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1 Introduction

Robotic and now artificial intelligence (AI) advances have vastly expanded the set of tasks that
can be automated. Automation can reduce costs and drive economic growth, but also creates
workerdisplacementand tends to increase inequality, bothbetweencapital and laborandamong
workers. Many business leaders have been torn between the excitement about the prospect of
more automation and concerns about political risks that the next massive wave of automation
poses.

Kai-Fu Lee, AI investor and former president of Google China and director of Microsoft Asia,
puts this as follows: “This is the real underlying threat posed by automation: tremendous social
upheaval, public unrest, and political collapse stemming from widespread unemployment and
grotesque inequality” (Lee, 2022). The founder of Chinese online commerce giant Alibaba, Jack
Ma, concurs and states that “Social conflicts [from automation] in the next three decades will
have an impact on all sorts of industries and walks of life” (Solon, 2017). Or as articulated more
vividly by the famous tech entrepreneur and venture capitalist Nick Hanauer: “what do I see in
our future now? I see pitchforks. . . Or an uprising” (Hanauer, 2014). These tech entrepreneurs
are, at some level, rediscovering the prediction that Karl Marx made in 1867: “Only since the
introduction of machinery has the workman fought against the instrument of labour itself. . .He
revolts against this particular form of the means of production” (Marx, 1867, Ch. 15, Sec. 5). It
is fears like this that have driven many wealthy Americans to build fortified bunkers to protect
themselves against upheavals (Rushkoff, 2022; Caramela, 2024).

Greater redistribution could be one way of avoiding social conflict in the face of expanding
automation. An open letter for the Davos Summit 2025 signed by 100 millionaires, including
Hanauer, frames the choice starkly: “it’s taxes or pitchforks.”1 These considerations have made
many tech entrepreneurs throw their support behind schemes like universal basic income or
universal basic dividend to contain discontent and political risks.

However, manywealthy individuals and business leaders also recognize thatmaintaining or-
der in a world dominated by automationmay require repression and other forceful steps to pro-
tect their incomes and profits. Mo Gawdat, former chief business officer of X, summarizes the
attitudes ofmany tech leaders as rushing toward full scale automation and thenusing other tools
to control the population who lose their jobs: “. . .And so you’re going to see a world where un-
fortunately there’s going to be a lot of control, a lot of surveillance, a lot of forced compliance. . .”
(Bartlett, 2025). Similarly, Palantir founder and CEO Alex Karp summarizes his take on the po-
litical economy that AI and other automation technologies will create as follows: “There will be
ups and downs. There’s a revolution. Some people are going to get their heads cut off. We’re
expecting to see really unexpected things and to win” (Brancolini, 2025). In their recent book,
Karp and Zamiska (2025) ask: “What should the public demand for abandoning the threat of

1https://intaxwetrust.org/.
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revolt?” (pp. 77–78); and their answer involves “a willingness to constrain choice” (p. 209); “a re-
embrace of collective experience, of sharedpurpose and identity, of civic rituals” (p. 217); and the
use of software technologies in law enforcement (pp. 174–175).

Despite the prominence of these debates in popular media and the business world, there
are, to the best of our knowledge, no economic analysis of these issues. In this paper, we take
a first step in this direction, incorporating revolts, triggered by inequality between capital and
labor, into a task-based model of automation. Namely, we start from a framework where profit-
maximizing capitalists choose the extent of automation and there are separate capitalists (mean-
ing capital-owners) and workers living off labor income. Into this framework, we incorporate
a revolt decision by workers, which necessitates coordination among them. We follow Morris
and Shin (1998, 2003) in modeling coordination in uprising as a global game: a revolt succeeds
if a sufficient fraction of workers participates in it, and each worker receives a signal about the
threshold of success and decides whether or not to participate. If there is a successful revolt, the
capital stock is expropriated forever, creating a major political risk that capitalists will have to
take into account—similar to the revolution constraint in Acemoglu and Robinson (2000, 2001b,
2006).

Automation increases inequality between capital and labor, and makes a revolt more likely.
In a decentralized competitive equilibrium, profit-maximizing capitalists ignore the impact of
their automation decisions on the likelihood of revolt, resulting in excessive automation relative
to what capitalists, as a group, would prefer.

The bulk of the paper focuses on static and dynamic analysis of decisions by a state repre-
senting the capitalists—a “capitalist state”—on the regulation of automation and on redistribu-
tion and repression aimed at discouraging a revolt. Because of the externality that decentralized
automation decisions impose on capitalists, all else equal, a capitalist state would prefer a lower
level of automation. However, in stark contrast to this, if it could avoid the risk of revolt, the capi-
talist statewouldopt for an evenhigher level of automation than thedecentralized equilibrium—
because this wouldmaximize returns to capitalists as a group by driving down the share of labor.
Thesecontrasting impulses raise thenatural questionofwhether thecapitalist state canuseother
methods to lessen the risk of revolt and thus come closer to capitalists’ desired level of automa-
tion.

Weconsider two such strategies. First, the state can tax incomesand redistribute theproceeds
in the form of a public good. The risk of losing access to the public good discourages workers
fromparticipating in the revolt. We show thatwith redistribution, the capitalist state can increase
the level of automation without inducing a very high probability of revolt. However, as the level
of automation increases and/or the capital stock grows, there is need for greater redistribution,
which becomes increasingly costly from the viewpoint of capitalists.

Second, the state can choose costly repression. The main difference is that repression has a
fixed cost (as a proportion of output), while the cost of redistribution increases with the extent
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of transfers necessary to reduce the risk of revolt, and this grows with the extent of automation.
Consequently, greater automation (and a higher capital stock) favors repression. By the same
logic, the capitalist state prefers a higher automation level under repression than redistribution.2

The main results of the paper turn on the comparison of redistribution and repression—the
two strategies prominently discussed among business leaders and politicians concerned about
the political effects of automation. Themost important, and to the best of our knowledge novel,
result of our analysis is a complementarity between automation and repression. More automation
reduces the labor share of national income, and because incentives to revolt are related to the
capital share relative to the labor share, it increases theprobability of a successful revolt. The cap-
italist state tries to counterbalance this using repressionor redistribution. Because redistribution
has an extra cost relative to repression—asmore automation necessitates more redistribution—
growing automation favors repression. All of the results in our paper turn on this complementar-
ity.

These results include a number of comparative statics. First, higher costs of repression, a
higher revolt riskunder repression, andhigherbenefits from thepublic good favor redistribution.
Second, a stronger threat of revolt favors repression (because weak threats can be dealt with
effectively using low-cost redistribution). Third and most importantly, a higher capital stock
favors repression. This last result emerges because the capital stock is complementary to au-
tomation (the equilibrium level of automation increases with the capital stock), and as we have
emphasized repression is also complementary to automation. Consequently, a greater capital
stock, too, is complementary to repression—repression allows the capitalist state to set a higher
level of automation than under redistribution.

In the second part of the paper we endogenize capital accumulation. Themain results of this
dynamic analysis again turn on the complementarity between automation and repression.

More specifically, our dynamic characterization shows that, depending on the cost of repres-
sion, the economy can be in one of two regimes: one in which repression and another one in
which redistribution is preferred asymptotically (as the level of capital stock grows). If redis-
tribution is preferred asymptotically (which applies if either the cost of repression is very high
or the threat of revolt is very weak), then our analysis shows that the economy starts with re-
distribution and stays with redistribution so long as a revolt does not succeed. If repression is
preferredasymptotically, then the equilibriumpathof the economydependson the initial capital
stock. If the capital stock is greater than a threshold level, the economy startswith repression and
equilibrium repression continues (again provided that as there is no successful revolt). In this
case, as capital accumulates, the level of automation increases, ultimately eliminating all labor-
intensive tasks. Theworkers are keptunder control by repression. If the capital stock is lower than
this threshold, the economy starts with redistribution and later transitions to repression (unless

2The assumption that repression has a significant fixed cost element is natural, since it necessitates an army and
security forces trained and willing to suppress citizen protests (Svolik, 2012; Greitens, 2016; Paine, 2022).
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there is a successful revolt before this transition takes place).
In summary, our full dynamic model shows that so long as the threat of revolt is not very

weak, the economy will ultimately converge to repression and the “pitchforks” will be met with
“guns” from the capitalist state. As in the static model, with a weak threat of revolt, low-cost
redistributioncan significantly reduce theprobability of successful revolt. Nonetheless, provided
that the threat of revolt is sufficiently strong, as the capital stock grows, society converges to
repression. Thiswill be either because repression is chosen from the beginning, ormore interest-
ingly, because society starts with redistribution but later switches to repression once the capital
stock reaches a certain critical level. In other words, the complementarity between automation
and repression shapes the long-run choice of capitalist state inmanaging the threat of the revolt.

Inanextension,westudy thecasewherefirmscanadditionally introducenew, labor-intensive
tasks. We show that there is underinvestment in new tasks—because firms do not take into ac-
count the reduction in the risk of revolt implied by thehigher labor share from these tasks. Never-
theless, the trade-off between repression and redistribution remains unchanged, and under the
same conditions as in our main analysis, the economy converges to repression in the long run.

Finally, in a further extension, we show that if society first starts in a democracy, democratic
decision-making will become less and less acceptable to capitalists as the level of the capital
stock grows, and society will experience an anti-democratic coup, once again transitioning to
repression.

Our paper is related to several literatures, though we are not aware of any other analysis that
combines the political economy of revolutions with amodel of automation.

First, we build on models of automation such as Acemoglu and Autor (2011) and Acemoglu
and Restrepo (2018b, 2019), and we also draw onmodels of revolution, including Acemoglu and
Robinson (2000, 2001b, 2006) as well as the applications of global games to revolts and uprisings
(Morris and Shin, 1998, 2003; Bueno de Mesquita, 2010; Boix and Svolik, 2013; Chen et al., 2016;
Boleslavsky et al., 2021; Morris and Shadmehr, 2023).

Second, there is a growing literature studying the historical evidence on political and social
reactions to automation. For example, Caprettini and Voth (2020) show that 1830 Swing Riots
were associated with the use of labor-saving threshing machines, and Falcone and Rosenberg
(2023) and Bustos et al. (2016) document how labor-saving agricultural modernization has led
to unrest in Brazil since the mid-1990s. In their review of the literature on the political effects of
automation in contemporary US and West Europe, Gallego and Kurer (2022) conclude that “the
most consistent finding of the literature is that those who lose out to technological innovation
turn against the political status quo” (p. 464). Other examples include Kurer (2020), Anelli et al.
(2021), Milner (2021), and Del Gatto and Mavridis (2025) for Europe, Frey et al. (2018), Petrova
et al. (2024), Boustan et al. (2025) and Gonzalez-Rostani (2026) for US, Boix et al. (2025) for Mex-
ico, and Dal Bó et al. (2023) for Sweden. There are also several historical precedents to capital
owners and state authorities turning to repression against workers protesting automation. For
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instance,when fears ofworkerdisplacement in themining industry inMexicomounted, the state
responded with repression (Hart, 1987; Beatty, 2015). In contrast, the response of US authorities
to similar miner protests, for example, in the context of the Coal Strikes of 1902 and 1943, was
to find new ways of compensating workers (Montgomery, 1979; Fishback, 1992). Interestingly,
the Brazilian state’s response to land protests in the mid-1990s was a hybrid, combining some
amount of repression with redistribution (Ondetti, 2008; Falcone and Rosenberg, 2023).3

Finally, and more directly related to our paper, there are only a few other works that have
explored the political economyof automation. Roy and Saha (2025) study automation in a demo-
cratic setting in whichworkers with heterogeneous skills vote on automation and redistribution.
They show that, depending on the productivity of automation and the distribution of skills, the
equilibriumfeatures eithermaximal automationand redistributionormoderate automationand
no redistribution. Roy and Saha (2026) analyze a variation of the model in a “dual economy”, in
whichworkersdisplaced fromtheadvanced sectorbyautomationmove to abackward sector and
depress wages there, so that thoseworkers dislike automation aswell. The only other theoretical
analysis of the implications of automation for democracy and repression we are aware of is the
sketch of a basic extension of the framework in Acemoglu and Robinson (2000, 2006) presented
in Acemoglu (2024), where automation ultimately undermines cooperation between capital and
labor.4

The rest of the paper is organized as follows. Section 2 introduces our baselinemodel. Section
3 derives the probability of a successful revolt from the coordination game played by workers.
Section 4 characterizes the decentralized equilibrium and the associated levels of automation
and political risk. Section 5 introduces the strategies of regulation of automation, redistribution
and repression by a capitalist state and characterizes the conditions under which redistribution
or repression are preferred. Section 6 introduces capital accumulation and presents our main
results for the long-run equilibrium of the economy. Section 7 extends our results to a setting
where firms can add new labor-intensive tasks as well as automating existing labor-intensive
tasks, and shows that our main results remain robust in this case. Section 8 considers another
extension in which society starts with a democratic government and then discusses the survival
of democracy in the presence of automation. Section 9 concludes, while the Online Appendix
contains the proofs of the results stated in the text.

3There are also historical examples of governments preventing automation in order to stave off public reaction.
Forbes (1965) writes that there are “many stories about labour-saving inventions which the various emperors are said
tohave refusedordestroyed inorder to give theseunemployedameansof earning their livingor toprovide” (p. 96). For
example, “Vespasian gave ‘to a mechanical engineer, who promised to transport some heavy columns to the Capitol
at small expense. . .no mean reward for his invention, but refused to make use of it saying: ‘you must let me feed my
poor commons’” (p. 99). Similarly, Acemoglu and Robinson (2012) describe how Elizabeth I responded to William
Lee, who had invented a knittingmachine: “Consider thou what the invention could do tomy poor subjects. It would
assuredly bring to them ruin by depriving them of employment” (pp. 182–183). More broadly, Mokyr (1997) argues
that “historically speaking, few economies have ever left these decisions [of adopting new technologies] entirely to
the decentralized decision-making processes of competitive firms” (p. 1).

4Analyses of how automation could reduceworkers’ bargaining power and/or rents are also related (Arnoud, 2019;
Acemoglu, 2024; Acemoglu and Restrepo, 2026; Leduc and Liu, 2024).
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2 Model

Ourmodelhas two ingredients: theeconomyandpolitics. Ourbenchmarkmodelof theeconomy
adapts the baseline automation framework of Acemoglu and Restrepo (2018b) with exogenous
aggregate capital 𝐾 , inelastic labor 𝐿, and no intermediate goods.

Society is divided into a continuum of capitalists and a continuum of workers. Capitalists
own capital and workers provide labor. For our benchmark model of politics, we integrate a
model of revolt into this setting such that the probability of a successful revolt depends on the
market wages workers receive. If the revolt succeeds, the returns to capital are confiscated and
distributed among the workers.

Economy There is a continuum of tasks indexed by 𝑖 ∈ [0, 1]. Tasks can also be interpreted as
industries operating in a competitivemarket. Final output is produced from a CES aggregator of
tasks with an elasticity of substitution 𝜎 ∈ (0,∞):

𝑌 =

(∫ 1

0
(𝑦 (𝑖 )) 𝜎−1

𝜎 𝑑𝑖

) 𝜎
𝜎−1

, (1)

where 𝑦 (𝑖 ) is the output for task 𝑖 . We normalize the price of the final good to 1.
All tasks can be produced with either capital or labor. We say that a task is automated if it

is produced with capital. More specifically, let 𝑘 (𝑖 ) and 𝑙 (𝑖 ) be the capital and labor used in the
production of task 𝑖 . We assume that the production technology for task 𝑖 is

𝑦 (𝑖 ) = 𝑘 (𝑖 ) + 𝑙 (𝑖 ),

which implies that capital and labor are perfect substitutes in production. To ease exposition, we
order tasks so that tasks with lower indices are automated first.

There is an exogenous aggregate level of capital 𝐾 , owned by capitalists. A continuum 𝐿 of
workers each provide 1 unit of labor inelastically, so that the total labor supply is 𝐿.

Politics After markets clear, a randomly chosen subset of workers have the opportunity to re-
volt, and they decide whether to participate in the revolt. We normalize the size of potential
revolters to 1, where 1 ≪ 𝐿. This implies that the size of the potential revolters is small relative to
total labor 𝐿, so that even if the equilibriumwage reacted to the withdrawal of revolting workers
from the labor supply, this effect would be small.

Revolt involves coordination. We adopt a global gamemodel of regime change (Carlsson and
Van Damme, 1993; Morris and Shin, 1998, 2003), which is commonly used in the literature on
protest andrebellion (BuenodeMesquita, 2010;BoixandSvolik, 2013;Chenetal., 2016;Boleslavsky
et al., 2021; Bueno de Mesquita and Shadmehr, 2023; Morris and Shadmehr, 2023, 2024). Re-
volters simultaneously decide whether to participate, and the revolt succeeds if and only if the
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𝑚 ≥ 𝜃 𝑚 < 𝜃
revolt 𝑏 − 𝑐 −𝑐

no revolt 𝑤 𝑤

Table 1. Payoffs of Potential Revolters.

fraction 𝑚 ∈ [0, 1] of revolters exceeds a threshold 𝜃 ∈ ℝ. Here 𝜃 captures the strength of the
regime. Table 1 presents the payoffs, where 𝑤 ≥ 0 is the wage, 𝑐 ≥ 0 represents the non-wage
direct costs of revolt, and𝑏 > 𝑤+𝑐 is anon–pecuniaryutility benefit fromparticipating in amove-
ment that succeeds (Morris and Shadmehr, 2023). Our assumption that 𝑏 is sufficiently large
ensures that citizens choose to participate if they know that the revolt will succeed. It simplifies
theexpositionby rulingout corner solutions. We later impose that these rewardsareproportional
to total returns to capital 𝑟𝐾 per labor, so that

𝑏 = 𝛽
𝑟𝐾

𝐿
(2)

for some constant 𝛽 > 0.
Following the global game literature (Carlsson and VanDamme, 1993;Morris and Shin, 1998,

2003), we assume that the realization of 𝜃 is not observedbypotential revolters, who share a prior
𝜃 ∼ 𝑈 [𝜃 , 𝜃 ], and each potential revolter 𝑗 observes a signal 𝑥𝑗 = 𝜃 + 𝜌𝜈𝑗 of the regime strength
𝜃 , where 𝜈𝑗 ∼𝑖 𝑖𝑑 𝑈 [−1, 1], 𝜌 > 0. All noises and fundamentals are assumed to be independent of
each other.

Assumption 1. 𝜃 < −2𝜌 and 𝜃 > 1 + 2𝜌 .

Assumption 1 ensures that 𝜃 < 0 and 𝜃 > 1, so that there are dominance regions in which
workers have dominant strategies to revolt (when their signals are sufficiently high) and not to
revolt (when they are sufficiently low). It also ensures that noise in private signals is sufficiently
small compared to prior belief, which guarantees that the unique equilibrium of the revolt game
coincides with the unique risk-dominant equilibrium of the complete information coordination
game.

3 Characterizing the Probability of a Successful Revolt

Wefirst analyze the equilibriumprobability of successful revolt given an equilibriumwage𝑤 and
the opportunity cost of revolting 𝑐 . We focus on symmetricmonotone strategies, so that aworker
𝑗 with signal 𝑥𝑗 revolts if and only if 𝑥𝑗 ≤ 𝑥∗ (this focus is without any loss of generality). Worker 𝑖
with signal 𝑥𝑖 has a dominant strategy to revolt if 𝑥𝑖 > 1 + 𝜌 and not to revolt if 𝑥𝑖 < −𝜌 . Therefore,
in any equilibrium, 𝑥∗ ∈ [−𝜌, 1+ 𝜌]. Because 𝜃 < −2𝜌 and 𝜃 > 1+2𝜌 fromAssumption 1, it follows
that 𝑥∗ ∈ [𝜃 + 𝜌, 𝜃 − 𝜌]. Given workers’ strategies, the fraction of revolters conditional on the
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regime’s strength 𝜃 is Pr(𝑥𝑗 ≤ 𝑥∗ |𝜃 ), which is decreasing in 𝜃 . Thus, there is a unique threshold 𝜃 ∗
such that

Pr(𝑥𝑗 ≤ 𝑥∗ | 𝜃 ∗) = 𝜃 ∗ (belief consistency), (3)

and there is a successful revolt if andonly if 𝜃 ≤ 𝜃 ∗. Moreover, theworkerwith the threshold signal
𝑥𝑗 = 𝑥∗ should be indifferent between revolting and not revolting, so that

Pr(𝜃 ≤ 𝜃 ∗ | 𝑥𝑗 = 𝑥∗) = 𝑤 + 𝑐
𝑏

(individual rationality). (4)

Any pair (𝑥∗, 𝜃 ∗) that satisfies these two conditions will constitute an equilibrium.
We now state a statistical property that simplifies the analysis.

