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Abstract

Consider an analyst who models a strategic situation using an incomplete informa-
tion game. The true game may involve correlated, duplicated belief hierarchies, but
the analyst lacks knowledge of the correlation structure and can only approximate each
belief hierarchy. To make predictions in this setting, the analyst uses belief-invariant
Bayes correlated equilibria (BIBCE) and seeks to determine which one is justifiable.
We address this question by introducing the notion of robustness: a BIBCE is robust
if, for every nearby incomplete information game, there exists a BIBCE close to it.
Our main result provides a sufficient condition for robustness using a generalized po-
tential function. In a supermodular potential game, a robust BIBCE is a Bayes Nash
equilibrium, whereas this need not hold in other classes of games.
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1 Introduction

When modeling a strategic situation as a game of incomplete information, an analyst
must specify the types of players. Types can be decomposed into Mertens-Zamir belief
hierarchies and an individually uninformative correlating device (Liu, 2015), as different
types may have correlated, duplicated belief hierarchies (Ely and Peski, 2006; Dekel et al.,
2007). This decomposition presents two key challenges. First, accurately identifying the
true belief hierarchies can be difficult. Second, even if the belief hierarchies are correctly
identified, the correlating device may remain unknown.

If these challenges cannot be resolved, what predictions about players’ behavior are
justifiable? We address this question by considering an analyst who has only approximate
knowledge of belief hierarchies and lacks information about their potential duplication and
correlation. The analyst assumes that, while the true model may differ from her model, it
lies within its neighborhood. If a particular outcome of the analyst’s model is qualitatively
different from any outcome of some nearby game, as illustrated below, that outcome may
not be justifiably adopted as a prediction. Then only outcomes that are (approximately)
consistent with some outcomes of all nearby games can be considered justifiable, and we

refer to such outcomes as robust.

Motivating example

Let the analyst’s model be an incomplete information game with two players 1 and 2; two
actions « and S for each player; and two payoff-relevant states #; and 8, occurring with
equal probability of 1/2." Each player’s set of types is a singleton; that is, it is common
knowledge that each player has a uniform prior over {61, 6, }. The payoffs are summarized
in Table 1, where players would be better coordinated by choosing the same actions in state
0, and the different actions in state 6,. This game has an infinite number of Bayes Nash
equilibria (BNE) because the expected payoff for each player is 1/2 under every action
profile.

We construct a nearby game with a unique BNE, which is qualitatively different from

any BNE in the analyst’s model. Let 6y be an additional payoff-relevant state associated

'This game is discussed by Liu (2015).



Table 1: Payoff matrices under 61, 6>, and 6

with the rightmost payoffs in Table 1, where player 1 has a dominant action @, and player
2’s best response is not to match player 1’s action. Let n € {0,1,2,...} be a random
variable drawn from the geometric distribution Pr(n = k) = (1 — £)*, which determines a
payoff-relevant state as follows: 6y occurs if n = 0, 8 occurs if n > 1 is odd, and 8, occurs
if n > 2 is even.

The types of players are defined by information partitions with respect to n, analogous to
the email game (Rubinstein, 1989). Player 1’s partition is {{0}, {1, 2}, {3,4},{5,6},...};
player 2’s partition is {{0, 1}, {2, 3}, {4,5},{6,7},...}. In the limit as € — 0, each player
believes that either 6 or 6, occurs with equal probability 1/2. The limit belief coincides
with the belief in the analyst’s model, so this game qualifies as a nearby game.

For any &€ > 0, we can iteratively eliminate dominated actions as follows.
* For player 1 with {0}, @ is a dominant action because the state is 6.

* For player 2 with {0, 1}, B is the unique best response because the state is 6y with

probability 1/(2 — &), and player 1 chooses @ with probability at least 1/(2 — &).

* For player 1 with {1,2}, B is the unique best response because the state is 6; with

probability 1/(2 — ), and player 2 chooses 8 with probability at least 1/(2 — &).

Repeating this, we obtain a unique BNE with the following action profiles that survive
iterated elimination of dominated actions: (@, ) when n € {4k}, (B,5) when n €
{4k +1}72,, (B, a) whenn € {4k +2}77 |, and (@, @) whenn € {4k +3}° . In the limit as
&g — 0, players choose («, @) and (8, ) with equal probability when 6; occurs, and (a, )

and (B, @) with equal probability when 6, occurs. This behavior is summarized in Table 2.

01 ‘ a B () ‘ a B
a |1/4 0 a 0 1/4
B 0 1/4 B |1/4 0

Table 2: Joint probabilities of actions and a state



The limit outcome in Table 2 is not a BNE of the analyst’s model but a Bayes correlated
equilibrium (BCE). Players receive recommendations to play one of their actions, randomly
generated by the correlating device specified in Table 2. Following these recommendations
is optimal because the expected payoff is one, which is the maximum ex-post payoff.
Furthermore, the recommended action is individually uninformative, as it does not alter the
players’ prior beliefs about the state. Such a correlating device is said to be belief-invariant,
and a BCE with a belief-invariant correlating device is referred to as a belief-invariant

Bayes correlated equilibrium (BIBCE).

Main contribution

We develop a framework to study robust outcomes in incomplete information games and
derive sufficient conditions for robustness. The concept of robustness to small perturbations
of information structures originated with Kajii and Morris (1997), where the analyst’s
model is a complete information game. We extend this concept to incomplete information
games, addressing issues inherent to the incompleteness of information, such as potential
duplication and correlation of belief hierarchies.

To formally define a nearby game, we first consider a game, called an elaboration, that
has a collection of belief hierarchies that coincides with that of the analyst’s model, but
may contain correlated, duplicated belief hierarchies. A nearby game is defined as a game
in which the belief hierarchies are approximately those in an elaboration, and is referred to
as an g-elaboration, where & measures the discrepancies.

We adopt BIBCE as a candidate for the analyst’s prediction because, in the motivating
example, the BIBCE in Table 2 is the only candidate for a robust outcome. A set of BIBCE
is said to be robust if every e-elaboration has a BIBCE that is close to some BIBCE in that
set for sufficiently small e. If the set consists of a single BIBCE, we simply say that the
BIBCE is robust.

To derive a sufficient condition for robust BIBCE, we introduce a generalized potential
function (Morris and Ui, 2005) for an incomplete information game. This function is defined
on the Cartesian product of the set of states and a covering of each player’s action set, i.e.,
a collection of action subsets whose union equals the action set. It contains information

about each player’s preferences over these action subsets. A potential function (Monderer



and Shapley, 1996) is a special case in which each covering consists of singletons.

A generalized potential function is associated with a belief-invariant correlating device
that assigns each player an action subset as a recommendation to choose an action from that
subset. An important belief-invariant correlating device is one designed to maximize the
expected value of a generalized potential function. For any such correlating device, there
exists a BIBCE in which each player chooses an action from the recommended subset. This
BIBCE is referred to as a GP-maximizing BIBCE.

Our main result, Theorem 1, establishes that the set of GP-maximizing BIBCE is robust.
In particular, if a game is a potential game (i.e., a game that admits a potential function),
the set of BIBCE that maximize the expected value of a potential function is robust. This
implies that the BIBCE in the motivating example (shown in Table 2) is robust because the
game is a potential game in which every player has the same payoff function. Recall that
no BNE is robust in this example, even if it maximizes the expected value of a potential
function. This contrasts with robustness in complete information games, where a unique
potential-maximizing Nash equilibrium is always robust (Ui, 2001; Pram, 2019).

The main result is applied to supermodular games in Section 6. We address the question
of when a BNE can be robust and show that if a game is a supermodular pontential game
with a unique potential-maximizing BNE, then this BNE is robust. As a numerical example,
we consider a binary-action supermodular game with two players, which is a global game
(Carlsson and van Damme, 1993) with discretized signals and no dominance regions.
This game has a robust BNE, where players always choose ex-post risk-dominant actions.
Even in the absence of dominance regions, allowing a richer set of perturbations for the
incomplete information game leads to the same outcome as the global game selection.

We also consider a special class of generalized potential functions known as monotone
potential functions (Morris and Ui, 2005) and apply it to binary-action supermodular
games. In the case of complete information, Oyama and Takahashi (2020) establish a
fundamental link between the robustness of equilibria and monotone potentials: an action
profile is robust if and only if it is a monotone potential maximizer in generic binary-action

supermodular games. We extend this connection to our context of incomplete information.



Related literature

Our study builds on the literature addressing issues arising from the fact that type spaces
(Harsanyi, 1967-1968) can embed more correlations than those captured by belief hier-
archies (Mertens and Zamir, 1985). Ely and Peski (2006) provide an extended notion of
belief hierarchies for two-player games and show that interim independent rationalizability
depends on types solely through those hierarchies. Dekel et al. (2007) introduce the con-
cept of interim correlated rationalizability and demonstrate that types with identical belief
hierarchies lead to the same set of interim-correlated-rationalizable outcomes.

While these papers treat correlations implicitly, Liu (2015) explicitly introduces cor-
relating devices. He shows that every incomplete information game is equivalent to the
conjunction of a non-redundant game, where different types have different hierarchies, and
a belief-invariant correlating device. This result implies that a BNE of a game is equivalent
to a BIBCE of the non-redundant game in terms of outcomes.

The concept of BIBCE is introduced by Forges (2006) and Lehrer et al. (2010) under the
additional restriction that action recommendations cannot depend on the state. A BIBCE is
a special case of a BCE, which is introduced by Bergemann and Morris (2013, 2016) as an
analyst’s prediction when she cannot rule out players having additional information. The
work of Bergemann and Morris (2013, 2016) also supports the use of BIBCE in our paper
as a candidate for an analyst’s prediction under insufficient and imprecise information.?

The use of BIBCE is an important distinction between our robustness framework and
that of Kajii and Morris (1997), who use BNE as an equilibrium concept for nearby games.
We allow correlated decisions in nearby games, which follows Pram (2019). He shows
that, when the equilibrium concept in nearby games is an agent-normal form correlated
equilibrium, the robustness of Kajii and Morris (1997) and its weaker version of Kajii and
Morris (2020a) are equivalent.3

Several sufficient conditions for the robustness of Kajii and Morris (1997) have been
discussed.* Morris and Ui (2005) introduce a generalized potential function and show

that an equilibrium maximizing the generalized potential function is robust. A potential

ZFor further motivation to study BIBCE and its relationship to BCE, see Liu (2015) and Bergemann and
Morris (2017). For its relation to other special cases of BCE, see Bergemann and Morris (2019).

3The weaker version is used by Ui (2001). The difference is shown by Takahashi (2020).

4See Kajii and Morris (2020a,b) and Oyama and Takahashi (2020) for recent developments.



function and a monotone potential function are special cases. In the case of binary-
action supermodular games, Oyama and Takahashi (2020) show that a monotone potential
function provides not only a sufficient but also a necessary condition for the robustness.
Our sufficient condition for robust BIBCE extends these insights.

Building on the necessity argument in Oyama and Takahashi (2020), Morris et al. (2024)
characterize “smallest equilibrium” implementation in binary-action supermodular games
with incomplete information through information design. Their work extends arguments
from the robustness literature to incomplete information settings, an approach shared with
our paper. However, their focus differs from ours. While Morris et al. (2024) consider
arbitrary information structures to induce desirable actions in binary-action supermodular
games, our paper examines small perturbations in information structures to assess the

robustness of outcomes in general games.

2 Model

2.1 Incomplete information games

Fix a finite set of players I and a finite set of actions A; for each player i € I. Anincomplete
information game (7', ®, 7, u) consists of the following elements (we simply refer to it as a

game when there is no risk of confusion).

* T =[1;¢; T; is an at most countable set of type profiles, where T; is the set of player

i’s types.

