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Abstract

We study the risk-taking behavior over the life cycle of entrepreneurs subject to partial
insurance against idiosyncratic shocks. The model quantitatively accounts for the life-
cycle profiles of consumption and risk-taking, the aggregate and idiosyncratic risk premia,
and the patterns of wealth inequality observed in the data. A reform that relaxes the risk
constraints leads to a reduction in the idiosyncratic risk premium and an investment boom.
Consistent with a Kuznets curve, inequality increases in the short run and declines in the
long run. The initial generation of entrepreneurs benefits from better insurance, but future

generations of entrepreneurs are worse-off after the reform.
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1 Introduction

Entrepreneurship is inherently a risky activity. Entrepreneurial risk is especially important in
the context of developing economies, where the bulk of production takes place in privately-
owned businesses and risk-sharing opportunities are particularly limited. Given that en-
trepreneurs hold under-diversified portfolios, the presence of such risks has far reaching im-
plications.! At the individual level, entrepreneurial risk distorts investment and savings de-
cisions. The importance of business income is highly heterogeneous and varies substantially
over the life cycle, which shapes the patterns of wealth inequality. At the aggregate level, im-
perfect insurance leads to an inefficient risk premium which depresses the capital stock and
hinders the economy’s development. The pervasive effects of limited risk sharing highlight
the importance of policy interventions that may alleviate the consequences of entrepreneurs’
lack of diversification.

To assess the aggregate impact of such interventions, it is crucial to determine the quanti-
tative importance of the limits to risk sharing. Identifying such limits, however, is challeng-
ing. For instance, despite holding concentrated portfolios, entrepreneurs may engage in self-
insurance or participate in informal insurance arrangements, which attenuates the equilib-
rium impact of under-diversification. Such informal insurance arrangements are widespread
in developing economies, as documented e.g. by Kinnan and Townsend (2012). Moreover, it
is important to disentangle the effects of aggregate and idiosyncratic shocks. Lack of diversi-
tication is potentially less consequential if private businesses are mostly exposed to aggregate
(non-diversifiable) risk. Therefore, the relevance of risk sharing frictions cannot be directly
inferred from the degree of under-diversification or the volatility of business income.

In this paper, we study the aggregate and distributive implications of entrepreneurial risk
in the context of a quantitative life-cycle model with limited idiosyncratic insurance. We dis-
cipline the model using a rich dataset on small business owners in Thailand, which includes
information on the returns of entrepreneurial activity as well as entrepreneurs’ risk-taking
and consumption.? The model captures main features of the data, including the life-cycle pro-
tile of entrepreneurs’ risk-taking and consumption, the patterns of inequality between- and
within-age groups, as well as the risk premium on business returns. Moreover, the model
implies that one can identify the limits to risk sharing, measured by the fraction of idiosyn-
cratic risk entrepreneurs cannot diversify, using three potentially observable quantities: i) the
exposure of entrepreneurs’ wealth to the business (a measure of under-diversification); ii) the

share of variance of business returns explained by idiosyncratic shocks (a measure of the im-

!For evidence on the under-diversification of entrepreneurs see e.g. Moskowitz and Vissing-Jergensen (2002)
and Herranz et al. (2009) for a study focused on small businesses.

2 A large literature studies the asset-pricing and macroeconomic implications of firm-level risk (see e.g. Chris-
tiano et al. 2014, Garleanu et al. 2015, Dou 2016, Herskovic et al. 2016, Di Tella 2017, Herskovic et al. 2018), but
these studies usually rely on data of public companies to discipline their quantitative exercises.
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portance of diversifiable risk); and iii) the equilibrium compensation for holding idiosyncratic
risk, which we refer to as the idiosyncratic risk premium. By combining a theory of the idiosyn-
cratic risk premium with detailed information on portfolios and business returns, one can
assess the extent of limits to risk sharing faced by entrepreneurs and, ultimately, the impact
of reforms relaxing these constraints.

We start by measuring the exposure of entrepreneurs’ wealth to the business. Given these
are risky activities, this measure effectively captures entrepreneurs’ risk-taking behavior. We
find that there is substantial variation in risk-taking over the life cycle. In particular, young
entrepreneurs are 50% more exposed to the business than old entrepreneurs. These differ-
ences in risk-taking cannot be explained by differences in expected returns, suggesting that
risk tolerance is heterogeneous across age groups. We consider next the risk and return of
private businesses. In particular, it is important to disentangle how much of expected returns
and volatility is explained by either aggregate or idiosyncratic shocks. Given information
on a panel of realized returns, we can use standard asset-pricing techniques to perform this
decomposition.> We find that roughly half of expected returns consists of compensation for
holding idiosyncratic risk. Moreover, idiosyncratic volatility is three times larger than ag-
gregate volatility, so the Sharpe ratio for the idiosyncratic component is smaller than the one
for the aggregate component. Differences in the compensation (per unit of risk) for holding
aggregate and idiosyncratic risk is inconsistent with an autarky allocation, where only total
volatility would matter. It is also inconsistent with perfect risk sharing, as the idiosyncratic
risk premium would be zero, indicating that entrepreneurs partially insure these risks.

To capture these motivating facts, we propose a general equilibrium model with two
main ingredients: limited idiosyncratic insurance and finite lives with imperfect altruism.
The economy is populated by entrepreneurs and wage earners. Entrepreneurs are the only
ones with access to a production technology, which is exposed to aggregate and idiosyncratic
shocks. Aggregate shocks are public information, so there are no frictions in sharing aggre-
gate risk. In contrast, idiosyncratic shocks are private information. Entrepreneurs face a moral
hazard problem, as they can divert a fraction of capital every period. Under the optimal con-
tract, entrepreneurs are subject to a skin-in-the-game constraint, so they must bear a fraction
of the idiosyncratic risk in equilibrium. The moral hazard parameter controls the degree of
partial insurance. We identify the moral hazard parameter by matching the decomposition
of expected returns into aggregate and idiosyncratic components performed in the data. In-
tuitively, if entrepreneurs are able to diversify a large fraction of the risk, we would find that
expected returns on the business would mostly reflect compensation for holding aggregate

risk. The relative importance of the idiosyncratic risk premium provides information on the

3This decomposition extends the work of Samphantharak and Townsend (2018). It is computed by running
Fama and MacBeth (1973) regressions, where average returns are regressed on a measure of aggregate risk (a
"market" portfolio) and on idiosyncratic variance. See Section 2 for details.
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quantitative importance of risk sharing frictions. We find that entrepreneurs are able to di-
versify a significant fraction of the risk, roughly one quarter of the idiosyncratic volatility, but
they still have to absorb the majority of the idiosyncratic shocks. Therefore, entrepreneurs
face significant frictions on their ability to diversify risks, which affects their decision of how
much to invest in the business.

Importantly, we assume that entrepreneurial households also receive some labor income,
presumably from members of the household working outside the business, consistent with
what we observe in our data. An implication of this fact is that entrepreneurs’ effective risk
aversion depends on the ratio of human wealth, the present discounted value of future labor
income, to financial wealth, the value of the investment in the business and other safe assets
minus any liabilities. We find that the human-financial wealth ratio declines over the life cycle
in the data. This mechanism endogenously creates heterogeneity in risk aversion, which is
important to replicate the empirical life-cycle profiles.

The model matches quantitatively the decline in risk-taking over the life cycle by having
young entrepreneurs being relatively risk tolerant, given a higher human-financial ratio early
in life.* The savings behavior of entrepreneurs also has an important life-cycle component.
We find that the consumption-wealth ratio initially declines with age and then increases by
the end of the life cycle. The model captures this pattern through the interplay of two different
effects. First, the decline in the human-financial wealth ratio reduces the consumption-wealth
ratio. Second, the marginal propensity to consume (MPC) increases with age due to imperfect
altruism. This effect is particularly strong when entrepreneurs get older, which explains the
increase in the consumption-wealth ratio late in life.

To focus on the impact of limits to risk sharing, we assume the moral hazard problem is
the only friction in the baseline model. Importantly, our results do not hinge on abstracting
from other commonly assumed financial frictions. In extensions, we consider the implica-
tions of adding two forms of borrowing constraints. First, we introduce limited pledgeability
of physical capital by having collateral constraints. While this friction affects the allocation of
capital between constrained and unconstrained entrepreneurs, it leaves the aggregate impli-
cations of our model essentially intact. Second, we introduce limited pledgeability of human
wealth by having uninsurable labor income risk. This version of the model allow us to study
the interactions between uninsurable labor income risk, as in Aiyagari (1994), and uninsur-
able investment risk, as in Angeletos (2007). We are able to obtain (approximate) analytical
expressions, despite having aggregate shocks and incomplete markets. We find that the bor-
rowing limit associated with uninsurable labor income risk has two effects on risk taking. On

the one hand, it tends to reduce risk taking, as entrepreneurs have less resources available.

4This mechanism is reminiscent of the work on portfolio choice with labor income (Bodie et al. 1992, Heaton
and Lucas 1997, Koo 1998, Viceira 2001). See Huggett and Kaplan (2016) for a similar approach on valuing
human wealth.



On the other hand, it endogenously reduces risk aversion, which pushes entrepreneurs to be
more exposed to risk. Therefore, the borrowing limit affects mostly the dispersion in business
investment and it has a more muted effect on its level. Moreover, the behavior of risk-taking
over the life cycle is essentially the same as in the baseline model.

Entrepreneurial risk has a significant effect on inequality. On average, wealth increases
initially with age and then declines later in life. A similar inverted-U shape holds for the
standard deviation of wealth conditional on age, capturing the evolution of within-group in-
equality. The initial increase in inequality is explained by what we call a generalized "r — ¢"
effect. A positive difference between the expected return on wealth, which includes the aggre-
gate and idiosyncratic risk premium, and the growth rate of the economy cause entrepreneurs
to accumulate more wealth as they age. A countervailing force comes from the fact that the
MPC increases with age, due to imperfect altruism. Even though this was not targeted dur-
ing the calibration, the model roughly captures the patterns of between- and within-group
inequality observed in the data.

At the aggregate level, the idiosyncratic risk premium and the capital stock are simultane-
ously determined. In equilibrium, the marginal product of capital (MPK) is pinned down by
the expected return on the business. An increase in the idiosyncratic risk premium leads to a
higher MPK and a smaller capital stock. In contrast, entrepreneurs demand a higher compen-
sation for holding idiosyncratic risk when the capital stock is larger, as they are more exposed
to risk. We find that an improvement in risk sharing leads to a decline in the idiosyncratic risk
premium and an increase in the capital stock in the long run. The effect is quantitatively large,
where a reform that reduces the risk premium by 100 basis points lead to an increase of the
capital stock of 10%. This is consistent with the view that the level of financial development,
captured here by the extent of idiosyncratic risk sharing, is an important determinant of the
level of economic development.”

We consider as well the dynamic implications of relaxing risk constraints. Solving for the
transitional dynamics is challenging, as one must compute the evolution over time of the dis-
tribution of different outcomes by age. We propose a new method to compute the transitional
dynamics, based on a combination of perturbation and finite-difference methods, which is
potentially useful in other applications involving heterogeneous agents. Improving idiosyn-
cratic insurance leads to an investment boom that lasts for a decade, which is accompanied by
a sharp increase in the value of private businesses in the short run. Inequality falls in the long
run, as entrepreneurs are less exposed to risk after the reform. However, inequality increases
in the short run, due to a revaluation effect. The increase in the value of the business bene-

fits entrepreneurs with larger investments initially, which are the ones relatively richer before

5See Levine (2005) for a review of literature on the connections between financial and economic develop-
ment.



the reform. It takes a long time for inequality to converge to its new long-run level, as the
effects of the initial increase in inequality persists due to intergenerational links. This pattern
is consistent with Kuznets’s (1955) hypothesis over the relationship between inequality and
economic development.®

The transitional dynamics is also important to assess the welfare effects of improvements
in risk sharing. We find that entrepreneurs are actually worse-off in the long run after the
reform, despite of the benefits of better diversification. The reason is that the reform reduces
the expected return on entrepreneurial activity, so it becomes harder for entrepreneurs to
accumulate wealth, affecting the bequests and welfare of future generations. In contrast, the
welfare of the initial generation of entrepreneurs improves with the reform. They received
their bequest before the intervention, and the value of their businesses increases substantially
in the short run. Therefore, most of the gains of the reform are reaped by the initial generation
of entrepreneurs and by wage earners, who receive higher wages given the larger capital
stock. This demonstrates how the effect of risk constraints interacts in rich ways with the
demographic structure.

Related literature. This paper is related to several strands of literature in macroeconomics
and finane. First, the work in macro-finance studying how firm-level uncertainty affects asset
prices and the real economy (Géarleanu et al. 2015, Di Tella 2017, Dou 2016, Herskovic et al.
2016, Iachan et al. 2021).” While this literature focus mostly on business-cycle fluctuations, we
study how firm-level uncertainty affects the economy in the long run. Second, the literature
on how the lack of diversification of entrepreneurs’ portfolios affects several firm outcomes,
including real investment (Panousi and Papanikolaou 2012), capital structure (Chen et al.
2010, Herranz et al. 2015), and risk-taking (Chen and Strebulaev 2019). This work is mostly in
partial equilibrium and abstracts from the aggregate implications of entrepreneurial risk.

We also contribute to recent work on the importance of heterogeneous returns to under-
stand the patterns of inequality. This literature documents substantial heterogeneity in port-
folio returns (Fagereng et al. 2019, Fagereng et al. 2020, Bach et al. 2020), it finds that private
business wealth is one the main sources of wealth at the top (Smith et al. 2019, Smith et al.
2020), and that return heterogeneity is important to quantitatively match the observed lev-
els of inequality (Gomez 2017, Hubmer et al. 2021).8 We study how the presence of an id-

iosyncratic risk premium in private business affects inequality both between- and within-age

®Greenwood and Jovanovic (1990) provides an early treatment of the Kuznets dynamics and its connection
with financial development.

7A related literature studies the asset-pricing implications of labor income risk in infinite-horizon (Con-
stantinides and Duffie 1996 and Heaton and Lucas 1996) and life-cycle models (Constantinides et al. 2002 and
Storesletten et al. 2007) .

8See also De Nardi and Fella (2017) for a survey of the literature on quantitative Bewley models of wealth
inequality.



groups, and how changes in this premium affect the dynamics of inequality. Greenwald et al.
(2021) show that financial wealth inequality increases after a decline in interest rates. We find
a similar effect for a reduction in the idiosyncratic risk premium in the short run, but inequal-
ity actually falls in the long run, showing that discount-rate effects may have very different
implications over long horizons.

A related literature studies the extent households can partially insure labor income shocks
(Blundell et al. 2008 and Kaplan and Violante 2010). The work by e.g. Krueger and Perri
2006, Attanasio and Pavoni 2011, and Heathcote et al. 2014 shows how the degree of partial
insurance can be inferred using data on consumption and labor income. We focus instead
on entrepreneurial risk and show that the degree of partial insurance can be identified using
information on the idiosyncratic risk premium and the exposure of entrepreneurs” wealth to
private businesses.

Our result that young entrepreneurs invest a larger fraction of their wealth on the business
is closely related to the findings in the literature on portfolio choice over the life cycle (Jagan-
nathan et al. 1996, Viceira 2001, Cocco et al. 2005), who found that young households should
invest more in the stock market than old households.” In particular, we show that variations
in the human-financial wealth ratio accounts quantitatively for the pattern of entrepreneurial
risk-taking over the life cycle. Related work uses business income as a source of background
risk to explain stock market investment (Heaton and Lucas 2000a, Heaton and Lucas 2000b).
In contrast, we endogeneize the decision to invest in the business and show how non-business
income plays an important role in accounting for cross-sectional differences in risk taking.

A large (micro) development literature studies risk sharing (Townsend 1994, Morduch
1995) and the risk and return of production activities in developing economies (Udry and
Anagol 2006, De Mel et al. 2008). Karlan et al. (2014) conducted a randomized control trial
extending credit and insurance to farmers and found that the the lack of insurance is the
binding constraint to investment. Their results are consistent with our findings that relaxing
risk constraints have large impacts on investment. The (macro) development literature stud-
ies the aggregate implications of credit constraints (Buera and Shin 2013, Midrigan and Xu
2014, Moll 2014). Our approach is complementary to theirs, as we focus instead on the role of
risk constraints. Our work is closer to the original model of uninsurable investment risk by
Angeletos (2007), which we extend to allow for partial idiosyncratic insurance, a rich demo-
graphic structure, and aggregate risk. These extensions are crucial to capture the patterns of
consumption and risk-taking observed in the micro data as well as to derive the dynamics of

inequality in response to a relaxation of risk constraints.

9A related literature studies the life-cycle patterns of consumption and labor income (see e.g. Deaton and
Paxson 1994, Gourinchas and Parker 2002, and Storesletten et al. 2004).
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2 Motivating evidence

In this section, we provide motivating evidence on entrepreneurial activity in the context of a
developing country. First, we study the determinants of entrepreneurial returns. Second, we

consider entrepreneurs’ risk-taking and consumption decisions over the life cycle.

Data. We use data from the Townsend Thai Monthly Survey, an intensive monthly survey
initiated in 1998 in four provinces of Thailand. Two provinces, Chachoengsao and Lopburi,
are semi-urban in a more developed central region near the capital, Bangkok. The other two
provinces are rural, Buriram and Srisaket, and are located in the less developed northeastern
region by the border of Cambodia. In each of the four provinces, the survey is conducted
in four villages, chosen at random within a given township. A detailed discussion of the
Townsend Thai Monthly Survey can be found in Samphantharak and Townsend (2010).

Our sample covers 710 households and 14 years of monthly data, starting in January 1999.
During this time, these economies were subject to all sorts of aggregate and idiosyncratic
shocks. Rice cultivation is affected by seasonal variation in rainfall and temperature. Restric-
tions on exports to the EU affected shrimp ponds. The productivity of milk cows varies sub-
stantially both over time for a given animal and over the herd. The exposure to this different
set of shocks highlights the importance of entrepreneurial risk, and it enable us to disentangle
the role of aggregate and idiosyncratic shocks.

The data collected in the Townsend Thai Monthly Survey includes information on the
net income generated by the business as well as total assets and liabilities of households.
Importantly, the data are rich enough to allow us to construct a detailed balance sheet for these
private businesses. We can then compute the return on assets (ROA), measured as net profits
income over business assets. We also measure the fraction of entrepreneurs” wealth invested
in the business and the fraction invested in safe (real or financial) assets, providing us with a
measure of risk-taking for these entrepreneurs. Finally, the data also includes information on
the household’s labor income and consumption, which gives a characterization of the savings
behavior and the importance of non-business income for entrepreneurial households. See

Appendix B for a detailed description of these variables.!

2.1 The determinants of expected entrepreneurial returns

The decision of whether and how much to invest in a business depends on its risk/return

trade-off. We study this trade-off by considering the determinants of expected entrepreneurial

19The household is the unit of measurement, even though households typically consist of multiple members
doing separate or partially overlapping activities. We do treat the household as a whole as unitary (see e.g.
Doepke and Tertilt (2016) for a discussion of unitary models of the household).
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Figure 1: Average returns vs. aggregate and idiosyncratic risk
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Note: The left (right) panel shows a scatter plot of aggregate beta (idiosyncratic volatility) against average time-series returns for each
entrepreneur. Aggregate beta is measured as the slope of the time-series regression of individual returns on the cross-sectional average
return in the entrepreneur’s province. Idiosyncratic volatility is measured as the volatility of residuals from the same regression.

returns. The case of perfect risk sharing provides a natural benchmark. Under this assump-
tion, differences in expected returns are entirely driven by differences in the exposure to ag-
gregate risk, as idiosyncratic risk can be perfectly insured or diversified. In the other extreme,
entrepreneurs can be in financial autarky, where they have no access to insurance. In this
case, only the total amount of risk is relevant to entrepreneurs, causing expected returns to
vary with both aggregate and idiosyncratic volatility. When idiosyncratic shocks can be par-
tially insured or diversified, expected returns depend not only on the total variance, but also
on the relative importance of each source of risk.!!

This discussion motivates the use of a two-factor model, based on the exposure to aggre-
gate and idiosyncratic shocks, to explain the cross-section of expected returns of private busi-
nesses. This approach allow us to evaluate not only whether perfect risk sharing or autarky
holds, but more importantly whether a risk-based explanation can quantitatively account for
differences in entrepreneurial returns observed in the data. We measure the exposure to the
two sources of risk following the approach of Samphantharak and Townsend (2018). En-
trepreneurs’ exposure to aggregate risk is measured by the slope of a time-series regression of
returns on the cross-sectional average return across all entrepreneurs in a given province. This
is analogous to the approach used to test the CAPM, see e.g. Fama and MacBeth (1973), where
the average return in the province plays the role of the market return. Idiosyncratic volatility
corresponds to the standard deviation of residuals for this regression. Figure 1 shows how the

exposure to each source of risk is related to entrepreneurs’ average (time-series) return. As

The different cases are captured by this expression for the risk premium: p*¢ Oag + poy, where (p8, p'?)

is the return per unit of risk (also known as the price of risk) and (0,g, 0j4) the volatilities. Perfect risk sharing
0};8

; ag . S .
corresponds to p'¥ = 0. Autarky corresponds to ’;7 = 5,80 the risk premium is proportional to (ruzg + 02,
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Dependent Variable: mean_return
Model: (1) 2) 3)
Variables
(Intercept) -0.1194 -0.3102 -1.034*
(0.5148)  (0.4330)  (0.3077) L
beta 1.683*** 1.178*** g °
(0.3614) (0.2091) 2 e
sigma2 0.0045***  0.0036*** Z .l o o0
(0.0007)  (0.0005) * o ®
°
Fit statistics §° ?
Observations 24 24 24 ’.. e ®
R? 0.49635 0.64057 0.85688 ° 8
Adjusted R2 047346  0.62423  0.84325 ‘ ‘ ‘ ‘

realized

Signif. Codes: ***: 0.01, **: 0.05, *: 0.1

Table 1: Estimation of two-factor model Figure 2: Realized vs. predicted returns

Note: The left panel shows a cross-sectional regression of average returns on either the aggregate beta or idiosyncratic variance (or both).
The right panel shows the 45° degree line and a scatter plot of the predicted returns of the two-factor model and actual average returns.

expected, entrepreneurs who are more exposed to aggregate risk tend to have higher average
returns. Similarly, we find a positive and significant relationship between average returns and
idiosyncratic volatility, which is consistent with entrepreneurs’ limited access to insurance.