Lemma 1. Suppose 𝜃 ∼𝑈 [𝜃 , 𝜃 ] and 𝑥 = 𝜃 + 𝜌 𝜖, with 𝜖 ∼𝑈 [−1, 1] independently from 𝜃 . Fix a pair
of thresholds (𝜃 , 𝑥) ∈ [𝜃 , 𝜃 ] × [𝜃 + 𝜌, 𝜃 − 𝜌]. Then,

𝑃𝑟 (𝑥 ≤ 𝑥 | 𝜃 = 𝜃 ) = 𝑃𝑟 (𝜃 ≥ 𝜃 | 𝑥 = 𝑥). (5)

It is well-known that (5) holds in the limit when the noise is vanishingly small, or with im-
properuniformpriorandgeneralnoisedistributions (Morris andShin, 2003; SakovicsandSteiner,
2012; Morris and Shadmehr, 2023). Lemma 1 shows exactly when this property holds with uni-
formdistributions. It is useful because uniformdistributions are commonly used in applications
(Goldstein and Pauzner, 2005; Boix and Svolik, 2013; Rundlett and Svolik, 2016; Gieczewski and
Shademhr, 2024). Using Lemma 1 to substitute from (4) into (3) yields a unique 𝜃 ∗ = 1 − 𝑤+𝑐

𝑏 . We
have thus proved the following proposition.

Proposition 1. There is a unique equilibrium in which the revolt succeeds if and only if 𝜃 ≤ 𝜃 ∗ =

1 − 𝑤+𝑐
𝑏 and the regime survives with probability Pr(𝜃 ≥ 𝜃 ∗) = 𝜃−𝜃 ∗

𝜃−𝜃 . In the limit where 𝜃 → 0− and

𝜃 → 1+ (and hence 𝜌 → 0), the equilibrium probability that the regime survives is 𝑤+𝑐
𝑏 .

Intuitively, Lemma 1 implies that Pr( Pr(𝑥𝑗 ≤ 𝑥 |𝜃 ) | 𝑥𝑖 = 𝑥 ) ∼ 𝑈 [0, 1]. This statistical property,
in turn, implies that the “marginal revolter” with the threshold signal 𝑥∗ believes that the fraction
of citizenswho revolt, Pr(𝑥𝑗 ≤ 𝑥∗ |𝜃 ), is uniformlydistributedon [0, 1]. Thus, thismarginal revolter
believes that the probability of successful revolt is 1 − 𝜃 ∗, which is exactly the probability that
the fraction of revolters exceed 𝜃 ∗. Because this marginal revolter must be indifferent between
revolting and not revolting, we have (1 − 𝜃 ∗)𝑏 =𝑤 + 𝑐 .

In the rest of the paper, to simplify exposition, we focus on the limiting case, where 𝜃 → 1 and
𝜃 → 0, and take the probability that the regime survives as 𝑤+𝑐

𝑏 . We find this limiting case not
just tractable but also plausible, since it implies that when no worker revolts, the existing regime
always survives; and when all workers revolt, it collapses.5

5The technical reason not to set [𝜃 , 𝜃 ] = [0, 1] is to rule out equilibria inwhich everyone revolts or no one does, and
these equilibria would be unresponsive to variations in the environment (such as changes in𝑤 , 𝑐 and 𝑏).
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Note also that the regime survival probability can be written as

𝑤 + 𝑐
𝑏

=︸︷︷︸
𝑏=𝛽 𝑟𝐾𝐿 by (2)

1
𝛽

𝑤 + 𝑐
𝑟𝐾
𝐿

,

which shows that it is decreasing in the inequality between capital and labor incomes.

4 Decentralized Equilibrium

We next analyze the decentralized (comparative) equilibrium. Economic actors are small and
take the aggregate outcomes as given. Consequently, automationdecisionsbyprofit-maximizing
capitalistsdonotaccount for theeffectof their automationdecisionson thepolitical riskof revolt,
and the risk of revolt does not impact the profit-maximizing choice between capital and labor.
Consequently, the decentralized economy operates as if there is no risk of revolt.

Let𝑤 and 𝑟 denote the wage and the rental rate of capital. Since tasks with lower indices are
automated first, in any equilibrium there is a threshold 𝐼 such that a task 𝑖 is automated if and
only if 𝑖 ≤ 𝐼 . An equilibrium in this economy is therefore characterized by an automation level 𝐼
and a tuple of output and factor prices (𝑌 ,𝑤, 𝑟 ).

Because each task is supplied competitively, the price of task 𝑖 is equal to the cost of produc-
tion in equilibrium. Thus,

𝑝 (𝑖 ) =


𝑟 ; 𝑖 ∈ [0, 𝐼 ]
𝑤 ; 𝑖 ∈ (𝐼 , 1].

(6)

Then, the level of production of task 𝑖 canbe derived frommaximizing profits,𝑌 −
∫ 1

0 𝑝 (𝑖 ) 𝑦 (𝑖 ) 𝑑𝑖 ,
yielding 𝑦 (𝑖 ) =𝑌 (𝑝 (𝑖 ))−𝜎 . Combining this with (6), the level of production of task 𝑖 becomes:

𝑦 (𝑖 ) =


𝑌 𝑟 −𝜎 ; 𝑖 ∈ [0, 𝐼 ]
𝑌 𝑤−𝜎 ; 𝑖 ∈ (𝐼 , 1].

(7)

Demands for labor and capital can then be derived as

𝑘 (𝑖 ) =


𝑌 𝑟 −𝜎 ; 𝑖 ∈ [0, 𝐼 ]
0; 𝑖 ∈ (𝐼 , 1]

and 𝑙 (𝑖 ) =



0; 𝑖 ∈ [0, 𝐼 ]
𝑌 𝑤−𝜎 ; 𝑖 ∈ (𝐼 , 1].

(8)

Hence, the aggregate demands for capital and labor are 𝐼 𝑌 𝑟 −𝜎 and (1 − 𝐼 ) 𝑌 𝑤−𝜎 , respectively.
Because the final good is set as the numeraire, capital and labor market-clearing can be written
as

𝐾 = 𝐼 𝑌 𝑟 −𝜎 (9)
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𝐿 = (1 − 𝐼 ) 𝑌 𝑤−𝜎 (10)
1 = 𝐼 𝑟 1−𝜎 + (1 − 𝐼 )𝑤1−𝜎 , (11)

where (11) is the ideal price condition that follows from the choice of numeraire.
Equations (9)-(11) imply that, as expected, aggregate output is divided into returns to cap-

ital and labor, so that 𝑌 = 𝑤𝐿 + 𝑟𝐾 . Substituting for 𝑟 and 𝑤 from (9)-(10) into (11) yields the
equilibrium aggregate output for a given automation level 𝐼 :

𝑌 =
(
𝐼

1
𝜎 𝐾

𝜎−1
𝜎 + (1 − 𝐼 ) 1

𝜎 𝐿
𝜎−1
𝜎

) 𝜎
𝜎−1

. (12)

Therefore, for a given automation level 𝐼 , equilibrium aggregate output and factor prices are:6

𝑌 (𝐼 ;𝐾 ) =
(
𝐼

1
𝜎 𝐾

𝜎−1
𝜎 + (1 − 𝐼 ) 1

𝜎 𝐿
𝜎−1
𝜎

) 𝜎
𝜎−1 (output) (13)

𝑤 (𝐼 ;𝐾 ) = (1 − 𝐼 ) 1
𝜎 𝑌 (𝐼 ;𝐾 ) 1

𝜎 𝐿− 1
𝜎 (wage) (14)

𝑟 (𝐼 ;𝐾 ) = 𝐼 1
𝜎 𝑌 (𝐼 ;𝐾 ) 1

𝜎 𝐾 − 1
𝜎 (rental rate) (15)

Equilibrium aggregate output𝑌 (𝐼 ;𝐾 ) takes a form reminiscent to the standard CES produc-
tion function defined over capital and labor, but with share parameters that depend on the au-
tomation level 𝐼 : 𝐴𝐾 = 𝐼

1
𝜎 , 𝐴𝐿 = (1 − 𝐼 ) 1

𝜎 as in Acemoglu and Restrepo (2018a,b).

Remark 1. In the Cobb-Douglas limit as 𝜎 → 1, we have:

𝑌 (𝐼 ;𝐾 ) =
(
𝐾

𝐼

) 𝐼 (
𝐿

1 − 𝐼

)1−𝐼
, 𝑤 (𝐼 ;𝐾 ) = (1 − 𝐼 ) 𝑌 (𝐼 ;𝐾 )

𝐿
, 𝑟 (𝐼 ;𝐾 ) = 𝐼 𝑌 (𝐼 ;𝐾 )

𝐾
.

This is a useful case to build intuition, but we do not impose it in our analysis.

The output-maximizing level of automation level 𝐼𝑌 is defined as the automation level that
maximizes aggregate output:

𝐼𝑌 (𝐾 ) = arg max
𝐼 ∈[0,1]

𝑌 (𝐼 ;𝐾 ). (16)

The labor share of national income is in turn

𝑠𝐿 (𝐼 ;𝐾 ) = 𝑤 (𝐼 ;𝐾 ) 𝐿
𝑌 (𝐼 ;𝐾 ) =

(1 − 𝐼 ) 1
𝜎 𝐿

𝜎−1
𝜎

𝐼
1
𝜎 𝐾

𝜎−1
𝜎 + (1 − 𝐼 ) 1

𝜎 𝐿
𝜎−1
𝜎

∈ [0, 1], (17)

where 𝑠𝐿 (𝐼 ;𝐾 ) is decreasing in the automation level, 𝐼 , which reflects a fundamental force in task-
based models: automation, by diminishing the role of labor, reduces the labor share in national
income (Acemoglu and Restrepo, 2018b, 2019). The impact of the capital stock 𝐾 is ambiguous
and depends onwhether the elasticity of substitution between tasks𝜎 is less than or greater than

6Here, (14) follows from (10) and (15) follows from (9).
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1. Naturally, the capital share is 𝑠𝐾 (𝐼 ;𝐾 ) = 1 − 𝑠𝐿 (𝐼 ;𝐾 ) ∈ [0, 1] and is increasing in 𝐼 :

𝑠𝐾 (𝐼 ;𝐾 ) = 𝑟 (𝐼 ;𝐾 ) 𝐾
𝑌 (𝐼 ;𝐾 ) =

𝐼
1
𝜎 𝐾

𝜎−1
𝜎

𝐼
1
𝜎 𝐾

𝜎−1
𝜎 + (1 − 𝐼 ) 1

𝜎 𝐿
𝜎−1
𝜎

. (18)

Let 𝐼 𝐿 and 𝐼 𝐾 denote the automation levels that maximize the returns to labor and capital,
respectively:

𝐼 𝐿 (𝐾 ) = arg max
𝐼 ∈[0,1]

𝑤 (𝐼 ;𝐾 ) 𝐿 = arg max
𝐼 ∈[0,1]

𝑠𝐿 (𝐼 ;𝐾 ) 𝑌 (𝐼 ;𝐾 ), (19)

𝐼 𝐾 (𝐾 ) = arg max
𝐼 ∈[0,1]

𝑟 (𝐼 ;𝐾 ) 𝐾 = arg max
𝐼 ∈[0,1]

𝑠𝐾 (𝐼 ;𝐾 ) 𝑌 (𝐼 ;𝐾 ). (20)

In a decentralized equilibrium, the automation level 𝐼 𝑑 equalizes the production costs of au-
tomated and non-automated tasks: 𝑟 (𝐼 𝑑 ;𝐾 ) =𝑤 (𝐼 𝑑 ;𝐾 ). Based on this observation, the following
proposition characterizes the automation level in a decentralized equilibrium and establishes
that it coincides with the output-maximizing level of automation.

Proposition 2. Given capital stock 𝐾 ≥ 0, there is a unique decentralized equilibrium, where the
automation level is 𝐼 𝑑 (𝐾 ) = 𝐾

𝐾 +𝐿 and

𝑌
(
𝐼 𝑑 (𝐾 );𝐾

)
= 𝐾 + 𝐿, 𝑤

(
𝐼 𝑑 (𝐾 );𝐾

)
𝐿 = 𝐿, 𝑟

(
𝐼 𝑑 (𝐾 );𝐾

)
𝐾 = 𝐾 .

Moreover, 𝐼𝑌 (𝐾 ), 𝐼 𝐿 (𝐾 ) and 𝐼 𝐾 (𝐾 ) are all unique and satisfy

𝐼 𝐿 (𝐾 ) < 𝐼 𝑑 (𝐾 ) = 𝐼𝑌 (𝐾 ) < 𝐼 𝐾 (𝐾 ).

That the decentralized equilibrium is output-maximizing (𝐼 𝑑 = 𝐼𝑌 ) reflects the efficiency
properties of competitive markets—the fact that firms minimize costs of task production in the
same way that a social planner would. Because of the displacement effect, which arises from
the fact that automation re-allocates tasks from labor to capital (Acemoglu and Restrepo, 2018b,
2019), theautomation level thatmaximizes labor income, 𝐼 𝐿 , is lower than thisoutput-maximizing
level.

In contrast, the automation level thatmaximizes capital returns, 𝐼 𝐾 , is higher than theoutput-
maximizing level. Although automation levels greater than 𝐼 𝑑 = 𝐼𝑌 reduce aggregate output and
thus the demand for capital from automated tasks, a higher share of automated tasks increases
the demand for capital. This latter effect ismore powerful around the output-maximizing level of
automation and thus the capital share of national income is maximized at a level of automation
greater than 𝐼 𝑑 = 𝐼𝑌 . As a result of this force, absent political risk, capitalists, as a group, would
prefer to havemore automation than the level that maximizes output.

Remark 2. While the feature that capitalists prefermore automation than the output-maximizing
level is a natural force in this setting, none of our results depend on this, and the same qualitative
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findings would apply if capitalists would never want to or could never choose more automation
than the output-maximizing amount.

0 𝐼 𝐿 (𝐾 ) 𝐼 𝑑 (𝐾 ) = 𝐼𝑌 (𝐾 ) 𝐼 𝐾 (𝐾 ) 1
0

5

10

15

𝐼

𝑌 (𝐼 ;𝐾 )
𝑤 (𝐼 ;𝐾 )𝐿
𝑟 (𝐼 ;𝐾 )𝐾

Figure 1. This figure illustrates Proposition 2. It is drawn for the following parameter values: 𝜎 =
0.7, 𝐾 = 5, and 𝐿 = 10.

5 The Capitalist State

As we have seen, profit-maximizing automation decisions in the decentralized equilibrium do
not internalize their implications for political risk. Capitalists, as a group,would therefore benefit
from a centralized authority that intervenes in the economy, balancing this risk to maximize the
capitalists’ payoffs. We call this authority the capitalist state.

Weassume that the capitalist statehas three instruments: (i) regulating automation (meaning
that it can set a level of automation 𝐼 ∈ [0, 1]); (ii) redistribution in the form of public good
provision for workers, and (iii) repression.

Before considering all three instruments together, we analyze the choices of the capitalist
state when it can only regulate the level of automation andwhen it has access to one of the other
two instruments in addition to regulation of automation.

Throughout, the capitalist state’s objective is tomaximize the capitalists’ expected payoffs. In
doing this, it takes the political risk of revolt, characterized in Proposition 1, into account. Recall
that when a revolt succeeds, the capitalists’ assets and returns are confiscated, and their payoff
will be zero.
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5.1 Regulation of Automation

Suppose that the capitalist state cannot engage in either redistribution or repression, but can set
a level of automation 𝐼 ∈ [0, 1]. In this case, the capitalist state solves:

𝐼 0(𝐾 ) = arg max
𝐼 ∈[0,1]

Pr(regime survives) 𝑟 (𝐼 ;𝐾 ) 𝐾

=
𝑤 (𝐼 ;𝐾 )

𝑏
𝑟 (𝐼 ;𝐾 ) 𝐾 (by Proposition 1)

=
𝑤 (𝐼 ;𝐾 )
𝛽 𝑟 (𝐼 ;𝐾 ) 𝐾

𝐿

𝑟 (𝐼 ;𝐾 ) 𝐾 (𝑏 = 𝛽
𝑟𝐾

𝐿
by (2))

=
1
𝛽
𝑤 (𝐼 ;𝐾 ) 𝐿.

This string of equalities thus establishes that the capitalist state acts as if it is trying to maxi-
mize the returns to labor (the wage bill), which is also stated in the next proposition.

Proposition3. When theonly instrumentavailable to the capitalist state is regulation, it effectively
maximizes the returns to labor and therefore imposes an automation level 𝐼 0(𝐾 ) = 𝐼 𝐿 (𝐾 ) < 𝐼𝑌 (𝐾 ),
where 𝐼𝑌 (𝐾 ) and 𝐼 𝐿 (𝐾 ) are defined in (16) and (19), respectively.

Increasing the automation level beyond 𝐼 𝐿 raises capital returns, but reduces the probability
of the existing regime surviving. This latter effect occurs through two channels: First, a higher
𝐼 reduces wages, decreasing the opportunity cost of revolt, and increasing the likelihood of a
successful revolt. Second, greater returns to capital raise the rewards from participating in a
successful revolt. Because 𝑏 ∝ 𝑟 (𝐼 ;𝐾 ) 𝐾 , this second effect cancels the advantage of greater
returns to capital andas a result the capitalist state’s objective collapses tomaximizing the returns
to labor and leads to an automation level of 𝐼 𝐿 .

It is notable that the capitalist state not just imposes an automation level less than the prefer-
ences of individual capitalists (𝐼 𝐾 ), but chooses automation to be below the output-maximizing
level: 𝐼 0 < 𝐼𝑌 < 𝐼 𝐾 . This is entirely because it is attempting to reduce the risk of revolt. However,
even though the capitalist state reduces automation, it cannot fully eliminate this risk.

Proposition 3 also immediately implies that the capitalist state would like to combine reg-
ulation with additional instruments—since without these instruments, the automation level is
suppressed significantly below what capitalists would like in the absence of revolt.

5.2 Repression and Regulation

We assume that repression sets the probability of successful revolt to some 𝜒 ∈ [0, 1). Hence,
the existing regime survives, and capitalists receive their capital returns 𝑟𝐾 , with probability 1 −
𝜒. In what follows, we think of 𝜒 as small, though none of the analysis depends on this. We do
not impose 𝜒 = 0 in order to emphasize that none of our results depend on repression entirely
eliminating the risk of revolt.
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Repression costs a fraction 𝑅 ∈ (0, 1) of the output 𝑌 , which the capitalists must pay if they
survive.

Let 𝐼 𝑟 be the capitalist state’s desired level of automationwhen it engages in repression. Thus,
when the capitalist state chooses to repress, its problem becomes:

𝐼 𝑟 (𝐾 ) = arg max
𝐼 ∈[0,1]

(1 − 𝜒) (𝑟 (𝐼 ;𝐾 ) 𝐾 − 𝑅 𝑌 (𝐼 ;𝐾 ))

= (1 − 𝜒) (𝑠𝐾 (𝐼 ;𝐾 ) − 𝑅) 𝑌 (𝐼 ;𝐾 ) (21)

= (1 − 𝜒)
(
1 − 𝑅

𝑠𝐾 (𝐼 ;𝐾 )

)
𝑠𝐾 (𝐼 ;𝐾 ) 𝑌 (𝐼 ;𝐾 ).

That is, repression is analogous to a tax rate of 𝑅/𝑠𝐾 on capitalists that sets the probability of
survival to1−𝜒. Thenextpropositioncharacterizes theautomation levelwhen thestate represses,
establishing that repression leads to the capitalist state adopting a level of automation above the
output-maximizing one.