* O = [];;®; is an at most countable set of payoff-relevant states, where player i’s

payoff function is determined by the i-th component §; € ;.

€ A(T x ®) is a common prior.

* u = (u;)ies is a payoff function profile, where u; : A X ® — R is player i’s payoff

function such that u; (-, 8) = u;(-, 8’) if and only if 6; = 6..

Hereafter, we use C = [[;e; Gi, C—; = [1;4Cj, Cs = [lies Gi» and C—s = [lie5 G
to denote the Cartesian products of Cy, Cs, ... with generic elements ¢ € C, ¢c_; € C_;,

cs € Cs, and c_g € C_g, respectively.



Payoff functions are assumed to be bounded, i.e., sup; , 4 [u;(a, )| < co. Foreachi € I,
let 7" C T; and ®; C ©; denote the sets of player i’s types and payoff-relevant states on
the support of 7, respectively: T = {t; € T; | n(t;) > 0} and O} = {0; € ©; | n(6;)} > 0,
where nt(t;) = Y, . gn(t,0) and n(6;) = 3, y_, 7 (2, 6) are the marginal probabilities. Player
i’s belief is given by 7 (¢, 0t;) = n(¢,6)/n(t;) when his type is #; € T;".

Let 7" € A(T* x ©") and u; : A X © — R denote the restriction of 7 to 7" X ©* and
that of u; to A X ®*, respectively. Note that (77, ®*, 7%, u*) is the minimum representation
of (T, ®, m, u) because every player with every type on the support of 7 in (7, ®, 7, u) has
the same belief and payoffs as those in (7%, ®*, 7%, u™). We say that two games (T, ©, 7, u)
and (T, 0, 7, i) with the same set of players and the same set of actions are equivalent if
they have the same minimum representation.

A decision rule is a mapping o : T X ® — A(A), under which players choose an action
profile a € A with a probability o (alt, 0) when (¢,0) € T X © is realized. Let X denote the
set of all decision rules. A decision rule o together with a common prior 7 determines a
joint probability distribution oo € A(AXT X®) givenby oon(a,t,0) = o(alt,0)n(t,6),
which is referred to as a distributional decision rule. The set of all distributional decision
rules, denoted by 2o = {ocom € A(AXT X0®) | o € X}, is readily shown to be a compact
subset of a linear space {f € RA*TX® | 3 . |f(a,t,0)| < oo} with the weak topology,
which is metrizable.” Each distributional decision rule corresponds to an equivalence class
of decision rules, where o, 0’ € X are equivalent if o o 7(a,t,0) = ¢’ o n(a,t, ) for all
(a,t,0) € AXT* x O, When we discuss the topology of Z, we identify £ with X o & by
regarding X as the set of the equivalence classes and considering the isomorphism from

the set of the equivalence classes to Z o .

2.2 Belief-invariant Bayes correlated equilibrium

A decision rule o is said to be obedient for player i of type ¢; if

Z o(alt,)n(t,0)u;(a,d) > Z o(alt,0)n(t,0)u;((a;,a;),6)

a_j,t;,0 a_i,t;,0

3See Lemma A in the appendix for more details.



for all a;, a; € A;; that is, this player cannot increase the expected payoff by deviating from
the action prescribed by the decision rule. In particular, if a decision rule o is obedient
for every player of every type, then o is simply said to be obedient. An obedient decision
rule is referred to as a Bayes correlated equilibrium (BCE) (Bergemann and Morris, 2013,
2016).

A decision rule is belief-invariant if o ({a;} X A_;| (¢;,t—;) , 6) is independent of (z_;, 0)
for each a; € A;, t; € T;, and i € I, or equivalently, there exists a player i’s strategy
o; . T; = A(A;) such that 0y (a;|t;) = o ({a;} X A_;| (t;,t-;) , 0). Belief-invariance implies
that player i’s action does not reveal any additional information to the player about the
opponents’ types and the state. In other words, from the viewpoint of player i who observes
(ai, t;) as arandom variable, #; is a sufficient statistic for (¢_;, ). This property has played an
important role in the literature on incomplete information correlated equilibrium (Forges,
1993, 2006; Lehrer et al., 2010; Liu, 2015). Let »BI denote the set of all belief-invariant
decision rules. It is readily shown that 8/ is a compact subset of .

Note that a strategy profile (07);e;, Where oy : T; — A(A;) is player i’s strategy, is
a special case of a belief-invariant decision rule given by o (alt,8) = [l;c; oi(ailt;). A
strategy profile (07);es is said to be a Bayes Nash equilibrium (BNE) if it is obedient.
Clearly, a BNE is a special case of a belief-invariant BCE (BIBCE). Because a BNE exists
in our setting with at most a countable number of states, types, and actions (Milgrom and
Weber, 1985), a BIBCE also exists.® It is easy to check that the set of all BIBCE has the

following property.

Lemma 1. The set of all BIBCE of (T, 0, n,u) is a nonempty convex compact subset of
Y containing all BNE, where a convex combination ao + (1 — a)o’ for o,0”’ € 8 and
a € (0,1) is given by (ao + (1 — a)d’)(alt,0) = ac(alt,0) + (1 — a)d’(alt, 0) for all
acAand(t,0) eT x0.

2.3 Elaborations

We introduce a correlating device that sends a signal to player i from a set M;, which is at

most countable. The probability distribution of a signal profile m = (m;);e; € M = [|;c; M;

%A BIBCE is also a solution to a linear programming problem with a countable number of variables and
constraints.



is given by a mapping p : T X ® — A(M), under which m € M is drawn with a probability
p(mlt, 0) when (z,0) € Tx 0 isrealized. This mapping p is referred to as a communication
rule. Belief-invariance of a communication rule is defined similarly. That is, p is belief-
invariant if p ({m;} X M_;| (t;,t—;) , 0) is independent of (z_;, 8) for each m; € M;, t; € T},
and i € I, which implies that a signal m; does not reveal any additional information to
player i about the opponents’ types and the state.

Combining a game (7, ©, 7, u) and a communication rule p, we can construct another
game (7_", 0, 7, u) with the same sets of players and actions such that T; = T; x M; for each
i € Iand 7(7,6) = n(t,0)p(m|t,0) for each 7 = ((t;,m;))ic; € T and 6 € ©. This game
is referred to as the conjunction of (7,®, ,u) and p. Note that player i in (T,0, 7T, u)
receives m; as well as ¢;, where ¢; is drawn according to 7 and m; is drawn according to p,
and if p is belief-invariant, then this player’s knowledge about (7_;, 0) is exactly the same
as that in the original game (7, ©, 7, u).

We consider a game that is isomorphic to the conjunction of (7', ®, 7, u) and a belief-

invariant communication rule, which is referred to as an elaboration of (7', ®, 7, u).

Definition 1. A game (7, ©, 7, u) is an elaboration of (T, ®, &, u) if there exist a belief-
invariant communication rule p and mappings 7; : 7; — 7T; and y; : T; — M, for eachi € I

such that the mapping #; — (7;(;), u;(#;)) restricted to T* is one-to-one and

7(7,0) = n(v (D), 0)p(u(P)|7(7), 6) forall 7 € T, (1)

where 7(7) = (7;(#;))ier and p(f) = (i (%))ier-

Note that if (7', ®, 7, u) is the conjunction of (7', ®, r, u) and a belief-invariant com-
munication rule p, it is an elaboration of (7', ®, 7, u) with 7; and y; given by 7;(¢;, m;) = t;
and p;(t;,m;) = m; for all 7; = (t;, m;) € T; and i € 1.

The following necessary and sufficient condition for an elaboration does not explicitly

refer to a belief-invariant communication rule.

Lemma 2. A game (T,0, 7T, u) is an elaboration of (T,®, n,u) if and only if. for each

"Equation (1) implicitly requires that Zier1(r) p(u(D)]t,6) = 1 forall (¢,0) € T* x ©" and (T*) =T*
because 7(T x ©) = 1.



. . . . _. *
i € I, there exists a mapping 7; : T; — T;" such that

(7' (1).8) = 7(1.6) for all (1,6) € T* x ©", @
A1), 017) = w12, 015 (5) for all 7; € Ty and (1-,6) € T, x ©°,  (3)
where TN (1)) = {f; € T; | (&) = t;}, 771(1) = [y 771 (1), and v} (1) = [ Tj_l(tj)'

The mapping T = (1;(+))ies is referred to as an elaboration mapping.

Note that a type #; € T; in an elaboration has the same belief hierarchy over ® as that of
a type 7;(#;) € T; in the original game by (3). Thus, two types f;,; € T; with 7;(f;) = 7 (1))

also have the same belief hierarchy over 9.

2.4 Non-redundant games

We define the notion of a non-redundant game, where different types have different belief
hierarchies. In (T, ©, 7, u), we say that1;, t] € T; have the same belief hierarchy if there exists
another game (T°,0, 7°, u) such that (T, ®, 7, u) is an elaboration of (7°, ®, 7°, u) with an
elaboration mapping 7° satisfying t°(;) = 70(/).8 If all different types in (7°,©®, 7°,u)
have different belief hierarchies, we say that (TO, 0, n°, u) is a non-redundant representation

of the original game (7', ®, 7, u).

Definition 2. A game (1°,0,7° u) is a non-redundant representation of (7, ®, &, u) if it
satisfies the following two conditions: (i) (7,®, 7, u) is an elaboration of (T°,0, 7% u)
with an elaboration mapping 7°; (ii) for #;, 1 eT;, TiO(ti) = Tl.o (¢/) if and only if #; and #;
have the same belief hierarchy. If (7, ©, , u) is a non-redundant representation of itself,

then we simply say that (7', ©®, 7, 1) is a non-redundant game.

A non-redundant game9 will serve as the analyst’s model in the next section. Liu (2015)

8To state it formally, let Z] = A(®), Zfi’l = [ljeni Z]’?’l, and Zl.k =AOXZ' x- % Z’ji’l) for
k > 2. Foreach t; € T;, define h¥(t;) € ZF by h!(6|t;) = n({(1-;,0) | t—; € T_;}|t;) for each 6 € ©, and
RRO,RY .. B5 ) = n({(1-1,0) | h(1) = ﬁ; forall j #iandl e {l,...,k —1}}|r;) for each 6 € ®
and i'; € Z',. The belief hierarchy of #; is h;(t;) = (h¥(1;))2,. As shown by Liu (2015), h;(#;) = h(t})
if and only if (7, ®, 7, u) is an elaboration of another game (79,0, 7%, u) with an elaboration mapping 70
satisfying T;)(t,-) = T;)(tl'-).

9We can characterize a non-redundant game using belief hierarchies. Let [t;] = {t] € T; | hi(t;) = hi(t])}
and [¢] = ([t;])ier. Consider (T°,©, 7%, u) with T = {[r] | ¢ € T} and 7°([¢],6) = n({(¢’,0) |t € [t]}).
Then, it is straightforward to show that (79,0, 7%, u) is a non-redundant game of (T, 0, «,u).

10



shows that if two games have the same set of belief hierarchies and one is non-redundant,
then the other is an elaboration of the non-redundant game.'°

A BIBCE of a non-redundant game can be understood as a BNE of its elaboration.
To see this, let (7,0, 7, u) be an elaboration of (T, ®, m,u) with 7. For a decision rule
o of (T,®,n,u) and a decision rule & of (T, ®, &, u), we say that o and & are outcome

equivalent if both decision rules induce the same probability distribution over A X T' X ©:
ogon(a,t,6)=ador(a,v(t),0) 4)

forall (a,t,0) € AXT x®, where 5ot (a, v~ (¢),0) = Dier-1(s) oon(a,t,6). Inparticular,

we say that o and ¢ are equivalent if
o (alt(7),6) = o (alt, 0)

for all (a,7,0) € AXT x ©. Clearly, if o and & are equivalent, then they are outcome
equivalent, but not vice versa.

