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1 Introduction

1.1 Motivation

In the digital age, sellers often possess superior information about the match between products
and buyers. This informational advantage, coupled with the ability to offer a variety of products,
presents a novel challenge in the design of optimal pricing strategies. How should a seller leverage
their informational advantage while determining the optimal variety of products to offer? With
fewer products offered the seller can reveal less information to support the choice behavior of the
buyer; conversely, more variety requires additional information be provided to all the buyers to
distinguish between the product choices.

We analyze the interaction between the menu of items offered and the information provided to
the buyers in the classic nonlinear pricing environment of Mussa & Rosen (1978). In our framework,
the seller chooses the menu of products and prices and controls the information that buyers receive
about their own willingness-to-pay. This setting reflects key features of the digital economy: (i)
sellers” informational advantage, (i7) the use of recommendation systems, and (#ii) the prevalence
of menu pricing over personalized pricing.

We go beyond the setting of Mussa & Rosen (1978) by assuming that buyers initially only
know the prior distribution of their values. The seller chooses how much information the buyers
receive about their willingness-to-pay through the choice of an information structure. We refer to
the prior distribution of values therefore as the latent distribution as the buyers only observe the
expected values through the signals. The seller’s problem consists of designing a public menu of
products, prices and the information that buyers receive about their value. Thus the seller screens by
offering quality-differentiated products while engaging in Bayesian persuasion to influence buyers’
decisions—screening with persuasion. We maintain the assumption that the seller cannot engage in
personalized price discrimination based on the information revealed about their values. We expand
on the interpretation of this assumption after we introduce the model.

Our analysis yields several striking results. First, we prove that the optimal mechanism always
consists of a finite menu, even when the underlying distribution of buyer values is continuous.
This finding contrasts sharply with the continuous menus often found in classical screening models.
The finiteness of the optimal menu arises from the seller’s ability to pool buyer values, which
reduces information rents more effectively than the traditional approach of distorting allocations.

By pooling, we refer to any information structure that provides less than complete information to
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the buyer about their value. This encompasses any deterministic or stochastic information structure
that sends the same signal for at least two distinct values.

Second, we establish sufficient conditions for the optimality of pooling. Specifically, we show
that pooling is beneficial whenever the entropy of the value distribution exceeds logy (9) bits. This
result provides a clear, quantifiable threshold for when information design becomes crucial in pricing
strategies.

Third, we offer sufficient conditions when a single-item menu is optimal and hence a binary
signal that supports the binary choice of the buyer—to buy or not buy the single item on the menu.
The sufficient conditions require modest tails of the value distribution and convexity of the marginal
cost of quality.

These results together advance our theoretical understanding of nonlinear pricing and also offer
practical insights for firms operating in information-rich environments. They suggest that sellers can
often improve profits by strategically determining the information available to buyers and offering
short, that is finite menus.

The seller reduces the granularity of the buyer’s information by pooling the buyers’ values into a
small set of signals in the optimal mechanism, thereby compressing the information buyers receive.
The central trade-off is between a suppression of the information rent that is enabled by a menu
with a small variety of products and efficiency gains from a menu with a large variety. This trade-off
is established by a variational argument that ultimately leads us to establish the optimality of a
finite menu even when the underlying values form a continuum. The basic argument proceeds as
follows. Suppose that the optimal mechanism were to display an interval of values in the support
of the information structure. We ask what happens to profit if we pool the allocations associated
with a small interval of values in that larger interval. By construction, distortions in the allocation
from the candidate profit-maximizing allocation only cause second-order distortions to the virtual
surplus. But if we additionally pool a small interval of values into a single expected value, then this
causes a first-order decrease in the information rents. Thus, locally a suppression of variety that
is supported by a reduction in information leads to an increase in profit. Hence, screening across
a small open set of values is never optimal. This leads to the first main result, Theorem 1, which
states that the optimal mechanism only generates a finite number of signals and a finite number of
items. In particular, the number of signals received exceeds the number of items by at most one,
to account for a signal to those buyers who optimally do not purchase any item.

We first illustrate the trade-off between the variety of the menu and the suppression of pri-
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vate information in an environment with finitely many values and finitely many given qualities.
Proposition 1 provides a sufficient condition when pooling the lowest two values generates a profit
improvement relative to complete disclosure. The local argument contains the critical ingredients
for the general argument and thus provides a preview of the logic of Theorem 1. The sufficient con-
dition also enables us to produce an upper bound on the entropy under which complete disclosure
can be optimal (Corollary 1), which previews the more general result in Theorem 2.

We make no assumption about the support of the distribution of buyers’ willingness-to-pay. In
particular, it could be finite, countably infinite or - as in the classic treatment of Mussa & Rosen
(1978) - a continuum. We first establish that the optimal mechanism is discrete (Proposition 3),
thus has at most a countable number of items and signals. We then establish that the quality
increments in an optimal discrete menu must be increasing, so that item qualities offered in the
menu increase in a convex manner (Proposition 4). This help us to establish that the optimal menu
always consists of a finite set of items. In the optimal information structure, the cardinality of items
sold is always equal to the cardinality of buyers’ expected values (or one less if there is exclusion).
This result establishes that substantial pooling arises: whatever the true variety of willingness-to-
pay in the population, it is optimal to offer a finite menu and offer only coarse information to buyers
about their willingness-to-pay.

The results so far have not addressed the nature of the pooling of buyers’ values: we have argued
that there will be a finite set of possible expected values under the optimal information structure,
but have not established which values get pooled together. A familiar argument establishes that
information is optimally provided by a monotone partition (Corollary 3). We take a given, and
possibly pooled distribution of qualities and observe that the information design problem is linear
in the values. Thus, a maximum is attained at an extreme point of the set of feasible distributions
as established by Kleiner et al. (2021). This characterization follows after our main results and
highlights that the monotone partitional structure does not play a critical role for our main results,
Theorem 1 and 2.

We further provide sufficient conditions for pooling to be optimal even if there are only a finite set
of values to begin with. We consider a setting where buyers’ willingness-to-pay are distributed on a
finite grid (with equal distances between values). One measure of the variation in the distribution
of values in this setting is the entropy of the distribution. We show that if the entropy of the
distribution is above log, 9 bits, then the pooling of values must be optimal (Theorem 2). Thus

if the distribution of values has more variation than a uniform distribution on nine values, then
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there must be some pooling in the optimal mechanism. This result is obtained by constructing a
best case distribution where no pooling is optimal and establishing that its entropy has to be below
log, 9.

Our results so far are obtained for a large class of cost functions for producing quality-differentiated
products. In particular, we only assume that the cost of producing a distribution of qualities is
increasing with respect to the increasing convex order. Thus the cost of a distribution of qualities
increases if the distribution of qualities increases or becomes more variable. This class of cost
functions includes standard separable cost functions as in Mussa & Rosen (1978), where there is
a convex cost of producing a given quality and the cost of a distribution of qualities is just the
sum of the costs of individual qualities, thus “variable inventory”. But it also includes the “fixed
inventory” case of Loertscher & Muir (2022), where the seller has an inventory of products that
he can sell at zero cost but where any distribution not covered by the fixed inventory is infeasible
(e.g., has infinite cost). Thus the results are insensitive to the nature of the cost function and do
not rely on any cost savings from changing the inventory of products sold.

However, to obtain further results on the number of items in the optimal menu, we must appeal
to properties of the cost function. We report a sufficient condition for when a single item menu
is optimal with variable inventory (Theorem 3). In this case, the seller sells only one quality and
divides buyers only into those who buy and those who are excluded. The sufficient condition is the
convexity of the marginal cost function as well as a modest tails condition on the distribution of
values.

Our setting reflects three notable features of the digital economy: (i) the sellers are better-
informed than buyers about the match value; (ii) particular items on the menu, that is, specific
quality-price pairs, are recommended to different buyers via recommendation services; (iii) person-
alized prices (or more generally third-degree price discrimination) are usually not available for the
seller, but menu pricing (or second-degree price discrimination) can occur. The lack of third degree
price discrimination occurs due to the presence of search engines and comparison sites, and business
models that discourage third-degree price discrimination (see, for example, DellaVigna & Gentzkow
(2019) for the uniform price policy of national chain store and Weiss (2000) for a commitment by
Amazon to not price on demographic characteristics).

These three features are reflected in our analysis as follows: (i) the buyers only know the prior,
or latent distribution; (ii) the seller chooses how much information to provide to the buyers (i.e.,

the information that is conveyed as a recommendation); (iii) the seller makes the products available
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to all buyers with a public menu of products and prices. Thus, our analysis predicts personalized
product recommendations from a non-personalized common menu. We provide a more complete

interpretation and discussion after we introduce the model formally.

1.2 Related Literature

We analyze a model of nonlinear pricing with a variable or a fixed distributions of qualities, as
in Mussa & Rosen (1978) and Loertscher & Muir (2022), respectively. In either setting, these
papers show that bundling different qualities, or randomizing the quality assignment via lotteries,
can increase the revenue in the presence of irregular value distributions. By contrast, in our setting
pooling is optimal for all- regular or irregular— distributions.

In our analysis, the seller controls the selling mechanism and the information that the buyers
receive. The seller thus has access to the tools of Bayesian persuasion (Kamenica & Gentzkow
(2011)) and mechanism design and we provide a solution to an integrated mechanism and informa-
tion design problem in a classic economic environment. Rayo & Segal (2010) offer a sender-receiver
model where the sender offers “prospects” to the receiver. Each prospect offers a pair of distinct
individual rewards for sender and receiver, and those are private information to the seller. The
receiver has a random outside option that is private information to the receiver. By bundling the
prospects, the sender can increase the number and the probability of prospects that are accepted
by the receiver (and profitable for the seller.) Thus, similar to the current environment, the sender
controls how much information the receiver has about the offered items. But distinct from the
current setting, the receiver only has unit demand. Building on Rayo & Segal (2010), Rayo (2013)
considers a model of social status provision that also shares some features with our model. The
utility function of an agent before any transfer is a product of their value (or an increasing function
of their value) and a social status which is equal to their ezpected value given some information
structure. Thus, the allocation in Rayo (2013) is an information structure rather than a quality
allocation.

There are a number of related papers that investigate how information may influence the menu
offered by multi-product sellers. Mensch & Ravid (2022) and Thereze (2022) consider a Mussa &
Rosen (1978) style model and allow the buyer to acquire information about their willingness-to-pay.
Each paper considers a different cost of information and then derives the optimal menu that the
seller offers in anticipation of the endogenous response of the buyers. The resulting menu offers

a continuum of choices in which the buyer is implicitly compensated for the cost of information
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acquisition. By contrast, Bergemann & Pesendorfer (2007) considers a seller with many unit-
demand buyers. They establish the optimality of a finite and asymmetric allocation rule across the
bidders. They analyze finite mechanisms with an exogenous bound on the number of items, and then
show that as the bound grows, the number of items used in the optimal mechanism eventually stays
constant. The present argument identifies the bilinear optimization problem of jointly determining
information and allocation. This allows us to obtain results regarding entropy (Theorem 2) and
the optimality of single-item mechanisms (Theorem 3), which has no counterparts in Bergemann &
Pesendorfer (2007).

The arguments that lead to the monotone pooling result are related to those introduced by Wil-
son (1989). While exogenously limiting the number N of items in a nonlinear pricing environment,
Wilson (1989) shows that in a social surplus mazimizing mechanism this restriction only causes
surplus losses of order 1/N?2. Bergemann et al. (2021) extends this rate result to multi-dimensional
types and allocations. Here, we complement this argument with the fact that the gains that come
from reducing informational rents always have a larger order of magnitude than the efficiency losses.
We thus conclude that there is always some amount of pooling in the profit-maximizing mechanism.

More distant, Johnson & Myatt (2003) and Ellison (2005) also ask what determines the variety of
a menu. They provide sufficient conditions under which the seller may offer fewer or more products
as a function of cost structure and the distribution of tastes and advertising costs, respectively.
The resulting conditions are quite distinct from ours as the seller cannot control the information
in these models. Given the control of the information by the seller, one could allow the seller to
offer the information directly for the sale to the agents, see Es6 & Szentes (2003), (2007), and then
possibly extract an even larger surplus. We deliberately refrain from giving the seller this additional
instrument. In the digital economy, the leading application of this paper, the platforms are selling
differentiated products and typically bundle the information with the sale of products (through
recommendations) rather than offer the information as a separate service at a separate price.

There is some earlier work that asks when second-degree price discrimination may optimally
resolve in a single-item menu. Anderson & Dana (2009) impose an a priori finite upper bound on
the quality in the setting of Mussa & Rosen (1978). They state conditions under which all values
receive the same quality, namely the quality at the upper bound. Sandmann (2024) shows that a
necessary condition for a single-item menu to be profit maximizing is that the single-item menu
constitutes the socially optimal allocation. By contrast, in the current environment a continuum

of qualities is socially optimal. Hence there would be no reason to restrict the menu and offer a



This is the authot's accepted manuscript without copyediting, formatting, or final corrections. It will be published in its final form in an upcoming issue of Journal of
Political Economy, published by The University of Chicago Press. Include the DOT when citing or quoting: https://doi.org/10.1086/738342. Copyright 2025 The
University of Chicago.

bunching solution in the absence of information design.

2 Model

2.1 Payoffs

A seller supplies products of varying quality ¢ € [q;, ¢5] C R to a continuum of buyers with mass
1. Each buyer has unit demand and a willingness-to-pay, or value v € [v;, v;] C Ry, for quality q.

