can now define the change in hicksian (or

compensated) demand ¢/’ as:

deg e deg )
defy = ( dy(0") — £(0")) + =~ dR(0") + —~dp(6'
0= o Gy O O+ ARt gy (*)

This hicksian demand derivative is well defined as it does not depend on the precise

timing of the transfers (as long as they satisfy our above description).

Corollary 6. Consider a change in interest rate at t, dR;. The compensated response of consump-
tion at 0 where the compensation is done through transfers satisfy lemma 1 and 2 with present
value by = Wy — so that the change is welfare neutral — is given by:

t MPS; dRyp,_
deg = —e(eo)eolEOQ (H R s t]Q: 1

s=0
a€0C 0 g’ﬁi a1 ARin |
" aa a9 QiR Rt R

A (state-dependent) change in income at t gives the following compensated response:

(33)

I t—
dell = gzoc Q (% H—dym> . (34)

s=0 'S

Finally, a (state-dependent) change in the price of good i at t > 0 gives:

t—1 i

B 0 MPS; oc; MPS; act

= E — -

dey =€(ep)eg 0 (lol R, aetd}’tm sl_ol R, aetdptm

de, QI t—
aOC Q(Q’HR Ctdpt/\r>-

s=0 '8

(35)

I
The terms Covég(%, -) again represent the precautionary effect of shocks. They are
also well defined and do not depends on the precise timing of transfers as long as there
present value is Wy and that they are consistent with the asset structure and the borrowing

constraints Note that if the income change can themselves be replicated through some
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asset investment consistent with lemma 1 and 2, this precautionary effects are nil. This
is natural since the precautionary effect is precisely generated by income changes that
cannot be insured through the assets available to the agent.

We only wrote the compensated effect of price changes for ¢t > 0 since at 0 the expres-
sion is slightly different and given by:
acl)

deg ;
dpf) = —e(eg)ep(1 — aaeo)% + ¢

The first term is the substitution effect while the second is the mechanical effect. In the
static decision problem, the compensated effect of a price change is exactly equal to the
mechanical effect. In this dynamic environment, a price change at ¢ also corresponds to
a decrease in future prices, since it is equivalent to an increase in real interest rate, the
substitution effect is therefore added to the mechanical effect. For goods consumption,

the mechanical effect disappears and the response is:

o _“0 _ 70 e(eg)eg(1 — aueO)_O
dp{) BP{) 90 ’

where the first term is the static price derivative of hicksian demand. Note that the re-

. : di _ad o .
sponse is symmetric: we have % = ;%. This is because the price effect at ¢t do not have
Po 0

a precautionary component. As in the previous section, this result extends to all substitu-
tion effects. We finish this section by restating the Slutsky symmetry result in the general
case. First let us redefine formally the substitution effects:

dcﬁf(efo) _ ddj (6) . dci (6')

= . Cj(etl)
apl, (') dp],(6) 4y (6)

In words, the pure substitution effect is the total effect, including the implied change in
wealth at t(, of a price change at t;, where the price change is compensate for at ¢, so that
the precautionary effects are canceled.

Proposition 14. The substitution effects satisfy for any dates to, t; and any goods i, j:

Q(6') dcS(el)  Q(oh) didS(oh) (36)
[0 ' Ry dpi(6h) — T TR, dpi(0%)

where we use the extended definition of Q.
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C Continuous Time Derivation

In this appendix, we recast the simple model in continuous time and show how to obtain
our main results in that case. The multidimensional stochastic state is given by 0;. It
is assumed to be Markov and follows a general jump-diffusion process defined by the
infinitesimal operator A;. The agent problem at ¢ is given by:

max ]Et/ e_Ptu(ct, Ht, t)dt
{et}e=o t
s.t.ay = yt(Gt) + riar — ¢y

ar > a.

Both income y; and utility are stochastic and depend on the state 6;. u is a strictly
increasing and concave utility function that can be time (and state) dependent, c; is con-
sumption, p > 0 is the discount factor, a; are bond holdings, {r:}:>0 is the exogenous
time path of interest rates. To streamline notations we sometime drop the dependency
on 0 and t. When we write 1’ and u”, we mean the derivatives of utility with respect to
consumption d.u and dccu.

