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We analyze a nonlinear pricing model where the seller controls both
product pricing (screening) and buyer information about their own
values (persuasion). We prove that the optimal mechanism always con-
sists of finitely many signals and items, even with a continuum of buyer
values. The seller optimally pools buyer values and reduces product va-
riety to minimize informational rents. We show that value pooling is op-
timal even for finite value distributions if their entropy exceeds a crit-
ical threshold. We also provide sufficient conditions under which the
optimal menu restricts offering to a single item.
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I. Introduction
A.  Motivation

In the digital age, sellers often possess superior information about the
match between products and buyers. This informational advantage,
coupled with the ability to offer a variety of products, presents a novel
challenge in the design of optimal pricing strategies. How should a seller
leverage their informational advantage while determining the optimal
variety of products to offer? With fewer products offered, the seller can
reveal less information to support the choice behavior of the buyer; con-
versely, more variety requires that additional information be provided to
all the buyers to distinguish between the product choices.

We analyze the interaction between the menu of items offered and the
information provided to the buyers in the classic nonlinear pricing envi-
ronment of Mussa and Rosen (1978). In our framework, the seller chooses
the menu of products and prices and controls the information that buyers
receive about their own willingness to pay. This setting reflects key features
of the digital economy: (1) sellers’ informational advantage, (2) the use of
recommendation systems, and (3) the prevalence of menu pricing over
personalized pricing.

We go beyond the setting of Mussa and Rosen (1978) by assuming that
buyers initially know only the prior distribution of their values. The seller
chooses how much information the buyers receive about their willingness
to pay through the choice of an information structure. We refer to the
prior distribution of values therefore as the latent distribution, as the buy-
ers observe only the expected values through the signals. The seller’s
problem consists of designing a public menu of products, prices, and the in-
formation that buyers receive about their value. Thus, the seller screens
by offering quality-differentiated products while engaging in Bayesian
persuasion to influence buyers’ decisions: screening with persuasion. We
maintain the assumption that the seller cannot engage in personalized
price discrimination based on the information revealed about their val-
ues. We expand on the interpretation of this assumption after we intro-
duce the model.

Our analysis yields several striking results. First, we prove that the opti-
mal mechanism always consists of a finite menu, even when the underly-
ing distribution of buyer values is continuous. This finding contrasts
sharply with the continuous menus often found in classical screening
models. The finiteness of the optimal menu arises from the seller’s ability
to pool buyer values, which reduces information rents more effectively
than the traditional approach of distorting allocations. By pooling, we
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refer to any information structure that provides less than complete infor-
mation to the buyer about their value. This encompasses any determinis-
tic or stochastic information structure that sends the same signal for at
least two distinct values.

Second, we establish sufficient conditions for the optimality of pool-
ing. Specifically, we show that pooling is beneficial whenever the entropy
of the value distribution exceeds log, (9) bits. This result provides a clear
quantifiable threshold for when information design becomes crucial in
pricing strategies.

Third, we offer sufficient conditions when a single-item menu is opti-
mal and hence a binary signal that supports the binary choice of the
buyer: to buy or not buy the single item on the menu. The sufficient con-
ditions require modest tails of the value distribution and convexity of the
marginal cost of quality.

These results together advance our theoretical understanding of
nonlinear pricing and also offer practical insights for firms operating in
information-rich environments. They suggest that sellers can often im-
prove profits by strategically determining the information available to buy-
ers and offering short—that is, finite—menus.

The seller reduces the granularity of the buyer’s information by pool-
ing the buyers’ values into a small set of signals in the optimal mecha-
nism, thereby compressing the information buyers receive. The central
trade-off is between a suppression of the information rent that is enabled
by a menu with a small variety of products and efficiency gains from a
menu with a large variety. This trade-off is established by a variational ar-
gument that ultimately leads us to establish the optimality of a finite
menu even when the underlying values form a continuum. The basic ar-
gument proceeds as follows. Suppose that the optimal mechanism were
to display an interval of values in the support of the information struc-
ture. We ask what happens to profit if we pool the allocations associated
with a small interval of values in that larger interval. By construction, dis-
tortions in the allocation from the candidate profit-maximizing alloca-
tion cause only second-order distortions to the virtual surplus. But if we
additionally pool a small interval of values into a single expected value, then
this causes a first-order decrease in the information rents. Thus, locally a
suppression of variety that is supported by a reduction in information
leads to an increase in profit. Hence, screening across a small open set
of values is never optimal. This leads to the first main result, theorem 1,
which states that the optimal mechanism generates only a finite number
of signals and a finite number of items. In particular, the number of signals
received exceeds the number of items by at most one to account for a sig-
nal to those buyers who optimally do not purchase any item.

We first illustrate the trade-off between the variety of the menu and
the suppression of private information in an environment with finitely
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many values and finitely many given qualities. Proposition 1 provides a
sufficient condition when pooling the lowest two values generates a profit
improvement relative to complete disclosure. The local argument con-
tains the critical ingredients for the general argument and thus provides
a preview of the logic of theorem 1. The sufficient condition also enables
us to produce an upper bound on the entropy under which complete dis-
closure can be optimal (corollary 1), which previews the more general re-
sult in theorem 2.

We make no assumption about the support of the distribution of buy-
ers’ willingness to pay. In particular, it could be finite, countably infinite,
or—as in the classic treatment of Mussa and Rosen (1978)—a contin-
uum. We first establish that the optimal mechanism is discrete (proposi-
tion 3) and thus has at most a countable number of items and signals. We
then establish that the quality increments in an optimal discrete menu
must be increasing so that item qualities offered in the menu increase
in a convex manner (proposition 4). This helps us to establish that the
optimal menu always consists of a finite set of items. In the optimal infor-
mation structure, the cardinality of items sold is always equal to the car-
dinality of buyers’” expected values (or one less if there is exclusion). This
result establishes that substantial pooling arises: whatever the true variety
of willingness to pay in the population, it is optimal to offer a finite menu
and offer only coarse information to buyers about their willingness to
pay.

The results so far have not addressed the nature of the pooling of buy-
ers’ values: we have argued that there will be a finite set of possible ex-
pected values under the optimal information structure, but we have not
established which values get pooled together. A familiar argument estab-
lishes that information is optimally provided by a monotone partition
(corollary 3). We take a given and possibly pooled distribution of qualities
and observe that the information design problem is linear in the values.
Thus, amaximum is attained at an extreme point of the set of feasible dis-
tributions, as established by Kleiner, Moldovanu, and Strack (2021). This
characterization follows after our main results and highlights that the
monotone partitional structure does not play a critical role for our main
results, theorem 1 and 2.

We further provide sufficient conditions for pooling to be optimal even
if there are only a finite set of values to begin with. We consider a setting
where buyers’ willingness to pay is distributed on a finite grid (with equal
distances between values). One measure of the variation in the distribu-
tion of values in this setting is the entropy of the distribution. We show
thatif the entropy of the distribution is above log, 9 bits, then the pooling
of values must be optimal (theorem 2). Thus, if the distribution of values
has more variation than a uniform distribution on nine values, then there
must be some pooling in the optimal mechanism. This result is obtained
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by constructing a best-case distribution where no pooling is optimal and
establishing that its entropy has to be below log. 9.

Our results so far are obtained for a large class of cost functions for pro-
ducing quality-differentiated products. In particular, we assume only that
the cost of producing a distribution of qualities is increasing with respect
to the increasing convex order. Thus, the cost of a distribution of qualities
increases if the distribution of qualities increases or becomes more vari-
able. This class of cost functions includes standard separable cost func-
tions as in Mussa and Rosen (1978), where there is a convex cost of pro-
ducing a given quality and the cost of a distribution of qualities is just the
sum of the costs of individual qualities, thus variable inventory. Butit also
includes the fixed inventory case of Loertscher and Muir (2022), where
the seller has an inventory of products that he can sell at zero cost but
where any distribution not covered by the fixed inventory is infeasible
(e.g., has infinite cost). Thus, the results are insensitive to the nature of
the cost function and do not rely on any cost savings from changing the
inventory of products sold.

However, to obtain further results on the number of items in the opti-
mal menu, we must appeal to properties of the cost function. We report
a sufficient condition for when a single-item menu is optimal with vari-
able inventory (theorem 3). In this case, the seller sells only one quality
and divides buyers into only those who buy and those who are excluded.
The sufficient condition is the convexity of the marginal cost function as
well as a modest tails condition on the distribution of values.

Our setting reflects three notable features of the digital economy:
(1) the sellers are better informed than buyers about the match value;
(2) particular items on the menu—that is, specific quality-price pairs—
are recommended to different buyers via recommendation services;
(3) personalized prices (or, more generally, third-degree price discrimi-
nation) are usually not available for the seller, but menu pricing (or second-
degree price discrimination) can occur. The lack of third-degree price
discrimination occurs because of the presence of search engines and
comparison sites as well as business models that discourage third-degree
price discrimination (see, e.g., DellaVigna and Gentzkow [2019] for the
uniform price policy of national chain store and Weiss [2000] for a com-
mitment by Amazon to not price on demographic characteristics).

These three features are reflected in our analysis as follows: (1) the buy-
ers know only the prior, or latent distribution; (2) the seller chooses how
much information to provide to the buyers (i.e., the information that is
conveyed as a recommendation); (3) the seller makes the products avail-
able to all buyers with a public menu of products and prices. Thus, our
analysis predicts personalized product recommendations from a non-
personalized common menu. We provide a more complete interpreta-
tion and discussion after we introduce the model formally.
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B. Related Literature

We analyze a model of nonlinear pricing with a variable or a fixed distri-
bution of qualities, as in Mussa and Rosen (1978) and Loertscher and
Muir (2022), respectively. In either setting, these papers show that bun-
dling different qualities or randomizing the quality assignment via lotter-
ies can increase the revenue in the presence of irregular value distribu-
tions. By contrast, in our setting, pooling is optimal for all—regular or
irregular—distributions.

In our analysis, the seller controls the selling mechanism and the infor-
mation that the buyers receive. The seller thus has access to the tools of
Bayesian persuasion (Kamenica and Gentzkow 2011) and mechanism de-
sign, and we provide a solution to an integrated mechanism and informa-
tion design problem in a classic economic environment. Rayo and Segal
(2010) offer a sender-receiver model where the sender offers prospects to
the receiver. Each prospect offers a pair of distinct individual rewards for
sender and receiver, and those are private information to the seller. The
receiver has a random outside option that is private information to the
receiver. By bundling the prospects, the sender can increase the number
and the probability of prospects that are accepted by the receiver (and
profitable for the seller.) Thus, similar to the current environment, the
sender controls how much information the receiver has about the of-
fered items. But distinct from the current setting, the receiver has only
unit demand. Building on Rayo and Segal (2010), Rayo (2013) considers
a model of social status provision that also shares some features with our
model. The utility function of an agent before any transfer is a product of
their value (or an increasing function of their value) and a social status
that is equal to their expected value given some information structure.
Thus, the allocation in Rayo (2013) is an information structure rather
than a quality allocation.

There are a number of related papers that investigate how information
may influence the menu offered by multiproduct sellers. Mensch and
Ravid (2022) and Thereze (2022) consider a Mussa and Rosen (1978)
style model and allow the buyer to acquire information about their will-
ingness to pay. Each paper considers a different cost of information and
then derives the optimal menu that the seller offers in anticipation of the
endogenous response of the buyers. The resulting menu offers a contin-
uum of choices in which the buyer is implicitly compensated for the cost
of information acquisition. By contrast, Bergemann and Pesendorfer
(2007) considers a seller with many unit demand buyers. They establish
the optimality of a finite and asymmetric allocation rule across the bid-
ders. They analyze finite mechanisms with an exogenous bound on the
number of items and then show that as the bound grows, the number
of items used in the optimal mechanism eventually stays constant. The
present argument identifies the bilinear optimization problem of jointly
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determining information and allocation. This allows us to obtain results
regarding entropy (theorem 2) and the optimality of single-item mecha-
nisms (theorem 3), which has no counterparts in Bergemann and Pesen-
dorfer (2007).

The arguments thatlead to the monotone pooling result are related to
those introduced by Wilson (1989). While exogenously limiting the num-
ber N of items in a nonlinear pricing environment, Wilson (1989) shows
that in a social surplus—-maximizing mechanism, this restriction causes
only surplus losses of order 1/N?. Bergemann, Yeh, and Zhang (2021) ex-
tends this rate result to multidimensional types and allocations. Here, we
complement this argument with the fact that the gains that come from
reducing informational rents always have a larger order of magnitude than
the efficiency losses. We thus conclude that there is always some amount
of pooling in the profit-maximizing mechanism.

More distant, Johnson and Myatt (2003) and Ellison (2005) also ask
what determines the variety of a menu. They provide sufficient condi-
tions under which the seller may offer fewer or more products as a func-
tion of cost structure and the distribution of tastes and advertising costs,
respectively. The resulting conditions are quite distinct from ours, as the
seller cannot control the information in these models. Given the control
of the information by the seller, one could allow the seller to offer the in-
formation directly for the sale to the agents (see Es6 and Szentes 2003,
2007) and then possibly extract an even larger surplus. We deliberately
refrain from giving the seller this additional instrument. In the digital
economy, the leading application of this paper, the platforms are selling
differentiated products and typically bundle the information with the
sale of products (through recommendations) rather than offer the infor-
mation as a separate service at a separate price.

There is some earlier work that asks when second-degree price discrim-
ination may optimally resolve in a single-item menu. Anderson and Dana
(2009) impose an a priori finite upper bound on the quality in the setting of
Mussa and Rosen (1978). They state conditions under which all values re-
ceive the same quality, namely, the quality at the upper bound. Sandmann
(2024) shows that a necessary condition for a single-item menu to be profit
maximizing is that the single-item menu constitutes the socially optimal al-
location. By contrast, in the current environment, a continuum of qualities
is socially optimal. Hence, there would be no reason to restrict the menu and
offer a bunching solution in the absence of information design.