Proposition 4. Suppose the capitalist state engages in repression. There is a unique automation
level 𝐼 𝑟 (𝐾 ) that maximizes the capitalists’ expected payoffs. For any finite 𝐾 , the automation level
𝐼 𝑟 (𝐾 ) is higher than the output-maximizing level of automation, 𝐼𝑌 (𝐾 ). That is,

𝐼 𝑟 (𝐾 ) > 𝐼 𝐾 (𝐾 ) > 𝐼𝑌 (𝐾 ).

Moreover, suppose that 𝑅 < 1
𝜎 . Then, for any finite 𝐾 , 𝐼 𝑟 (𝐾 ) ∈ (0, 1) is such that 𝑠𝐾 (𝐼 𝑟 (𝐾 );𝐾 ) ∈

(max{1 − 𝜎 + 𝜎𝑅, 𝜎𝑅}, 1). 𝑠𝐾 (𝐼 𝑟 (𝐾 );𝐾 ) is increasing in𝐾 , andsatisfies lim𝐾→0 𝑠𝐾 (𝐼 𝑟 (𝐾 );𝐾 ) = max{1−
𝜎 + 𝜎𝑅, 𝜎𝑅} and lim𝐾→∞ 𝑠𝐾 (𝐼 𝑟 (𝐾 );𝐾 ) = 1.

The intuition for the higher automation level builds on Proposition 2. With repression, the
capitalist statedoesnotneed toaccount for thechanges in the riskof revoltwhile choosing theau-
tomation level. If there had not been any cost of repression, the state would have chosen the au-
tomation level thatmaximizes capital return, 𝐼 𝐾 (𝐾 ), which is higher than theoutput-maximizing
and decentralized equilibrium level, 𝐼 𝑑 (𝐾 ) = 𝐼𝑌 (𝐾 ). Repression costs push this further because,
as (21) shows, a higher level of automation increases 𝑠𝐾 and reduces the repression tax 𝑅/𝑠𝐾 . Put
differently, repression costs reduce the negative productivity effect of raising automation above
the market level from 𝑠𝐾 𝑑𝑌 to (𝑠𝐾 − 𝑅)𝑑𝑌 , and this raises the desired level of automation for the
capitalists. This explains why the level of automation under repression is even higher than the
one that would havemaximized the returns to capital, absent repression costs.

Remark 3. The second part of Proposition 4 imposes 𝑅 < 1/𝜎 . This is to focus on the interesting
range of parameters. For completeness, in the proof of Proposition 4 we show that when 𝑅 ≥ 1/𝜎 ,
the capitalist state sets 𝐼 𝑟 (𝐾 ) = 𝑠𝐾 (𝐼 𝑟 (𝐾 );𝐾 ) = 1. This is because, as explained above, repression
reduces the effective cost of automation, and if the cost of repression is sufficiently high, then the
cost of automationbecomes sufficiently low that the capitalist state prefers to go toa corner solution
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with full automation. We view this case as less interesting, so in what follows, we restrict attention
to 𝑅 < 1/𝜎 and wemention this parameter restriction whenever we impose it.

Remark 4. Our baseline assumption that the cost of repression comes out of capitalists’ pockets
and only when repression succeeds in staving off the revolt is made for specificity. Two variations
lead to essentially identical results. First, we could consider the case where capitalists pay the cost
of repression regardless of survival. In particular, let 𝑅̃ ∈ (0, 1) be the cost of repression in this
alternative setting. Then, the capitalists’ expected payoff can be written as (1 − 𝜒) 𝑟𝐾 − 𝑅̃𝑌 =

(1 − 𝜒) 𝑠𝐾𝑌 − 𝑅̃𝑌 = (1 − 𝜒)
(
𝑠𝐾 − 𝑅̃

1−𝜒
)
𝑌 . If 𝑅̃

1−𝜒 ≥ 1, the capitalist state never uses repression.
Otherwise, we could set 𝑅 equal to 𝑅̃

1−𝜒 ∈ (0, 1) and obtain identical results to those reported in
this subsection.

Second, the results are also qualitatively very similar if everybody pays for the cost of repression.
In particular, note that our formulation is equivalent to assuming that capitalists are taxed for
financing repression. To generate the required revenue 𝑅𝑌 , capitalists will be taxed at the rate 𝜏 =

𝑅𝑌 /𝑟𝐾 . Their payoff then becomes (1−𝜏)𝑟𝐾 = 𝑟𝐾 −𝑅𝑌 . If, instead, the revenue comes from taxing
the whole population, the capitalists’ payoffwould be (1−𝑅)𝑟𝐾 , and the equilibrium automation
level would be 𝐼 𝑟 = 𝐼 𝐾 , which maximizes capital returns—see Proposition 2. The results would
also be identical if repression leads to a proportional decline in capitalists’ return. In that case, the
automation level would be 𝐼 𝑟 = 𝐼 𝐾 once again, and all the qualitative results would go through.

Finally, the timing of repression in this model is irrelevant, because either the state chooses 𝐼 𝑟

after repression, or chooses 𝐼 𝑟 in anticipation of repression, in both cases with identical results.

5.3 Redistribution and Regulation

We next consider the possibility that the state redistributes to workers. Specifically, the state sets
a tax rate 𝜏 ∈ [0, 1] and redistributes the proceeds, 𝜏𝑌 , to workers in the form of a public good
𝑔 = 𝜏𝑌 /𝐿, and this contributes an amount 𝛼𝑔 to worker utility.7 Like wages, a worker benefits
from the public good if and only if she does not revolt. We also assume 𝛼 > 2 which ensures
an interior optimal tax rate for the capitalist state. From Proposition 1, the probability that the
existing regime survives and capitalists receive their after-tax returns to capital is

𝑤 (1 − 𝜏) + 𝛼𝜏𝑌 /𝐿
𝑏

,

where𝑤 (1 − 𝜏) is the after-tax wage and 𝛼𝜏𝑌 /𝐿 is the value of the public good to a worker. Both
of these will be forgone if the worker participates in a revolt, and hence, they discourage a revolt
and reduce political risk.

7The assumption that the cost of public provision scales with 𝐿 is adopted for algebraic simplicity and has no
bearing on our general results.

15



The capitalist state’s problem then becomes:8

max
𝐼 ∈[0,1],𝜏∈[0,1]

Pr(regime survives) (1 − 𝜏) 𝑟 (𝐼 ;𝐾 ) 𝐾 (22)

=
𝑤 (𝐼 ;𝐾 ) (1 − 𝜏) + 𝛼𝜏𝑌 (𝐼 ;𝐾 )/𝐿

𝑏
(1 − 𝜏) 𝑟 (𝐼 ;𝐾 ) 𝐾 (by Proposition 1)

=
𝑤 (𝐼 ;𝐾 ) (1 − 𝜏) + 𝛼𝜏𝑌 (𝐼 ;𝐾 )/𝐿

𝛽 𝑟 (𝐼 ;𝐾 ) 𝐾
𝐿

(1 − 𝜏) 𝑟 (𝐼 ;𝐾 ) 𝐾 (𝑏 = 𝛽
𝑟𝐾

𝐿
by (2))

=
𝑠𝐿 (𝐼 ;𝐾 ) 𝑌 (𝐼 ;𝐾 )

𝐿 (1 − 𝜏) + 𝛼𝜏𝑌 (𝐼 ;𝐾 )
𝐿

𝛽 𝑟 (𝐼 ;𝐾 ) 𝐾
𝐿

(1 − 𝜏) 𝑟 (𝐼 ;𝐾 ) 𝐾

=
1
𝛽
(𝑠𝐿 (𝐼 ;𝐾 ) (1 − 𝜏) + 𝛼𝜏) (1 − 𝜏) 𝑌 (𝐼 ;𝐾 )

Letting 𝐼 𝑠 (𝐾 ) ∈ [0, 1] and 𝜏𝑠 (𝐾 ) ∈ [0, 1] be the levels of automation and taxation chosen by
the state, a capitalist’s indirect utility𝑢𝑠 (𝐾 ) for a given capital stock level 𝐾 can be written as

𝑢𝑠 (𝐾 ) = 1
𝛽
[𝑠𝐿 (𝐼 𝑠 (𝐾 );𝐾 ) (1 − 𝜏𝑠 (𝐾 )) + 𝛼 𝜏𝑠 (𝐾 )] (1 − 𝜏𝑠 (𝐾 )) 𝑌 (𝐼 𝑠 (𝐾 );𝐾 ),

wherewe havemade explicit the dependence of these choices and thus the indirect utility on the
capital stock 𝐾 .

Given a labor share of national income 𝑠𝐿 ∈ [0, 1], the capitalist state’s optimal tax rate can be
computed as

𝜏∗(𝑠𝐿 ) ∈ arg max
𝜏∈[0,1]

(𝑠𝐿 (1 − 𝜏) + 𝛼 𝜏 ) (1 − 𝜏).

Thenext lemmaestablishes that the capitalist state always redistributes, and its preferred tax rate
increases with the automation level.

Lemma 2. For any 𝑠𝐿 ∈ [0, 1], the capitalist state sets the tax rate 𝜏∗(𝑠𝐿 ) = 𝛼−2𝑠𝐿
2𝛼−2𝑠𝐿

∈ (0, 1). This tax
rate is uniquely defined, decreasing in 𝑠𝐿 , and increasing in 𝛼.

To characterize the capitalist state’s preferred automation level with redistribution, let

𝑉 (𝑠𝐿 ) := ( 𝑠𝐿 (1 − 𝜏∗(𝑠𝐿 )) + 𝛼 𝜏∗(𝑠𝐿 )) (1 − 𝜏∗(𝑠𝐿 )) =︸︷︷︸
Lemma 2

(𝛼/2)2

𝛼 − 𝑠𝐿

so that the capitalist state’s problem in (22) becomes:

𝐼 𝑠 (𝐾 ) = arg max
𝐼 ∈[0,1]

1
𝛽
𝑉 (𝑠𝐿 (𝐼 ;𝐾 )) 𝑌 (𝐼 ;𝐾 ). (23)

We can think of 𝑉 and 𝑌 as the virtual probability of survival and the capitalists’ virtual payoff
conditional on survival, respectively. The next proposition characterizes the automation level

8Asmentioned in the description of themodel, we assume that the probability of survival is always less than 1. This
requires that 𝛽 is sufficiently large. We state the exact condition at the end of this subsection.
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when the state redistributes.

Proposition 5. Suppose the capitalist state can redistribute to workers in the form of public goods.
For any finite 𝐾 > 0, there is a unique automation level 𝐼 𝑠 (𝐾 ) ∈ (0, 1). When the capitalist state
redistributes, it chooses a lower automation level than the decentralized equilibrium and a higher
automation level than when it cannot redistribute:

𝐼 0(𝐾 ) < 𝐼 𝑠 (𝐾 ) < 𝐼 𝑑 (𝐾 ).

When the capital stock 𝐾 increases, the equilibrium capital share 𝑠𝐾 (𝐼 𝑠 (𝐾 );𝐾 ) and the tax rate
𝜏𝑠 (𝐾 ) also increase. In addition, when 𝛼 ≥ 𝜎−1

𝜎 , these quantities have the following limits:

lim
𝐾→0

𝑠𝐾 (𝐼 𝑠 (𝐾 );𝐾 ) = 0, lim
𝐾→∞

𝑠𝐾 (𝐼 𝑠 (𝐾 );𝐾 ) = 1 ,

lim
𝐾→0

𝜏𝑠 (𝐾 ) = 𝛼 − 2
2𝛼 − 2

, lim
𝐾→∞

𝜏𝑠 (𝐾 ) = 1
2
.

A comparison of Propositions 4 and 5 shows that redistribution leads to a lower level of au-
tomation than repression: 𝐼 𝑠 (𝐾 ) < 𝐼 𝑟 (𝐾 ). This is because, as explained above, increasing au-
tomation has an additional cost under redistribution compared to under repression. Moreover,
since 𝑠𝐾 (𝐼 ;𝐾 ) is increasing in 𝐼 , the capital share of national incomeunder redistribution is lower
than that under repression:

𝑠 𝑠𝐾 (𝐾 ) := 𝑠𝐾 (𝐼 𝑠 (𝐾 );𝐾 ) < 𝑠𝐾 (𝐼 𝑟 (𝐾 );𝐾 ) =: 𝑠 𝑟𝐾 (𝐾 ) .

It is alsouseful tonote that theautomation level (andasa result, thecapital share)under redis-
tribution is not just lower than that under repression, but also lower than the output-maximizing
level 𝐼𝑌 . Absent the threat of revolt, the capitalist state would choose a higher automation level
than themarket: 𝐼 𝐾 (𝐾 ) > 𝐼 𝑑 (𝐾 ) = 𝐼𝑌 (𝐾 ). Thiswouldalso lead toahigher capital shareofnational
income: 𝑠𝐾

(
𝐼 𝐾 (𝐾 );𝐾 )

> 𝑠𝐾
(
𝐼 𝑑 (𝐾 );𝐾 ) . However, as (22) demonstrates, the likelihood of a revolt

increaseswith the capital share, and in response, the capitalist state increases the returns to labor
as a way of staving off revolt, which leads to a lower level of automation.

Finally, a greater capital stock increases the automation level and capital share, becausewhen
there is more capital in the economy, both the levels of automation that maximize the returns to
capital and the returns to labor are higher.

We additionally note that a greater capital stock raises the level of redistribution. Specifically,
a greater capital stock increases 𝑌 (𝐼 ;𝐾 ) holding the level of automation fixed, and the indirect
effect of higher automationalso increases aggregate output (because𝑌 (𝐼 ;𝐾 ) is single-peaked in 𝐼
and 𝐼 𝑠 < 𝐼 𝑑 = 𝐼𝑌 , andmore capital increases automation). Moreover,𝜏∗ does not directly depend
on aggregate output, 𝑌 , and so, the overall level of redistribution 𝜏∗ (𝑠𝐿 (𝐼 𝑠 (𝐾 );𝐾 ))𝑌 (𝐼 𝑠 (𝐾 );𝐾 )
increases with𝑌 .
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Remark 5. The last part of Proposition 5 states the limits for the case of 𝛼 ≥ 1−𝜎
𝜎 . In the proof of

Proposition 5, we also derive the limits for the complementary case. In particular, we show that
when 𝛼 < 1−𝜎

𝜎 (or equivalently when 𝜎 < 1
1+𝛼 ),

lim
𝐾→0

𝑠𝐾 (𝐼 𝑠 (𝐾 );𝐾 ) = 0, lim
𝐾→∞

𝑠𝐾 (𝐼 𝑠 (𝐾 );𝐾 ) = 𝜎 (𝛼 − 1)
1 − 2𝜎

,

lim
𝐾→0

𝜏𝑠 (𝐾 ) = 𝛼 − 2
2𝛼 − 2

, lim
𝐾→∞

𝜏𝑠 (𝐾 ) = 𝛼 − 2 + 2𝜎
2(𝛼 − 1) (1 − 𝜎) .

Intuitively, in this case, tasks are highly complementary to each other, and the capitalist state finds
it optimal to redistribute to labor by limiting automation away from full automation, even as the
capital stock tends to infinity. This is because leaving some pre-tax income to workers is a more
effective way of staving off a revolt, rather than fully automating and redistributing part of the
capital income. Because the main insights from this case are similar to our baseline with 𝛼 ≥ 𝜎−1

𝜎 ,
we do not provide the full details and focus on the parameter region where 𝛼 ≥ 𝜎−1

𝜎 .

We next impose an assumption that ensures that the equilibrium probability of regime sur-
vival is less than 1.

Assumption 2. 𝛽 > 𝛽 (𝐾 ) :=
𝑉 (1−𝑠 𝑠𝐾 (𝐾 ))

(1−𝜏𝑠 (𝐾 ) ) 𝑠 𝑠𝐾 (𝐾 ) =
𝛼/2
𝑠 𝑠𝐾 (𝐾 ) .

This assumption implies that the reward for participation in successful revolt 𝛽 is sufficiently
high that redistribution and regulation will not fully eliminate the threat of revolt. This takes the
form of a lower bound on 𝛽, 𝛽. Because 𝑠 𝑠𝐾 (𝐾 ) and𝜏𝑠 (𝐾 ) are independent of 𝛽, Assumption 2 is a
conditiononprimitives. The last equality followsbyLemma2. Since, fromProposition 5, 𝑠 𝑠𝐾 (𝐾 ) is
increasing in 𝐾 , 𝛽 (𝐾 ) is also decreasing in 𝐾 . Moreover, when 𝛼 ≥ 1−𝜎

𝜎 , it satisfies lim𝐾→∞ 𝛽 (𝐾 ) =
𝛼/2.

Lemma3. UnderAssumption2, the equilibriumprobability of regime survivalwith redistribution
and regulation is strictly less than 1.

Given Assumption 2, from this point onward, we characterize 𝐼 𝑠 (𝐾 ) under the assumption
that 𝛽 > 𝛽 (𝐾 ). Since 𝛽 (𝐾 ) is decreasing in𝐾 , this is equivalent to assuming that𝐾 > 𝐾 , where the
minimum capital threshold 𝐾 satisfies 𝛽 = 𝛽 (𝐾 ). Any (𝐾 , 𝛽) pair with 𝛽 ≤ 𝛽 (𝐾 ) is inadmissible.
In what follows, we focus on admissible pairs.

Figure 2 summarizes our keyfindings regarding the automation and capital share levels so far.
In line with the discussion above, it only plots 𝐼 𝑠 (𝐾 ) when 𝐾 > 𝐾 .

Remark 6. An alternative specification of redistribution also leads to identical results. We could
assume that taxes are imposed only on capitalists. This would generate a tax revenue of 𝜏 𝑟𝐾 and
a benefit of 𝛼 𝑟𝐾

𝐿 to each worker. Under this alternative formulation, the capitalist state’s objective
would be:

max
𝐼 ∈[0,1], 𝜏∈[0,1]

1
𝛽
(𝑤 (𝐼 ;𝐾 ) 𝐿 + 𝛼 𝜏 𝑟 (𝐼 ;𝐾 ) 𝐾 ) (1 − 𝜏) = 1

𝛽
(𝑠𝐿 (𝐼 ;𝐾 ) + 𝛼 𝜏 𝑠𝐾 (𝐼 ;𝐾 )) (1 − 𝜏) 𝑌 (𝐼 ;𝐾 )
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(a) Automation levels.

0 𝐾 30 60 1200.00

0.25

0.50

0.75

1.00

𝐾

𝑠𝐾 (𝐼 𝑟 (𝐾 );𝐾 )
𝑠𝐾 (𝐼 𝑠 (𝐾 );𝐾 )

(b) Capital share levels.

Figure 2. This figure illustrates Propositions 2, 4, and 5. It is drawn for the following parameter
values: 𝜎 = 1.4, 𝑅 = .4, 𝛼 = 3, 𝛽 = 4, and 𝐿 = 10.

=
1
𝛽
(𝑠𝐿 (𝐼 ;𝐾 ) + 𝛼 𝜏 (1 − 𝑠𝐿 (𝐼 ;𝐾 ))) (1 − 𝜏) 𝑌 (𝐼 ;𝐾 )

=
1
𝛽
(𝑠𝐿 (𝐼 ;𝐾 ) (1 − 𝛼 𝜏) + 𝛼 𝜏) (1 − 𝜏) 𝑌 (𝐼 ;𝐾 ).

Hence, it would be as if the workers are taxed with a tax rate of 𝛼 𝜏 instead of 𝜏 . Our qualitative
results remain unchanged.

5.4 Repression, Redistribution, and Regulation

We next study the optimal combination of repression, redistribution and regulation of automa-
tion from the viewpoint of a capitalist state. Because repression sets the probability of successful
revolt to 𝜒, there is no point in combining redistribution and repression. Therefore, the capitalist
state either represses or redistributes, in combination with regulation.

The capitalist state’s expected payoff from repression and regulation is:

𝑢𝑟 (𝐾 ) := max
𝐼 ∈[0,1]

(1 − 𝜒) (𝑠𝐾 (𝐼 ;𝐾 ) − 𝑅) 𝑌 (𝐼 ;𝐾 ) (24)

= (1 − 𝜒) (𝑠𝐾 (𝐼 𝑟 (𝐾 );𝐾 ) − 𝑅) 𝑌 (𝐼 𝑟 (𝐾 );𝐾 ) (by (21)),

and its expected payoff from redistribution and regulation is:

𝑢𝑠 (𝐾 ) = max
𝐼 ∈[0,1]

1
𝛽
𝑉 (𝑠𝐿 (𝐼 ;𝐾 )) 𝑌 (𝐼 ;𝐾 ) (25)

=
1
𝛽
𝑉 (𝑠𝐿 (𝐼 𝑠 (𝐾 );𝐾 )) 𝑌 (𝐼 𝑠 (𝐾 );𝐾 ) (by (22)).

