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Supporting Information Text
1. Monte Carlo Examples

Table 1 reports Monte Carlo mean and standard deviation for the estimator 6 of the drift parameter &, where the
true boundary is constant at —1 and 1, & € {.25, .5, 1.0}, p™(G) = (1, G, G?,G®)’, 1000 Monte Carlo replications,
and sample sizes n = 100 and n = 1000. The code for these results and for those in the Appendix is available at
https://www.dropbox.com/sh/hopgdabw9dohiw4/AADtxHeGkwlyzSOFGsIWP7-0a?dI=0.

Table 1: Mean and Std Dev of §
6=.25 d = .50 6=1.0

31 55 1.07
n =100 (10) (10) (14)

26 50 1.02
n = 1000 (.03) (.03) (.04)

Here we see that 4 is slightly upward biased for n = 100 but the bias disappears for n = 1000. The drift parameter
is quite precisely estimated for n = 1000. We expect that this small variance results from averaging over observed
7; values. The delta method implies that averaging lowers the sample variance to be equal to the estimator of the
unconditional log odds, which is smaller than the variance of the log odds for the regression.

Table 2 gives additional Monte Carlo results for § when p(t) is piecewise linear in G(7), as in Table 3 of the
Appendix, the true boundary is constant at —1 and 1, dp = .5, n = 1000, and there are 1000 Monte Carlo replications.
It also reports the median (Med) and median absolute deviation (MED) of 4 to avoid problems from the possible
nonexistence of the population mean and standard deviation; these give about the same results.

Table 2: Additional Monte Carlo Results for &

Boundary Estimate Mean  Med SD MAD
Constant .500 .500 033 .026
Linear 501 .501 .033 .026

1 Slope Change .502 502 .033 .026
2 Slope Changes 504 503 .033 .026

The bias is slightly larger for richer p(¢) specifications but still less than one percent of o = .5, and overall the
specification of p(t) has little effect on the properties of 5.

The large size of the quantile bands for the boundary estimator in Figure 2 are consistent with delta method
calculations. When estimating a constant boundary the numerator and denominator of the boundary estimator l;(t)
are highly positively correlated leading to a precise boundary estimator. When the boundary is allowed to depend
on t the variance of the slope is much larger than the variance of a constant when t is far from the middle of the
distribution of 7. Furthermore, the variance of the slope is magnified by the fact that the boundary depends on a
log odds ratio. Note that d1n(p/[1 — p])/dp = 1/[p(1 — p)] > 4 so that the standard deviation of a log odds ratio is
at least 4 times the standard deviation of an estimator of p. If § = .5, n = 1000, the true probability is constant, is
estimated by a linear regression of v; on G(7;), and G(7;) is approximately uniformly distributed as in the simulation,
then in the tails of the distribution of 7; the boundary estimator has standard deviation of about /12/1000 ~ .11,
with a corresponding distance between upper and lower quantiles of about .44, consistent with Figure 2. Thus we see
that both Monte Carlo results and delta method calculations deliver the conclusion that the boundary estimator is
quite variable. We do not think this results from the choice of the least squares estimator of the probability, as other
estimators would have similar variances. The high variance of the boundary seems to come instead from the fact it
depends directly on a log odds ratio, which is quite variable.

2. Proofs from Section 4

A. Proof of Lemma 1. Dividing Eq. (1) in the paper by a and observing that inf{¢t > 0: [Z;] > b(¢)} = inf{t > 0:
|%\ > %} yields that p* (6(ﬂc,y), b,0, a) =p* (éd(m,y), %, 0, 1) and thus the result. Q.E.D.
B. Proof of Theorem 1. As stated in the text, we restrict attention to cases where F°(0) = 0, F'° admits a density and
is strictly increasing with lim;— o F°(t) = 10 < p°(¢t) < 1 for all t. We call (p°, F'°) a choice process.

Consider a continuous and eventually bounded boundary b: R4 — Ry, i.e. there exists T, b such that for all t > T
the boundary satisfies b(t) < b. Let 7 = inf{¢: |Z| > b(¢)} and

Zy = 5t + By (1]

Drew Fudenberg, Whitney Newey, Philipp Strack, Tomasz Strzalecki
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We denote by F(t) = F*(t,0,b) the distribution of stopping times 7 ~ F' and assume throughout that F admits a
positive density f > 0. We suppose that there exists a regular conditional distribution (Pr-7 =t);>0. We denote
p(t) =PrZ, =b(r)r =+t.