The utility net of the payment p € R, is:

v-q —p. (1)

The buyers’ values are distributed according to a common prior distribution F' € A ([v;, vp]), which
we refer to as the latent distribution of values. We assume that space of values and qualities are
bounded, that is, ¢, v, < co.

The seller produces a set qualities () and incurs a cost that depends on the distribution of

qualities. A distribution of qualities G € A ([q;, q»]) has a cost for the seller denoted by:
C(G) : A[Qlu Qh] — R+7 (2)

where () = supp G. We assume that C' is monotone increasing with respect to the increasing convex
order. Intuitively, GG is greater in the increasing convex order — and thus more costly — than another
distribution G if either G represents higher qualities than G, or if G represents more dispersed
qualities than G, or both. The details of the cost function will not play a central role in our analysis
and a formal definition of the order is given in Section 4 (see condition (18)). Importantly, the
ordering of the cost function is flexible enough to accommodate the classic model of Mussa & Rosen

(1978): if there is a convex function ¢ : [¢, gn] — R, such that

o(G) = / (q)dG(g), (3)

then C' is monotone increasing in the increasing convex order. The model is also flexible enough to
accommodate a fixed inventory of goods (see Loertscher & Muir (2022)), which is when the seller
has a fixed mass of goods of various qualities that can be pooled and discarded (at zero cost); a
formal expression is given in Section 4.6. We will be using the fixed inventory model as a leading
example, as it highlights the independence of many of our main results from the exact nature of

the cost function.
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2.2 Mechanism

The selling mechanism (P, @), S) consists of a menu @) of products, their prices P and an information

structure S.

Menu Pricing The seller produces a set of qualities for sale @ C [q;, gn] and prices P : QU{0} —
R, with the interpretation that P () is the price at which every buyer can purchase quality ¢ € Q.
The pricing function must satisfy P(0) = 0, meaning that buyers can choose to not purchase any
good (or equivalently, acquire a zero quality good). We refer to (P,Q) as the menu. By the
taxation principle, (Proposition 1, Guesnerie & Laffont (1984)), any truthful direct mechanism can
be represented by an indirect mechanism in the form of a menu (P, Q). For our arguments, the use

of the indirect mechanism is convenient.

Information Structure The seller also chooses an information structure S : [v,vy] — AR,
with the interpretation that S (v) is a distribution of real-valued signals observed by buyers with

latent value v. A buyer’s expected value conditional on the signal realization s is denoted by:
v (s) £ Efv | s]. (4)

Frequently, we can omit the dependence of the expected value 7 (s) on the signal s and simply write

v for a generic expected value.

2.3 Profit Maximizing Mechanism

Now the seller chooses the mechanism (P, @, S) to maximize profits. To calculate profits for any
given mechanism, we must first identify buyers’ optimal choice rule ¢ : [v;, v, — @ given the menu

(P, @), where item ¢(v) bought by a buyer with expected value v is:

q(v) € arg max {vg—P(q)}, (5)

where (as usual) ties are broken in favor of the seller.

The information structure S induces a distribution of expected values F', where

F(@):/ / ds (s|v) dF (v) .

v s:Elv|s]<v
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Now the distribution of qualities G needed to supply the buyers’ demand is given by:

G- [ dFe), ()
{v:q(v)<g}
and the seller’s profit is
E[P(q(7))] - C(G), (7)

where the expectation is computed using distribution F. The seller’s problem is then to choose
the mechanism (P, @, S) to maximize profits. We conclude this section with a discussion of the

interpretation of our model.

2.4 Interpretation

Justifying the Common Menu Restriction Our model assumes that the seller has the ability
to endow the buyers with any information structure about their values. However, we did not specify
whether the seller did or did not observe the signal realizations of an individual buyer. But this
does not matter given our maintained assumption that the seller offers a common menu of qualities
and prices available to all buyers, and that there is no personalized pricing.

However, the interpretation of our model is a little different depending on whether seller observes
the buyers’ signal realizations. In particular, suppose the seller could not observe the realizations of
the signals. In this “information-constrained” case, the seller cannot offer different prices to buyers
with different latent values or signals. A standard argument in nonlinear pricing, the taxation
principle (Guesnerie & Laffont (1984)), establishes that even if the seller could elicit information
from buyers, he would not be able to improve the profit compared to a public pricing schedule. Thus
in this “information-constrained” scenario, there is no loss in assuming that the seller is restricted
to offer a common menu.

But if the seller did observe the realization of the buyers’ signals, there may be other reasons -
outside our model - why the seller does not offer personalized prices. We call this the “instrument-
constrained” case because we have imposed a constraint on the selling mechanism. As we discussed
in the introduction, in the digital economy, the “information-constrained” argument against per-
sonalized pricing may be less relevant but there are a variety of forces pushing against personalized
pricing: (i) platform sellers may fear that personalized pricing will scare consumers away from the
platform; (ii) there may be legal restrictions on personalized pricing; (iii) buyers may have the

ability to find others’ personalized pricing by searching under alternative identities.

10
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Recommendation as Information By a standard argument, it would be without loss of gen-
erality to assume that instead of sending abstract signals, the signals are restricted to items in
the menu and can be interpreted as recommendations of what items to buy. Thus the informa-
tion structure could be restricted to take the form S : [v,v,] — A (Q) and, subject to obedience
constraints, buyers could be assumed to always select the item that was "recommended” to them.
This representation of the information structure is not particularly helpful to us analytically.
However, we highlight this representation because we think that recommender systems are a relevant
mechanism used in the digital economy to send information. In particular, when a search menu
generates a list of buying options, we know that the first or top item is more likely to be chosen.

One interpretation is that the top items represent recommendations of the seller.

Direct Allocations By a standard argument, it would be without loss of generality to assume a
direct allocation mechanism, i.e., letting the buyers report their expected values to the mechanism
and the mechanism assigns a quality-price pair to each buyer in such a way that it is incentive
compatible for buyers to truthfully report their expected values. We use the indirect representation
in part because it fits better with our interpretations of the common menu assumption. However,
we emphasize that optimal choices in our mechanism ¢ (v) and P (¢ (7)) correspond to incentive
compatible and individually rational direct allocation rules (and some readers may find it helpful

reading our arguments that way).

3 A First Example with Finitely Many Values

We first analyze the environment with a finite number N of values and qualities. In this section,
we do not yet seek to derive the exact nature of the optimal mechanism. Rather, we compare the
revenue of the seller under two specific information structures. The first is complete disclosure where
each buyer learns their value as private information. The resulting optimal revenue arises from the
standard optimal screening mechanism. By contrast, the second information structure pools the
two lowest values of the buyer and then derives the optimal mechanism when these adjacent values
are pooled, and we refer to this as lower pooling. We provide sufficient conditions for when this
specific pooling of the lowest adjacent values improves the revenue relative to complete disclosure.
This will provide key intuition for results that follow.

Throughout this section, we assume that the seller has a fixed inventory of goods, that is, a

fixed distribution of qualities G (as in Loertscher & Muir (2022)). The assumption of an exogenous

11
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inventory simplifies the algebra as now revenue equals profit, but the conclusions go through for
variable inventory (as in Mussa & Rosen (1978)).

The support of values and qualities are denoted by {v1,...,uox} and {q1, ..., qn}, with 0 < v; <

- <wyand 0 < ¢ < --- < qu; both distributions have atoms of size {fi,..., fy}. So there is

an assortative allocation where buyers of value v, are matched with allocation ¢;. The discrete

version of the virtual values are denoted by:

Z;V:H—l fj
fi

The following lemma provides a way in which the virtual values shape the optimal mechanism in

(8)

O £ U; — (Uz'+1 - Ui)

screening problems without persuasion.

Lemma 1 (Screening without Persuasion)
The profit-mazximizing allocation is efficient if and only if the virtual values ¢; are increasing in 1

and greater than 0 for every i.

For the proof see Theorem 1 in Loertscher & Muir (2022), who characterize the optimal screening
mechanism (without persuasion) when the seller has a fixed inventory of goods of various qualities.
Throughout this section, we assume that the virtual values are increasing in ¢ and greater than 0
for every ¢. Thus we focus on an environment that is most favorable towards complete disclosure as
bundling due to ironing does not occur under complete disclosure. If the goods are sold efficiently,

the optimal pricing policy is given by:

P(q;) = viqn + Z(Qj — qj-1)v;, 9)

by a standard argument using the incentive compatibility constraints. The seller is thus able to
extract the value v; only for the marginal quality, ¢; — ¢;_1, offered to each buyer v;. The price for
the product ¢; is then the sum of the quality increments (g; — ¢;j—1) multiplied by the value v, for

all values below v;. The profits generated are given by:

N

1= ZP<qZ'>fi =vi1q1 + Z(% — qi—1)vi(1 — Z fi), (10)

i=1

where the second expression is obtained by writing P(g;) explicitly and changing the order of

summation.

12
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We can interpret the profit function from the perspective of a multi-product monopolist who
sells NV distinct products of qualities (¢; — ¢;—1) and has a mass (1 — Z;;ll f;) of each of these
products. In this interpretation, the buyers have multi-unit demand so they can buy all products
(or any ordered subset), which amounts to the same utility as buying a single good of quality ¢y
in the original interpretation of the model.

Let us now consider a mechanism where the lowest two values are pooled so the expected value

and expected quality generated are given by:

7, = J1q1 + fago oo — Jiv1 + fava
=, 1= .
! fit /2 Ji+ /2

After this pooling, there are only N — 1 distinct qualities for sale among N — 1 values, which we

(11)

assume are sold assortatively (as before). The profits generated by pooling, say II, is computed as
in (10) but accounting for the fact that the first two quality levels and the first two value levels are
pooled. The difference between the profits after pooling and the profits under complete disclosure
is:

-1 = (01, — (0 + (2 — @)va(1 = f1) + (@2 — @) v3(1 = fi = fa). (12)
Here we wrote the difference as the sum of two terms. The first term corresponds to the difference
in the profits generated by values {v1,v2} and qualities {q1, ¢2}: the seller now sells a pooled quality
level g, at price Uy to every buyer instead of selling quality ¢; at price v; to every buyer and a quality
increment (g2 —q;) at price vy to a mass of buyers (1— f1). The second term accounts for the fact that
pooling increases the quality difference between ¢3 and the immediate quality predecessor— which is
¢» under complete disclosure and §; when pooling— so we get a term proportional to (g2 — g,) and
proportional to vz which is the price of this quality increment. Note that pooling does not change
cost (which is zero) because we assume that there is a fixed inventory of goods, so changes in profits
are the same as changes in revenue. If there was a non-trivial production cost, then the benefits of
pooling would be even larger because pooling would also reduce cost.

In contrast to screening without persuasion, we now have that the distribution of qualities plays
an important role to determine when pooling is optimal. This will lead to properties that any
optimal distribution of qualities must have, and these properties will not have any counterpart in
classic screening problems. Towards these properties, we observe that the payoff difference given

by (12) is linear in ¢; and strictly positive when ¢; = ¢g2. Thus we have that:

(IT = TI) |4y=0> 0 = (II —II) > 0. (13)

13
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Now, by evaluating the condition at ¢ = 0 we get a weaker condition for when pooling generates
more profits than complete disclosure. Intuitively, pooling always increases the price at which ¢, is

sold, so by evaluating at ¢g; = 0 we obtain a weaker condition. We provide this condition explicitly.

Proposition 1 (Lower Pooling Improves Profits)

Lower pooling revenue exceeds complete disclosure revenue if:

f2 U3 — U2

A= (ht )it ) m—vr

We have that (14) corresponds to the left-hand-side of (13) after re-arranging terms (the left-

(14)

hand-side of (13) is linear in ¢o, so (14) also does not depend on gs). The trade-off is that pooling
leads to g, being sold at price 7y (instead of vy) but pooling also increases the quality increment gs
minus its predecessor (which is g, instead of g2 under pooling), which is priced at vs.

We can leverage (14) to provide a simpler condition for when complete disclosure is not optimal.

We say that the values are uniformly distanced when
Vi1 — UV = V; — Vi1, for all 4.
Assuming the values are uniformly distanced will allow us to significantly simplify the algebra.

Corollary 1 (Lower Pooling Improves Profit for Uniformly Distanced Values)

With uniformly distanced values, lower pooling revenue exceeds complete disclosure revenue if:

o< - (15)

With uniformly distanced and uniformly distributed values (f; = f; for all i,j), lower pooling

revenue exceeds complete disclosure revenue if N > 5.

The sufficient condition (15) is obtained by applying the uniformly distanced property to the
improvability condition (14) of Proposition 1. This corollary then provides simple conditions for

lower pooling to be optimal.

Pooling Fine Distributions If we approximate a continuous distribution with a sequence of
finite distributions on a uniformly distanced grid, eventually (15) will be satisfied (as /f; will be
larger than f 4+ f1), and so complete disclosure will not be optimal. We will generalize this idea by

showing that in any optimal mechanism the induced distribution of values is always finite (Theorem

14
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1). Hence, the optimal mechanism is coarse even when the underlying distribution of values is very
fine.

A striking feature of the analysis is that (15) is satisfied even when the distribution is relatively
coarse. For example, with uniformly distanced and uniformly distributed values, lower pooling
improves upon complete disclosure as soon as N > 5. We will generalize this idea by showing
that there is an upper bound on the entropy of the distribution such that complete disclosure is
optimal. This result will show that even when the latent distribution of values is finite, pooling
will be optimal unless “most” of the distribution is located in “few large atoms”as measured by the
entropy (Theorem 2).

There are no counterparts to these conditions in classic screening problems; we now provide

some intuition for the stark difference with standard screening problems.