II. Model

A.  Payoffs

A seller supplies products of varying quality ¢ € [¢;, ¢.] © R+ to a contin-
uum of buyers with mass 1. Each buyer has unit demand and a willingness
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to pay, or value v € [u, v,] C Ry, for quality ¢. The utility net of the pay-
ment p € R, is

veq = p. (1)

The buyers’ values are distributed according to a common prior distribu-
tion F € Alv,, v,], which we refer to as the latent distribution of values. We
assume that space of values and qualities are bounded, thatis, g, v, < .

The seller produces a set of qualities Q and incurs a cost that depends
on the distribution of qualities. A distribution of qualities G € Alg,, ¢,] has
a cost for the seller, denoted by

C(G) : Alg, ] > R, (2)

where Q = suppG. We assume that C is monotone increasing with re-
spect to the increasing convex order. Intuitively, G is greater in the increas-
ing convex order—and thus more costly—than another distribution G if
G represents higher qualities than G, G represents more dispersed qual-
ities than G, or both. The details of the cost function will not play a central
role in our analysis, and a formal definition of the order is given in sec-
tion IV (see condition [18]). Importantly, the ordering of the cost func-
tion is flexible enough to accommodate the classic model of Mussa and
Rosen (1978): if there is a convex function ¢:[q;, ¢] — R+ such that

C(G) = jc(q)dG(q), 3)

then C is monotone increasing in the increasing convex order. The
modelis also flexible enough to accommodate a fixed inventory of goods
(see Loertscher and Muir 2022), which is when the seller has a fixed mass
of goods of various qualities that can be pooled and discarded (at zero
cost); a formal expression is given in section IV.F. We will be using the fixed
inventory model as a leading example, as it highlights the independence
of many of our main results from the exact nature of the cost function.

B.  Mechanism

The selling mechanism (P, Q, S) consists of a menu Q of products, their
prices P, and an information structure S.

Menu pricing—The seller produces a set of qualities forsale Q C [q, ¢
and prices P: Q U {0} — R, with the interpretation that P(g) is the price
at which every buyer can purchase quality ¢ € Q. The pricing function
must satisfy P(0) = 0, meaning that buyers can choose to not purchase
any good (or, equivalently, acquire a zero quality good). We refer to (P, Q)
as the menu. By the taxation principle (proposition 1 in Guesnerie and
Laffont 1984), any truthful direct mechanism can be represented by an
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indirect mechanism in the form of amenu (P, Q). For our arguments, the
use of the indirect mechanism is convenient.

Information structure—The seller also chooses an information structure
S: [v, i) = AR, with the interpretation that S(v) is a distribution of real-
valued signals observed by buyers with latent value v. A buyer’s expected
value conditional on the signal realization s is denoted by

o(s) =E[v | s]. (4)

Frequently, we can omit the dependence of the expected value v(s) on
the signal s and simply write v for a generic expected value.

C. ProfitMaximizing Mechanism

Now the seller chooses the mechanism (P, Q, S) to maximize profits. To
calculate profits for any given mechanism, we must first identify buyers’
optimal choice rule ¢: [y, v,] — Q given the menu (P, Q), where item
q(v) bought by a buyer with expected value v is

q(v) € argmax{vg — P(q)}, (5)

9<Q

where (as usual) ties are broken in favor of the seller.
The information structure Sinduces a distribution of expected values
F, where

F(7) = “ S,

Now the distribution of qualities G needed to supply the buyers’ demand
is given by

G(g) = J dF (v), (6)
(7:9(=7)

and the seller’s profit is

E[P(q(2)] = C(G), (7)

where the expectation is computed using distribution F. The seller’s prob-
lem is then to choose the mechanism (P, Q, S) to maximize profits. We con-
clude this section with a discussion of the interpretation of our model.

D. Interpretation

Justifying the common menu restriction.—Our model assumes that the seller
has the ability to endow the buyers with any information structure about
their values. However, we did not specify whether the seller did or did not
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observe the signal realizations of an individual buyer. But this does not
matter given our maintained assumption that the seller offers a common
menu of qualities and prices available to all buyers and that there is no
personalized pricing.

However, the interpretation of our model is a little different depend-
ing on whether the seller observes the buyers’ signal realizations. In par-
ticular, suppose that the seller could not observe the realizations of the
signals. In this information-constrained case, the seller cannot offer dif-
ferent prices to buyers with different latent values or signals. A standard
argument in nonlinear pricing, the taxation principle (Guesnerie and
Laffont 1984), establishes that even if the seller could elicit information
from buyers, he would not be able to improve the profit compared with a
public pricing schedule. Thus, in this information-constrained scenario,
there is no loss in assuming that the seller is restricted to offer a common
menu.

Butif the seller did observe the realization of the buyers’ signals, there
may be other reasons—outside our model—why the seller does not offer
personalized prices. We call this the instrument-constrained case because
we have imposed a constraint on the selling mechanism. As we discussed
in the introduction, in the digital economy, the information-constrained
argument against personalized pricing may be less relevant, but there are
avariety of forces pushing against personalized pricing: (1) platform sell-
ers may fear that personalized pricing will scare consumers away from the
platform, (2) there may be legal restrictions on personalized pricing, and
(3) buyers may have the ability to find others’ personalized pricing by
searching under alternative identities.

Recommendation as information—By a standard argument, it would be
without loss of generality to assume that instead of sending abstract sig-
nals, the signals are restricted to items in the menu and can be inter-
preted as recommendations of what items to buy. Thus, the information
structure could be restricted to take the form S: [v;, v;] = A(Q), and sub-
ject to obedience constraints, buyers could be assumed to always select
the item that was recommended to them.

This representation of the information structure is not particularly
helpful to us analytically. However, we highlight this representation be-
cause we think that recommender systems are a relevant mechanism used
in the digital economy to send information. In particular, when a search
menu generates a list of buying options, we know that the first or top item
is more likely to be chosen. One interpretation is that the top items rep-
resent recommendations of the seller.

Direct allocations—By a standard argument, it would be without loss
of generality to assume a direct allocation mechanism, that is, letting the
buyers report their expected values to the mechanism and the mecha-
nism assigns a quality-price pair to each buyer in such a way that it is
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incentive compatible for buyers to truthfully report their expected values.
We use the indirect representation in part because it fits better with our
interpretations of the common menu assumption. However, we empha-
size that optimal choices in our mechanism ¢(v) and P(¢(v)) corre-
spond to incentive compatible and individually rational direct allocation
rules (and some readers may find it helpful reading our arguments that
way).

III. A First Example with Finitely Many Values

We first analyze the environment with a finite number N of values and
qualities. In this section, we do not yet seek to derive the exact nature
of the optimal mechanism. Rather, we compare the revenue of the seller
under two specific information structures. The first is complete disclosure,
where each buyer learns their value as private information. The resulting
optimal revenue arises from the standard optimal screening mechanism.
By contrast, the second information structure pools the two lowest values
of the buyer and then derives the optimal mechanism when these adja-
cent values are pooled, and we refer to this as lower pooling. We provide
sufficient conditions for when this specific pooling of the lowest adjacent
values improves the revenue relative to complete disclosure. This will pro-
vide key intuition for results that follow.

Throughout this section, we assume that the seller has a fixed inven-
tory of goods, that is, a fixed distribution of qualities G (as in Loertscher
and Muir 2022). The assumption of an exogenous inventory simplifies
the algebra as now revenue equals profit, but the conclusions go through
for variable inventory (as in Mussa and Rosen 1978).

The support of values and qualities is denoted by {v, ..., v} and
{gr, ..., g, With 0 < v < - <yyand 0 < ¢, < -+ < gy; both distributions
have atoms of size {f;, ..., fs}. So there is an assortative allocation where

buyers of value v, are matched with allocation ¢,. The discrete version of
the virtual values is denoted by
N
bt v (o — 0y 222 (8)
fi
The following lemma provides a way in which the virtual values shape the
optimal mechanism in screening problems without persuasion.

LeMMmaA 1 (Screening without persuasion). The profit-maximizing al-
location is efficient if and only if the virtual values ¢, are increasing in ¢
and greater than 0 for every i

For the proof, see theorem 1 in Loertscher and Muir (2022), which char-
acterizes the optimal screening mechanism (without persuasion) when
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the seller has a fixed inventory of goods of various qualities. Throughout
this section, we assume that the virtual values are increasing in ¢ and
greater than 0 for every i. Thus, we focus on an environment that is most
favorable toward complete disclosure, as bundling due to ironing does
not occur under complete disclosure. If the goods are sold efficiently,
the optimal pricing policy is given by

P(g) = niq + i(q,- — 1)U, 9)
j=2

by a standard argument using the incentive compatibility constraints.
The seller is thus able to extract the value v; only for the marginal quality,
¢; — g1, offered to each buyer v, The price for the product ¢, is then the
sum of the quality increments (¢; — ¢;-1) multiplied by the value v; for
all values below v;. The profits generated are given by

IT= ZP(%)ff = UG + 2(% - %1)%‘(1 - i}j) (10)

j=1

where the second expression is obtained by writing P(¢,) explicitly and
changing the order of summation.

We can interpret the profit function from the perspective of a multi-
product monopolist who sells N distinct products of qualities (¢; — ¢i—1)
and has a mass (1 — =;_}f) of each of these products. In this interpreta-
tion, the buyers have multiunit demand so they can buy all products
(or any ordered subset), which amounts to the same utility as buying a sin-
gle good of quality ¢y in the original interpretation of the model.

Let us now consider a mechanism where the lowest two values are
pooled, so the expected value and expected quality generated are given by

__ gt A _ ot o 11
Y A o

After this pooling, there are only N — 1 distinct qualities for sale among
N — 1 values, which we assume are sold assortatively (as before). The
profits generated by pooling, say II, is computed as in (10) but account-
ing for the fact that the first two quality levels and the first two value levels
are pooled. The difference between the profits after pooling and the
profits under complete disclosure is

O-TI=(0g = (ng+ (e —g)u(l =) +(e—a)ud =k (12)

Here we wrote the difference as the sum of two terms. The first term cor-
responds to the difference in the profits generated by values {v;, v} and
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qualities {¢;, ¢.}: the seller now sells a pooled quality level g, at price v, to
every buyer instead of selling quality ¢, at price v, to every buyer and a
quality increment (¢, — ¢) at price v, to a mass of buyers (1 — f). The
second term accounts for the fact that pooling increases the quality dif-
ference between ¢; and the immediate quality predecessor—which is ¢,
under complete disclosure and g when pooling—so we get a term pro-
portional to (¢ — ¢) and proportional to v, thatis the price of this qual-
ity increment. Note that pooling does not change cost (which is zero) be-
cause we assume that there is a fixed inventory of goods, so changes in
profits are the same as changes in revenue. If there were a nontrivial pro-
duction cost, then the benefits of pooling would be even larger because
pooling would also reduce cost.

In contrast to screening without persuasion, we now have that the dis-
tribution of qualities plays an important role in determining when pool-
ing is optimal. This will lead to properties that any optimal distribution of
qualities must have, and these properties will not have any counterpart in
classic screening problems. Toward these properties, we observe that the
payoff difference given by (12) is linear in ¢, and strictly positive when
¢ = ¢. Thus, we have

(M —T1D)|,- > 0= (IT —II) > 0. (13)

0

Now, by evaluating the condition at ¢, = 0, we get a weaker condition for
when pooling generates more profits than complete disclosure. Intui-
tively, pooling always increases the price at which ¢, is sold, so by evaluat-
ing at ¢¢ = 0, we obtain a weaker condition. We provide this condition
explicitly.

ProrosiTiON 1 (Lower pooling improves profits). Lower pooling rev-

enue exceeds complete disclosure revenue if

f2 U3 — Uy

-G+ )+ ) m—w

(14)

We have that (14) corresponds to the left-hand side of (13) after rear-
ranging terms (the left-hand side of [13] is linear in ¢, so [14] also does
not depend on ¢). The trade-off is that pooling leads to ¢ being sold
at price o (instead of v,), but pooling also increases the quality incre-
ment ¢; minus its predecessor (which is g instead of ¢ under pooling),
which is priced at us.

We can leverage (14) to provide a simpler condition for when com-
plete disclosure is not optimal. We say that the values are uniformly dis-
tanced when

Vi1 — U = v; — v forall i.
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Assuming that the values are uniformly distanced will allow us to signifi-
cantly simplify the algebra.

CoroLLARY 1 (Lower pooling improves profit for uniformly distanced
values). With uniformly distanced values, lower pooling revenue ex-
ceeds complete disclosure revenue if

<= A (15)

With uniformly distanced and uniformly distributed values ( f; = f; forall
%, j), lower pooling revenue exceeds complete disclosure revenue if N > 5.

The sufficient condition (15) is obtained by applying the uniformly
distanced property to the improvability condition (14) of proposition 1.
This corollary then provides simple conditions for lower pooling to be
optimal.

Pooling fine distributions—If we approximate a continuous distribution
with a sequence of finite distributions on a uniformly distanced grid,
eventually (15) will be satisfied (as \/]71 will be larger than f + fi), and
so complete disclosure will not be optimal. We will generalize this idea
by showing that in any optimal mechanism, the induced distribution of
values is always finite (theorem 1). Hence, the optimal mechanism is
coarse even when the underlying distribution of values is very fine.

A striking feature of the analysis is that (15) is satisfied even when the
distribution is relatively coarse. For example, with uniformly distanced
and uniformly distributed values, lower pooling improves upon complete
disclosure as soon as N > 5. We will generalize this idea by showing that
there is an upper bound on the entropy of the distribution such that com-
plete disclosure is optimal. This result will show that even when the latent
distribution of values is finite, pooling will be optimal unless “most” of the
distribution is located in a “few large atoms,” as measured by the entropy
(theorem 2).