Lemma 2 We have that p(t) € (0,1) for all ¢ > 0 and
p(t)
20b(t) =lo . 2
(t) g<1_p(t)) (2]

Proof: Let P° be the probability measure under which Z is a Brownian motion with drift §. Girsanov’s Theorem
implies that W; = B; 4 26t is a Brownian motion under the probability measure P~° that has density L; = exp(—28Z;)
with respect to the original probability measure P° under which B is a Brownian motion (1, Theorem 5.1 in Chapter
3.5). We thus have that

P’ [ret—ette)and Zr =b(7)] = E [1Te(t—e,t+e) and ZT:b(T)}
=F° [Lt €' c(t—ctr o) and ZT:b(T>]
=E° [e2azt 1rc(t—e,tte) and ZT:b(T)]
=K’ [ezaZt 17‘€(t—e,t+e) and Zq—=—b(7—)] ’

where the last step follows by considering the process —Z;. As p(t) is well defined in the support of F

. P’lre(t—et+e) and Z, = b(7)] R [6252”175(1&75,#5) and Z.,-sz(‘r):l
p(t) = lim = lim
e—0 Pi[r € (t — et +¢€)] 0 Pi[r e (t —€,t+¢€)]
< lim (maxse(t—s,t+e) 62517(5)) ]E6 [1Te(t—€,t+€) and ZT:—b(T):I
T =0 Po[r e (t—e,t+e)

5
— £20b(1) Iy, E [1T€(t76vt+e) and ZT:be)] _ 625b(t)(1 —p(t))
e50 P rE(t—et+teo) b))

By a symmetric argument we have that p(t) > e2°°®) (1 — p(t)) and thus

p(t) = " (1 = p(t)).

Note that this equation can not be satisfied if p(t) € {0,1}. Dividing by 1 — p(¢) and taking the logarithm yields the
result. Q.E.D.
Lemma 3 We have that

5 _ Jo 12p(t) — 1] log (lf%)) dF(t) |

Jo7t dF(t)
Proof: By the definition of 7 and the continuity of b we have almost surely
Zr = sgn(Z;)b(r) . (3]

By Eq. (1), we have that Z, = 67 + B,;. Combining these two equations and taking expectations, it follows from
Doob’s optional sampling theorem that for every n > 0

E [Zmin{ﬂn}] =FE [5 min{7,n} + Bmin{ml}} = E[d min{r,n}] . [4]

Recall that we require that b is eventually bounded, i.e. there exists T, b such that b(t) < bforallt>T. Fort <T we
can bound |Z;| by

|Z:| < |0|T + max |Bs].

s€[0,T]
We can thus bound |Z|
|Z,| < max{|§|T + max |Bs|,b} < |8|T + max |Bs|+b=:C.

s€[0,T) s€[0,T)

As the quadratic variation of the Brownian motion is given by [B]; = ¢, the Burkholder-Davis-Gundi inequality

(Theorem 4.1 in Chapter IV 2) implies that E [maxse[o’T] \BS|] < ¢V/T < oo and thus that the random variable C' has
finite expectation

E ||6|T + max |BS+B] = 6|T+5+E|:max |BS|:| < 00.
s€(0,7) s€[0,T]

€lo,
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We can thus apply the dominated convergence theorem to get that
E[Z.]=E [ lim me{m}} = lim E [Zuin(rn}] = lim E[§min{r,n}] = lim E[min{r,n}] . [5]
n—r oo n— oo n— oo n— oo
We note that
Plr >t <P Z] <b(t)] <P [|Z] <b] =P[-b< Z, <b] =P [-b < 6t + B, <b]
b— ot —b — 6t
= ——— |- .
( Vi ) ( Vi )

Taking the limit ¢t — oo yields limt%oo]P’[T > t] = 0 and 7 < oo almost surely. As 7 < oo a.s. we have that
7 = limy,— 0o min{7,n} a.s. and the monotone convergence theorem implies that

E[r]=E [ lim min{r, n}} = lim E[min{r, n}].
n—oo n—oo
Combining the above equation with Eq. (3) and Eq. (5) yields
SE[] = E [sgn(Z7)b(7)] [6]