Therefore, the capitalist state represses if and only if𝑢𝑟 (𝐾 ) > 𝑢𝑠 (𝐾 ).
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Let𝑢𝐾 (𝐾 ) be the capitalist state’s payoff if there were no revolt threat:

𝑢𝐾 (𝐾 ) := max
𝐼 ∈[0,1]

𝑠𝐾 (𝐼 ;𝐾 ) 𝑌 (𝐼 ;𝐾 ) (26)

= 𝑠𝐾 (𝐼 𝐾 (𝐾 );𝐾 ) 𝑌 (𝐼 𝐾 (𝐾 );𝐾 ) (by (20)).

We define the effective cost of repression as the difference between the capitalists’ payoff if there
were no revolt threat and their expected payoff under repression as 𝑒 𝑟 (𝐾 ) := 𝑢𝐾 (𝐾 ) − 𝑢𝑟 (𝐾 ).
The effective cost of redistribution can be defined similarly as 𝑒 𝑠 (𝐾 ) := 𝑢𝐾 (𝐾 ) − 𝑢𝑠 (𝐾 ). The cap-
italist state prefers the regime with the lower effective cost. This implies that the capitalist state
represses if and only if

𝑒 𝑟 (𝐾 ) < 𝑒 𝑠 (𝐾 ) .

The next result shows that the effective costs of repression and redistribution satisfy the strict
single-crossing property in the capital stock (Milgrom and Shannon, 1994).

Lemma 4. For any 𝐾 ′ > 𝐾 , if 𝑒 𝑟 (𝐾 ) ≤ 𝑒 𝑠 (𝐾 ), then 𝑒 𝑟 (𝐾 ′) < 𝑒 𝑠 (𝐾 ′).

Figure 3 illustrates this single-crossing result. Since the capitalist state prefers the regime
with lower effective cost, Lemma 4 implies that if capitalist state represses for some 𝐾 , then it
represses for all 𝐾 > 𝐾 ′ as well. In other words, a greater capital stock makes repression more
attractive relative to redistribution, as our discussion in the previous subsection already antici-
pated. Clearly, a greater capital stock raises the payoffs to capitalists under both repression and
redistribution, but the aforementioned complementarity between automation and the capital
stock favors repression. As a consequence, as the capital stock grows, repression becomes more
likely relative to redistribution.

More explicitly, the capitalist state represses if and only if 𝑢𝑟 (𝐾 ) > 𝑢𝑠 (𝐾 ). Substituting (24)
and (25) and rearranging, this condition becomes:

𝛽 > 𝛽 (𝐾 ) :=
1

1 − 𝜒
𝑉 (𝑠𝐿 (𝐼 𝑠 (𝐾 );𝐾 ))
𝑠𝐾 (𝐼 𝑟 (𝐾 );𝐾 ) − 𝑅

𝑌 (𝐼 𝑠 (𝐾 );𝐾 )
𝑌 (𝐼 𝑟 (𝐾 );𝐾 ) . (27)

Proposition 6. The capitalist state represses if and only if the incentives to revolt are sufficiently
high, 𝛽 > 𝛽 (𝐾 ), and redistributes otherwise, where 𝛽 (𝐾 ) is given in (27). The threshold 𝛽 (𝐾 ) is
increasing in repression cost factor, 𝑅 ; is increasing in the probability of successful revolt under
repression, 𝜒; and is decreasing in the capital stock𝐾 . If 𝛼 ≥ 1−𝜎

𝜎 , it satisfies lim𝐾→∞ 𝛽 (𝐾 ) = 𝛽 (∞) :=
1

1−𝜒
𝛼

4(1−𝑅 ) .

This proposition is thebasis of our claim that, so longas the threat of revolt is not “tooweak”—
formalized in this proposition as 𝛽 > 𝛽 (𝐾 )—the capitalist state prefers repression to redistribu-
tion. Moreover, as the capital stock increases, this condition becomes weaker. In particular, for
sufficiently high capital stock 𝐾 , repression is preferred provided that 𝛽 > 𝛽 (∞), where 𝛽 (∞) =
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Figure 3. Effective costs of redistribution and repression. The capitalist state prefers repression
when the effective cost of repression (purple curve) is below the effective cost of redistribution
(green curve). This figure is drawn for the following parameter values: 𝜎 = 1.4, 𝑅 = .6, 𝜒 = .05,
𝛼 = 3, 𝛽 = 2.5, and 𝐿 = 10.

lim𝐾→∞𝛽 (𝐾 ) and is strictly smaller than 𝛽 (𝐾 ) for finite 𝐾 .9
Figure 4 provides a diagrammatic illustration of Proposition 6, more clearly highlighting why

once repression is preferred for a capital stock of 𝐾 , then it will be preferred for all 𝐾 ′ > 𝐾 . In
particular, consider some𝐾 such that 𝛽 > 𝛽 (𝐾 ), so the capitalist state prefers to repress. Then, for
any 𝐾 ′ > 𝐾 , we will have 𝛽 > 𝛽 (𝐾 ) > 𝛽 (𝐾 ′), so the capitalist state continues to prefer repression.
This observationwill be important for the dynamics in the long run, analyzed in the next section.

The figure additionally clarifies what the range of admissible parameters are for the model.
Recall that Assumption 2 restricts the set of feasible parameters to 𝛽 > 𝛽 (𝐾 ), where 𝛽 (𝐾 ) is
decreasing in 𝐾 , with lim𝐾→0 𝛽 (𝐾 ) = ∞ and lim𝐾→∞ 𝛽 (𝐾 ) = 𝛼/2. This can be seen from Figure
4—from the fact that the admissible region gets larger as 𝐾 increases. It also follows from this
observation that if 𝛽 is admissible at some capital stock𝐾 (meaning that 𝛽 > 𝛽 (𝐾 )), then it is also
admissible for all 𝐾 ′ > 𝐾 (that is 𝛽 > 𝛽 (𝐾 ′)).

Figure 4 further reiterates that so long as the threat of revolution is not too weak (𝛽 is higher
than 𝛽 (∞)), repression is preferred at sufficiently high levels of capital stock. In particular, note
that very low levels of 𝛽—those in the brown area in the figure—are ruled out by our admissibility
constraint. Redistribution is preferred in the green area, but the figure also makes it clear that

9In the proof of Proposition 6, we also derive the limit value of 𝛽 (𝐾 ) when 𝛼 < 1−𝜎
𝜎 :

lim
𝐾→∞

𝛽 (𝐾 ) = 1
1 − 𝜒

𝛼2

4(1 − 𝑅)
(
𝛼 − 1 + 𝜎 (𝛼−1)

1−2𝜎

) (
𝜎 (𝛼 − 1)
1 − 2𝜎

) 𝜎
1−𝜎

.
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Figure 4. This figure illustrates Proposition 6 and Assumption 2. It is drawn for the following
parameter values: 𝜎 = .8, 𝑅 = .8, 𝜒 = 0.05, 𝛼 = 3, and 𝐿 = 10.

this configuration requires intermediate levels of 𝛽. In particular, for 𝛽 > 𝛽 (∞), repression will
always be preferred as 𝐾 → ∞. This conclusion is rooted in the main trade-off emphasized in
our analysis: repression and automation are complements. If the capitalist state tries to avert a
revolt using redistribution, the extent of redistribution (and thus the cost imposed on capitalists)
increases as the level of automation rises. Repression avoids this additional burden of redistribu-
tion and is preferred provided that the threat of revolution is not too weak.

6 Automation and Repression in the Long-Run

We now consider an infinite-horizon economy in continuous time with capital accumulation in
order to studywhether the continuous process of automation is consistentwith redistribution or
whether it will create a strong force toward repression.

Each capitalist is born at time 𝑡 , dies at 𝑡 +𝑑𝑡 , and can leave a bequest for his or her offspring,
who will also be a capitalist. Capitalists receive utility from their own consumption and a warm-
glow payoff from the bequest (Andreoni, 1989, 1990; Galor and Zeira, 1993; Banerjee and New-
man, 1993). At each instant, the capitalist state chooses policies that maximize the capitalists’
expected payoff.10

Let 𝐴 (𝑡 ), 𝐵 (𝑡 ), and𝐶 (𝑡 ) be a capitalists’ budget (assets), bequest, and consumption at time 𝑡 .
The capitalist’s payoff is log𝐶 (𝑡 ) + 𝜙 ′ log𝐵 (𝑡 ), where 𝜙 ′ log𝐵 (𝑡 ), with 𝜙 ′ ≥ 0, captures the warm-

10This continuous-time economy can be viewed as the limit of a discrete-time economy in which each capitalist
lives for a period of lengthΔ and leaves a bequest to his or her offspring at the end of this period, and our economy can
be obtained as the limit as Δ → 0. See Acemoglu et al. (2017) for a similar setup andmore discussion of this modeling
assumption.
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glow payoff from bequest. Each capitalist’s problem at time 𝑡 is:

max
(𝐶 (𝑡 ) ,𝐵 (𝑡 ) )

log𝐶 (𝑡 ) + 𝜙 ′ log𝐵 (𝑡 )

subject to𝐶 (𝑡 ), 𝐵 (𝑡 ) ≥ 0, and𝐶 (𝑡 ) + 𝐵 (𝑡 ) ≤ 𝐴 (𝑡 ).

Let us define 𝜙 := 𝜙 ′
1+𝜙 ′ . Then the solution to the capitalists’ maximization problem is

𝐶 ∗(𝑡 ) = (1 − 𝜙)𝐴 (𝑡 ), 𝐵∗(𝑡 ) = 𝜙𝐴 (𝑡 ).

Suppose that the capital stock depreciates at rate 𝛿 > 0, so that the aggregate capital stock
evolves according to

¤𝐾 (𝑡 ) = 𝐵∗(𝑡 ) − 𝛿𝐾 (𝑡 ) = 𝜙𝐴 (𝑡 ) − 𝛿𝐾 (𝑡 ).

In previous sections, we characterized the probability that the regime survives in a static set-
tingasa functionof thecapital stock,𝐾 (𝑡 ). Let thisprobabilityof survivalbe𝑃 (𝑡 ) := Pr(regime survives |𝐾 (𝑡 )).
In our continuous-time setting here, we take this to be the probability of regime survival during
an interval of length 1 starting from 𝑡 . This implies that the flow rate of regime survival at time 𝑡
is given by

𝜆(𝑡 ) = − log𝑃 (𝑡 ),

which ensures that, as desired,

Pr(regime survives in [𝑡 , 𝑡 + 1) | regime has survived until 𝑡 ) = exp
(
−

∫ 𝑡+1

𝑡
𝜆(𝑠 )𝑑𝑠

)

≈ exp (−𝜆(𝑡 )) = 𝑃 (𝑡 ),

The probability of regime survival from 𝑡 = 0 until time𝑇 can then be obtained as

𝑆 (𝑇 ) := Pr(regime survives in [0,𝑇 ]) = exp
(
−

∫ 𝑇

0
𝜆(𝑠 )𝑑𝑠

)

= exp
(∫ 𝑇

0
log𝑃 (𝑠 )𝑑𝑠

)
.

Under repression,wehave𝑃 (𝑡 ) = 1−𝜒, andwithour interpretation that𝜒 is small, the likelihoodof
a revolt can be small during any finite interval, though obviously as𝑇 → ∞, there will be a revolt,
provided that 𝜒 > 0.11 Under redistribution (with Assumption 2), we have 𝑃 (𝑡 ) = 1

𝛽
𝛼/2
𝑠 𝑠𝐾

=
𝛽 (𝐾 )
𝛽 < 1,

and hence lim𝑇→∞ 𝑆 (𝑇 ) = 0.
In what follows, we focus on a stochastic path along which there is no revolt. We also remind

the reader that we are imposing Assumption 2, which restricts the values of 𝛽 and the capital
11We note again that none of our results depend on 𝜒 > 0. The only reason why we have allowed for 𝜒 > 0 is to

emphasize that the comparison of redistribution and repression does not depend on the latter entirely eliminating
the risk of revolt.
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stock to an admissible region, as shown in Figure 4. As in there, this means that 𝛽 > 𝛽 (𝐾 (0)),
where the function 𝛽 (·) is defined in Assumption 2, and is thus equivalent to𝐾 (0) > 𝐾 , where 𝛽 =

𝛽 (𝐾 ). Moreover, once this condition is satisfied for the initial capital stock𝐾 (0), then it is satisfied
throughoutas longas there is capital accumulation (asopposed to thecapital stockdecliningover
time).

6.1 EquilibriumCapital Accumulation

Let [𝐾 𝑑 (𝑡 )]∞𝑡=0 denote thepathof capital stock in thedecentralizedeconomyconditionalonregime
survival. Along such a path, the automation level at time 𝑡 is 𝐼 𝑑 (𝑡 ) = 𝐼 𝑑 (𝐾 𝑑 (𝑡 )) and aggregate
output is𝑌 𝑑 (𝑡 ) =𝑌 (

𝐼 𝑑 (𝑡 );𝐾 𝑑 (𝑡 )) . Capitalists’ budget at time 𝑡 is:

𝐴𝑑 (𝑡 ) = 𝑟
(
𝐼 𝑑 (𝑡 );𝐾 𝑑 (𝑡 )

)
𝐾 𝑑 (𝑡 ).

From Proposition 2, 𝐼 𝑑 (𝐾 ) = 𝐾
𝐾 +𝐿 and 𝑟

(
𝐼 𝑑 (𝐾 );𝐾 )

𝐾 = 𝐾 . Then, 𝐴𝑑 (𝑡 ) = 𝐾 𝑑 (𝑡 ) and, as long as the
existing regime survives,

¤𝐾 𝑑 (𝑡 ) = 𝜙𝐾 𝑑 (𝑡 ) − 𝛿𝐾 𝑑 (𝑡 ) > 0 ⇐⇒ 𝜙 > 𝛿 . (28)

Thus, if𝜙 < 𝛿 , the capital stock shrinks to 0. If, instead, we had𝜙 > 𝛿 , then conditional on regime
survival, the capital stock would growwithout bound, and consequently the level of automation
𝐼 𝑑 would also increase, ultimately reaching lim𝐾→∞ 𝐼 𝑑 (𝐾 ) = lim𝐾→∞ 𝐾

𝐾 +𝐿 = 1.
From (28), the law of motion of the capital stock can be written as

¤𝐾 𝑑 (𝑡 )
𝐾 𝑑 (𝑡 ) = 𝜙 − 𝛿 =⇒ 𝐾 𝑑 (𝑡 ) = 𝑒 (𝜙−𝛿 ) 𝑡 𝐾 (0).

Proposition 7. In the dynamic decentralized economy, conditional on regime survival, the capital
stock grows at the rate 𝜙 − 𝛿 , so that starting with from 𝐾 (0), we have

𝐾 𝑑 (𝑡 ) = 𝑒 (𝜙−𝛿 ) 𝑡 𝐾 (0).

with𝑌 𝑑 (𝑡 ) = 𝐾 𝑑 (𝑡 ) + 𝐿 and 𝐼 𝑑 (𝑡 ) = 𝐾 𝑑 (𝑡 )
𝐾 𝑑 (𝑡 )+𝐿 .

If𝜙 > 𝛿 , then, conditional on regime survival, the economyultimately reaches full automation:
lim𝑡→∞ 𝐼 𝑑 (𝑡 ) = 1. If 𝜙 < 𝛿 , conditional on survival, the capital stock shrinks, and in the long-run
we have lim𝑡→∞ 𝐾 𝑑 (𝑡 ) = 0 and lim𝑡→∞ 𝐼 𝑑 (𝑡 ) = 0.

In what follows, we focus on the case in which 𝜙 > 𝛿 and on a stochastic path along which
there are no successful revolts. Recall that under repression such a stochastic path occurs with
probability 1 as 𝜒 → 0, and even when 𝜒 > 0 but is small, this stochastic path has relatively high
probability during any finite interval (see footnote 11). Under redistribution, the probability of
regime survival is endogenous and we characterize it below.
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6.2 Long-Run Dynamics under Repression

Let [𝐾 𝑟 (𝑡 )]∞𝑡=0 denote the path of capital stock under repression, conditional on survival of the
regime. Along this repression path, the level of automation set by the capitalist state is 𝐼 𝑟 (𝑡 ) =

𝐼 𝑟 (𝐾 𝑟 (𝑡 )) andaggregateoutput is𝑌 𝑟 (𝑡 ) =𝑌 (𝐼 𝑟 (𝑡 );𝐾 𝑟 (𝑡 )), as characterized in theprevious section.
As before, repression has a flow cost of 𝑅𝑌 𝑟 (𝑡 ), and thus

¤𝐾 𝑟 (𝑡 ) = 𝜙𝐴𝑟 (𝑡 ) − 𝛿𝐾 𝑟 (𝑡 ) =⇒
¤𝐾 𝑟 (𝑡 )
𝐾 𝑟 (𝑡 ) = 𝜙

𝐴𝑟 (𝑡 )
𝐾 𝑟 (𝑡 ) − 𝛿 , (29)

where
𝐴𝑟 (𝑡 ) = (𝑠𝐾 (𝐼 𝑟 (𝑡 );𝐾 𝑟 (𝑡 )) − 𝑅) 𝑌 𝑟 (𝑡 )

is, as before, the capitalists’ budget. Let us define the function

ℎ (𝐾 ) :=
(𝑠𝐾 (𝐼 𝑟 (𝐾 );𝐾 ) − 𝑅) 𝑌 (𝐼 𝑟 (𝐾 );𝐾 )

𝐾
,

so that 𝐴𝑟 (𝑡 )/𝐾 𝑟 (𝑡 ) = ℎ (𝐾 𝑟 (𝑡 )). The next result characterizes the key properties of ℎ (𝐾 ), which
will determine long-run dynamics in this economy.

Lemma 5. Suppose that 𝑅 < 1
𝜎 . Then, ℎ (𝐾 ) is decreasing in 𝐾 , with limits:

lim
𝐾→0

ℎ (𝐾 ) =𝐻 :=


∞, if 𝜎 < 1

(𝜎 − 1) 𝜎− 𝜎
𝜎−1 𝑅− 1

𝜎−1 , if 𝜎 > 1
, and lim

𝐾→∞
ℎ (𝐾 ) = 1 − 𝑅.

Therefore, in this case, equation (29) and Lemma 5 jointly yield

¤𝐾 𝑟 (𝑡 )
𝐾 𝑟 (𝑡 ) = 𝜙 ℎ (𝐾 𝑟 (𝑡 )) − 𝛿 ∈ [𝜙 (1 − 𝑅) − 𝛿 , 𝜙 𝐻 − 𝛿 ] .

Consequently, we have the following configurations:12

• If𝜙 > 𝛿
1−𝑅 , then

¤𝐾 𝑟 (𝑡 )
𝐾 𝑟 (𝑡 ) ≥ 𝜙 (1−𝑅)−𝛿 > 0 for all 𝑡 . Thus, the capital stock grows toward infinity,

and the capital share of national income also increases and ultimately reaches 1, as stated
in Proposition 4.

• If 𝜙 < 𝛿
𝐻 , then

¤𝐾 𝑟 (𝑡 )
𝐾 𝑟 (𝑡 ) ≤ 𝜙𝐻 − 𝛿 < 0 for all 𝑡 . Hence, the capital stock shrinks until it reaches

to zero, and the capital share of national income limits to 𝜎𝑅 (again from Proposition 4).