Screening without Persuasion To contrast our analysis with screening in the absence of per-

suasion, we note that (14) can be written as follows:

J1fo2a foqa
fi+ fa f1+f2(vl_vl)>0' (16)

The first term is the change in profits due to the pooling of the allocation only (without changing

(IT — 1) |g, 0= (61— d2) +

the information). Then, the first term is positive if and only if the virtual values are strictly
decreasing (as in Lemma 1). The second term is the gain in profits from pooling the values after
we have already pooled the allocation. In essence, we will show that the second term in (16) always
dominates the first one when the atoms are small enough. A heuristic argument goes as follows.
Suppose the atoms are small and the distance between values and between virtual values are small.
Both terms are proportional to fo/(f1 + f2), but the first term is the product of two small factors
f1(é1 — ¢2) while the second term consists of one small factor (7; — v1). The intuition is that the
profit losses due to pooling the allocation (without pooling information) are limited to the locally
affected values. Yet the revenue benefits from pooling values increases the profits generated by all
higher values. Due to the differences in the extensive margin, pooling is always beneficial when
atoms are small enough. This is the reason we get distinct conditions for the optimality of pooling

in screening with persuasion relative to screening without persuasion.

15
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4 The Optimality of a Finite Menu

In Section 4.1 we state our first main result, Theorem 1, which asserts that the optimal mechanism
is finite. The main steps of the proof are provided in Sections 4.2-4.4. In Section 4.2, we develop
the properties of incentive compatible and feasible mechanisms and state the profit maximization
problem (7) as a joint optimization over two distributions, the distribution of values F and the
distribution of qualities G. Section 4.3 establishes discreteness of the optimal mechanism, which is
the main step in establishing finiteness of the optimal mechanism. Here we argue that pooling small
intervals of values is always beneficial for the seller. Section 4.4 establishes an additional property
of independent interest, the convexity of the menu. We show that the quality differences between
any two adjacent intervals increase as the values increase. Incidentally, this allows us to go from
discreteness to finiteness by ruling out accumulation points. In Section 4.5 we provide an additional
property of the optimal mechanism, a monotone partitional property, that is not used to prove
Theorem 1, but will be helpful to characterize the optimal mechanism in applications. Finally, in

Section 4.6 we illustrate the optimal mechanism in two specific examples.

4.1 Optimality of a Finite Mechanism

We say a mechanism is finite if the support of the value distribution F is finite. Our first main
result shows that every optimal mechanism offers a finite set of distinct expected values and expected
qualities. Throughout the paper we consider mechanisms such that, if a buyer does not purchase

any positive quality, then they are provided no additional information, thus,

q(v) =q(@)=0=0v="7".
This only disciplines the information that the optimally excluded buyers receive and it is without

loss of generality to consider mechanisms with this property.

Theorem 1 (Optimality of Finite Mechanism)

Every optimal mechanism is finite.

The intuition for the result is that pooling small intervals generates losses that are “local”,
meaning that they affect only the values being involved in the pooling. On the other hand, the
reduction in informational rents affects all values higher than the interval being pooled. Hence,

by considering an interval that is small enough we get that the benefit is an order of magnitude
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larger than the losses. This argument is formally presented in Section 4.3, where we show that any
optimal mechanism is discrete.

Since the space of values and qualities is bounded, to conclude the proof of Theorem 1 we need
to show that there are no accumulation points. Showing that there are no accumulation points in
any interior part of the distribution can be proved in a similar way to how we prove that an optimal
mechanism is discrete. However, proving that there are no accumulation points at the top of the
distribution requires a different line of argument. We prove this by showing that the qualities offered
in any optimal mechanism satisfy increasing differences. We provide this result after we prove that
the optimal mechanism is discrete, and we argue in due course that this result is of independent
interest. We note that if we were to relax the assumption that the space of values and qualities is
bounded, we would get that the optimal mechanism is discrete without the property of finiteness.

Finally, we show that the endogenous distribution of values in an optimal mechanism can be
obtained from monotone partitions of the exogenous distribution of values. This last result is not
used to prove Theorem 1, but it will be useful when we characterize the optimal mechanism (with
additional assumptions on values and qualities) in Section 6.

Before we provide the substantive and novel part of our analysis, we apply standard tools from
information and mechanism design to write the seller’s problem as a maximization problem over

two distributions.

4.2 Optimization Over Two Distributions

The seller’s design problem has two components: (¢) the seller chooses the information that buyers
have about their own value, and (ii) the menu. We now provide a more convenient representation
of these two elements by writing the seller’s problem as the maximization over two distributions.
One of the distributions will be the distribution of expected values F generated by the information
structure; the other distribution will be the mass of qualities that the seller supplies in the optimal
mechanism G.

The buyers’ information structure is summarized by the distribution of expected values F. By
Blackwell (1951), Theorem 5, there exists an information structure that induces a distribution F of

expected values if and only if F is a mean-preserving contraction of F, i.e.,
Vh Vh .
/ F(z)dz < / F(z)dx, Yv € [v, vs), (17)
with equality for v = v;. If F is a mean-preserving contraction of F' (or F majorizes F), we write

17
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F<F.
We assumed that the cost of providing a distribution G of qualities is C(G) (see (2)). For any
distributions G, G € AR, we say G is greater than G in the increasing convex order (or G weakly

majorizes i), and denote this by G >=. G, if

/ " Gy < / " Ble)de, Va € lan an) (18)

see Theorem 4.A.2 in Shaked & Shanthikumar (2007). Unlike the definition of mean-preserving
contractions given by (17), we now do not require (18) to be satisfied with equality when ¢ = ¢;.
Theorem 4.A.6 in Shaked & Shanthikumar (2007) states that G <, G if and only if there exists G
such that G is a mean preserving spread of G and G first-order stochastically dominates G. Thus
if G <. G, then G is both “lower” and “less variable” than G in the sense that G corresponds to
lower qualities than @, which in turn corresponds to less variable qualities than GG. Assuming that
the cost function is monotone increasing in the increasing convex order means that for any pair of
distributions G, G € AR, , G <. G implies that C(G) < C(G). So producing higher qualities and
more variable qualities is more expensive.!

We recall that for any pricing function P, ¢(v) denotes the optimal choice of a buyer with

expected value . Analogously, we define the respective payment:

We refer to a pair (q(v),p(v)) as a direct menu. We depart from the classic terminology (that is
“direct mechanism”) because in our model a mechanism also includes the information structure.

Optimality of the choice function (5) implies that
q(v) — p(v) = vq(v) — p(v'), V0,0 € [vr,val; (19)

and
vq(v) — p(v) >0, VU € v, vp). (20)

Thus, the direct menu {(¢(v),p(v))} induced by P satisfies the classic incentive compatibility and

participation constraints. Following standard techniques, the incentive compatibility requires that

"'While the majorization order (<) and the increasing convex order (<.) have nearly identical definitions in terms
of the integrals, (17) and (18) respectively, we adopt the precedence symbol in the opposite direction for each. This
choice aligns with the conventions in the literature for majorization order and for increasing convex order (as used

in the stochastic order literature), ensuring consistency within their respective contexts.
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the allocation ¢() is increasing and the payment p (0) is determined by the allocation rule using

the Envelope condition:
p(v) = Tq(v) — / a(s)ds. (21)

Note that while F' may have gaps, it is without loss of generality to assume that the allocation ¢ (-)
is defined on the entire domain [v;, v;]. We are thus left with determining the optimal distribution
of values and the allocation function.

We thus have that for any mechanism (P, @, S) there is an induced direct menu and a distribution
of expected values (p(v),q(v), F). Similarly, for any (p(7)), q(), F') satisfying the above properties
we have a mechanism (P, @, S) that induces it.

However, rather than optimizing over the allocation function ¢(v) we will optimize over the
distribution of qualities G offered by the mechanism (as defined in (6)), and then back out what

would be the implied allocation ¢ using F and G. More precisely, we will solve the problem:

—1

max /1F‘1(t)<1—t)d@‘l(t)+é‘1<0)F (0)—C(G). (22)

Fl<pl

G leARr,
As in Section 3, the seller’s revenue can be interpreted as the sum (integral) over all quality incre-
ments multiplied by the revenue generated per-unit-of-quality, (22) is the integral version of (10).
By optimizing over distributions of qualities rather than the allocation function, the production
cost C(G) is independent of the information F. Of course, varying I without varying G will change
the implied allocation function ¢(v). We write the expressions in terms of the quantile function (the

inverse of F' and () because this way the revenue is bilinear in the maximization variables.

Proposition 2 (Optimizing Over Two Distributions)
A mechanism (P,Q, S) is optimal if and only if there exists a solution of (22) of the form (F,G),
such that

and p(v) is the direct mechanism induced by (P, @, 5S).

We thus analyze a maximization problem over two distributions (F',G) given by (22), and we
refer to a pair (F,G) as a mechanism. When solving the problem (22) we are only be interested in
functions (F,G) such that at any t:

G (t) is increasing in ¢ only if Fﬁl(t) is increasing in ¢. (23)
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This is without loss of generality: if F_l(t) is constant in some interval (t1,%y) and a_l(t) is not
constant in this interval, then we can pool qualities in this interval and thus weakly increase revenue
and weakly decrease cost. In a direct menu we construct ¢(v) from G, so this measurability condition

is necessary and sufficient for the solution to be implementable with a direct menu.

4.3 Optimality of Discrete Mechanism

We say that a given distribution H has discrete support if there is no open interval (¢y,%2) C [0, 1]
such that H~! is strictly increasing in (¢,%,). We say a mechanism (F,G) is discrete if it consists
of distributions with discrete support. As a first step towards proving Theorem 1 we prove that any
optimal mechanism is discrete. We can describe a discrete mechanism by a countable collection of
quantiles {tx}rer, where at each quantile ¢y there is a discontinuous jump in expected values and
expected qualities and both distributions are constant everywhere else. As shorthand notation, we

denote by vy the expected value and by g, the quality at quantile #:

AT () 320G (t) (24)

Proposition 3 (Optimality of Discrete Mechanism)

Every optimal mechanism (F,G) is discrete.

Proof. The measurability condition (23) implies that, if F is discrete, then G (and thus the
mechanism) is discrete. We consider a candidate mechanism (F, G) and correspondingly (F'~, G™1)
such that F'~! is strictly increasing on some interval [ti,¢,) and show that this mechanism is not
optimal. In writing the proof, the notation suggests that F' and G are the exogenous distributions
of values and qualities; this is only to make the notation more compact and is of no substantive
difference for the argument.

We first consider the case in which (F~!,G™!) are both strictly increasing on some interval
[t1,t2) and show this mechanism is not optimal. It is useful to write the interval [t1,t5) in terms of
its mid-point and width:
lo— 1

s U1+t A
= A= : 25
2 2 (25)

t

So, we have that
[t ts) = [t — AT+ A) (26)
and we will eventually take the limit A — 0. Since both F~!(¢) and G~'(¢) are strictly increasing in

this interval, they are differentiable at almost every ¢ in this interval. So, without loss of generality

we assume that F~'(t) and G~(t) are differentiable at # and the derivative is strictly positive.
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We contrast the profits generated by (F, G) with ones generated by a mechanism in which values
and qualities are pooled in this interval [¢,t5). Before we compute the changes in profit we introduce
some notation. We denote by v; and ¢; the value and the quality at the lower limit of the interval

[t1,t2) and denote by g¢o the quality at the upper limit of the interval [¢;,t5):
v £ FH ) g 2 G Ht); 2 = G (ta).

We also denote by u, and p, the average value and average quality provided in this interval:

to -1 t2 ~—1
N J.2 FH(t)at R J.D G (t)dt
o &I and g, 2T
lo — 1y lo — 11
We only compute these quantities in the interval [t1,?], and we can therefore safely omit an index
referring to the interval [t;,¢s] in the expressions.
We first consider the impact from pooling the allocation without changing the information

structure, and thus pooling the values. The distribution of qualities can be written as follows:

Mg ift e [tl,tg);
G7Yt), ift ¢ [ty,ta).

(27)

As we only change the allocation of qualities in this first step, we use the subscript ¢ to refer to this
variation in [t1,?2). We denote the profits generated by (F,G) by II and the profits generated by
(F,G,) are denoted by II,. The change in profit can be expressed as follows:

M1, / ) — 0de () — / (= 046 (1) — (C(6) - C(Gy) .

t1 t1

We note that F~'(t) is differentiable at 7 and so F~'(t)(1 — t) is also differentiable at this point.
Thus, there exists r(t) such that:

~ d[FTY )1 —1)

FHO0—1) = FO0 -1 + |, =D+ v -,

dt
with 7(t) — 0 as t — t. We thus get that:
M-I, = / Cr(t)(t — DG (1) - / “r(t)(t - DG, (t) — (C(G) — C(Gy)).

Here we used that:

" & PG)dt [P G (t)dt
[ et = [ 60 = (@ g ang 2 EO0 GO0

t1 t to — 11 to — 1
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so when we compute the difference in revenue the first two terms of the Taylor expansion of
F~(t)(1 —t) cancel out. To obtain an upper bound on the difference we first note that G, <. G
so C(Gy) < C(G) and we can also bound the value of each integral by:

to
[ =046 < (@ - A _max[r(0)]
4 te[t—AT+A]

/2r<t>(t—?)dc:;1(t) > (gp—g)A  max  |r(t)].

4 teft—Ai+A]

We thus have that:
IIT—-1I, <2(ga — q1)A max |r(t)].

teft—AT+A]
We now note that: (02— @) 1G-1(D)
R N 7
Thus: N
lim -1, < 4dG_1(t> lim { max |r(t)|} =0.
A—0 A2 dt  A—0 (teff-AirA]

The limit is because () — 0 as t — ¢.
We now compute the profit when the allocation is G; and we now additionally pool the values
in this interval, which we denote by F,:
oy lft < [tl,tQ);
FoHt), it ¢ [t,ta).