We can plug Eq. (2) into Eq. (6) and get that

SE[7]=E {sgn(ZT)Qlé log (12(;()7))]

Dividing by E [r] and multiplying by 26 yields

E [sen(Z:)log (275 )| E [z 50— 1z, <ollog (£ )]

= Ef] - EF]
E [IE {[1Z,>o — 12, <0]log (13%)) | TH
- St dF(t)
PR [[12,>0 ~ 12, <o]log (13%)) |7 = t] dF (1)
- STt dF(t)
Iplt) — (1 p)(O]og (1249 ) dF@) [ 12000 — 110 (122 ar)
B JtdE() N [ tar()

Q.E.D.
Recall that we call a function b : Ry — R a valid boundary if b(t) > 0 for all ¢, b is continuous, and b it is eventually
bounded. We defined the revealed drift §¢ for a choice process (p©, F°) by

T e - g (25 ) ar ) i
- Voore 2 [T tdF(t) 7

and the revealed boundary b by . .
by M@ (0) ~In(1 = p(1) 8

26¢
Theorem 1 For ¢ with §¢ # 0 the choice process (p°, F°) admits a DDM representation if and only if b° is a valid
boundary, and for all t > 0

Fe(t) = F* (1, 5°,5°).

Moreover, if such a representation exists, it is unique (up to the choice of a) and given by (6¢, INJC)
Proof: Lemmas 2 and 3 established that (SC,EC) is the unique candidate for a DDM representation. To show
sufficiency, consider the DDM model with parameters (SC, BC) By the assumption of the Theorem b° is, non-negative,
eventually bounded, and continuous and hence a valid boundary. It follows from the assumption of the Theorem that
F* equals the distribution over stopping times in the DDM model with boundary b° and drift 6°. Finally, we will
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show that this DDM model also generates the correct conditional stopping probabilities p°. By Lemma 2 and Eq. (7)
and Eq. (8), the conditional probability of stopping in the DDM model p* (¢, 6, b°) satisfies for each ¢ > 0

p*(t,6°,b°)

_ Tcic _ pc (t)
W = exp (25 b (t))

Cl-pe(t)
This shows that (6°,5°) is a DDM representation of (p¢, F°) and completes the proof. Q.E.D.

3. Construction of V/

To construct V we use the fact that there are three asymptotically independent sources of variation in m — m. These
sources are the variation in 7;, the variation in B , and the variation from simulation. The variation in 7; affects both m
and 6 and the variation in § has an effect through m. Generally 7 will not be differentiable in § so we use a difference
quotient to estimate the derivative of /i with respect to . To describe how this source of variation can be estimated let

. . a1 [ Fewys o 1
73(8,8) = inf{t > 0: |6t + Bj| > <In [W((G(t))ﬁ] bom6.6) = 5 ;m(n(a,ﬁ)).

denote one simulation 74(d, 3) of 75 when § is the true drift and gx (G(¢))’8 the true p(t) = p¥(¢) and M (d, 3) denote
the average over S simulations. Let

be the difference quotient that serves as an estimator of the derivative of the the expectation of the model moments
with respect to the drift. Then

1

207

b = mg() = = My [1(r) =1 = 5 (i —7)]

will estimate the influence of 7; on the difference of moments coming from the effect of 7; on the sample moments as
well as on §. An estimator of the variance of the moment differences due to variation in 7; is then

. 1 e - -
i = - Ziﬁm/)h-
=1

To estimate the component of the variance due to B we use

(b, B+ erd) — (8,8 —end) - y y
Mk:m(,ﬂ+€k )ZAm(,ﬁ ek )7 N = [M, ..., Mx].

to estimate the derivative of E[m(74(d,3))] with respect to § at § and 3, where ey, is the ]cth unit vector. Let
pi = p(;) and d(p) = dlIn[p/(1 — p)]/dp = p~ (1 — p)~*. Accounting also for the effect of 3 on 9, an estimator of the
Jacobian of E[ms(7s(d,8))] with respect to 3 is

n
. ~ 1 R K/ ~
Dg = Ms— d(pi)g; "+ Mg.
g 267"n; 2 g

The variation in m — m due to /3’ can then be estimated by
. P .
Vo =Dgs™" l” 4 qi (vi — pi)°
i=1

This is a delta method estimator of the asymptotic variance of E[m(7s(d, 3))] due to the B in the nonparametric
estimator p(t). As in (3), it is formed by treating /m as depending on the vector of parameters 8 and applying the
delta method as if K were fixed and not growing with the sample size.