One possible concern is that idiosyncratic volatility may be correlated with aggregate beta,
e.g. riskier projects could be more exposed to both sources of risk. The positive association
between idiosyncratic risk and expected returns could in principle still be consistent with
perfect risk sharing. To address this point, we consider next a two-factor model where we
control for both sources of risk. Another important issue is that our measures of risk exposure
are noisy estimates of the true beta and idiosyncratic volatility, so measurement error may
bias our results. To deal with this issue, we follow the standard procedure in empirical asset
pricing (see e.g. Black et al. 1972) and group entrepreneurs into bins, or portfolios, according
to a 5 x 5 double sort based on aggregate beta and idiosyncratic risk.!?

Table 1 shows cross-sectional regressions of average portfolio returns on the exposure to
the different sources of risk. The CAPM-inspired one-factor model explains a sizeable fraction
of the variation in average portfolio returns, with an adjusted R? of 47%, perhaps surprisingly
given its performance with public companies. Idiosyncratic variance by itself is able to ex-
plain an even larger fraction of the differences in returns, with an adjusted R? of 62%. In both
cases, the coefficient on the risk exposure is highly significant. In the case of the two-factor
model, the coefficients on the exposure to both aggregate and idiosyncratic risk are significant
and the adjusted R? is 84%. Moreover, we can reject both one-factor models in favor of the

two-factor model, indicating that both sources of risk are important to explain differences in

12 As these are private businesses, the portfolios are not tradeable. Forming portfolios allow us to reduce the
noise in the estimation and better capture the risk/return relationship. To avoid within-portfolio diversification,
we assign to the portfolio the average idiosyncratic volatility, instead of the volatility of the average.
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entrepreneurial returns. Figure 2 shows the fit of the two-factor model, by comparing pre-
dicted and realized average returns. The model successfully accounts for the large variation
in expected returns observed in our data.

In the appendix, we explore the robustness of this result. We show that as we increase the
number of portfolios, the two-factor still explains a substantial fraction of the variation. The
adjusted R? is 69% in the case of a 8 x 8 sort in the two sources of risk and 53% in the case of
a 10 x 10 sort. In both cases, we can reject the hypothesis of a single-factor model based on
either source of risk.

To better grasp the role of each risk factor, we provide a decomposition of entrepreneurial
returns into an an aggregate and idiosyncratic component, following again Samphantharak
and Townsend (2018). Table 2 decomposes the risk premium and variance of returns using
the results from Table 1. We find that the majority of risk is idiosyncratic, where idiosyncratic
shocks account for 93% of the variance, while idiosyncratic risk accounts for slightly more
than half of the risk premium. This implies that the Sharpe ratio of the aggregate component
is three times larger than the Sharpe ratio of the idiosyncratic component.

The results from Table 2 are inconsistent with both the perfect risk sharing and autarky
benchmarks. The fact that the idiosyncratic risk premium explains more than half of total
expected returns indicates that limits to diversification are substantial, which allow us to reject
the full risk sharing benchmark. Financial autarky is inconsistent with the observed pattern
in the Sharpe ratio. As shown in Appendix E.4, under autarky, the share of variance of the
idiosyncratic component should coincide with its share of expected returns. Equivalently, the
Sharpe ratio should be proportional to the volatility. This implies that the Sharpe ratio for the
idiosyncratic component should be more than three times larger than the one for the aggregate
component, but we observe the opposite pattern in the data.'> Therefore, these results suggest
that partial insurance is important to explain the empirical patterns involving risk and return.

We revisit this decomposition through the lenses of our structural model in Section 5.2.

2.2 Risk-taking and savings over the life cycle

We consider next the determinants of entrepreneurs’ risk-taking and savings decisions. The
decision of how much to invest in the business depends not only on the risk and return of the
entrepreneurial activity, but also on households’ attitude towards risk. Behavior towards risk
is potentially shaped by households’ characteristics, including e.g. age and household size.
We study then how risk-taking and consumption decisions depend on expected returns, age,

and a range of demographic controls.

13Financial autarky implies that the aggregate Sharpe ratio over the idiosyncratic Sharpe ratio should be
5.2/19.4 = 0.26, while we observed a ratio of 0.35/0.11 = 3.18, almost a twelvefold difference.
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Table 2: Aggregate and idiosyncratic components of risk and return

This table presents the decomposition of total returns into an aggregate component and an idiosyncratic com-
ponent. The aggregate component is measured as the coefficient on the market return on the cross-sectional
regression times the market beta averaged across entrepreneurs. The idiosyncratic component is measured as
the coefficient on idiosyncratic risk on the cross-sectional regression times the idiosyncratic variance averaged
across entrepreneurs.

Risk premium % of returns Volatility =% of variance Sharpe ratio

Total returns 4.0% 100% 20.1% 100% 0.20
Aggregate component 1.9% 46.2% 5.2% 6.8% 0.35
Idiosyncratic component 2.2% 53.8% 19.4% 93.2% 0.11

Source: Townsend Thai Monthly Survey.

To ensure stationarity, we consider the behavior of the ratio of the value invested in the
business and the entrepreneur’s financial wealth, which corresponds to our measure of risk-
taking, and the ratio of consumption and financial wealth. By looking at ratios instead of
levels, we limit the influence of aggregate shocks and focus on more stable relationships. We
compute age effects controlling for year and demographic controls, following the methodol-
ogy of Kaplan (2012). The age effects are computed for five age groups, ranging from 25 to 80
years old, where group 1 is the youngest and group 5 the oldest. The cutoffs for each group
are chosen such that we have roughly the same number of households in each group. We
cluster standard errors by household to allow shocks to be correlated over time. The details
of the empirical methodology are described in Appendix B.2.

Table 3 presents the results. We find that risk-taking has a strong life cycle pattern. Col-
umn 1, the case without any additional controls, shows that the amount invested in the busi-
ness declines sharply with age, with the coefficient for the oldest group being roughly 30%
smaller than the one for the youngest group. A similar pattern holds as we add more controls.
Moreover, age effects account for a large fraction of the variation, with an R? of almost 70%.
Column 2 adds the average return as a control. As expected, we find a positive and significant
coefficient. However, this adds little to explain cross-section variation in risk taking, as the R2
is virtually the same. Adding time fixed effects does not change the results, suggesting that
aggregate shocks affect similarly the amount invested in the business and financial wealth,
leaving their ratio roughly unchanged. Finally, we add demographic and geographic con-
trols, such as household size, number of children, and the province the household is located,
but we find again similar patterns.

The consumption-wealth ratio also has a strong life cycle pattern, where once again age
effects account for a large fraction of the cross-sectional variation. However, instead of de-

clining monotonically with age as our risk-taking measure, we find a U-shaped pattern:
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Table 3: Risk-taking and consumption decisions over the life cycle

Risk-taking Consumption-wealth ratio
1) () 3 “) 5) (6) 7) ()]
Age group: 1 0.278***  0.256**  0.231***  0.155***  0.112***  0.098**  0.100***  0.084***
(0.012) (0.013) (0.014) (0.011) (0.005) (0.005) (0.005) (0.005)
Age group: 2 0.244**  0.229**  0.200***  0.124***  0.104***  0.096***  0.098***  (.082***
(0.008) (0.008) (0.010) (0.010) (0.004) (0.004) (0.005) (0.005)
Age group: 3 0.242***  0.233**  (0.202**  0.128**  (0.092***  0.088***  0.090***  0.076***
(0.009) (0.010) (0.011) (0.010) (0.004) (0.004) (0.005) (0.005)
Age group: 4 0.203***  0.191**  0.162**  0.092***  0.075***  0.069***  0.071***  0.056***
(0.008) (0.009) (0.010) (0.010) (0.003) (0.003) (0.004) (0.005)
Age group: 5 0.192***  0.179**  0.147***  0.081***  0.081***  0.076**  0.077***  0.062***
(0.008) (0.009) (0.010) (0.010) (0.004) (0.004) (0.005) (0.005)
Average return 0.340** 0.338**  0.346*** 0.067 0.066  0.088***
(0.106) (0.106) (0.034) (0.042) (0.043) (0.015)
Year FE Yes Yes Yes Yes
Demographic controls Yes Yes
N 7,542 5,932 5,932 5,776 7,542 6,019 6,019 5,838
R? 0.692 0.698 0.703 0.719 0.621 0.622 0.623 0.633

consumption-wealth initially declines with age, but it increases again for the oldest group.
We derive three main conclusions from these results. First, the cross-sectional variation in
both risk-taking and consumption is driven mostly by life-cycle considerations. This is indica-
tive that entrepreneurs’ risk appetite varies over the life cycle. Second, year fixed effects do
not affect significantly the ratio of business assets and financial wealth or the consumption-
wealth ratio. This suggests a relatively stationary environment, despite the presence of ag-
gregate shocks. Third, expected returns affect positively risk-taking and consumption. These
facts, in conjunction with the importance of partial insurance discussed in Section 2.1, moti-

vates the ingredients of our theoretical model, which we consider next.

3 A life-cycle model of entrepreneurial risk taking

In this section, we consider a model of entrepreneurial activity with two main ingredients:
i) imperfect idiosyncratic insurance and ii) finite lives with imperfect altruism. These two

ingredients play a crucial role in capturing the empirical patterns described in Section 2.

3.1 Environment

Time is continuous and the economy is populated by two types of households: entrepreneurs
and wage earners. Population grows at rate g, and the share of entrepreneurs in the popula-
tion is constant and given by yx.. The set of entrepreneurs and wage earners alive at period ¢
are denoted by & and W, respectively. Entrepreneurs live for T periods and leave bequests
to their offspring. For simplicity, we assume that wage earners have infinite horizon. While

12



all households receive labor income, only entrepreneurs have access to a production technol-
ogy, which is exposed to both aggregate and idiosyncratic shocks. Households buy and sell
aggregate insurance in a frictionless market, but entrepreneurs have access only to imperfect
idiosyncratic insurance. Households borrow and lend at a riskless rate ;. We now describe in
detail the technology, preferences, and financial frictions faced by both types of households.

Technology. Entrepreneur i combines capital k;; and hired labor /;; to produce a final ho-
mogeneous good 7; ;, the numeraire in this economy, using the technology:
Vit = Atkﬁtl},;“, (1)
and we denote scaled output by y; = 7;/ A;.!*
Productivity Ay is subject to aggregate shocks and follows a geometric Brownian motion:
dA
kg ]/lAdt—f—O'AdZt, @)
Ay
where Z; is a standard Brownian motion.
Entrepreneurs can adjust their capital stock by either investing in new capital or buying
capital from another entrepreneur. The investment technology is risky and subject to adjust-
ment costs. In particular, given a total investment of ; ;A;k; ;, capital evolves according to

= (P(it) — 0) dt + 0igdZ;ys. 3)

Zi is an idiosyncratic Brownian motion for entrepreneur i, which is independent across en-
trepreneurs. The investment function ®(-) satisfies ®(0) = 0, ®'(-) > 0, and ®”(-) < 0.

The concavity of ®(-) captures the presence of adjustment costs. Importantly, investment
is risky and subject to idiosyncratic shocks. Entrepreneurs can also adjust their capital stock
by buying capital from other entrepreneurs at the price §; = q;A;. The market value of the
business is given by §:k; ;. In equilibrium, g; will be non-stochastic, so the relative price of
capital §; moves proportionally with aggregate productivity shocks.

The evolution of the aggregate capital stock, k; = || ¢, kidi, is not affected by idiosyncratic
shocks, as these shocks get diversified in the aggregate:

dk; — [ /(€ (D)) — 8) ki di | . @)

The return of investing in the project can be written as the sum of the dividend yield, i.e.

4We adopt this convention throughout the paper: variables that grow with aggregate productivity A; are
denoted with a tilde and the corresponding scaled variable are denoted without a tilde.
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profits net of investment expenses relative to the value of the business, and capital gains:
i it g d(j?tki,t)

Giki giki 1

= ;Llftdt +oadZ; + Uiddzi,t,

Vip — Wilip — 11 Ak

dR;; =

where @; = w;A; denotes the wage rate and ;tft is the expected return.
Using Ito’s lemma to compute expected capital gains, the expected return on the project is

R _ Yit —Welip — tigkie  gi
iy = p + =+ pa+ D) — 0. (5)
akie 4 )
divide;?i yield expected ;arpital gain

Preferences and labor supply. Entrepreneurs live for T periods. They have isoelastic prefer-

ences over consumption &; ; with curvature parameter v and derive utility of leaving bequests:

si+T 51_7 fﬁ_fr
Es, —p(t=si) it gp 4 p=o(T=si) (1 _ )y st | ‘

where 7i; ; denotes financial wealth, and s; denotes the birth date of entrepreneur i1

The parameter ¢ measures the strength of the bequest motive. If ¢ = 1, entrepreneurs
give no weight to their offspring, and there are no intergenerational linkages. If i = 0, the
behavior of entrepreneurs coincides with the one of an agent with infinite horizon.'® The case
0 < ¥ < 1 captures a form of imperfect altruism.

In addition to business income, entrepreneurial households are allowed to receive labor
income. This is consistent with the observation that households have multiple sources of
income in our data. Labor is supplied inelastically, it is denoted by [;;, and it can vary deter-
ministically over the life cycle.!” As discussed in Section 3.3, there is significant variation in
the importance of labor income over the life cycle for entrepreneurs.

Financial friction. Entrepreneurs face a moral hazard problem, similar to the one in He and
Krishnamurthy (2012) and Di Tella (2017). We follow Di Tella (2017) and restrict attention to
short-term contracts. Aggregate shocks are perfectly observable by all households, while id-
iosyncratic shocks are only observed by the entrepreneur. An entrepreneur can divert capital,
but a fraction 1 — ¢ of the diverted capital is lost in the process. The parameter ¢ € (0,1)

>Financial wealth equals the entrepreneur’s assets, including the value of the business, net of liabilities.

16The constant V*, given in Appendix A.1, equals the value function coefficient for an infinite-horizon agent.

7Notice that I;; denotes the amount of labor supplied by the household, while J;; is the amount of labor
demanded by the entrepreneur to run her project.
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controls the severity of the moral hazard problem.

Following the literature on dynamic moral hazard, we show in Appendix C.1 that the
solution to the contracting problem can be implemented by a market structure where en-
trepreneurs have access to a riskless asset with return r; and both aggregate and idiosyncratic
insurance. There is no limit on aggregate insurance, as aggregate shocks are perfectly ob-
servable. The quantity of idiosyncratic insurance is limited for incentive purposes. Formally,
8 éf{‘f to reduce aggregate volatility by éff ,
of aggregate insurance. In contrast, entrepreneur i can buy idiosyncratic insurance 5% at zero

. a a .
entrepreneur i pays p, where p}¢ denotes the price
cost in equilibrium, as providers of insurance can perfectly diversify across entrepreneurs.

However, the amount of idiosyncratic insurance is limited by the skin-in-the-game constraint:
019 < (1 — ¢) ik 10ia. 7)

This particular market structure represents one possible implementation of the allocation
under the optimal contract. For instance, instead of formal insurance contracts, this imple-
mentation may capture the presence of informal insurance arrangements. As documented by
e.g. Kinnan and Townsend (2012), kinship networks play an important role in allowing house-
holds to partially share idiosyncratic risk. The insurance constraint can also be interpreted as
an equity constraint, where entrepreneurs are unable to freely sell claims on their business to
a diversified set of investors, as in e.g. Chen et al. (2010) or Panousi and Papanikolaou (2012).

The skin-in-the-game constraint is binding in equilibrium, causing entrepreneurs to be
insurance-constrained. To focus on the implications of entrepreneurial risk, we abstract from
borrowing constraints in our baseline model. We discuss the role of borrowing constraints in
Section 3.4. Entrepreneurs can borrow freely against the present value of their future labor
income, that is, their human wealth:
fige > —hiy, (8)

’

where 7i;; denotes the entrepreneur’s financial wealth, fzi,t = E; [ ftS+T %wzfilzdz] denotes
human wealth, and 71; denotes a stochastic discount factor (SDF) for this economy.18 The SDF
evolves according to dmry = —rymdt — p?g mdZ;. Note that we can write the entrepreneur’s
financial wealth as 7;; = §ik;; + Ei,t, the sum of the value of the business and the amount
invested in the riskless asset, denoted by Ei,t. Condition (8) can be written as —l;i,t < Gik; s +

h; 1, so the entrepreneur can borrow freely against the value of the business and human wealth.

Entrepreneurs’ problem. The problem of entrepreneur i with age a; is to choose a vector of

stochastic processes (&, 0:%,01, k;,1;,1;), taking the processes for prices (4, @, r, p?8) as given,
p i Y g p P q P g

18Even though markets are (endogenously) incomplete, households agree on the valuation of variables not
exposed to idiosyncratic risk. Therefore, there is no ambiguity in defining the relevant SDF for aggregate payoffs.
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to solve the following program:

11— ~1—y

T—a; c. .
» _ —o(T—a: T—a;
Vi(#i;,a;) = max B / e P UTE gy e p(T-ai) () — pyry* L6 ()
(i 5) GBS Bt ki | Jo 17y S e

subject to (7), (8), non-negativity constraints c¢;;, k;; > 0, and the law of motion of 7; ;
dit;; = [(ﬁi,t — Gikig)re + Gekigply — PO + @iliy — 51‘4 dt + (ﬁtki,t(TA - 9?5) dZ; + (ﬁtki,ttfid - éﬂ) dZit,

given initial financial wealth 7i; ; = 71; > —fli,t.

The term in brackets in the expression above represents the expected growth rate of finan-
cial wealth. The entrepreneur invests i;; — §:k; ; in the riskless asset, which gives a return r¢,
and she invests the amount §;k; ; in the risky business technology, which gives an expected
return ptft. The cost of aggregate insurance is p}* é?f . The entrepreneur receives labor income
@l; ; and consumes ¢; ;. The last two terms represent the exposure to aggregate and idiosyn-

cratic risk, which corresponds to the risk exposure through the business net of insurance.

Wage earners’ problem. In contrast to entrepreneurs, wage earners do not have access to
a production technology. To simplify exposition, we assume that wage earners have infinite
horizon. Allowing for finite lives and a bequest motive does not change our main results,
as shown in Appendix E.3. Wage earners and entrepreneurs share a common per-period
isoelastic utility function with curvature parameter 7.! As commonly assumed in models
with heterogeneous rate of return, as e.g. Kiyotaki and Moore (1997), we allow for different
discount rates between wage earners and entrepreneurs.

The problem of wage earner j € W; is given by

00 51_7
V¥ (#1;) = maxE / e Pulz=t) _1Z_g. | (10)
) =k ), -7

C]‘, i

subject to non-negativity constraint ¢;; > 0, 7i;; > fz]',t, where fz]-,t denotes wage earner j’s
human wealth, and the law of motion of financial wealth 7 it

~ ~ ag Aa ~ 7 ~ )
ditj = |fjere — o075 + el jy — & | dt — 035dZ,

given initial financial wealth 71;; = 71; > —fzj/t. é;lf can take positive or negative values, so

wage earners can choose to either buy or provide aggregate insurance to entrepreneurs.20

19 As shown by Swanson (2012), and consistent with Lemma 1 below, the coefficient of relative risk aversion
in presence of labor is affected by, but is not equal to, .
20Wage earners can also provide idiosyncratic insurance. In our notation, we have already imposed that they
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Equilibrium. We provide below a definition of the competitive equilibrium.

Definition 1. A competitive equilibrium is a set of aggregate stochastic processes: the aggregate capital
stock k, the interest rate r, the wage rate W, the relative price of capital 4, and the price of aggregate
insurance p”3; and a set of stochastic processes for each entrepreneur i € & and wage earner j € W:
consumption &;, financial wealth i;, capital k;, labor 1;, aggregate insurance éfg, and idiosyncratic
insurance 0 for i € &;; consumption C; and aggregate insurance é;lg for j € W such that:

(a) Aggregate capital stock satisfies the law of motion (4), given the initial capital stock k.
(b) (¢;, éfg, éfd, ki, 1;,1;) solve entrepreneurs’ problem (9), given (g, @, r, p*3).

© (¢, é;lg ) solve wage earners’ problem (10), given (W, r, p*3).

(d) Markets clear for all t > O:

i. Market for consumption goods

/@jdi“}‘/ Ej,td]+/ li,tAtki,tdi:/ gi,tdi'
& Wk & &

ii. Markets for capital and labor

/ ki di = ki, / ligdi = | Tyydi+ / ljadj.
& & & Wi

iii. Markets for aggregate insurance and riskless bonds

[ asai+ [ asai—o, [ = aiiddi+ [ i =0,
gt Wt 5t Wt

3.2 Solution to entrepreneurs’ problem

We describe next the solution to the entrepreneurs’ problem. We focus on a stationary equi-
librium, where scaled aggregate variables are constant, that is, w; = w and g; = 4. In Section

6, we consider a non-stationary environment where aggregate variables are time-varying.

Maximizing expected returns. As (I;,1;;) enters the maximization problem in Equation (9)
only through the expected return on the business, given in Equation (5), entrepreneurs choose
these variables to maximize expected returns. Labor demand assumes the usual form:

w=(1-un) (h)a (11)

li

can diversify the exposure to idiosyncratic risk, so their financial wealth is only exposed to aggregate risk.
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The capital-labor ratio is equalized across entrepreneurs and coincides with the aggregate
capital-labor ratio Ky = k;/ 1;, where k; denotes the aggregate capital stock and 1; denotes the
aggregate labor supply. In a stationary equilibrium, capital grows at the same rate as labor
supply, which we assume grows with population at rate g.

The investment rate ¢; ; is given by

() = == @) (1) =1, )
q q
where ((g) is increasing in g, given the concavity of ®(-). From Equation (5), an increase in the
investment rate (; ; raises the expected capital gain by ®'(4;;), but it reduces the dividend yield
by 1/g. Expected returns are maximized when ®'(;;;) = 1/4, i.e., Equation (12) is satisfied.
Substituting Equations (11) and (12) into Equation (5), we obtain

a—1
Wk = KT(’” ot @(u(g) — 6, 13)

R

where uX, = p® in a stationary equilibrium, so expected returns are equalized across en-

trepreneurs. Realized returns are, of course, still heterogeneous due to imperfect insurance.

Human and total wealth. The lemma below shows that the relevant notion of wealth is fotal
wealth, w;; = n;; + h;;, the sum of financial wealth and human wealth. In particular, the

entrepreneur’s value function depends on total wealth w;; and on age a;; = t — s;.

Lemma 1. Suppose the economy is in a stationary equilibrium. Then,

(a) Human wealth evolves according to

M) — (¢t p5p - ua) o) — wi(a), (19

given h(T) = 0. Human wealth is then given by

T—a
h(a) = / e rHPSoa=1a)Z] (g 4 2)dz. (15)
0
(b) The (scaled) value function is given by*!

, (16)

21Gcaled value function is related to the original value function by the condition Vi (fi,a) = A}MYV (Aif, u).