The following two lemmas are due to Liu (2015).!! The first lemma shows that the set
of BIBCE of (T, ®, &, u) coincides with the set of BNE of all elaborations of (T, ©, r, u) in
terms of outcome equivalence. This implies that if the analyst uses a non-redundant game
as her model but allows for all elaborations as the true model, then each BIBCE serves as

a candidate for her prediction.

Lemma 3. A decision rule o is a BIBCE of (T,0,n,u) if and only if there exists an
elaboration (T, ®, &t,u) with an elaboration mapping T and a BNE & = (57)ic; such that

o and o are outcome equivalent, i.e., for all (a,t,0) € AXT X 0,
oalt,O)n(r,0) = > | |eu(@liz( o).
fer-1(1) i€l

Moreover, the set of BIBCE of (7,0, m,u) also coincides with the set of BIBCE of
an arbitrary elaboration of (7, ®, 7, u) in terms of outcome equivalence, as shown by the

second lemma. Thus, once BIBCE is adopted as the equilibrium concept for analysis, a

197 iy (2015) assumes a finite type space.
I Eor completeness, we provide the proofs in the supplementary material.
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non-redundant game suffices for consideration, since every elaboration has the same set of

BIBCE.

Lemmad. Let (T, ®, 7, u) be an elaboration of (T, ®©, nt,u). If o is a BIBCE of (T, ©, i, u)
and a decision rule & of (T, ®, &1, u) is equivalent to o, then & is a BIBCE of (T, ®, 7, u).
If & is a BIBCE of (T, ®, t,u) and a decision rule o of (T, ®, nt,u) is outcome equivalent
to &, then o is a BIBCE o of (T, 0, n,u).

3 Robustness

This section introduces a framework to construct nearby games of the analyst’s model using
elaborations and provides a formal definition of robust BIBCE.

Let (T,0®,,u) be a non-redundant game, which we regard as the analyst’s model.
The analyst believes that a belief-invariant communication rule may exist but has no
information about it. Thus, the analyst predicts players’ behavior using the outcomes of
BNE of elaborations. By Lemma 3, such outcomes are BIBCE of (T, 0, 7, u).

We further assume that the analyst believes that the true game is in a “neighborhood”
of elaborations of the analyst’s model. We call such a nearby game an e-elaboration,
which is approximately an elaboration of (7, ®, xr, u). An elaboration is a special case of

e-elaboration with € = 0.

Definition 3. For £ > 0, a game (T, 0, 7, i) is an e-elaboration of (T,®,r,u) if the

following condition is satisfied.
1. ® C ®and it;(-,0) = u; (-, 0) for all § € O*.
2. 7#(TH > 1-&, where T# = [1,,,; T and TF = {7; € T, | #(©} x O_;|7;) = 1}.

3. There exist a mapping 7; : T; — T and Tl.b c T; with ﬁ(Tl.b) > 1 — & such that

sip | 3 w2 0.0- Y n6)| <, 5)
ECTX® " ;1 o)eE (1.0)eE
sp | A0 - Y xtoln@)| < ©
E_;CT-ix0 (t_[,Q)EE_,‘ (l’_,',H)EE_i
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for all 7; € Tl.b, where 7(f) = (7;(#;))ier and 7_;(f_;) = (7;(;))nzi. We call the

mapping 7 an elaboration mapping (with some abuse of terminology).

By the first condition, the set of payoft-relevant states in an e-elaboration includes that
in the original game. All players in an g-elaboration have the same payoft functions as
those in the original game with probability greater than 1 — £ by the second condition
(recall that 6; € ©; determines player i’s payoff function). The third condition implies that
an g-elaboration is approximately an elaboration because, when € = 0, (5) and (6) reduce
to (2) and (3) in Lemma 2. It is straightforward to verify that the nearby game in the

motivating example in the introduction satisfies the conditions in Definition 3.

Remark 1. Kajii and Morris (1997) define an e-elaboration of a complete information game,
which is (7, ®, , u) with T and © being singletons. Their e-elaboration is an incomplete
information game that satisfies the first two conditions of Definition 3. Thus, in the case
of complete information, any e-elaboration under our definition is also an g-elaboration in

the sense of Kajii and Morris (1997). See Section 7.1 for further details.

We are now ready to define robustness. A set of BIBCE of a non-redundant game is
said to be robust if, for sufficiently small & > 0, every g-elaboration has a BIBCE that is

close to some BIBCE in this set.!?

Definition 4. Let (7, ©, , u) be a non-redundant game. A set of BIBCE of (T, 0, &, u),
& C 28! s robust if, for every 0 > 0, there exists & > 0 such that, for all £ < &, every

g-elaboration (7, ©, 77, if) with an elaboration mapping 7 has a BIBCE & such that

sup Z oo r(a, 7 (1),0) - Z oon(a,t,0)|<é (7)
ECAXTX® |, 1.0)eE (a1.0)eE
forsome o € &, where gon(a,t,0) = o (alt,0)7(t,0)and oon(a,t,0) = o(alt,0)n(t,0).

If & = {0} is a singleton, then o is said to be robust.

To interpret (7), recall Lemma 4, which says every 0-elaboration has a BIBCE & that
is equivalent to a BIBCE o of (T, ®, 7, u), where (4) holds for all (a,t,0) € A X T x O.
Equation (7) means that (4) holds approximately for sufficiently small £ > 0 in the case of

g-elaborations.

12We can also consider robustness in “redundant” games. However, robust BIBCE in such games are
outcome equivalent to those in non-redundant games, so it suffices to consider the non-redundant case.

13



Remark 2. Given the definition of robustness, the motivating example in Section 1 is
summarized as follows and illustrates why we focus on BIBCE in our robustness concept.
We have shown that there exists an g-elaboration with a unique BNE. This BNE is close to
the BIBCE in Table 2 when & is small, but it is not close to any BNE of the analyst’s model.
This implies that the set of BNE for the analyst’s model is not robust. This is why we adopt
BIBCE as the equilibrium concept for the analyst’s model. We also adopt BIBCE as the
equilibrium concept for e-elaborations. This is because there exists an g-elaboration whose
BNE is not the BIBCE in Table 2. For instance, the analyst’s model is a 0-elaboration,
where every BNE differs from the BIBCE in Table 2.

Remark 3. Robustness is defined in terms of a distributional decision rule o o 7. Thus, a
set of BIBCE of (T, ®, 7, u) is robust if and only if the corresponding set of BIBCE of the

minimum representation is robust. We use this observation to prove our main result.

Remark 4. In Kajii and Morris (1997), the analyst’s model is a complete information game,
and the solution concept for the model is a correlated equilibrium. A correlated equilibrium
is defined to be robust if, for sufficiently small £ > 0, every g-elaboration has a BNE that

is close to the correlated equilibrium. See Section 7.1 for further details.

4 Generalized potentials

This section introduces a generalized potential function, which we use to derive a sufficient
condition for robustness. The function is associated with a special class of communication
rules, where each signal received by a player is a subset of the player’s actions, interpreted
as a recommendation to choose an action from this subset. We start with discussing such

communication rules.

4.1 A-Decision rule

As a set of signals for communication rules, let A; € 24/\( be a covering of A; for each
i € I; that is, A; is a collection of nonempty subsets of A; such that Uyx.c4, Xi = A;.
Each signal X; € A; vaguely prescribes an action in X;; that is, it recommends that
player i choose an action from X;. We write A = {X | X = [|;e; Xi, Xi € A;} and
A =A{Xo | X = 11w X5 Xj € AL
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For example, let A; = {0, 1} and A; = {{0, 1}, {1}} for each i € I. If player i receives
X; = {1}, the recommendation is to choose action 1. If player i receives X; = {0, 1},
the recommendation allows the player to freely choose an action. This example will be
discussed in Section 6.2.

We can describe both a decision rule and a communication rule using a single mapping
v:Tx0O — A(A x A) such that y(a, X|t,0) = 0 whenever a ¢ X, which assigns a
joint probability distribution over (a, X) € A X A to each (¢,0) € T x ©. This mapping
is referred to as an A-decision rule, under which player i receives a signal X; as a vague
recommendation and selects an action ¢; from X;.

We say that an A-decision rule vy is obedient if the corresponding decision rule in the

conjunction is obedient; that is, for each i € I and (t;, X;) € T_; X A_;, it holds that

D Y@ XLo0x0uia,0) = > y(a, Xl O)x(t, O)ui(a), a),0)

a_ij, X_j, t_;, 0 a_j, X_j,t_;,0
(8)

for all a;, a; € A;. Belief-invariance of an A-decision rule is defined similarly: y is belief-
invariantif y ({a; } X A_; x{X;} X A_;|t, 6) is independent of (7_;, 0) for all (a;, X;) € A;XA;,
t; € T;,and i € I. An obedient belief-invariant A-decision rule v is referred to as a BIBCE,
with some abuse of terminology, since the “decision rule” component of vy is a BIBCE, as

demonstrated by the next lemma.

Lemma 5. If an A-decision rule vy is a BIBCE, then o € 8 with o (alt,0) = y({a} X
Alt, 0) for all (a,t,0) € AXT X0 isaBIBCE of (T,0®, r,u).

4.2 Generalized potentials and BIBCE

A generalized potential function (Morris and Ui, 2005) is defined as a function over A x O,

which contains information about players’ preferences.

Definition 5. A bounded function F' : A X ® — R is a generalized potential function of
(T,0,,u) if, foreachi € I and P; € A(A_; X A_; X ®) such that P;(A_; X A_; xO*) =1
and P;(a_;, X ;,0) = 0 whenevera_; ¢ X,

X; € arg max Z Pi(X_i,0)F((X!,X_)),0) (9)
X{Eﬂi X .0
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implies

X; Narg ctlrfleaz Z Pi(a—;, O)u;((a;,a—;),0) 0, (10)

' a_[,O
where Pi(X_l', 9) = Za,,-eA,l— P,’(Cl_i, X, 9) and P,-(a_,-, 9) = ZX,,-E?L,- P,-(a_i, X, 9) The
value of F(X, 6) for 6 ¢ ®F can be arbitrary.

A probability distribution P; is typically derived from an A-decision rule y as player

i’s belief over A_; X A_; x ® when the opponents’ actions and signals follow y:

Pi(at,X.0) = 3 > v(a. X|t.0)n(r-;.6]1).
- a;,X;

Suppose that player i receives a recommendation X; € A; that satisfies (9) under this belief;
that is, X; maximizes the expected value of F. Condition (10) then requires that at least
one action in X; maximizes the expected value of player i’s payoft function.

At one extreme, let A; = {A;} for each i € I, where a signal contains no information.
Clearly, every incomplete information game has a generalized potential with this domain.

At the other extreme, let A; = {{a;} | a; € A;} for each i € I, where each signal
recommends a single action. A potential function (Monderer and Shapley, 1996) is a
generalized potential function with this domain. A function v : A X ® — R is a potential

function of (7T, ®, &, u) if there exists ¢; : A_; X ® — R such that
ui(a,0) =v(a,0) +qi(a;,0) (11)

foralli € I,a € A, and 8 € ©*. The next lemma shows that a potential function is a special

case of a generalied potential function.

Lemma 6. Suppose that (T, 0, n,u) has a potential function v : A X ® — R. Then,
F:AXO — Rwith A; = {{a;} | a; € A;} for each i € I and F({a},0) = v(a,0) for

each (a,0) € A X O is a generalized potential function.