The variation due to simulation is easy to estimate as Vs = (n/S?) ZS

oy [ms(Fs) — ] [my(7s) — @] . In the theory
we assume that the number of simulations is large enough so that we can replace this Vs by zero without affecting the
results. Computing V3 in practice may still be a good idea check whether the number of simulations is large enough

to make V3 negligible.
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The estimators of the variance from independent sources of variation can then be combined into an asymptotic
variance estimator for \/n[m — rhs]| as

V="i+Vs+ Vi
We give conditions in Theorem 3 sufficient for the chi-squared approximation to the distribution of A to be correct for
n, J, and S growing and A shrinking in specific ways.

4. Lemmas for Theorem 3

We will use two Lemmas on the asymptotic behavior of quadratic forms to prove the properties of the test statistic.
For the first Lemma let h; be a J X 1 vector of random variables with F [hz] =0 and hi,...,hy iid. Let

1
Q= E [hih}], h:HZhi.

Consider h that is approximately equal to & in the sense that h — R is small. Also consider an estimator ) of  and

let ||A|| = \/tr (A’A) be the Lz norm on matrices.

Lemma 4: If i) Amin (Q) > ¢ > 0, ii) J7V/2y/ntr ()'? ||h — &|| = 0, iii) J~?tr (Q) |2 — Q|| = 0, and iv)
E [(h;hi)Q] /nJ — 0 then for the 1 — a quantile ¢ (a, J) of a chi-square distribution with J degrees of freedom

Pr (nfz'fflﬁ > c(a, J)) — .
Proof: By i) we have Amin () > ¢, so that J~/tr (Q)'/2 > ¢. Then iii) implies HQ = QH 25 0 and hence w.p.a.1,
Amin (Q) > c.
Since this event occurs w.p.a.1 we can assume it is true henceforth. Define
T=n'h (@ — )b, Ty = n [0 - K]
Note that E[n HEHQ] = nE[h'h] = tr(Q).Then by the Markov inequality we have
Vi |[h]| = Op(tr(2)'/?).
Also by ii) v/n ||iL — BH < CIJ Y2 ()Y2/n Hfz — BH 5 0. Then by the triangle inequality

Vi

< va|[R] + v

|h = h|| = Op(tr()'/?).

It therefore follows that

2

T = [0 (- 0) 0tk < |[Vaka | || - o [[Vak'e | < e |4 @ - 9]
= Op(tr(Q)[|2— Q|| = 0, (J'/?).
Similarly we have
Tl = n|(h-R) @ R (b= R)| < n(h - A (4] + [|A]))

= Op(tr(Q)"* v ||h = h|) = 0p(J?).

It then follows by the triangle inequality that
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Also, by standard results for the chi-squared distribution, as J — oo we have (¢ (a, J) — J) /v/2J converges to the
1 — a quantile of a N (0,1). Hence

Pr (nh'Q"'h > c(a,J)) = Pr (”h Qé 1> C(O‘&% ‘]) — o

The conclusion then follows by the Slutzky Lemma. Q.E.D.
The next Lemma gives a rate of growth for the number of simulation draws to ensure that the limiting distribution

of the test statistic based on Mg is the same as that based on 7 = f m (7'5 (5, 6)) dF (s).
Let hs be simulated moments. Then we have:

Lemma 5: If nax_sup |mjs (1)] < CVJ and nJtr () /S — 0 then
SI=J >0

T2 mtr ()2 |is — ml| 250,

Proof: Let Z = ((y1,71),-.., (Yn,Tn)) denote the data. Note that by definition, E[mg|Z] = m. Then for any
constant £
lim Prob (||ihs — m|| > €) = E [Pr(||ths — || > €] Z)].