18



where {(a) equals the ratio of consumption to total wealth. The entrepreneur’s effective risk
aversion is given by

v
- T (17)
N
(c) Capital stock and the agqregate and idiosyncratic insurance solve the mean-variance problem:
ag ag\ 2 id \ 2
qkit  r POy 1y qkie + hiz 0 qki,z 07
max —- —-r)— - = op—— | + Oig — —— , (18
ki, 008 00 it (v ) nip 214 Z% ny 0 ny g g 18
subject to (7).

Proof. See Appendix A.1. O

The first part of Lemma 1 shows that human wealth is the present discounted value of fu-
ture labor income, where the discount rate incorporates the aggregate risk premium p*c 4.2
This extra discount is required as wages move with aggregate productivity, so labor income
is risky. Human wealth being a risky asset is consistent with Benzoni et al. (2007), who show
that human wealth becomes highly correlated with stocks when aggregate output and la-
bor income are cointegrated, as in our model. As human wealth depends only on the en-
trepreneur’s age, we drop the dependence on the household, i.e. h;; = h(a;;).

The second part of Lemma 1 gives the value function, an age-dependent CRRA function
of total wealth. Importantly, the entrepreneur’s effective risk aversion depends on h;;/n;,
the human-financial wealth ratio, which varies substantially over the life cycle in the data.

The final part of the lemma shows that entrepreneurs’ portfolio choice reduces to a mean-
variance problem, given the effective risk aversion /(1 + % ). This results from the continuous-
time formulation, as Equation (18) comes from a rearrangement of the Hamilton-Jacobi-Bellman
(HJB) equation of the entrepreneurs’ problem. Problem (18) is subject to the skin-in-the-game
constraint (7) and the Lagrange multiplier to this constraint, which we call the shadow price of

idiosyncratic insurance, plays an important role in the entrepreneurs’ risk-taking decision.
y

Policy functions. We consider next entrepreneurs’ policy functions.
Proposition 1. Suppose the economy is in a stationary equilibrium. Then,

i. Demand for capital is given by

hip .
qkip _ T (19)
1t Y $oi’

22We can write Equation (14) alternatively as wl(a) + p4 + ﬁ% —r = p"80y, so the expected excess

return on human wealth equals the aggregate risk premium p8c4.

19



where p'? is the shadow price of idiosyncratic insurance, given by

. R_p_ pag
r g
pid = E qbcf-dp A, (20)
1

ii. The demand for aggregate insurance is given by
6’3 kii h 14
Lt — <M + i) op — it pug_ (21)
nj nj n; Y

iii. The consumption-wealth ratio is given by

i e (134, @)

Nt N 1-— wefr(Tfai) n;

7

F=1 1) My MV — o (P2 H(p)?
wherer_vp-i—(l 7)1’ and r'V =r+ o7 .

Proof. See Appendix A.1. O

The demand for capital has three components: entrepreneur’s effective risk aversion,
v/ (14 %), the price of idiosyncratic insurance, pid, and the quantity of non-diversified risk,
¢ois. The cross-sectional dispersion in risk-taking is captured by differences in effective risk
aversion, which are driven by the human-financial wealth ratio. Entrepreneurial risk-taking
then inherits the life-cycle patterns of the human-financial wealth ratio.

Equation (20) shows that the shadow price of idiosyncratic insurance, the Lagrange mul-
tiplier on the skin-in-the-game constraint, is equalized across entrepreneurs. Moreover, it
equals the return per unit of risk (the Sharpe ratio) of an investor who fully insures the project
against aggregate risk. In equilibrium, this Sharpe ratio is positive, so the skin-in-the-game
constraint is always binding, that is, Gfﬁ = (1 — ¢)qik; 1074. Intuitively, entrepreneurs purchase
as much idiosyncratic insurance as possible given it has zero cost.

Rearranging Equation (20), we can express expected excess returns as follows:

uR—r= " pBos + pilgoy
—— ——

agg. risk premium  id. risk premium

Hence, we obtain a two-factor model for expected returns, corresponding to the compensation
for aggregate and idiosyncratic risk. In the absence of aggregate risk, growth, and adjustment
costs, this expression simplifies to aK*~1 — r = p@¢0;y, so the marginal product of capital
(MPK) is not equal to the interest rate when ¢ > 0, even though entrepreneurs face no bor-
rowing constraints. Entrepreneurs do not expand the business, despite R > 7, to limit their
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exposure to risk. In equilibrium, the wedge u® — r depends on entrepreneurs’ risk appetite
and their ability to diversify these risks, as captured by ¢.

Interestingly, the demand for capital depends on the price and quantity of idiosyncratic
risk. Access to aggregate insurance leads to a separation between the choice of the scale of the
business and how much aggregate risk entrepreneurs are willing to hold. The choice of how
much to invest in the business is essentially a decision of how much idiosyncratic risk to bear.

The demand for aggregate insurance, given in Equation (21), is decreasing in the price
of aggregate insurance with a slope given by the inverse of the effective risk aversion. Given
that p"8 = 04, the demand for aggregate insurance simplifies to Gz‘f = (gki; — ni,t)UA.B Poor
entrepreneurs buy aggregate insurance, GZf > 0, while rich entrepreneurs provide insurance,
Glaf < 0. This arrangement can be implemented by having richer entrepreneurs sending trans-
fers to poor entrepreneurs as an indemnity after a negative aggregate shock, with transfers
in the opposite direction after a positive aggregate shock. Note that if entrepreneurs on av-
erage have positive savings on the risk-free asset, such that [, (qk;; —n;:)di < 0, then they
are net sellers of insurance. In this case, wage earners are borrowers in equilibrium. As they
effectively hold a leveraged position on their risky human wealth, wage earners are dispro-
portionately exposed to risk and demand aggregate insurance in equilibrium.

The consumption-wealth ratio is given in Equation (22). The first term 7/ (1 — pe~"(T~%)
represents the marginal propensity to consume (MPC).?* It is increasing in age, as it is typical
in finite-horizon problems, and the bequest motive parameter i controls the strength of this
effect. If p = 0, the MPC is constant, recovering a standard result in infinite-horizon problems.
If ¢ = 1, then the MPC gets arbitrarily large as the entrepreneur approaches the end of life,
so the stock of wealth is fully consumed at the final age T, as in Merton (1969). When «y > 1,
an increase in risk-adjusted returns raises the average MPC. Finally, the consumption-wealth

ratio depends on the human-financial wealth ratio, which potentially varies over the life cycle.

3.3 Quantitative implications

We consider next the quantitative implications of the model for the life-cycle behavior of en-
trepreneurs. We start describing the calibration of the model and consider next the model

performance accounting for the empirical life cycle patterns.

Technology, preferences, and demographics. We adopt the following calibration, which is
summarized in Table 4. The capital share is set to « = 0.33. The average growth rate of pro-

23The result p*€ = 04 is obtained by combining Equation (21) with the market clearing condition for aggre-
gate insurance, as shown in Appendix C.3.

24The MPC is defined as the change in consumption in response to an increase in financial wealth, that is, the
aCi,t _ T

MPC is glVen by ani,f = W.
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Table 4. Calibrated parameters

Parameter Choice
Preferences
p  Entrepreneur’s rate of time preference 0.096
pw Wage earner’s rate of time preference 0.089
Y  Bequest motive 0.394
v  Risk aversion 6.76
Technology & financial friction
ua Average productivity growth rate 0.003
ca Aggregate volatility 0.052
oq Idiosyncratic volatility 0.194
¢  Moral hazard parameter 0.73
@y Adjustment cost parameter (I) 0.89
®; Adjustment cost parameter (II) 1.05
«  Capital share in production function 0.33
6  Depreciation rate 0.10
Demographics
g  Population growth 0.003
Xe Share of entrepreneurs in the population 0.47
T  Life span (adult life) 55

ductivity is set to u = 0.003, following the evidence provided by Jeong and Townsend (2007)

. A/ (D%+2CI)1[—Q)O
= —q>1 .

This corresponds to the case of quadratic adjustment costs, as the investment rate required

for Thailand. The investment function assumes the functional form ®(1)

for capital to grow at rate g is t = ®g(g + 6) + 0.5P; (g + 5)%. The coefficients of the invest-
ment function are chosen to match an investment rate of roughly 20% and a long-run relative
price of capital of one. The depreciation rate is set to 6 = 0.10. The discount rate of wage
earners is chosen to match a risk-free rate of r = 3.77%, consistent with the average real rate
for Thailand over the last two decades. The discount rate of entrepreneurs and the bequest
motive parameters are chosen to match the consumption-wealth ratio at the beginning and
end of life. The life horizon is set to T = 55, so it covers the life span from 25 to 80 years old,
and the population growth is set to g = 0.3%, the most recent value for population growth in
Thailand. The parameter ), is chosen to match the average ratio of the value of the business
relative to the entrepreneurs’ financial wealth.

Risk, return, and the moral hazard parameter. We choose the risk aversion coefficient, the
aggregate and idiosyncratic volatility, and the moral hazard parameter to match the decom-
position of risk and return provided in Table 2. The volatility parameters, 04 and cj;, are

chosen to match the aggregate and idiosyncratic components of total volatility. The aggregate
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Figure 3: Life Cycle Profiles: Labor Income and Human-Financial Ratio
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risk premium is given by p*v,4 = 03, so we choose *y to match the aggregate risk premium.
The idiosyncratic risk premium is informative about ¢. If ¢ = 0, we obtain the complete
markets solution and there is no idiosyncratic risk premium. As we raise ¢, the importance
of the idiosyncratic risk premium increases. Using expression (19) to solve for p', we can
write the idiosyncratic risk premium in terms of the moral hazard parameter ¢ and observ-
able quantities, namely the level of idiosyncratic volatility and the exposure of entrepreneurs’

total wealth to the private business.”> Given these quantities, we can identify ¢.

Measuring human wealth. It remains to specify the labor supply parameters. We follow
Garleanu and Panageas (2015) and assume that [;; is a function of the entrepreneur’s age:

I;; = YF | Tje?1%, where we normalize the average labor supply of entrepreneurs to one, that
s Je, lidi
T g i
dynamics while being analytically tractable. We estimate the parameters (T, ¢;)-_, by non-

= 1. This functional form is flexible enough to capture the empirical labor income

linear least squares such that the distribution of labor income across age groups matches the
one observed in the data. We set the number of exponential terms to L = 3. Wage earner’s
labor supply is constant and given by Tj,t = 1. The left panel of Figure 3 shows that the
functional form does a good job of approximating the empirical labor income profile.

From Equation (15), human wealth can be computed as follows:

T—a; L
hiy = / Lo (rHpSoa—pia)zy, Z Tje? (e g
' 0 =1

Notice that if T — oo and Ti,t was constant, then the expression above boils down to the

Gordon growth formula applied to human wealth: h;; = w/(r + p*Sos — pa).

See Section 5 for a discussion of the determination of p'? in equilibrium.
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Figure 4: Life Cycle Profiles: Risk-taking and Consumption-Wealth Ratio
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Given the discount rate and the labor income profile, we can compute the human-financial
wealth h;;/n;;, both in the data and in the model. The right panel of Figure 3 shows that the
human-financial wealth ratio declines over the life cycle. This is the result of labor income
being relatively high at the beginning of the life cycle and the mechanical fact that households
have less years of future income as time goes by. Human wealth is quantitatively as important
as financial wealth at the beginning of the life. By the age of 60, human wealth is only half
the financial wealth. Even though this was not a direct target of the calibration, the model

captures reasonable well the evolution of the human-financial wealth over the life cycle.

Implications for risk-taking and savings. We consider next the evolution of risk-taking and
consumption over the life cycle. The left panel of Figure 4 shows that the share of wealth in-
vested in the business declines with age, consistent with the evidence in Table 3. In a station-
ary environment, this pattern cannot be explained by differences in expected returns, which
are assumed to be constant. The model generates this pattern by having the effective risk
aversion to be decreasing in the human-financial wealth ratio. Given the presence of human
wealth, young entrepreneurs are endogenously less risk averse than older entrepreneurs, so
they invest a larger fraction of their wealth on the business. Notice that the ratio of the risk-
taking measure at the beginning and at the end of life is entirely determined by the human-
tinancial wealth ratio, which was calibrated independently of any information on the cross-
section of entrepreneurs’ risk-taking.

The consumption-wealth ratio is roughly U-shaped as a function of age. This non-monotonic
behavior is the result of two forces. First, the human-financial wealth ratio declines with
age, which induces households to reduce consumption. Second, the MPC increases with age,
which induces households to consume more. The first effect dominates at the beginning of

the life cycle, and the second effect dominates as the entrepreneur gets older.
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3.4 The role of borrowing constraints and occupational choice

We consider next three extensions of our baseline model that show how our results are robust

to introducing different forms of borrowing constraints or endogenous occupational choice.

Collateral constraints and heterogeneous productivities. In our baseline model, risk is the
only factor preventing entrepreneurs from scaling up operations, as entrepreneurs can borrow
freely against the value of their assets. In Appendix E.1, we consider the effects of limited
pledgeability of physical capital by introducing collateral constraints. Moreover, we allow
productivity and idiosyncratic volatility to vary across entrepreneurs, so the collateral con-
straints are binding for entrepreneurs who are more productive or have less risky projects.
The Lagrange multiplier on the insurance constraint now varies across entrepreneurs. It de-
pends not only on the risk-return trade-off, as in Equation (20), but also on the degree of
pledgeability of physical capital. Importantly, we find that the demand for capital (19) holds
exactly when we aggregate across entrepreneurs of a given age. Allowing for collateral con-
straints and heterogeneity changes the interpretation of p', which corresponds now to the
average price of idiosyncratic risk, but does not affect the life cycle patterns discussed in this
section. An important difference with the baseline model is that expected returns depend
not only on the exposure to risk, but also on the net worth of constrained entrepreneurs.?®
One should expect entrepreneurs with lower amount of assets (and lower collateral) to have a
higher expected return, after controlling for the exposure to idiosyncratic and aggregate risk.
As shown in Appendix E.1, we find no evidence in favor of this hypothesis in our data. We
find that i) the coefficient on log assets is not significant; ii) the coefficient has the opposite
sign of the theoretical prediction; iii) log assets explains only a negligible fraction of the vari-
ation in average returns (with or without controls). This suggests that collateral constraints

are not the main driver of expected entrepreneurial returns in our data.

Uninsurable labor income risk and borrowing constraints. We consider next the implica-
tions of limited pledgeability of human wealth. In Appendix E.2, we introduce uninsurable
labor income risk, where labor (or non-business) income is subject to a Poisson shock. The
magnitude of the shock, regardless of how likely it is, limits how much the entrepreneur can
borrow against future income. Even though a closed-form solution is not available with both
insurance and borrowing constraints, we are able to provide an analytical characterization us-

ing perturbation techniques.?”” Our main finding is that the inability to borrow against future

26 Another difference with the baseline model comes from the fact that heterogeneity in the idiosyncratic risk
premium leads to dispersion in the MPK and misallocation of capital. This is analogous to the channel in David
et al. (2020), but they focus on the dispersion of aggregate risk premium instead.

20Our method extends the one used by Viceira (2001) and it is similar to risky steady state approximations, see
e.g. Coeurdacier et al. 2011. Despite having aggregate risk and labor income risk, there is no need to approximate
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income has two opposite effects on the demand for capital. First, as entrepreneurs have less
resources available to invest with limited credit, this tends to reduce the scale of the business.
This effect is intuitive and particularly important for entrepreneurs with relatively low finan-
cial wealth. Second, limited pledgeability of human wealth implies that entrepreneurs are
effectively less risk averse, which tends to increase the scale of the business. As entrepreneurs
cannot borrow against a fraction of human wealth, future income acts as a buffer making en-
trepreneurs more willing to take risks. This second effect is particularly relevant for richer
entrepreneurs. In combination, these two effects imply that borrowing constraints increases
the dispersion of capital holdings, but it has a more muted effect on average capital hold-
ings. We also show that a declining human-financial wealth ratio over the life cycle causes
entrepreneurs to reduce their exposure to the business with age. Therefore, uninsurable labor
income does not substantially change our main results, while it adds a layer of complexity in

the analysis.

Endogenous occupational choice. In our baseline model, households do not choose to be
an entrepreneur or a wage earner, as the fraction of entrepreneurial households is set exoge-
nously. In Appendix E.3, we introduce an endogenous occupational choice. We also assume
that wage earners have finite lives and imperfect altruism, like entrepreneurs. To become an
entrepreneur, the household must pay a fixed cost at the beginning of life. Households draw
a cost parameter from a given distribution. The threshold to become an entrepreneur de-
pends on financial wealth, such that households who receive larger bequests are more likely
to become an entrepreneur, and depends as well as on the shadow price of idiosyncratic risk.
We show in the appendix that our results carry through essentially unchanged to this setting,

where the fraction of entrepreneurs in the economy is endogenous.

4 Distributive implications of entrepreneurial risk

In this section, we consider how entrepreneurial risk affects wealth inequality both between
and within age groups. The presence of uninsurable idiosyncratic risk distorts the distribution
of wealth in the economy in important ways. Imperfect insurance creates dispersion in wealth
within age groups, and wealth across age groups depends on the magnitudes of risk and risk
premia.

The main object of interest in this section is the joint distribution of (scaled) financial
wealth and age, which we denote by fi(n,a). Let f(a) be the (marginal) age distribution

in the population. Given that population grows at rate ¢ and that entrepreneurs live for T

the wealth distribution with finite moments as in Krusell and Smith (1998). See Appendix E.2 for details.
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periods, f(a) follows an exponential distribution truncated at age T. Given this joint distribu-
tion, one can compute the average wealth conditional on age 4, 1;(a), and the average wealth
of all entrepreneurs, 7,

0 T
ni(a) = /h “ nfi(nla)dn, Me,t =/0 ne(a)f(a)da,

where fi(n|a) = fi(n,a)/f(a).

We focus on the stationary distribution of financial wealth, such that f;(n,a) = f(n,a)
for all ¢, which allow us to drop time subscripts, n;(a) = n(a) and n,; = n,. We start by
characterizing how n(a) varies with age and the role of risk and demographics in shaping
this distribution. We then characterize the distribution of wealth conditional on age and how
inequality varies with age.

4.1 Between-group inequality

The next proposition provides a characterization of between-group inequality and entrepreneurs’
average financial wealth.

Proposition 2. Suppose the economy is in a stationary equilibrium.

i. Between-group inequality: The share of wealth held by entrepreneurs of age a, L2 satis-

Ne
fies

fanta) _ FOn©) (10 7, (7 T
na
human-to-financial generalized "r-g” effect average MPC effect
wealth effect
(23)
where s
. (r+ (paj) + (plv) —(g—i—yA)—mpce) T
n(0) = : h(0), 24
( ) (r-|— (pag)Z n (pzd)Z —(g—i—‘uA)_mpc >T ( ) ( )
1—¢ v v €
and mpc, = % fOT Wda is the average MPC across the life cycle.
ii. Average financial wealth: The average financial wealth of entrepreneurs is given by
T (T+ (Pag)z + (pid)2 7( + )) a e*?ﬂ . e*?T
e = £(0)(n(0) + h(0)) / AT T T e, (25)
0 L—te

where h, = fOTf(a)h(a)da.
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Proof. See Appendix A.2. O

The first part of Propositon 2 decomposes the distribution of wealth across age groups into
three effects. First, a human-to-financial wealth effect. For older entrepreneurs, the human
wealth has been mostly converted into financial wealth, that is, labor income accelerates the
accumulation of financial wealth. The second term is a generalized ”r — ¢” effect.?® The first
component is the return on total wealth: r + (p*€)%/v + (p*¥)?/+. Hence, the correct notion
of return in this context takes into account the aggregate and idiosyncratic risk premium. The
second component is the growth rate of the economy, ¢ + y 4, the sum of population and
productivity growth. The generalized “r — g” effect implies that the wealth share tends to
increase with age if the return on total wealth exceeds the growth rate of the economy. The
third term is the average MPC effect. It captures the fact that wealth accumulated at age a4
depends on the entrepreneur’s past consumption decisions. In particular, this term is small
at the beginning of life and increases as the entrepreneur gets older. Therefore, entrepreneurs
tend to accumulate wealth when young, but eventually consumption increases until wealth
achieves a desired bequest level.

The wealth of newborn agents, that is the bequest they receive, depends on expected re-
turns, consumption behavior, and the amount of human wealth. Notice that expression (24)
can be written as

(pﬂg)Z + id)Z

n(O):e(H Tt (W‘*)WCE)T(n(lo(O)).

The exponential term captures the net accumulation rate of entrepreneurs” wealth over
their lifetime. In equilibrium, this number is less than one, as part of the total wealth is
consumed and only the remaining part is transferred to the next generation. The amount of
bequests is increasing in returns and decreasing in the growth rate of the economy and the
average MPC.

The second part of Proposition 2 characterizes the average financial wealth of entrepreneurs.
For a given level of the capital stock, this captures the wealth distribution between the two
types of households, as % equals the share of financial wealth held be entrepreneurs and
1— % the share of financial wealth held by wage earners. As n, is the average of the fi-
nancial wealth conditional on age 1(a), the same effects that shape the distribution of wealth
across age groups pin down the overall level of wealth held by entrepreneurs.

Figure 5 shows how financial wealth varies across age groups. Even though this was not

part of the calibration targets, the model is able to capture the inverted-U pattern of financial

2The importance of r — ¢ in determining wealth inequality has been emphasized by Piketty (2014). See
Benhabib et al. (2011) for the implications to the tail of the wealth distribution and Jones (2015) for a review of
the literature.
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Figure 5: Financial wealth distribution across age groups

0.11
0.10 -
0.09 -
0.08 -

0.07 -

age

wealth. At the beginning of the life cycle, both the human-financial wealth effect and the
"r — g” effect dominate the average MPC effect, so the wealth share initially increases with
age. The average MPC effect dominates later in the life cycle, bringing down the wealth share.

4.2 Within-group inequality

We turn next to the characterization of the wealth distribution conditional on age. Let yi,, +(11, a)
denote the expected change and 0y, (1, a) the instantaneous volatility of financial wealth for
an entrepreneur with financial wealth 7 and age a. The evolution of the distribution of wealth
conditional on age can be characterized by the Kolmogorov Forward Equation, as shown in

Lemma 2.