• If𝜙 ∈
(
𝛿
𝐻 ,

𝛿
1−𝑅

)
, then there exists aunique𝐾 𝑟

𝑠𝑠 > 0 such that: 𝜙 ℎ (𝐾 𝑟
𝑠𝑠 )−𝛿 = 0. For any𝐾 < 𝐾 𝑟

𝑠𝑠 ,
we have

ℎ (𝐾 ) > ℎ (𝐾 𝑟
𝑠𝑠 ) =

𝛿

𝜙
=⇒ 𝜙ℎ (𝐾 ) − 𝛿𝐾 > 0

12It is also straightforward to show that when 𝑅 ≥ 1
𝜎 , then ℎ (𝐾 ) = 1 − 𝑅 , and ¤𝐾 𝑟 (𝑡 )

𝐾 𝑟 (𝑡 ) = 𝜙 (1 − 𝑅) − 𝛿 . As in the previous
section, we do not focus on this case which is less interesting.
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Thus, the capital stock of national income grows when 𝐾 < 𝐾 𝑟
𝑠𝑠 , and shrinks when 𝐾 > 𝐾 𝑟

𝑠𝑠 .
We conclude that, in this range of parameters, beginningwith any initial capital stock level,
the economy reaches a steady state with a capital stock of 𝐾 𝑟

𝑠𝑠 .

The following proposition summarizes this discussion.

Proposition 8. Consider the repression regime and suppose that 𝑅 < 1
𝜎 . Conditional on regime

survival, the dynamics of the capital stock are given by

¤𝐾 𝑟 (𝑡 )
𝐾 𝑟 (𝑡 ) = 𝜙

(𝑠𝐾 (𝐼 𝑟 (𝐾 𝑟 (𝑡 ));𝐾 𝑟 (𝑡 )) − 𝑅) 𝑌 (𝐼 𝑟 (𝐾 𝑟 (𝑡 ));𝐾 𝑟 (𝑡 ))
𝐾 𝑟 (𝑡 ) − 𝛿 .

Moreover, conditional on regime survival:

• whenadditionally𝜙 > 𝛿
1−𝑅 , the capital stock grows to infinitywith lim𝑡→∞

¤𝐾 𝑟 (𝑡 )
𝐾 𝑟 (𝑡 ) = 𝜙 (1−𝑅)−𝛿

and lim𝑡→∞ 𝑠𝐾 (𝐼 𝑟 (𝑡 );𝐾 𝑟 (𝑡 )) = 1;

• when additionally 𝜙 < 𝛿
𝐻 (where𝐻 is as defined in Lemma 5), the capital stock shrinks, with

lim𝑡→∞ 𝐾 𝑟 (𝑡 ) = 0 and lim𝑡→∞ 𝑠𝐾 (𝐼 𝑟 (𝑡 );𝐾 𝑟 (𝑡 )) = 𝜎𝑅 ;

• whenadditionally𝜙 ∈
(
𝛿
𝐻 ,

𝛿
1−𝑅

)
, for any𝐾 (0) > 0 the economy converges to an interior steady

state with capital stock 𝐾 𝑟
𝑠𝑠 .

This proposition provides a complete characterization of the dynamics of the capital stock,
automation and output under repression. Themost interesting case is when the saving/bequest
rate is sufficiently high and satisfies 𝜙 > 𝛿

1−𝑅 ,13 so that there is asymptotic growth, and as a result,
both the equilibrium and the capitalist state’s most preferred allocation involve all tasks being
automated. Figure 5 provides a diagrammatic illustration of the dynamics of the capital stock.

6.3 Long-Run Dynamics under Redistribution

Let [𝐾 𝑠 (𝑡 )]∞𝑡=0 denote the path of capital stock under the redistribution regime conditional on
regime survival. Then, from our analysis before, we know that the level of automation and ag-
gregate output will be 𝐼 𝑠 (𝑡 ) = 𝐼 𝑠 (𝐾 𝑠 (𝑡 )) and 𝑌 𝑠 (𝑡 ) = 𝑌 (𝐼 𝑠 (𝑡 );𝐾 𝑠 (𝑡 )), respectively, and the tax
rate chosen by the capitalist state to stave off the revolution will be 𝜏𝑠 (𝑡 ) = 𝜏𝑠 (𝐾 𝑠 (𝑡 )). We next
characterize the dynamics of the capital stock, whose law of motion can be written as

¤𝐾 𝑠 (𝑡 ) = 𝜙𝐴𝑠 (𝑡 ) − 𝛿𝐾 𝑠 (𝑡 ) =⇒
¤𝐾 𝑠 (𝑡 )
𝐾 𝑠 (𝑡 ) = 𝜙

𝐴𝑠 (𝑡 )
𝐾 𝑠 (𝑡 ) − 𝛿 , (30)

13We remind the reader that the reason why we need this condition is that repression takes resources away from
capital accumulation, so that investment is proportional to (𝑠𝐾 − 𝑅) 𝑌 . If costs of repression were non–pecuniary, the
necessary condition for such accumulation would be themore familiar 𝜙 > 𝛿 .
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Figure 5. The dynamics of the capital stock, conditional on regime survival in the repression
regime with 𝜙 > 𝛿

1−𝑅 . This figure is drawn for the following parameter values: 𝜎 = 1.4, 𝑅 = .4,
𝜙 = 0.3, 𝛿 = 0.12, and 𝐿 = 10.

where once again

𝐴𝑠 (𝑡 ) = (1 − 𝜏𝑠 (𝑡 )) 𝑟 (𝐼 𝑠 (𝑡 );𝐾 𝑠 (𝑡 )) 𝐾 𝑠 (𝑡 )
= (1 − 𝜏𝑠 (𝑡 )) 𝑠𝐾 (𝐼 𝑠 (𝑡 );𝐾 𝑠 (𝑡 )) 𝑌 𝑠 (𝑡 )

is the budget of capitalists, now evaluated under the tax rate imposed by the capitalist state. Let
us define

𝑔 (𝐾 ) :=
(1 − 𝜏𝑠 (𝐾 )) 𝑠𝐾 (𝐼 𝑠 (𝐾 );𝐾 ) 𝑌 (𝐼 𝑠 (𝐾 );𝐾 )

𝐾
,

so that 𝐴𝑠 (𝑡 )/𝐾 𝑠 (𝑡 ) = 𝑔 (𝐾 𝑠 (𝑡 )). The next result characterizes the key properties of the function
𝑔 (𝐾 ).

Lemma 6. There are 0 < 𝐺 < 𝐺 < ∞ such that 𝑔 (𝐾 ) ∈ [𝐺, 𝐺 ] for all 𝐾 > 0. If 𝛼 ≥ 𝜎−1
𝜎 , 𝑔 (𝐾 )

satisfies:
lim
𝐾→∞

𝑔 (𝐾 ) = 1
2
.

From Lemma 6, we obtain the law of motion of the capital stock as

¤𝐾 𝑠 (𝑡 )
𝐾 𝑠 (𝑡 ) = 𝜙𝑔 (𝐾 𝑠 (𝑡 )) − 𝛿 ∈

[
𝜙 𝐺 − 𝛿 , 𝜙 𝐺 − 𝛿

]
.

Analogously to the previous subsection, let us focus on the case where 𝜙 > 𝛿/𝐺 .14 then ¤𝐾 𝑠 (𝑡 )
𝐾 𝑠 (𝑡 ) ≥

14From the proof of Lemma 6, we can readily characterize the evolution of the capital stock when 𝜙 < 𝛿/𝐺 as well.
In particular, if 𝜙 < 𝛿/𝐺 , then ¤𝐾 𝑠 (𝑡 )

𝐾 𝑠 (𝑡 ) ≤ 𝜙 𝐺 − 𝛿 < 0 for all 𝑡 . Thus, the capital stock shrinks until it reaches to 0, and the
capital share declines along this path, also reaching 0. If 𝜙 ∈

(
𝛿/𝐺, 𝛿/𝐺

)
, then the exact characterization depends on
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𝜙𝐺 − 𝛿 > 0 for all 𝑡 and the capital stock grows toward infinity. This discussion establishes the
following proposition.

Proposition 9. Consider the redistribution regime. Conditional on regime survival, the growth
rate at time 𝑡 is:

¤𝐾 𝑠 (𝑡 )
𝐾 𝑠 (𝑡 ) = 𝜙

𝛼/2
𝛼 − 𝑠𝐿 (𝐼 𝑠 (𝐾 𝑠 (𝑡 ));𝐾 𝑠 (𝑡 ))

𝑠𝐾 (𝐼 𝑠 (𝐾 𝑠 (𝑡 ));𝐾 𝑠 (𝑡 )) 𝑌 (𝐼 𝑠 (𝐾 𝑠 (𝑡 ));𝐾 𝑠 (𝑡 ))
𝐾 𝑠 (𝑡 ) − 𝛿 .

Suppose 𝜙 > 𝛿/𝐺 and 𝛼 ≥ 𝜎−1
𝜎 . Then, conditional on regime survival, we have lim𝑡→∞

¤𝐾 𝑠 (𝑡 )
𝐾 𝑠 (𝑡 ) =

𝜙
2 − 𝛿 , lim𝑡→∞ 𝑠𝐾 (𝐼 𝑠 (𝑡 );𝐾 𝑠 (𝑡 )) = 1, and lim𝑡→∞ 𝜏𝑠 (𝑡 ) = 1

2 .

To understand why the tax rate limits to 1/2, note that the bequest rate in this case is pro-
portional to (1 − 𝜏∗) 𝑠𝐾 𝑌 , and with capital accumulation, we have that, asymptotically, 𝑠𝐾 ≈ 1

and𝑌 ≈ 𝐾 . Substituting for these terms in Lemma 2 yields 𝜏∗ ≈ 1/2.15 Figure 6 provides further
diagrammatic illustration. More broadly, as the economy becomes fully automated, there needs
to be significant redistribution so as to discourageworkers fromparticipating in a revolt. The dis-
advantage of redistribution, as already highlighted in the previous section, is that as automation
increases, the extent of redistribution also needs to increase.

6.4 Repression versus Redistribution in the Long Run

We now compare the choice of the capitalist state between redistribution and repression.
Let [𝐾 (𝑡 )]∞𝑡=0 denote the path of capital stock conditional on regime survival. From Proposi-

tion 6, at time 𝑡 , the capitalist state represses if and only if 𝛽 > 𝛽 (𝐾 (𝑡 )). Therefore, the automation
level at time 𝑡 is

𝐼 ∗(𝑡 ) =


𝐼 𝑟 (𝐾 (𝑡 )); 𝛽 > 𝛽 (𝐾 (𝑡 )),
𝐼 𝑠 (𝐾 (𝑡 )); 𝛽 ≤ 𝛽 (𝐾 (𝑡 )).

From equations (29) and (30) and Proposition 6, the law of motion for the capital stock is:

¤𝐾 (𝑡 )
𝐾 (𝑡 ) =



𝜙 (𝑠𝐾 (𝐼 𝑟 (𝐾 (𝑡 ));𝐾 (𝑡 )) − 𝑅) 𝑌 (𝐼 𝑟 (𝐾 (𝑡 ));𝐾 (𝑡 ))/𝐾 (𝑡 ) − 𝛿 ; 𝛽 > 𝛽 (𝐾 (𝑡 )),
𝜙 (1 − 𝜏𝑠 (𝐾 (𝑡 ))) 𝑠𝐾 (𝐼 𝑠 (𝐾 (𝑡 ));𝐾 (𝑡 )) 𝑌 (𝐼 𝑠 (𝐾 (𝑡 ));𝐾 (𝑡 ))/𝐾 (𝑡 ) − 𝛿 ; 𝛽 ≤ 𝛽 (𝐾 (𝑡 )).

Let us focus on the case where 𝜙 > max{𝛿/(1 − 𝑅), 𝛿/𝐺 }, so that there is capital accumulation
the values of 𝜎 and 𝛼 as well as the initial capital stock. Since the details in this case are not particularly informative
and tedious, we omit them here.

15We can also compute the probability of regime survival until time𝑇 as

𝑆 𝑠 (𝑇 ) =
(
𝛼/2
𝛽

)𝑇
exp

(
−

∫ 𝑇

0
log 𝑠𝐾 (𝐼 𝑠 (𝐾 𝑠 (𝑡 ));𝐾 𝑠 (𝑡 )) 𝑑𝑡

)
.

In contrast to the repression regime, the probability of a successful revolt is always bounded away from 0, and thus for
finite 𝑇 there is a significant risk of revolt. However, it is also straightforward to show that the survival probability is
always greater than the probability of regime survival without taxes and redistribution.
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Figure 6. The dynamics of the capital stock, conditional on regime survival in the redistribution
regime, with 𝜙 > 𝛿/𝐺 . This figure is drawn for the following parameter values: 𝜎 = 1.4, 𝛼 = 3,
𝜙 = 0.2, 𝛿 = 0.05, and 𝐿 = 10.

under both repression and redistribution. This also ensures, as noted above, that starting with
𝐾 (0) > 𝐾 , we always stay in the admissible region (recall that 𝛽 = 𝛽 (𝐾 ) is defined in Assumption
2). The next theorem is ourmain result, characterizing the conditions under which the economy
converges to long-run repression. It follows from Propositions 6, 8, and 9.

Theorem 1. Suppose that 𝑅 < 1/𝜎 , 𝛼 ≥ 𝜎−1
𝜎 , and 𝜙 > max{𝛿/(1 − 𝑅), 𝛿/𝐺 }. Beginning from any

admissible condition, 𝐾 (0) > 𝐾 and conditional on survival of the regime, we have:

• if 𝛽 ≤ 𝛽 (∞) = 1
1−𝜒

𝛼
4(1−𝑅 ) , the economy always stays in the redistribution regime;

• if 𝛽 ∈
(
𝛽 (∞), 𝛽 (𝐾 (0))

)
, the economy begins in the redistribution regime and eventually tran-

sitions to the repression regime;

• if 𝛽 > 𝛽 (𝐾 (0)), the economy starts in and always stays in the repression regime.

The evolution of the capital stock under the repression and redistribution regimes, conditional
on survival are as characterized in Propositions 8 and 9.

The most important result of this theorem mirrors the main insight of the previous section:
so long as the threat of revolt is not “too weak” (meaning that 𝛽 > 𝛽 (∞)), the economy ultimately
ends up in repression. This can be either from the beginning (if 𝛽 > 𝛽 (𝐾 (0)), or after a certain
period of redistribution (if 𝛽 ∈

(
𝛽 (∞), 𝛽 (𝐾 (0))

)
). This conclusion is the most important result of

our analysis and has the same intuition as the one we provided in the previous section, rooted
in the complementarity between automation and repression. When the capitalist state tries to
staveoffa revolt using redistribution, the extent of redistribution (and thus the cost of taxation for
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Figure 7. This figure illustrates Theorem 1 for 𝛽 ∈ (𝛽 (∞), 𝛽 (𝐾 (0))).
Left Panel: 𝐾 is the unique capital stock at which 𝛽 (𝐾 ) = 𝛽. 𝐾 is the unique capital stock
at which 𝛽 (𝐾 ) = 𝛽. From Proposition 6, the capitalist state represses if and only if 𝐾 > 𝐾 .
Right Panel: the dynamics of the capital stock conditional on regime survival. The
economy begins with some admissible 𝐾 (0) > 𝐾 in the redistribution regime,
capital accumulates, and when capital stock reaches 𝐾 , the economy switches to
the repression regime. The capital growth rate converges to 𝜙 (1 − 𝑅) − 𝛿 = 0.04.
This figure is drawn for the following parameter values: 𝜎 = .8, 𝛼 = 4, 𝑅 = .65, 𝜒 = .05,
𝛽 = 3.25, 𝜙 = .4, 𝛿 = .1, and 𝐿 = 10.

capitalists) increases as the level of automation rises. Repression avoids this additional burden
of redistribution. As a result, it will be preferred immediately when the threat of revolution is
sufficiently strong (when 𝛽 > 𝛽 (𝐾 (0)) and/or when the threat of revolution is intermediate but
once there is enough capital in the economy (when 𝛽 ∈

(
𝛽 (∞), 𝛽 (𝐾 (0))

)
). This complementarity

between automation and repression creates a strong force toward repression.

Remark 7. We also note that the capitalist state’s choice does not necessarily maximize growth,
and we may end up with redistribution while repression is growth-maximizing or vice versa. To
understandwhy, let𝑣𝑟 (𝑡 ) and𝑣 𝑠 (𝑡 ) denote capitalists’ flow rate of disposable income under repres-
sion and redistribution regimes, respectively. The realized growth rates, conditional on survival in
each regime are directly related to the disposable incomes. However, the capitalist state makes its
decisionbasedon the comparisonof expected growth rates: it chooses repressionover redistribution
if and only if (1 − 𝜒)𝑣𝑟 (𝑡 ) > 𝑃 𝑠 (𝑡 )𝑣 𝑠 (𝑡 ). This may be the case even when 𝑣𝑟 (𝑡 ) < 𝑣 𝑠 (𝑡 ). That is, the
state may choose repression even when the realized growth rate, conditional on survival, is higher
under redistribution. Figure 7 illustrates such a case. In contrast, when the cost of repression is low,
meaning that (1−𝑅) (1−𝜒) > 𝐺 , then both the expected and realized growth rates are higher under
repression.

Remark 8. As explained above, themain lesson from Theorem 1 is that capital accumulation and
automation create a relative advantage for repression compared to redistribution. An additional
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factor contributing to this relative advantage, currently missing from our model, is that techno-
logical change and automation, especially with artificial intelligence, can also make repression
more cost-effective, reducing 𝑅 in our model, for example, in line with arguments of the rise of the
AI-surveillance state, as in Beraja et al. (2023). If so, our main conclusion about the likelihood of
repression arising in a high-automation society would be further strengthened.

7 New Tasks

Our main result so far establishes a complementarity between new technologies that automate
work and repression. As a result of this complementarity, unless the threat of revolt is very weak,
societywill ultimately endupwith repression as it automatesmore andmore tasks. Onequestion
is whether this conclusion is a consequence of the assumption that the only new technologies in
our model are those that automate work. Technology can complement as well as substitute for
workers, andasemphasized inAcemogluandRestrepo (2018b, 2019) andAutor et al. (2024, 2026),
modern economies have at the same time generated amyriad of new labor-intensive tasks, both
creating new opportunities for workers and counterbalancing the distributional effects of au-
tomation. In this section, we explore whether the presence of new labor-intensive tasks changes
the fundamental complementarity betweenautomation and repression. The short answer is that
it does not. The decentralized economy underinvests in new tasks, which can be rectified by
the capitalist state. But either way, the complementarity between automation and repression
remains, and the economy converges toward repression, provided that the threat of revolt is not
very weak.

7.1 The Economywith New Tasks

The economy is identical to the one studied so far, except that we now introduce firms, labeled
with 𝑓 ∈ 𝐹 (where 𝐹 is the set of firms) and allow these firms to introduce new labor-intensive
tasks as well.

Each firm can be inactive (in which case it shuts down and receives a payoff of zero) or active.
Each active firm 𝑓 ∈ 𝐹 has access to the following production function:

𝑌𝑓 =
(
𝑞 (𝑁𝑓 )

) 1
𝜎−1

(∫ 𝑁𝑓

0

(
𝑦𝑓 (𝑖 )

) 𝜎−1
𝜎 𝑑𝑖

) 𝜎
𝜎−1

,

where 𝑁𝑓 represents new tasks and will be a choice variable for the firm. More specifically, this
production function implies that each active firm produces a range of tasks 𝑖 ∈ [0, 𝑁𝑓 ] and ag-
gregates them. The exponent 1

𝜎−1 on 𝑞 (𝑁 ) is a normalization term that simplifies the character-
ization but does not affect the qualitative results. For most of the results in this section we will
impose 𝜎 > 1, and we will discuss the consequences of having 𝜎 < 1 later. For tractability and
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ease of exposition, we impose the following assumption on the function 𝑞 : ℝ+ → ℝ+.

Assumption 3. The function (𝑞 (𝑁 )) 1
𝜎−1 is decreasing and log-concave in 𝑁 , with |𝑞 ′(𝑁 )/𝑞 (𝑁 ) |

bounded away from 0 and∞.

That the function (𝑞 (𝑁 )) 1
𝜎−1 is decreasing in 𝑁 captures output losses due to coordination

costs, for example as argued in Becker and Murphy (1992). Log-concavity and bounded log-
derivative assumptions ensure a unique optimal solution. 16

Each firm sells its output in a competitive market where the price is normalized to 1. Each
task can be produced with either capital or labor, which are perfect substitutes in production as
in our baselinemodel:

𝑦𝑓 (𝑖 ) = 𝑘 𝑓 (𝑖 ) + 𝑙 𝑓 (𝑖 ) for all 𝑖 ∈ [0, 1],

and there is again no constraint on automation, and the extent of automation is determined by
cost minimization.