The corresponding profits are denoted by IL,,. The change in profits is:

-~ 1, = [ 00 - 0i6; 0 - [ 00 - a6 (28)
ity — ), — ) (1 — 1), 29

The production cost is the same in both mechanisms, so the cost does not appear in the difference.
We obtain the second equality by noting that the only quantile in which F~! and F,! differ and
dGq_l(t) is not zero, is the discrete quality increment Agq = (u, — q1) at t = t;. Intuitively, if
information about the values is pooled then the whole quality increment is priced at p, instead of

v;. We now note that:
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Hence,

. I, -1, dG#)dF~'(t),, A
= =~ @ >0 (30)

Hence, for a small enough A:

(Mg — T1y) + (I, — IT) > 0.

Hence, the mechanism (F, G) is not optimal.

Finally, we consider the case in which F~1(¢) is strictly increasing in [t1,ts] and G'(t) is not
strictly increasing in [tq,ts]. Without loss of generality we consider interval [¢, %] to be such that
G~(t) is constant in (¢, ;) and either ¢t; = 0 or G™!(¢) is increasing at ¢;. If G7(¢) is continuously
increasing in some interval [t; — €, 1] the first part of the proof applies to this interval so, without
loss of generality, if ¢; > 0 we assume that G~1(¢) is discontinuously increasing at t;. Recall that
whenever two values are excluded they have the same expected valuation so we must also have that
G~!(t1) # 0. Since G™! is constant, pooling information does not change the allocation. Pooling

information, analogously to (29), generate revenue gains equal to:

Moy =y = (ptg = a1 (1, = 01)(1 = 11) > 0,

where now ¢, £ 0if t; = 0 and ¢; = limsy, G~1(t) if t; > 0. Hence, the mechanism is not optimal.
This concludes the proof. m

Before we proceed, we discuss the possibility of accumulation points in the optimal mechanism.
Accumulation points in the interior of the distribution can be ruled out in an analogous way to the
argument we just presented. However, when the accumulation point is at the top of the distribution
the arguments no longer go through. Technically, we can see in (30) that it was necessary to take an
interval bounded away from the top of the distribution (that is, t< 1). Conceptually, we need that
the interval being pooled is small relative to the survival function. In the next subsection we use
a different type of argument to rule out accumulation points at the top of the distribution, which

will also provide novel insights into the optimal mechanism.

4.4 Optimality of Convex Menus

We previously defined a discrete menu by the expected values v, and the quality g, at quantile ¢,
(see 24):
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We say that the quality increments display increasing differences if

Qo1 — Qe > Qe — Qo1 (31)

for all k < K and where g, = 0. If the menu of offered qualities display increasing quality increments

then we say that the menu is convex.

Proposition 4 (Optimality of Convex Menus)

Every optimal mechanism generates a convexr menu.

Thus, the quality increments between menu items increase as we move up the quality ladder.
This finding suggests implications for how sellers should structure their product lines. The convexity
of the menu arises with some frequency in nonlinear pricing. In mobile phone pricing, the data
packages offered are frequently convex. Similarly, mobile phones themselves are offered with a
variety of memory chips with convex structure.?

The source of the convexity can be explained as follows. Suppose we have only two values and
two quality levels and we compare the revenue generated by separating the values and qualities
relative to the revenue generated when the values and the qualities are pooled (this trade-off is
computed in (12), with f; + fo = 1 so the last term is 0). Before pooling, quality ¢; is sold at
price v; and the quality increment (ga — ¢1) is sold at price vy. After pooling, the average quality
is sold at the average value. Hence, pooling increases the price at which the quality ¢, is being
sold and decreases the price at which the quality increment (ga — ¢1) is being sold. One can then
show that if ¢; > (g2 — ¢1) we have that pooling will be optimal. When pooling any two values
Uk, Up+1 the same trade-off appears: pooling decreases the price at which the quality increment
(Gry1 — Gy,) is being sold and increases the price at which the quality increment (g, —q;_,) is being
sold (when k =1, g1 = 0). Hence, a necessary condition for pooling not to be optimal is that
(Gpt1 — 1) > (@ — Gp—1), which is the convex menu condition. Note that there is no counterpart to
this result in classic screening models without persuasion. In particular, when there is no persuasion
the optimality of pooling only depends on the distribution of values and not on the distribution of
qualities (see Lemma 1).

The property of increasing differences allows us further to exclude the possibility of an accumu-

lation point in the menu, not only at the top of the distribution, but at any point of the distribution

2For example, ATT offers three options : 3 GB, 15GB, 50GB for hotspot data packages.
(https://www.att.com/plans/wireless/) and apple offers memory at levels of, 128, 256, 5124GB
(https://www.apple.com/shop).
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except possibly at the bottom of the distribution; we rule out accumulation points at the bottom
of the distribution using arguments similar to the ones presented in Section 4.3. Since there are
no accumulation points and the space of values and qualities is compact, every optimal mechanism
is finite. When the seller has a fixed inventory, we can go further and bound the number of items

offered in any mechanism.

Corollary 2 (Finite Upper Bound on the Number of Items)
With a fized inventory on support [qi, qn), the number of items K offered by an optimal mechanism

18 bounded above by

K<q—h.
qi

The lowest quality item will be at least g; > ¢;. Using the convexity result of Proposition 4, the
k-th item must have quality strictly exceeding kq;. However, the last item, the K-th item, cannot
have a quality higher than g, so we have that K¢, < g, which proves the result.

The property that the menu satisfies increasing quality increments is of interest as it informs
us about the structure of the menu independent of the distribution of values. The result predicts
that in any multi-item menu the distance between any item and its next lower ranked item is
increasing as one moves up the quality ladder, thus establishing that the menu offers qualities that

are increasing in a convex manner.

4.5 Optimality of Monotone Partition

So far we have shown that the optimal mechanism consists of a finite menu. We now use the
linear structure of the preferences to provide a sharper characterization of the optimal information
structure. More precisely, we show that the discrete jumps of the distributions are obtained by
pooling intervals of values. The arguments employed in this section are orthogonal to those used in
the previous subsections.

A distribution of values F is said to be monotone partitional if [0, 1] is partitioned into countable
intervals [t;,t;11),c; and each interval either has complete disclosure, i.e., all buyers with values
corresponding to quantiles in that interval know their value; or pooling, i.e., buyers know only that

their value corresponds to a quantile in the interval [t;,¢;,1), and so their expected value is

@i = E[’U | F(U) € [tzatz+1)]
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The expectation can be written explicitly in terms of the quantile function as follows:

S P () dt

tiv1 — t;

Thus writing J for the labels of intervals with complete disclosure, we have

(t) A F1(), ifte [ti,tix1) for some i € J; )
Uiy if t € [t;,t;41) for some i & J.

-1

F

Proposition 1 in Kleiner et al. (2021) shows that the set {F = : F = < F~!} is a convex and

compact set, and their Theorem 1 shows that the extreme points of this set are given by (32).

Corollary 3 (Monotone Partition of Values)

There exists an optimal mechanism (F,G) in which F is monotone partitional.

The corollary shows that the optimal information structure can be constructed in a straightfor-
ward manner: the value space is partitioned into intervals, and buyers are only told to which interval
their value belongs. We note that the results in the previous subsections, in particular Theorem 1
and Proposition 2-4 do not make use of the monotone partitional structure of the optimal infor-
mation structure. The result of a monotone partitional information structure relies on the linear
utility in v, while versions of our main results continue to hold in nonlinear utility environment, see

Theorem 5 in the working paper version (Bergemann et al. (2024)).

4.6 Two Examples of Optimal Mechanisms

We now illustrate the optimal solution in a mechanism with exogenous inventory. A model with
exogenous inventory (as in Section 3) corresponds to a cost function of the form:

0, ifG<.G;

C(G) = (33)

oo, otherwise.
In this case, the cost in the optimal solution of (22) is always 0 but there is a constraint on the
set of feasible qualities. That is, the feasible distribution of qualities are G <. G. The constraints
on qualities G is almost the same as the constraint on values F, except that the seller can discard
goods but cannot discard values. In Figures 1 we illustrate the optimal mechanism in an example.

The top panel illustrates the exogenous distributions of values and qualities (F, G) that the seller
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Figure 1: The given distributions of values F (v) = v* and qualities G (¢) = ¢
on the top left. The associated optimal distributions F and G, which are monotone partitional
distributions are depicted on the top right.The corresponding quantile distributions F~* (¢) = /2
and G~!(t) = t* are at the bottom left. The optimal quantile distributions 7 display jumps at

the same quantiles at the bottom right.

can pool in the optimal mechanism (F', G) and the endogenous distributions of expected values and
expected qualities generated by the optimal mechanism (F,G); the bottom panel illustrates the
respective inverses.

The determination of the optimal menu with a variable supply follows the same logic. Below we
display the optimal solution when the latent distribution is again given by a quadratic distribution of
values, F' (v) = v2, but the supply of qualities is determined endogenously. We compute the solution
under a quadratic cost function ¢ (¢) = (1/2) ¢*. In Figures 2 we illustrate the optimal information
structure and allocations. In Section 6, Theorem 3 establishes the optimality of a single item to be

offered in the menu under sufficient conditions on distribution and cost. The current example with
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Figure 2: The given distribution of values F' (v) = v? and the optimal distributions F and G given
the cost function c(q) = (1/2)¢? in the upper panel. The quantile distribution F~! (¢) = ¢*/2 and
optimal quantile distributions 7 = and G given the cost function ¢ (¢) = (1/2)¢? in the lower

panel.

a quadratic distribution function and a quadratic cost function satisfies these sufficient condition.
As might have been expected, the solution with a variable supply offers fewer items as it is costly to
produce the supply. Perhaps less intuitively, the solution with variable quality supply can exclude
fewer buyers than the solution with a fixed supply. But as we might expect, conditional on being
offered a positive quality level, the quality offered is lower in the variable supply than in the fixed

supply case for all latent values.
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5 Pooling and Entropy

In Section 4 we provided a variety of results concerning the optimal mechanism, most notably,
Theorem 1 that establishes that every optimal mechanism is finite. These results hold independent
of the latent distribution of values F'. An immediate corollary is that, if the latent distribution of
values has infinite support, then the optimal mechanism will by necessity pool information.

Of course, if the latent distribution of values had finite support, we wouldn’t be able to reach the
same conclusion. So a natural question is: can we still assert that, in an optimal mechanism, the
seller pools information regarding the value of the buyer? We now show that the answer is positive
as long as the original distribution is not “too coarse”. More precisely, we show that pooling is
optimal as long as the entropy of the latent distribution of values is larger than log,(9) bits. Note
that, like Section 3, but unlike Section 4, we will not pursue general properties about the optimal
mechanism, but simply explore when pooling some information is optimal. And thus, the answer
will inevitably depend on the latent distribution of values.

Throughout this subsection we analyze the situation in which F' has a distribution with support
on a uniformly distanced (or equidistant) grid {vy, ..., vk, ...}, with atoms denoted by { f1, ..., fg, .-}

which we assume are strictly positive. The entropy of a discrete distribution F' is defined by:
— > frlogs(fi)- (34)
k

The entropy is a measure of the amount of information that is contained in a random variable;
we expand on the interpretation after we provide the result. The entropy of a random variable is
independent of the domain of the random variable, so our assumption that the distribution is on
a equidistant grid does not affect how entropy is measured. We define entropy using logarithms
with base 2 so that it is measured in bits. We find an upper bound on the entropy generated by
any distribution of values (on a equidistant grid) that satisfies a necessary condition for complete

disclosure to be optimal, which we provide next.

Proposition 5 (Sufficient Condition for Optimality of Pooling)

Pooling improves revenue over complete disclosure if for some k € {1,2,.....}:

o _ [k
Zizkfi Zizkfi EiZkfi‘

This condition is a generalization of Corollary 1 and the earlier condition (15). In particular,

(35)

the condition now covers the value of pooling of any two adjacent atoms, not only the lowest two
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values. We maximize (34) subject to:

ferr fe T
Zz‘zkfi_ Zsz-f’L Zszf’L

which is a necessary conditions for complete disclosure to be optimal. We show that the entropy-

(36)

maximizing distribution is defined on an infinite grid and every constraint (36) is binding. Hence,
we consider the family of distributions in which the first element f; is arbitrarily chosen, and each

successive probability is found using that the constraints (36) are satisfied with equality.

Lemma 2 (Distribution with Binding Constraints)
For any fi, there exists a unique distribution on an infinite support {ﬁ,fg, ...} such that every

constraint (36) is satisfied with equality and ]/”\1 = fi.

We write the atoms of such distribution as ﬁc( f1), to emphasize that the atoms depend on the

initial condition f;. To prove this lemma, we write the inequality (36) in terms of the hazard rate
hi .

fi

2i ki

where h; is the hazard rate of i-th atom. With this the inequality(36) can be written as follows:

Vhi — hi
1—h;

h, &

hiv1 > (37)

The advantage of this expression is that the set of feasible hazard rates h;;; depends only on the
value of h;, and we have that f; = h;. Starting from the initial atom f;, we find each successive
atom using that the hazard rate is given by (37) (satisfied with equality). Since the hazard rates
are always in [0, 1] and the hazard rates converge to a unique fixed point at h = (3 — \/3) /2, such
a distribution can obviously be constructed for any initial probability f;. In Figure 3 we illustrate
(37): the shaded area represents the set of feasible hazard rates (h;, h;y1); the arrows show how
the hazard rates evolve when (37) is binding. The hazard rates give an alternative definition of the
critical distribution that maximizes entropy.
The entropy generated by the distribution that maintains all constraints (36) binding— parametrized
by fi— is given by:
E(fi) &~ Zﬁc(fl) 1Og2(ﬁ€(f1))'

k>1
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hj.q

Figure 3: Behavior of the hazard rate h; for the critical distribution f

In the proof of Theorem 2 we show that the £ (f;) is maximized by taking the limit as f; — 0. We
also show that:
E* = lim E(f))

f1—0
is bounded between:

log,(8) < E* < log,y(9) < oo.