Lemma 2 (Kolmogorov Forward Equation). The conditional distribution of financial wealth f;(n|a)
satisfies the partial differential equation
ofi(nla)  3fi(nla) _ _dlfi(nla)pns(n, )] 19 [fi(n|a)o,(n,a)]

of a on *3 . ’ (26)

and the boundary condition f;(e=8Tn|0) = f;(n|T), given an initial condition fo(nla).
Proof. See Appendix A.3. O

Despite the complexity created by the dependency on age of the expected change and
volatility of wealth, it is possible to solve for the conditional distribution of financial wealth
in closed-form for the special case where entrepreneurs leave no bequests, that is, ¢ = 1. This

allow us to characterize analytically the evolution of inequality over the life cycle.
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Proposition 3 (Within-group inequality: no bequests). Suppose p = 1and r + *—= 4 =
KA
i. Shifted log-normal distribution. The distribution of financial wealth conditional on age is

given by a shifted log-normal distribution with support (—h(a), oo), that is, the distribution of
total wealth n + h(a) is log-normal.

ii. Mean and variance by age. The expected value and variance of n conditional on age are given

by
(%)? | () —Fa _ ,—7T
=+ + —Haae " —e
E[n|a] = (0)6( o ) T — h(a) (27)
id \ 2 0812 (pid)2 . 12
re 4+ ) AR ~ra _ ,—7T
V[n|a] = e(7> "1 [h(O)e(r T ”A)“%] . (28)

iii. Inverted-U shape of inequality over the life cycle. There exists 0 < 4 < T such that V[n|a]
is increasing in a for a < 4 and decreasing for a > 4.

Proof. See Appendix A 4. O

Proposition 3 gives a complete characterization of the distribution of wealth conditional
on age. Wealth has a shifted log-normal distribution, with an age-dependent shifter —h(a).
Since entrepreneurs are allowed to borrow, financial wealth clearly cannot be log-normally
distributed, as n can take on negative values. However, financial wealth cannot go below the
natural borrowing limit —/(a), so total wealth assumes only positive values. Total wealth
follows a log-normal distribution with mean and variance dependent on age.

The expression for the conditional mean [E[n|a] = n(a) is essentially the same as the one in
Equation (23), after rearranging and specializing to the case i = 1. As we have seen, average
wealth tends to increase with age at the beginning of life, and it goes down by the end of the
life cycle. This is the result of the increase in MPC balancing out the effect of wealth being
accumulated over time.

Expression (28) shows how the variance of wealth evolves over the life cycle. In the case
with no bequests, the variance is zero at ages @ = 0 and a4 = T. The dispersion of wealth
increases at the beginning of life, as some entrepreneurs receive a series of positive shocks,
while others suffer a sequence of negative shocks. This force is magnified with the exposure
to idiosyncratic risk, as measured by p'?/+. The increase in MPC provides a countervailing
force, as the impact of the proportional shocks is reduced as the level of wealth is brought
down at the end of the life cycle.
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Figure 6: Stationary distribution of financial wealth conditional on age
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The results in Proposition 3 require the assumption of no bequests. In the general case,
we must resort to numerical methods. In Appendix C.2, we adapt the methods in Achdou et
al. (2017) to deal with the case of an economy with bequests, where the distribution at age 0
depends on the distribution at age T. Figure 6 shows the stationary distribution of financial
wealth for selected ages. The mean and the dispersion of the distribution initially increases
with age, then eventually both start to decline as entrepreneurs get older.

The same inverted-U pattern on wealth inequality can be found in the data. Figure 7 shows
the evolution of within-group inequality over the life cycle in our data. To make the units
easier to interpret, we divide financial wealth by the average wealth for all entrepreneurs. The
tigure shows that the standard deviation of 1/, increases sharply until roughly age 60 and
then declines until the end of the life cycle. Quantitatively, the model generates a substantial
increase in inequality over the life cycle, over 50% from early in life until the peak. Notice that,
even though idiosyncratic shocks to the business are the only source of heterogeneity across
entrepreneurs, the model is able to capture a large fraction of the within-group inequality
observed in the data. Heterogeneity in business returns can explain between 55% to 80% of
the observed within-group inequality depending on the age group.

Wealth inequality and risk sharing. As shown in Appendix A.4, a corollary of Proposi-
tion 3 is that the within-group variance of log total wealth, and ultimately log consumption,
increases with age:

id\ 2
V(log w;|a] = V[logc; |a] = <’”7) a.

The steepness of the variance life cycle profile depends on p', so it is a function of the degree
of risk sharing in the economy. This is in line with the literature using the dispersion in

consumption over the life cycle to infer how imperfect is risk sharing (see e.g. Storesletten
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Figure 7: Standard deviation of financial wealth within age groups
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Note: Panel (a) shows the standard deviation of financial wealth by age in the data. Panel (b) shows the standard deviation of financial
wealth by age in the model economy. In both cases, we normalize the standard deviation by entrepreneurs’ average wealth.

et al. 2004). The expression above shows that, in our setting with entrepreneurial risk, the
shadow price of idiosyncratic insurance controls the level of consumption inequality in the

economy.

5 Aggregate implications of entrepreneurial risk

In this section, we study the impact of entrepreneurial risk on the long-run level of the aggre-
gate capital stock. We find that the degree of financial development, captured by the magni-
tude of the moral hazard parameter ¢, is tightly linked to the level of economic development

of the economy.

5.1 Equilibrium characterization

We present next the determination of aggregate variables in a stationary equilibrium. The

detailed derivations are provided in Appendix C.3.

5.1.1 Aggregate risk premium, interest rate, and the relative price of capital

Equating supply and demand for aggregate insurance, we obtain the price of aggregate in-
surance,
P 8= YOA, (29)

The interest rate is given by the condition

r=pw+ YHA — > A
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The three terms in Equation (30) capture, respectively, the impact of impatience, intertem-
poral substitution, and precautionary savings. Note that the relevant impatience parameter
is the one for the infinite-horizon agent.

In a stationary equilibrium, the capital-labor ratio is constant, so capital grows at the con-

NV <I>%+2<I>1z—d>0
= —ch

rate to achieve a growth rate of capital g is given by 1 = ®y(g + ) + 0.5 (g + 5)%. Using

stant rate ¢. Given the investment function ®(1) , the required investment
the expression for optimal investment condition, Equation (12), we obtain the relative price
of capital:

g =g+ D1(g+9). (31)

Note that p“3, r, and g are independent of the moral hazard parameter ¢, so they coincide

with their corresponding value at the complete markets economy.

5.1.2 Aggregate capital stock and idiosyncratic risk premium

The aggregate capital stock and the idiosyncratic risk premium are jointly determined. From

Equation (20), we obtain an expression for the expected return on the business

. a—1 _
7+PagUA+PZd¢Uid:w+g+yA' (32)

The left-hand side captures the required rate of return to invest in the business, which
includes a premium for holding aggregate and idiosyncratic risk. The right-hand side gives
the actual expected return of investing in the business, a function of the marginal product
of capital (MPK) net of adjustment costs. Notice that Equation (32) generalizes the standard
textbook relation between MPK and interest rates to an environment with growth, risk, and
adjustment costs. In the absence of these three elements, the expression above boils down to
r=aK*1—3.

Expression (32) gives an inverse relation between the idiosyncratic risk premium p'@¢o;,
and the capital-labor ratio K. This downward-sloping relationship is represented by the solid
blue line in the left panel of Figure 8, which we refer to as the MPK schedule.

We need another condition relating K and p'@. Aggregating the demand for capital (19)

across all entrepreneurs, we obtain

id qK
— o _—, 33
s 8 ) >
risk aversion effective risk ~———~—"

id. risk exposure

where 71, and h, denote the average financial and human wealth of entrepreneurs.
In the same way the price of aggregate risk depends on the product of risk aversion and
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risk, o4, the price of idiosyncratic risk also depends on the product of the risk aversion y and
the idiosyncratic risk (net of insurance) ¢c;;. However, the price of idiosyncratic risk depends
on an additional term: the idiosyncratic risk exposure, that is, the ratio of physical assets to
total wealth of entrepreneurs. This term captures the fact that entrepreneurs require a larger
idiosyncratic risk premium when they have a larger fraction of their wealth invested in the
business. From Equation (25), we obtain 7, + &, as a function of the capital stock and the
price of idiosyncratic risk. After substituting n. + h, into Equation (33), we obtain an implicit
relationship between p™ and K. The left panel of Figure 8 plots this relationship as the solid
upward-sloping curve, which we refer to as the pricing schedule.

The idiosyncratic risk premium and the capital stock in the economy are determined by the
intersection of the MPK and pricing schedules. Hence, the degree of financial development
in the economy and the amount of idiosyncratic risk are important determinants of the level

of economic development.

5.2 The price of aggregate and idiosyncratic risk in the data

The model replicates the level of risk premium and volatility on aggregate and idiosyncratic
risk observed in the data, as given in Table 2. A striking fact is that, despite idiosyncratic
volatility being three times larger than aggregate volatility, the idiosyncratic risk premium is
only slightly larger than the aggregate risk premium. This leads to a Sharpe ratio three times
larger for aggregate risk. Equations (29) and (33) help to shed light on this pattern.

The Sharpe ratio of aggregate risk corresponds to p“8 and it is given by yc4. The Sharpe
ratio of idiosyncratic risk is given by p*¢, as the volatility computed in the data does not
take into account any insurance available to entrepreneurs. If we were to naively price the
idiosyncratic risk by analogy with the aggregate risk, the Sharpe ratio would be y0j;, that
is, more than three times larger than the one for aggregate risk. Two factors explain why
the price of idiosyncratic risk is actually three times smaller than the one for aggregate risk:
idiosyncratic insurance and the risk exposure. The pricing equation for idiosyncratic risk
shows the role of these two components:

id, 2 qK/xe
p (P—’)’(Tzd(P ne(l"‘he/ne).

The parameter of the skin-in-the-game constraint is given by ¢ = 0.73. This term by itself
reduces the price of idiosyncratic risk by 45%. However, the bulk of the adjustment comes
from the risk exposure factor, as gK/x.(n. + h.) ~ 0.15. Intuitively, the reason for a much
smaller price of idiosyncratic risk is that entrepreneurs are proportionally less exposed to
idiosyncratic risk, either because of insurance mechanisms, or because only a fraction of their

total wealth is exposed to this risk. Notice the importance of explicitly introducing human
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Figure 8: Idiosyncratic Risk Premium and Capital Stock
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Note: In the left panel, the solid (dashed) upward-sloping curve shows the pricing schedule in the initial (new) stationary equilibrium for
¢o = 0.73 (¢ = 0.365). The right panel shows the equilibrium idiosyncratic risk premium and the marginal increase in the capital stock of
reducing the moral hazard parameter for different values of ¢.

wealth and heterogeneous agents into the model. In the absence of these elements, one would
incorrectly attribute the low Sharpe ratio to a high degree of idiosyncratic insurance, and the

economy would appear to have better insurance than it actually has.

5.3 Long-run effects of relaxing insurance constraints

We consider next the aggregate implications of relaxing the insurance constraints that give
rise to the idiosyncratic risk premium. The parameter ¢ measures the strength of contractual
frictions in the economy. High values of ¢ are meant to capture situations where the access
to insurance arrangements, formal or informal, is rather limited. In this case, entrepreneurs
are forced to hold most of the idiosyncratic risk of their businesses, potentially limiting their
choice of scale. As the institutional arrangements improve, in particular mechanisms to mon-
itor entrepreneurs’ activities, such frictions are expected to be reduced and entrepreneurs
would bear a smaller fraction of the risk.” Hence, we see the process of financial develop-
ment as leading to a reduction in the moral hazard parameter ¢.

The left panel of Figure 8 shows the impact of an intervention or reform that reduces the
parameter ¢. The MPK schedule is unchanged with a reduction in ¢, but the pricing sched-
uled is shifted down. Entrepreneurs are now able to share a larger share of the risk of the
project, so they demand a smaller compensation to hold this risk. In the long-run, the price
of capital does not change, so the reduction in expected returns leads to a reduction in the

MPK and to a higher capital stock. Hence, financial development and economic development

2To focus on entrepreneurs, we assume that insurance providers can perfectly diversify idiosyncratic risk.
If insurance providers also hold under-diversified portfolios, as in Garleanu et al. (2015), a reduction in the risk
premium can be caused by an improvement in their ability to diversify, see e.g. Khorrami (2019).
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Figure 9: Financial development and inequality in the long-run
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Note: Inequality in a stationary equilibrium for ¢p = 0.73 (initial steady state) and ¢ = 0.365 (new steady state). Panel (a) shows average
financial wealth by age. Panel (b) shows the standard deviation of financial wealth by age. All variables are normalized by entrepreneurs’
average wealth in the initial steady state.

go together in this economy. Reducing the moral hazard parameter in half, from ¢y = 0.73
to ¢1 = 0.365, the idiosyncratic risk premium falls by about 150 basis point, leading to an
increase of roughly 15% in the capital stock. Therefore, relaxing risk constraints have a quan-
titatively large impact on the aggregate capital stock in our calibrated economy.

The right panel of Figure 8 shows that the economy’s response to changes in ¢ is highly
non-linear. The idiosyncratic risk premium (solid line) is convex in ¢, so changes in the moral
hazard parameter lead to stronger risk premia effects in economies with low financial devel-
opment. The dashed line shows the marginal change in (log) capital due to a reduction in
the moral hazard parameter for different initial values of ¢. The same reduction in ¢ can lead
to an increase in the capital stock that is four times larger in an economy with low financial
development (high ¢) compared to an economy with better financial development (low ¢).

Financial development also has important implications for wealth accumulation and in-
equality. The left panel on Figure 9 shows the average financial wealth for each age group
relative to the average across all entrepreneurs on the initial stationary equilibrium. Finan-
cial wealth falls for all age groups in the new stationary equilibrium. From Equation (23),
one can see that a reduction in the price of idiosyncratic insurance tends to reduce bequests
and wealth accumulation over the life cycle. In the long-run, inequality falls in response to
the reduction in ¢, as indicated by the right panel on Figure 9. Equation (28) provides some
intuition on the effects of p' on wealth inequality. Both the reduction in the amount of risk
entrepreneurs are exposed as well as a reduction on the level of financial wealth contributes

to the reduction in the standard deviation of wealth.
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6 Dynamic effects of relaxing risk constraints

In the previous section, we studied the long-run effects of relaxing risk constraints by compar-
ing two stationary equilibria (or steady states). This approach ignores what happens during
the transitional dynamics. To compute the welfare implications of relaxing risk constraints,
it is important to explicitly take into account what happens during the transition. Moreover,
some of the effects may take a long time to materialize. We then turn next to the dynamic

effects of changes in ¢.

6.1 Computing the transitional dynamics

We consider a "small open economy" version of the model, where the interest rate is kept
at the level of the original stationary equilibrium.?’ This allow us to focus on the dynamic
implications of fluctuations in the idiosyncratic risk premium on the capital stock. We show
in Appendix D that the price of aggregate insurance is constant, and given by p}¢ = v, even
during the transition. We still have to solve for the path of the capital stock and its relative
price, K and g, the consumption-wealth ratio of entrepreneurs by age, {:(a), and the level
of total and human wealth, w¢(a) and h;(a). The next proposition provides the conditions

characterizing the evolution of these variables.

Proposition 4. The evolution of (q¢, K¢, {Ct(a), he(a),wi(a)}) is characterized by a pair of ordinary
differential equations (ODEs)

Ki = [®(:(q:)) — 0 — 8] Ky

K aK*1
G = |r 903+ 1020 IR s - e (uan) - —(q)] "

XeWe t qt

and three partial differential equations (PDEs)

Gt(a) _ 9Gi(a) +2%(a) — 7t (a)

ot da
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dwi(a)  dwi(a) 2 2 o [ g )
ot oa + | T+ 0a —pa+ 7Py XeWe r gt(a) wt(a)l
subject to the boundary conditions described in the appendix.
Proof. See Appendix A.5. O

30We show in Appendix D that the interest rate is constant during the transitional dynamics when wage
earners have Epstein-Zin utility with linear intertemporal preferences.
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In the expressions above, we have eliminated the price of aggregate insurance using p;* =

qiKi
dXeWe,t ’

he. We obtain the first ODE by aggregating (3) and the second one by rearranging the time-

v04 and the price of idiosyncratic insurance using pi¥ = y¢o; where w,; = net +
dependent version of (32). The first PDE comes from the HJB equation for entrepreneurs,
the second one corresponds to the time-dependent version of (14), and the last PDE can be
obtained by averaging the budget constraint of entrepreneurs.

The transitional dynamics for heterogeneous agents models are often computed using a
shooting algorithm, as in e.g. Guerrieri and Lorenzoni (2017) or Achdou et al. (2017). Given
the large number of forward-looking variables, such algorithm is impractical in our setting.
We propose an alternative form of solving for the transitional dynamics, by combining pertur-
bation and finite-difference methods. First, we use finite differences to discretize the system of
ODE/PDEs. We end up with a (large) non-linear boundary value problem, since (K¢, w¢(a))
have initial conditions, while (g, {¢(a), h(a)) have terminal conditions. We then linearize the
system around the new stationary equilibrium. In contrast to the approach in e.g. Ahn et al.
(2018) that linearizes around the economy without aggregate shocks, we do not assume that
aggregate or idiosyncratic shocks are small. By avoiding these small-risk approximations,
we are able to capture time-varying risk premia and precautionary savings effects using this
method.?! The final step consists of solving the resulting linear rational expectation model,
which can be done by standard techniques, as the one proposed by Blanchard and Kahn
(1980). See Appendix D for a detailed discussion of the method.

6.2 Short-run dynamics: the overshooting effect

Figure 10 shows the evolution of the capital stock, the relative price of capital, entrepreneurs’
tinancial wealth, and the idiosyncratic risk premium, all as deviations from the initial steady
state. We consider a reform that reduces the moral hazard parameter by half, from ¢y = 0.73
under our calibration to ¢ = 0.365. In response to a relaxation of risk constraints, we observe
an investment boom and a sharp increase in the value of businesses that last for roughly a
decade, as shown in Panels (a) and (b) of Figure 10. Importantly, the short-run response of
the price of capital exceeds by a large margin its long-run level, i.e. there is an overshooting
effect. The intuition for this result is the following. As entrepreneurs must bear less of the
risk of the project, they require a smaller premium to invest in the business. In the long-run,
this reduction in expected returns requires a smaller marginal product of capital and a larger
capital stock. However, capital is fixed in the short-run, so the only way expected returns
can go down is through expected capital losses. Since the price of capital must be expected
to go down and its long-run level is unaffected by the financial friction, then it must jump

31See e.g. Winberry (2018) on the use of perturbation methods to solve heterogeneous agents models with
aggregate risk.
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Figure 10: Transitional dynamics: aggregate variables
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Note: Transitional dynamics from a stationary equilibrium with ¢g = 0.73 to a stationary equilibrium with ¢; = 0.365. Capital stock,
relative price of capital, and entrepreneurs’ financial wealth are expressed as percentage deviations from the initial steady state. The
idiosyncratic risk premium is expressed as absolute deviation from the initial steady state in basis points.

up on impact. This increase in marginal g induces entrepreneurs to invest more, explaining
the investment boom. This logic is reminiscent of Dornbusch’s (1976) overshooting model,
where exchange rates react more strongly to shocks in the short run to create expected capital
losses to domestic investors.*? The overshooting effect has important implications for wealth
accumulation and inequality.

As discussed in Subsection 5.3, the financial wealth of entrepreneurs goes down in the
long run. In contrast, their financial wealth actually increases in the short run. The reason
for the contrast between the short-run and long-run responses is a revaluation effect. Since en-
trepreneurs own the capital stock, their wealth jumps on impact as the relative price of capital
goes up in the short-run. As expected returns on the business go down with the reduction in
the idiosyncratic risk premium, entrepreneurs accumulate wealth at a slower pace and end
up with a smaller level of wealth in the long run. This long-run effect takes a long time to

materialize though, as shown in Panel (c) of Figure 10, given it is in part transmitted to fu-

32The presence of adjustment costs is crucial for the overshooting result. In the absence of adjustment costs,
capital jumps to the new steady-state level and there are no movement in prices. Similarly, there is no overshoot-
ing in Dornbusch’s model when the price level can immediately jump to its steady-state level.
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Figure 11: Transitional dynamics: inequality

0.300 |-

0.275 |

= Year 0
@ Year 10
B Year 20
¢ Year 30

Initial steady state

L L

= Year (
@ Year 10
B Year 20
¢ Year 30 0.200
Initial steady state

n I L L L L ! ! L L
30 40 50 60 70 80 30 40 50 60 70 80
age (years) age (years)

(a) Between-group inequality (b) Within-group inequality

Note: Transitional dynamics from a stationary equilibrium with ¢y = 0.73 to a stationary equilibrium with ¢; = 0.365. Panel (a) shows
the dynamics of average financial wealth by age. Panel (b) shows the dynamics of the standard deviation of financial wealth by age. All
variables are normalized by entrepreneurs’ average wealth in the initial steady state.

ture generations through lower bequests. Even thirty years after the shock, the reduction in
entrepreneurs’ financial wealth is only 30% of the long-run effect.

The slow dynamics of wealth affects the behavior of the idiosyncratic risk premium. The
short-run response of the idiosyncratic risk premium exceeds its long-run level by more than
ten basis points, as shown in Panel (d) of Figure 10. After a decade, the difference of the
risk premium to the new steady state level is cut by more than half, and then the risk pre-
mium increases slowly as entrepreneurs’ wealth declines, in line with the risk exposure effect

discussed in Subsection 5.2.

6.3 Kuznets dynamics

Relaxing the risk constraints has important implications for the dynamics of inequality. Fig-
ure 11 shows the evolution of between- and within-group wealth inequality. The left panel
shows the evolution of average financial wealth for each age group in different points in time,
normalized by average wealth across all entrepreneurs in the initial equilibrium. Because of
the revaluation effect, financial wealth goes up on impact for all age groups, but the effect is
stronger for younger entrepreneurs, as they are proportionally more exposed to the business.
Over time the financial wealth goes down due to the reduction in expected returns.

The right panel on Figure 11 shows the standard deviation of financial wealth by age.
Again the short-run and long-run responses are different. While wealth inequality goes down
in the long run, wealth inequality goes up in the short run. Entrepreneurs with initially more
wealth also hold more capital, so wealthier entrepreneurs benefit the most from the reform,

which increase the dispersion in financial wealth in the economy.
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The evolution of inequality interacts in interesting ways with the demographic structure.
After the initial increase in inequality, wealth dispersion goes down for all age groups over
time, but the cohort starting their professional life just after the reform are the ones mostly af-
fected. For instance, ten years after the reform, the drop in inequality is three times larger for
35-year old entrepreneurs, who lived their entire professional life under the new regime, rela-
tive to 80-year old entrepreneurs, who lived most of their life under the old regime. Similarly,
the drop in inequality is more pronounced to 35-year old entrepreneurs than to 25-year old
entrepreneurs, who just inherited their wealth from old entrepreneurs. A similar argument
explains why, twenty years after the reform, 45-year old entrepreneurs are the ones with the

largest drop in wealth dispersion.