There are no counterparts to these conditions in classic screening
problems; we now provide some intuition for the stark difference from
standard screening problems.

Screening without persuasion.—To contrast our analysis with screening in
the absence of persuasion, we note that (14) can be written as follows:

[A=10],0 = 222 (6, — 6) + LE 5 —w)>0.  (16)

Stk Stk

The first term is the change in profits due to the pooling of the allocation
only (without changing the information). Then, the first term is positive
if and only if the virtual values are strictly decreasing (as inlemma 1). The
second term is the gain in profits from pooling the values after we have
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already pooled the allocation. In essence, we will show that the second
term in (16) always dominates the first one when the atoms are small
enough. A heuristic argument goes as follows. Suppose that the atoms
are small and the distance between values and between virtual values
are small. Both terms are proportional to f/(fi + ), but the first term
is the product of two small factors f; (¢, — ¢,), while the second term con-
sists of one small factor (7, — v;). The intuition is that the profit losses
due to pooling the allocation (without pooling information) are limited
to the locally affected values. Yet the revenue benefits from pooling values
increase the profits generated by all higher values. Because of the differ-
ences in the extensive margin, pooling is always beneficial when atoms
are small enough. This is the reason we get distinct conditions for the
optimality of pooling in screening with persuasion relative to screening
without persuasion.

IV. The Optimality of a Finite Menu

In section IV.A, we state our first main result, theorem 1, which asserts
that the optimal mechanism is finite. The main steps of the proof are pro-
vided in sections IV.B-IV.D. In section IV.B, we develop the properties of
incentive compatible and feasible mechanisms and state the profit max-
imization problem (7) as a joint optimization over two distributions, the
distribution of values F and the distribution of qualities G. Section IV.C
establishes discreteness of the optimal mechanism, which is the main
step in establishing finiteness of the optimal mechanism. Here we argue
that pooling small intervals of values is always beneficial for the seller. Sec-
tion IV.D establishes an additional property of independent interest, the
convexity of the menu. We show that the quality differences between any
two adjacent intervals increase as the values increase. Incidentally, this al-
lows us to go from discreteness to finiteness by ruling out accumulation
points. In section IV.E, we provide an additional property of the optimal
mechanism—a monotone partitional property—thatis not used to prove
theorem 1 but will be helpful to characterize the optimal mechanism in
applications. Finally, in section IV.F, we illustrate the optimal mechanism
in two specific examples.

A, Optimality of a Finite Mechanism

We say that a mechanism is finite if the support of the value distribution F is
finite. Our first main result shows that every optimal mechanism offers a
finite set of distinct expected values and expected qualities. Throughout
the paper, we consider mechanisms such that if a buyer does not pur-
chase any positive quality, then they are provided no additional informa-
tion; thus,
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q() = q(@) =0=>0=7.

This only disciplines the information that the optimally excluded buyers
receive, and it is without loss of generality to consider mechanisms with
this property.

THEOREM 1 (Optimality of finite mechanism). Every optimal mech-
anism is finite.

The intuition for the result is that pooling small intervals generates
losses that are local, meaning that they affect only the values being in-
volved in the pooling. On the other hand, the reduction in informational
rents affects all values higher than the interval being pooled. Hence, by
considering an interval that is small enough, we get that the benefit is
an order of magnitude larger than the losses. This argument is formally
presented in section IV.C, where we show that any optimal mechanism is
discrete.

Since the space of values and qualities is bounded, to conclude the proof
of theorem 1, we need to show that there are no accumulation points.
Showing that there are no accumulation points in any interior part of
the distribution can be proved in a way similar to how we prove that an
optimal mechanism is discrete. However, proving that there are no accu-
mulation points at the top of the distribution requires a different line of
argument. We prove this by showing that the qualities offered in any op-
timal mechanism satisfy increasing differences. We provide this result af-
ter we prove that the optimal mechanism is discrete, and we argue in due
course that this result is of independent interest. We note that if we were
to relax the assumption that the space of values and qualities is bounded,
we would get that the optimal mechanism is discrete without the property
of finiteness.

Finally, we show that the endogenous distribution of values in an opti-
mal mechanism can be obtained from monotone partitions of the exog-
enous distribution of values. This last resultis not used to prove theorem 1,
but it will be useful when we characterize the optimal mechanism (with
additional assumptions on values and qualities) in section VI.

Before we provide the substantive and novel part of our analysis, we ap-
ply standard tools from information and mechanism design to write the
seller’s problem as a maximization problem over two distributions.

B.  Optimization over Two Distributions

The seller’s design problem has two components: (1) the seller chooses
the information that buyers have about their own value and (2) the menu.
We now provide a more convenient representation of these two elements



586 JOURNAL OF POLITICAL ECONOMY

by writing the seller’s problem as the maximization over two distributions.
One of the distributions will be the distribution of expected values F gen-
erated by the information structure; the other distribution will be the mass
of qualities that the seller supplies in the optimal mechanism G.

The buyers’ information structure is summarized by the distribution
of expected values F. By theorem 5 in Blackwell (1951), there exists an
information structure that induces a distribution F of expected values
if and only if Fisa mean-preserving contraction of F, that is,

Up

JWF(x) dx < J F(x)dx,¥ v € [u, v, (17)

with equality for v = v;. If F is a mean-preserving contraction of F (or F
majorizes F), we write F < F.

We assumed that the cost of providing a distribution G of qualities is
C(G) (see [2]). For any distributions G, G € AR, we say that G is greater
than G in the increasing convex order (or G weakly majorizes G), de-
noted by G >,G, if

14 14
J G(x)dx < J G(x)dx,Y q € [q, ¢] (18)
q q
(see theorem 4.A.2 in Shaked and Shanthikumar 2007). Unlike the def-
inition of mean-preserving contractions given by (17), we now do not re-
quire (18) to be satisfied with equality when ¢ = ¢,. Theorem 4.A.6 in
Shaked and Shanthikumar (2007) states that G <, G if and only if there
exists G such that Gis a mean-preserving spread of G and G first-order
stochastically dominates G. Thus, if G <, G, then G is both lower and less
variable than Gin the sense that G corresponds to lower qualities than G,
which in turn corresponds to less variable qualities than G. Assuming that
the cost function is monotone increasing in the increasing convex order
means that for any pair of distributions G, GeAR.,G<, G implies that
C(G) < C(G). So producing higher qualities and more variable qualities
is more expensive.'

We recall that for any pricing function P, ¢(v) denotes the optimal
choice of a buyer with expected value v. Analogously, we define the re-
spective payment:

p(0) = P(q(9)).

' While the majorization order (<) and the increasing convex order (<,) have nearly
identical definitions in terms of the integrals, (17) and (18), respectively, we adopt the pre-
cedence symbol in the opposite direction for each. This choice aligns with the conventions
in the literature for majorization order and for increasing convex order (as used in the sto-
chastic order literature), ensuring consistency within their respective contexts.
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We refer to a pair (¢(v), p(v)) as a direct menu. We depart from the classic
terminology (i.e., “direct mechanism”) because in our model a mecha-
nism also includes the information structure.

Optimality of the choice function (5) implies that

0q(v) — p(v) = 0q(7) — p(¥),V 0,7 € [v, v, (19)
and
0q(v) — p(v) =0,V v € [v, vy). (20)

Thus, the direct menu {(¢(v), p(v))} induced by Psatisfies the classic in-
centive compatibility and participation constraints. Following standard
techniques, the incentive compatibility requires that the allocation ¢(v)
is increasing, and the payment p(v) is determined by the allocation rule
using the envelope condition:

v

(@) = 99(9) — J ¢(s) ds. @1)

U

Note that while F may have gaps, it is without loss of generality to assume
that the allocation ¢(-) is defined on the entire domain [v, v,]. We are
thus left with determining the optimal distribution of values and the allo-
cation function.

We thus have that for any mechanism (P, Q, S), there is an induced di-
rect menu and a distribution of expected values (p(v), ¢(v), F). Similarly,
for any (p(v)), ¢(v), F) satisfying the above properties, we have a mech-
anism (P, Q, S) that induces it.

However, rather than optimizing over the allocation function ¢(v), we
will optimize over the distribution of qualities G offered by the mecha-
nism (as defined in [6]) and then back out what would be the implied
allocation ¢ using I and G. More precisely, we will solve the problem

' max JlF‘(t)(l — 1)dG (1) + GOV F(0) — C(G).
Ff]<F—1 0 (22)

G ' e AR,

As in section III, the seller’s revenue can be interpreted as the sum (inte-
gral) over all quality increments multiplied by the revenue generated per
unit of quality; (22) is the integral version of (10). By optimizing over dis-
tributions of qualities rather than the allocation function, the production
cost C(G) is independent of the information F. Of course, varying F with-
out varying G will change the implied allocation function ¢(v). We write
the expressions in terms of the quantile function (the inverse of F and
G) because this way the revenue is bilinear in the maximization variables.
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PropPoOSITION 2 (Optimizing over two distributions). A mechanism
(P, Q, S) is optimal if and only if there exists a solution of (22) of the
form (F, G) such that

q(0) = G (F(2)),
and p(v) is the direct mechanism induced by (P, O, S).

We thus analyze a maximization problem over two distributions (F, G)
given by (22), and we refer to a pair (F, G) as a mechanism. When solv-
ing the problem (22), we are interested in only functions (F, G) such
that at any ¢,

G () is increasing in ¢ only if F~'(¢) is increasing in ¢.  (23)

This is without loss of generality: if F~' (¢) is constantin some interval (4, &)
and G '(¢) is not constant in this interval, then we can pool qualities in
this interval and thus weakly increase revenue and weakly decrease cost.
In a direct menu, we construct ¢(v) from G, so this measurability condi-
tion is necessary and sufficient for the solution to be implementable with
a direct menu.

C.  Optimality of Discrete Mechanism

We say that a given distribution H has discrete support if there is no open
interval (4, &) C [0, 1] such that H ' is strictly increasing in (4, &). We say
that 2 mechanism (F, G) is discrete if it consists of distributions with
discrete support. As a first step toward proving theorem 1, we prove that
any optimal mechanism is discrete. We can describe a discrete mecha-
nism by a countable collection of quantiles {4 },.x, where at each quantile
&, there is a discontinuous jump in expected values and expected quali-
ties, and both distributions are constant everywhere else. As shorthand
notation, we denote by v, the expected value and by ¢, the quality at
quantile 4

u2F (1), qkéé_l(tk)- (24)

ProposITION 3 (Optimality of discrete mechanism). Every optimal
mechanism (F, G) is discrete.

Proof. The measurability condition (23) implies that if F is discrete,
then G (and thus the mechanism) is discrete. We consider a candidate
mechanism (£, G) and correspondingly (/7', G™') such that ' is strictly
increasing on some interval [#, &), and we show that this mechanism is
not optimal. In writing the proof, the notation suggests that I"and G
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are the exogenous distributions of values and qualities; this is only to
make the notation more compact and is of no substantive difference
for the argument.

We first consider the case in which (F!, G™') are both strictly increas-
ing on some interval [¢, &) and show that this mechanism is not optimal.
It is useful to write the interval [, &) in terms of its midpoint and width:
4+t by — 4

, A= : 25
5 5 (25)

113

i

So, we have
[tl’ tQ) = [2 - A,f + A), (26)

and we will eventually take the limit A — 0. Since both /7' (#) and G™'(¢)
are strictly increasing in this interval, they are differentiable at almost ev-
ery tin this interval. So, without loss of generality, we assume that /' (¢)
and G '(¢) are differentiable at 7 and the derivative is strictly positive.

We contrast the profits generated by (£, G) with ones generated by a
mechanism in which values and qualities are pooled in this interval
[4, to). Before we compute the changes in profit, we introduce some no-
tation. We denote by v; and ¢; the value and the quality at the lower limit
of the interval [ ¢, &) and denote by ¢ the quality at the upper limit of the
interval (4, &):

u2F (1), Q= G (1), PR = G (b).

We also denote by u, and p, the average value and average quality pro-
vided in this interval:

b b
JF’l(t)dt J G (1) di
A 4
o =2"———and p, =—+——.
b — 1 ! b — 1

We compute these quantities only in the interval [#, #,], and we can there-
fore safely omitan index referring to the interval [, ¢,] in the expressions.

We first consider the impact from pooling the allocation without
changing the information structure and thus pooling the values. The dis-
tribution of qualities can be written as follows:

'U.,I lf t S [tl, tQ),
G/'(1) = { (27)
G (1) if t & [, b).