From the sequential problem, we derive the standard Hamilton-Jacobi-Bellman equation:
pV(a,y,0,t) = max u(c,0,t) +9,V(a,y,0,t)(y +ria—c)+ AV(a,y,0,t) +0:V(a,y,6,t)
Cc

with a state constraint a > a.The first order condition gives u’(c) = 9,V and the boundary
condition when the constraint is binding imposes c(4, 0, t) = ria + y(6, t)

As before, we define by T the stopping time at which the agent hits the borrowing
constraint, we can then rederive our two Euler equations:

Lemma 3. Marginal utility and its derivative satisfy, for any initial time t, state 0 and asset level
a at which the constraint does not bind and final time T, the following Euler equations :

u'(c) = E (e_ ff”(ﬁ—rf/)df’ufm) (37)

(0.0 (0) = E; <e_ ftTM(p_Zrt/—I—auc)dt’(aac)uéF/\T) (38)

TAT TAT
The stochastic discount factors e~ /s (o=r )@t ang ¢ Ji " (0=2ru+dac)dt’ are the contin-
uous time analogs of [T/ \* BR and [T} """ BRyMPS;
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Proof. Differentiating the HJB equation and using the first order condition we get :
(o —71)Va = 0aVus(a,y,c,t) + AtVa + 0: Vi, (39)

where s(a, v,c, t) =a; = ra+ y — c is the instantaneous saving. A second differentiation
gives :
(p - 27’1} + aaC) Vaa - aanaS(a) + Ath + atVa (40)

T AT is a finite stopping time, the first exit time from a bounded set, we can then apply
Dynkin’s formula to e~ Ji to=rv) ugand e” Ji (o=2r+350) (9ac)ug, which give respectively :

TAT
E; <ei h (pirt)dt“/TAJ —u'(ct)

TAT s 3.\t
_E, ( /t e~ S (p=2rt3a)dt (5 7 (0, + Ay Vg + 3¢ Via — (p — 271 + 3aC) Via) ds>

=0
and
E; (e* ftT/\T(P*ZVHraaC)dt (aac)u/]/"/\q—> . (aac)u//(c)
TAT " '
= IEi' </ e_ jt (p_rf/) t (aaVas(a) + ASVKZ -I_ atVa - (p - rs)Vu) ds)
t
=0
Where the third line makes use of (39) and (40) respectively. O

TAT TAT
The two discount ratese™ /i (*~70) % and e~ Ji " (027w +:0)t" pates the stopped pro-
cesses u},, and u}, .d,cinr martingales. We can redefine the associated measures Q and
Q! by their Radon-Nykodim derivatives with respect to the physical measure P:

dQ e~ [ (o—=r)at’ s

= _ Uit
— [Y(o—r)dt
dpP E; (e Ji (p—r)dt u;/\r)
dQI B e~ Ji (p=2r+0,c)dt ugl/\raact/w
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We rederive the response of consumption to a local change in the path of interest rate
and income {dr¢};- o and {dyt},. . As a preliminary step,we show how marginal value
of wealth respond to these changes.

Lemma 4. Consider a perturbation of the path of interest rate and income {drt};q and {dy; };~ -
The change in the marginal value of wealth 0,V is given by :

T s ,
dVy(a,0,,t) = E, ( / e~ Ji (p=rvt3a)dt £ v 1 3.V, (drsa + dys)} ds) (41)
t

Proof. Differentiating (39) at an arbitrary point in the interior of the state space, we have :

(o — 1) AV, = 0,dV,s(a) + AidV, + 9,4V,
+driVa + 9,V (drta +dyy — dc)

Noting that d,V,dc = (dc)dV}, we can rewrite it as :

(42)
+driVy + 9, V, (drea + dyy)

An application of Feynman-Kac then directly gives (41). To verify that this constitutes a
solution of the agent problem, we need to verify that the constraint is satisfied and it’s

enough to verify this when a is close to be hit.