As reference, the entropy of a uniform distribution with support on N different values is given by
log,(N). Hence, complete disclosure is optimal only if F' has an entropy below the entropy of a

uniform distribution with support on 9 different values.

Theorem 2 (Entropy and Optimality of Pooling Values)
The optimal mechanism has to pool values if the entropy of F is larger than E* € (log, 8,1log, 9).

The intuition for the result is that the atoms of the individual values in the distribution cannot
have too small hazard rate. Otherwise, pooling the allocation of adjacent atoms generates small
distortions to revenue while pooling information generates an order of magnitude larger revenue
gains. With a uniform distribution the result is particularly stark, as illustrated in Section 3, and

the same intuition goes through as long as both atoms being pooled are of similar size. However,
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when the hazard rate of the first atom is much smaller than the hazard rate of the second atom,
then pooling can decrease revenue, even if both hazard rates are small. Hence, it may be possible
to have “many small” atoms and still have complete disclosure being optimal. However, the sum
of all these small atoms will end up having a negligible amount of mass, which is formalized by the
fact that the entropy must be small.

To gain a more quantitative intuition for the result, consider a distribution with constant hazard
rate h, that is, a Geometric distribution. The entropy of the Geometric distribution is:

_ hlogy(h) + (1 — h)log,y(1 — h)
- :

E =

As h converges to 0, the entropy diverges to infinity. Let’s now contrast this with the dynamics in
Figure 3. While the hazard rate might be initially small, the constraints guarantee that the hazard
rates quickly increase. This leads to a bounded and relatively small entropy.

Theorem 2 states that there is an upper bound on the entropy distributions that induce complete
disclosure to be optimal. The proof can be directly extended to show that in the optimal mechanism,
there cannot be complete disclosure of any adjacent subset of values that have a conditional entropy
larger than £*. While we have assumed that the grid is uniform, the results would remain unchanged

if the grid had increasing differences:
Vg1 — Uy 2 U — Vi 1.

Intuitively, we can see from (14) that in this case the conditions for pooling continue to hold (where
one obviously needs to do the appropriate adjustments to account for all atoms and not only the

first two).

6 Optimality of a Single-Item Menu

So far we have established that the optimal menu only invokes a finite number of items. We further
proved that the pooling of values and thus the compression of information is optimal when the
original distribution of values is not too coarse (as expressed by the entropy bound). A natural
follow-up question is, does the optimal mechanism offer “few” items? (Naturally, the qualifier “few”
would have different meanings according to the application.) An ideal answer would provide a sharp
characterization of the number of items offered by the optimal mechanism as a function of the cost

function and distribution of values. Such a general result is too ambitious, so we will instead pursue
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a more modest goal. In this section, we provide sufficient conditions under which the optimal menu
only contains a single item. The conditions include many natural parametrizations (for example,
uniform distribution and separable quadratic cost function) so this is a plausible outcome in many
applications. Besides being a plausible outcome, the result will suggest that the optimal mechanism
offers few items even when the conditions are not satisfied, and the intuition for the result will be
informative of how properties of the cost function and distribution of values can lead to more or
less pooling.

The results in previous sections were derived independently of the cost function, but a sharper
characterization of the optimal mechanism necessarily depends on the cost function. Throughout
this section, we assume that the seller has a separable cost function (see (3)). There are two reasons
to focus on this case. First, it is the most widely studied model of second-degree price discrimination
(see Mussa & Rosen (1978)). Hence, studying how properties of the cost function determine the
number of items offered by a mechanism is of particular importance. Second, it allow us to build
a connection between the values and the qualities (as these are endogenously determined), which
provides enough structure to characterize when the optimal mechanism offers just one item.

To provide our single-item result we assume that the distribution of values is absolutely contin-
uous and its density f is quasi-concave, and strictly concave on the decreasing part of the density.

Formally, we say a distribution has modest tails if
f'v)y<0= f"(v) <0, (38)

This condition states that f must be concave when it is decreasing. For example, any distribution
with (weakly) increasing density satisfies (38). It is also satisfied if the density is linearly decreasing.
In contrast, the condition cannot be satisfied by any distribution with unbounded support. We say
a mechanism offers a single-item menu if the range of ¢(7) has at most two values and only one
strictly positive value. Hence, every buyer is either offered a standard quality ¢(7) > 0 or is excluded

altogether ¢(v) = 0.

Theorem 3 (Optimality of Single-Item with Modest Tails)
If the distribution F satisfies modest tails and ¢"(q) > 0, then the optimal mechanism is a single-

item menu.

Theorem 3 shows that in large class of environments the optimal mechanism is a single-item

menu. The condition of the Theorem states that only a single-item is offered, but it does not imply
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that the seller finds it optimal to sell to all values, i.e. to pool all values. In other word, for some
distribution and cost function the optimal mechanism consists of a single-item under which some
buyers (with some values) are excluded (and hence do not buy any positive quality). Theorem 3
can be restated in the value space: It is optimal to provide a binary information structure, where
the higher signal (higher expected value) suggests to buy the single item on offer, and the lower
signal suggest to not buy. To gain some intuition we explain how the two assumptions of Theorem
3 lead to substantial pooling of values.

We begin by explaining why imposing a bound on the convexity of the marginal cost is expected
to guarantee that a single-item mechanism is optimal. Consider some pooling of F' into finitely

many atoms. The quality offered to v; is:

Qi - C,_1(¢i)7

where ¢; is the discrete virtual value associated to T; (as defined earlier in (8)). A necessary
condition for a mechanism to be optimal is that the qualities generated by the mechanism satisfy
the increasing difference property (see Proposition 4); this reflects that pooling is more likely to
be optimal when the qualities offered to different buyers are more homogeneous. Hence, we can
see how a “more convex” marginal cost pushes the trade-off to more pooling because the qualities
generated by the mechanism (for any fixed information structure) are more homogeneous (since ¢ !
becomes more concave as ¢’ becomes more convex).

The second condition of the Theorem is the modest tails condition, which guarantees that
the distribution of expected values generated by the mechanism cannot be too spread out. To gain
intuition we provide a necessary condition for full pooling to be optimal. More precisely, we examine
under what circumstances it is optimal to separate an infinitesimal sliver of values at the top of the
distribution, starting from a mechanism that pools all values.

We denote by g, the quality offered to the buyers when they are pooled (that is, when 7 = p,)
and ¢, the efficient quality offered to the highest value (that is, when 7 = vy,):

4L

7,2 ¢ () and g, £ ¢ (u).

When all values are pooled the seller can leave the buyers with no surplus, but separating a small
interval of values will generate some (infinitesimal) informational rents. The informational rents

gained by the buyers in the interval that is being separated are:

U é a,u,(vh - /*’L’U)
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That is, buyers being separated have a value of v; and can buy g, at price p = g, which gives
U. Separating a sliver of high values also (infinitesimally) increases total surplus because the seller

can offer them the efficient quality. The gains in total surplus from the separation are:

AS £ vp(@, —q,) — (c(@) — ¢(@,)).

Here we assume that the separation is small enough so that it does not affect the quality offered to
the remaining pooled values.®> The proposed separation increases profits if and only if U < AS.

It is easy to check that U is linear in v, while AS' is convex in v, with:

dAS
dUh

Vh=Mv = O

This condition is essentially saying that the surplus loss from pooling is of second order in the
size of the distortions. Thus, when the highest value is sufficiently separated from the mean, then
separating the infinitesimal sliver around the top increases profits, and a fortiori, full pooling will
not be optimal. The analysis suggests (although it does not prove) that when the highest value is
sufficiently close to the mean, then pooling will be optimal.

We can now relate the above intuition to the condition on the distribution of values. If f is
non-decreasing, we have that v,/u, < 2 (where the inequality is tight when the distribution is
uniform on [0, vy]); if the distribution f is linearly decreasing, we then have that vy, /pu, < 3. Hence,
the modest tails condition imposes a bound on the difference between the mean and the highest
value of the distribution. Theorem 3 implies that vj,/u, < 3 is not a sufficiently large difference
for separating a sliver of high values to be optimal. For the separation to be optimal, we require
f to be decreasing and convex, which is when the distribution does not have modest tails. If f is
decreasing and sufficiently convex vy, /u, may be arbitrarily large, and some separation will always
be optimal.

Theorem 3 provides general conditions under which a single-item mechanism is optimal. We
know of distinct sufficient conditions under which a single-item mechanism is optimal and have pro-
vided additional results on how the cost function determines the optimal mechanism in Bergemann
et al. (2024). For example, if the cost function is a power function ¢(q) = ¢" and the distribution
of values has narrow support, more precisely vy, /v; < 1, then the optimal mechanism will pool all

values (see Proposition 10 in Bergemann et al. (2024)). When the cost is a power function we

3Separating a non-infinitesimal sliver would decrease the quality offered to the rest of the values, hence making
AS small. This additional effect would tilt the balance towards more pooling, which would relax the necessary

conditions for pooling to be optimal.

35



This is the authot's accepted manuscript without copyediting, formatting, or final corrections. It will be published in its final form in an upcoming issue of Journal of
Political Economy, published by The University of Chicago Press. Include the DOT when citing or quoting: https://doi.org/10.1086/738342. Copyright 2025 The
University of Chicago.

were also able to show that full pooling is approximately optimal if n is large enough and complete
disclosure is approximately optimal if 7 is close enough to 1. All these results support the intuitions
we have provided in this section. Further, in an environment with a fixed inventory of qualities
(see (33)), pooling all values is optimal if the distribution of qualities has increasing density (see
Theorem 3 in Bergemann et al. (2024)).

7 Conclusion

In the digital economy, the sellers and intermediaries working on their behalf frequently have a
substantial amount of information about the quality of the match between their products and the
preferences of the buyers. Motivated by this, we considered a canonical nonlinear pricing problem
that gave the seller control over the disclosure of information regarding the value of the buyers for
the products offered.

We showed that in the presence of information and mechanism design, the seller offers a menu
with only a small number of items. In considering the optimal size of the menu, the seller balances
conflicting considerations of efficiency and surplus extraction. The socially optimal menu would
provide a menu with a continuum of items to perfectly match quality and taste. By contrast, the
profit-maximizing seller seeks to limit the information rent of the buyers by narrowing the choice
to a few items on the menu. We provided sufficient conditions for a broad class of distributions
under which this logic led the seller to offer only a single item on the menu. While we obtained our
results in the model of nonlinear pricing pioneered by Mussa & Rosen (1978), we showed that the
discrete menu result remained a robust property in a larger class of nonlinear payoff environments.

We analyzed a canonical model of second-degree price discrimination as in Mussa & Rosen (1978)
or Maskin & Riley (1984). These models largely consider (pure) vertical differentiation among the
buyers and in consequence in the choice and price of products. While vertical differentiation captures
an important economic aspect, other specifications, in particular horizontal differentiation, might
be of interest as well. Towards this end, we briefly discuss why horizontal differentiation is likely to
lead to very different implications regarding the optimal information policy. Thus, consider a model
of pure horizontal differentiation where there are many varieties of the product, and for each value of
buyer there is some variety that attains the maximum value and all other varieties generate a lower
surplus. Thus for example a utility function u (v,q) = u — (v — q)2 would represent such a model

of pure horizontal differentiation where the quadratic loss function expresses the fact that for every

36



This is the authot's accepted manuscript without copyediting, formatting, or final corrections. It will be published in its final form in an upcoming issue of Journal of
Political Economy, published by The University of Chicago Press. Include the DOT when citing or quoting: https://doi.org/10.1086/738342. Copyright 2025 The
University of Chicago.

value v, there is an optimal variety, namely ¢ (v) = v, and any deviation leads to a lower utility. In
this setting of pure horizontal differentiation, the optimal information policy would be to completely
disclose the information about the preferences, and then provide the optimal variety ¢* (v) = v at
a constant price p* = u that would indeed extract the efficient social surplus from all values of
buyers. This admittedly stark model of pure horizontal differentiation thus leads to a very different
information policy than the model of vertical differentiation that we analyzed. For example, movie
and TV series recommendations on Netflix and similar streaming services would seem to mirror
the implications that a model of horizontal differentiation would predict. By contrast, service level
agreements for utilities and telecommunications or tiered memberships for services would seem to
be more directly related to the predictions from the vertical model we analyzed.

In related work, McAfee (2002) matches two given distributions of, say, consumer demand and
electricity supply, and shows how discrete matching by pooling adjacent levels of demand and
supply can approximate the socially optimal allocation. In this analysis, a range of different
products are offered in the same class and with the same price. From the perspective of the buyers,
the product offered is therefore opaque, as its exact properties are not known to the buyers who
is only guaranteed certain distributional properties of the product. This practice is sometimes
referred to as opaque pricing, see Jiang (2007) and Shapiro & Shi (2008) for applications to services
and transportation and Bergemann et al. (2022) for auctions, in particular for digital advertising.
Our analysis regarding the optimality of discrete menus would equally apply if we were to take
the distribution of qualities as given and merely determine the partition of the distribution of the
qualities. The novelty in our analysis is that the seller renders the preferences of the buyers opaque
to find the optimal trade-off between efficient matching of quality and taste against the revenues

from surplus extraction.
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8 Appendix

The appendix contain all auxiliary results and the proofs omitted in the main body of the text.