As we change only the allocation of qualities in this first step, we use the
subscript ¢ to refer to this variation in [#, &). We denote the profits gen-
erated by (£, G) byIl, and the profits generated by (F;, G,) are denoted by
I1,. The change in profit can be expressed as follows:
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m-1, = JF*(t)(l - dG(t) — Jf‘”(t)(l — 0)dG; (1) = (C(G) — C(Gy)).
We note that F'(7) is differentiable at 7, and so F~'(¢) (1 — ¢) is also dif-
ferentiable at this point. Thus, there exists r(¢) such that

alF ()1 — 1]

F'iod—-n=F'(HA~-1) + i

li(t—1) +r(0)(t—1),

with r(¢) — 0 as ¢ — 7. We thus get that

1

()1 — 1dG, ' (1) — (C(G) — C(Gy)).

h

n-I1, = rr(t)(t - HdG™'(t) — J

Here we used that

Jr G ' (t)dt r G,/ (t)dt

b 3
Jda”(t) = J G, (1) = (¢ — q) and = Ju .
Ll 4 t‘z - tl t‘z - tl

so when we compute the difference in revenue, the first two terms of the
Taylor expansion of F~'(¢) (1 — ¢) cancel out. To obtain an upper bound
on the difference, we first note that G, <. G so C(G,) < C(G), and we
can also bound the value of each integral by

Jgr(t)(t —1dG (1) < (g — ¢)A max |r(1)],

4 te[l—A1+A4]

Jgr(t)(t - 2‘)dG,;1(t) > — (¢ — ql)A,epI{lfﬁA]lr(m’

h

We thus have

-1, < 2(¢ — ¢)A maxA]|r(t)\.

teli—Ai+

We now note that

(6]2 - CI1) _ Qdel(l‘).

i
ATTA i
Thus,
In-1I dG7 (1
lim——5— < 4 ()lim{ max r(t)|} = 0.
A—0 A dt  a—0 | efi-ai+a]

The limit is because r(¢) — 0 as { — 1.
We now compute the profit when the allocation is G,, and we now ad-
ditionally pool the values in this interval, which we denote by F;:
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F*l ,u'v lf t S [tl, tQ),
b (1) =
" F' (1) if t & [, ).

The corresponding profits are denoted by II,,. The change in profits is

ug

m, —1II, = rF[l(t)(l — 0dG; (1) — rF*‘(t)(l — 0dG, (1) (29)

b

= (/‘l’q—ql)(p’v_vl)(l_tl)- (29)

The production cost is the same in both mechanisms, so the cost does
not appear in the difference. We obtain the second equality by noting
that the only quantile in which F ' and £, ' differ and dG, ' (¢) is not zero
is the discrete quality increment Ag = (u, — ¢) at ¢ = ¢. Intuitively, if
information about the values is pooled, then the whole quality incre-
ment is priced at p, instead of v,. We now note that

() _dGT() L (pe—w) _dFT(D)
lim = , lim = .
A—0 A dt A—0 A dt

Hence,

. 1L, — 10, dG' (1) dF' (1)
lim 3 =
A0 A dt dt

(1-17)>0. (30)

Hence, for a small enough A,

(I, — 11,) + (I, — I1) > 0.
Hence, the mechanism (F, G) is not optimal.

Finally, we consider the case in which F'(¢) is strictly increasing in [4,
] and G '(7) is not strictly increasing in [4, &]. Without loss of general-
ity, we consider interval [#, ] to be such that G™'(¢) is constant in (%, &)
and either {4 = 0 or G '(?) is increasing at ¢,. If G"'(¢) is continuously in-
creasing in some interval [# — €, ], the first part of the proof applies to
this interval; so without loss of generality, if #; > 0, we assume that G'(¢)
is discontinuously increasing at ¢;. Recall that whenever two values are ex-
cluded, they have the same expected valuation, so we must also have
G7'(t;) £ 0. Since G™' is constant, pooling information does not change
the allocation. Pooling information, analogous to (29), generates reve-
nue gains equal to

I, =10, = (kg = @) (o — 0) (A — 1) >0,

where now ¢; 20 if 4 = 0 and ¢ =lim,, G '(¢) if 4 > 0. Hence, the
mechanism is not optimal. This concludes the proof. QED
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Before we proceed, we discuss the possibility of accumulation points
in the optimal mechanism. Accumulation points in the interior of the
distribution can be ruled out in an analogous way to the argument we just
presented. However, when the accumulation pointis at the top of the dis-
tribution, the arguments no longer go through. Technically, we can see in
(30) that it was necessary to take an interval bounded away from the top
of the distribution (i.e., 7 < 1). Conceptually, we need that the interval be-
ing pooled is small relative to the survival function. In section IV.D, we use
adifferent type of argument to rule out accumulation points at the top of
the distribution, which will also provide novel insights into the optimal
mechanism.

D.  Optimality of Convex Menus

We previously defined a discrete menu by the expected values 7, and the
quality ¢, at quantile ¢, (see [24]):

B2F (1), =G (4).

We say that the quality increments display increasing differences if

Q1 — @ > G — Gr-1, (31)

for all £ < K and where g = 0. If the menu of offered qualities display
increasing quality increments, then we say that the menu is convex.

ProrosiTION 4 (Optimality of convex menus). Every optimal mech-
anism generates 4 convex menu.

Thus, the quality increments between menu items increase as we move
up the quality ladder. This finding suggests implications for how sellers
should structure their product lines. The convexity of the menu arises
with some frequency in nonlinear pricing. In mobile phone pricing, the
data packages offered are frequently convex. Similarly, mobile phones
themselves are offered with a variety of memory chips with convex structure.”

The source of the convexity can be explained as follows. Suppose that
we have only two values and two quality levels, and we compare the reve-
nue generated by separating the values and qualities relative to the reve-
nue generated when the values and the qualities are pooled (this trade-
oft is computed in [12], with fi + £ = 1, so the last term is 0). Before
pooling, quality ¢, is sold at price v, and the quality increment (¢ — ¢)
is sold at price v,. After pooling, the average quality is sold at the average

* For example, AT&T offers three options (3, 15, and 50 GB) for hot spot data packages
(https://www.att.com/plans/wireless/), and Apple offers memory levels of 128, 256, and
5,124 GB (https://www.apple.com/shop).
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value. Hence, pooling increases the price at which the quality ¢ is being
sold and decreases the price at which the quality increment (¢ — ¢) is be-
ing sold. One can then show that if ¢, >(¢. — ¢), we have that pooling
will be optimal. When pooling any two values v, v, the same trade-off
appears: pooling decreases the price at which the quality increment
(gr+1 — qu) 1s being sold and increases the price at which the quality incre-
ment (g, — ¢,—1) is being sold (when k = 1, ¢,-; = 0). Hence, a necessary
condition for pooling not to be optimal is that (g1 — @) >(¢ — @-1),
which is the convex menu condition. Note that there is no counterpart
to this resultin classic screening models without persuasion. In particular,
when there is no persuasion, the optimality of pooling depends on only the
distribution of values and not the distribution of qualities (see lemma 1).

The property of increasing differences allows us further to exclude the
possibility of an accumulation pointin the menu not only at the top of the
distribution but also at any point of the distribution, except possibly at
the bottom of the distribution; we rule out accumulation points at the
bottom of the distribution using arguments similar to the ones presented
in section IV.C. Since there are no accumulation points and the space of
values and qualities is compact, every optimal mechanism is finite. When
the seller has a fixed inventory, we can go further and bound the number
of items offered in any mechanism.

CoroLLARY 2 (Finite upper bound on the number of items). With a
fixed inventory on support [¢;, ¢,], the number of items K offered by an
optimal mechanism is bounded above by

k<
qi

The lowest quality item will be at least g, > ¢,. Using the convexity re-
sult of proposition 4, the kth item must have quality strictly exceeding kg,
However, the last item, the Kth item, cannot have a quality higher than
¢, 50 we have Kg, < ¢,, which proves the result.

The property that the menu satisfies increasing quality increments is
of interest, as it informs us about the structure of the menu independent
of the distribution of values. The result predicts that in any multi-item
menu, the distance between any item and its next lower ranked item is
increasing as one moves up the quality ladder, thus establishing that the

menu offers qualities that are increasing in a convex manner.

E.  Optimality of Monotone Partition

So far, we have shown that the optimal mechanism consists of a finite
menu. We now use the linear structure of the preferences to provide
a sharper characterization of the optimal information structure. More
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precisely, we show that the discrete jumps of the distributions are ob-
tained by pooling intervals of values. The arguments employed in this sec-
tion are orthogonal to those used in sections IV.A-IV.D.

A distribution of values F is said to be monotone partitional if [0, 1] is
partitioned into countable intervals [ti, ti1):er and each interval either
has complete disclosure, that is, all buyers with values corresponding
to quantiles in that interval know their value, or pooling, that is, buyers
know only that their value corresponds to a quantile in the interval [, ¢;1),
and so their expected value is

v, 2E[v | F(v) € [, ti1)].

The expectation can be written explicitly in terms of the quantile func-
tion as follows:

liy
J F ' (t)dt
- L1 — .
Thus, writing [ for the labels of intervals with complete disclosure, we have

- F7'(¢t) if t € [t;, t;+1) for some i € ],
(1= (32)
v, if t e[t t) forsome i ¢ J.

Proposition 1 in Kleiner, Moldovanu, and Strack (2021) shows that the set
{F7': F"'<F'}is a convex and compact set, and their theorem 1 shows
that the extreme points of this set are given by (32).

CORrROLLARY 3 (Monotone partition of values). There exists an opti-
mal mechanism (F, G) in which F is monotone partitional.

The corollary shows that the optimal information structure can be con-
structed in a straightforward manner: the value space is partitioned into
intervals, and buyers are told only to which interval their value belongs.
We note that the results in sections IV.A-IV.D—in particular, theorem 1
and propositions 2—-4—do not make use of the monotone partitional
structure of the optimal information structure. The result of a monotone
partitional information structure relies on the linear utility in v, while ver-
sions of our main results continue to hold in nonlinear utility environ-
ment (see theorem 5 in Bergemann, Heumann, and Morris 2024).

FE. Two Examples of Optimal Mechanisms

We now illustrate the optimal solution in a mechanism with exogenous
inventory. A model with exogenous inventory (as in sec. III) corresponds
to a cost function of the form
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~ 0 if G <, G,
C(G) = (33)
o otherwise.

In this case, the costin the optimal solution of (22) is always 0, but there is
a constraint on the set of feasible qualities. That is, the feasible distribu-
tion of qualities is G <, G. The constraints on qualities G are almost the
same as the constraint on values F except that the seller can discard goods
but cannot discard values. In figure 1, we illustrate the optimal mecha-
nism in an example. The top panels illustrate the exogenous distribu-
tions of values and qualities (F, G) that the seller can pool in the optimal
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Fic. 1.—Top left shows the given distributions of values F(v) = »* and qualities
G(q) = ¢"*. Top right shows the associated optimal distributions I and G, which are mono-
tone partitional distributions. Bottom left shows the corresponding quantile distributions
F7'(¢) = "* and G7'(1) = ¢*. Bottom right shows that the optimal quantile distributions
F~' display jumps at the same quantile.
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mechanism (F, G) and the endogenous distributions of expected values
and expected qualities generated by the optimal mechanism (F, G); the
bottom panels illustrates the respective inverses.

The determination of the optimal menu with a variable supply follows
the same logic. Below we display the optimal solution when the latent dis-
tribution is again given by a quadratic distribution of values, F(v) = v?,
but the supply of qualities is determined endogenously. We compute
the solution under a quadratic cost function ¢(¢q) = (1/2)¢*. In figure 2,
we illustrate the optimal information structure and allocations. In sec-
tion VI, theorem 3 establishes the optimality of a single item to be offered
in the menu under sufficient conditions on distribution and cost. The
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Fi1c. 2.—Top panels show the given distribution of values F(v) = v* and the optimal
distributions /" and G given the cost function ¢(g) = (1/2) ¢*. Bottom panels show the quan-
tile distribution 7' (t) = ¢/ and optimal quantile distributions "' and G~ given the cost
function ¢(q) = (1/2)¢*.
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current example with a quadratic distribution function and a quadratic
cost function satisfies these sufficient conditions. As might have been ex-
pected, the solution with a variable supply offers fewer items, as it is costly
to produce the supply. Perhaps less intuitively, the solution with variable
quality supply can exclude fewer buyers than the solution with a fixed sup-
ply. But as we might expect, conditional on being offered a positive quality
level, the quality offered is lower in the variable supply than in the fixed
supply case for all latent values.

V. Pooling and Entropy

In section IV, we provided a variety of results concerning the optimal
mechanism—most notably, theorem 1—which establishes that every op-
timal mechanism is finite. These results hold independent of the latent
distribution of values F. An immediate corollary is that if the latent dis-
tribution of values has infinite support, then the optimal mechanism will
by necessity pool information.

Of course, if the latent distribution of values had finite support, we
would not be able to reach the same conclusion. So a natural question
is: can we still assert that in an optimal mechanism, the seller pools infor-
mation regarding the value of the buyer? We now show that the answer
is positive as long as the original distribution is not too coarse. More
precisely, we show that pooling is optimal as long as the entropy of the
latent distribution of values is larger than log, (9) bits. Note that, like
section III but unlike section IV, we will not pursue general properties
about the optimal mechanism but simply explore when pooling some in-
formation is optimal. Thus, the answer will inevitably depend on the la-
tent distribution of values.

Throughout this section, we analyze the situation in which F has a
distribution with support on a uniformly distanced (or equidistant) grid

{vi,..., y, ...}, with atoms denoted by {f;, ..., f, ...}, which we assume
are strictly positive. The entropy of a discrete distribution Fis defined by
— 2 filogs (fi)- (34)

k

The entropy is a measure of the amount of information that is con-
tained in a random variable; we expand on the interpretation after we
provide the result. The entropy of a random variable is independent of
the domain of the random variable, so our assumption that the distribu-
tion is on a equidistant grid does not affect how entropy is measured. We
define entropy using logarithms with base 2 so that it is measured in bits.
We find an upper bound on the entropy generated by any distribution of
values (on a equidistant grid) that satisfies a necessary condition for com-
plete disclosure to be optimal, which we provide next.
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ProposITION b (Sufficient condition for optimality of pooling). Pool-
ing improves revenue over complete disclosure if for some k € {1,2,...},

- LS 35
St \Sed Sod (35)

This condition is a generalization of corollary 1 and the earlier condi-
tion (15). In particular, the condition now covers the value of pooling
any two adjacent atoms, not only the lowest two values. We maximize (34)

subject to
I A .
Sof T\ Sah Sl e

which is a necessary condition for complete disclosure to be optimal. We
show that the entropy-maximizing distribution is defined on an infinite
grid and every constraint (36) is binding. Hence, we consider the family
of distributions in which the first element f; is arbitrarily chosen, and each
successive probability is found using that the constraints (36) are satisfied
with equality.