One of the key properties of a potential function is that if a strategy profile maximizes
its expected value, then it constitutes a BNE. A similar result also holds for BIBCE, even
for generalized potential functions.

To see this, fix a generalized potential function F with a domain A. Let '3/ denote
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the set of all belief-invariant A-decision rules. For each y € '3/, let y(alt,6) and

v(X|t,6) denote the conditional marginal probabilities of a and X, respectively; that is,

y(alt,0) = 2Zxeay(a, X|1,0) and y(X|1,0) = X ¥(a, X|1,0).
LetI'" ¢ I'! be the set of belief-invariant A-decision rules that maximize the expected

value of a generalized potential function F":

't = arg max Z v(X|t,0)n(t,0)F(X,0).
yer i e

The next lemma shows that I'Y contains a BIBCE.
Lemma 7. There exists a BIBCE y € T'Y.

If y € TF is a BIBCE, then o € X8/ with o(a|t,0) = y(alt,0) is a BIBCE by
Lemma 5. Such a BIBCE is referred to as a GP-maximizing BIBCE. We denote the set of
all GP-maximizing BIBCE by

& ={0 2B |y erF isaBIBCE and o (alt, ) = y(alt, 0)}.

5 Main results

5.1 Robustness of GP-maximizing BIBCE

The following main result of this paper shows that &7 is robust.

Theorem 1. If a non-redundant game (T,0,n,u) has a generalized potential function

F: AXO — R, then EF is nonempty and robust.

Every game admits a generalized potential function with the domain A = {{A}}, in
which case & is the set of all BIBCE. Thus, if a BIBCE is unique, which is the only

element of EF, it is robust.
Corollary 2. If a non-redundant game (T, ©, , u) has a unique BIBCE, then it is robust.
This result is analogous to the finding in Kajii and Morris (1997) that a unique correlated

equilibrium of a complete information game is robust.
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If a game has a potential function v : AX® — R, it has a generalized potential function
F:AXxO — Rwith A ={{a}|aec A} and F({a},0) = v(a,0) by Lemma 6. In this
case, it is straightforward to show that the set of all GP-maximizing BIBCE coincides with
the set of all potential maximizing (P-maximizing, henceforth) belief-invariant decision
rules:

F_ov _vyv _
E"=&"=%= arg;relggl Z o(alt,0)n(t,0)v(a,b).

a,t,l

Thus, we obtain the following corollary of Theorem 1.

Corollary 3. If a non-redundant game (T, ®, 7, u) has a potential functionv : AX® — R,

then XV is nonempty and robust.

We apply this corollary to the motivating example in the introduction. The game has
a potential function that is identical to the payoff function in Table 1. Thus, the expected
value of the potential function with respect to the probability distribution in Table 2 is equal
to one, which no other distribution can achieve. This implies that the BIBCE given by
Table 2 uniquely maximizes the potential function over all decision rules. Consequently,

by Corollary 3, the BIBCE is robust.

5.2 Proof of Theorem 1

It suffices to show that every sequence of £f-elaborations {(Tk,(:)k,ﬁk,zzk)}];"’zl with

limg 0 £° = 0 has a sequence of BIBCE {G*}$° | such that

lim ian sup Z 7% o 7k (a, (%) (1), 0) - Z oon(a,t,0)=0,
k=00 8 ECAXTX® |\ 1 5)eE (a.1.0)€E

k is an an elaboration mapping of (T*, 0k, 7k, k).

where T

We first show that a weaker version of the above condition holds. The following
lemma lemma focuses on a special sequence of e-elaborations that share the same sets
of types, states, and payoff functions, differing only in their priors. Such a sequence of
g-elaborations is shown to admit a corresponding sequence of BIBCE that converges to

some GP-maximizing BIBCE as & approaches zero.
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Lemma 8. Let (T, ®, 7, 1) be an incomplete information game with a generalized potential
function F : A X 0O — R. Then, every sequence of &*-elaborations {(T,®, ¥, )},
satisfying limy_, € = 0 and sharing a common elaboration mapping v : T — T* has a

sequence of BIBCE {a'k}Z":1 such that

lim inf Z |0'k on*(a,v71(1),0) — o o n(a,r1, 9)| =0. (12)
k—oo geEF
(a,t,0)eAXTxO

In the following proof of Theorem 1, we show that any sequence of e-elaborations
can be transformed into an equivalent special sequence considered in Lemma 8. We
then apply Lemma 8 to the transformed sequence, thereby establishing the robustness of

GP-maximizing BIBCE.

Proof of Theorem 1. Let {(T*, ®%, 7%, i* )}, be a sequence of £k-elaborations such that
limg_0o ¥ = 0. Without loss of generality, assume that 7 N7 = 0, T N T! = 0, and
O N O = O forall k # [. Define T =T U (U2, T¥) and © = U2, ©F, which are
countable.

We construct an equivalent sequence of &*-elaborations {(T,©, A%, i)}> . Let A* €
A(T x ©) be an extension of 7% to T x @: 1%(7,8) = 7*(7,0) if (7,0) € T* x OF and
A%(f,0) = 0 otherwise. Let ii; : A x ® — R be such that i;(-,0) = u;(-,0) if § € O
and it; (-, 0) = it (-, 8) if § € ®F \ ©" for each i € I. Given an elaboration mapping 7* of
(T*, 8%, %, "), an elaboration mapping 7 of (T, ©, A, it) is defined as 7;(%;) = 7/ (f;) if
= Tl.k for each i € I. Clearly, (T, ®, A%, i) and (T*, ®%, 7, i*) have the same minimum
representation (every player of every type on the common support has the same belief and
the same payoffs in both games), and (7, ©, AX, i) is also an £X-elaboration of (T, ©, 7, u).

We introduce another incomplete information game (T, ©, 7, it), where 7 € A(T x ©)
is an extension of 7 to T x O, i.e., 7(t,0) = n(t,0) if (t,0) € T x © and 7(¢,0) = 0
otherwise. Note that (T, ®, 7, 1) and (T, ®, 7, u) have the same minimum representation,
and (T, ©, 1%, i) is an gX-elaboration of (T, ®, 77, it). Because an arbitrary extension of
F to A x O is a generalized potential function of (T,0,7,i), 7 : T X0 — A(A) is a
GP-maximizing BIBCE of (T, ®, &, i) if and only if the restriction of & to T x © is a
GP-maximizing BIBCE of (T, ®, 7, u).

Now, let &' be the set of all GP-maximizing BIBCE of (T, ®, 7, it). Then, by Lemma
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8,{(T,©, 2%, i)} | has a sequence of BIBCE {g-*}* | such that

lim inf > |72 (a. T (0).0) ~ 0 o (. 1.6)| = 0,
% e (a,1,0)eAXTx®

which is equivalent to

U —k _ 7k -1 - = _
kll_rgo_lnf sup Z g oA (a, 77 (1),0) - Z oon(a,t0)=0.

—F — =
0e& ECAXTxO (a,t,0)€E (a,t,0)eE

Let £k : TF x ®F — A(A) be the restriction of 7% : T x ® — A(A) to T* x ©%. Then, &¥
is a BIBCE of (T, 0%, ¥, %), and {£¥}72, satisfies

lim ian sup Z 5" o ¥(a, (571 (1),0) - Z ogon(a,t,0)|=0
kmo0 8l ECAXTX® |, 15)eE (a..0)€E

because {G o7 € A(AXTx0) | 7 € EF} coincides with {comr € A(AXTx®) | o € EF}

on their common support. Therefore, & is robust. O

5.3 Proof outline for Lemma 8

We sketch the proof of Lemma 8, focusing on the special case where (T, ®, 7, u) has a
potential function v and a P-maximizing BIBCE is unique, i.e., & = ¥ = {o*}. We adopt
a potential function satisfying the following condition. Let ¢ : @ — ©* be a mapping such
that the i-th component of ¢(6) = (#;(0));c; equals 6; if 6; € ©. Note that ¢ is the identity

mapping when restricted to ©®*. Assume that v satisfies
v(a,0) =v(a,$(0)) forall (a,0) € A X0, (13)

which is possible because the definition of potential functions does not impose any condi-

tions on their values when 6 ¢ ©*. Then, for § € ® and i € I with 6; € ©7,

ui(a,0) = ui(a, $(0)) =v(a, $(0)) + gi(a—i, $(6)) = v(a,0) + gi(a—i, $(0)),
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where the first equality follows from the assumption that 8; determines player i’s payoff
function, the second equality from (11), and the third equality from (13). This implies that
the best response of player i with a payoff function u;(a, 6) coincides with that of the same
player with a payoff function v(a, #) whenever 6; € ©.

The proof proceeds in three steps. In the first step, we construct a candidate for a
sequence of BIBCE {a‘k},;"’:1 satisfying (12). In so doing, let Tl.k ={t, €T; | 7rk(®l’f X
O_;|t;) = 1} denote the set of player i’s types in an g*-elaboration (T, ®, 7¥, 1) who believe
that their payoff functions are the same as those in the analyst model (7', ®, 7, u). Note that
a%(T*) > 1 - &* by the second condition of Definition 3. We call types in Tik standard
types, and all other types perturbed types. For a type profile + € T, we denote the set of
players with standard types by S¥(r) = {i eI |t; € Tl.k}.

Consider a decision rule o of (T, ©, 7%, u), where standard types and perturbed types

choose actions independently of each other, conditional on (z, 6); that is,
o*(alt,0) = o, o (askt.0) - ot (0 (@_sk (011, 0), (14)

where og(asl|t,0) = o({as} x A_g|t,0) and o—_g(a_s|t,0) = o ({a_s} X Aglt,6). Let =k
denote the set of all belief-invariant decision rules of (T, ®, 7%, u) that satisfy (14). For
each o% € =k, we refer to Osk(p) and o_gx () as the standard types’ rule and the perturbed
types’ rule, respectively.

Using the Kakutani-Fan-Glicksberg fixed point theorem, we can show the existence
of a BIBCE o% e X satisfying the following condition: The standard types’ rule aé‘k 0

maximizes the expected value of a potential function:

> ot ont(a,,0v(a,0) 2 ) o’ o n*(a,1,0)v(a,0) (15)

a,t,l a,t,l

for any o’ € X such that the perturbed types’ rule is the same as that of o, i.e.,

ok () = o’ 0" The condition (15) ensures that o is obedient for players of standard

types, which follows from the choice of a potential function discussed above.

Claim 1. Foreachk, (T, O, 7k, u) has a BIBCE ok e * that satisfies (15) for any o’ € K

: k ’
with o k(o

—Sk(1) =
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Consider the sequence of BIBCE {c* }ewy- In the second step, we show that the limit of
the left-hand side of (15) as k — oo is atleast as large as that under the potential-maximizing

BIBCE o * of the analyst’s model.

Claim 2. The sequence of BIBCE {O'k}];"’:1 satisfies

lilgninf o*onk(a,t,0)v(a,0) > Z o on(a,t,0)v(a,b). (16)
Y anl

To see why, let 5% € Z* be the decision rule in which the perturbed types follow o*,

while the standard types follow o*:

a-fsk(,)(a—sk(t)lta 0) = Sk(,)(a Sk(z)|t ¢) and & k(t)(aSk(t)lt 0) = Sk(t)(aSk(t)|T(t) 6)

for all (a, t,0). Then, by (15), we obtain

Z ok o nk(a,t,0)v(a,0) > Z %o ¥ (a,t,0)v(a,6). (17)

a,t,f at,0

Since &% (alt, 0) = o*(a|r(1), 0) holds for t € T¥ and 7¥(T*) > 1 — £*, we can show that
the right-hand side of (17) converges to that of (16) through algebraic manipulation.