Proof of Proposition 2. Using the change of variables
t=F@) e F (t) =1,

and, given that ¢(v) is non-decreasing, we can write the distribution of qualities in (6) in terms of
the quantile ¢ € [0, 1]:
——1

G () =q(F

-1

(t)).

Using the expression for the payments (21) we have that:

slofo) = [ (vat0)~ [ atspas )0

_ /0 1 (7-1@)5-1(;) - /0 t @‘1<5)d7‘1(s)> dt.

Integrating by parts twice, the revenue generated by any incentive compatible mechanism is given
by:

— ——1

Efp(7)] = /0 F o0 —0da ') + F 10T ().

Of course, the above is only the revenue, and to write the profit we need to include the cost. Since
F must satisfy the majorization constraint, we have that (22) is an upper bound for the profits that
the seller can attain.

Consider (F, G) that solve (22). If G is measurable with respect to F(7), then the mechanism
in the proposition attains the upper bound. Suppose the measurability condition is not satisfied,
then there exists {t1, 3} such that F_l(t) is constant in [ty 5] and @_1(15) is not constant in [t1, ts).

We now define:
. G (), it [t ta);
G_ (t) — tg =—1
Sl G mdt ¢
T st iHte [tl,t2>.
By construction we have that G <. G. We thus have that by construction G is less costly to produce
and it is easy to check that it generates (weakly) higher revenue. Hence, we can find a solution to
(22) that satisfies the measurability condition and thus generates an optimal mechanism. =
Proof of Proposition 4. In Proposition 3 we showed that the optimal mechanism is discrete.

Hence, the mechanism consists of a countable collection of values, qualities and atom sizes (v;,q;, f;)
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such that value v; is allocated quality g;. We now provide a lemma that provides conditions for

when a discrete mechanism is improvable.

Lemma 3 (Improvable Discrete Mechanism)

A discrete mechanism (F, 5) is mot optimal if for any two consecutive atoms {k,k + 1}:

Fri (1 et fen @ — @kl) < Ukt2 = Ukin (39)
T LT (FutFuir) f Qo1 — G Uhy1 — Uk
(fr+ frer) (1 - Zk)jz:%; ) T Qe — Qe Vg1 — Uy

Proof. We introduce the language of a discrete mechanism with expected values v, and qualities

G, at quantile ¢ used earlier in (24):

Incentive compatibility implies that g, < g, ,. We denote by F}, the probability that a value is at

most vg:

{jv;<v }
We can write the profits as follows:
= vi1qy + Z(@k = Qp—1)Uk(1 — Fk—1)~
k>2

This is the same expression as in (10). If atoms {k, k + 1} are pooled the difference in profits is

given by:

Tole + [on@onr ik + FraiUhi —
All = - — e 1— Fy_
( it Trn q’f‘l) ( Fet Fra ) (1= Fi)

— (U@ — Tp_1)(1 = 1) + Vi1 (Gppr — @) (1 — F)

_ Fir + Fri@rn | — =
T\ Qo1 — — == Ukyo(l — Fry1).
< S+ fen

We have that pooling these atoms is strictly optimal only if AIl > 0. Re-arranging terms, we get

the above inequality (39). =
To conclude the proof of Proposition 4, we note that if g, —q,_; > G, — G, then the left-

hand-side of (39) is negative. Thus, in this case, the mechanism is not optimal. =

Final Step of the Proof of Theorem 1. In Proposition 3 we established that the optimal

mechanism is discrete and in Proposition 4 we proved that any optimal mechanism generates a
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convex menu of qualities. We now show that there are no accumulation points. Proposition 4
implies that there cannot be any accumulation points, except possibly at some quantile ¢ satisfying
G*'(t) = 0. Hence, it is a decreasing accumulation point (that is, the limit of expected values
converges to t from the right) and we recall ¢; is the discrete virtual value defined earlier in (8).

Before we proceed, we provide a sufficient condition for a mechanism to be suboptimal.

Lemma 4 (Improvable Discrete Mechanism IT)

A discrete mechanism (F, 6) is not optimal if for any two consecutive atoms {k,k + 1}:

Fie(Prer — o) (fr + ?k—il) <1 (40)

7k+1(@k+1 - Ek) ijk fj

Proof. If we omit the term in the parenthesis in (39):

1_ Fot Frn @ — T
Fo G~ )

which is smaller than 1, then we obtain the following weaker bound:

Skt Vg1 — Uk

3 ”’ _ (?k-‘r?kil) Vg — Ug—1 '
(fr+ fer)(d Sanfs )

That is, if this condition is satisfied then the mechanism is not optimal. Re-arranging terms, we
obtain (40). m

We now consider any infinite optimal mechanism and show that it cannot be optimal by proving
that (40) is satisfied. To make the notation more compact, we denote the left-hand-side of the

inequality as follows:

2 Fe(dee1 — ) (Fe + Frg)

o ?kﬂ@k-i-l - @k) ZjZk 7]‘ '

We denote by {tx}r<x the discontinuity quantiles, with ¢ < tx+1. The index runs from —oo to K.

We denote the expected value in the limit by ¥ £ limy_,_ . That is, the accumulation point is at

2. We now define:

Tp1 — Ui
and note that we can write ¢;, as follows:
(I —tg)
=Up — ———.
Ok = Vg I
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Since ¢y, is increasing in k, we must have that the limit of ¢, and hy exists and denote the respective

limits as follows:
62 lim ¢ hZ2 lim hy.
k——o0 k——o0

Since ¢ is positive we must have that h > 0. We must also have that i < oco. To prove this, we
note that for every k:

Uk —0)(1 —t) = Zglv—¢l <(@v-¢ ng

<k <k
The equality is obtained by simple algebraic manipulation of the terms while the inequality follows
from the fact that the virtual values ¢, must be non-decreasing. Since (T, — V)(1 — ;) is strictly
positive for every k, we must have that v > 5, which implies that h < c0.
We now prove the result using that h < oo. For this, we write the bound as follows:

hi(Pr1 — On) (Vryo — Ug) max{hy, hk+1}.

B <
= (Vg2 — V1) i1 (1 — ti—1)

Since (Tgy1 — Ux) converges to 0 in the limit & — —oo, we can consider intervals such that (71 —

Uk) < (Ug42 — Uk41). We thus have that:

B, < hi( 1 — )2 max{hy, hii1}
p < .
P (1 —t-1)

Since ¢y is monotonic in k and positive, we must have that (¢ry1 — ¢y) converges to 0 in the limit

k — —oo. Taking the limit k¥ — —oo, and using that hj; converges to ﬁ, we obtain:

lim B, < lim Pi( kg1 — dx)2 max{hy, by}

=0.
k——o0 k——o0 hk+1(1 _tk—l)

Thus, in the limit £ — —o0o, we can find two consecutive intervals that can be pooled and increase
revenue. W

Proof of Corollary 3. The choice of information structure F must be optimal if we hold fixed
a distribution G* of qualities. So we consider the problem of choosing F' to maximize

1
1= max / F_l(t)(l — 1)dG* L (t) + G*H0)F*1(0).
(Flr1<F ')

This optimization problem is an upper semi-continuous linear functional of F Upper semi-
continuity can be verified by noting that the quantile function Flis (by definition) upper semi-

continuous. Hence, if F~! — F ' (taking the limit using the L! norm) we have that lim sup F 1 (£) <
F'(t) for all t € [0,1]. Hence, hmsupf0 L) (1 —t)dG*1(t) < fo )1 —t)dG*1(¢).
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Following Bauer’s maximum principle (Bauer (1958)), the maximization problem attains its
maximum at an extreme point of {771 o Fﬁl}. By Theorem 1, we excluded the possibility
of intervals of complete disclosure. m

Proof of Proposition 5. To obtain this result we omit the parenthesis in (39) and re-arrange
terms. m

Proof of Theorem 2. An upper bound on the entropy generated by any discrete distribu-
tion that induces complete disclosure to be optimal can be found by finding the distribution that
maximizes entropy subject to (36):

Ei = max — Z frlogs(fr), subject to: (36). (41)

(EAIERYA S B
Since (36) is a necessary condition for complete disclosure to be optimal, we have that this is an
upper bound on the total entropy of any distribution that induces complete disclosure to be optimal
among all distributions with a grid size of K. Throughout the analysis we assume that 5 < K < co.*

We characterize the supremum over all grid sizes

E* =sup Ej.
KeN

This is an upper bound on entropy across all discrete-distributions that induce complete disclosure
to be optimal. We will prove that the upper bound E* is finite and also provide a way to compute
the upper bound.

We begin the proof by analyzing the solution to (41) when K < oo. We recall that the constraints

are given by (36), which we can write as follows:

fk+1 fk fk
2 iz fi i sk fi V Y ik fi = (42)

We first show that “most” of the constraints must bind.

Lemma 5 (Binding Constraints)
If {f] Yieqr,...xy solves (41), then there exists 1 € {K —5, K —4, K —3, K — 2, K — 1} such that all

the constraints with index i < ¢ in (36) bind.

4We disregard the cases with grid sizes less than 5 because the solution in these cases have a different structure;

when K < 4 the entropy-maximizing distribution is the uniform distribution, so the constraints do not bind.
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(1-x)

—_——y=—

Figure 4: Geometric representation of the constraints via C (x,y) .

Proof. We begin with some useful definitions. We define:

Clz,y) = (z+y) — Va,

as a compact representation of the constraints given by (42). For any distribution of values

{f1, .-, fx} we define:
Ji

fi
fi,l = —K . and fi,2 = :

-
Zj:i—l fj Zj:i fj
Note that f;s is the hazard rate, and f;; is a modified hazard rate in which the denominator is

evaluated one event before i. We can then write (42) as follows:
C(fi2, fi+11) > 0 for every i € {1,...., K — 1}.

We show the feasible set in Figure 4, where we also illustrate other curves that will be useful in the
proof. We begin by providing some results about the feasible set.
Lemma 6 (Geometry of the Constraints)

1. If C(z,y) > 0, then C(x,y’) > 0 for all y' > y.

2. If C(x,y) >0 and x < 1/4, then C(z',y") > 0 for all 2’ < x and y' > y.

3. IfC(x,y) >0 and y < (1 —z)/4, then x < y.

43



This is the authot's accepted manuscript without copyediting, formatting, or final corrections. It will be published in its final form in an upcoming issue of Journal of
Political Economy, published by The University of Chicago Press. Include the DOT when citing or quoting: https://doi.org/10.1086/738342. Copyright 2025 The
University of Chicago.

4. If C(z,y) > 0 and x > 1/4 then y/(1 —z) > 1/4.
We now prove that some of the final constraints must bind.

Lemma 7 (Last Constraint is Binding)
There exists constraint i € {K —5, K —4, K — 3, K — 2} such that

C(f;:% f;:rl,l) =0.

Proof. We prove by contradiction. Suppose that all these constraints are satisfied with slack.

We then must have that:
fI*(—4 - f}*(—3 = ff*<—2 = f;<—1 = ﬁ(

We then must have that fi_,, = fi_3, = 1/5. But in this case the constraint is not satisfied:

C(fr—a2 fr—31) <0,

so we reach a contradiction. m
We thus have that some constraint must bind, and we denote by « € { K —5, K —4, K —3, K —2}
the last binding constraint. That is,

C(fig fiia1) >0, for all i > 4. (43)

We now proceed to show that the constraints ¢ < ¢ must also bind. We assume that there exists

i < v such that C(f;', f ) > 0 and reach a contradiction.

Case 1. We first consider the case that

\ 1— [
fi+1,1 < T (44)
We note that: i
" i+1,1
fi+1,2 = 1 _+ * (45)
i,2

which can be obtained by simply using the definitions and manipulating the expressions. Hence,
(44) implies that f7,, < 1/4. We then consider the following distribution:

fi+e ifj=4

fi=qfr—e ifj=i+1

I3 otherwise;
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where € is small enough such that f, —e >0 and C(ﬁ’g, ];i+1,1) > 0.
We first prove that {f} is feasible. For this, we note that

C(f2: fix11) = C(f s frna), forall j & {i —1,i,i+ 1},

since these constraints do not change with e. We assumed that € is small enough such that constraint

with index j = 7 continues to be satisfied with slack. Hence, need to prove that
C(fj2, fir11) >0, forall j € {i —1,i+1}. (46)

We first note that f; 1 = Ji1, and fir > fi1, 0 C(fi-1.2, fi1) > 0 (see item 1 of Lemma 6). We
now note that fiy 1o < [ and fison > fiio1, SO C(fir1.2, firz1) > 0 (see item 2 of Lemma 6).
Thus (46) is also satisfied.

We now prove that {f} generates higher entropy. We have that (44) and C( [ fia1) > 0imply

that f < f', (see item 3 of Lemma 6). Hence, we have that

|fi = finl <1fF = fial-
Hence { fj} is feasible and generates higher entropy, thus reaching a contradiction.

(Case 2) We now consider the case that

*

fia > 1 =3 (47)

We have that (45) continues to be satisfied so in this case we have that f},,, > 1/4. Furthermore,

fia > 1/4for all j >i+1 (see item 4 in Lemma 6). Without loss of generality, we can assume f},,
is such that:

fiy, = argmax f;. (48)
jefi+l, ... K}

If multiple maximizers exist, then we take the lowest index that that maximizes the atom’s size.
To show this is without loss of generality, let j7* be the maximizing index. We now show that we
must also have that C(fj_12, f;«1) > 0, so we can relabel i to be i = j* — 1. To check this, note
that fj«_12 > 1/4 and f;« > f;-_1 so the constraint must slack.