Without loss of generality, suppose tasks 𝑖 ∈ [0, 𝐼 ] areproducedonlywith capital, and tasks 𝑖 ∈
(𝐼 , 𝑁𝑓 ] are produced only with labor, where 𝐼 ∈ [0, 𝑁𝑓 ] is themeasure of tasks that are automated
by the firm 𝑓 (and 𝐼

𝑁𝑓
is the fraction of tasks automated by firm). Then,

𝑦𝑓 (𝑖 ) =


𝑘 𝑓 (𝑖 ); 𝑖 ∈ [0, 𝐼 ],
𝑙 𝑓 (𝑖 ); 𝑖 ∈ (𝐼 , 𝑁𝑓 ],

and the production function can be written as

𝑌𝑓 =
(
𝑞 (𝑁𝑓 )

) 1
𝜎−1

(∫ 𝐼

0

(
𝑘 𝑓 (𝑖 )

) 𝜎−1
𝜎 𝑑𝑖 +

∫ 𝑁𝑓

𝐼

(
𝑙 𝑓 (𝑖 )

) 𝜎−1
𝜎 𝑑𝑖

) 𝜎
𝜎−1

The timing of events is as follows:

1. If there is a capitalist state, the state sets an automation level 𝐼 ≥ 0 that applies to all firms.

2. Each active firm 𝑓 chooses its range of tasks,𝑁𝑓 ≥ 𝐼 .

3. Each active firm 𝑓 chooses its capital demand𝐾 𝑓 and labor demand 𝐿 𝑓 , taking factor prices
𝑟 and𝑤 as given. Firms with 𝐾 𝑓 = 𝐿 𝑓 = 0 are inactive firms.

4. Each active firm 𝑓 ∈ 𝐹 allocates its inputs across tasks so that
∫ 𝐼

0
𝑘 𝑓 (𝑖 ) 𝑑𝑖 = 𝐾 𝑓 ,

∫ 𝑁𝑓

𝐼
𝑙 𝑓 (𝑖 ) 𝑑𝑖 = 𝐿 𝑓 .

16The following functional formsatisfiesAssumption3when𝜎 > 1: 𝑞 (𝑁 ) = 𝑒𝛾 (1−𝑁 ) where𝛾 > 0 is the semi-elasticity
of coordination costs with respect to range of tasks, 𝑑 log𝑞 (𝑁 )

𝑑𝑁 .
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5. Factor prices are determined such that capital and labor markets clear, that is,
∑︁
𝑓 ∈𝐹

𝐾 𝑓 = 𝐾 ,
∑︁
𝑓 ∈𝐹

𝐿 𝑓 = 𝐿.

6. Production takes place.

An equilibrium of this setting can be represented by the following tuple:
(
𝐼 , (𝑁𝑓 )𝑓 ∈𝐹 , 𝑤, 𝑟 , (𝐾 𝑓 )𝑓 ∈𝐹 , (𝐿 𝑓 )𝑓 ∈𝐹 , (𝑘 𝑓 (𝑖 ))𝑓 ∈𝐹 ,𝑖 ∈[0,𝐼 ] , (𝑙 𝑓 (𝑖 ))𝑓 ∈𝐹 ,𝑖 ∈ (𝐼 ,𝑁𝑓 ]

)
.

Wecharacterize the symmetric equilibrium of this gamewhere𝑁𝑓 = 𝑁 for each active firm 𝑓 . The
following result mirrors the analysis in Section 4.

Lemma 7. For a given automation level 𝐼 , in a symmetric equilibrium with task level 𝑁 , the ag-
gregate output, wage and the rental rate of capital are as follows:

𝑌 (𝐼 , 𝑁 ;𝐾 ) = (𝑞 (𝑁 )) 1
𝜎−1

[
𝐾

𝜎−1
𝜎 𝐼

1
𝜎 + 𝐿 𝜎−1

𝜎 (𝑁 − 𝐼 ) 1
𝜎

] 𝜎
𝜎−1 (output) (31)

𝑤 (𝐼 , 𝑁 ;𝐾 ) =
(
𝑁 − 𝐼
𝐿

) 1
𝜎

(𝑞 (𝑁 )) 1
𝜎−1

[
𝐾

𝜎−1
𝜎 𝐼

1
𝜎 + 𝐿 𝜎−1

𝜎 (𝑁 − 𝐼 ) 1
𝜎

] 1
𝜎−1 (wage) (32)

𝑟 (𝐼 , 𝑁 ;𝐾 ) =
(
𝐼

𝐾

) 1
𝜎

(𝑞 (𝑁 )) 1
𝜎−1

[
𝐾

𝜎−1
𝜎 𝐼

1
𝜎 + 𝐿 𝜎−1

𝜎 (𝑁 − 𝐼 ) 1
𝜎

] 1
𝜎−1 (rental rate) (33)

As usual, aggregate output is divided between capital and labor returns, thus𝑤𝐿 + 𝑟𝐾 = 𝑌 .
The labor share in national income is then

𝑠𝐿 (𝐼 , 𝑁 ;𝐾 ) :=
𝑤 (𝐼 , 𝑁 ;𝐾 )𝐿
𝑌 (𝐼 , 𝑁 ;𝐾 ) =

𝐿
𝜎−1
𝜎 (𝑁 − 𝐼 ) 1

𝜎

𝐾
𝜎−1
𝜎 𝐼

1
𝜎 + 𝐿 𝜎−1

𝜎 (𝑁 − 𝐼 ) 1
𝜎

=
1

1 + (𝐾
𝐿

) 𝜎−1
𝜎

(
𝐼 /𝑁

1−𝐼 /𝑁
) 1
𝜎

,

and the capital share is

𝑠𝐾 (𝐼 , 𝑁 ;𝐾 ) :=
𝑟 (𝐼 , 𝑁 ;𝐾 )𝐾
𝑌 (𝐼 , 𝑁 ;𝐾 ) =

𝐾
𝜎−1
𝜎 𝐼

1
𝜎

𝐾
𝜎−1
𝜎 𝐼

1
𝜎 + 𝐿 𝜎−1

𝜎 (𝑁 − 𝐼 ) 1
𝜎

= 1 − 𝑠𝐿 (𝐼 , 𝑁 ;𝐾 ).

Thesharesareonly functionsof 𝐼 /𝑁 , the fractionof tasksautomatedas inAcemogluandRestrepo
(2018b, 2019), and the labor share 𝑠𝐿 is a decreasing function of the fraction of tasks that are
automated and a increasing function of tasks that are allocated to labor. The reverse applies to
the capital share, 𝑠𝐾 .
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7.2 Underinvestment in New Tasks

We first establish that in the decentralized equilibrium there will be underinvestment in new
tasks.

Each active firm ignores the impact of their own choice𝑁𝑓 on the political risk of revolt. Con-
sequently, they choose 𝑁𝑓 to maximize their output. Since the production technology satisfies
constant returns to scale in capital and labor, this is equivalent to maximizing total output 𝑌 .
Given 𝐼 , let us define

𝑁 𝑑 (𝐼 ;𝐾 ) := arg max
𝑁 ≥𝐼

𝑌 (𝐼 , 𝑁 ;𝐾 ) .

Lemma 8. Suppose 𝜎 > 1. Given the automation level 𝐼 > 0, there is a unique equilibrium range
of tasks𝑁 𝑑 (𝐼 ;𝐾 ). 𝑁 𝑑 (𝐼 ;𝐾 ) > 𝐼 such that

𝐿
𝜎−1
𝜎 (𝑁 𝑑 (𝐼 ;𝐾 ) − 𝐼 ) 1−𝜎

𝜎

𝐾
𝜎−1
𝜎 𝐼

1
𝜎 + 𝐿 𝜎−1

𝜎 (𝑁 𝑑 (𝐼 ;𝐾 ) − 𝐼 ) 1
𝜎

= −𝑞
′(𝑁 𝑑 (𝐼 ;𝐾 ))
𝑞 (𝑁 𝑑 (𝐼 ;𝐾 ))

.

This equilibrium range of tasks𝑁 𝑑 (𝐼 ;𝐾 ) is decreasing in𝐾 , and the fraction of tasks that are auto-
mated, 𝐼

𝑁 𝑑 (𝐼 ;𝐾 ) , is increasing in 𝐼 , with lim𝐼→∞ 𝐼
𝑁 𝑑 (𝐼 ;𝐾 ) = 1.

Remark 9. When 𝜎 < 1, firms do not have sufficient incentives to create new tasks, and so𝑁 𝑑 = 𝐼 ,
but the main results in this section still apply. In the rest of this section we simplify the exposition
by focusing on the case where 𝜎 > 1.

The equilibrium range of tasks 𝑁 𝑑 (𝐼 ;𝐾 ) is different than the level that a capitalist state will
choose, because the capitalist statewould also take the impact of this decisionon the equilibrium
probability of revolt. In particular, recall fromProposition 1 and equation (2) that the probability
of the existing regime surviving is

Pr(regime survives) = 𝑤

𝑏
=

𝑤

𝛽 𝑟𝐾𝐿
=

1
𝛽

𝑤𝐿

𝑟𝐾
=

1
𝛽

𝑠𝐿
𝑠𝐾

Therefore, the capitalists’ expected payoff is

Pr(regime survives) 𝑟𝐾 = Pr(regime survives) 𝑠𝐾𝑌

=
1
𝛽

𝑠𝐿
𝑠𝐾
𝑠𝐾𝑌 =

1
𝛽
𝑠𝐿𝑌

Given 𝐼 , let us also define

𝑁 ∗(𝐼 ;𝐾 ) := arg max
𝑁 ≥𝐼

𝑠𝐿 (𝐼 , 𝑁 ;𝐾 )𝑌 (𝐼 , 𝑁 ;𝐾 )

Lemma 9. Suppose 𝜎 > 1. There is underinvestment in new tasks relative to what the capitalist
statewould choose taking into account the impact of new tasks onprobability of a successful revolt.
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In other words,
𝑁 𝑑 (𝐼 ;𝐾 ) < 𝑁 ∗(𝐼 ;𝐾 ).

Figure 8 illustrates this result diagrammatically. Themain insight of Lemma 9 is intuitive and
parallels Proposition 3: firms (and individual capitalists) will not take into account the impact of
their decisions on political risks. As a result, they over-automate andunderinvest in new tasks. In
contrast, the capitalist state recognizes that less automation andmore new tasks would increase
the labor share of national income, reducing incentives for participating in a revolt.

0.5 1.0 1.5 2.0

1.8

2.0

2.2

2.4

2.6

2.8

3.0

3.2

𝐼

𝑁

𝑁 𝑑 (𝐼 ;𝐾 )
𝑁 ∗ (𝐼 ;𝐾 )

Figure 8. Underinvestment in new tasks. This figure is drawn for the following parameter values:
𝐾 = 𝐿 = 10, 𝜎 = 1.4, and 𝑞 (𝑁 ) = 𝑒 0.5(1−𝑁 ) .

Finally, we also show that the result that the decentralized equilibrium level of automation is
output-maximizing continues to hold in the presence of new tasks. As before, the decentralized
equilibrium automation level 𝐼̃ 𝑑 (𝐾 ) equalizes the costs of inputs,𝑤 and 𝑟 .

The output-maximizing level of automation and the range of tasks, given capital stock 𝐾 > 0,
are: (

𝐼̃𝑌 (𝐾 ), 𝑁𝑌 (𝐾 )
)

:= arg max
𝐼 ≥0,𝑁 ≥𝐼

𝑌 (𝐼 , 𝑁 ;𝐾 ) .

Lemma 10. Suppose 𝜎 > 1 and 𝐾 > 0. Then, the output-maximizing automation level 𝐼̃𝑌 (𝐾 ) and
range of tasks𝑁𝑌 (𝐾 ) satisfy

𝐼̃𝑌 (𝐾 ) = 𝑁𝑌 (𝐾 ) 𝐾

𝐾 + 𝐿 ,
1

𝑁𝑌 (𝐾 )
= −𝑞

′(𝑁𝑌 (𝐾 ))
𝑞 (𝑁𝑌 (𝐾 ))

.

Moreover, the decentralized equilibrium technology choices, 𝐼̃ 𝑑 (𝐾 ) and𝑁 𝑑 (𝐼̃ 𝑑 (𝐾 );𝐾 ), are output-
maximizing, and are thus equal to 𝐼̃𝑌 (𝐾 ) and𝑁𝑌 (𝐾 ).

Hence, as inourbaselinemodel, thedecentralizedequilibriumtechnologychoicesareoutput-
maximizing.17

17Continuing with the example in footnote 16, when 𝑞 (𝑁 ) = 𝑒𝛾 (1−𝑁 ) , Lemma 10 implies the following output-
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7.3 Repression, Redistribution, and Regulation with New Tasks

In this subsection, we present the main result of our analysis with new tasks, establishing that
the choice between repression and redistribution remains essentially unchanged in the present
of new tasks.

Consider a capitalist state that maximizes expected payoff to capitalists as in our baseline
model. Under repression, the choice of the capitalist state is

(
𝐼̃ 𝑟 (𝐾 ), 𝑁 𝑟 (𝐾 )

)
= arg max

𝐼 ≥0,𝑁 ≥𝐼
(1 − 𝜒) (𝑠𝐾 (𝐼 , 𝑁 ;𝐾 ) − 𝑅) 𝑌 (𝐼 , 𝑁 ;𝐾 ).

In contrast, under redistribution, the capitalist state chooses
(
𝐼̃ 𝑠 (𝐾 ), 𝑁 𝑠 (𝐾 )

)
= arg max

𝐼 ≥0,𝑁 ≥𝐼
1
𝛽
𝑉 (𝑠𝐿 (𝐼 , 𝑁 ;𝐾 )) 𝑌 (𝐼 , 𝑁 ;𝐾 ).

With a calculus similar to before, the capitalist state represses if and if

𝛽 > 𝛽 (𝐾 ) :=
1

1 − 𝜒
𝑉 (𝑠𝐿 (𝐼 , 𝑁 ;𝐾 )) 𝑌 (𝐼 , 𝑁 ;𝐾 ) |𝐼=𝐼̃ 𝑠 (𝐾 ) ,𝑁=𝑁 𝑠 (𝐾 )
(𝑠𝐾 (𝐼 , 𝑁 ;𝐾 ) − 𝑅) 𝑌 (𝐼 , 𝑁 ;𝐾 ) |𝐼=𝐼̃ 𝑟 (𝐾 ) ,𝑁=𝑁 𝑟 (𝐾 )

.

We first show that the capitalist state always chooses the output-maximizing range of tasks,
independent of 𝐾 , and scales the automation level proportionally with the range of tasks.

Proposition 10. Suppose 𝜎 > 1 and 𝐾 > 0. Then, the capitalist state’s technology choice under
repression is:

𝐼̃ 𝑟 (𝐾 ) = 𝑁𝑌 (𝐾 ) 𝐼 𝑟 (𝐾 ), 𝑁 𝑟 (𝐾 ) = 𝑁𝑌 (𝐾 ),

and the capitalist state’s technology choice under redistribution is:

𝐼̃ 𝑠 (𝐾 ) = 𝑁𝑌 (𝐾 ) 𝐼 𝑠 (𝐾 ), 𝑁 𝑠 (𝐾 ) = 𝑁𝑌 (𝐾 ),

where𝑁𝑌 (𝐾 ) is as defined in Lemma 10.

Intuitively, given the coordination costs of new tasks, the capitalist state finds it optimal to
first “maximize the pie” by choosing the output-maximizing𝑁 , and then redistributing the gains
through the automation level 𝐼 and other policy tools. When redistributing, the capitalist state
chooses the automation level it would set when𝑁 = 1, 𝐼 𝑟 (𝐾 ) and 𝐼 𝑠 (𝐾 ), only scaled with𝑁𝑌 .

Onemajor andatfirst surprising conclusionofProposition10 is that the threshold 𝛽 (𝐾 ) above
which repression is preferred, remains unchanged in the presence of news tasks. We state this in
the next proposition.

Proposition 11. Suppose 𝜎 > 1 and 𝐾 > 0. Then, the level of the threat of revolt above which
repression is preferred in the presence of new tasks, 𝛽 (𝐾 ), is the same as 𝛽 (𝐾 ) defined in (27).
maximizing technology choices in the decentralized equilibrium: 𝐼̃ 𝑑 = 1

𝛾
𝐾

𝐾 +𝐿 and𝑁 𝑑 (𝐼̃ 𝑑 ;𝐾 ) = 1
𝛾 .
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This proposition immediately implies that all of the characterization in Proposition 6, includ-
ing the exact form of Figure 4, remain unchanged. It also follows as a corollary that the dynamic
model with new tasks leads to identical results to those Theorem 1. Therefore, the same compar-
ison of redistribution and repression and the same complementarity between automation and
repression hold in the presence of new tasks.

8 Democracy and Repression

Suppose society starts with democracy, where workers are the majority and choose a redistribu-
tion policy tomaximize their own payoff/net income, given by

𝑤 𝐿 (1 − 𝜏) + 𝛼𝜏 𝑌 = 𝑠𝐿 𝑌 (1 − 𝜏) + 𝛼𝜏 𝑌
= (𝑠𝐿 (1 − 𝜏) + 𝛼𝜏) 𝑌 .

Since 𝑠𝐿 ∈ [0, 1] and 𝛼 > 2, workers’ net income is increasing in 𝜏 , so they would like to choose
the highest tax rate possible. We assume that there is a limit on the tax rate that the democratic
government can impose: 𝜏 ≤ 𝜏 , where 𝜏 ∈ (0, 1).18 Therefore, the tax rate in a democracy will be
themaximum implementable tax rate, 𝜏 . This leaves a net income of (1 − 𝜏 ) 𝑟 𝐾 to capitalists.

Tomaximize the parallel with our analysis so far, we suppose that capitalists can jointly regu-
late their automation level, evenwithout the capitalist state. The capitalists will therefore choose
the automation level 𝐼 ∈ [0, 1] to maximize:

(
1 − 𝜏 ) 𝑟 (𝐼 ;𝐾 ) 𝐾 =

(
1 − 𝜏 ) 𝑠𝐾 (𝐼 ;𝐾 ) 𝑌 (𝐼 ;𝐾 ) .

This implies, from (20), that the capitalists will choose an automation level given by 𝐼 𝐾 (𝐾 ) and
will have a payoff under democracy given by

𝑢𝑑𝑒𝑚 (𝐾 ) :=
(
1 − 𝜏 ) 𝑠𝐾 (

𝐼 𝐾 (𝐾 );𝐾
)
𝑌

(
𝐼 𝐾 (𝐾 );𝐾

)
.

Suppose next that capitalists can coordinate in order to overthrow the democratic govern-
ment and set up a repressive regime that avoids revolt with success probability 1− 𝜒. Once again,
to maximize a parallel with our baseline model, we assume that this action costs 𝑅𝑌 . Given this
parallel, we can immediately conclude that the capitalists choose the automation level 𝐼 𝑟 (𝐾 ) and
receive the expected payoff of𝑢𝑟 (𝐾 ) defined in Section 5.4.

We next show a key result whose statement and intuition closely resemble those of Lemma
4. Since 𝐼 𝑟 (𝐾 ) > 𝐼 𝐾 (𝐾 ) from Proposition 4, the capitalists’ expected payoff under democracy
(𝑢𝑑𝑒𝑚 (𝐾 )) and under repression that follows after overthrowing democracy (𝑢𝑟 (𝐾 )) satisfy the

18An upper bound on the tax rate can be justified via some deadweight cost of taxation, or because capitalists are
able to hide their capital or secretly invest it abroad (Acemoglu and Robinson, 2000, 2001a).
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strict single-crossing property.
Lemma 11. For any 𝐾 ′ > 𝐾 , if𝑢𝑟 (𝐾 ) ≥ 𝑢𝑑𝑒𝑚 (𝐾 ), then𝑢𝑟 (𝐾 ′) ≥ 𝑢𝑑𝑒𝑚 (𝐾 ′).