Near g, given that the constraint is hit in finite time, we have :

dVa(a, 0,}, t) ~ —W

Lasry provides the Taylor expansion of d,¢ and s(a) near the constraint. We then have :

u" (dra+dyy) +o0 (Va—a)

dc(a,0,t) — (dria+ dy:)
So that the constraint is satisfied. O]

We now have all the ingredients to rederive the results of Proposition 10 :
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Proposition 15. Consider a perturbation of the path of interest rate and income {drs}; 1 and
{dys}i<s<t- The response of consumption at the time of the change is given by:

TAT " ,
dc(ag, 0, t) = —€scy IE,E2 (/0 o~ Ji Qacdt drsd5>

TAT s ,
+9ac; EQ < /0 e Ji vl (drga + dys) ds)

with €y = u”,—,lc the elasticity of intertemporal substitution.

Proof. Consider the 2 auxiliary random variables :

M; V,(as,0s,5)
Nts Viaa (as/ 0, 5)

Where Mj and Nj are predictable processes defined by :

s s !
O N
t

S / S S/ /
Ny =™ Ji (=2 uc)t / e J it (drga+ dyy) ds'
t

Noting that M! = 0 and applying Dynkin’s formula between t and T A T for an arbi-

trary T, we have :

T s ,
(/ AT e_ff (p_rt,+aac)df drSVa)
t
TAT
t
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We canceled the third line making use of (39) again.

Similarly :

. , TA s /
t

TAT s ,
=E; /t e Ji (p—ry+0ac)dt {0, Vs (drsa + dys) } t:ls>

TAT
+ IE; ( t NtS {aangS(ﬂ> + AsViag + 04V — (,0 — 211 + aaC>Vaa} ds)

TAT s ,
—E, /t e~ Ji (pmrutda)dt’ 15 v (dr5a+dys)}ds>

Using our second lemma, we then have :

TAT s ) d /
AV, = ( | e F e (v, 19,V (drsa + dy) ) ds)
t

- ’ AT s !
t
. , AT s /
N ]Et (e ft /\T(p72rt/+auc)dt Vaa /T e ft rydt (drsa + dys) d5>
t

Since dV, = u''dc using (37) and (38) gives us the first formula.

We now derive the welfare cost of shocks that occur before t.

Proposition 16. The welfare cost of shocks occurring at the planing horizon is given by :
TAT s ,
dV({Zt, 0, i‘) =9,V lEtQ (/ e Ji rydt (drsa + dys) dS)
0

TAT s ,
=u ]Eg2 (/ e Jirdt (drsa + dys) ds)
0

80



Proof. Differentiating the HJB equation at an arbitrary point in the interior of the state
space :

pdV = 0,dVs(a) + AdV + 9:dV
+ 9,V (dria + dy:)

Applying Feynman-Kac under the assumption that shocks past T are compensated for at
T, we have :

TAT s
t

Applying Dynkin’s formula between t and T A T to M{V, with

N = e~ i (pmre)dt / Te I (drga dyy) ds'
t

we have
T , TAT s ,
E, (e J (o=ri )ty / e i (droa + dys) ds)
t
TAT s
=E; (/ e~ Jr pdt (drsa + dys,) Vads)
t
= dV(llt, Qt, t)
Using (37) then gives us the result. O

S

We need W; = ER ( OTAT e~ e (droa + dys) ds> to compensate the agent for the
change in interest rate and income. We can then decompose the consumption response
as:
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TAT s ,
dc(at, Gt, t) = €4C ]EtQ (/ e ft dgcC dt d?’st)
t

(. J/

~
substitution effect

TAT s 1.
+ 94C IEE2 (/t e~ Ji it (drsa + dys) ds)

(. s

wealth effect

dQT/\T ’

precautionary effect

dO! TAT s
+ 0,c CovtQ (h / e~ Ji rdt (drsa + dys) ds)
t

Where the precautionary effect does not depend on the precise timing of the transfers
{ts}s>¢ as long as they satisfy 1.w; = Wy, 2.ws = rsws — ts 3.w, = 0. That is as long as the

transfer are done through the risk free bond.
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