Taking stock. A reduction in the amount of risk that entrepreneurs must hold and the con-
sequent compression of the idiosyncratic risk premium leads to an investment boom and an
increase in wealth inequality. As the economy approaches its new level of output, inequality
starts to recede and it reaches a lower level in the long-run. The initial increase in inequality
as the economy enters in a high growth phase and eventual reduction in inequality as the

economy reaches a higher level of development is consistent with a Kuznets’s (1955) curve.??

6.4 Welfare implications

We turn next to the welfare implications of risk constraints. Remember that the value function

of an entrepreneur of age a at time ¢ is given by

) = 2 BT

Hence, the welfare of an entrepreneur depends on financial wealth 7, human wealth 7 (a),
and the consumption-wealth ratio {(a), which captures the path of expected future returns.
We evaluate financial wealth at the average level of the age group, n = n(a), but one can
use the inequality results previously discussed to infer the dispersion in welfare within age

groups. Finally, we take a monotonic transformation of the value function to measure welfare

3Moll (2012) found a related Kuznets curve by showing that the steady-state level of the top wealth share
is a hump-shaped function of financial development. In contrast, we show that inequality initially increases in
response to a shock that reduces inequality in the long run, so we focus on the transitional dynamics instead of
long-run comparisons.
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Figure 12: Transitional dynamics: welfare
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where u(c) = %, and a hat denotes log deviations from the initial steady state.

Figure 12 shows the welfare gains for each age groups in different points in time. The
generation that is alive at the moment of the reform benefits the most from the reform, with
gains concentrated on younger entrepreneurs. This is the result of the revaluation effect,
which raises not only financial wealth but also human wealth. However, the negative impact
on wealth accumulation affects future generations of entrepreneurs. As they receive smaller
bequests, and it becomes harder to accumulate wealth, their welfare is adversely impacted.
Figure 12 shows how demographics affect the welfare gains. For instance, ten years after the
intervention, the welfare gains for entrepreneurs who started their professional life after the
reform, the ones with age 25 to 35 years old, have welfare gains that are smaller than the
entrepreneurs of the same age at the time of the intervention. Thirty years after the reform,
entrepreneurs with ages between 35 and 55 are worse off in comparison to an equilibrium
without the reform, with larger welfare losses for the older entrepreneurs. Therefore, the
initial generation of entrepreneurs reap most of the benefits of the reform, illustrating the rich

interactions of the financial friction and the demographic structure.
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7 Conclusion

In this paper, we provide a framework to analyze the aggregate and distributive implications
of entrepreneurial risk. We propose a life-cycle model of entrepreneurship with aggregate and
idiosyncratic risk under limited insurance. We show that entrepreneurial returns command a
positive idiosyncratic risk premium, which accounts for a large fraction of total returns. The
model captures quantitatively the empirical patterns of risk-taking and savings over the life
cycle, the inverted-U shape of wealth inequality, and the level of aggregate and idiosyncratic
risk premia.

We also study the impact of relaxing risk constraints. We show that an improvement in
idiosyncratic insurance increases output and reduces inequality in the long-run and generates
rich transitional dynamics. The price of capital overshoots in the short run, generating a large
investment boom, and an increase in the value of the business. This overshooting leads to an
initial increase in inequality. As the reduction in risk and expected returns have time to play
out, inequality goes down in the long run with important intergenerational effects. Finally,
we find that most of the welfare gains are concentrated in the generations that are alive at the
time of the change and that future generations of entrepreneurs are actually worse-off.

An important direction of future research is the impact of risk constraints on misalloca-
tion and aggregate productivity. Given imperfect insurance leads to different incentives to
self-insure than borrowing constraints, the aggregate consequences of financial frictions are
potentially very different than the more conventional borrowing constraints explored in the

literature.
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A Proofs

A.1 Proofs of Lemma 1 and Proposition 1

Proof. We start by showing part (b) of Lemma 1, that is, we solve for h;(a) and its dynamics.
Then, we proceed to solve for the entrepreneurs’ value function and policy functions, deriving
items (a) and (c) of Lemma 1 as well as the results in Proposition 1.

Pricing human wealth. Define the stochastic discount factor (SDF) for this economy as the

process 71; satisfying the law of motion

T it — paz, (A1)
7Tt

Without loss of generality, we assumed that the SDF is not exposed to idiosyncratic risk,
as we only use the SDF to price human wealth which is not exposed to idiosyncratic risk.

Integrating the process above, we obtain

z agy2 z
% = exp (—/ (ru + %) du —/ ngdZu> . (A.2)
t t t

Similarly, integrating the process for A;

A, z ol z
— =exp / pa ——= | du —l—/ opdZ, | . (A.3)
At t 2 t
Hence, we can explicitly compute the following expectation
z ag\2 2 z
IE; [NZAZ] = [E; |exp (-/ (ru —Hat —(p” )2+ aA) du — / (PZg - (TA) dZu)
t t

7TtAt
z ag\2 2 z
= exp (—/ (i’u—]/lA—i-—(Pu )2+UA> du"‘%/ (Pftg—(TA)zdu>
t t

= exp (—/t (ru + pifoa—pa) du) , (A4)

where we used Ito’s isometry in the second equality and the fact that p;® is deterministic.
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Human wealth is given by

t+T—a
T, A, <
hi(a) = E; /t T;A‘: wl(a+z—t)dz
t+T—a z ag —
= / e~ Ji (rtpn UA_”A)d”wZZ(a +z — t)dz. (A.5)
t

Consider the human wealth for someone born at date s, soa =t —s:
s+T "z ag —
h(t—s) = / e~ Ji (rtps ”A_"A)d”wzl(z —s)dz. (A.6)
t

Differentiating the expression above with respect to time yields

oh oh . ]
40 D) (111 it — pa) hu(a) — wil(a), (A7)

which gives (14) in a stationary equilibrium.

The HJB equation. The HJ]B equation for problem (9) is given by

-7 %
. ¢ Ey [dVi t}
Vi(ii,t —s; A;) = max t + , ’ -
pVi( t) &1,0,% 01 Ky 1y 1t { 1= ;

subject to (7) as well as the terminal and boundary conditions

N 0, ify <1

—00, if’yzl’

Vi, T) = (1-)V'I—;  lim vt<ﬁ,a>={ (A9)

1—7 fis—Ty(a)
where the terminal condition captures the effect of bequests and the boundary condition cap-

tures the fact that consumption is zero if the entrepreneur hits the natural borrowing limit.
Using Ito’s lemma, the HJB reduces to a partial differential equation for V;(i, a; A;):

A v v av ; 27 ;
~ C th th th th 10 Vt 2 2 d Vt 1 8Vl )
v = t L e+ LA At =t : L A+-—Lo2 A2
OV = 1= T T aa o M g rad g g et ) g, Tes A+ g 700
(A.10)

where (pit, Tag,ts 0iq ) are the drift and diffusion terms for 7, and the maximization is subject
to (7).
First, we verify that the following guess for the value function solves the PDE

(A + Ay (a))'

R

(A.11)
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Plugging the derivatives of the equation above into the HJB equation, we obtain

Y CoN\ 1= ,
o {w) (_) 7_137&%&) (aa<a>+aa<a>)+rt+q;k1,t(y5t_m

1 o ,)/ Ci,tlki,tIli,tlli,tlezflezfi 1 - ,)/ wl,t at aa

a8 na8 ag \ 2 id \ 2
PO hip e i (‘]tki,t+hi,t0_A B 91_t> n (Mi,tg 911',t>

- + _O'A id — ——
Wi Wi ¢ P wip 2 Wi ¢ Wit it ! Wi
id
i thit Gzl't
+pi (1 - Lo ——21| %, (A.12)
pt ( 4)) wi,t i wi,t

where w;; = n;; + hy(a) and pf/dt denotes the Lagrange multiplier on the skin-in-the-game
constraint.

From the expression above, it is immediate that the optimal value of (I;,1; ;) maximizes
the expected return on the business. The first-order conditions for (/;;, ;) are given in (11)
and (12), respectively. The expected return on the business will be equalized, allowing us to

e R — R
write p;, = Yy

The optimal quantity of capital, aggregate insurance, and idiosyncratic insurance solve the

problem
K, pses o, ki +h 605\ [ gk, 61\
max. M(Hf —7) = Ly, — T MUA S g — /
ki 005,01 | Wit Wit Wi 2 Wi Wit Wit Wit
(A.13)
subject to (7).
Multiplying the expression above by w; ;/n;; gives (18).
Policy functions. The first order condition for 9% is given by
id
qki t 9it id
S0 — —— | = P, Al4
Y [ Wiy id wi,t] Pz,t ( )

The equation above implies that the skin-in-the-game constraint is always binding, so
pih > 0and 01 = (1— ¢)qik;;0i4. If this was not the case, i.e. pid = 0, then we would
have 9;‘% = q:k; 1074, which violates the skin-in-the-game constraint.
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The first-order conditions for capital and aggregate insurance are given by

| Kig +hiye 65 kie, B}
ui —r+pia(l =)o =1 [(%m — o+ | Ty — ) g

it Wi it it
ag
ag thi,t + hi,t 9i,t
= oa — . A.15
P 7 ( Wi ¢ 4 Wi ¢ ( )

Combining the expressions above, we obtain

a
HE =1t — pioa

$oig

pid = , (A.16)

which coincides with expression (20) after we write pfdt = pid.
The demand for capital can be written as
aikie _ pY’

— . (A.17)
Wit VP4

Multiplying by w;;/n;, we obtain expression (19). Solving for fo in the optimality con-
dition for aggregate insurance we obtain (21).

The first-order condition for consumption gives

Cit
=) (A18)

Plugging the expressions above back into the HJB, we obtain a PDE for {;(a)

%l) | % o) - miila), (A19)

=L +<1—1)
t=P Y

Define zs; = L(t — 5) as the wealth-consumption ratio for an entrepreneur born at date

where

r+

id ag
(p )2;(171‘ )2] . (A.20)

s. Differentiating with respect to t, we obtain

S TP

1 [9  oC:|
S ) = A2
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Solving the above differential equation, we get

s+T Uu— s+T —
Zs,t = / e ft erZdu e ft erZZs s+T» (A.22)
t

or in terms of {;(a), we have

Ci(a) = — e T (A.23)
f fttJrTfa e*ft 2dz gy, + e*ft T rzdz(l _ l/J)(V*)7

where we used the boundary condition {; 1(T) = (1 — ¢) (V*)%

1
Assuming (V*)7 = % and a stationary equilibrium, where 7; = 7, we obtain

r

Gi(a) = 1o 7T (A.24)
which coincides with (22).
1
Notice that the assumption (V*)7 = 1 guarantees that the consumption-wealth ratio for
¢ = 0 is the same as in the infinite horizon economy.
O

A.2 Proof of Proposition 2

Proof. We start by deriving the law of motion of financial wealth for an entrepreneur of a

given age. Using the value of capital, k;;, aggregate and idiosyncratic insurance, (9?? , f)fﬁ),

and the definition of the price of idiosyncratic risk, p¥, given in Proposition 1, we can write

the law of motion of financial wealth as follows

dii;, = ~ pi;d)z ~ p?g 2 ~ 7 ag . -
R = |11@ip + @i+ @i = hig(re + pooa) + Wilip — Ciy

pag 5 pid
dt + C’l‘)j,)}L — hi,tUA dZt + iwi,tdzl'/t,
Y Y
(A.25)

where @;; = 1;; + fzi,t.

Using the fact that p;® = 704 in equilibrium, we find that the aggregate risk exposure of
entrepreneurs is given 7; ;04. Hence, scaled financial wealth, n; ; = 7, ;/ A, does not respond
to aggregate shocks. The evolution of 7;; can then be written as

dnip = pn(nip, a)dt + oni(niy,a)dZ;y, (A.26)
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where

A RUAY,
Y

—Ha—Gi(a)| (n+hi(a)) — pne(a) (A.27)
On(n,a) = %(n + h(a)), (A.28)
and py, ¢(a) is the drift of 1 (a).

Derivation of Equation (23). Notice that total wealth evolves according to

O 0%

id
—pa— Gt —s;) | dE + ’%‘dzi,f, (A.29)

where s; is the birthdate of entrepreneur 1.
Je, Ns;=swi i
Je, o=
law of motion of w; is given by

Let ws; = denote the average total wealth of entrepreneurs born at date s. The

(Pt)* | (pi")
v v

dws,t = | Tt +

—pa— Gt — 5)] wWs pdt (A.30)

where the idiosyncratic risk is diversified by averaging out across entrepreneurs of a given
cohort.

It is convenient to express total wealth as a function of age instead of the entrepreneurs’
birthdate. Let w;(a) denote the average total wealth of investors with age a at period t. Using
the fact that @ = w;(t — s), we obtain the following PDE for wy(a):

2832 id\2
awz;t(a) +8ag§a) - (P;) n (Pfy) s — @) | wnla). A3D)

In a stationary equilibrium, w;(a) does not depend on calendar time ¢, which allow us to
write
dlogw(a)

ag\2 id\2
_ ey )Y
da 0% 0%

Integrating the expression above, we obtain

—pa—C(a). (A.32)

logw(a) =logw(0) + |7+

0g\2 [ id)2 a
(P,f) n (Pry) B ,UA] . _/O ¢ (u)du. (A.33)

w(a) f(a)w(a)

Using the fact log {57 = 1og i) + 8¢ and the identity w(a) = n(a) <1 + W))’ we
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obtain expression (23) after some rearrangement.

Derivation of Equation (24). The expression for w(a) in levels can be written as

agy\2 idy\2 - _
H_(P/y) 4+ ) _HA)ae—ra_we—rT

w(a) = w(O)e(

r)/ —_—
e T (A34)
Evaluating at a = T gives
M+ﬂ, — e | T
w(T) = cv(())e(r+ [ ) , (A.35)
where mpc, = %fOT {(a)da.
The boundary condition at age T implies w(0) = e &Tw(T) + h(0), then
w(0) = 10) (A.36)

agy\2 id )2 '
1 e(r+(’77)+(p17)—yA—g—mpcg)T

Using w(0) = n(0) + h(0) and rearranging the resulting expression, we obtain (24).

Derivation of Equation (25). Multiplying Equation (A.34) by f(a), integrating over age, and
using the fact that f(a) = e 8°f(0), we obtain

e +he = £(0)w(0) / e(r ! T8 VA))Q%LM, (A.37)
0 1-— l/JE
which gives Equation (25) after some rearrangement .
O

A.3 Proof of Lemma 2

Proof. We derive the Kolmogorov Forward Equation as the limit of a discrete-time econ-
omy. The discrete-time approximation goes as follows. Time takes values on the discrete set
{#},...,tL}, where At = t/*1 — #! is the constant time step. Scaled financial wealth n, ; takes
values on a discrete grid, n;; € {nl, n2,...,n } with a constant step size An = it —nl. Age
is also assumed to take values in a discrete grid {al, e, aK}, where Aa = aFt1 — gk 41 = 0,

and aX = T. For simplicity, assume Aa = At. The probability of moving up, down, or staying
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at the same point of the grid are chosen to approximate (A.26) and are given, respectively, by

) 1 i kN2 YL
puli, ) = 2 [ UL @)y ol @) (A.38)
2 o2 o2
) 1 i kN2 LS
pat, ay = 1| L)l @) (A.39)
2 o2 o2
, o, (1, ak)?
ps(nf,d) =1— n = ) (A.40)
where 7 = maxj<j<j1<k<k 0y (n/,a"), An = 7/At, and Aa = At.
Notice that the expected change in n; ;, where n; ; = n and a; = a¥, is given by
E [1; 141 — 1iy] = pu(),a)An + py(nl,a") (= An) = p,(n/,d)At, (A41)
and
E [(ni,t—l-l - ni,t)z] = Pu(”jz ak)AnZ + Pd(?’lj, ak)(_An)z = O—H(nj/ ak)ZAt' (A42)

Let m(nj, ak ) denote the mass of agents with financial wealth nl, age ak, at period ¢,
Summing over n/, we obtain the mass of agents with age a*, My, = 2]1:1 m(nl, a5t =

e8(H = (k=1)At), Summing over (n/,a*), we obtain the total population M; = ZkK:1 My, so
M 1 = e88* M. The law of motion of m, fork > land 1 < j < J, is given by

m(nl,a, t' + At) = p,(n/ — An,a* — Aa)m(n — An,a* — Aa, t') + ps(n/,a* — Aa)m(nl,d* — Aa, )
+ pa( + An,a* — Aa)ym(nl + An,a* — Aa, t)). (A.43)

The boundary conditions are defined as follows. For j = 1 and j = ], we will assume a
reflecting boundary, that is, if 7 moves up from n; or down from ny, it is immediately reflected
back to its initial position

m(n,ak, ' + At) = pu(n) — An,a¥ — Aa)ym(n) — An,d* — Aa, t') + ps(n!, a* — AaYm (W), a* — Aa,t)
+ pu(nl,d* — AaYm(n’,a* — Aa, 1), (A.44)

and analogously for j = 1.
Finally, for k = 1, we have

m(e’ngj,al, 4+ At) = 8T [pu (nj — An, aK> m (nf — An,aX, tl) + ps (nj, ak) m (nj, ak, tl)

+pa (nj + An, aK) m (nf + An, a¥, tl)} . (A.45)

57



since each one of the e87T heirs inherit e =871/, where we assumed e—8Tn/ belongs to the grid.

Let f(n/,d" t) = m(”]Taktl) denote the share of agents in state (1/,a¥) in period t'. Dividing
both sides of (A.43) by M, and taking a Taylor expansion, we obtain

1 (o,% — (02) A+ 0.5(02) yinAn? — (02) At
=2

(1+gAt)(f + fitkt) = 5 Ty (””)”A”An) ( f— fht— fuln + o.5fmAn2)

62
2 2 2 2 _ (2
+ 1 <(Tn + ((Tn)nAi’l + O.SEZn)nnAn (Un>aAt __ Hn + (flzn)nAn An) (f _faAt +an1’l + O-annAnz)
2 7 =
0-1% — 0-;% aAt
+ <1 - ((72)> (f — faAt) +0(At). (A46)

Simplifying the expression above and taking the limit At — 0, we obtain

1 1
ft+fatgf = E(‘T;%)nnf — (n)nf + (U;%)nfn — Hnfn + E‘Tgfnnr (A.47)
or, more explicitly, we can write the expression as follows

n n n n\n, 4y % ’
af(aftﬂ/f) +3f(afaﬂ/f) +gf(n,at) __9f( wb;zl# (n,a)] +%3[f(” ﬂa;); (n,a)]

. (A48)

Let f;(n]a) denote the conditional density at date ¢, so f;(n,a) = fi(n|a)f(a). We can write
the Kolmogorov Forward Equation in terms of the conditional density:

nla 1(nla , v(nla)u,(n,a } 2(n,
£ 2D | (o) 2800 oy a) = — oy V)] 1RO e, ),
(A.49)

Dividing by f(a) and using the fact that f'(a) = —gf(a), we obtain

ofe(nla) | ofi(nla)  Olfi(n|a)un(n,a)] | 19 [fi(n|a)o;(n,a)]
o aa an ) a2 ' (A.50)

In a stationary equilibrium, we can ignore the dependence on calendar time to obtain

of(nla) _ _9lf(nla)un(n,a)] 19 [f (n|a)oy (1,a)]
oa on 2 on? '

(A.51)
O

A.4 Proof of Proposition 3

Proof. The law of motion of (log) total wealth is

i — i 2
o (pug)z (pzd)Z_ 7 B _1 pld
Alogaie = |1t T T e My

id
dt+
7

dzi,, (A.52)

where s denotes the birth date of entrepreneur i.
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Integrating the expression above, we obtain

Y Y 1_err-s) FATH

. . 2 .
t ag\2 id\2 = 1 id id
logwi,t = 1ngi,s —|—/ [1" + (p ) + (P ) . r 1 (%) ar’ + %(Zi,t .

(A.53)
where Z;; — Zijs ~ N(0,a) and a =t —s.

Hence, log w;; ~ N (m(a),v(a)), where the mean and variance are given by

. . 2 _
B (Pag)Z (pzd)2 B B 1 pzd . 1 — ¢~ 7(T—a)
pid 2
v(a) = <7> a, (A.55)

using the fact that w;;, = h(0) when ¢p = 1.
Note that, as the ratio of consumption to total wealth is the same for all entrepreneurs with

the same age, the variance of log consumption is then given by

id \ 2
Vllogc;t|a] = V]logw;|a] = <P_) a. (A.56)

Normalized financial wealth n;; = w;; — h;; has a shifted log-normal distribution condi-
tional on s; = s, with support (—h(a), o). The expected value and variance of n;; is given

by

P L L —#(T—a)
r+ + pa—7lal —e "
id \ 2 ag\2 (. id\2 _ 12
P, e (P + O Yae—Ta — o= 7T
V[n|a] = e( U ) — 1] [h(O)e( U U ) ﬁ . (A58)
We show next that V|n|a| has an inverted U shape. Define the following functions:
p g
<pfd)2 z ( (p%)2 | (p)2 > 7a 7T
— | a r+ +=—— a - —e
01 (a) = |:€ T — 1] e 7 K ra ; Uz(ﬂ) = % (A59)

The derivative of the product of v1(a) and v, (a) will be positive if

vi(a) _ _v5(a)

o (@)oa(a) + or(a)eh(a) > 0 = 0> 2

(A.60)
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fora #0and a # T.
Notice that —v)(a)/v2(a) is positive, monotonically increasing, and approaches co as a
approaches T:

@ 1
na) rl — T (A.61)

The term v} (a) /v (a) is positive, monotonically decreasing, and approaches +o0 asa — 0:

id
’ id\ 2 (pT) a ag\2 id\2
vl(a)zl p* e' 2 +r+(P ) +(p ) — g (A.62)
(%) ro

eN"/ -1

Hence, there exists a unique 0 < 4 < T such that v} (a)vy(a) + v1(a)vy(a) > Oforalla < 4
and v} (a)vy(a) + v1(a)vh(a) < O for all a > 4. Hence, Vn|a] is equal to zero at a = 0, it
increases monotonically for a < 4, where it achieves the maximum, and it decreases towards
zeroford <a <T.

OJ

A.5 Proof of Proposition 4

Proof. Aggregating Equation (3) and using the fact that labor supply grows at rate g, we obtain
K = [®(i(q¢)) — 6 — g] Ky, (A.63)

given the initial condition Ky = K*.