From Proposition 2, we have lim𝐾→∞ 𝐼 𝐾 (𝐾 ) = 1 and, as 𝐾 → ∞, we also have 𝑢𝑑𝑒𝑚 (𝐾 ) ≈
(1 − 𝜏)𝐾 . On the other hand, from Proposition 4, provided that 𝑅 < 1/𝜎 , as 𝐾 → ∞, we also have
𝑢𝑟 (𝐾 ) ≈ (1 − 𝜒) (1 − 𝑅)𝐾 . Comparing these limits in the light of Lemma 11, we can conclude that
when (1 − 𝜏) < (1 − 𝜒) (1 − 𝑅), the capitalists prefer to overthrow a democracy once the capital
stock becomes large enough.

Tomake thismoreexplicit, note that thecapitalistsoverthrowthedemocracywhenever𝑢𝑟 (𝐾 ) >
𝑢𝑑𝑒𝑚 (𝐾 ), or equivalently, whenever

(1 − 𝜒) (𝑠𝐾 (𝐼 𝑟 (𝐾 );𝐾 ) − 𝑅) 𝑌 (𝐼 𝑟 (𝐾 );𝐾 ) > (
1 − 𝜏 ) 𝑠𝐾 (

𝐼 𝐾 (𝐾 );𝐾
)
𝑌

(
𝐼 𝐾 (𝐾 );𝐾

)
.

Rearranging, this condition becomes

𝜏 > 𝜏 (𝐾 ) := 1 − (1 − 𝜒) 𝑠𝐾 (𝐼
𝑟 (𝐾 );𝐾 ) − 𝑅

𝑠𝐾
(
𝐼 𝐾 (𝐾 );𝐾 ) 𝑌 (𝐼 𝑟 (𝐾 );𝐾 )

𝑌 (𝐼 𝐾 (𝐾 );𝐾 ) (34)

Our next result follows from this reasoning andmirrors Proposition 6.
Proposition 12. Starting with democracy, capitalists coordinate and overthrow the regime to set
up a repressive capitalist state whenever 𝜏 > 𝜏 (𝐾 ), where 𝜏 (𝐾 ) is given in (34). The threshold 𝜏 (𝐾 )
is decreasing in the capital stock, 𝐾 , and satisfies lim𝐾→∞ 𝜏 (𝐾 ) = 𝜏 (∞) = 1 − (1 − 𝜒) (1 − 𝑅).

The same trade-off that determined the choice of the capitalist state between redistribution
and repression now guides whether capitalists will overthrow democracy. Hence, the same con-
clusions from our main analysis apply: there is a complementarity between automation and
repression and thus, in this case, between automation and the desire of capitalists to undertake
a coup against democracy. Provided that the tax collection capacity in democracy is not too low
(so long as 𝜏 > 𝜏 (𝐾 )), we can then conclude that democracy will be overthrown.

Generalizing this model to our dynamic setup with capital accumulation is straightforward.
In that case, we obtain an immediate generalizations of Theorem 1: so long as the tax collection
capacity in a democracy is not very low (𝜏 > 𝜏 (∞)), either capitalists will immediately overthrow
thedemocratic government, or,more interestingly, theywill liveunderdemocracy for awhile and
once the level of the capital stock, and together with that the level of automation, reach critical
thresholds, they will organize a coup against democracy.

9 Conclusion

There are increasing concerns that continued automation, especially fueled by advances in ar-
tificial intelligence, will destabilize existing social arrangements. Many, including leading busi-
ness people, worry about the possibility of revolt, social unrest or “pitchforks” coming out. In
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this paper, we offer a first analysis of these issues. We show that the market economy will over-
automatebecause individual capitalists/firmsdonot take into account the impact of automation
decisions on the probability of a successful revolt against the existing regime. This creates a role
for a capitalist state that acts in the interest of capitalists jointly. We show that the capitalist state
can use redistribution or repression to reduce the threat of a revolt.

Our main result is a new complementarity between automation and repression: greater au-
tomation makes repression more attractive to the capitalist state. This would be true without
other tools, such as redistribution, because more automation leads to a lower labor share of na-
tional income, and this makes an equilibrium revolt more likely. However, even with redistribu-
tion possibilities, the same complementarity applies. More automation requires more redistri-
bution in order to counterbalance theunequalizing effects of automation. Repression avoids this
additional cost of automation in the form of a higher burden of taxation on capitalists. We show
that so long as the threat of a revolt is not tooweak and the capital stock is not too small, the cap-
italist state will opt for repression. The reason a larger capital stock favors repression is related to
the fundamental synergywe emphasize in this paper: a greater capital stock is complementary to
automation (automation becomes more profitable with more capital) and because automation
is complementary to repression, a greater capital stock is complementary to repression.

In our full dynamicmodel, the same result applies as the capital stock increases over time. In
this case, the economycould startwith repressionand staywith repression, ormore interestingly,
start with redistribution and then once the capital stock reaches a critical threshold, switch to
repression in order to avoid the additional costs of redistribution.

We show that the same insights apply when firms can choose other technologies, such as
investing in new tasks that are more worker-friendly. We also argue that the same logic implies
that once the capital stock becomes large enough and automation exceeds a threshold value,
democracy becomes difficult to sustain, because capitalists would want to avoid the increasing
burdenof redistributionand thusbecomemore likely toorganize andbringdown thedemocratic
system in order to set up a capitalist state that will choose to repress workers as well.

Weviewourpaper as afirst step in the investigationof thedynamicsbetweenpolitical regimes
and technologychoices, especially automation. Importantnext steps include incorporating richer
political interactions, includingmoremicro-foundedmodels of democracy and those that allow
for various influence activities, such as lobbying, campaign contributions and other forms of
capture of democracy that canpermanently or temporarily prevent a coupby reducing the threat
of revolt or the cost of redistribution on capitalists in democracy. It would also be interesting
to explore how advances in artificial intelligence can change politics in other ways that interact
with automation and repression. Last but not least, it would be very valuable to have systematic
empirical evidence on how automation and other technological changes are impacting politics
both directly (via job losses and inequality) and indirectly (by motivating protests, revolt and
other collective action responses).
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Online Appendix

Proof of Lemma 1. First, since 𝑥 |𝜃=𝜃 ∼𝑈 [𝜃 − 𝜌, 𝜃 + 𝜌],

𝑃𝑟 (𝑥 ≤ 𝑥 | 𝜃 = 𝜃 ) =




0 ; 𝑥 ≤ 𝜃 − 𝜌
𝑥−(𝜃−𝜌 )

2𝜌 ; 𝜃 − 𝜌 ≤ 𝑥 ≤ 𝜃 + 𝜌
1 ; 𝜃 + 𝜌 ≤ 𝑥.

(A-1)

Next, denoting the prior distribution of 𝜃 by 𝑔 (𝜃 ), we have:

𝑃𝑟 (𝜃 ≥ 𝜃 | 𝑥 = 𝑥) =

∫ 𝜃

𝜃
𝑝𝑑 𝑓 (𝑥 = 𝑥 |𝜃 )𝑔 (𝜃 )𝑑𝜃∫ 𝜃

𝜃
𝑝𝑑 𝑓 (𝑥 = 𝑥 |𝜃 ′)𝑔 (𝜃 ′)𝑑𝜃 ′

=

∫ 𝜃

𝜃
𝑝𝑑 𝑓 (𝑥 = 𝑥 |𝜃 )𝑑𝜃∫ 𝜃

𝜃
𝑝𝑑 𝑓 (𝑥 = 𝑥 |𝜃 ′)𝑑𝜃 ′

=

∫ 𝜃

𝜃
𝕀{𝜃 − 𝜌 ≤ 𝑥 ≤ 𝜃 + 𝜌}𝑑𝜃∫ 𝜃

𝜃
𝕀{𝜃 ′ − 𝜌 ≤ 𝑥 ≤ 𝜃 ′ + 𝜌}𝑑𝜃 ′

=

∫ 𝜃

𝜃
𝕀{𝑥 − 𝜌 ≤ 𝜃 ≤ 𝑥 + 𝜌}𝑑𝜃∫ 𝜃

𝜃
𝕀{𝑥 − 𝜌 ≤ 𝜃 ′ ≤ 𝑥 + 𝜌}𝑑𝜃 ′

=




0 ; 𝑥 ≤ 𝜃 − 𝜌
(𝑥+𝜌 )−𝜃

2𝜌 ; 𝜃 − 𝜌 ≤ 𝑥 ≤ 𝜃 + 𝜌
1 ; 𝜃 + 𝜌 ≤ 𝑥,

(A-2)

where we used the assumption that 𝜃 ≤ 𝑥 − 𝜌 and 𝑥 + 𝜌 ≤ 𝜃 to simplify the middle equality:
min{𝑥+𝜌,𝜃 }−𝜃

min{𝑥+𝜌,𝜃 }−max{𝑥−𝜌,𝜃 } = (𝑥+𝜌 )−𝜃
2𝜌 . Because (A-2) coincides with (A-1), this completes the proof. □

Proof of Proposition 2. Dueto the linearproduction technology, automationminimizes thepro-
duction costs of task 𝑖 if and only if 𝑟 ≤ 𝑤 . In a decentralized equilibrium, for a given 𝑤/𝑟 , the
automation level is:

𝐼 = Γ(𝑤/𝑟 ) :=




1 ;𝑤/𝑟 > 1,

[0, 1] ;𝑤/𝑟 = 1,

0 ;𝑤/𝑟 < 1 .

(A-3)

From (9) and (10),
𝑤

𝑟
=

(
𝐾

𝐿

1 − 𝐼
𝐼

) 1
𝜎

. (A-4)

Combining this with (A-3) implies that any fixed point

𝐼 𝑑 ∈ Γ
©­
«
(
𝐾

𝐿

1 − 𝐼 𝑑
𝐼 𝑑

) 1
𝜎 ª®
¬

constitutes an equilibriumautomation level. Clearly, there is a uniquefixedpoint 𝐼 𝑑 = 𝐾
𝐾 +𝐿 which

is the equilibrium automation level. Substituting 𝐼 𝑑 into (13)-(15) yields the output level, returns

A-1



to labor, and return to capital in the decentralized equilibrium.
To proceed with the analysis of 𝐼𝑌 , we first establish single-peakedness of𝑌 in 𝐼 .

• If 𝜎 < 1, both 𝐼 1
𝜎 and (1 − 𝐼 ) 1

𝜎 are strictly convex in 𝐼 . Then, 𝐼 1
𝜎 𝐾

𝜎−1
𝜎 + (1 − 𝐼 ) 1

𝜎 𝐿
𝜎−1
𝜎 is also

strictly convex in 𝐼 , and therefore it is single-dipped in 𝐼 . Since 𝜎 < 1 =⇒ 𝜎
𝜎−1 < 0, 𝑌 =(

𝐼
1
𝜎 𝐾

𝜎−1
𝜎 + (1 − 𝐼 ) 1

𝜎 𝐿
𝜎−1
𝜎

) 𝜎
𝜎−1 is single-peaked in 𝐼 .

• If 𝜎 > 1, we have:

log𝑌 =
𝜎

𝜎 − 1
log

[
𝐼

1
𝜎 𝐾

𝜎−1
𝜎 + (1 − 𝐼 ) 1

𝜎 𝐿
𝜎−1
𝜎

]

Since 𝜎 > 1, both 𝐼 1
𝜎 and (1 − 𝐼 ) 1

𝜎 are strictly concave in 𝐼 , and so is log𝑌 . Then,𝑌 is strictly
log-concave, hence single-peaked in 𝐼 .

In either case, 𝑌 is single-peaked in 𝐼 and therefore 𝐼𝑌 is unique. By the first-order condition
defining 𝐼𝑌 ,

𝑑𝑌 (𝐼 ;𝐾 )
𝑑𝐼

����
𝐼=𝐼𝑌

=
1

𝜎 − 1

[
(𝐼𝑌 ) 1

𝜎 𝐾
𝜎−1
𝜎 + (1 − 𝐼𝑌 ) 1

𝜎 𝐿
𝜎−1
𝜎

] 1
𝜎−1

((
𝐾

𝐼𝑌

) 𝜎−1
𝜎

−
(

𝐿

1 − 𝐼𝑌
) 𝜎−1

𝜎

)
= 0

=⇒ 𝐼𝑌 =
𝐾

𝐾 + 𝐿 = 𝐼 𝑑 .

We now proceed with the analysis of 𝐼 𝐿 . By (13) and (14),

log𝑤𝐿 =
1
𝜎

log(1 − 𝐼 ) + 1
𝜎 − 1

log
[
𝐼

1
𝜎 𝐾

𝜎−1
𝜎 + (1 − 𝐼 ) 1

𝜎 𝐿
𝜎−1
𝜎

]
+ 𝜎 − 1

𝜎
log𝐿 . (A-5)

and

𝑑 log𝑤 (𝐼 ;𝐾 )𝐿
𝑑𝐼

= − 1
𝜎

1
1 − 𝐼 + 1

𝜎 (𝜎 − 1)

[
𝐼

1−𝜎
𝜎 𝐾

𝜎−1
𝜎 − (1 − 𝐼 ) 1−𝜎

𝜎 𝐿
𝜎−1
𝜎

𝐼
1
𝜎 𝐾

𝜎−1
𝜎 + (1 − 𝐼 ) 1

𝜎 𝐿
𝜎−1
𝜎

]

= − 1
𝜎

1
1 − 𝐼 + 1

𝜎 (𝜎 − 1)

[
𝑠𝐾 (𝐼 ;𝐾 )

𝐼
− 1 − 𝑠𝐾 (𝐼 ;𝐾 )

1 − 𝐼

]
(by (18))

=
1

𝜎 (𝜎 − 1)
1

1 − 𝐼

[
𝑠𝐾 (𝐼 ;𝐾 )

𝐼
− 𝜎

]
.

• Suppose 𝜎 < 1. Then,

𝑑 log𝑤 (𝐼 ;𝐾 )𝐿
𝑑𝐼

> 0 ⇐⇒ 𝑠𝐾 (𝐼 ;𝐾 )
𝐼

< 𝜎 .

When 𝜎 < 1, 𝑠𝐾 (𝐼 ;𝐾 )
𝐼 is increasing in 𝐼 when 𝐼 ∈ (0, 𝐼𝑌 ], with lim𝐼→0+

𝑠𝐾 (𝐼 ;𝐾 )
𝐼 = 0 and 𝑠𝐾 (𝐼𝑌 ;𝐾 )

𝐼𝑌
=

1. Moreover, for any 𝐼 ∈ (𝐼𝑌 , 1], 𝑠𝐾 (𝐼 ;𝐾 )
𝐼 ≥ 1. Therefore, there is a unique 𝐼 𝐿 ∈ (0, 𝐼𝑌 ) such that

𝑑 log𝑤 (𝐼 ;𝐾 )𝐿
𝑑𝐼

> 0 ⇐⇒ 𝐼 < 𝐼 𝐿 .
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which proves the uniqueness of 𝐼 𝐿 and establishes 𝐼 𝐿 < 𝐼𝑌 .

• Suppose 𝜎 > 1. Then, both 𝐼 1
𝜎 and (1 − 𝐼 ) 1

𝜎 are strictly concave in 𝐼 . By (A-5), log𝑤𝐿 is
strictly concave in 𝐼 . Therefore,𝑤𝐿 is strictly log-concave, hence single-peaked in 𝐼 and 𝐼 𝐿
is unique. Moreover,

𝑑 log𝑤 (𝐼 ;𝐾 )𝐿
𝑑𝐼

����
𝐼=𝐼𝑌

= − 1
𝜎

1
1 − 𝐼𝑌 < 0 =⇒ 𝐼 𝐿 < 𝐼𝑌 .

We continue with the analysis of 𝐼 𝐾 . By (13) and (15),

log 𝑟𝐾 =
1
𝜎

log 𝐼 + 1
𝜎 − 1

log
[
𝐼

1
𝜎 𝐾

𝜎−1
𝜎 + (1 − 𝐼 ) 1

𝜎 𝐿
𝜎−1
𝜎

]
+ 𝜎 − 1

𝜎
log𝐾 . (A-6)

and

𝑑 log 𝑟 (𝐼 ;𝐾 )𝐾
𝑑𝐼

=
1
𝜎

1
𝐼
+ 1
𝜎 (𝜎 − 1)

[
𝐼

1−𝜎
𝜎 𝐾

𝜎−1
𝜎 − (1 − 𝐼 ) 1−𝜎

𝜎 𝐿
𝜎−1
𝜎

𝐼
1
𝜎 𝐾

𝜎−1
𝜎 + (1 − 𝐼 ) 1

𝜎 𝐿
𝜎−1
𝜎

]
(A-7)

=
1
𝜎

1
𝐼
+ 1
𝜎 (𝜎 − 1)

[
1 − 𝑠𝐿 (𝐼 ;𝐾 )

𝐼
− 𝑠𝐿 (𝐼 ;𝐾 )

1 − 𝐼

]
(by (17))

=
1

𝜎 (𝜎 − 1)
1
𝐼

[
𝜎 − 𝑠𝐿 (𝐼 ;𝐾 )

1 − 𝐼

]
. (A-8)

• Suppose 𝜎 < 1. Then, by (A-8),

𝑑 log 𝑟 (𝐼 ;𝐾 )𝐾
𝑑𝐼

> 0 ⇐⇒ 𝑠𝐿 (𝐼 ;𝐾 )
1 − 𝐼 > 𝜎 .

When 𝜎 < 1, 𝑠𝐿 (𝐼 ;𝐾 )
1−𝐼 ≥ 1 for all 𝐼 ∈ [0, 𝐼𝑌 ]. Moreover, 𝑠𝐿 (𝐼 ;𝐾 )

1−𝐼 is decreasing in 𝐼 on 𝐼 ∈ [𝐼𝑌 , 1),
with 𝑠𝐿 (𝐼𝑌 ;𝐾 )

1−𝐼𝑌 = 1 and lim𝐼→1−
𝑠𝐿 (𝐼 ;𝐾 )

1−𝐼 = 0. Therefore, there is a unique 𝐼 𝐾 ∈ (𝐼𝑌 , 1) such that

𝑑 log 𝑟 (𝐼 ;𝐾 )𝐿
𝑑𝐼

> 0 ⇐⇒ 𝐼 < 𝐼 𝐾 .

• Suppose 𝜎 > 1. By (A-6), log 𝑟𝐾 is strictly log-concave, hence single-peaked in 𝐼 and there-
fore 𝐼 𝐾 is unique. Moreover,

𝑑 log 𝑟 (𝐼 ;𝐾 )𝐾
𝑑𝐼

����
𝐼=𝐼𝑌

=
1
𝜎

1
𝐼𝑌

> 0 =⇒ 𝐼 𝐾 > 𝐼𝑌 .

In either case, there is a unique 𝐼 𝐾 > 𝐼𝑌 .
We conclude the proof by showing that 𝐼 𝐾 (𝐾 ) < 1 for any finite 𝐾 .
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• Suppose 𝜎 < 1. By (A-8),

𝑑 log (𝑠𝐾 (𝐼 ;𝐾 )𝑌 (𝐼 ;𝐾 ))
𝑑𝐼

=
1

𝜎 (𝜎 − 1)
1
𝐼

[
𝜎 − 𝑠𝐿 (𝐼 ;𝐾 )

1 − 𝐼

]
.

Therefore,

lim
𝐼→1−

𝑑 log (𝑠𝐾 (𝐼 ;𝐾 )𝑌 (𝐼 ;𝐾 ))
𝑑𝐼

=
1

𝜎 − 1
< 0 .

• Suppose 𝜎 > 1. By (A-7),

𝑑 log (𝑠𝐾 (𝐼 ;𝐾 )𝑌 (𝐼 ;𝐾 ))
𝑑𝐼

=
1
𝜎

1
𝐼
+ 1
𝜎 (𝜎 − 1)

(𝐾
𝐼

) 𝜎−1
𝜎 − ( 𝐿

1−𝐼
) 𝜎−1

𝜎

𝐼
1
𝜎 𝐾

𝜎−1
𝜎 + (1 − 𝐼 ) 1

𝜎 𝐿
𝜎−1
𝜎

.

Therefore,

lim
𝐼→1−

𝑑 log (𝑠𝐾 (𝐼 ;𝐾 )𝑌 (𝐼 ;𝐾 ))
𝑑𝐼

= −∞ .