By the Markov inequality

J

J
Pr (||lris — || > €| Z) = Pr (|lrns —m||> > ¢* | Z) < E l (s; — ) | Z] Vi
=1

J 2 72
< éZE [mj (r (8,8))" | Z} /e < %

By iterated expectations we then have

Let € = J'/?tr ()2 n=1/%c. Then

Pr (J72tr ()2 Vi |[is — || > €) = Pr(||s — ml| > €) < C2J* [SJtr () 0 'e?]
M ()n ndir(Q) 1

sie2 5 = Y
Q.E.D.
We next give a uniform convergence rate for p(t). For notational simplicity we let p(t) := p™(¢).
Lemma 6: If Assumptions 2 and 3 are satisfied then
sup 9(0) = p(0)] = O D 4 1),
Proof: Follows from (5), Theorem 4.3 and Comments 4.5 and 4.6. Q.E.D.

We next give an asymptotic expansion for 5. Define

I(p) = ph (131}) +(1—p)ln <1;p> =(1—-2p)In <1;p> :

s _ L gy Vv — ) — 62(r — Elrs
W= S {I(p:) = Io + Ip(pi) (i — pi) — 8°(ri — E[mi]) } -
Lemma 7: If Assumptions 2 and 3 are satisfied and \/ﬁefm — 0 then

§-5= 23 0l 402 = - 3wl op(1/vm) = Op(1/v).

7
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Proof: Equation (4) and Assumption 3 imply that p(¢) is bounded away from zero and one. It then follows from
Lemma 6 that with probability approaching one (w.p.a.1) there is ¢ > 0 with ¢ < p(¢) < 1 —e. It is straightforward to
check that I(p) is twice continuously differentiable in p € (0,1) with first and second deriatives that are bounded
when p is bounded away from zero and one. It then follows by an expansion and Lemma 6 that

1(pi) = I (pi) + Ip(pi) (Pi — pi) + R,

Ri| < C|ps —pi|2-

Therefore we have 1 1
7 —_— A. _— . . A. P . > » —_— 2
I=- E I(pi) = E (I (p:) + Ip (pi) (Bi — pi)] + R, R = Op(epn)-

(3

Define

r = (717 "'77n)l7 P = (p1, ~-~:pn)/a Q= [qK(Gl)v '-'7qK(Gn)]/7 IP = (Ip(p1)7 "'7[P(pn))7
H = 1-QQQ) Q.

Note that derivatives of I,(p) to any order are bounded on [e,1 — €], so that by the fact that the approximation rate
of a general s differentiable function by a b-spline of at least order s — 1 is K% we have

%P’HP = O(K™*), %I{,HIP = O(K™*%).

Note also that 1

%pr (pi) (P — pi) — %pr (pi) (i = pi) = =~ LHT

Furthermore,

K*QS

1 1 o 1 1
Bl HT|7, ... 7] = = ILHP = O(K™*), Var(—LHT|m, ..., 7a) < —[,HI, = O( ).

Then by 2K ~°/\/n < 1/n+ K~?° <2, it follows that

1 . 1 s o

7 2l @) (= p) = 53 L () (3 = p) = Onl— i + K%)= Op(e3):
Then by the triangle inequality

j =

S

S 1) = = U ) + 1 () (5 = pi)] + Oael)

(3

Note that for §(I,7) = \/I/T,

o6(I,t) 1 96(I,7)  6(,T)
ar  25(I,m)r’ o 2r
The conclusion then follows by the usual delta method argument. Q.E.D.

Next for any a(7) define
& = —6 Y {E[a(r:)b(r:)|? o),

The next result gives a rate of convergence for the boundary estimator IA)(t) and a uniform expansion for a mean
square continuous linear functional of b(t)

Lemma 8: If there is a constant C such that a(G ™" (g)) is continuously differentiable of order s with ’doz(G*1 (g))/dg{ <
C on [0, 1], then sup, [b(t) — b(t)| = Op(epn) and

[ i) = s Fotar) = & 3708+ 046

uniformly in a.
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Proof: Note that for b(6,p) = 6~ ' In(p/[1 — p]),

ob(d,p) _ —b(6,p) Ob(4,p) 1
05 5 ' op  dp(1—p)

Then by Lemma 7, a delta method argument similar to that used in the proof of Lemma 7, and § = § + O,(1/y/n) we
have
. =) 1
b(t) =b(t) — b(t +
(=00 =0 =5 50— oo

The first conclusion then follows by b(t) bounded, which implies p(t) is bounded away from zero and one, and by
Lemma 7. To show the second conclusion note that for any bounded a(t) it follows by the proof of Corollary 10 of (6)
that