In the final step, let n* € A(A x T x ®) be given by 7% (a, t,0) = o* o n¥(a, t71(1), ).
Then,

Z o* onk(a,t,0)v(a,0) = Z Z ok (alt', 0)7* (¢, 0)v(a,6) = Z n*(a,t,0)v(a,o).

at,0 a,t,0 ¢ er=1(1) a,t,0

Thus, (16) is rewritten as

.. k *
h/frl,l;lfz n*(a,t,0)v(a,d) > Z o on(a,t,0)v(a,b). (18)

a0 a,t,0
Using (18), we establish the following, which implies that {0"‘}2":1 satisfies (12).

Claim 3. It holds that

hm Z |77 (a,t,0) — 0" on(a,t, 9)| (19)

at@
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This claim can be established through the following reasoning. The sequence of
probability distributions {n* }ew s tight, and thus it has a convergent subsequence {nk ey
with lim;_,., 7% = 5*. The limit * satisfies 7(z,6) = Y ,c4 n*(a,t,0), and the decision
rule o* : T*x0®* — A(A) defined by o*(alt, 0) = n*(a,t,0)/x(t,0) forall (t,0) € T*xO*

is belief-invariant. From (18), we have

Z n*(a,t,0)v(a,0) = Z c*on(a,t,0)v(a,b) > Z oc*on(a,t,0)v(a,0). (20)
a,t,f a,t,f a0
Since o* is belief-invariant and o* is the unique P-maximizing belief-invariant decision
rule, equality must hold in (20). This implies that n* = o* o1 = ¢* o 7. Since any
convergent subsequence of {7 }r2, has the same limit n* = c* o, {nk } e 1s a convergent

sequence with the limit n*, which in turn implies (19).

6 Supermodular games

6.1 Supermodular potential games

The robust BIBCE in the motivating example is not a BNE. This raises a natural question:
in what class of games can a BNE be robust? We show that the robust set of BIBCE given
by Theorem 1 contains BNE if the game is a supermodular potential game. In particular,
if the robust set is a singleton, then the robust BIBCE is a BNE.

Let A; be linearly ordered with >;. We write >; for the product order: for a,b € A,
a >y b if and only a; >; b; for all i € I. We say that (T, ®, zr, u) is a supermodular game
if, for each # € ©, the ex-post game with a payoff function profile (u;(-,0));e; exhibits

strategic complementarities; that is, foreachi € I and a, b € A with a >; b,
ui((aj,a—;),0) —u;((bi,a_;),0) > u;((a;,b_;),0) —u;((b;,b_;),0).

For each o € X8/, we define a pure strategy profile & = (7;);c;, where for each
i € lIandt; € T, player i of type t; chooses the maximum action a; such that o;(a;|t;) =
o ({a;} x A_i| (t;,t-;),0) > 0. Similarly, we define another pure strategy profile o =

(0;)ier, where player i of type #; chooses the minimum action that satisfies the same
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condition.
The following proposition establisehs that if o is a P-maximizing BIBCE, then the

strategy profiles o and ¢ are also P-maximizing BIBCE.

Proposition 1. Assume that a supermodular game (T, ®, ,u) has a potential function v.

Then, for each P-maximizing BIBCE o € &V, it holds that o, 0 € &".

This proposition implies that o and o are BNE that maximize the expected value of
the potential function (P-maxizing BNE). Thus, if a P-maximizing BNE is unique, then we
must have o = o = g, which is a robust BNE.

As an example of such a BNE, we consider a binary-action supermodular game with
two players, each choosing either action 1 or action 0 (which can be interpreted as “invest”
and “not invest,” respectively). The set of states is given by ® = {0, 1,2, 3,...}. A payoff

table and a potential function for each state n € © are given below, where 0 < r < 1.

A payoff table A potential function
action 1 action 0 action 1 action 0
action 1 | p+l prtl pntl _q 0 action 1 pil 0
action 0 | 0, 7! — 1 0,0 action 0 0 1 — ¥l

State n € ® occurs with probability p(1 — p)* > 0, where p € (0, 1). Each player has
the following information partition of ®: player 1’s partition is {{0}, {1,2}, {3,4},...},
and player 2’s partition is {{0, 1}, {2, 3}, {4,5}, ...}, which are analogous to those in the
email game. The type of a player with a partition {k — 1, k} (or {0}) is referred to as type k
(or type 0). Thus, the sets of player 1’s types and player 2’s types are 7} = {0,2,4, ...} and
T, = {1,3,5,...}, respectively. This game can be interpreted as a global game (Carlsson
and van Damme, 1993) with discretized signals and no dominance regions.

We represent a pure-strategy profile as a sequence of actions x = (xx);7, € {0, 1}V,

where xy is the action of type k. Let 5™ = (s7),2,, denote a monotone strategy profile:

1 ifk<7t-1,
Sp =
0 ifk>r,

where 7 is a non-negative integer or infinite (7 = co). If r is sufficiently close to one, this
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game has exactly three pure-strategy BNE: s, s, and s7, where 7* > 2 is the smallest
integer satisfying r™ < (1—p)/(1+r(1—p)), provided no integer 7 satisfies this condition
with equality.!3

The expected value of the potential function under a strategy profile x is calculated as
£ = 3P = p)H (e + (1= 1) (1= x0) (1= xi0)).
k=0

Using this formula, we can verify that f(s7) > f(s°) and f(s7) > f(s*). Thus, s7 is

the unique P-maximizing BNE, which is a robust BNE by Proposition 1.

6.2 Binary-action supermodular games

Let (T, 0, m,u) be a supermodular game with A; = {0,1} and ® = ®*. For § C I, we
denote by 1y the action profile in which all players in S play action 1, while the others play
action 0. By convention, we write 1 = 1;. We assume that this game has a generalized

potential function F' : A X ® — R satisfying the following conditions:
Gl. A; ={{0,1},{1}} foreachi € I.
G2. F(X',60) > F(X,0) forall X # X' = [];c; X! and 6 € ©, where X! = {1}.

It can be readily shown that the decision rule with “always 1” is the unique GP-
maximizing BIBCE, regardless of the prior 7 € A(T x ®). We denote this decision rule by
ol thatis, o1(1]r,60) = 1 for all (¢,0) € T x ©.

By Theorem 1, 0! is robust for arbitrary prior 7 € A(T x ®). Moreover, the converse is
also true: if o1 is a robust BIBCE of a binary-action supermodular game for arbitrary prior
€ A(T x ©), then it must (generically) be a GP-maximizing BIBCE with a genelized

potential function satisfying G1 and G2, as formalized in the next proposition.

Proposition 2. Let (T, ©, n, u) be a binary-action supermodular game. Then, the following

results hold.

13This condition ensures that type 7*’s best response is action 0 when type 7* — 1 chooses action 1 and type
7% + 1 chooses action 0. The conditional expected value of the potential function for type 7* is 77 /(2 — p)
under action 1 and (1 — p)(1 — #7*1)/(2 — p) under action 0. If the latter is greater, action O is the best
response.
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(1) If (T,®, m,u) has a generalized potential function satisfying G1 and G2, then o' is
robust in (T, 0, n’, u) for arbitrary i’ € A(T X ©).

(2) For a generic payoff function profile u, if (T,0,n,u) does not have a generalized
potential function satisfying G1 and G2, then there exists 1’ € A(T x ©) such that o

is not robust in (T, 0, ', u).

Part (1) follows directly from Theorem 1, while part (2) is a consequence of Theorem 3
of Oyama and Takahashi (2020), who use an alternative representation of a generalized
potential function.

Given F,letv : A X ® — R be a function defined by
v((min X;)ier, 0) = F(X, 0) 2D
for all (X, 0) € A x O. Note that G2 is equivalent to
v(1,0) > v(a,0) foralla # 1and 6 € ©. (22)
The following lemma provides a sufficient condition on v to ensure that F is a generalized

potential function.

Lemma 9. Suppose that there exist a function v : A X ® — R and a constant A; > 0 for

eachi € I such that

Ai(ui((1,a-;),0) —u;((0,a-;),0)) 2 v((1,a-;),0) = v((0,a-;),0) (23)

foralla_; € A_jand 6 € ©. If (T,0,n,u) or v is supermodular, then F : A X0 — R

given by (21) is a generalized potential function.

The function v in this lemma is referred to as a monotone potential function (Morris
and Ui, 2005). If 4; = 1 for all i € I and equality holds in (23), then a monotone potential
function is a potential function.

Oyama and Takahashi (2020) focus on complete information games and show that, for
a generic binary-action supermodular game, if there does not exist a monotone potential

function satisfying (22), then, for every € > 0, there exists an g-elaboration in the sense
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of Kajii and Morris (1997) such that “all 0” survives the iterated elimination of strictly
dominated strategies. Since an g-elaborations in Kajii and Morris (1997) is equivalent to
our g-elaboration (see Subsection 7.1), the action profile 1 is not robust in our sense.

This result leads us to part (2) of Proposition 2. Suppose there is no generalized
potential function satisfying G1 and G2. Then, there cannot be a monotone potential
function satisfying (22). This, in turn, means that there exists 8 € ® such that the complete
information game in which 8’ is common knowledge does not have a monotone potential
function satisfying (22) with § = 6’. Now, consider a degenerate prior 7’ € A(T x ©) with
' (¢',6") = 1 for some specific type ¢’ € T. Since (T, 0, n’,u) is a complete information
game, there exists an g-elaboration in which “all 0” survives the iterated elimination of

strictly dominated strategies. This establishes that o1 is not robust in (T,0,7",u).

7 Discussion

We discuss the remaining issues regarding the relationship between the robustness analysis
in the complete information setting and our analysis in the incomplete information setting.

For proofs of the stated results, see Morris and Ui (2020) or the supplementary material.

7.1 e-elaborations in Kajii and Morris (1997)

The framework of Kajii and Morris (1997) is summarized as follows. The analyst’s model
is a complete information game, where T = T* = {t} and ® = ®* = {#} are singletons.
An g-elaboration is defined as an incomplete information game that satisfies the first two
conditions of Definition 3. The solution concept for the analyst’s model is a correlated
equilibrium, and that for e-elaborations is a BNE.

The set of e-elaborations defined in Kajii and Morris (1997) includes the set of &-
elaborations defined in our paper in the case of complete information games. However, our

definition is equivalent to theirs in the following sense.

Lemma 10. Suppose that T = T* = {t} and © = ©* = {8}. If (T, ©, 7, it) satisfies the first

two conditions of Definition 3 for € > 0, then it is a \/e-elaboration.

Thus, the key distinction between our robustness concept and that of Kajii and Morris

(1997) lies in the equilibrium concept used for £-elaborations: we adopt BIBCE, whereas
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Kajii and Morris (1997) adopt BNE. Pram (2019) proposes a weaker definition of robust
equilibria in complete information games than that of Kajii and Morris (1997) by adopting
agent-normal form correlated equilibria as the solution concept for g-elaborations. Since
both BNE and agent-normal form correlated equilibria are special cases of BIBCE, our
definition of robustness, when applied to complete information games, is weaker than those

of Pram (2019) and Kajii and Morris (1997).

7.2 The critical path theorem

Kajii and Morris (1997) study common belief events and derive a lower bound on their
probability. This result, known as the critical path theorem, is used to establish a sufficient
condition for the robustness. Oyama and Takahashi (2020) extend the theorem and prove its
generic converse, thus establishing a fundamental link between robustness and monotone
potentials as discussed in Section 6.2.

Given the significance of the critical path theorem, it is natural to examine its counterpart
in the incomplete information setting. To sketch this, consider a binary-action supermodular
game (7,0, ,u). For each i € I, fix a subset of types E; C T;. Construct an associated
fictitious game by preserving the belief and payoff function for player i of type #; € E;,
while forcing types t; ¢ E; to choose action 0 as their dominant action. This fictitious game
then constitutes an g-elaboration with € = 1 — n(E), where E = [];¢; E;.