Lemma 2 (Distribution with binding constraints). For any f, there
exists a unique distribution on an infinite support {f;, f, ...} such that
every constraint (36) is satisfied with equality and f = f.

We write the atoms of such distribution as f;(f;) to emphasize that the
atoms depend on the initial condition f;. To prove this lemma, we write
the inequality (36) in terms of the hazard rate A;

et

1 2/21']? '

where h;is the hazard rate of ith atom. With this, the inequality (36) can
be written as follows:

I>

Bis >@

= (37)

The advantage of this expression is that the set of feasible hazard rates h;,,
depends on only the value of %, and we have f; = /. Starting from the
initial atom f;, we find each successive atom using that the hazard rate is
given by (37) (satisfied with equality). Since the hazard rates are always
in [0, 1] and the hazard rates converge to a unique fixed pointat = (3 —
V/5) /2, such a distribution can obviously be constructed for any initial
probability f. In figure 3, we illustrate (37): the shaded area represents
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F1G6. 3.—Behavior of hazard rate 7, for critical distribution f

the set of feasible hazard rates (A, k1), and the arrows show how the haz-
ard rates evolve when (37) is binding. The hazard rates give an alternative
definition of the critical distribution that maximizes entropy.

The entropy generated by the distribution that maintains all constraints

(86) binding—parametrized by fi—is given by
E(f) = =3 i (floga (h())-

k=1
In the proof of theorem 2, we show that the E(f;) is maximized by taking
the limit as f; — 0. We also show that
BN
E —%1_1?})E (f)
is bounded between
log, (8) < E* <log,(9) < .

As reference, the entropy of a uniform distribution with support on N dif-
ferent values is given by log,(N). Hence, complete disclosure is optimal
only if I has an entropy below the entropy of a uniform distribution with
support on nine different values.

THEOREM 2 (Entropy and optimality of pooling values). The optimal
mechanism has to pool values if the entropy of Fis larger than E*
(log,8,log,9).
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The intuition for the result is that the atoms of the individual values in
the distribution cannot have too small of a hazard rate. Otherwise, pool-
ing the allocation of adjacent atoms generates small distortions to reve-
nue, while pooling information generates an order of magnitude larger
revenue gains. With a uniform distribution, the resultis particularly stark,
asillustrated in section III, and the same intuition goes through aslong as
both atoms being pooled are of similar size. However, when the hazard
rate of the first atom is much smaller than the hazard rate of the second
atom, then pooling can decrease revenue, even if both hazard rates are
small. Hence, it may be possible to have many small atoms and still have
complete disclosure being optimal. However, the sum of all these small
atoms will end up having a negligible amount of mass, which is formal-
ized by the fact that the entropy must be small.

To gain a more quantitative intuition for the result, consider a distri-
bution with constant hazard rate A, that is, a geometric distribution. The
entropy of the geometric distribution is

_ Hlog,(h) + (1 — hlog, (1 — h)
. .

As h converges to zero, the entropy diverges to infinity. Let us now con-
trast this with the dynamics in figure 3. While the hazard rate might be
initially small, the constraints guarantee that the hazard rates quickly in-
crease. This leads to a bounded and relatively small entropy.

Theorem 2 states that there is an upper bound on the entropy distri-
butions that induce complete disclosure to be optimal. The proof can
be directly extended to show that in the optimal mechanism, there can-
not be complete disclosure of any adjacent subset of values that have a
conditional entropy larger than E*. While we have assumed that the grid
is uniform, the results would remain unchanged if the grid had increas-
ing differences:

E =

Vi1 — Ui 2 U — Ui

Intuitively, we can see from (14) that in this case, the conditions for pool-
ing continue to hold (where one obviously needs to do the appropriate
adjustments to account for all atoms and not only the first two).

VI. Optimality of a Single-Item Menu

So far, we have established that the optimal menu invokes only a finite
number of items. We further proved that the pooling of values and thus
the compression of information is optimal when the original distribution
of values is not too coarse (as expressed by the entropy bound). A natural
follow-up question is: does the optimal mechanism offer few items? (Nat-
urally, the qualifier “few” would have different meanings according to the
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application.) An ideal answer would provide a sharp characterization of
the number of items offered by the optimal mechanism as a function of
the cost function and distribution of values. Such a general result is too
ambitious, so we will instead pursue a more modest goal. In this section,
we provide sufficient conditions under which the optimal menu contains
only asingle item. The conditions include many natural parametrizations
(e.g., uniform distribution and separable quadratic cost function), so this
is a plausible outcome in many applications. Besides being a plausible
outcome, the result will suggest that the optimal mechanism offers few
items even when the conditions are not satisfied, and the intuition for
the result will be informative of how properties of the cost function and
distribution of values can lead to more or less pooling.

The results in sections IV and V were derived independent of the cost
function, but a sharper characterization of the optimal mechanism nec-
essarily depends on the cost function. Throughout this section, we as-
sume that the seller has a separable cost function (see [3]). There are
two reasons to focus on this case. First, it is the most widely studied model
of second-degree price discrimination (see Mussa and Rosen 1978). Hence,
studying how properties of the cost function determine the number of
items offered by a mechanism is of particular importance. Second, it allow
us to build a connection between the values and the qualities (as these are
endogenously determined), which provides enough structure to charac-
terize when the optimal mechanism offers just one item.

To provide our single-item result, we assume that the distribution of
values is absolutely continuous and its density f is quasiconcave and strictly
concave on the decreasing part of the density. Formally, we say a distribu-
tion has modest tails if

() <0 f"(v) <0. (38)

This condition states that f must be concave when it is decreasing. For
example, any distribution with (weakly) increasing density satisfies (38).
It is also satisfied if the density is linearly decreasing. In contrast, the con-
dition cannot be satisfied by any distribution with unbounded support. We
say a mechanism offers a single-item menu if the range of ¢(v) has at most
two values and only one strictly positive value. Hence, every buyer is either
offered a standard quality, ¢(v) > 0, or excluded altogether, ¢(7v) = 0.

TraroreEM 3 (Optimality of single-item with modest tails). If the dis-
tribution F'satisfies modest tails and ¢” (¢) > 0, then the optimal mecha-
nism is a single-item menu.

Theorem 3 shows that in a large class of environments, the optimal
mechanism is a single-item menu. The condition of the theorem states
that only a single-item is offered, but it does not imply that the seller finds



602 JOURNAL OF POLITICAL ECONOMY

it optimal to sell to all values, that is, to pool all values. In other words, for
some distribution and cost function, the optimal mechanism consists of a
single item under which some buyers (with some values) are excluded (and
hence do not buy any positive quality). Theorem 3 can be restated in the
value space: it is optimal to provide a binary information structure, where
the higher signal (higher expected value) suggests to buy the single item
on offer and the lower signal suggests to not buy. To gain some intuition,
we explain how the two assumptions of theorem 3 lead to substantial pool-
ing of values.

We begin by explaining why imposing a bound on the convexity of the
marginal cost is expected to guarantee that a single-item mechanism is
optimal. Consider some pooling of Finto finitely many atoms. The qual-
ity offered to v; is

g = ¢ (),

where ¢, is the discrete virtual value associated with v; (as defined earlier
in [8]). A necessary condition for a mechanism to be optimal is that the
qualities generated by the mechanism satisfy the increasing difference
property (see proposition 4); this reflects that pooling is more likely to
be optimal when the qualities offered to different buyers are more homo-
geneous. Hence, we can see how a more convex marginal cost pushes the
trade-off to more pooling because the qualities generated by the mecha-
nism (for any fixed information structure) are more homogeneous (since
¢! becomes more concave as ¢’ becomes more convex).

The second condition of the theorem is the modest tails condition,
which guarantees that the distribution of expected values generated by
the mechanism cannot be too spread out. To gain intuition, we provide
a necessary condition for full pooling to be optimal. More precisely, we
examine under what circumstances it is optimal to separate an infinites-
imal sliver of values at the top of the distribution, starting from a mech-
anism that pools all values.

We denote by g, the quality offered to the buyers when they are pooled
(i.e., when v = p,) and by g, the efficient quality offered to the highest
value (i.e., when v = v,):

G.2¢ () and g, 2 ¢ (v).

When all values are pooled, the seller can leave the buyers with no sur-
plus, but separating a small interval of values will generate some (infin-
itesimal) informational rents. The informational rents gained by the
buyers in the interval that is being separated are

U=q.(v = o).

That is, buyers being separated have a value of v, and can buy g, at
price p = G.u,, which gives U. Separating a sliver of high values also
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(infinitesimally) increases total surplus because the seller can offer them
the efficient quality. The gains in total surplus from the separation are

AS =0, (g — q) — (c(q) — ¢(q)

Here we assume that the separation is small enough so that it does not
affect the quality offered to the remaining pooled values.” The proposed
separation increases profits if and only if U < AS.

It is easy to check that Uis linear in v, while ASis convex in v,, with

dAS

d—vh loy=u. = 0.

This condition is essentially saying that the surplus loss from pooling is of
second order in the size of the distortions. Thus, when the highest value is
sufficiently separated from the mean, then separating the infinitesimal
sliver around the top increases profits, and a fortiori, full pooling will
not be optimal. The analysis suggests (although it does not prove) that
when the highest value is sufficiently close to the mean, then pooling will
be optimal.

We can now relate the above intuition to the condition on the distri-
bution of values. If fis nondecreasing, we have v,/p, < 2 (where the in-
equality is tight when the distribution is uniform on [0, v,]); if the distri-
bution fis linearly decreasing, we then have v, /u, < 3. Hence, the modest
tails condition imposes a bound on the difference between the mean and
the highest value of the distribution. Theorem 3 implies that v,/p, < 3 is
not a sufficiently large difference for separating a sliver of high values to
be optimal. For the separation to be optimal, we require f to be decreas-
ing and convex, which is when the distribution does not have modest
tails. If fis decreasing and sufficiently convex, v,/u, may be arbitrarily
large, and some separation will always be optimal.

Theorem 3 provides general conditions under which a single-item
mechanism is optimal. We know of distinct sufficient conditions under
which a single-item mechanism is optimal, and we have provided addi-
tional results on how the cost function determines the optimal mecha-
nism in Bergemann, Heumann, and Morris (2024). For example, if the
cost function is a power function ¢(¢g) = ¢" and the distribution of values
has narrow support, more precisely v,/v, < 5, then the optimal mecha-
nism will pool all values (see proposition 10 in Bergemann, Heumann,
and Morris 2024). When the cost is a power function, we were also able
to show that full pooling is approximately optimal if 7 is large enough
and complete disclosure is approximately optimal if 5 is close enough

* Separating a noninfinitesimal sliver would decrease the quality offered to the rest of
the values, hence making AS small. This additional effect would tilt the balance toward
more pooling, which would relax the necessary conditions for pooling to be optimal.
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to 1. All these results support the intuitions we have provided in this section.
Further, in an environment with a fixed inventory of qualities (see [33]),
pooling all values is optimal if the distribution of qualities has increasing
density (see theorem 3 in Bergemann, Heumann, and Morris 2024).

VII. Conclusion

In the digital economy, the sellers and intermediaries working on their
behalf frequently have a substantial amount of information about the
quality of the match between their products and the preferences of the
buyers. Motivated by this, we considered a canonical nonlinear pricing
problem that gave the seller control over the disclosure of information
regarding the value of the buyers for the products offered.

We showed that in the presence of information and mechanism de-
sign, the seller offers a menu with only a small number of items. In con-
sidering the optimal size of the menu, the seller balances conflicting
considerations of efficiency and surplus extraction. The socially optimal
menu would provide a menu with a continuum of items to perfectly
match quality and taste. By contrast, the profitmaximizing seller seeks
to limit the information rent of the buyers by narrowing the choice to
a few items on the menu. We provided sufficient conditions for a broad
class of distributions under which this logic led the seller to offer only
a single item on the menu. While we obtained our results in the model
of nonlinear pricing pioneered by Mussa and Rosen (1978), we showed
that the discrete menu result remained a robust property in a larger class
of nonlinear payoff environments.

We analyzed a canonical model of second-degree price discrimination
as in Mussa and Rosen (1978) or Maskin and Riley (1984). These models
largely consider (pure) vertical differentiation among the buyers and,
in consequence, in the choice and price of products. While vertical differ-
entiation captures an important economic aspect, other specifications—in
particular, horizontal differentiation—might be of interest as well. Toward
this end, we briefly discuss why horizontal differentiation is likely to lead
to very different implications regarding the optimal information policy.
Thus, consider a model of pure horizontal differentiation where there
are many varieties of the productand, for each value of buyer, there is some
variety that attains the maximum value and all other varieties generate a
lower surplus. Thus, for example, a utility function u(v, ¢) = u — (v — ¢)*
would represent such a model of pure horizontal differentiation where
the quadratic loss function expresses the fact that for every value v, there
is an optimal variety, namely, ¢(v) = v, and any deviation leads to a lower
utility. In this setting of pure horizontal differentiation, the optimal infor-
mation policy would be to completely disclose the information about the
preferences and then provide the optimal variety ¢*(v) = v at a constant
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price p* = w thatwould indeed extract the efficient social surplus from all
values of buyers. This admittedly stark model of pure horizontal differen-
tiation thus leads to a very different information policy than the model of
vertical differentiation that we analyzed. For example, movie and televi-
sion series recommendations on Netflix and similar streaming services
would seem to mirror the implications that a model of horizontal differ-
entiation would predict. By contrast, service level agreements for utilities
and telecommunications or tiered memberships for services would seem
to be more directly related to the predictions from the vertical model we
analyzed.