[B(t) — p(t)] + R(t), sup |B(t)| = Op(epn)-

. 1
/ a(T)[p(r) = p(N]Fo(dr) = = Y " a(m)lv: — pi] + Op(pn),
n .
uniformly in a(7) with uniformly bounded derivatives to order s. Let a(7) = a(7)/{dp(t)[1 — p(t)]}. By plugging in
the above expansion for b(t) and using boundedness of «(7) we obtain

/ a(r){b(r) — b()} Fo(dr)
= E()b6 - 8) + / o()[B(r) — p()]Fo(dr) + / o(r) R(r) Fo(dr).
= %Z¢?+op(53p)+/a(7)é( )Fo(dr) sz + 0,(¢2,).Q.E.D.

5. Proof of Theorem 3
We first show that conditions i)-iv) of Lemma 4 are satisfied. Let

hji = myi — Elmj] + Msjbi + ajo(7i) (v — pi),
Ms; = \/j(DOTj+1 — D}, — 0 El{ao,r, ., (i) — 0,7 (1) }b(:)])
1 \/j[a0’71+1 (Tl) — Qo,7; (7-1)]
ajo(ti) = Ms; mfp(m) + Spill — pi] .
Also let
hi = (hit, s hig) = mi — Elmg] + Msp] + ao(r:)(yi — pi)s
M(s = (MM,.. M5J) s 0(0(7') = (0410(7')7 7OéJ()(T))/,
Q = E[hhy], Vi = Var(m; + Msy]), Va = Elao(m:)ao(r:) Var(y|m)).

Note that Q = Vi + Va2 by E[vi|:] = p(m:).
To show condition i) of Lemma 4 it suffices to show that Amin(V1) > C, which we now proceed to show. Let

= (VI + 19, my).
It follows in a straightforward way from Assumption 5 d) that
Amin (E[im;]) > C.
Also, for B = [Ms, I] we have
Vi = BE[m;m;]B’.
Therefore for any conformable vector A with A'A = 1,
XN BE[m;m;]B'\

AVIA = NBB'A

NBB'A > CNBB'A > CAmin(BB') > CAmin(I) = C.
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We next show that condition ii) of the Lemma 4 is satisfied. Recall that
mys(t) = VIl(7y0 St <Tj41,0), (=1, ]).

Then taking expectations over the simulation,

Elm;s(6,0)]

Il I
3 3
k‘ <
E <2
) (=)
\

3

<

o
>
=
=
N

From Assumption 5 let

By Assumption 5 a) and Lemma 7,
m;(8,8) = m;(6,0) = VIIDya(8—8,b—b) = D;(5—5,b—b)] + Ry,
VI2C((5 = 8)* + sup [b(t) — b(t)[*] = Op(V'e}n),
t

IN

uniformly in j. By Assumption 5 b) and Lemmas 7 and 8,
VI[Dj1(6 = 6,b—b) — D;(0 —4,b—b)]
= VDG, = Dor,)(6 =) + /{ao,ml(ﬂ — a0, (1) }{b(r) = b(7) } Fo(dr)]
1
= VIIDR,., — DE ) S0 4 0]

_\/35*1E[{a0ﬁj+1(7'1) ao,7; (7¢) o (74)] ( Zdh)

aofﬁl 7'1 OéOTj(Ti)} L 2
VyE Z S (v = pi) + VIOp(epn)

= Zhji + Op(\ﬁspn)

Then by tr(Q)'/? = O(J) we have
J V2 mtr ()2

Hypothesis ii) of Lemma 4 then follows by \/nJes, — 0, and by Lemma 5 and nJ?/S — 0.
Next we verify hypothesis iii) of Lemma 4. Note that

h-h|<cr

< CVnV IO, (VIek,).

2A

Niy; =

Let m; (6,8) = [ m; (s (6,8)) F (ds) and

_ m
Ms; =

By the simulations i.i.d. given 4,3 and m;;(r) < CV/J,

E [(M(sj 7]\_453-)2 | S,B] < SAZ

Then for Ms = (Msy, ..., Ms;)" the Markov inequality gives

A CJ? J
B [t )] < S s = o) =0, (2.