Consider the largest BNE in the fictitious game, which is the largest pure strategy
profile that survives the iterated elimination of strictly dominated strategies. Let CBY(E)
denote the set of player i’s types who choose action 1 in the largest BNE and define
CB"(E) = [l;e; CB{(E) c E C T. This set CB*(E) can be interpreted as a common
belief event in the sense that players have a common belief that action 1 is a best response
in the fictitious game when r € CB*(E) is realized.

The critical path theorem provides a lower bound for the probability of CB*(E) in terms

of £. We can establish the following lower bound.
Lemma 11. If (T, ®, &, u) admits a monotone potential function v satisfying (22), then

Supgscs419ce V(ls,0) —v(ly, 6)

a(CB*(E)) > 1 —«k(v)e, where k(v) = 1 + —
(CBUE) ) @) infsy70c0 v(1,6) —v(1s, 6)

>0. (24)
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By (24), n(CB"“(E)) converges to one as € — 0. This implies that if € is sufficiently
small, the e-elaboration has a BNE in which every player chooses action 1 with probability
close to one. Oyama and Takahashi (2020) establish (24) in the special case where u and

v are independent of 6.

Appendix

This appendix contains omitted proofs. Throughout these proofs, for any countable
set S, we regard the set of probability distributions A(S) as a subset of the linear space
{f:8 > R| X5 |f(s)] < oo} endowed with the /;-norm || f||; = X,es | f(5)]. Because
S is countable, it is straightforward to show that the topology of weak convergence in A(S)
coincides with the topology induced by the /;-norm in A(S). Thus, the following result

holds by Prohorov’s theorem (see Billingsley, 1999), which will be used throughout.

Lemma A. Let A(S) be endowed with the topology induced by the [\-norm. If P C A(S)
is tight, i.e., for any € > 0, there exists a finite set K¢ C S such that p(K?) > 1 — ¢ for all
p € P, then the closure of P is compact. Conversely, if the closure of P C A(S) is compact,

then P is tight.

A Proofs for Section 2

A.1 Proof of Lemma 2

To show the “if” part, suppose that, for each i € I, there exists a mapping 7; : T; — T;
satisfying (2) and (3). Let M; = T; and y; : T, — M; be such that u;(#;) = #; for all #; € T;,
by which the mapping #; — (7;(f;), u;(#;)) is one-to-one. Consider a communication rule
p : Tx0O — A(M) satistying (1); that is, p(Z|t,0)n(t,0) = 7(t,0) if 7(f) = ¢ and
p(t|t, 8) = 0 otherwise, which is well-defined by (2). Then, for (¢,6) € T* x®* and f; € Tl*

with 7; = 7;(;),

p({Ti} X T_i|t,6)
Aty x w2} (12),0) 777 (1), 0l6) x 7(5)  7(F)

_ < -1 . _
= pUI X T ()1 0) = = = e x A @) x()

29



by (3). Because p({f;} x T_;|t,0) = 7(;)/n(t;) is independent of ¢_; and 6, p is a belief-
invariant communication rule, and thus (7, ®, 7, u) is an elaboration of (T, ®, 7, ).

To show the “only if” part, suppose that (T, ®, &, u) is an elaboration of (T, ®, rr, u);
that is, there exists a belief-invariant communication rule p and mappings 7; : 7; — 7T; and
u; - T; — M, for each i € I satisfying the condition in Definition 1. It is enough to show
that 7 and 7 satisfy (2) and (3). Let (¢,0) € T* x ®* and f; € T; be such that 7;(#;) = t;. By
(1),

#(z7(1),0) = x(1,6) Z p(u(0)|t,0) = n(z,6).
rr(f)=t

Thus, (2) holds. Moreover, by (1) again,
a({fi} x 72} (1), 0)
Yo o 7T} x 7 (1,), )
7(,0) (27 e -t P11 0))

S w000, 0) (St e, £ D01, 0)
3 n(t,0)
X w((t1,),6)

7(5) (1), 615) =

= n(t,0l1),
where the third equality holds because

D pw@lne) = > p((uilE), mp)lt,0) = p({ui(E)} x Milt, 6)

l_,iZT,i(f,i)=t,i m_;eM_;

is independent of 7_; and 6 by the belief-invariance of p. Thus, (3) holds. O

B Proofs for Section 4

For each y € T"?/| the conditional distribution of (a;, X;) given ¢; is denoted by v;(a;, X;|t;).
Belief-invariance implies that y;(a;, X;|t;)) = v({a;} X A_; X {X;} X A_|t,0), which
will be used in the proofs. We write y;i(a;[t;) = Xx.en, vi(ai, Xilt;) and y;(X;|t;) =
Zasea; Yilai, Xilt;).
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B.1 Proof of Lemma 5

Let an A-decision rule y be a BIBCE. Because vy is obedient, (8) holds. By taking the

summation of each side of (8) over X; € A;, we obtain

Y, yHay x Al Or(t,0uia,0) = Y y({a} x Alt, O)x(t, O)ui((a, a-), 0),

a_j,t_;,0 a_ij, t_;,0
and thus o is obedient. In addition, because vy is belief-invariant, y({a;} X A_; X {X;} X
A_ilt, 0) = yi(ai, X;|t;), which implies o({a;} x A_i|t,0) = inEﬂi vi(a;i, Xi|t;). Thus, o
is belief-invariant as well. O

B.2 Proof of Lemma 6

When A; = {{a;} | a; € A;} for each i € I, we can rewrite (9) and (10) as

a; € argmax )" Py(a_, 0)v((a},a-),0), (B.1)
a;GAi a0

a; € arg max Z Pi(a-;, 0)u;((a;, a-),0), (B.2)
a;EA,* a0

respectively, since P;(a—;, 0) = P;({a—;}, 8). Then, (B.1) is equivalent to (B.2) by (11). O

B.3 Proof of Lemma 7

Each y € I'B!| together with a prior 7, defines a joint probability distribution y o  over
AXAXT x O givenby yon(a,X,t,60) =y(a,X|t,0)n(t,0), which is referred to as a

distributional (belief-invariant) A-decision rule. We denote the set of all such rules by
IMBlog={yon e ALAXxAXT x0O)|yel}

and identify it with T'?/; that is, we regard I"®/ as the set of equivalence classes induced by
eachy o € '8/ o zr, where y and y’ are equivalent if y o 7 = 9’ o 7r. It can be verified that

'3l o 1 is a tight closed subset of A(A X A x T x ©). Thus, by Lemma A, it is compact.
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Therefore,

I'or=arg max Z yon(a,X,t,0)F(X,80)

orelBlo
yomel om0

is nonempty, implying that I'? is also nonempty.

Then, for each y € I'* and (X;,t;) € A; x T; with y;(X;|t;) > 0, it holds that

X cagmax > y(a.X|LO)x(t.0)F((X/. X-0).0), (B.3)
X'{Eﬂi a, X_j,t_;,0

which implies that

X; N arg max Z y(a,X|t,0)n(t,0)u;((d\a_;),0) £ 0 (B.4)
u;E ia,X_,-,t_;,Q

by Definition 5.

Fix 9y e T andlet p : T x ® — A(A) be the communication rule with p(X|z,0) =
9(X]|t,0). Consider the conjunction of (7,0, r,u) and /6 and let Ziﬂ be the set of player
i’s strategies in the conjunction that always assign some a; € X; whenever player i receives
X; € A;:

2 = {0y : T, x A; = A(A)) | oi(ailti, X;) = 0 for a; ¢ X;}.

For each o € 7, a A-decision rule y given by y(a, X|t,0) = [1,; oi(ailt;, X)) p(X|t,0)
is an element of I'Y since y(X|t,0) = p(X|t,0) = 7(X|t,6).

We show that the conjunction has a BNE in which, for each i, player i follows a strategy
in qu. Observe that, for any o—_; € Zfl{. and (X;,1;) € A; x T; with p;(X;|t;) > 0, it holds

that

X; N arg max Z l—[O'j(Cljll‘j,Xj)pA(Xll, 9)7‘[’([, 9)ui(a§,a_i) 0
GEA X0 i

by (B.4). That is, for any o_; € Zil., there is O'i’ € Ziﬂ that is a best response to o—;. Thus,

the restricted best response correspondence B : ¥ =3 =7 given by
BA(0) = {0’ € 27" | o7 is a best response strategy to o_; for each i € I}

has nonempty convex values. Moreover, it can be readily shown that it has a closed graph
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in the distributional strategy space = o . Applying the Kakutani-Fan-Glicksberg fixed
point theorem, we obtain a BNE o* € =% of the conjunction. Then, the A-decision rule

y* € I'F given by y*(a, X|t,0) = [1;¢; o’ (a;lt;, X;)p(X|t,0) is a desired BIBCE. O

C Proofs for Section 5

For a belief-invariant A-decision rule y € I'®!, we write ys(ay, Xs|t,0) = y({as} x A_g X
{Xs} x A_glt, ). We also write y;(a;, X;|t;) = yyiy(a;, Xi|t, 0), which is possible since y is
belief-invariant, ys(aslt, ) = ys({as} x A-s|t, 0), and ys(Xst, 0) = ys(A-_s X {Xs}|t,0).

C.1 Proof of Lemma 8

We adopt a generalized potential function F satisfying the following condition. Let ¢ :
©® — O~ be a mapping satisfying ¢;(6) = 6; if 6; € ©; for all i € I, where ¢;(6) is the i-th

component of ¢(6) € [];c; OF. We assume that F satisfies
F(X,0) = F(X,¢(0)) forall (X,60) € AxOF, (C.1)

which is possible because the definition of generalized potential functions does not impose
any conditions on their values when 6 ¢ ©*.

Consider {(T,©, 7%, u)}$> . Foreach k, let T = {1; € T; | 7*(®; x ©_;|t;) = 1} and
Sk(ty={iel|t e Tl."}. We call types in Tl.k standard types, and all other types perturbed
types, which are the same as those in Section 5.2.

Let

T = {y e % | y(a, X|t,0) = yge () (ase (> Xse (|2, 0) 1_[ yi(ai, Xilt:) }
igSk(r)

denote the collection of belief-invariant A-decision rules in which perturbed types receive
independent signals and choose independent actions. Note that I'* is convex with respect

to the following convex combination: for y,y’ € I'*, v = 1y + (1 — 1)y’ € I'* is given by

ygk(t)('lts 0) = /lySk(t)('lt’ 0) +(1- /l)yék(t)(lt9 0),
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[1 e =TT (i +a-vycn).

igSk(r) igSk (1)

For each y € %, let
Tyl =y’ e T" | Yi(ailt;) = yi(a;lt;) forall a; € A, t; ¢ T}, and i € I}

denote the subset of I'* in which perturbed types follow y, which is also convex.

In the next lemma, we construct a candidate for {o* } e satisfying (12).

Lemma B. An g*-elaboration (T, ®, n*, u) has is a BIBCE y* € T* satisfying

vk € arg max Z y(X|t,0)7* (1, 0)F (X, 6). (C.2)
yelk[yA]
(X,1,0)eAXTXO

Thus, there exists a BIBCE o € 28! given by o*(alt, 0) = y*(alt, 6).

Note that in a BIBCE y*, standard types follow vague recommendations X; € A;
designed to maximize the expected value of the generalized potential function, whereas

perturbed types make decisions independently.

Proof. We characterize y¥ as a fixed point of a correspondence on I'*, which is defined by
the composition of two correspondences. The existence of a fixed point is then established

using a standard argument. The proof consists of the following three steps.