From (A.16) and (5), we obtain the expression

p ~ wK* 1 — j
r+ploa+ pilpo = tTl(qt) + % +@(u(qt)) — 6+ pa. (A.64)

Qtt

Using p;® = 404 and p = YPTiay and solving for 4, we obtain

a1ty
gr = |r+ fya + 'yqb cr qt Lys— pa—D(u(qe)) — —t (9:) qt, (A.65)
Xewet qt

Whel’e we/t — ng,t + he/t.
The ODE above is subject to the terminal condition

lim gq; = g, (A.66)

t—o0

where g is the value of g; in the new stationary equilibrium.
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The first PDE was derived in the proof of Lemma 1 and it was given in (A.19). The bound-
1
ary conditions are {;(T) = (1 —¢)~}(V*) 7 and

lim {;(a) = {(a), (A.67)

t—o0

where ((a) is the value in the new stationary equilibrium.
The PDE for the human wealth was given in (A.7). The boundary conditions are /1;(T) = 0

and
lim hy(a) = h(a), (A.68)

t—o0
where hi(a) is the value in the new stationary equilibrium.

The PDE for total wealth was derived in the proof of Proposition 2 and it was given in
(A.31). The first boundary condition is w;(0) = e~ 8Tw;(T) + h;(0). The initial condition for
wi(a) is given by

wo(a) = n*(a) + (g0 — q47)k"(a) + ho(a), (A.69)

where variables with an asterisk denote values before the change in ¢.

The initial condition captures two types of revaluation effects. First, the value of the capital
stock changes, since the price of capital jumps on impact. Second, the value of human wealth
also changes since expected future wages respond on impact.

O

A.6 Proof of Lemma 3

Proof. With a slight abuse of notation, we denote the entrepreneur’s value function as a func-
tion of total wealth, age, and aggregate productivity: V;(@;,a;) = V(@;,a;; A¢). The HJB for
the entrepreneur’s problem is given by

Vi= A.70
N T ST (A.70)

subject to the insurance and borrowing constraints (E.10).
We guess and verify that the value function can be written as
V(d,a;A) = AV (ﬂ,a> , Vi(@,a; Ar) = ATV <ﬁ,a) , (A.71)
At At
where V(w,a) and V%(w, a) are independent of A;.

Let w;; = @;;/ At denote scaled total wealth. Using an argument analogous to the one
used in Lemma 1, we can derive the law of motion /;; = ]:li,t / At, which then gives the law of
motion of wj

dwiy = it + 075dZ; + 0/9dZ; , (A.72)

61



Where Uzt - (qkl t + (1 - gd) wi,t) 61 f’ 1t - qki,faid 011 t’ d
et = (r+ pB8oa — wa)wip + qkip(uly —r — p8oa) + (p" — oA)0rs 4 Egwiliy — cip. (A7)

The HJB equation for the scaled value function can be written as

1—y -
pV = X . T Vat Vo [?wi,f +qki(uiy — 7 — pSaa) + P8y + Sawiliy — cig| +
i 0;° 0 kil L
1 .
+ 5 Vw ((0f5)2+ (o)) +Aa (V* = V) (A.74)

2
ﬁEP—(1—7)<VA_%>’ P=r+p8oa—pa p'é = p" —qoa.
(A.75)

As the HJB equation above is independent of A;, we conclude that V(w,a) is also inde-
pendent of A;, confirming our initial guess.

As l;; and 1;; only enter the problem through ptft, it is optimal to choose them to maximize
expected returns. Expected returns is then constant and equalized across entrepreneurs, so
we drop the dependence on entrepreneur and time: yft = uR. The first-order condition with
respect to Off is given by

prE = ‘?;M = 00 = (qkip + (1= Ca)hie — wie) o4 + ‘Y—w 'S, (A.76)
w ww
An argument analogous to the one used for the model without labor income risk estab-
lishes that p*8 = 704 in a stationary equilibrium. This implies that p?¢ = 0 and (7 =0, so
entrepreneurs choose the same exposure to aggregate risk in equilibrium.
Let V,,p denote the Lagrange multiplier on the insurance constraint. The first-order con-
ditions with respect to k; ; and Gfi are given by

, v , ; V,
Hiy =7 =705+ p(1 = p)oig = —VL:) oifoa + 0ol p = ‘;‘:" ol (A77)

Given that ¢/ > 0 by the insurance constraint and given the concavity of the value func-
tion, Vw < 0, we have that pid > 0. Therefore, the insurance constraint is always binding,

that is, O’d (1 — ¢)gk; 0i4. Rearranging the expressions above, we obtain

id , R_ . _ 08
Vw p ) pit = p —r—peoa (A.78)
Veww P0ia $0ig

qki,t = -
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Finally, the optimality condition for consumption is given by

|—

=V = c(wipair) = Vo "(wir aip)- (A.79)

A.7 Proof of Proposition 5

Proof. We provide next a complete characterization of the first-order approximation of the
entrepreneurs’ problem. We proceed in four steps. First, we derive the law of motion of
w; ;. Second, we solve for the demand for capital. Third, we will solve for the consumption

function. Fourth, we derive the conditions that determine the approximation point .

Law of motion of the state. The log of total wealth for entrepreneur i evolves according to

) .
l.
: ) ya, Lt

Wi wz,t

dt i (A.80)

dlogw;; =

k; k
P+ d ”Pld¢%l - % <Z}1:
1

1,t

Log-linearizing the law of motion of w;;, we obtain
k 1 (qk ’
= Ly b= o) — = | B R— @
dlogw;; = [r + =P $0ig(1+ ki — @iy) 5 (w 4)(7,d> (1 + 2(ki wl,t))

wl(a) '@, . gk L
+§d7 <1 + ﬁaz,t Wit (1481 —wiy)| dt + 54?(7151 (1 + ki wz,t) az;;.

EHW

(A.81)

Rearranging the expression above, we get

— — 2 - -/
. k ; k A . wl(a a) , . c
dw;y = %Pzd(/"fz’d - (%(P@'d) <ki,t - Wz’,t) + Ca w( ) (7—5))%# - Wi,t) E(Clt — @iy) | dt
_. gk 5 .
+ E[d log wi/t|ai/t = Ll] + 5([70’1'51 <1 + ki,t — wi,t> dZi,t. (A.82)
We can write the expression above in more compact form:

dwz t= [1Pw 0+ Yw,alit + Pu,ww; t] dt + [ll’w 0ot LPw i+ 1/)w w ] le tr (A.83)
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(A.84)

where
lpazﬂzoﬂ (7:(7( _1) o o— 0
w,0 — wa ids lpw,w = lpw,O lpk,w ’ lpw,a = lpw,Oll)k,a'
and
% 1 (k. \' W@ =
5 i wl(a c
Yoo =7+ %pldﬁb@d 3 (q:‘l"Tid) toi—— = (A.85)
— — 2 -
k ; k wl(a) ¢
W = (%Pldqb% - (%4’%) ) (Ykw —1) = Ga w( ) _ =Yew —1), (A.86)
% Y @ =
, wl (a c
Pwa = (%pld‘PUid - (%4)%) ) Yeatoa——— — ZYew (A.87)
Demand for capital. The first-order condition for capital and consumption are given by
~Vaw0lt = Vop",  Vo=c,". (A.88)
Using the fact that dV,,dZ;; = waa?"’tldt and the expressions above, we can express the
optimality condition for capital as follows:
id dei
pdt = . ~dZ;;. (A.89)
it
Up to first order, we have that L%'tdzi,t =dé;d”Z; 1 = Pewdw;dZ; ;. We can then write the
expression above as follows:
(A.90)

P = Yoo [97,0 + 97 alli s + P00 @it] -

As the expression above must hold for all 2 and @;;, then we must have ¢, , = ¢, , = 0
This implies that coefficients in the expansion for capital are given by

Yra = 0.

(A.91)

The exposure to the business relative to total wealth is then the same for all entrepreneurs,

in line with the results in Section 3: _
k:
et _ q_k (A.92)

wi,t w

Using the fact that Vi, = —yc 7 ¢, and evaluating the first-order condition for capital
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at (w,a), we obtain

@ ' w,a id
) @, m) g = pt > T L P (A.93)
@ w Vew POid
where we used that ¢, = Ca; ((gi))w

The demand for capital can then be written as

h,-,t .
ki _ 1+ U= E0 pit (A.94)
nj ¢ YPe,w $0ia

Consumption. The envelope condition with respect to w for problem (E.11) is given by

Vi = VP + %. (A.95)

Using Ito’s lemma, we can write the expression above as follows

1 .. +1 2 7
r=p+v (yA + %E[dcu]) - %aﬁ - %E[dcgt] Ay <<—f> - 1) . (A96)

Cit

Up to first order, the expression above can be written as

. . AN (@ .
Ve (Pw,w®it + Yw,alit) + A <€(E) ) (wi,t(l — Yew) + (%((ﬁ)) - l/Jc,a) a) = constant.
(A.97)
As the expression above must hold for all values of @; ; and 4; ;, we obtain ¢, = P, = 0.

This implies the following conditions must hold:

(C (@)@

c

) (E )

-
) (1—t¢ew) =0, PewPw,a+ Mg (

Using the expression for ¢, ., we obtain a quadratic equation for . :

b — Yew [1 -~ Adg (@) o CdM] 22 (M) o (A.99)

c C c

The equation above has a positive and a negative solution, where the economically rele-
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vant solution is the positive one:

Pew = % 1 _/\dg (@)_7 _gd@ +\l (1 _/\dg <@)_7 gd@>2+4/\d§ (

(A.100)
We will show next that ¢, < 1. Assuming that 9., > 1, the expression above implies
that

Squaring both sides of the inequality above, we obtain

Q

al

)w) - s wl(a) '

(A.101)

- 2 - 2
w (C(@)w\ " wl(a) w (C(@)w\ 7 w (C(@)w\ " wl(a)
(A.102)
Rearranging the expression above, we obtain
J— —_\ — —')/ J— —\ — —’)/ T —
4N (@) > 4 (Ad% (C(”%) + gd%(”)> , (A.103)

which is a contradiction. Therefore, we must have 0 < ¢, < 1.
We solve next for ... The coefficient ., satisties the equation:

Pew (Cd wjlﬁ) — % c,a> + Ay <@) B <L_ﬁ) — %a) = 0. (A.104)

¢(a)

Al

Rearranging the expression above, we obtain

lpc,w%gd@ + /\d (

Yous +Aa (L22)

@e) " ¢
@ (A.105)

E\ ol

lpc,a

For ¢; sufficiently small, the expression above is positive, as {’(a), the consumption-wealth
ratio in the absence of labor income risk, is positive.

We can then write consumption as follows

_ - Wi Yew o
¢i¢ = c(@,d)ebon 01 (%) = fo(a)w!™, (A.106)
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where the second equality defines the age-dependent function f.(a). Note that f.(a) is in-

creasing in a for ¢; sufficiently small.
It remains to solve for the consumption-wealth ratio at (&, a). From the envelope condi-

tion, we obtain

1 2 Vi~
=4 (0 + Youton + o) — TG - Lyt - 4 ((g(?“’) -1

wl(ﬁ) .

T - 2
k i 1 ([ gk
where ¢, 0 =71+ 70,24 —HAT %p’dqxf,-d — 5 (%4;(7,-,1) + Ci =
Rearranging the expression above, we obtain

c wl(a 2 AN
lpc,a:lpc,w (5_‘;1 Z( ))_711_(1_1/’6,60) (.”A_%)‘F%((g(z) ) 7—1>/

S

w

(A.108)
where
__1 1 (r*®)*  (P)?
T:=—p0+ - — r 4+ + . A.109
d ,)/P (lpc,w ,)/) < 2 27 Pew ( )
Using the expressions for ¢ and ., we obtain a non-linear equation for ¢ given w.
{(a)

Note that if {; = A; = 0, we recover a linearized version of the equation determining HOL
Equation (A.19).

Wealth dynamics and the approximation point. The law of motion of @;; can be written as

id
AD;1 = [P0 + Yeoallis + Powif] db + #dzi,t, (A.110)
c,w

where
_ - N — = z wTE(ﬁ) _ @
lpw,w = % [1 - IIJC,CU - éda)la(a)] 2 lpw,a = Ad (g(ﬂé)(x]) % 7d {(al —

(A.111)

We will show next that ¢, < 0. For the sake of reaching a contradiction, assume that

Pw,w > 0. This implies that the following condition is satisfied:

(A.112)

ol
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Squaring both sides of the inequality and rearranging, we obtain

e (@) B (1 —@@) > 40,2 (@>_7, (A113)

ol

c c

which is a contradiction. Thus, we must have ¥, ., < 0.

We solve next for w. Let w(a) = exp (E[log w;j|a;; = al), then

dlogw(a)
da

Solving the differential equation above, we obtain

=P+ Pwala—a) + Puw(logw(a) —logw). (A.114)

a
logw(a) = e¥«"logw(0) + / [Pe0,0 + Pevatt’] e (=0 gy (A.115)
0

Using the fact that the wealth of entrepreneurs at date T is left as a bequest to the next
generation, we can pin down @(0). Evaluating the expression above at a = 7, for a given
reference age @, we obtain an equation for w. [

B Data

In this appendix, we discuss the construction of our empirical measures in more detail. For
an extensive discussion of the Townsend Thai Monthly Survey and the derivation of en-
trepreneurs’ balance sheet information from the survey questionnaire, see Samphantharak
and Townsend (2010).

B.1 Sample selection and variable definition

The dataset includes information on both economic and demographic variables. Economic
variables include households” asset and liabilities, financial wealth, business and labor in-
come, and consumption. Demographic and geographic variables consists of the age of the
households” head, year, the number of members of the household, the number of children in
the household, and the province the household is located. We focus on a sample of house-
holds from age 25 to 80. We drop observations for households without information on age or
tinancial wealth. We end up with an unbalanced panel of 796 households over a time period
of 14 years, from 1999 to 2012.

Business exposure. The Townsend Thai Monthly Survey contains detailed information on

the assets held by entrepreneurs, including fixed assets, inventories, and financial assets. We
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classify these assets into business assets and non-business assets, which we treat as safe. The
value of the business includes: inventories, livestock, agricultural assets, business assets, and
household assets. We follow Samphantharak and Townsend (2018) and include the value of
household assets (cars, pick-up trucks, fishing boat, and so on) as part of the business. The
motivation for this choice is that many of these assets are also used by households in their
production activities. The value of safe assets includes: cash in hand, account receivables,
deposit at financial institutions, ROSCA, other lending, prepaid insurance, and land. Given
this breakdown, we can compute the fraction of financial wealth (total asset net of liabilities)

invested in the business, which we use as our measure of risk-taking.

Return on business activity. Given the estimates for the value of entrepreneur’s business as
well the flow of business income generated in a given period, we can compute the return on
assets (ROA) as the ratio of business income over the value of the business. ROA is a common
accounting measure used to capture the profitability of business activities.

Human wealth. We compute our empirical measure of human wealth in a way analogous to
its counterpart in the model, as the present discounted value of future expected labor income.
This requires us to specify the discount rate and the expected value of future labor. We use the
same discount rate used in the model, as shown in Equation (15). The expected value of future
labor income is age-dependent and computed as the average labor income for households of
that age. As in the construction of life-cycle profiles discussed below, we use trimmed means
to limit the influence of outliers. Consistent with the assumption in the model, there is no
idiosyncratic component in the human wealth, as it corresponds to the present discounted
value of future labor income across different households conditional on age.

B.2 Life-cycle profiles

When computing life-cycle profiles for a given variable, we aggregate households into 15 age
groups. The thresholds that determine each group are chosen such that groups have roughly
the same number of households. To limit the influence of outliers, we compute trimmed
means with a trimming parameter of 7.5% in each side. We trim the data in a similar manner
before running the regressions.

The life-cycle profiles presented in the main text are computed without any controls, which
we denote by raw moments. We show next that controlling for year fixed effects or demo-
graphics variables maintain our results essentially unchanged.

Let z; ; ; denote variable z for household i in age group k at year t. Consider the following
process for z; i

Zikr = 0 +ageg + 68X+ Uik, (B.1)
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where a; represents the year fixed-effect, agey is the age-group effect, and x; ; is a vector of
demographic and geographic controls, which includes the size of the household, the number
of children in the household, and a set of province dummies.

The raw age-group effect is given by
agey™ =E [z |k = k]. (B.2)

The raw age-group effect can be estimated by taking averages by age or by regressing z; ; ; on
a set of dummies for age groups.
We follow Kaplan (2012) and define the age-group effect controlling for year fixed effects

as follows:

T
el = Z (zip K =kt =t]. (B.3)

Hll =

ear—FE
We can estimate a gey

by running a regression on a set of dummy of age-group and year
fixed effects and computing the predicted value of the regression evaluated at age k and at an
"average" year.
Similarly, we define the age-group effect controlling for year fixed effects and demographic/geographi

controls as follows:

eyearfFEerem o

T
a k = 2 E [Zi,k’,t’|k/ = k, tl = t, xi,k/,t/ = Yk,t} , (B4)
=1

el

where X ; denotes the average value of the controls x;  ; conditional on age group k and year ¢.

year—EE+den ¢ om the full regression with year and age-group fixed-effects

We can estimate age;,
as well as demographic controls.

Figure B.1 shows ours estimates of the different age-group effects for the variables of in-
terest. The grey dashed lines show the 95% confidence interval for the raw estimates. We
cluster standard errors by household to allow shocks to be correlated over time. The life-cycle
patterns obtained under the raw measure are essentially identical to the ones obtained after

controlling for year fixed-effects and demographic variables.

B.3 Life-cycle profiles and average business returns

We have seen that an entrepreneur’s business exposure, or the fraction of financial wealth
invested in the business, varies substantially over the life cycle. We consider next the effect of
average return on the business on risk-taking and savings decisions.

Table 3 shows regressions of business exposure and the consumption-wealth ratio on a set

of age dummies and the average return on the business. We also consider specifications where
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Figure B.1: Life-cycle profiles: raw vs. fixed effects
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we control for year fixed effects and demographic controls. Standard-errors are clustered at
the household level as before. The table shows that the age effects are strongly significant and
account for a large fraction of the variation in both risk-taking and savings decisions, with the
regression R? ranging from 60% to 70%.

The effect of the average return on risk-taking is positive and significant. Note that adding
the average return on the business affects only marginally the regression R?. This is consistent
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with the approach in the model where cross-sectional differences are generated by variables
with a strong life-cycle component instead of differences in expected returns.

The effect of the expected return on the consumption-wealth ratio is positive and strongly
significant in the case with year fixed effects and demographic controls and marginally in-
significant in the other cases. The positive effect is consistent with the income effect dominat-
ing the substitution effect in the savings decision, in line with the calibrated model.

C Derivations

C.1 The Optimal Contract

In this appendix, we consider the contracting problem in more detail. In particular, we show
that the market structure assumed in Section 3, where entrepreneurs have access to a riskless
bond and both aggregate and idiosyncratic insurance, corresponds to a specific implemen-
tation of the optimal contract allocation. The derivation follows closely the work of Di Tella

(2017) and it is provided for completeness.

C.1.1 Moral hazard

We assume that the aggregate productivity shock Z; and the individual cumulative return R; ;
are publicly observable, but the idiosyncratic investment shock Z; ; is privately observed by
entrepreneur i. Moreover, the entrepreneur may secretly divert capital at rate ¢;;. The return
on the business is then given by

Yir — wtli,t - li,tki,t

q tki,t

+ % +ua+ D) —0—gip| dt + 0adZs + 0ydZ;iy.  (C.1)
t

dRi; =

Because Z; ; and g; ; are not publicly observable, a principal contracting with the entrepreneur
cannot determine whether a low return is the result of a negative investment shock or positive
stealing. The optimal contract ensures that it is incentive-compatible for the entrepreneur to
choose g;; = O atall times.3* Note that the expected return coincides with the one in condition
(5) in the case of no stealing.

Diverted capital can be sold in the market, but a fraction 1 — ¢ is lost in the process. The
proceedings of the sale is invested in a hidden account, which is remunerated at the risk-free

rate r;. The entrepreneur’s hidden savings S; ; evolve as follows:

dSi,t = rtSi,tdt + (Pqtki,tgi,tdt- (CZ)

34This is typical of cash-flow diversion models, see e.g. DeMarzo and Sannikov (2006) and DeMarzo and
Fishman (2007).
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C.1.2 The optimal contract problem

Consumption, investment, and factor demands are contractible. A contract between a prin-
cipal and an entrepreneur is then given by (¢;, 4;, k;, I;, F;), where all variables are adapted to
the filtration generated by (Z, R;), and F; ; denotes the transfer to the principal. Entrepreneurs
cannot commit to long term contracts. At any point in time, an entrepreneur can settle her
promises with the principal, transfer the funds from the hidden account to her bank account,
and offer a new contract to the principal. Therefore, contracts are effectively short-term and
the contract can be redefined at every period.

The continuation value to the principal is given by
si+T
i 7-[2 -
—F; .d .
T z] : 3

where the expectation is taken under no stealing, ¢; = 0, and 71; corresponds to the principal’s

Jit = Eq

SDF, which evolves according to dri; = —rimdt — p?g mdZ, given the processes for r; and
ag 35
Py -

To compute the law of motion of fi,t, let G; ; denote a martingale defined as follows

t . si+T .
Gi,t = / ﬂzdFi,z + IE; / 7'[2(11:1‘,2 , (C4)
S t

where G;;, = Eg,;[G;;]. By the martingale representation theorem, there exists ‘TCZ;,-,t and Ugi,t
such that
ﬂtﬁi,tdt -+ d(ntji,t) = ﬂtU(Z;i’tdZt + ntagi,t (dRi,t — ]Et[dRi,t])- (C5)

Applying Ito’s lemma on 7 ]; ; and combining with the expression above, we obtain
Afip = |refip + Py (of  + 07 40a) — F,-,t} dt + o7 dZ; + 0 ((dR;y — By [dR; 4]), (C.6)

where of, = 0 , + p{*Jiyand o, = 0§ . )

The financial wealth of entrepreneur i is defined as 7;; = b;; + §ik;; — Ji 1, which corre-
sponds to the sum of holdings of the risk-free asset b; ; and the value of the business §;k; ;, net
of the promised payments to the principal J; ;. The law of motion of financial wealth is given

5When contracting with a wage earner, the relevant SDF is 7r; = e‘Pwt5;t7. In a stationary equilibrium, con-

2
sumption follows the process d¢;; = paCjdt + c4¢jdZs, thendmy = — |pw + ypa — (v + 1)‘75‘] dt — yoadZy,

where the drift corresponds to the interest rate r; and the diffusion term corresponds to the the price of aggregate
risk p;%.