In related work, McAfee (2002) matches two given distributions of,
say, consumer demand and electricity supply and shows how discrete
matching by pooling adjacent levels of demand and supply can approxi-
mate the socially optimal allocation. In this analysis, a range of different
products are offered in the same class and with the same price. From the
perspective of the buyers, the product offered is therefore opaque, as its
exact properties are not known to the buyers, who are guaranteed only
certain distributional properties of the product. This practice is some-
times referred to as opaque pricing; see Jiang (2007) and Shapiro and
Shi (2008) for applications to services and transportation and Berge-
mann et al. (2022) for auctions, in particular, for digital advertising. Our
analysis regarding the optimality of discrete menus would equally apply
if we were to take the distribution of qualities as given and merely deter-
mine the partition of the distribution of the qualities. The novelty in our
analysis is that the seller renders the preferences of the buyers opaque
to find the optimal trade-off between efficient matching of quality and
taste against the revenues from surplus extraction.

Appendix

The appendix contains all auxiliary results and the proofs omitted in the main
body of the text.

Al.  Proof of Proposition 2
Using the change of variables
t=F@) o F'(t) =1,

and given that ¢(v) is nondecreasing, we can write the distribution of qualities
in (6) in terms of the quantile ¢ € [0, 1]:

G ()= q(F (1)

Using the expression for the payments (21), we have
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U

(9g(a) — J g(s)ds) dF (1)

! u

Elp(o)] = |

1 t
= J (F*l(t) G'() — J G*l(s)dF*l(s))dt.
0 0
Integrating by parts twice, the revenue generated by any incentive compatible
mechanism is given by

1

Elp(v)] = Jl_f](t)(l —0)dG (1) + F'(0)G ' (0).

0
Of course, the above is only the revenue, and to write the profit, we need to in-
clude the cost. Since Fmust satisfy the majorization constraint, we have that (22)
is an upper bound for the profits that the seller can attain.

Consider (F, G) that solve (22). If G™! is measurable with respect to (), then
the mechanism in the proposition attains the upper bound. Suppose that the
measurability condition is not satisfied; then there exists {#, &} such that F' (1)
is constant in [#, &] and G™'(t) is not constant in [#, ). We now define

G (1) if té[t, &),

a_ b
G = J G () de
o iftely,b).
bh— 10 1 [1 2)
By construction, we have C«C. We thus have that by construction, G is less costly
to produce, and it is easy to check that it generates (weakly) higher revenue.
Hence, we can find a solution to (22) that satisfies the measurability condition
and thus generates an optimal mechanism. QED

A2. Proof of Proposition 4

In proposition 3, we showed that the optimal mechanism is discrete. Hence, the
mechanism consists of a countable collection of values, qualities, and atom sizes
(Wi, G, f;) such that value 7, is allocated quality .. We now provide a lemma that
provides conditions for when a discrete mechanism is improvable.

LemMA 3 (Improvable discrete mechanism). A discrete mechanism (F, G) is
not optimal if, for any two consecutive atoms {k, k + 1},

ﬁﬂ (1 _ﬁ +ﬁ+1 G — Qk—1> < Upre — Vgt (39)
) (1 _ (ﬁ*’ﬁu)) Jo G T G Upt1 — Uy
’ Sl

Proof.  We introduce the language of a discrete mechanism with expected val-
ues 7, and qualities g, at quantile ¢, used earlier in (24):

w2 F ' (4), Q= G ' (4).

Incentive compatibility implies that g, < g..;. We denote by F, the probability
that a value is at most v,
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Iy = i«
{i:o<a}

We can write the profits as follows:

= UG + E(@c - %—1)7}}((1 - Ec—1)~
k=2
This is the same expression as in (10). If atoms {k, k + 1} are pooled, the differ-
ence in profits is given by

ALl — <JM _ qk_l) (JM) (1-F)
ﬁ +ﬁc+1 ﬁc +ﬁ¢+1

= (0(q — G=) (1 = Bry) + 0 (G — ) (1 — F))

+ (@(H *m) Upea (1 — E+1)~
Jit i

We have that pooling these atoms is strictly optimal only if AIT > 0. Rearranging
terms, we get the above inequality (39). QED

To conclude the proof of proposition 4, we note that if ¢, — g1 > g1 — G,
then the left-hand side of (39) is negative. Thus, in this case, the mechanism
is not optimal. QED

Final step of the proof of theorem 1.—In proposition 3, we established that the op-
timal mechanism is discrete, and in proposition 4, we proved that any optimal
mechanism generates a convex menu of qualities. We now show that there are
no accumulation points. Proposition 4 implies that there cannot be any accumu-
lation points, except possibly at some quantile 7 satisfying G*~' (1) = 0. Hence, it
is a decreasing accumulation point (i.e., the limit of expected values converges
to 7 from the right), and we recall that ¢, is the discrete virtual value defined ear-
lier in (8). Before we proceed, we provide a sufficient condition for a mechanism
to be suboptimal.

LemMA 4 (Improvable discrete mechanism 2). A discrete mechanism (F, G)
is not optimal if, for any two consecutive atoms {k, k + 1},

ﬂ£¢k+1 - ¢k)(ﬁ( +ﬁtl) <
ﬁﬁ-](?)k-#l - Dk)zlzkﬁ
Proof. 1If we omit the term in parentheses in (39),
(1 _ﬁ J’__ﬁ+l G — ?]H)
i G — @)’

which is smaller than 1, then we obtain the following weaker bound:

L (40)

ﬁ+l <1_/k+1*1_}k
o z. 7 U — Uy
G+ f(1- k) T

That is, if this condition is satisfied, then the mechanism is not optimal. Rear-
ranging terms, we obtain (40). QED
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We now consider any infinite optimal mechanism and show that it cannot be
optimal by proving that (40) is satisfied. To make the notation more compact, we
denote the left-hand side of the inequality as follows:

o hGer = )+ finr)
' ﬁe+1(77k+1 - @k)zjzkﬁ ’

We denote by {4}, the discontinuity quantiles, with 4 < 4. The index runs
from —oo to K. We denote the expected value in the limit by © = lim,_, 7. That
is, the accumulation point is at 2. We now define

.
hk R —
Upt1 — Up
and note that we can write ¢, as follows:
(I =)
¢k = U — T .

Since ¢, is increasing in k, we must have that the limit of ¢, and &, exists and de-
note the respective limits as follows:
é= lim ¢y, h= lim &,
k— —o k— —o

Since ¢, is positive, we must have 7> 0. We must also have i < o. To prove this,
we note that for every &,

@ =01 =) =Xa@—¢) < (02— DZg.

The equality is obtained by simple algebraic manipulation of the terms, while the
inequality follows from the fact that the virtual values ¢, must be nondecreasing.
Since (v, — v) (1 — ¢,) is strictly positive for every k, we must have o > &, which
implies that / < oo,

We now prove the result using / < o. For this, we write the bound as follows:

< hi(Prer — D1) (Upro — Ty) max{hy, i}

B, - —
(U2 = Oprt) luer (1 = 1)

Since (7,11 — T;) converges to zero in the limit K — —oo, we can consider intervals
such that (U1 — ) < (Vo — Tps1). We thus have

B < M (Drir — b1)2 max{h!n hk+l}
b hk+1(1 - tk—l) ’

Since ¢, is monotonic in k and positive, we must have that (¢,+; — ¢,) converges
to zero in the limit £ — —oo. Taking the limit £ — —oo and using that %, converges
to h, we obtain

0.

. . hi (b1 — di)2 max{hk, hk+1}
lim B, < 1 =
S her (1 — 41)
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Thus, in the limit £ — —o, we can find two consecutive intervals that can be
pooled and increase revenue. QED

A3. Proof of Corollary 3

The choice of information structure F must be optimal if we hold fixed a distri-
bution G* of qualities. So we consider the problem of choosing I to maximize

1
IT= max Jﬁ’l(t)(l — 0)dG* (1) + G*TH0)FT(0).
{Fr <} o

This optimization problem is an upper semicontinuous linear functional of .
Upper semicontinuity can be verified by noting that the quantile function £~
is (by definition) upper semicontinuous. Hence, if ' — F~' (taking the limit
using the L' norm), we have lim sup F~'(t) < F~'(1) for all ¢ € [0,1]. Hence,
limsup [, F' (1) (1 — 6)dG* (1) < [} F (1) (1 — 1) dG* ' (1).

Following Bauer’s (1958) maximum principle, the maximization problem at-
tains its maximum at an extreme point of {{'"! : F~! < F"'}. By theorem 1, we ex-
cluded the possibility of intervals of complete disclosure. QED

A4. Proof of Proposition 5

To obtain this result, we omit the parentheses in (39) and rearrange terms. QED

A5.  Proof of Theorem 2

An upper bound on the entropy generated by any discrete distribution that in-
duces complete disclosure to be optimal can be found by finding the distribu-
tion that maximizes entropy subject to (36):

Eg = max — S filog, (fi), subject to (36). (41)
)
Since (36) is a necessary condition for complete disclosure to be optimal, we
have that this is an upper bound on the total entropy of any distribution that in-
duces complete disclosure to be optimal among all distributions with a grid size
of K. Throughout the analysis, we assume that 5 < K < o.*
We characterize the supremum over all grid sizes

E* = sup Ey.
KeN
This is an upper bound on entropy across all discrete distributions that induce
complete disclosure to be optimal. We will prove that the upper bound E" is fi-
nite and also provide a way to compute the upper bound.
We begin the proof by analyzing the solution to (41) when K < c. We recall
that the constraints are given by (86), which we can write as follows:

* We disregard the cases with grid sizes less than 5 because the solution in these cases
have a different structure; when K < 4, the entropy-maximizing distribution is the uniform
distribution, so the constraints do not bind.
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Ezzkﬁ B E@kﬁ Ezzkﬁ 2 . ( )

We first show that most of the constraints must bind.

te{K—-5K—4,K—3,K—2,K — 1} such that all the constraints with index
i <in (36) bind.

Proof. We begin with some useful definitions. We define

Clx,p) = (x+y) —Vx

as a compact representation of the constraints given by (42). For any distribution
of values {fi, ... , fi}, we define

= ﬁ nd fi, = ﬁ .
S R

Note that f» is the hazard rate and f;; is a modified hazard rate in which the de-
nominator is evaluated one event before i. We can then write (42) as follows:

C(fio, fir11) = 0foreveryie{1,..., K —1}.
We show the feasible set in figure 4, where we also illustrate other curves that will
be useful in the proof. We begin by providing some results about the feasible set.

LeEMmA 6 (Geometry of the constraints).

1. If C(x,y) >0, then C(x,y) >0 forall y > y.
2. If C(x,9) > 0 and x < 1/4, then C(x,y') > 0 forall ¥ < xand y > y.

— C(xy)
— y=X

_{-x
T4

1
1
2

alw

Fic. 4.—Geometric representation of constraints via C(x, y).
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3. IfC(x,y) > 0and y <(1 — x)/4, then x < y.
4. If C(x,y) >0 and x > 1/4, then y/(1 — x) > 1/4.

We now prove that some of the final constraints must bind.

Lemma 7 (Last constraint is binding). There exists constraint i € {K — 5,
K —4,K — 3,K — 2} such that
C(fizs firn) = 0.

Proof.  'We prove by contradiction. Suppose that all these constraints are satis-
fied with slack. We then must have

S = fis = e = S = S

We then must have f:—w = f;,gyl = 1/5. But in this case, the constraint is not
satisfied:

C(figo fiosy) <0,

so we reach a contradiction. QED
We thus have that some constraint must bind, and we denote by « € {K—
5 K —4,K — 3, K — 2} the last binding constraint. That is,

C(fis, f1n) > O forall i > . (43)

We now proceed to show that the constraints ¢ < « must also bind. We assume that
there exists i < ¢ such that C(f, f11,) > 0 and reach a contradiction.
Case 1.—We first consider the case that

. 1- /5
S =t (4
We note that
S
ﬁjl 2 = - ) (45)
B

which can be obtained by simply using the definitions and manipulating the ex-
pressions. Hence, (44) implies that ﬁfw < 1/4. We then consider the following
distribution:

[SHeify

i>
[ =X [ —eifj=i+1,
ﬁ*

where € is small enough such that fltl —e€>0and C(ﬁg,fﬂ,l) > 0.

We first prove that {f} is feasible. For this, we note that

otherwise,

C(fo frorn) = C(fins finy) forall j¢{i — 1,4,i + 1},
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since these constraints do not change with e. We assumed that e is small enough
such that constraint with index j = i continues to be satisfied with slack. Hence,
we need to prove that

C(];z,];ﬂ,l) >0forallje {i—1,i+1}. (46)

We first note that 771,2 = ﬁ:z and ﬁl > :, SO C(ﬁq,z,ﬁl) >0 (see item 1 of
lemma 6). We now note that ﬁﬂg <]€'tl,2 and ﬁﬂ,l >fif211, SO C(ﬁ+l,2,ﬁ+2,1) >0
(see item 2 of lemma 6). Thus, (46) is also satisfied.

We now prove that {f} generates higher entropy. We have that (44) and
C(ﬁz,ﬁjlvl) > 0 imply thatﬁ* <_ﬁj1 (see item 3 of lemma 6). Hence, we have

Ui = fea| < I = -

Hence, {} is feasible and generates higher entropy, thus reaching a contradiction.
Case 2—We now consider the case that

1 —fs

S >—

(47)

We have that (45) continues to be satisfied, so in this case, we have ﬁ«tm > 1/4.
Furthermore, jgj >1/4 for all j> i+ 1 (see item 4 in lemma 6). Without loss
of generality, we can assume ﬁi] is such that

ﬁfl = arg maxf. (48)

je{itl, . K}

If multiple maximizers exist, then we take the lowest index that maximizes the
atom’s size. To show this is without loss of generality, let j* be the maximizing in-
dex. We now show that we must also have C(fi_5, fi+1) > 0, so we can relabel ito
be i = j* — 1. To check this, note that fx_,, > 1/4 and f+ > f+_,, so the con-
straint must slack.