Step 1: The first correspondence W' : T'* =3 T'* is give by

¥!'(y) = {y e T* | foreacht; ¢ T¥, y/(a;]t;) > 0 implies

a; € arg max > yalasln 0)* (1, 0w}, a), 0),
a’€A;

L
' a_it-;,0

Y'(a, X|t,0) = v (agk > Xor It 6) l_[ ¥i(ai, Xi|t;) for all (a,t,6)}.
i¢Sk(1)

Under 7 € W!(y), perturbed types choose best responses to y, whereas standard types

follow y. Note that ¥!(y) is a nonempty convex subset of I'¥.

Step 2: The second correspondence P2 : I'* =3 I'¥ is given by

¥2(y) = {y’ e T [y] | ' is obedient for each i € I with ; € T}},
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where

I“F[y] = arg max Z Y (X|t,0)7*(1,0)F(X,0) = arg max Z y on*(X,1,0)F(X,0).
‘}/’Erk

Y erklyl £ Y] 5%

Note that (C.2) is written as y* € I'*F[yX], and that I"*¥ [y] is nonempty because {y’on¥ €
A(AX AXTxO) |y €T [y]}is tight and closed, and compact by Lemma A. Under
y' € W2(y), perturbed types follow y, whereas standard types simultaneously choose best
responses; that is, given the mixed actions of perturbed types, standard types behave as if
they follow a BIBCE. Note that ¥?() is a convex subset of I'*. We show that W2 () is
nonempty.

The proof is essentially the same as that of Lemma 7. It begins with the observation
that, for any y’ € I*F[y] and (X;,#;) € A; x T with y/(X;]t;) > 0, (B.3) and (B.4) hold,
where y and 7 are replaced by 7’ and %, respectively.

Fix§ € T*F[y]andlet p : Tx® — A(A) be the communication rule with 5(X|z, 0) =
#(X|t,6). Consider the conjunction of (7, ®, 7, u) and p. Define Zf M as the set of player
i’s strategies that always assign some a; € X; whenever player i receives X; € ‘A;, with the

mixed actions of perturbed types remaining the same as those in y:
A = oy TixA; — A(A) | oi(ailts, Xi) = 0 for a; ¢ X, ov(ailti, X;) = vi(ailt;) for 1; ¢

Then, y’ € T'B! givenby y'(a, X|t, 0) = [1;c; oi(ailti, X;) p(X|t, 0) is an element of 5 [y]
for each o € ThA,

We show that the conjunction admits o € Z¥# where all standard types simultaneously
choose best responses. Observe that, for any o—_; € Zf’iﬂ and (X;,t;) € A; X Tl.k with

Hi(X;|t;) > 0, we have

X; N arg max Z ndj(aj|t,~,Xj)ﬁ(X|t, Q)Nk(t,e)ui(a;,a_i) #0
GEAL Xt 0 i '

by (B.4). This implies that, for any o—; € Zf;ﬂ, there exists o7 € Zf’ﬂ that is a best

response to o_; for every standard type. Thus, the restricted best response correspondence
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BkA . 3k A = KA given by
B* (o) = {o’ € %M | o/ is a best response strategy to o_; for each i € I of #; € T*}

has nonempty convex values.

As in the proof of Lemma 7, the fixed point theorem guarantees the existence of
o* € A where all standard types simultaneously choose best responses. Then, A-
decision rule y* € T'F given by y*(a, X|t,0) =[] o’ (a;lt;, X;)p(X|t, 0) belongs to ¥2(y),

confirming that ¥2(y) is nonempty.
Step 3: We define a new correspondence ¥ : I'* =3 T'* using P! and P?:

Y(y) ={y eT* |y (a, X|t,0) = ygk(t)(ask(,),Xsk(,)u,a) ]_[ yl(a;, X;|t;) for all (a, X, t,0),
igSk(r)

where y' € ¥!(y) and y* € ¥2(y)}.

If y is a fixed point of ¥, then y € W¥!(y) and y € ¥?(y). Thus, vy satisfies (C.2) and is
obedient for standard types since y € W?(y). Moreover, it is also obedient for perturbed
types because y € ¥!(y). Therefore, v is the desired BIBCE.

To show the existence of a fixed point, consider the set
Iork={yonk e AAXAXT xO) | yor*(a,X,t,0) =y(a,X|t,0)7*(t,0), y € T}

Since T'* o 7% is a tight closed subset of A(A x A x T x @), it follows from Lemma A that
it is compact. Now, we regard ¥ as a correspondence defined on I'* o 7¥ by identifying I'*
with T'* o 7% Tt can then be readily shown that ¥ has a closed graph and nonempty convex
values, since ¥! and W? possess these properties. Thus, by the Kakutani-Fan-Glicksberg

fixed point theorem, ¥ has a fixed point.

* ¥(y) is nonempty because ¥!(y) and ¥?(y) are nonempty.
» W(y) is convex because W' (y) and W2 (y) are convex.

* ¥(y) has a closed graph because W' () and ¥?(y) have closed graphs.
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Then, by the Kakutani-Fan-Glicksberg fixed point theorem and the above argument, ¥

has a fixed point. O

Let yk and o be the BIBCE of (T, 0, 7k, u) constructed in Lemma B. We now prove
Lemma 8 using them. Define n* € A(A x A x T x ®) by

n*(a,X,1,0) =y* o ¥ (a, X, 77(1), 0) = Z v (a, X|7', 0)7* (', 6).
rer=(1)
Note that n*(z,6) = 2(a,X)eAxA n*(a, X,t,0) = 75(71(1), 8), which is zero if 1 ¢ 7(T).
We write 7% (a, X|t,0) = n*(a, X,t,0)/n%(t,0) for (1,6) € T x ©® with n*(z,0) > 0. It
can be readily shown that {nk}:’: | 1s tight, so it has a convergent subsequence by Lemma
A, which is denoted by {n*/}% with lim;. 7" = n*. Note that n*(z,6) = =(z,8) for
each (¢,0) € T* X ©*. Thus, we have n*(a, X|t,0)n(t,0) = n*(a, X, t,0). We will regard
n*(a, X|t, ) as an A-decision rule in (T, ®*, 7%, u*).
To prove Lemma 8, we show that {ak}li":1 satisfies (12), which can be rewritten as
lim inf Z In*(a,1,6) — o o n(a,1,6)| = 0. (C.3)

k F
oxoes (a,t,0)eAXTXO

To establish (C.3), it suiffices to show that, for every convergent subsequence {nkl };’il , there
exists o € &7 such that n*(a,t,0) = o o w(a,t, ). This is because if (C.3) does not hold,
then there exists a convergent subsequence {77* }2, such that

lim inf Z " (a,1,6) — o o w(a,1,6)| > 0,

l F
Txoes (a,t,0)eAXTXO

which implies that no o € & satisfies *(a, t,0) = o o n(a,t,0).

*

We denote an arbitrary convergent subsequence by {nk}i":1 with limg_, n* = 7%,
instead of {n~ }12,» to simplify notation. The existence of o € &F satistying n*(a,t,0) =

n*(alt,0)n(t,0) = o o n(t, H) follows from the next three lemmas.

Lemma C. The A-decision rule n*(a, X|t,0) in (T*, ®*, n*,u*) is belief-invariant.
Lemma D. The A-decision rule n*(a, X|t,0) in (T*, ®*, 1%, u*) is obedient.
Lemma E. The A-decision rule n*(a, X|t,0) in (T*, 0%, n*, u*) is an element of 'Y
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Proof of Lemma C. Fixi € I and (¢,6) € T* x ©*. Consider sufficiently large k satisfying
ek < 7k (+71(1)) < ﬂ'k({‘[‘i_l (1)} xT-;), which exists since limg_,.o 78 (t71(2))) = 7(¢) > 0.
Define

tlan Xy = > yEan Xl r* (@) 7" (7 (1)),

ter (1)
where yl.k (ai, Xilt) = X4, x., v*(a, X|t', 6), which is well-defined due to the belief-

invariance of y*. Recall that

(@ XlL0) = Y Y@ Xl .01, 0)/x (1), 6),

rer1(1)

and thus

n*(a;, Xi|t,0) = Z v (ai, X)) 7 ({1} x =122, 0) /75 (771 (2), 0).

rer (1)
To establish the belief-invariance of *(-|¢, 0), it is enough to show that
Jim [ (ar. Xilt, 6) = & (ai, Xilt)|

Z %k (ai, Xi|t})

ter7 (1)

= lim

k—o00

=0 (C4)

(e x N e),0) 7k ()
b 1(1),0)  xk (1)

(C4)=

because this implies that

In* (ai, Xilt, 0) — 0" (a;, Xl (t;,1_;),6)]
< 1}5130 In* (ar, Xilt, 0) — n* (ai, Xil (11, £,), )]

< lim [0 (s, Xilt, 0) = & (ai, Xiltg)| + lim [0 (s, Xil (15,17,), 0) = & (ar, Xilt)| = 0.

To show (C.4), observe that the absolute value of (C.4)* satisfies the following inequality:

({1} x 77} (1), 0) )

~ P <7 @0, 0)  m @) - 2,6)
mk(=1(1),0) (71 (1))

= 7k (t1(1), ) n(t;) 7k(t71(z), 0)

(1) n(1,0) )

A T

n(t;) 7k (x=1(1),0)  n(t;)
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Using the definition of an g-elaboration, we can evaluate each term in the right-hand side
as follows: there exists Tl.b’k c T; with 7* (Tl.b’k) > 1 — g* such that, for all 1€ Ti_l (t)nN Tl.b’k

(which is nonempty because 7 (Ti_l (1)) > £),

U )T 0.0 6 x| e
00w A 00| A0 [ ) = o)
ﬂk(tlf) ‘
EACIONON
) e T@| e (1)

= ko -1
- ﬂ(ti)ﬂ'k(T_l(l),G) |7T(t’ 0) T (T (f), 0)| <

n(t;) 7k (v=1(r),0)  n(t;)

(AN ()
n(t) 7k (r (1))

_ 7k (#7) T
_ﬂmﬂwﬂm»h(ﬁ<”>”@ﬂs

k(1) )
& .
n(t)mk (77 (1))

Thus,
AU X )0 )
0,00 ()
k_k. 1 1 1
58”””@wfwmm+anWrwmm+anWq%mJ'
Then,

In* (a;, Xi|t,0) - é.v,-k (a;, Xi|t:)|

Z %k(ai, Xilt))

PP b,k
tier (1)NT,

<

(a7 @) \ 1)

Ay x ), 0 7k
(11,0 k(1)

< gknk (Tl-_l(ti) N Tl.b’k)

1 1 1 k_,
(1), 0) | () (e (1).0) ﬂ(ti)ﬂk(Ti_l(ti))) el

as k — oo, which implies (C.4). O
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Proof of Lemma D. Because y* is obedient in (T, ©, 7%, u), it holds that

Z Zyk(a,X|l,9)7rk(t,9))ui(d,9) > Z

a_i, X_; \t_;,0 a_i, X

D Y @ Xl o)t (1,6) |ui((a] a-)., 0)

t_;,0

forallt; € T;, X; € A;, a; € X;, a; € A;, and i € I. By summing over all #; € Ti"(tlf) for

each t/ € 7;(T;), we obtain

Z n*(a, X, 1, 0)u;(a,0) > Z n*(a, X, 1, Oui((a;,a—;),6), (C.5)

a-i, X1’ ;.0 a-i, X1’ ;.0
which follows from

> D e xinorteo|= ) > > Y@ Xl 0)x* (1, 0)

tier (1)) \i-i0 tier () \(1L .0 €1 (T-)XO 1_er=1(t" )

- Z Z v*(a, X|1,0)7%(1,6)

(t;.0)er—i (T-1)xO ter=1(1")

= Z n*(a,X,1,0).
(t;,0)eT—i (T-;)X®©

Taking the limit of (C.5) as k — oo, we obtain

Z n*(a, X|t,0)n(t,0)u;(a,d) > Z n*(a,X|t,0)n(t,0)u;((a;,a;),0)

a_;,X_j,t_;,0 a_;j, X_;,t_;,0
since * (¢, 0) = 7 (¢, ). Therefore, n*(a, X|t, 0) is obedient. O

Proof of Lemma E. We show that

D0 (Xl O)x (1, 0)F(X,0) = " (Xt 0)x(1,0)F (X, 6) (C.6)
X,1,0 X,1,0

for arbitrary 9 € I'F. Fix € I'f and let $* € I'*[y*] be such that

?’gk(,)(askm, Xk 11, 0) = Vsk(y(agr ) Xsk ()| T(2), 6),

which is well-defined because 7 is belief-invariant. Note that $* (a, X|z, 0) = $(a, X|7(1), 6)
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if € T*. Then, y* € T5F[y*] implies that

Z Y& (X|t, 0) 7k (2, 0)F (X, 0) > Z 95 (X2, 0) 7k (2, 0)F (X, 0). (C.7)
X,t,0 X,t,0

We show that taking the limit of (C.7) yields (C.6).
Consider the left-hand side of (C.7). Then,

> Y (XIn0)x* (1,0)F (X, 0)

X.t,0
=3 D Yoo |Fx.0 = 1 (X.r.0)F(X.0)
X1",0 \ter~1(v') X160
- D X LOFX,0 = ) ' (XI,0x(, 0)F(X,0)  (C3)
X,t,0 X0
as k — oo.