10
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Note that rAeplacing 5 with § + A in the boundary estimator b gives [3/(3 + A)]B and replacing § with § — A gives
[6/(6 — A)]b. Also,
o - A o -
o+ A S+AT5-A §—A
Let D;(6,b) = D(6,b;6,b, ) and D;(8,b) = D(8,b; 8o, bo, j) for true values dy and bg. Then by Assumption 5 a),

m; (0 + A, B) —m;(5,8) — [m; (6 — A, B) —m;(9, B)]

Ms; = 2A
B \ﬁ[Dj+l(A75+Ab) g+1(—A7ﬁb;)]if[D (A75+Ab) Dj(-A %b)}ﬂ%
- 2A 2A J
X A P A L .12
Ri| < COVIATHA® 4|5 Ab +’ ) <CVIAQL+|b])
We also have
1 4 ~A - A -1 .
VI=Dit1(A,—=b) = VJD; b
X j+1( §+A) j+1(1, 6+A)
. ~1 —1 4 . «
VI|Dipi(1, = b)) — Di1(1, = b < cﬂA— 55|+ b—1b]) < CVIOy(epn).
[Djt1( 5+A) j+1( 5+A)| < A (I [ +] ) < p(Epn)
Also,
-1

VI |Disa(1, 50 = Dl + 3 [ 20 () o)
< OVI(8 = 0]+ b= b]) = VIO, (gm).
Applying an analogous set of inequalities to other terms and collecting remainders gives
}Méj - M&j’ < CVI(A + Op(epn))-
Combining results and stacking over j then give

1
VSA

[[ (i) = I — 6*{r; — 7}] it follows straighforwardly that

- Z 1/11 2 - (5127”)‘

Let Vi =n~* E:':l P1t; and Y1, = m; — E[my;] + Ms] . Note that

(| M5 — M; || = 0, (J( + A+ epn)).

Next, for @: = (237")

A~

—u|” < lm - Emi)|? *M5H2%Z RSP YATCE Z(z/m Y1)’
i=1 =1
= 0L 4 0P (e + A+ ) + 0,72
VSA
— O(JQ(\FAJFAJFEM) ).

Then by the Cauchy-Schwartz and triangle inequalities,

HVl_VlH —u ’ — 14 :

IN

%ZWUHZ
=1
= 0 (JQ(ﬁ—i—A—l—apn)).

11
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185

186

187

188

189

190

It follows similarly that HVl - H = 0,(J%/2/\/n), so by the triangle inequality,
||‘/1 VlH JQ(ﬁ+A+Epn))
Next we derive a convergence rate for HVQ -V, H . Let

Dg =

A = Elgfq (v

Elao(t:)gi"'], £ = Elg*q""], ax(n)=

—pi)?], Va = DgE7'AST D} = Elak (ri)ax (r:) (vi — pi)°].

DgX g,

Note that by Assumption 5 b) and standard approximation properties of splines

E[{(a0;(1i) — ar;(7:)) (v

—pi)}?] < CE[{ao; (1) — ax;(m:)}?] < CK ™%,

for a constant C that does not epend on j. Then we have

— pi)’] = Elow; (i) aoe(7:) (v — pi) ]}

J
Vo= Vel = > {Elax,(m)axe(r) (i
je=1
= Y {Bl{ax;(n) — ao(m) axe(r) (v
7.4=1
J
< 0 {VERaw; (1) — a0; () 121V Elace(r:)?]
je=1
+V/E[{axe(r) — aoe(m:) ]\ Elaos (1:)2]}?
<

Taking square roots we have

(ZE {OCK] T—L —Oé()](ﬂ } ]) (Z{E Ot()J Tz ]+E[O¢K€(Tz) }}) < CJ2K 2%«

j=1

||‘_/2 7V2H < CJK %=,

Define . .
_ m; (8,8 + exA) —m; (6,8 — exA)
Mg, = 5A .
It follows similarly to H]\;L; — M5| = MgH =0y (J/\/gA) that
375 — 1, || = 0, (JVE/V/3A).

Next, let pag(t)

CV'K it follows that sup, Aqgr (G(t)) — 0. Then w.p.a.1 we have

bak(t) = b(t) +

Then we have

AAqu(G(t)) g
op(t)[1

Ri(t,A)| < CA’K
~ () Rt )] <

2A

D;(0,b-ak — b)] .
J

Mgjr, =
_ VI[D;41(0,bar — b) —
_VI[D;(0,bar —b) —
Ryx| < VA~

bar— B +

2A
|b_a —b") < CVIAK.