We then consider the following distribution:

%

e ifj=i+1,
j = ﬁ*<l+ﬁ> ifj>i+2,
1=i+2Jl
Jﬁ* otherwise,

where e is small enough such that]f< —e>0and C(fs, fi11) > 0. We prove that
this distribution is feasible and generates higher entropy than {/™}.

We first prove that {f} is feasible. Forall j#{i, i + 1}, we have that C(];‘;g,];‘-ﬂl) is
satisfied since the constraint does not change relative to {f*}. For j = i, we have
C(ﬁg,fﬂ,l) > 0 because € is small enough. We thus check that C(ﬁ+1,g,]~f+2,1) > 0.
If C(f10, f21) > 0, then the constraint will be trivially satisfied when e is close
enough to 0. We now suppose that C(fi,,fis,) = 0, and we prove that
C(ﬁﬂ,z,ﬁﬂ,l) > 0. For this, we note that
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OC(fi 100 fiia1)

_ ox N
* * ’
5C(ﬁ+g;>];+2,l) 24 /ff+1,2
s Lo
Oe JShak _ o VmaT e ~ e
% -1 ’ 1 _ﬁtl,Q
Oe

We thus have

fvs OC(f1100 fiion)

O o Ox
g ox
Ofirn  OC(fis195 fivon)
Oe 0y

- N - * N
We have fi.19 < fii10 and fiio1 > fiis;, s0 for a small enough ¢, the constraint is
feasible.

We now prove that {f} generates higher entropy. For this, we write the deriva-
tive of the entropy:

0 K - ~ * L3 j>'< *
e~ Sos() = o) +1) = 3 G —stog(f) + 1),

Recall that (48) is satisfied, and thus we have

[log, (f11)] < [log, ()| forallje {i+2,..}.

Hence, {f} generates higher entropy. QED

We now characterize the distribution that maximizes entropy for a fixed N. For
this, we describe the probabilities {f;;, .. ,ﬁfli}. If we have these hazard rates, we
can recover the true probability inductively using that

5= fiﬁ(l - Ef)

J=1

Finally, {fs,... ,ﬁf} are found using that the total probability must add up to 1
and these probabilities must all be the same.

We can find the different hazard rates {fs, ..., f; 1.} inductively using that
(86) is satisfied with equality. For this, we first define

Va = x

1—x

S(x) =

We note that C(fs, fi+11) = 0 if and only if

Cfizs fina(1 = fi2)) = 0.

Solving for f2, we get that the constraint is satisfied if and only if
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Jirrz = S(fi2)-

We denote by S’ the function composed with itself i times, and S° is the identity
function.

COROLLARY 4 (Characterization of probabilities). For every K, { fl*, e, ﬁil,
f¢} maximizes (41) if and only if there exists f; < (1/2)(3 — v/5) and ¢ € {K —
5,..., K — 2} such that

%

fio = 87N(f) forallie {1,...,0+ 1},
[l == fiforallie {t+2, ..,K},
and {_}fz, ...,f,f} are determined by the constraint that the probabilities must

add up to 1.

The corollary shows how to find the probabilities that maximize entropy up to
two parameters ( f,, t). The corollary describes how to find the hazard rates { f.»},
but we can recover the absolute probabilities as follows:

i-1 fi
ﬁ:<1— f)Siﬁ (49)
;1 ’ (=350
For any K, most of the constraints will be binding (in fact, all of them except at

most six). Motivated by this fact, we examine the entropy generated by a distri-
bution with infinite grid points in which every constraint binds:

E(fl) = iﬁlogg (f)), where {f}., are found inductively as in (49).
n=1

We now prove that this is an appropriate bound for the total entropy E” that can
be attained by distributions that induce complete disclosure to be optimal.

LemmA 8 (Bound on entropy with infinite support distributions). As K — oo,
limE; = supE(f),
Ko S0

where possibly both sides of the equality are infinite. Furthermore, the supre-
mum of £(f) is attained at f = 0.

Proof.  We prove separately the cases in which Eg — o as K — o0 and the case
in which Ej converges to a finite number as K — oo,

Case 1.—We first prove that if Ex — o0 as K — oo, then [ also diverges. To prove
this, we first note that

K K—4 |
Ex = =S log,(f) < =S £ log, (f7) + logy(5).
i=1 i=1
Hence, if K — o, we have

i 2 lom () _

K—ow EZ

1.
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We now note that
S * S *
= X filoge(fi) < E(fi).
i=1

. %
Hence, if Ex — o as K — oo, then we must also have

supE (f) = oo.
Jelo.1]
Note that if E£(f) diverges, then it must also diverge in the limit f — 0. To verify
this, note thatif £(f) = oo for some f, then £(S™'(f)) = . Iterating the inverse
of S, we would get E(f) = o in the limit f — 0.
Case 2—We now prove that if
limE; < oo, (50)
k—
then it converges to the supremum of £(f), which is attained in the limit f — 0.
We first prove that fi — 0 as K — o. To prove this, suppose that the grid size in-
creases by 1 grid point, so it~is label~ed as{l, ..., K, K + 1}. In this case, we can
split f¢ into two atoms, say, fi and fg.,, with

C ﬁjil j’\*
K & >k &

Jo T Je T i
This would clearly be a feasible distribution. If f; is bounded away from zero, the
increase in entropy will be bounded away from zero. However, if (50) is satisfied,
we then must have that the entropy increments as the grid size increases must

converge to zero. Hence, we must have f; — 0 as K — .
The fact that f; — 0 as K — oo implies that

> =0and fx + for = fi-

. " . .
Jim B = = lim 3./ logs (/7).

where ¢ is the last binding constraint (as defined in [43]). That s, in the limit, we
can omit the contribution of the last atoms to the entropy. However, we also have

s * Lk
Jim >/ "log, (/%) = lim B/,
where the limit K — oo also includes how the probability_ﬁ* changes with K. Thus,
if (50) is satisfied,
limE; = limE(f").
K—ow K—w
We must also have

im E(f") = supE(f),

Ko seo)
as the supremum of £(f) can be attained by Ej in the limit K — o by the distri-
bution {f;(f)}. Hence, the supremum of [(f) is attained by the limit of £ as
K — .
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Finally, we verify thatfl* — 0 as K — o0. To prove this, suppose that the grid size
increases by 1 grid point, so itis labeled as {0, 1, ..., K}. We can then construct the
following distribution on the new grid:

== forallie {1,..,K}.

Finally, we explain how to determine ;. We define x, y as follows:
x2 max{w € [0, 1] :C(z /) = 0forall z < w},

y2 arg max{zlog,z + (1 — z)log, (1 — z) + (1 — z)bz},

2€[0,1]

and we let

jg* £ min{x, y}.

This generates a feasible distribution, and if /" is bounded away from zero, the
entropy increment will be bounded away from zero. Hence, if (50) is satisfied, we
then have fl* — 0 as K — oo. So the supremum of E(f) is attained at / = 0. We
thus obtain the result. QED

While we are ultimately interested in only the maximum of £(f), we can find
this maximum by characterizing the function £(+) for all £ We can write the func-
tion E(-) recursively as follows:

E(f) = —flog,(f)—=(1 = Nlog,(1 = /) + (1 = NES(/)). (51)
We can now prove that E(0) is finite.

LEmMA 9 (Properties of E(f)). The supremum of E(+) is finite.

Proof. 'We already proved that the supremum of E(f) is attained at f = 0. We
can write (49) alternatively as follows:

E() = (1= PHES)) _ —flogs(f) — (1 = fHlogy(1 — f)
[=8U =8 '

Taking limits /' — 0, we obtain

lim £ = A = NHES))

= [(0),
/=0 f=8() ©)
. —flog,(f) = (1 = Hlogy(1 — f) _
jm =8 =0

We thus get that E'(0) = 0, which implies that E(0) < 0. QED

We can now conclude the proof of theorem 2 by computing £ (0). We observe that
(51) is a linear functional, and it is thus easy to verify numerically that E(0) ~ 3.04
while log, 9 = 3.17 and log, 8 = 3. We thus obtain the result of theorem 2. QED
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A6.  Proof of Theorem 3

We establish theorem 3 through a sequence of optimal menus for successively
richer environments. We begin with the optimal single-item menu.

Suppose that the seller were constrained to offer only a single item; which
item would he then offer and at what price? The optimal single-item menu is
found by solving the following problem:

(q%, v") € argmax P[v' > v[(E[v' | v' = v]qg — ¢(q)). (52)

q,veR

We denote by u* the expectation of v conditional on v exceeding v":

pf=ED | V=0
The single-item mechanism consists of selling quality ¢* at a price p* = p*¢*,
which is sold to all values higher than v". The buyer is informed of only whether
he should buy the good. Note that the buyer is left with no surplus.

LemMma 10 (Single-item menu). The optimal single-item menu satisfies the
following first-order conditions:

w = d(¢") and ¢(¢") = v*¢". (53)

Proof.  The first-order condition is obtained by taking the derivative of (52)
with respect to v and ¢ and equating these to zero. QED

The first condition states that the quality is efficiently supplied given that the
(expected) value of the buyer who buys the good is u”. The second condition states
that the threshold v" is also efficiently chosen: given that ¢" quality is going to be
supplied, it is efficient to sell to a buyer with value vif and only if the utility he ob-
tains from this quality is larger than the cost of producing it. We note that the sec-
ond equality might eventually be satisfied by some v* < v, which means that there
is no exclusion. There are no distortions in the quality supplied (given the thresh-
old v") and there is no distortion in the threshold v (given the quality ¢*) because
in a single-item mechanism, there is zero buyer surplus. So these quantities are not
distorted to reduce consumer surplus. In general, when the optimal mechanism is
a multi-item mechanism, both the thresholds and the qualities provided are dis-
torted to reduce the consumer surplus.

The rest of the proof proceeds as follows. We first show that when the cost is qua-
dratic and the density is linearly decreasing, the optimal mechanism is a single-item
mechanism. We then show that the optimal mechanism is a single-item mechanism
when the marginal cost is convex and the density is linearly decreasing. Finally, we
show that the distributions (38) are mean-preserving contractions of an (appropri-
ately constructed) linearly decreasing density, which we use to prove that the opti-
mal mechanism is a single-item mechanism.

Before we begin, we introduce some notation. An optimal mechanism is de-
scribed by cutoffs {wy, ..., wx_1}, with wg £ v, such that

Wy

fi = JM ar(v), v, = [ vdl (v).

Wy—1 Wiy



618 JOURNAL OF POLITICAL ECONOMY

The qualities offered are denoted by {¢, ..., ¢x. To make the notation more com-
pact, we define Ag, = ¢, — ¢—1. Recall thatin a finite-item menu, the revenue can
be written as in (10). We consider the optimality conditions of the highest two in-
tervals of an optimal mechanism. For this, we define the profit from the highest
two items:

HK—l,K(wK—l, Al]K—l, AQK) = ((ﬂ—l +j7K)AQK—173K—1 - ﬁ’—llf(l]K—Q + AQK—l)

+j7K(AQK7_JK - C(QK—Q + Aqk—l + AQK))),

(54)

which are the last two terms of the summations in (10) and subtracting the respec-
tive cost. If the optimal mechanism is a multi-item mechanism, the solution to the
following problem,

Hﬁ—l,l\' = max g1k (wk-1, AqK—I’ ACIK)’

Wk € [wx—2, Uh],
Agk-1,Agx = 0
must satisfy Agx—1, Agx > 0 and wx—» < wx-, < v, where gx—» and wy_, are param-

eters that are kept fixed in the optimization problem. We show that the optimal
mechanism is a single-item mechanism in a specific parametrization of the model.

ProposITION 6 (Linear density and quadratic cost environment). The opti-
mal menu is always a single-item menu when the density is linearly decreasing
and the cost is linear quadratic. QED

Proof.  We analyze the optimal mechanism when the distribution of values is
given by

(v—=v)2v, — v —v)

L(v;vu,v) =
( 1 1) (‘Uh _ 'U1)2

The density of this distribution, which we denote by I(v; v, v,), is linearly decreas-

ing with zero density at the top of the support:

(v v, 1) = 0.

We begin by proving that a single-item mechanism is optimal when the cost is
linear quadratic:

. By’
c(q) 2aq + ?6] + . (55)
The fixed cost y plays no role in the analysis and is added to the cost function
only to simplify the exposition of some arguments.
Given the quadratic cost function, the optimality conditions for gx—, and gxare

Agx = max{ﬂk*l — oﬂ;— Bgx—s _ (0 ;fj:?l)ﬁ,O} and Agx = TM—QT—BQA—] (56)

Hence, Agx-, > 0 only if
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Uk — o = Bgx-s <ﬁ<—17+ﬁ;
U —a — Bgk2 Jx '

To write expressions that are compact, we define

Uy T Wk Wg-2 — Q& — B K-2
, k=3 q .
Uy T Wg-2 Up — Wg-2

1>

Z

Note that in an optimal mechanism, k > 0, as otherwise the mechanism would be
offering a quality gx—» whose marginal cost is higher than the value for all values
v € [wg-3, wx_g], which is clearly suboptimal. Using these definitions, we have
that (57) is satisfied if and only if

3—2z+« 1
5 <.
1—-(22/(1+2)+« 2

(58)

And for every z satisfying (58), (54) can be written as follows:

L Uor + fo) (0 — wis)? _ g 21 _ ¢ 2 _2 ’

More precisely, we have

I, = HK—LK+(]K—1 +]_%')C(9K—2),

when (57) is satisfied. The last term on the right-hand side is constant from the
optimization perspective, so we can just focus on optimizing I, over z If the op-
timal mechanism is a multi-item mechanism, there must exist z € (0, 1) satisfying
(58) that maximizes (59).