Consider the right-hand side of (C.7). Then,

D Xl Ot 1 OF(X.60) = > > F(X|r(0).0)x* (1.0)F (X, 6) +x* (T \ T") inf F(X. 6)
X,t,0 X.,0 teTk ’

since P (X|t,0) = 7(X|7(t), 0) for t € T¥. The first term in the right-hand side satisfies

> X0, 07 (1,0 F(X,0) = > 9(X|r(1), )" (1,0)F (X, 6) - x* (T \ T¥) sup F (X, )
X0 teTk X0 X.0

= > 3(XIt, )7 (7' (1), 0)F (X, 6) = 2" (T \ TF) sup F (X, 0)
X6 X0

= > 3(XIt, 0n* (1, 0)F (X, 0) - 7 (T \ T¥) sup F (X, 6).
X6 X0

Thus, we have

lim Z P (X|t,0)7* (¢, 0)F (X, )
k=eo o

> lim Z (Xt 0)n* (1,0)F(X, 0) + 7X(T \ Tk)(ian(X, ) —sup F(X, 0)
k—o00 70 X.,0 X.,0

- Z $(X|t, 0)n*(t,0)F (X, 6) = Z $(X|t,0)x(t,0)F (X, 6). (C.9)
X,t,0 X,t,0
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It follows from (C.7), (C.8), and (C.9) that (C.6) holds. O

D Proofs for Section 6

D.1 Proof of Proposition 1

A function f : A — R is supermodular if, for any a, b € A,

flavb)+f(anb)z fla)+[f(b),

where a V b = (max{a;, b; });c; is the join of a and b, and a A b = (min{a;, b;});cs is the
meet of a and b. It is known that a potential function v(-,0) : A — R of a supermodular
game is a supermodular function for each 6 € ©.

A supermodular function has the following property.

Lemma F. Let f : A — R be a supermodular function. For arbitrary u € A(A), there

exists u* € A(A) satisfying the following conditions.
* The marginal probability distributions of u and u* on A; are the same for eachi € I.

* Zam(a)f(a) =2 X, pu(a)f(a).
* The support of u* is linearly ordered with respect to the product order >J.

Proof. Let >L denote the lexicographic order on A; that is, a >L b if there exists i € I
such that a; > b; and a; = bj for all j < i. For A" = {al,...,aK} C A, which is

USLg? 5L S gK define x1(A’) € {1,...,K} as the

lexicographically ordered as a
smallest index such that there exists k > «j(A’) + 1 satisfying a¥1A) %, gk This index
exists unless A’ is linearly ordered with respect to >;. If A’ is linearly ordered, we set
k1(A”) = K. When k;(A”) < K, define k2(A”) > k1 (A’) + 1 as the smallest index satisfying
a¥1(A) %, g*2(A) Note that, for each k < k1(A”) and [ > k, we have a* >; a' as well as
ak >t a'. We write @(A’) = a*14) and B(A’) = a*>A).

Foreach u € A(A) anda,b € Awitha %; band b #; a,let ¢[u|a, b] € A(A) be such
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that
H(x) = minyeop 1) ifx € {a,b},
¢lula, b](x) = | u(x) +mingeqapy p(x’)  ifx € {aVvb,a b},
u(x) ifx ¢ {a,b,aV b,a A b}.

Then,
2. #lHla b1 f ()= w0 f(x) = min u()(f(avh)+f(anb)=f(@)=f(£) = 0

because f is a supermodular function. In addition, the marginal probability distributions
of ¢[u|a, b] and u on A; are the same for eachi € I.

Fix u € A(A). Let u° =y and A° = supp(u). For each n > 1, we construct 4" and A”
from 1"~ and A"~! as follows. If k1 (A"!) < |A""!|, define u* € A(A) and A" = supp(u”)
by

1= gl a (AT, BATT].

The support satisfies

A" = (A" U{a(A"Y v AT, (AT A B(ATHY) \ arg min p(x).
xe{a(A""1),B(AM"1)}

Repeat the construction as long as k1 (A") < |A"].

If k1 (A™) = |A"|, we terminate the construction and set u* = u”*, which is the desired
probability distribution. To see why, note that supp(u*) = A" is linearly ordered with
respect to >; since k1 (A") = |A"|, and that u and u* have the same marginal distribu-
tions because, for each k, u* and p**! have the same marginal distributions. Moreover,
S () fx) = Dy ") f(0) 2 B ") f () 20 2 By ) f(x),

We show that there exists n satisfying k;(A") = |A"|. Define «§ = k;(A") and let
A" = {a'", ..., a®¥""} be lexicographically ordered as g >L ... >L gK"»,

Assume ] < |A"[. By construction, a”v ... vak" " and @' A - A aX" are
independent of n. Moreover, we have a1l >, " because if K’l’ = 1 then a!*! =
a'* v B(A") and if K} = 2 then a1l = q!" In the latter case, a'" >; a for all a € A",
which means a'* = a'" v --- v aX"". As a result, there exists a minimum integer n; > 0

such that «{ > 2 and a'" = a'" forall n > n.
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n

Next, assume « ]

< |A™|. For n > n;, we must have a®>™*! >; a>" since if Ky = 2 then
a*™! = a®>" v B(A") and if k| > 3 then a?>"l = g2 1In the latter case, a>" >; a for all
a € A"\ {a""}, which means a*>" = a®>" Vv ---V aX"" . As aresult, there exists a minimum
integer ny > np such that K’lZ > 3 and a®" = a®>™ for all n > ny.

By repeating this argument, we can construct a sequence of integers {ny }r=; such that,
foreach k > 1 with K’l”‘ < |A"|, the next integer ny4; > ny is the smallest integer satisfying
K > k+2and a**1" = a"*1met for all n > nyyy. In particular, we have k' > k + 2.
Since «} < |A[, {ng }x=1 cannot be an infinite sequence. Therefore, there must exsit n with

Ky =]A"]. O

We are ready to prove Proposition 1. Let o be a P-maximizing BIBCE. By Lemma F,

there exists o* € X8/ that satisfies the following conditions for each (,0) € T x ©.
e o*({a;} X A_|t,0) = oc({a;} X A_|t,0) = 0y(a;|t;) for all a; € A;.
* 2o 0 (alt,0)v(a,0) = X, o (alt,O)v(a,b).
* The support of o*(-|¢, 8) is linearly ordered with respect to >;.

For each i € I, let a;(#;) and a;(#;) denote the maximum and minimum actions in the
support of o (-|t;) = 0;(-|t;) € A(A;), respectively. By the third condition, the maximum
and minimum action profile in the support of o*(-|¢t,0) must be a(t) = (a;(t;))ie; and
a(t) = (ai(t;))ier, respectively.

By the second condition, it holds that

> o (alt, O)x(t,0)v(a,0) > Y o (alt,0)n(1,0)v(a,0),

anf a0
which implies that o* € &". This further implies that, for each (z, 8) € T*x 0", the function
v(-, @) is constant over the support of o*(:|¢, 6); that is, v(a(t),0) = v(a(1),0) = v(a,0)
for any a in the support. Otherwise, there would exist an action profile a in the support that
attains the maximum value of v(-, ) which is strictly greater than that of some other action
profile in the support. In that case, we could construct a belief-invariant decision rule that
achieves a strictly higher expected value of the potential function than o* by assigning

probability one to @ when (¢, 6) is realized, which contradicts o* € &".
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Since o (a(?)|t,0) = 1 and o (a(t)|t,0) = 1 for all (¢,0) € T* X O, we have

Z o*(alt,0)x(t,0)v(a,8) = Z a(alt,0)n(t,0)v(a,0) = Z F(alt,0)x(t,0)v(a, 0),

a,t,0 a0 a,t,0

which implies that o, o € &. O

D.2 Proof of Lemma 9

In the proof, we use a one-to-one mapping A; : A; — A; defined by A;(1) = {1} and
A;(0) = {0, 1} for each i € I. Note that v(a, 8) = F(A(a),0) for all (a,0) € A X O.
Let P; € A(A_; Xx A_; X O) satisty P;(a—-;, X_;,0) = 0if a_; ¢ X_;. For each increasing

subset B_; C A_; (i.e.a_; € B;anda’, > a_;imply a’, € B_;), we have

D, PilA(a)0)= Y > PildAi(a),6)

a_;eB_; a_i€B_; aLiEB,,‘
’
S Z Z Pi(a_i’X—is 0) = Z Pi(a—l"e)‘
X_jeA_; (l’_iEB_,‘ a_;eB_;

Thus, P;(a-;|6) € A(A_;) first-order stochastically dominates P;(A_;(a-;)|0) € A(A-;).
Using the first-order stochastic dominance and supermodularity, we show that F is a

generalized potential function; that is, if X; satisfies (9), it also satisfies (10). Since the

case of X; = {0, 1} is trivially true, we consider the case of X; = {1}. If (9) is true when

X; = {0, 1}, we have

D PilAi(a-),0)(v((1,a-),0) = v((0,a-),6) = 0.

a_;,0

Thus, if the game is supermodular, (10) holds because

D, Pia—i, 0)(wi((1,a-),0) = ui((0,a-), 0))

a_iﬂ

> Pi(A_i(a—),0)(u;((1,a-;),6) —u;((0,a_;),0))
0

a-i,

> 27 Z Pi(A-i(a—),0)(v((1,a-),0) — v((0,a-;),8)) >0,
a_;,0
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where the first inequality follows from the first-order stochastic dominance of P;(a—;|0) over
P;(A-;i(a-;)|6), and the second from (23). Similarly, if the monotone potential function is

supermodaular, (10) also holds because

D, Pila, 0)(wi((1,a-),60) - ui((0,a-), )

a_;,0

> 47" > Pi(a,0)(v((1,a-1),6) - v((0.a:).6))
a_;,0

> 47" Y PilAi(a=), 0)(v((1,a-),0) = v((0,a-),0)) 2 0,

a,,-,H

where the first inequality follows from (23), and the second from the first-order stochastic

dominance. Therefore, F' is a generalized potential function. O
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