We then consider the following distribution:

Ji—e if j=1+1;
~. — * e . . > . .
f] f](1+zfii+2fl*)' lfj_Z—|—2,

I3 otherwise;
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where € is small enough such that f; —e >0 and C ( J;i,27 fz’+1,1) > 0. We prove this distribution is
feasible and generates higher entropy than {f*}.

We first prove that { f} is feasible. Forall j ¢ {i,i+1} we have that C(f;2, f;+1.1) is satisfied since
the constraint does not change relative to {f*}. For j = ¢ we have that C( f‘iyg, fi-i—l,l) > 0 because €
is small enough. We thus check that C(fiy1.2, fire1) > 0. If C(fii12 fiia1) > 0, then the constraint

will be trivially satisfied when e is close enough to 0. We now suppose that C(f}\, 5, f12,) = 0, and
we prove that C(]FHLQ, fi+2,1) > 0. For this, we note that:

ac(fi*+1,27fi*+2,1) 1

ox _ —1:

TAC(fE oo fF - ¥ )
(ng; Fez) 2/ [0
Ofips —pt2— \/f*— _
T8c 2j—mitad; B i+1,2 i+1,2

= = —fiq22 = 1_

*
i+1,2

We thus have that: )
Ofito ‘90(f¢*+1,27 ¢*+2,1)

Oe oz
Ofit1 OC(fia,2 0 20)
Oe Oy

We have that ﬁ+1’2 < fi1 and fiﬂ,l > flia1, so for a small enough € the constraint is feasible.

We now prove that { f } generates higher entropy. For this, we write the derivative of the entropy:

0 " r r * " ;< *
9e ; i Ing(fj) = (logQ(fi—i-l) +1) - j;Q m(lng(fj) +1).

Recall that (48) is satisfied, and hence, we have that:

| log,(fi1)| < |10g2(f;)|7 forall j € {i+2,...}.

Hence, {f} generates higher entropy. m
We now characterize the distribution that maximizes entropy for a fixed N. For this, we describe
the probabilities {f{,, ..., f7,1 2} If we have these hazard rates we can recover the true probability

inductively using that:
i—1

fi* = f:2(1 - Zf;)-

j=1
Finally, {f.+2, ..., fic} are found using that the total probability must add up to 1 and these proba-

bilities must all be the same.
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We can find the different hazard rates {f7,,..., fi_; o} inductively using that (36) is satisfied
with equality. For this we define we first define:

We note that C(f;2, fi+1,1) = 0 if and only if

C(fiz, fix12(1 — fi2)) =0.

Solving for fi112, we get that the constraint is satisfied if and only if

fir12 = S(fi2)-
We denote by S° the function composed with itself i times and S° is the identity function.

Corollary 4 (Characterization of Probabilities)
For every K, {ff,.... f_1, [%} mazimizes (41) if and only if, there ezists fy < %(3 — \/5) and
L€ {K —5,...,K — 2} such that:

fia=8"(fo), forallie{1,..,t41},
[ro=.=fg, forallie{t+2,. K}

and {fr o, ..., fic} are determined by the constraint that the probabilities must add up to one.

The Corollary shows how to find the probabilities that maximize entropy up to two parameters
(fo,¢). The Corollary described how to find the hazard rates { f;,}, but we can recover the absolute

probabilities as follows:
i1
S sfi
n-u-s (i) o

For any K, most of the constraints will be binding (in fact, all of them except at most 6). Motivated
by this fact, we examine the entropy generated by a distribution with infinite grid points in which

every constraint binds:

E(f,) = Z filogy(fi), where { fi}i>1 are found inductively as in (49).

n=1
We now prove this is an appropriate bound for the total entropy E* that can be attained by

distributions that induce complete disclosure to be optimal.
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Lemma 8 (Bound on Entropy with Infinite Support Distributions)
As K — o0,

lim Ej = sup E(fo),
K—o00 fOG[O,l}

where possibly both sides of the equality are infinite. Furthermore the supremum of E (f) is attained
at f =0.

Proof. We prove separately the cases in which E} — oo as K — oo and the case in which E7,
converges to a finite number as K — oo.

(Case 1) We first prove that if Ej; — oo as K — oo, then E also diverges. To prove this, we
first note that:

K K—4
By =— Zfz* logy(f) < — Z i logy(f77) + logy(5).
i=1 i=1

Hence, if K — 0o, we have that:

lim — Zfiﬁ I lOgQ(fi*>

=1.

We now note that:

K—4 R
- Z [ilogy(f7) < E(f7).
i=1

Hence, if Fj, — o0 as K — o0, then we must also have that:

sup E(f) = c.
felo,1]

Note that, if E (f) diverges, then it must also diverge in the limit f — 0. To verify this, note that
if E(f) = oo for some f, then E(Sil(f))
E(f) = oo in the limit f — 0.

= OQ.

[terating the inverse of §, we would get that
(Case 2) We now prove that, if

lim £ < oo,

then it converges to the supremum of E (f) which is attained in the limit f — 0. We first prove
that f — 0 as K — oo. To prove this, suppose the grid size increases by 1 grid point so it is
labelled as {1, ..., K, K + 1}. In this case, we can split f}, into two atoms, say f}‘( and E*(H with
fic s Jic 5o
C(— — —) =0and fx+ fr = fr
Tt Tk T+ Tk o K
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This would clearly be a feasible distribution. If fj; is bounded away from zero, the increase in
entropy will be bounded away from zero. However, if (50) is satisfied we then must have that the
entropy increments as the grid size increases must converge to 0. Hence, we must have that fj; — 0
as K — oo.

The fact that fi — 0 as K — oo implies that:

+1

lim B = — lim Z £ logy(£7),
where ¢ is the last binding constraint (as defined in (43)). That is, in the limit we can omit the
contribution of the last atoms to the entropy. However, we also have have that:

1}1_1‘)%02_1: fi logy(f7) = [}EOE(ﬁ )
where the limit K — oo also includes how the probability f change with K. Thus, if (50) is
satisfied,

A, Fie = i P,

We must also have that:
lim E(f) = sup E(f),

K—00 felo,1]

as the supremum of E(f) can be attained by Ej in the limit & — oo by the distribution {ﬂ( )}
Hence, the supremum of E( f) is attained by the limit of f}, as K — oc.

Finally, we verify that f; — 0 as K — oo. To prove this, suppose the grid size increases by 1
grid point so it is labelled as {0, 1, ..., K'}. We can then construct the following distribution on the
new grid:

fr=0—fOf forallie{1,., K}.

Finally, we explain how to determine f{f. We define x, y as follows:

r 2max{w € [0,1]: C(z, f7) > 0 for all z < w};

y Zargmax {zlog, z + (1 — 2)logy(1 — 2) + (1 — 2)E}},
z€[0,1]

and let

E £ min {z,y}.
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This generates a feasible distribution and if f; is bounded away from zero, the entropy increment
will be bounded away from zero. Hence, if (50) is satisfied we then have that f; — 0 as K — oo.
So the supremum of E (f) is attained at f = 0. We thus obtain the result.

]

While are ultimately interested only in the maximum of E (f), we can find this maximum by

characterizing the function E (-) for all f. We can write the function E (-) recursively as follows:

B(f) = =flogs(f) = (1= f)logs(1 = f) + (1 = NHE(S()). (51)
We can now prove that E(O) is finite.

Lemma 9 (Properties of E(f))
The supremum ofE (+) is finite.

Proof. We already proved the supremum of E(f) is attained at f = 0. We can write (49)

alternatively as follows:

Ew>< E(S(f)) _ —flogs(f) — (1~ f)logy(1 — /)

f)
S(f) - f=8(f)

Taking limits f — 0, we obtain:

E(f)— (11— HES) =

e sy PO
- Jlog(f) — (1~ Plogy(1— /) _
it 50 -

We thus get that £(0) = 0, which implies that £(0) < co. m

We can now conclude the proof of Theorem 2 by computing E(0). We observe that (51) is a
linear functional and it is thus easy to verify numerically that £(0 (0) ~ 3.04 while log, 9 ~ 3.17 and
log, 8 = 3. We thus obtain the result of Theorem 2. m

Proof of Theorem 3. We establish Theorem 3 through a sequence of optimal menus for
successively richer environments. We begin with the optimal single-item menu.

Suppose that the seller were constrained to only offer a single item, which item would he then
offer and at what price? The optimal single-item menu is found by solving the following problem:

(¢*,v") € arqgvrenRaX Plv' > o](E[v" | v > v]q — c(q)). (52)
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We denote by u* the expectation of v conditional on v exceeding v*:
pr 2 ER |V > 0.

The single-item mechanism consists of selling quality ¢* at a price p* = p*q¢*, which is sold to all
values higher than v*. The buyer is only informed whether he should buy the good. Note that the

buyer is left with no surplus.

Lemma 10 (Single Item Menu)

The optimal single item menu satisfies the following first-order conditions:
w=7d(q*) and c(q") =v'q, (53)

Proof. The first-order condition is obtained by taking the derivative of (52) with respect to v
and ¢ and equating these to zero. m

The first condition states that the quality is efficiently supplied given that the (expected) value
of the buyer who buys the good is pu*. The second condition states that the threshold v* is also
efficiently chosen: given that ¢* quality is going to be supplied, it is efficient to sell to a buyer with
value v if and only if the utility he obtains from this quality is larger than the cost of producing it.
We note that the second equality might eventually be satisfied by some v* < v;, which means there
is no exclusion. There are no distortions in the quality supplied (given the threshold v*) and there
is no distortion in the threshold v (given the quality ¢*) because in a single-item mechanism there
is zero buyer surplus. So these quantities are not distorted to reduce consumer surplus. In general,
when the optimal mechanism is a multi-item mechanism, both the thresholds and the qualities
provided are distorted to reduce the consumer surplus.

The rest of the proof proceeds as follows. We first show that when the cost is quadratic and
the density is linearly decreasing, the optimal mechanism is a single-item mechanism. We then
show that the optimal mechanism is a single-item mechanism when the marginal cost is convex and
the density is linearly decreasing. Finally, we show that the distributions (38) are mean-preserving
contractions of an (appropriately constructed) linearly-decreasing density, which we use to prove
that the optimal mechanism is a single-item mechanism.

Before we begin, we introduce some notation. An optimal mechanism is described by cutoffs
{wy, ..., wx_1}, with wg £ vy, such that:

ka/wk dF(v); Uk:/Wk vdF(v).

Wk —1 Wg—1

o1
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The qualities offered are denoted by {¢i, ...,qx}. To make the notation more compact, we define:
Agr = qx — qr—1- Recall that in a finite-item menu, the revenue can be written as in (10). We
consider the optimality conditions of the highest two intervals of an optimal mechanism. For this,

we define the profit from the highest two items:

o1 re(wre—1, Aqr—1, Agx) £ ((7}(_1 + ) Aqr—10x—1 — [ _1c(qr—2 + Agr_1) (54)
+ [k (AqrTx — c(qr—2 + Aqr—1 + Agx)) ),

which are the last two terms of the summations in (10) and subtracting the respective cost. If the

optimal mechanism is a multi-item mechanism, the solution to the following problem:

Ko1K = max g1,k (wr-1, Aqr—1, Agk)
Wr—1 € [WK—2,V),
Aqr-1,Aqx >0
must satisfy Aqx_1, Aqx > 0 and wrg_o < wg_1 < vy, where qx_o and wg_o are parameters
that are kept fixed in the optimization problem. We show the optimal mechanism is a single-item

mechanism in a specific parametrization of the model.

Proposition 6 (Linear Density and Quadratic Cost Environment)
The optimal menu 1s always a single-item menu when the density is linearly-decreasing and the cost

18 linear-quadratic.

Proof. We analyze the optimal mechanism when the distribution of values is given by:

Livs v, v) 2 (v —u)(2up, — vy — V)

’ ’ (’Uh _ Ul)2
The density of this distribution, which we denote by [(v;v;,vp), is linearly-decreasing with zero
density at the top of the support:

Z(Uh; v, Uh) = 0.
We begin by proving that a single-item mechanism is optimal when the cost is linear-quadratic:

2
c(q) = ag + ﬁTq +7. (55)

The fixed cost v plays no role in the analysis and is added to the cost function only to simplify the

exposition of some arguments.
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Given the quadratic cost function, the optimality conditions for qx_; and gk are:

Aqg_1 = max {UK_I — aﬁ— Ba—z _ (O ;;::lﬁfK,O} and Agg = K~ aﬁ— BQK_I. (56)

Hence, Aqg_1 > 0 only if B B
U —a — B2 <fK71+fK
Vg1 —Q— B2 fK

To write expressions that are compact, we define:

(57)

A Uh — WK1 s 3wK—2 —a— Bgk-2

Z )
Up — WK—-2 Vp — WK-2

Note that in an optimal mechanism s > 0, as otherwise the mechanism would be offering a quality
¢k —2 whose marginal cost is higher than the value for all values v € [wg_3, wx 5], which is clearly

suboptimal. Using these definitions, we have that (57) is satisfied if and only if:

3—2 1
LR (58)

2
TR

And, for every z satisfying (58), (54) can be written as follows:

a (Freor + Fr)(on — wg—2)? 422 222 \?
e T T <<3_22+“)Z2(1_QZ+1+2%)+(1+”_1+z)>'

More precisely, we have that

L = Ok + (Fre1 + Fr)clan—2),

when (57) is satisfied. The last term on the right-hand-side is constant from the optimization
perspective, so we can just focus on optimizing II, over z. If the optimal mechanism is a multi-item
mechanism, there must exist z € (0,1) satisfying (58) that maximizes (59).