If 2 maximizes (59) and satisfies (58) with strict inequality, then z* must satisfy
the first- and second-order conditions. However, there is no z* € (0, 1) that satis-
fies the first- and second-order conditions:

orl,
0z

01,
07

= 0 and

z=z"

Lk

2=z

Hence, there is no interior solution. This is a contradiction, so in the optimal
mechanism, Agx-, = 0. QED

We now deploy the argument for the optimality of a single-item menu be-
yond the quadratic model. Toward this end, we define the solution to a restricted
optimization problem for a linear quadratic cost function with parameters @ and 3:

(v (e, B),Aq}?(a, B)) 2 arg max Ik 1 x(w, 0, Ag), (60)

0<Ag,wi—s<wsy,
where we define the optimal quality for the last interval:

G = ¢ (@, B) = qeos + Agi (o, B).

Thus, we consider a restricted optimization problem where the seller takes as
given the first K — 2 intervals and allocations. The restricted problem (60) is
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then to find an interval (wx_1, v;] = (v*(a, 8), v;,] and an allocation qz (o, B) so as
to maximize the profit from all values in the given interval (wg-s, v,]. This re-
stricted maximization problem allows the interval (wx-1, v,] to be a strict inclu-
sion of (wg-s, v,]: thatis, (wg-1, v] & (wk-9, v]. In this case, all the values in the
interval (wg—s, wg-1) will receive the allocation gx—». Now, from proposition 6, we
know that when the cost is linear quadratic,

Mg 1k (w1, Agi—1, Ag) < I_le'—1,1<(v>:< (e, 8), 0, Aq: (o, B))

for every Agx—1, Agx > 0. We add (e, 8) as an argument because we will eventually
vary these parameters; we do not add y because the solution (v" (v, B), qu (o, B))
evidently does not depend on the constant .

We now analyze the entire class of convex cost functions with ¢”(g) > 0. We
assume that the optimal mechanism consists of multiple items and reach a con-
tradiction. We denote by ¢(¢) a linear quadratic cost function (as in [55]). We
note that ¢(¢g) and ¢(¢) intersect at most three times. Furthermore, if ¢(¢) and
¢(q) are equal at qualities ¢;, ¢, ¢s, then the difference ¢(q) — ¢(q) satisfies

¢(q) —c(q) 20=qg e (—o, ¢ U g, ¢l
We use this for the following result.
LemMA 11 (Convex marginal cost functions). For every convex cost function

with ¢"(¢) = 0 and for every (gk-s, gx-1, qx) With gx—s < gx—1 < ¢x, there exists (a, 3,
7) satisfying ¢(qx—2) = ¢(qx—») and one of the following three conditions:

1. e(gx) = ¢(qx), c¢(gx-1) = ¢(gx-1), (g (o, B)) < e(q* (o, B));
2. ¢(gx) > ¢(qx)s c(gx—1) = e(gx—1), ¢(q* (e, B)) = e(q" (o, B));
3. ¢(gr) = t(qk), ¢(gx-1) > e(gr1), ¢(q* (o, B)) = e(q* (a0, B)).

Proof. We begin by considering «, 3, ¥ chosen such that

¢(gx-2) = c(gr-2), ¢(qx-1) = ¢(gx-1), ¢(qx) = c(gx)- (61)
For this, we need to set the parameters «, 3, v as follows:

_o(gi) (gis = gi1) + e(ge) (gk — qi-o) + c(ge2) (gi1 — g&)
(gx = qx-1) (gx = Gx—2) (gx—1 — qx—2)
_ 2(e(gr) (gr1 — gr2) * c(gx1) (gr—2 — gx) + ¢(gx-2) (gx — gx—1))
(gx = qx—1) (gx = qr—2) (gx—1 — Gx—2) '
_ c(q) qr-1Gx—2 (g1 — qr-2) + ¢(qx—1) qrqr—2(qx—2 — qx) + ¢(qx—2) @ x—1(qx — qx-1)
(g = qx—1) (gx = qx—2) (gx—1 — Gk—2) ’

>

B

These are the coefficients one obtains from the interpolation of a second-degree
polynomial. Since ¢ is a linear quadratic cost function and since ¢” > 0, we have
that for all ¢ > gk,

c(q) < t(q)=q € [gk-1, gx)-

In other words, ¢ is equal to ¢ at the qualities implemented by the mechanism
and exhibits higher costs at qualities that are in between these two qualities and
lower cost outside this interval. If
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q*(ot, B) € [(]1(—1, f]l(],

then we are in case 1 of lemma 11. We now show thatif ¢* (o, 8) & [gx-1, ¢x], then we
can find different «, 3, v such that we are in case 2 or 3 of lemma 11.
Suppose that

7 (e, B) < gx-1s (62)

where («, 8) satisfy (61). We then need to find different parameters «, 8. We con-
sider parameters o, 8 as a function of ¢ implicitly defined as follows:

c(qr-2) = c(qx-2), ¢(qx-1) = c(qx-1), c(q) = c(q).

We can write o, 8, v explicitly as before but replacing ¢(qx) with ¢(¢g) and g with ¢.
Since a, 3, y are functions of ¢, we write a(¢), 8(¢), v(g) and observe that they are
continuous functions of ¢ (while some of the denominators converge to zero as
¢ — ¢k-1, the limits exist). We also have

q*(a(qx), B(gx)) — gx <0and C]*(O‘(l]l(—2), B(gx—=2)) — qx—2 >0,

where the first inequality follows from (62) and the second inequality follows from
the fact that ¢" by definition is larger than gc_, (see [60]). Thus, following the
intermediate value theorem, there existsa § € [gx—», ¢x] such that ¢* («(3), B(§)) =
¢ Furthermore, note that ¢x > max{¢, gx—1}, so we have ¢(gx) < ¢(gx). Thus, we
are in case 2 of lemma 11.

Finally, if ¢*(«, B) > ¢k, we can find «, 3, v such that case 3 is satisfied in a way
analogous to the case when (62) was satisfied. In particular, we consider param-
eters «, B as functions of ¢ implicitly defined as follows:

2((11<—2) = C(([K—Q): ?(Q) = C(Q)’ E(GIA) = C(QK)-
And we can show that there exists ¢ such that ¢*(«(g),8(¢)) = ¢ and

C((]K) = E(QK)’ C((Ix—l) > E(llk—l), 6(61*(04, B)) = 3((1*(04,6))~

This concludes the proof. QED
With lemma 11, we can extend the optimality result to convex cost functions.

ProrosITION 7 (Optimality of single-item menu with linear density and convex
cost). The optimal menu with linear decreasing density and ¢ (¢) > 0 is always a
single-item menu.

Proof.  We now suppose that the optimal mechanism satisfies Agx—, Agx > 0
and reach a contradiction. In the same manner as (54), we define

nl\'*l,K =

(ﬂ'—l +]71<)A£]K—15K—1 _ﬂ—lz(f]l\'—‘z + Agk-1) +ﬁ<(AqKﬂK — t(gx—2 + Agx—1 + Agy)).

Now ¢(+) is the true cost function, which satisfied ¢"(-) > 0, and ¢(-) is a linear
quadratic cost. So f[K,l,K is computed as Ilx_; x but using the linear quadratic cost
instead of the true cost. With a linear quadratic cost, the optimal mechanism is a
single-item menu, and thus
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ﬁK—l,K (wik-1, Aqx—1, Agy) < ﬁK—l,K(wlt—l (e, 8), 0, A(]: (o, B)).

We now consider the three cases in lemma 11.
If we take («, 8) so that the first case in lemma 11 holds, then we have

HK—],K(wK—l,A(]K—l, ACIK) = ﬁx—l,K(wK—l, A(]K—l, AqK), (63)
Mk (wi 1 (@, B), 0, Ay (o, B)) > Tl k(w1 (@, B), 0, Agx (o, ). (64)

We thus have

g1k (w1, Agx—1, Agx) < HK—l,K(w;—l (o, 8),0, Aq;; (car, 8)),

which contradicts the assumption that the multi-item mechanism is optimal.

If we consider (o, B) that satisfy the case 2 or 3 of lemma 11, then the argu-
ment is analogous, but (64) will hold with equality and (63) will hold with strict
inequality. QED

We now analyze distributions with modest tails. We begin with an important
property of the optimal single-item mechanism when the distribution has a lin-
early decreasing density. For these distributions, the first-order conditions (53)
are necessary and sufficient conditions for optimality when ¢”(-) > 0.

ProrosiTION 8 (Sufficient conditions for optimality). If ¢”(¢q) > 0, the distri-
bution is L(v; v, v,), and (g, ¥) satisfy the first-order condition (53), then (¢, ?)

solves (52), thatis, (g, v) = (¢*, v*).

Proof. When the distribution is linearly decreasing, we have

20 + v,
3

Hence, if (g, ) satisfy the first-order condition (53), we have

Ev|v>7] =

927 + -~
20 3 U = ¢(¢q) and v = C(;).
We have
c(q)

v = 3d(q) — 2
) q p

We now note that

d / _ C(Q) _2 " _ ﬂ "
@(30(51) 2 q)—q(c(q)q d(q) + q)+c(q).

If ¢"(q) = 0, we have ¢"(¢q)¢q = ¢'(¢q), and hence
d
= (35((1) -2 C<q)> > 0.
dq q

Thus, there is a unique pair (9, ¢) such that the first-order condition is satisfied.
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We verify that the first-order condition is sufficient for optimality. For this, we
check that the solution is always interior, and since there is only one point that sat-
isfies the firstorder condition, this must be the optimum. We first note that
q € {0, 0} is clearly never optimal. It is also easy to see that v = v, cannot be an
optimum, as then the objective function of (52) is zero. We finally note that
v* = 0 is never optimal, which can be checked by noting that the first-order con-
dition with respect to the cutoff gives ¢(¢*) < v*¢*. Hence, the solution is always
interior and it must be the only point that satisfies the first-order conditions. QED

For a given distribution F, we now introduce two related distributions: one
generated by a linear decreasing density and the other by a truncated version
of the former. These latter two distributions are constructed in such a way as
to allow us to compare the profit from the optimal mechanism under F (which
we do not know) with the optimal mechanism under these two related distribu-
tions. Jointly with a cost-dominating argument, we can then establish the opti-
mality of a single-item menu in a large class of environments.

Toward this end, we consider a distribution L(v; z, z) with a linearly decreasing
density where the lower and upper bounds of the distribution L, namely, z, z, are
chosen to satisfy the following properties relative to the distribution FFand the
optimal single-item threshold v* under Fgiven by (52):

L(v*27) = F(v*) and E[v | v > v*] = Exfo | 0> o7, (65)

where the subscripts in the expectation indicate the distribution used to com-
pute the expectation. Namely, at the threshold v", L and F obtain the same
quantile, and the conditional expectation above the threshold v" is identical.
To satisfy these conditions, it is necessary to set

~ 3(Epv | v = vt — v¥)

V1= F(oh) ’

I
|

= 3E[v | v > v*] — 20°

z = 8Es[v | v= "] — 20"

We also consider the following distribution F(v):

L(#;2,7) if v e [0, 9,

F(v) = (66)
L(v;2,2) if v e[v,7],

where v is chosen such that

rvdF(v) = rvdﬁ(v).

0 0

In the proof of lemma 12, we will show that indeed such a ¥ exists. Thus, F(v)is
constructed by taking the mass of the lower tail of L(v; z, z) and moving it to zero.
In other words, Fis equal to L(v; v, v,) for v > v, and F has an atom of size
L(v;2,z) atv = 0.
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We can now relate these three distributions in terms of stochastic orders.

LemMA 12 (Distribution comparison). Distribution F is a mean-preserving
spread of F, and F is first-order stochastically dominated by L(v; z, Z).

Proof.  We first compare L(v, z, z) with F. Since fsatisfies (38) and L'(v, z, ) is
linearly decreasing, we must have that fand L'(v, 7, z) intersect at most twice.
However, by construction, L is constructed to satisfy (65), so they intersect ex-
actly twice at two values v, v, > v*. Hence, (38) implies that for all v’ € [0, ),

1 1

J F'(v)dv < [ L' (v;Z,v)dv. (67)
F(0) JE@)

If the inequality is satisfied with equality for v = 0, we have © = z and otherwise
> z (where  is used to construct F* in [66]). Since " is constructed by taking
the mass of the lower tail of L(v; z, Z) and moving it to zero, it is transparent that
F is firstorder stochastically dominated by L(v; z, z). We have that (67) implies
that for all v > v,

1 1
J F ' (v)dv < J F'(v) dv.
F(d') F(v')

We also have that by construction, I has the same mean as F. It then follows that
for all v,

el 1
J F' (v)dv < J F' () dv,
F() F(o)

with equality for v = 0. Hence, F is a mean-preserving spread of F (see theo-
rem 3.A.5 in Shaked and Shanthikumar 2007). QED

We can now conclude the proof by establishing theorem 3.

Final step of the proof of theorem 3—We first verify that the optimal single-item
mechanism when the distribution is L(v; z, z) is the same as when the distribution
is I By construction of L(v; z, z), the first-order condition that is satisfied for Fis
also satisfied for L(v; z, z). Following proposition 8, for the linearly decreasing den-
sity, the firstorder condition is sufficient for optimality, and thus (v", §°) given by
(52) doin factform the optimal mechanism for L. We have that L(v; z, z) generates
at least as much profit as I/, and I generates at least as much profit as F. Since the
optimal mechanism for distribution L(v; z, z) is a single-item mechanism and this
mechanisms generates the same profit (by construction) under distribution £, this
must also be the optimal mechanism under distribution I- QED
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