73



by
dfi;p = [rtl;i,t + @il — Fip— 51‘,4 dt + Gik; 1 dR; y — d]J; . (C.7)

Combining (C.6) and (C.7), and assuming ¢; ; = 0, we obtain

) o ) o ) ) gid
anj; = [ft(ﬂi,t — gkig) + Geki iy — piS (07 o+ 074104) + Wil — G + <—£7tki,t + Pgiki s + (%) gi,t] dt

id

+ (ﬁtki,tUA — <Uf,t + Uﬁ,ﬂA)) dZi + <l7tki,t(7id - Uﬁ,t‘%’d) dZ;y. (C.8)

By imposing ¢;; = 0 and defining éff = Uf’t + (Tﬁ 104 and @fﬁ = 0']1?, /0iq, we obtain the law
of motion of financial wealth presented in Section 3. Note that the transfers to the principal
F; ; only affect the law of motion of #i; ; through the diffusion terms of the principal’s continu-
6% élldt) instead of F; ;.3 The

ation value J;. Therefore, we can write the contract in terms of (6;,

entrepreneur’s problem can then be written as

1—v
~ C.
pVi = max "R, [dVi], (C.9)

&,07% 0 ki i LY

subject to the law of motion of financial wealth, 7; ; > —fzi,t, and the incentive-compatibility
(IC) constraint

Git=>0

1y
C.
0 € arg max { 1Z’t 5 + E; [th]} . (C.10)

Applying Ito’s lemma to the value function, we can write the IC constraint as follows

) 3 6 i 3
— Gtk + piiki s + U—; < 0= 69 < (1—¢)gikis0i4, (C.11)
1
where we used the fact that V}, ; is positive.
Therefore, the optimal contract problem, where entrepreneurs choose transfers to a princi-
pal, is equivalent to problem (9), where entrepreneurs have access to aggregate and idiosyn-
cratic insurance subject to the skin-in-the-game constraint (7).

C.2 Numerical solution of the KFE

We compute the solution of the KFE using a finite-difference scheme. We consider first the
case of a stationary equilibrium and then discuss the solution in the case of a time-dependent
KFE.

36This reformulation also avoids the issue that the path of transfers F;; is not uniquely determined, as an
entrepreneur can, for instance, borrow from the principal and invest in the risk-free asset without affecting her
utility.
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C.2.1 Stationary KFE.

Consider the case of a stationary solution to the KFE. We solve the PDE (26) using a finite-
differences method. As in the proof of Lemma 2, we assume that n takes values in the grid
{ny,ny,...,nr} and age a takes values in the grid {ay,ay,...,ax}, witha; = 0and ag = T. We
adopt the following (upwind) difference scheme for 1 < i < Iand k < K

fl k1 fz k ( fq,k)—s—fz’,k _ (‘M;—Lk)-q-fi—l,k B (y;—&-l,k)—fi-i—l,k _ (‘ufq’k)_fi’k
Aa An An
i+1\2 gi+1,k _92 1\2 ¢ik i—1\2 gi—1,k
(O-Tl ) f (gnA)nzf + (Un ) f , (C12)

_|_

where fi* = f(n;, ap), w'¥ = p,(n, ak), ol = o, (n'), (x)* = max{x,0},and (x)~ = min{x, 0}.
Rearranging the expression above and collecting terms, we obtain

kL ik pio Lk ik gik gLk gLk (C.13)
where

; LAa (0))? Aa e Na (01)? Aa ; i Aa o Aa

k k k k k 2
ik = (i)t An+ ; A2’ ”;——(VZ) E+ ; A2’ gt =1~ |P‘Z|E+(Uﬁ)m .

The above scheme converges if, for all (i, k), the following variant of the Courant-Friedrichs-

Lewy (CFL) condition holds
iy2 B0 Aa

ik
A — <1. C.14
We adopt a reflecting boundary at 71 and n;
k k
fl,k+1 — (71.511, 4 nsl,k)fl,k + 7-[51 f2rk (C15)
fI,k—|—1 — ﬂi’kfl_l’k (7.[ + 7.(1 k)fI k (C16)
In matrix form, we can write
L A e e AU (C.17)
N—— J/
explicit method 1mphcit method
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where

ek 2R 0 o 0 0 0
n},k ngk ns’k 0 0 0 0
0 el A 0 0 0
It = ; e : : . (C.18)
0 0 0 0 - m oAtk 0
0 0 0 0 - moatht Ak
0 0 0 0 -~ 0 g7V glky gLk

Notice that (ITF)’ is a stochastic matrix, so we can interpret the coefficients as probabilities.
It remains to specify the boundary condition in the age dimension. An entrepreneur with age
T and financial wealth 7 leaves as bequest e~87# for each children. The quantity e~87n may
not be in the grid, so we linearly interpolate between the points in the grid. For any point n;
in the grid, there exists coefficients (7, b;) such that

e_ng,- =ny +bAn=(1—"b;)ny + binjy,q, (C.19)

where 0 < b; < 1.

We can interpret b; as the probability of receiving a bequest of size ny,1 and 1 — b; as
the probability of receiving a bequest of size n;y. The boundary condition can be written as
follows:

f(i’li/, 0) = (1 — bi)f(i’li, T), f(ni’—i—lr 0) = bl-f(nl-, T) (CZO)
Collecting the coefficients in a matrix B, we obtain the following condition in matrix form
f!=Bfk (C21)

Combining the expressions above with the difference scheme for the f, we obtain

fR=TIBfX «— [1-TIB]fX =0, (C.22)

where
MM=I1' xI1? x ... 1K (C.23)

Since B’ and (IT¥)’ are stochastic matrices, we have that B'(TT)" is also a stochastic matrix.
Hence, the matrix has a unit eigenvalue, and a solution to the system of equations above

exists.
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C.2.2 Time-dependent KFE.

The discretized time-dependent KFE can be written as

ik Dt ik ik ek | ik ik | itk i1k
tH1 = ALt 0 T TS Ty (C.24)

forl<i<Iland1 < k < K, where

i \2
ik _ ik Ot (‘7;1,1%) At
T = (M) AT Ty A2 (C.25)
' e D (0 )7 At
llk J— ,k — 1’l,t
gy = — () An + o AR (C.26)
; At AANVAY - At
ko k 2
oy =1— = (Wﬁu A T ) A—nz) : (C.27)

Note that the difference equation above corresponds to the implicit scheme for the station-
ary KFE if ¥ "X The boundary conditions are given by

t+1 —
il i K ' 1+1,K
v = (=) fipy +bife (C.28)
1k A g Lk | Lk Lk | 2k 2k
ft—|—1 = A_El t + (nd,t + ﬂs,t) t + nd,t b (C.29)
Ik At e I—1k [I—1k Lk | _Lky cLk
ft—|—1 = A_El t + TCy t t + (ﬂs,t + nu,t) to (C-SO)
k — 1,k Z,k I,k / _ 2! 3/ I’/ . .
Let ff = 1[f," fi", ... f;7 | and fy = [ff,f{,..., f; |'. The recursion for f; can be written
as ) ) ) o }
A
fta I 0 -~ 0 Bl ff
A
fi S I -~ 0 0 || f
: = : s : : : (C.31)
K—1 K—1 K—1
t+1 0 0 .- Ht 0 t
5] L0 0 e Rih I fR

In matrix form, we can write the recursion for both the explicit scheme above and an
implicit scheme:
fi+1 = Atft, fro1 = 21 — A" e (C.32)

C.3 Equilibrium prices and capital stock in a stationary equilibrium

We derive next the equilibrium prices and the capital stock in a stationary equilibrium.
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C.3.1 Price of aggregate insurance, interest rate, and the relative price of capital
Price of aggregate insurance. The demand for aggregate insurance for wage earners is given by

a pag
9]5 = hj,tUA — (Tl]"t —+ hj’t)Tl (C33)
which is analogous to the expression for entrepreneurs (21).

Combining the demand for aggregate insurance for entrepreneurs and wage earners with

the corresponding market clearing condition, we obtain

ag ag
/ {(qki,t +hi)oa — (nis + hi,t)p—] di +/ [hj,tUA —(njs + hj,t)p— di=0. (C34)
& v W v

Rearranging the expression above, we can solve for the price of aggregate insurance p”¢

s = e Gt Bddit by oy (C.35)
Je, (i + Ry )di+ [, (njp+ hy)dj -7 Ar '

using the fact that | &, n; ¢ di + th njdj = f g gk; ;di. Notice that this result does not rely on the
assumption of a stationary equilibrium.

Interest rate. The financial wealth of wage earners evolve according to
ditj; = [(r + o3+ Wl — 5j,t] dt + i 0 adZs. (C.36)

using the fact that the demand for aggregate insurance is given by 6;; = —n;,04 in equilib-
rium.
Combining the expression above with the law of motion for human wealth, we obtain the

law of motion of total wealth:

Cj,t
i+ hj

A@; 4

r o — dt + oadZ;. (C.37)

Wi ¢

In a stationary equilibrium, wage earners’ scaled total wealth, Wwjt = Wj; / A, is constant.

Therefore, the drift of w;; must be zero. We can compute the drift of w;; using Ito’s lemma:

dwiy _ day dA; (dAt)z _ dA G (C.38)
Wiy @ir A Ay Ap @iy
—rqd - 9y (C.39)
i+ hip
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The interest rate must then satisfy the condition

1 1 o
rER— | Pt (1 - ;) (7 + ‘ryzA)] —Ha=0, (C.40)
using the fact that the consumption-wealth is given by
— = —pp+ (1 —— | ([ 1+, C41
methy A Y 27 (4D

which is a special case of (22), as we set pi¥ =0and T — 0.

Rearranging expression (C.40), we obtain

2
(%
r=potana—v(r+1)5 (C42)

Relative price of capital. Plugging the expression for ®’(1) into the first-order condition for ¢ in
equation (12), we obtain

1 2 _ @2
=1 0,

1
JOE 20 1 201

In a stationary equilibrium, the capital-labor ratio is constant. Thus, capital grows at the

(C.43)

population rate g, which gives us the condition

O(1)—d=9g=>q= o+ DP1(g+9), (C.44)

where we used the fact that ®(1) = q:;o, obtained by plugging the expression for ¢ into the

functional form for ®(1).

C.3.2 Entrepreneurs”’ human and total wealth

The value of human wealth for an entrepreneur with age a is given by

T— L
h(a) = / ’ ei(r+pagUA7ﬂA)Z Z rle¢l(z+a)dzw76
0 =1
_ (1 _ “)Kucje i ]"leqvla 1 — e~ (r+p8oa—pa—g)(T—a) ' (C.45)
=1 "+ pioa —pa — ¢
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Average human wealth for entrepreneurs is given by

T —ga L (p1—8)a1 _ p—(r+p8oa—pa—¢1)(T—a)
he:/ 8¢ ger il —e S (C.46)
0

< —h(a)da=(1-wa)K*,Y T
T earn@dn = A=K ) T e

Expressing condition (23) in levels, and after some rearrangement, we obtain entrepreneur’s

total wealth by age
W2 LW N pTa pe T
w(a) = w(O)e( ! ! ) T g (C.47)
where w(0) is given by
w(0) = g (piz)gO) : (C.48)
W W e yf—7)T
1_e(r+ 7 + 7 g—HA r) %
Average total wealth for entrepreneurs is given by
T —ga T #1a _ —T ,pa
. ge . e e e
we= [ 15 el = w00 /0 e, (C.49)

where 7, = r + y02 @2 —o—7andHh =7 +7
1= yo5 + > pa—g—rand fp =71 +7.

C.3.3 Capital stock and idiosyncratic risk premium

Rearranging the expression for the shadow price of idiosyncratic risk (20), and using the def-
inition of expected returns (13), we obtain the MPK schedule, as discussed in Section 5:

aKe—1 — ((q)

r+ p*oa+ pUeoy = +pa+®((q)) — 6. (C.50)

where r, p*¢, and g are functions of parameters, as derived above.

Integrating condition (19) across all entrepreneurs, we obtain

id qK
= y¢0; , C.51

Pr= 90 (C.5D)
where . is the fraction of entrepreneurs in the population.
Note that w is a function of p'@ and K. Plugging the expression for (C.49) into the equa-
tion above, we obtain p'® implicitly as a function of K. This relationship between p'® and K

corresponds to the pricing schedule discussed in Section 5. Therefore, we obtain the equilib-
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rium capital stock and equilibrium price of idiosyncratic risk by finding the pair (K, p™¥) that
simultaneously satisfies the MPK schedule and the pricing schedule.

D Transitional dynamics

In this section, we describe the computation of the transitional dynamics. We focus on the case
where the interest rate is fixed during the transition. This simplifies the numerical solution
while allow us to focus on the response of the idiosyncratic risk premium. To ensure that that
the interest rate is constant, we assume that wage earners have Epstein-Zin preferences and
take the limit as the elasticity of intertemporal substitution goes to infinity, that is, workers

have linear intertemporal preferences.”

D.1 Wage earners with Epstein-Zin preferences

Wage earners have the continuous-time analog of Epstein-Zin preferences with EIS ¢, and
risk aversion <y. The wage earner’s problem is given by

a ~ug

V{(#j) = max E; [/ fuw(Cjz Vz)dz} (D.1)

subject to 7i;; > fzj,t, where Ej,t denotes wage earner j's human wealth, non-negativity con-

straint it 2 0, and the law of motion of financial wealth 7
dﬁj,t = [ﬁj,trt — p?gé;f + Zf)thlt - Ej,t dt — é}zdet,
where f,,(¢, V) is the aggregator given by
» 1-yy!
1-mV ¢
—1 -
1= (A=p)V)

fw(E, V) = pw —15. (D.2)

It is convenient to work with the scaled value function V;(n), which satisfies the condition
V(i) = A1 Ty ( ) where V/“(-) is independent of A;. The HJB equation in terms of the

37This assumption is meant to capture, in a extreme form, the essence of the macro-finance literature which
assumes a high EIS (see e.g. Bansal and Yaron 2004 and Barro 2009). In these models, the high EIS dampens
movements in interest rates, so risk premia accounts for most of the variation in discount rates.
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scaled value function is given by

1=yt
1— )V 1— ) Ve .
5 L) max (=) (((1 ‘ 1 ) + Vi + V) |fn+ (yoa — p®)0% +wl —c
-

oyt e oy V)
1
+ 5 Vi (6% + noa)?. (D.3)
h A fr _ 1_ -1 _ﬁ d" e 2 _
where g = pw — (1 — 95,7 ) (Ha 54 ) and 7y = 1 + 05 — Ha-

Policy functions. The first-order conditions for this problem are given by

o _ yw
pw (L =7)VY) = ovat = Vi, you — P8 = —ﬁ (08 +noy) . (D.4)
n

We will guess and verify that the scaled value function takes the form

1—y
Qg \ 7 (nje + )7
Vi(njs) = (— , (D.5)
p%w 1— %

where {y+ and h;; are potentially time-varying, but they are non-stochastic.

Using the expression for the value function above, we obtain the policy functions:

. ag

C t

—n.t _]i_ h.t — gw,i’/ Gjaf = UAhj,t — _pf; '(nj,t —+ hj,t)' (D6)
]/ ]/

Inserting the policy functions derived above back into the HJB equation, we obtain

Pw Yo 1wt
= + —— + T D.7
1_ lpil 1_ 11%1 gw,t 1_ ww gw,t t ( )

Rearranging the expression above for the case of a stationary equilibrium, so 4 wt =0, we
obtain the consumption-wealth ratio:

2
Y04

gw,t = PYppw + (1 - lljw) (7’ + T) ’ (D.8)

which coincides with the expression for the consumption-wealth ratio for wage earners given

in (C.41) in the special case of CRRA preferences, i.e. ¢, L=,

Price of aggregate risk and interest rate. The demand for aggregate insurance derived

above coincides with the expression for aggregate insurance in the CRRA case (see Equation
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C.33). Therefore, the same argument used in Section C.3 to solve for the price of aggregate
risk can be applied in the case with Epstein-Zin preferences in a non-stationary setting. This
implies that the price of aggregate risk is constant and given by p}® = 704 during the transi-
tional dynamics.

We consider next the behavior of the interest rate. A derivation analogous to the one in
Section C.3 shows that the interest rate in a stationary equilibrium is given by

2
r=puttu'ia— (1) 24, (D.9)

which coincides with (30) when 9,1 = 7.

Taking the limit of (D.7) as ¢, — oo, we obtain r; in the case of a non-stationary equilib-

rium: ) )
o o
VA —pp=n=po— T4 (D.10)

Therefore, the interest rate is constant when wage earners have linear intertemporal pref-

e+ Y05 — Ha = Pw +

erences. Moreover, the expression above coincides with the one for the interest rate in the
stationary equilibrium (D.9) when specialized to ;! = 0.

D.2 Computation of the transition dynamics

Let #; = log 3! for any variable x;, where variables without a time subscript indicates the
value in the new stationary equilibrium. The system of differential equations can then be
written as

7

P = cI%(e% —1) (D.11)

x K [ 6iki—a ; aK el DR y(gelty  aK* 1 —i(q)
i = ,),(on-%jL (eth+1<t Wep 1) _ %(6% _ 1) _ q i q

l XeWe 1 qe% q
(D.12)

afzt(a) - aﬁt(ﬂ) K[q(“) aRi—hi(a) _

o) e (1—a) o (e K 1) (D.13)
Bl 9 K\ (ke s

wat:a) _ aga(a) (g0 XqTJ > (ezmtw,fwe,f) _1> —Z(a) (em) _1) (D.14)
3¢ of . 1) K \?2 o

ggiﬂ) _ Catia) +2(a) (egf(”) 1) = (y-1) (4";‘1) ()Zw) <82("IH‘K;& @e) _ 1) , (D.15)



Linearizing the system above, we obtain

R = o (D.16)

4r = 1’0y Xqi (¢ + Ke — @ep) + “Kmlq_ Wi v 1 - a)"‘K; & (D.17)

aﬁéga) - —afgi“) Q1 —a)K;(Tx) (tht fu(a )) (D.18)

) 3D g o (A (14 R )~ i D19

D B e - o () @ k-oa), 020

e Dor = / L w@f@) o da (D21)
0 We

We now discretize the system using a finite-differences method. The time variable t and
age a will take values in the equally spaced grid {f,t,...,tx} and {ay,a2,...,ax}, respec-
tively. We adopt the following notation: ¥ = ¢;, (a;) denotes the consumption-wealth ratio
at time ¢, and age a;, and an analogous notation holds for the remaining variables. The time
and age steps are denoted by At = t, ;1 —t, and Aa = a1 — a;. The discretized version of

the ODEs are given by
Ry1—K .
n+1At no_ q.%q” (D.22)
~ oA . A asz—l — A Ktx—l R
st = _ szf?dq (3o + R — o) + T(‘i)qnﬂu SO VNGRS

Discretizing the PDEs, we obtain at the interior points

sy — I bt — ik K“Z
@ —@f @k — k! KZA .
% = 4 29 (poia) (Z}—e) (Gn + K — @en) — T8 (D.25)
Crn =i _ O -8 KN* o e
S B0 g - e (D) (et K- dn), (D20
where, using the Trapezoidal rule, @, , is given by
n K o flapw(a ~1f(a R ag)w(a
o = | f @900 | gy floolan) | pf@otan)] ,
k=2 e e e
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It remains to specify the boundary conditions. We have initial conditions for state variables
and terminal conditions for jump variables. For the first two equations, we have that capital
starts at the old steady state and the relative price of capital converges to the new one.

. — Jo*. i 4. —
kp=k5  lim 4, =0, (D.28)
where k* is the log-deviation of the capital stock at the old steady state relative to the new

one.

The boundary conditions associated with ;(a) and /1;(a) are the following

=0 lim {f=0,vk (D.29)
K _ n. : tk _
hy =0;  lim Ji = 0,Vk. (D.30)

The consumption-wealth ratio and human wealth are forward-looking variables, so they
have terminal conditions instead of initial conditions. Notice that h;(T) = 0, while {;(T) is
determined by the bequest motive, so deviations from the new steady state are equal to zero.
We then only need to solve for the vectors {,, = [5,11, 2., A,If’l} and f1,, = [fz}q, 2,..., fzﬁ’l] ,
since the value at the final age is pinned down by the boundary condition.

The boundary condition for total wealth is given by
g fRoK o n

@p = T n + Eh}l. (D.31)

~k Ak,
Wy =@y

Note that the value of @}, is pinned down by the boundary condition, given &X and i},. In
this case, we have to solve for @, = [@2,...,®X]’, a K — 1-dimensional vector. The determi-
nation of d)'lc* will be discussed below.

Given the boundary conditions we can assemble the system in matrix form. First, we can

write the difference equations for the state variables in matrix form

R
N w
Kovi| _ | 1 Okq gt Okp Oy q” D32)
A n 4 N
Wn+1 aplk-1 Aww wlxk-1 Awn  Awg P

n

[ &n ]

2
where a, = 2v(¢0iy)? (XZI;J At, and Aww, Apn, and A, are K — 1 x K — 1 matrices given
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2,2 3,,3 K-1, ,K—-1 K K, K
1-— awfw—“;Aa ﬁ—é —lw fw“e) Aa —uwf w‘: a —awf—w‘j + 1}121 %
3 K-1,,K— K, K
—aw%Aa + % 1-—- awﬁw—‘:Aa — % —aa,f ;‘: "Aa —awf “; Aa
Aww = . . ,
—awfi}fz Aa —ay fz}‘*f Aa 1—ay fK?;zK : a— % —awawK Aa
_ K
L —aw%Aa —aw%Aa —awa ;‘Z 1Aa+% 1—awfw‘: Aa—% ]
(D.33)
lhl 1 T _
—au 5 A+ AL 0 0 0 —2At 0 0
17,1
—awhi a0 0 0 0 -t 0
Apn = : : ol Awg = : : : - (D.34)
—a,hAa 0 - 0 0 0 0 0 0 gk 1At
| —abtaa 0 - 0 0 o 0 0 - 0 |
The difference equations for the jump variables can be written as
%,
A — N
In+1 AqK Aqu Aqq Aqh 0%_1 Wn
hpv1| = | Ak Ok—1k-1 Ok—1 Awp Ok—1x-1| |4n |- (D.395)
Cn+1 aglg_1 —aglx@' aglx_y Ag,  Ag hy
[ Cn
where
K a—1 gK - fzwz f3w3 waK /
Ak = |1¢202 -1 4 a(1— A, Agy = —¢Pc3 At = L, Aa,
x [’Y(P Uld?(ewe + ‘X( DC) ] 1 19" We «“ We We We ?
(D.36)
K aK* 1 —y(g) gk . fin!
Ag =1+ [yp2c3 1= 4 ] At, Ay = —v¢*o AtL—Aae) 4, D.37
M {74’ id 5 e qh TP 0ia oion o0, BICLK (D.37)
I(a') — 1(a®1) 2 (49K )2
Ay = —(1— K* PR At, = —(vy—1)(¢o; At, D.38
hK ( D‘)‘X h(&ll) h(ﬂK_l) ag (,Y )(‘P Zd) XeWe ( )
lhl ,
Agh = —ﬂggAﬂlK_1e1’K71 (D39)
e
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- T 1 -
L+withar+ 4 —4t 0 - 0 0
T(q2
0 1+w}f(“a2>)m+g AL 0 0
Apn = ' :
(a2 At At
0 0 0o .- 1+w%m+ﬂ A
I 0 0 0o .- 0 1 +w;l((‘;K_1))At+ A
(D.40)
(14 {1at+ &L — A 0o - 0 0 ]
0 1+ A4+ 8L -4 ... 0 0
Agg = : (D.41)
PK— A A
0 0 0 e 14 éK 2Af 4 ATi A _Ei
I 0 0 0o - 0 1+ K1At 4 &t
Let x, = [K,, @) denote the vector of predetermined variables, y, = [4,,{’, /)" the

vector of jump variables, and z,, = [x/,v’]’ a vector containing the state and jump variables.
jump nrYn g jump

We can then write the system in matrix form
Zp+1 = Azy, (D.42)

for a matrix of coefficients A.
Provided the Blanchard and Kahn (1980) conditions are satisfied, there exists a unique pair
of matrices (P, H) such that
Xpt1 = Pxy; Yn = Hxy. (D.43)

The initial value of entrepreneurs’ total wealth by age is given by

N

wo(a) = w*(a) + (g0 —q")k*(a) + ho(a) — h*(a)/, (D.44)

revaluation effect

where w*(a) and h*(a) denote total wealth and human wealth at the initial steady state, re-
spectively, and k*(a) denotes the amount of capital held by entrepreneurs of age 4 in the old
steady state, which is given by k*(a) = %(JZ)K*

Log-linearizing the expression above around the new steady state, we obtain

h(a) -

A Ak qK A Ak 7 %
— I (40 — — ) D.4
Gola) =@ (@) + T2 - 4%+ D5 (hola) — @) (D.45)
We can write the initial condition for x; as follows
X1 =x*+G(y1 —y*) = x; = [ - GH] ' (x* — Gy*), (D.46)
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where x* = [k*, (&*), y* = [4%, (i*)', ({*)'), and G is a K x 2K — 1 matrix given by

0 0, Ok

G: K
Tl Gen Og-1k-1

, (D.47)

where G, has entries (k, k + 1) equal to Z(L“)) fork=1,...,K—1, and zero otherwise.