If 2* maximizes (59) and satisfies (58) with strict inequality, then z* must satisfy the first- and
second-order conditions. However, there is no z* € (0, 1) that satisfies the first- and second-order

conditions:

oI,
0z

Hence, there is no interior solution. This is a contradiction, so in the optimal mechanism Agx_1 = 0.

0?11,

= d < 0.
0 an 522 =

z=z* 2=z
|
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We now deploy the argument for the optimality of a single-item menu beyond the quadratic
model. Towards this end, we define the solution to a restricted optimization problem for a linear-
quadratic cost function with parameters a and :

(v*(a,,@),Aq}}(a,ﬂ)) = arg max HK—LK(w?Oqu)v (60)

0<Aqwk —2<w<wy,

where we define the optimal quality for the last interval:

gk = ¢ (o, B) £ qr—2 + Agjc(a, B).

Thus, we consider a restricted optimization problem where the seller takes as given the first K — 2
intervals and allocations. The restricted problem (60) is then to find an interval (wg_1,v,] =
(v*(e, ), vy] and an allocation g} («, 5) so as to maximize the profit from all values in the given
interval (wg _o,vs]. This restricted maximization problem allows the interval (wg_1,v,] to be a
strict inclusion of (wg_o,vp]: that is, (wx_1,vn] € (wk—_2,vs]. In this case, all the values in the

interval (wg_o, wx_1) will receive the allocation gx_5. Now, from Proposition 6, we know that

when the cost is linear-quadratic:

1 k(Wr—1, Aqr—1, Aqr) < g1 x(v" (e, B),0, Agx (e, B)),

for every Aqx_1, Aqx > 0. We add (o, 5) as an argument because we will eventually vary these
parameters; we don’t add 7 because the solution (v*(a, 8), Agj(a, 8)) evidently does not depend
on the constant ~.

We now analyze the entire class of convex cost functions with ¢” (¢) > 0. We assume that
the optimal mechanism consists of multiple items and reach a contradiction. We denote by ¢(q)
a linear-quadratic cost function (as in (55)). We note that ¢(q) and ¢(q) intersect at most three
times. Furthermore, if ¢ (¢q) and ¢(q) are equal at qualities q1, ¢2, g3, then the difference ¢(q) — ¢(q)
satisfies:

c(q) —c(q) >0 <= q € (=00, q1] U [g, gs].

We use this for the following result.

Lemma 11 (Convex Marginal Cost Functions)
For every convex cost function with ¢ (q) > 0 and for every (qx—2, qrx—1,qx) With qx—2 < qr—1 <

Gk, there exists (o, 3,7) satisfying c(qx—2) = ¢(qx—2) and one of the following three conditions:

1. c(qx) = €lgk); c(gr-1) = lgx-1); c(g*(a, B)) < e(q* (o, B));
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2. clqx) > elqr); clgr-1) = elax-1); clg*(a, B)) =c(q* (v, B));
8. clqr) = lqx); clgrx—1) > clqr-1); clg*(a, B)) = e(q* (e, B)).

Proof. We begin by considering «, 3, chosen such that:

clqr—2) = c(qr—2); arx-1) = clax-1); clgx) = clax)- (61)
For this, we need to set the parameters «, §,~ as follows:

o Clare) (s — i) + A1) (@i — dicn) + clarc—2) (41 — 4k)
(g — qre-1)(gr — qr—2)(qK -1 — qK-2)
g = 2elar) (e = are2) + a2 — axe) + Agic2)(arc — arc1))
(ax — ax-1)(ax — qr—2)(qx-1 — qK—2)
_ clgx)ax—19r—2(qx—1 — qr—2) + c(qx—1)qxqr—2(qK—2 — qx) + (qK—2)qK 451 (95 — qK-1)
(gx — ax—1)(ax — qr—2)(qK—1 — qK—2)

Y

9

These are the coefficients one obtains from the interpolation of a second-degree polynomial. Since

/1!

¢ is a linear-quadratic cost function and since ¢” > 0, we have that for all ¢ > gx_o:

c(q) <¢lq) <= q€ [gx-1,9xk]-

In other words, ¢ is equal to ¢ at the qualities implemented by the mechanism and exhibits higher

costs at qualities that are in between these two qualities and lower cost outside this interval. If

q*(avﬁ) € [QKflquL

then we are in Case 1 of Lemma 11. We now show that, if ¢*(«, 8) & [qx—1, qk], then we can find
different «, 3, such that we are in Case 2 or 3 of Lemma 11.
Suppose that:
q"(a,B) < qr-1, (62)
where («, B) satisfy (61). We then need to find different parameters «, 3. We consider parameters

a, B as a function of ¢ implicitly defined as follows:

~,

c(gr—2) = c(qr—2); clgr—-1) = c(qx-1); c(q) = c(q).

We can write «, /3, explicitly as before but replacing c(qx) with ¢(q) and gx with ¢. Since «, 3, v
are functions of ¢, we write a(q), 5(q),7(¢) and observe that they are continuous functions of ¢

(while some of the denominators converge to 0 as ¢ — qx_1, the limits exist). We also have that:
¢"((gx), Blax)) — g < 0 and ¢*(algr—2), B(qx—2)) — qx—2 > 0,
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where the first inequality follows from (62) and the second inequality follows from the fact that ¢*
by definition is larger than qx_» (see (60)) . Thus, following the intermediate value theorem, there
exists a q € [gx—_2, k| such that: ¢*(a(q), 3(q)) = g. Furthermore, note that qx > max{q, gx_1}, so
we have that ¢(qx) < ¢(qx). Thus, we are in Case 2 of Lemma 11.

Finally, if ¢*(«, 8) > qx, we can find «, 5, such that Case 3 is satisfied in an analogous way
to the case when (62) was satisfied. In particular, we consider parameters «, 8 as functions of ¢

implicitly defined as follows:

~,

clax—2) = clax—2); cla) = c(q); lax) = clax).
And we can show there exists ¢ such that ¢*(«(q), 5(q)) = ¢ and:
c(qr) = clgx); c(gr-1) > cgr-1); c(q"(a, B)) = c(q"(a, B)).

This concludes the proof. m

With Lemma 11 we can extend the optimality result to convex cost functions.

Proposition 7 (Optimality of Single-item Menu with Linear Density and Convex Cost)

The optimal menu with linear decreasing density and ¢ (q) > 0 is always a single-item menu.

Proof. We now suppose that the optimal mechanism satisfies Aqx_1, Aqx > 0 and reach a

contradiction. In the same manner as (54), we define:

- A
g1,k =

(fror + F)AGr-1VK—1 — fr_18(qr—2 + Agr—1) + [ (AqrUx — A(qr—2 + Aqr—1 + Aqk)) -

Now ¢ (+) is the true cost function, which satisfied ¢ (-) > 0, and ¢(+) is a linear-quadratic cost. So
ﬁK_l, K 1s computed as IIx_; i but using the linear-quadratic cost instead of the true cost. With

a linear-quadratic cost the optimal mechanism is a single-item menu and thus:

e 1 i (w1, Agre 1, Agre) < Ty g (wie_ (@, 8), 0, Agi (e, B)).

We now consider the three cases in Lemma 11.
If we take («, ) so that the first case in Lemma 11 holds, then we have:

Hp 1k (w1, Aqr—1, Agk) :ﬁKfl,K(wala Aqr_1, Agk); (63)
g1,k (Wi, (0, B),0, Agi(ev, ) >y i (wic_y (o, B),0, Agic(ar, B)). (64)
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We thus have that:

HK*LK(U)K*M Aq}(*l: AQK) < HK*LK(U);(fl(OQ 5)7 Oa AQ;}(OQ 5))7

which contradicts the assumption that the multi-item mechanism is optimal.

If we consider («a, ) that satisfy the cases 2 or 3 of Lemma 11, then the argument is analogous
but (64) will hold with equality and (63) will hold with strict inequality.

]

We now analyze distributions with modest tails. We begin with an important property of the
optimal single-item mechanism when the distribution has a linearly-decreasing density. For these
distributions, the first-order conditions (53) are necessary and sufficient conditions for optimality
when ¢” (-) > 0.

Proposition 8 (Sufficient Conditions for Optimality)
If " (q) > 0, the distribution is L(v;v;,vy), and (q,0) satisfy the first-order condition (53), then
(q,v) solves (52), i.e. (q,v) = (¢*,v").

Proof. When the distribution is linearly decreasing, we have that:

2i}\—|— Up,

Elv|v>7] = 3

Hence, if (g, ) satisfy the first-order condition (53) we have that:

o5 .
U@ ad 7= %E)
We have that: R
v, = 3¢(q) 2@.
q

We now note that:

diq (3‘3’(‘1) - 2@) =- (C"(Q)q —d(q) + %@) +(q).

q

If ¢"(q) > 0 we have that ¢’(¢)q > /(q) and hence:

d% (Sc’(q) — 2@) > 0.

Thus, there is a unique pair (7, q) such that the first-order condition is satisfied.
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We verify that the first-order condition is sufficient for optimality. For this, we check that the
solution is always interior, and since there is only one point that satisfies the first-order condition,
this must be the optimum. We first note that g € {0, 00} is clearly never optimal. It is also easy to
see that v = v, cannot be an optimum as then the objective function of (52) is 0. We finally note
that v* = 0 is never optimal, which can be checked by noting that the first-order condition with
respect to the cutoff gives ¢(¢*) < v*¢*. Hence, the solution is always interior and it must be the
only point that satisfies the first-order conditions. m For a given distribution F', we now introduce
two related distributions, one generated by a linear decreasing density, and the other by a truncated
version of the former. These latter two distributions are constructed in such a way as to allow us
to compare the profit from the optimal mechanism under F' (which we do not know) to the optimal
mechanism under these two related distributions. Jointly with a cost-dominating argument, we can
then establish the optimality of a single-item menu in a large class of environments.

Towards this end, we consider a distribution L(v;z,Z) with a linearly-decreasing density where
the lower and upper bounds of the distribution L, namely z,Z, are chosen to satisfy the following
properties relative to the distribution F' and the optimal single-item threshold v* under F' given by
(52):

L(v*;2,Z2) = F(v*) and E[v | v > v*] = Ep[v | v > v, (65)

where the subscripts in the expectation indicate the distribution used to compute the expectation.
Namely, at the threshold v*, L and F' obtain the same quantile, and the conditional expectation
above the threshold v* are identical. To satisfy these conditions, it is necessary to set:
3(Ep[v | v >0v"] —v*)

1 — F(v¥) ’

z=3Ep[v|v>0v"]—20" —
zZ =3Ep[v | v >v"] — 20"
We also consider the following distribution F (v):

F o) L(v;2,%), ifve[0,7]; (66)
v =
L(v;2,z), ifvelnz);

/0 h vdF(v) = /0 h vdF(v).

In the proof of Lemma 12 we will show that indeed such a ¥ exists. Thus, F (v) is constructed by

where ¥ is chosen such that:

taking the mass of the lower tail of L(v;z,%Z) and moving it to 0. In other words, F is equal to

L(v; v, vy) for v > v, and F has an atom of size L(v;z,%Z) at v =0.
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We can now relate these three distributions in terms of stochastic orders.

Lemma 12 (Distribution Comparison)

Distribution F is a mean-preserving spread of F and F s first-order stochastically dominated by
L(v; 2,%).

Proof. We first compare L(v,Z, z) with F. Since f satisfies (38) and L'(v,Z,2) is linearly
decreasing, we must have that f and L'(v, z, z) intersect at most twice. However, by construction
L is constructed to satisfy (65), so they intersect exactly twice at two values vy, vy > v*. Hence,
(38) implies that for all v" € [0, 00):

/1 F(v)dv < /1 L™ (v;Z,v))dv. (67)

F(v'") F(v'")

If the inequality is satisfied with equality for v = 0, we have that ¥ = z and, otherwise, v > 2z
(where v is used to construct F in (66)). Since F is constructed by taking the mass of the lower
tail of L(v;z,%) and moving it to 0, it is transparent that F is first-order stochastically dominated
by L(v;z,Z). We have that (67) implies that for all v > v:

/1 F‘l(v)dvg/l F~(v)dv.

B() F(v')

We also have that by construction F has the same mean as F. It then follows that for all v/

/1 F‘l(v)dvg/l F1(0)dv,

F(v") F(v')

with equality for v" = 0. Hence, Fisa mean-preserving spread of F' (see Theorem 3.A.5 in Shaked
& Shanthikumar (2007)).

|
We can now conclude the proof by establishing Theorem 3.

Final Step of the Proof of Theorem 3. We first verify that the optimal single-item mecha-
nism when the distribution is L(v; z,Z) is the same as when the distribution is F'. By construction
of L(v; z,%Z), the first-order condition that is satisfied for F' is also satisfied for L(v;z,Z). Following
Proposition 8, for the linearly decreasing density the first-order condition is sufficient for optimal-
ity, and thus (v*, ¢*) given by (52) do in fact form the optimal mechanism for L. We have that

L(v; z,Z) generates at least as much profit as F , and F generates at least as much profit as F'. Since
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the optimal mechanism for distribution L(v;z,Z) is a single-item mechanism, and this mechanisms
generates the same profit (by construction) under distribution F'; this must also be the optimal

mechanism under distribution . =
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