12

— pi)?] + Elowo; (i) {axe(r:) — coe(rs) }(vi — pi) ]}

2

= p(t)+Aqex (G(t)) and bar(t) = 0~ In(par(t)/[1—par(t)]). By AVK — 0 and supge oy larx (G)] <
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193

194

195

196

197

198

199

200

201

202

203

204

205

206

207

208

We also have

1. . 5 . bar — b
\/jKDHl(OJ?Ak—b) = VJD;u(0, AkA ),
VIIDj31(0, 2E=0) - Dy (0,220 < oV
In addition
bak — b ak (G())
VIDj1(0, 25— 35,b,7541) = VR
A 0p()[1 = ()]
= VJD(o, 7‘1(’“)71( —(p)())} 8,b,m541) + Ry,
|Rjx| < VIVEO,(epn) + VIKA.
Combining terms we have
| M5 — Ms|| = Op(JVE |VSA + TKepn + JK*/?A)

Next, we have

1

Ms—
20Tn

IN

+ (M|l

= Op(JVK(—

Combining terms we then have

> bl - My 55 EUo el

1 sk - L Y
‘MZIP@J% 27 P p)al’]

f

" 1/2 " 1/2
~ 1 1
||M5 - MaH 2;? <n pr(ﬁi)2> (n qu/qu>
i=1 i=1

n

=1

+A+epn))+ O0p(JKepn) = O (J\F(f

Dp — Dsl| = Op(JVE |VSA + JKepn + JK*/2A).

Next, for # = 271155 and m = ¥ "' Ds note that Vo = #'A# and Vo = 7' Am. Also we have

Vo= Vo = (7 —m)'A(r — m) + 20" A — ) + 7' (A — M)
|2 - ZHop = Op (m) = O;D(l): WheI‘e ||.||0P

By the law of large number for symmetric matrices,

+ A+ VEKepn)).

;0,b, Tj+1) + \/jAD(O,Rk(~7 A);(S, b, Tj+1)

b“ ‘(5 51+ b — b)) < CVIVEO, ().

denotes

the operator norm on symmetric matrices. Then by the elgenvalues of 3 bounded and bounded away from zero,

Amax(E) = Op(1) and 1/Amin(2) = Op(1). Let A = L3~ ¢F ¢S (7; — pi)®. Note that
A O 1 K K’ A \2 2 K K’
A-A = nl 9 i [(’Yz‘—Pi) _(%_pi)]ﬁgz(]i 4 ’(7

< CSmax|pi — pi| = S0, (epn) A—A>—-CSO0,(epn).

Also by the law of large numbers for symmetric matrices HJX —A

inequality,

It follows that Amax(A) = Op(1),

Similarly we have ||f] — EH = Op(K+/In(K)

JVEK/VSA + JKepn + JK3/2A

& ==l < [|(Ds — Ds)'S

op

1/Amin(A) = O,(1), and for T = A — A,

7] = y/ir(T2) < OV A - ]|, = Ou(VTepm).

op Op (pn) -

4D ETHE - D)= < Op(epn) + Op(JK

13

In(K

—pi)? = (w

)/n) =

— i)

|

(EDn).

=0, (\/nflKln K) . Therefore by the triangle

/n). We also have ||Dg|| < CJvK.Then it follows that for ep, =



209

210

212
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214

215

216

217

218

219

220

222

It then follows by the triangle inequality that
Ve =Va|| < Op()(IIF = =ll* + lIwll 15 — =l + [I=[|* || A — A])

= 0,(JVKepn + J2K*\/In(K)/n) = Op(J*K/VSA + J*K*?¢,, + J?’KA).

By the triangle inequality we then have
Q= Q|| = Op(JPK/VSA + JPKA + JPK* ey, + JK ™)

It then follows that Assumption iii) is satisfied by Assumption 5 e).
Finally, for Assumption iv) of Lemma 4, note that

J 2 J K J
(Rihi)" = (Z h%) =D D Mk <CIY h <l
j=1

j=1 k=1 j=1
so that
E|(hii)*] fng < €7 n — 0.

Therefore condition iv) is satisfied.
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