(Ax41

E Extensions

E.1 Heterogeneous productivity and limited pledgeability

In this subsection, we extend the basic environment in three dimensions: i) heterogeneous
productivity, ii) heterogeneous idiosyncratic volatility, and iii) limited pleadgeability of phys-

ical assets. We focus on the case of a stationary equilibrium.

E.1.1 Heterogeneous productivity and volatility

Entrepreneurs draw at birth an idiosyncratic productivity B; which is fixed for the entrepreneur’s
lifetime, it has mean one in the cross-section [E;[B;] = 1, and the draw is independent of the
previous generation productivity. We also allow entrepreneurs to have different levels of id-

iosyncratic volatility 0; ;5. The production technology for entrepreneur i is given by
it = AtBik;ftll.{;“. (E.1)

As before, labor is chosen to maximize returns, so the labor demand is given by

w= (1—ua)B; (Iﬁ)a (E.2)

it
Expected return for entrepreneur i is given by

(1-a)

wB? (1) © —u(g)
i = [ >q T ua+@((g)) 8. (E3)

In contrast to the baseline model, expected returns on the business varies across entrepreneurs,

as it depends on the idiosyncratic productivity level B;.
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E.1.2 Limited pleadgeability and business exposure

Let b;; = n;; — qik; denote the amount of safe assets held by entrepreneur i. The natural

borrowing limit can be written as
—biy < hiy+qkis (E4)

This allows the entrepreneur to borrow freely against physical assets or human wealth.
Let’s now assume that there is limited pledgeability of physical assets, that is, entrepreneurs
can only borrow a fraction of 1 — A~! of the value of physical assets, a form of collateral
constraint:

= big > hip+ (1= A7)gkis = qkie < Awiy, (E.5)

where A > 1. Hence, the entrepreneur faces a portfolio problem subject to leverage con-
straints. Given that the leverage constraint is linear in total wealth, we are able to obtain a
closed-form solution for the portfolio problem with leverage constraints.*® The HJB for an

entrepreneur can be written as

1_
P max _@?(ﬂ) ( it ) ! - ! <8§t(a) + agt(a)) + 1+ _thi,t (VR —1¢)
L= Gokhpneed | 1—7 \wis 1—78(a) \ ot da wip
ag na8 ag \ 2 id \ 2
POy hiv  ag cir v | [ qikip+ By 0 qgiki ¢ 0’
o T o e e, e, T :
1,t 1t 1t 1,t 1t 1,t it

subject to leverage and insurance constraints: g;k; ; < Aw;; and Oﬁ < (1 — ¢)qiki1oi ia-

The optimal capital demand is given by

gkie Pl (1 +ﬁ) (E.6)
iy YPOiid niy)’

’

where the price of idiosyncratic risk p? is given by

) . R_4_ 8oy
pi’ = min { f o0, .: LYY iah o -
i

The price of idiosyncratic risk is now heterogeneous across entrepreneurs. In particular,
the price of risk, and ultimately the demand for capital, is larger for entrepreneurs with higher
expected return or smaller idiosyncratic risk. For entrepreneurs with more profitable or less

risky projects, the leverage constraint may be binding. In this case, the price of idiosyncratic

38 A similar result on the optimal portfolio share with leverage constraints can be found for investors without
labor income in, for instance, Grossman and Vila (1992) and Detemple and Murthy (1997).
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risk is given pid = y¢0; isA, which implies that g:k;; = Aw;; when pid is inserted in Equation
(E.6). Note that, in the absence of (ex-ante) heterogeneity, we would have that either all en-
trepreneurs would be constrained or all entrepreneurs would be unconstrained at all periods,
regardless of their financial wealth.

To aggregate Equation (E.6) across types, it is convenient to first take logs, average for a
a; = a))
and w(a) = exp (E;[log(n;; + h;;)|a; = a]) as the relevant cross-sectional average of capital

given age group, and then convert the expression back to levels. Define k(a) = exp (IE;[logk; ;

and total wealth conditional on age. The aggregate exposure to the business for entrepreneurs
of age a is then given by

ha)
gk(a) _ 1+ @ p* E£7)
n(a) Y $oia’
where n(a) = w(a) — h(a) and
0ig = exp (E;[logo; i4]), pid = exp <]Ei[log pfd]> . (E.8)

Therefore, we obtain the same expression for the business exposure after aggregation as
in the baseline model, showing that our results extend to the case with limited pledgeability
and heterogeneity in productivity and risk. An analogous derivation shows that our results
for the consumption-wealth ratio extend to this case as well.

E.2 Uninsurable labor income risk and borrowing constraints

In this subsection, we introduce uninsurable labor income risk into the entrepreneur’s prob-
lem. This will enable us to study the implications of both insurance and borrowing constraints
on entrepreneurial behavior. In particular, our focus is on how the inability to borrow against

future income affects the entrepreneur’s risk-taking decision.

E.2.1 The entrepreneurs’ problem with labor income risk

Entrepreneurs receive labor income /;;. With Poisson intensity A, entrepreneurs suffer a
"disability" shock that reduces their labor income by a factor 1 — ¢, that is, labor income is
given by I;; = I(a;) in the no-disability state and I;; = (1 — &;)I(a;) in the disability state. The
disability shock happens only once in the entrepreneurs’ lifetime and it is permanent. When
either A; = 0 or {; = 0, we recover the model with no labor income risk discussed in Section
3.

We assume that households are subject to a natural borrowing limit, given by ;; >
—(1—¢&g)h; ¥ As discussed in Aiyagari (1994), the natural borrowing limit under incom-

¥Kaplan and Violante (2010) argue that the standard incomplete markets model with a natural borrowing
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plete markets corresponds to the worst-case scenario of the realization of idiosyncratic shocks,
which in our setting corresponds to the disability shock happening immediately. Therefore,
under the natural borrowing limit, entrepreneurs can borrow at most a fraction 1 — ¢; of the
human wealth /; ;. Note that, even for an arbitrarily small value of A, the borrowing limit is
tighter in the presence of uninsurable income risk. In this case, the parameter {; effectively
controls the pledgeability of human wealth.

The entrepreneur’s problem in the no-disability state is given by

~1—7

i Ciz oTyvrd
/t e P ——dz+e P dX/t+Td(ni,t+Td,ai+Td) , (E.9)

‘/t(ﬁi/ ai) = max ]Et 1— 0%

~ 798 Ai
8,078 01 i 11

subject to non-negativity constraints c; s, k;; > 0, the law of motion of i; ;
ditjy = {ﬁi,ﬂ’ + ik (s — 1) — PO + @il — Ei,t} dt + (57tki,tUA - éff) dZ; + (qtki,ta'id - éﬂ) dZit,
and insurance and borrowing constraints

014 < (1 — §)gikiz0ia, fie > —(1=Ca)hig, (E.10)
where fli,t = E; [ ftHT_”i Z—fwzfidz} , T; is the minimum of the (random) arrival time of a Pois-
son process with intensity A; > 0 and the entrepreneur’s life horizon T —a;. f T; < T — a;,
then V%(ii;,a;) corresponds to the value function in the disability state. As there is no labor
income risk in the disability state, this is equal to the value function derived in Section 3. The

value function evaluated at a; = T, V{(i;, T), is given by the bequest function.

E.2.2 The stationary problem

It is convenient to adopt a change of variables and to detrend the problem. First, we fol-
low Aiyagari (1994) and define total (pledgeable) wealth @;; = i;; + (1 — ‘:d)fli,t- This cor-
responds to the total amount of funds available to an entrepreneur, that is, the sum of the
financial wealth and the borrowing limit. In the special case where {; = 0, we recover the
definition of total wealth given in Section 3. With a slight abuse of notation, we denote the
entrepreneur’s value function as Vi(@;;,a; ;) = V(@;4, a;4; At). Therefore, the entrepreneur’s
problem depends on the level of aggregate productivity. The next lemma shows that, despite
the presence of uninsurable labor income risk and aggregate shocks, it is possible to detrend

the problem and to define a stationary equilibrium in a way analogous to Lemma 1.

Lemma 3. Suppose the economy is in a stationary equilibrium. Then,

limit better captures the degree of partial insurance observed in the data than versions of the model with tighter
borrowing limits.
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i. Scaled variables are independent of aggregate productivity, that is, the scaled value function

5 gid g8
V(we, ar) = W and the scaled policy functions c;y = 3, 0 = Tf and 07§ = - do
t

not depend on Ay.

ii. The optimal value of I;; and 1;; are given by (11) and (12), respectively. The insurance con-
straint is binding and the shadow price of idiosyncratic insurance is given by (20). The price
of aggregate insurance is given by (29) and the demand for agqregate insurance is given by

ag = (qkit —nit) oa.

iii. The scaled value function satisfies the H]B equation

T—y
1
PV = max + Va4V, [rwlt+p (Tlt—i—c:,‘dwtl t—clt] + =V (0} ) + Ay (V —V),
c,,al“f - 2
(E.11)
2
wherea t = qkipoig, p=p— (1 — )(,uA— A) and # = r + y05 — pa.
Proof. See Appendix A.6. O

In the first part of Lemma 3, we show that scaled variables are independent of aggregate
productivity. This implies that a stationary distribution of scaled wealth exists and there is
no need to approximate the aggregate wealth distribution by a finite number of moments as
in Krusell and Smith (1998), despite the presence of aggregate risk and incomplete markets.
Two assumptions are important to obtain this result: i) a borrowing limit that is proportional
to aggregate income; ii) the probability of switching to the disability state is independent
of aggregate shocks. Note that the natural borrowing limit in our setting satisfies the first
condition. This result echoes the one obtained by Krueger and Lustig (2010), who derive
conditions under which uninsurable labor income risk has no effect for the price of aggregate
risk. Consistent with their findings, we show that the price of aggregate insurance is p*¢ =
Y04, the same we would obtain in a complete-markets economy.

The second part of the lemma shows that the solution to entrepreneur’s problem share
many of the features we derived in the absence of idiosyncratic labor income risk. Labor
demand and investment rates are chosen to maximize expected returns, insurance constraints
are always binding, and entrepreneurs with low financial wealth have a positive demand for
aggregate insurance.

The third part of Lemma 3 shows how the entrepreneur’s problem ultimately reduce to
a choice of (scaled) consumption and the exposure to idiosyncratic risk, or equivalently the
amount of capital to be employed in the business. In contrast to the problem in Section 3,
a closed-form solution to this problem is not available, as the consumption function is not a

linear function of total wealth anymore.
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E.2.3 The approximate solution

We consider next an approximate solution to problem (E.11). Despite the well-known lack
of closed-form solutions, we are able to provide an analytical characterization using pertur-
bation techniques. In particular, we extend the methods used in Viceira (2001) to a general
equilibrium life-cycle model. This approximate solution will allow us to show analytically
how borrowing constraints affect entrepreneurs’ risk-taking decisions, which is challenging
to obtain from problem (E.11) otherwise.

Let w(a) denote the average total wealth of entrepreneurs conditional on age a. We con-
sider a log-linear approximation of the consumption and capital functions around the point
(w,a):

logc(wiy, air) =logc(w,a) + Pewdi + Peadi + O (d)lz, &12) (E.12)
log k(wir, aiy) = logk(@, @) + Py.o@; + Yradi + O (wf af) (E.13)

where @; = log w; —logw and @ = exp Ellog w;;|a;; = a], given0 <7 < T.

We can write the expressions above in more compact form:

Cit = Yewit + Peadiy, kit = Yr @it + Pi ol g, (E.14)

up to first order in (&, 4; 1), where 2;; = log z(w; 1, a; ) — log z(w,a) for z € {c, k}.

Note that this log-linear approximation is only feasible when total wealth is always posi-
tive, that is, w;; > 0 for all i and t. This condition holds in the solution to the entrepreneurs’
problem given the combination of the natural borrowing limit with an unbounded marginal
utility as c; ; approaches zero (see e.g. the discussion in Chamberlain and Wilson 2000). If an
entrepreneur were to borrow the maximum amount, such that w;; = 0, then consumption
would be zero in the advent of a disability shock, a state with infinite marginal utility. An
entrepreneur is better off by reducing borrowing and avoiding this possibility.

The next proposition provides a characterization of the first-order approximation of the

entrepreneurs’ problem.

Proposition 5. Suppose the economy is in a stationary equilibrium and consider a first-order approx-
imation of the policy functions and wealth dynamics around (o, a). Then,

i. Consumption is an age-dependent concave function of total wealth given by

Cip = felai)w?™ (E.15)

it 7

where 0 < P < land fl(a;y) > 0 for &4 sufficiently small.
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ii. The demand for capital is given by

h; .
qki,t B 1+ (1 — (:d)ﬁ pzd

. (E.16)
Mt Yhe,w $0ia
iii. Log total wealth evolves according to
) pid
dlogw;t = [P0 + Ywait + Puwlogw;,] dt + dZiy, (E17)
Ye,w
where P, < 0and Py, . < 0 for i sufficiently small.

Proof. See Appendix A.7. O

The first part of Proposition 5 describes the consumption function. Consumption is a
strictly concave function of total wealth, as it is typical of problems with uninsurable labor
income risk, where 9., € (0,1) represents the elasticity of consumption with respect to to-
tal wealth. This is in contrast to the consumption function derived in Proposition 1, where
consumption is a linear function of wj, that is, 1., = 1. For ¢, sufficiently small, consump-
tion is an increasing function of age given wj;, reflecting the impact of entrepreneurs’ finite
horizon.*

The second part of Proposition 5 gives the demand for capital and it corresponds to the
main result of this section. The fact that entrepreneurs cannot borrow against future labor
income has two (opposite) effects on the demand for capital. First, entrepreneurs have less
resources available to them when ¢; > 0, which tends to reduce the scale of the business. This
effect is particularly more pronounced for entrepreneurs who are close to the borrowing limit,
thatis, —n;; is close to (1 — ;)h; ;. Second, the limited pledgeability of human wealth reduces
the effective risk aversion of entrepreneurs, as y{., < y. The fraction of human wealth that
cannot be used to fund an investment in the business acts as a buffer against future shocks,
which makes the entrepreneur less concerned with taking investment risk.

It can be shown that uninsurable labor income risk reduces the scale of the business rela-

tive to an economy with ¢; = 0 if and only if

Cd

e 11 hiy. (E.18)

njt < l:

Tighter borrowing constraints, captured by ¢; > 0, reduces investment in the business for

poor entrepreneurs, but it increases investment in the business for rich entrepreneurs. Given

40The condition on &, is necessary, as with uninsurable labor income risk the slope of the labor income profile
also plays a role. The effect of a finite horizon on consumption is attenuated when labor income declines with
age, and this effect is amplified when labor income increases with age.
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that these two forces move in opposite directions, the aggregate effect of borrowing con-
straints tend to be muted. Importantly, for all values of {;, a declining human-financial wealth
ratio over the life-cycle causes entrepreneurs’ exposure to the business to decline with age, as
in the baseline model.

Entrepreneurs have an age-dependent target for wealth: W

up wealth when w;; is below target and they decumulate wealth when w;; is above target.

. Entrepreneurs build

When ¢, < 0, the target on total wealth drifts down with age, again an implication of the
entrepreneurs’ finite horizon.
Note that the ratio of consumption to financial wealth can be written as
— —(1=¢pew) hi
= fe(aip)w;, 1+—). (E.19)

njt

Cit

njt

As typically f.(-) is increasing with age and w; ; is decreasing with age on average, we obtain
that the first two terms in the expression above increase with age. Figure 3 shows that the
human-financial wealth ratio is declining with age. In line with our discussion in Section
3, the consumption-financial wealth ratio then depends on two forces that move in opposite
directions with age.

Therefore, we conclude that introducing uninsurable labor income risk and borrowing
constraints does not change substantially our results, while it adds a significant layer of com-
plexity to the analysis.

E.3 Endogenous occupational choice

In this subsection, we introduce an occupational choice into the households” problem. More-
over, we assume that wage earners have finite horizon and imperfect altruism in the same
way as entrepreneurs. For simplicity, we abstract from limited pledgeability and ex-ante het-

erogeneity on entrepreneurs, and once again focus on a stationary equilibrium.

E.3.1 The occupational choice

At the beginning of life, a household can choose to become an entrepreneur or a wage earner.
To become an entrepreneur, household i must pay a fixed cost ¢;¥; ;, where ¢; is a cost param-
eter draw from a distribution F(-) with support [, ¢]. Let V;(7i;, a) denote the value function
of a household who chose to become an entrepr(;leur and V¥(7i;,a) the value function of a
household who chose to become a wage earner. In contrast to the model from Section 3, a

wage earner lives for T periods and derive the same utility of bequests as entrepreneurs.
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A household who inherits financial wealth 7i; will choose to become an entrepreneur if

Vi(; — @i, 0) > V{(1;,0). (E.20)

The value function of an entrepreneur can be written, after normalization, as V(n,a) =
~1 1- . . .
C(a) 7 % Similarly, the value function of a wage earner can be written as V¥ (n,a) =
—L (nthy(a))t7
Lula) ™7
The condition for becoming an entrepreneur can then be written as

1

L) (m;+h(0) — giy) > Zuw(0) 70D (n; + huy(0)). (E.21)

Rearranging the expression above, we obtain that a household becomes an entrepreneur
if ; < ¢*(n;), where the threshold ¢*(n;) is given by

RN | ¢(0) 7(7171)_ . 2(0) T B
7m) y[((cwm)) 1) o) o h‘“(o)]' (22

It can be shown that {(0) > (. (0) for v > 1, so households who received larger bequests

are more likely to become entrepreneurs. The difference between {(0) and {.,(0) is increasing
in p, the shadow price of idiosyncratic risk.
As the cost parameter is draw independently of the bequest a household receives, then the

mass of entrepreneurs in a stationary equilibrium is given by

Xe = Fy (¢(1(0))), (E.23)

where 1(0) is the average financial wealth of newborn entrepreneurs.
In a stationary equilibrium, the mass of entrepreneurs is constant. As {(0), {,(0), and n(0)
depend on the interest rate and the aggregate and idiosyncratic risk premia, then the share of

entrepreneurs in the economy depend on equilibrium expected returns.

E.3.2 Wage earners’ problem and equilibrium determination

The optimal consumption-wealth ratio and demand for insurance for wage earners are now

given by i
;]_]tf = buln) = 1— gbez}w(T—“j)' 9?,(? = hjson — pTagwj,t/ (E.24)

where 1 1 .
oS e (1 ) ?) (” (pzfy) ) - (E.25)
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The price of aggregate insurance, wages, and the relative price of capital are the same as
in the baseline model:

p’8 = yoa, w=(1-a)K*, g=D)+Di(g+9). (E.26)

Finite lives for wage earners changes the determination of the interest rate. The interest
rate is now jointly determined with the capital-labor ratio and the price of idiosyncratic risk

by conditions (32), (33), and the market clearing condition for consumption

' 7w(a) T Fpwy(a) L
/0 mf(a)da + /0 = lpe—7w(T—“)f(a)da = aK"* — K, (E.27)

where

+ 2+ﬂ_ _7 _ —?(T—a) B o —Fw(T—a)
w(a) =w(0 e<r VAT THA r>u1¢;e—’ wola) = ww(o)e(HWi_F‘A_YW)“l e

1—tpe T 1— e 7ol

Assuming finite lives for wage earners would change the calibration of p,, but otherwise

would not affect our main results.

E.4 Financial autarky

We consider next the case of financial autarky, where entrepreneurs have no access to either
aggregate or idiosyncratic insurance. To shut down idiosyncratic insurance, we just have to
set ¢ = 1. To capture the absence of aggregate insurance, we will focus on the special case
where there is no demand for aggregate insurance, so the solution would coincide to the case
where entrepreneurs have no access to insurance.

Suppose that h;; = 0, so entrepreneurs have no labor income, and assume that n;; = 0

for j € W, so wage earners have no financial wealth. The first assumption implies that
it .
As the demand for aggregate insurance is given by Gif = (gkis — nj;)oa, we obtain that

is equalized across entrepreneurs and the second assumption implies that gk;; = n;;.

entrepreneurs do not demand aggregate insurance. The solution will then coincide with the
case where aggregate insurance is not available.
Under these assumptions, the price of idiosyncratic risk, given in Equation (33), specializes
to the following expression:
P = 0. (E.28)

The risk premium is then given by

pSoa + o =7 |oh+ 7G|, (E.29)
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. . . . ag id —
d the aggregate Sharpe ratio relative to the idiosyncratic Sharpe ratio is given by p“S /p
an
oA/ Gia.
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