In either case, the objective function is decreasing around 1, and we have 𝐼 𝐾 (𝐾 ) < 1. This con-
cludes the proof. □

Proof of Proposition 4. By (21), and ignoring the constant term 1 − 𝜒 > 0 that does not change
the optimizer, the capitalist state’s problem is:

𝐼 𝑟 (𝐾 ) = arg max
𝐼 ∈[0,1]

(𝑠𝐾 (𝐼 ;𝐾 ) − 𝑅) 𝑌 (𝐼 ;𝐾 ) . (A-9)

To study the characterization of 𝐼 𝑟 (𝐾 ), we adopt a change of variables. For any 𝐼 ∈ [0, 1], as in
(18), recall that the capital share of national income is

𝑠𝐾 =
𝐼

1
𝜎 𝐾

𝜎−1
𝜎

𝐼
1
𝜎 𝐾

𝜎−1
𝜎 + (1 − 𝐼 ) 1

𝜎 𝐿
𝜎−1
𝜎

∈ [0, 1],

so that

𝑌 =

( (𝑠𝐾 )𝜎
𝐾 𝜎−1 + (1 − 𝑠𝐾 )𝜎

𝐿𝜎−1

)− 1
𝜎−1

, (A-10)

and the optimization problem in (A-9) is equivalent to:

max
𝑠𝐾 ∈[0,1]

(𝑠𝐾 − 𝑅)
( (𝑠𝐾 )𝜎
𝐾 𝜎−1 + (1 − 𝑠𝐾 )𝜎

𝐿𝜎−1

)− 1
𝜎−1

. (A-11)

Since 𝑠𝐾 (𝐼 ;𝐾 ) is increasing in 𝐼 with 𝑠𝐾 (0;𝐾 ) = 0 and 𝑠𝐾 (1;𝐾 ) = 1, for any 𝑠 𝑟 that maximizes
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(A-11), the value 𝐼 𝑟 that maximizes (21) can be found via:

𝑠𝐾 (𝐼 𝑟 ;𝐾 ) = 𝑠 𝑟 . (A-12)

Let:

𝑢𝑟 (𝑠𝐾 ;𝐾 ) = (𝑠𝐾 − 𝑅)
( (𝑠𝐾 )𝜎
𝐾 𝜎−1 + (1 − 𝑠𝐾 )𝜎

𝐿𝜎−1

)− 1
𝜎−1

.

Since 𝑢𝑟 (𝑠𝐾 ;𝐾 ) is continuous in 𝑠𝐾 over a compact set 𝑠𝐾 ∈ [0, 1], a maximizer exists. Moreover,
since 𝑢𝑟 (𝑠𝐾 ;𝐾 ) < 0 for any 𝑠𝐾 ∈ [0, 𝑅) and 𝑢𝑟 (𝑠𝐾 ;𝐾 ) ≥ 0 for any 𝑠𝐾 ∈ [𝑅, 1], any maximizer is in
[𝑅, 1].

Let 𝑠 𝑟 (𝐾 ) = arg max𝑠𝐾 ∈[𝑅,1] 𝑢𝑟 (𝑠𝐾 ;𝐾 ). For any 𝑠𝐾 ∈ [𝑅, 1],

log𝑢𝑟 (𝑠𝐾 ;𝐾 ) = log(𝑠𝐾 − 𝑅) − 1
𝜎 − 1

log
[ (𝑠𝐾 )𝜎
𝐾 𝜎−1 + (1 − 𝑠𝐾 )𝜎

𝐿𝜎−1

]
,

𝑑 log𝑢𝑟 (𝑠𝐾 ;𝐾 )
𝑑𝑠𝐾

=
1

𝑠𝐾 − 𝑅 − 𝜎

𝜎 − 1

( 𝑠𝐾
𝐾

)𝜎−1 −
(

1−𝑠𝐾
𝐿

)𝜎−1

(𝑠𝐾 )𝜎
𝐾 𝜎−1 + (1−𝑠𝐾 )𝜎

𝐿𝜎−1

(A-13)

=
1

𝑠𝐾 − 𝑅
1/(𝜎 − 1)

(𝑠𝐾 )𝜎
𝐾 𝜎−1 + (1−𝑠𝐾 )𝜎

𝐿𝜎−1

((
1 − 𝑠𝐾
𝐿

)𝜎−1

(𝑠𝐾 + 𝜎 − 1 − 𝜎𝑅) −
( 𝑠𝐾
𝐾

)𝜎−1
(𝑠𝐾 − 𝜎𝑅)

)
︸                                                                       ︷︷                                                                       ︸

=:Φ(𝑠𝐾 ;𝐾 )

.

(A-14)

We next cover several cases separately.

(i.) Suppose 𝜎 < 1. (Since 𝑅 < 1, we directly have 𝑅 < 1
𝜎 in this case.)

By (A-14), for any 𝑠𝐾 ∈ [𝑅, 1],

𝑑𝑢𝑟 (𝑠𝐾 ;𝐾 )
𝑑𝑠𝐾

≥ 0 ⇐⇒ Φ(𝑠𝐾 ;𝐾 ) ≤ 0 .

We first claim that 𝑠 𝑟 (𝐾 ) > 1 − 𝜎 + 𝜎𝑅 . To see why, note that for any 𝑠𝐾 ∈ [𝑅, 1 − 𝜎 + 𝜎𝑅],
𝑠𝐾 + 𝜎 − 1 − 𝜎𝑅 = 𝑠𝐾 − (1 − 𝜎 + 𝜎𝑅) ≤ 0 and 𝑠𝐾 − 𝜎𝑅 > 𝑠𝐾 − 𝑅 ≥ 0. Thus,Φ(𝑠𝐾 ;𝐾 ) < 0 and
𝑑𝑢𝑟 (𝑠𝐾 ;𝐾 )

𝑑𝑠𝐾
> 0 for all 𝑠𝐾 ∈ [𝑅, 1 − 𝜎 + 𝜎𝑅].

For any 𝑠𝐾 ∈ (1 − 𝜎 + 𝜎𝑅, 1],

𝑑𝑢𝑟 (𝑠𝐾 ;𝐾 )
𝑑𝑠𝐾

≥ 0 ⇐⇒ Φ(𝑠𝐾 ;𝐾 ) ≤ 0 ⇐⇒
(
1 − 𝑠𝐾
𝑠𝐾

)𝜎−1 𝑠𝐾 + 𝜎 − 1 − 𝜎𝑅
𝑠𝐾 − 𝜎𝑅︸                                  ︷︷                                  ︸

=:Φ̃(𝑠𝐾 )>0

≤
(
𝐿

𝐾

)𝜎−1

(A-15)

A-5



Here, since 𝜎 < 1, lim𝑠𝐾→1−𝜎+𝜎𝑅+ Φ̃(𝑠𝐾 ) = 0 and lim𝑠𝐾→1− Φ̃(𝑠𝐾 ) =∞. Moreover,

𝑑 log Φ̃(𝑠𝐾 )
𝑑𝑠𝐾

= (𝜎 − 1)︸  ︷︷  ︸
<0

(
− 1

1 − 𝑠𝐾 − 1
𝑠𝐾

)
+ 1
𝑠𝐾 − 𝜎𝑅 + 𝜎 − 1

− 1
𝑠𝐾 − 𝜎𝑅︸                                ︷︷                                ︸

>0

> 0 .

Thus, Φ̃(𝑠𝐾 ) is increasing in 𝑠𝐾 . We conclude that, for any finite 𝐾 , there is a unique interior
solution 𝑠 𝑟 (𝐾 ) ∈ (1 − 𝜎 + 𝜎𝑅, 1) that satisfies Φ̃(𝑠 𝑟 (𝐾 )) = ( 𝐿

𝐾

)𝜎−1, i.e.,

(
1 − 𝑠 𝑟 (𝐾 )
𝑠 𝑟 (𝐾 )

)𝜎−1 𝑠 𝑟 (𝐾 ) + 𝜎 − 1 − 𝜎𝑅
𝑠 𝑟 (𝐾 ) − 𝜎𝑅 =

(
𝐿

𝐾

)𝜎−1

. (A-16)

Since 𝑠 𝑟 (𝐾 ) ∈ (0, 1) for any finite 𝐾 , by (A-12), 𝐼 𝑟 (𝐾 ) ∈ (0, 1) for any finite 𝐾 .
Since Φ̃(𝑠𝐾 ) is increasing in 𝑠𝐾 and the right hand-side of (A-16) is increasing in 𝐾 , 𝑠 𝑟 (𝐾 ) =
𝑠𝐾 (𝐼 𝑟 (𝐾 );𝐾 ) is increasing in 𝐾 . Investigating (A-16) reveals that lim𝐾→0 𝑠 𝑟 (𝐾 ) = 1 − 𝜎 + 𝜎𝑅
and lim𝐾→∞ 𝑠 𝑟 (𝐾 ) = 1.

(ii.) Suppose 𝜎 > 1. By (A-14), for any 𝑠𝐾 ∈ [𝑅, 1],

𝑑𝑢𝑟 (𝑠𝐾 ;𝐾 )
𝑑𝑠𝐾

≥ 0 ⇐⇒ Φ(𝑠𝐾 ;𝐾 ) ≥ 0 .

(ii.a.) Suppose 𝑅 < 1
𝜎 ⇐⇒ 𝜎𝑅 < 1. We first claim that 𝑠 𝑟 (𝐾 ) > 𝜎𝑅 . This is because for any

𝑠𝐾 ∈ [𝑅, 𝜎𝑅], 𝑠𝐾 + 𝜎 − 1 − 𝜎𝑅 ≥ 𝑅 + 𝜎 − 1 − 𝜎𝑅 = (1 − 𝑅) (𝜎 − 1) > 0 and 𝑠𝐾 − 𝜎𝑅 ≤ 0.
Thus,Φ(𝑠𝐾 ;𝐾 ) > 0 and 𝑑𝑢𝑟 (𝑠𝐾 ;𝐾 )

𝑑𝑠𝐾
> 0 for all 𝑠𝐾 ∈ [𝑅, 𝜎𝑅].

For any 𝑠𝐾 ∈ (𝜎𝑅, 1],

𝑑𝑢𝑟 (𝑠𝐾 ;𝐾 )
𝑑𝑠𝐾

≥ 0 ⇐⇒ Φ(𝑠𝐾 ;𝐾 ) ≥ 0 ⇐⇒ Φ̃(𝑠𝐾 ) ≥
(
𝐿

𝐾

)𝜎−1

,

where Φ̃(𝑠𝐾 ) > 0 is as defined in (A-15). Here, since 𝜎 > 1, lim𝑠𝐾→𝜎𝑅+ Φ̃(𝑠𝐾 ) = ∞ and
lim𝑠𝐾→1− Φ̃(𝑠𝐾 ) = 0. Moreover,

𝑑 log Φ̃(𝑠𝐾 )
𝑑𝑠𝐾

= (𝜎 − 1)
(
− 1

1 − 𝑠𝐾 − 1
𝑠𝐾

)
+ 1
𝑠𝐾 − 𝜎𝑅 + 𝜎 − 1

− 1
𝑠𝐾 − 𝜎𝑅︸                                ︷︷                                ︸

<0

< 0 .

Thus, Φ̃(𝑠𝐾 ) is decreasing in 𝑠𝐾 . We conclude that, for any finite 𝐾 , there is a unique
interior solution 𝑠 𝑟 (𝐾 ) ∈ (𝜎𝑅, 1) that satisfies Φ̃(𝑠 𝑟 (𝐾 )) =

( 𝐿
𝐾

)𝜎−1, i.e., that satisfies
(A-16). Since 𝑠 𝑟 (𝐾 ) ∈ (0, 1) for any finite 𝐾 , by (A-12), 𝐼 𝑟 (𝐾 ) ∈ (0, 1) for any finite 𝐾 .
Since Φ̃(𝑠𝐾 ) is decreasing in 𝑠𝐾 and the right hand-side of (A-16) is decreasing in 𝐾 ,
𝑠 𝑟 (𝐾 ) = 𝑠𝐾 (𝐼 𝑟 (𝐾 );𝐾 ) is increasing in𝐾 . Investigating (A-16) reveals that lim𝐾→0 𝑠 𝑟 (𝐾 ) =
𝜎𝑅 and lim𝐾→∞ 𝑠 𝑟 (𝐾 ) = 1.
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(ii.b.) Finally, suppose 𝑅 ≥ 1
𝜎 ⇐⇒ 𝜎𝑅 ≥ 1. Then, for all 𝑠𝐾 ∈ [𝑅, 1], 𝑠𝐾 + 𝜎 − 1 − 𝜎𝑅 ≥

𝑅 + 𝜎 − 1 − 𝜎𝑅 = (1 − 𝑅) (𝜎 − 1) > 0 and 𝑠𝐾 − 𝜎𝑅 ≤ 1 − 𝜎𝑅 ≤ 0. Thus,

Φ(𝑠𝐾 ;𝐾 ) =
(
1 − 𝑠𝐾
𝐿

)𝜎−1

(𝑠𝐾 + 𝜎 − 1 − 𝜎𝑅)︸                  ︷︷                  ︸
>0

−
( 𝑠𝐾
𝐾

)𝜎−1
(𝑠𝐾 − 𝜎𝑅)︸      ︷︷      ︸

≤0

> 0 .

We conclude that 𝑑𝑢𝑟 (𝑠𝐾 ;𝐾 )
𝑑𝑠𝐾

> 0 for all 𝑠𝐾 ∈ [𝑅, 1]. Therefore, 𝑠 𝑟 (𝐾 ) = 1. From (A-12), we
have 𝐼 𝑟 (𝐾 ) = 1.

This concludes our discussion on the uniqueness of 𝐼 𝑟 (𝐾 ) and the comparative statics and limit
properties of 𝑠𝐾 (𝐼 𝑟 (𝐾 );𝐾 ) with respect to 𝐾 .

Next, we show that, for any finite 𝐾 , 𝐼 𝑟 (𝐾 ) > 𝐼 𝐾 (𝐾 ). To see why, recall that:

𝐼 𝐾 (𝐾 ) = arg max
𝐼 ∈[0,1]

𝑠𝐾 (𝐼 ;𝐾 ) 𝑌 (𝐼 ;𝐾 ) . (A-17)

Evaluating the derivative of the objective function in (A-9) at 𝐼 = 𝐼 𝐾 (𝐾 ) yields:

𝑑 (𝑠𝐾 (𝐼 ;𝐾 ) − 𝑅) 𝑌 (𝐼 ;𝐾 )
𝑑𝐼

����
𝐼=𝐼 𝐾 (𝐾 )

=

(
𝑑𝑠𝐾 (𝐼 ;𝐾 ) 𝑌 (𝐼 ;𝐾 )

𝑑𝐼
− 𝑅 𝑑𝑌 (𝐼 ;𝐾 )

𝑑𝐼

)����
𝐼=𝐼 𝐾 (𝐾 )

=
𝑑𝑠𝐾 (𝐼 ;𝐾 ) 𝑌 (𝐼 ;𝐾 )

𝑑𝐼

����
𝐼=𝐼 𝐾 (𝐾 )︸                              ︷︷                              ︸

=0

−𝑅 𝑑𝑌 (𝐼 ;𝐾 )
𝑑𝐼

����
𝐼=𝐼 𝐾 (𝐾 )︸                 ︷︷                 ︸

<0

> 0 ,

where:

• 𝑑𝑠𝐾 (𝐼 ;𝐾 ) 𝑌 (𝐼 ;𝐾 )
𝑑𝐼

���
𝐼=𝐼 𝐾 (𝐾 )

= 0 by the first-order condition of the optimization problem in (A-17),
and, as shown in the proof of Proposition 2, the optimizer 𝐼 𝐾 (𝐾 ) is interior for any finite 𝐾 .

• 𝑑𝑌 (𝐼 ;𝐾 )
𝑑𝐼

���
𝐼=𝐼 𝐾 (𝐾 )

< 0 because, as established in the proof of Proposition 2, 𝑌 (𝐼 ;𝐾 ) is single-
peaked with amaximizer 𝐼𝑌 (𝐾 ), and 𝐼 𝐾 (𝐾 ) > 𝐼𝑌 (𝐾 ) from Proposition 2.

This concludes our argument that 𝐼 𝑟 (𝐾 ) > 𝐼 𝐾 (𝐾 ), and 𝐼 𝐾 (𝐾 ) > 𝐼𝑌 (𝐾 ) byProposition 2. The result
follows. □

Proof of Lemma 2. Fix 𝑠𝐿 ∈ [0, 1]. The derivative of the objective function with respect to 𝜏 is:

−2 𝑠𝐿 (1 − 𝜏) + 𝛼 (1 − 𝜏) − 𝛼 𝜏 = 𝛼 − 2 𝑠𝐿 − 𝜏 2 (𝛼 − 𝑠𝐿 )) . (A-18)

The derivative is decreasing in 𝜏 , strictly positive at 𝜏 = 0 and strictly negative at 𝜏 = 1. Thus,
the objective function is single-peaked with an interior solution 𝜏∗ ∈ (0, 1) that satisfies the first-
order condition, which yields 𝜏∗(𝑠𝐿 ) = 𝛼−2 𝑠𝐿

2𝛼−2𝑠𝐿
. When 𝛼 > 2, this function is decreasing in 𝑠𝐿 and

increasing in 𝛼. □
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Proof of Proposition 5. To adopt a change in variables, for any 𝐼 ∈ [0, 1], as in (17), let the asso-
ciated labor share be

𝑥 =
(1 − 𝐼 ) 1

𝜎 𝐿
𝜎−1
𝜎

𝐼
1
𝜎 𝐾

𝜎−1
𝜎 + (1 − 𝐼 ) 1

𝜎 𝐿
𝜎−1
𝜎

∈ [0, 1] .

Then,

𝑌 =

( (1 − 𝑥)𝜎
𝐾 𝜎−1 + 𝑥𝜎

𝐿𝜎−1

)− 1
𝜎−1

.

Ignoring the constant terms 1
𝛽 > 0 and (𝛼/2)2 > 0 that do not change the optimizer, the optimiza-

tion problem in (23) is:

max
𝑥∈[0,1]

𝑉 (𝑥)
( (1 − 𝑥)𝜎
𝐾 𝜎−1 + 𝑥𝜎

𝐿𝜎−1

)− 1
𝜎−1

=
1

𝛼 − 𝑥

( (1 − 𝑥)𝜎
𝐾 𝜎−1 + 𝑥𝜎

𝐿𝜎−1

)− 1
𝜎−1

(A-19)

Since 𝑠𝐿 (𝐼 ;𝐾 ) is decreasing in 𝐼 with 𝑠𝐿 (0;𝐾 ) = 1 and 𝑠𝐿 (1;𝐾 ) = 0, for any 𝑥 𝑠 that maximizes
(A-19), the value 𝐼 𝑠 that maximizes (22) can be found via:

𝑠𝐿 (𝐼 𝑠 ;𝐾 ) = 𝑥 𝑠 . (A-20)

Let:

𝑢𝑠 (𝑥 ;𝐾 ) = 1
𝛼 − 𝑥

( (1 − 𝑥)𝜎
𝐾 𝜎−1 + 𝑥𝜎

𝐿𝜎−1

)− 1
𝜎−1

.

Then, for any 𝑥 ∈ [0, 1],

log𝑢𝑠 (𝑥 ;𝐾 ) = − log(𝛼 − 𝑥) − 1
𝜎 − 1

log
[ (1 − 𝑥)𝜎
𝐾 𝜎−1 + 𝑥𝜎

𝐿𝜎−1

]
,

𝑑 log𝑢𝑠 (𝑥 ;𝐾 )
𝑑𝑥

=
1

𝛼 − 𝑥 − 𝜎

𝜎 − 1

( 𝑥
𝐿

)𝜎−1 −
(

1−𝑥
𝐾

)𝜎−1

(1−𝑥 )𝜎
𝐾 𝜎−1 + 𝑥𝜎

𝐿𝜎−1

(A-21)

=
1

𝛼 − 𝑥
1/(𝜎 − 1)

(1−𝑥 )𝜎
𝐾 𝜎−1 + 𝑥𝜎

𝐿𝜎−1

((
1 − 𝑥
𝐾

)𝜎−1

(𝜎𝛼 + 𝜎 − 1 − (2𝜎 − 1)𝑥) −
(𝑥
𝐿

)𝜎−1
(𝜎𝛼 − (2𝜎 − 1)𝑥)

)
︸                                                                                         ︷︷                                                                                         ︸

=:Ψ(𝑥 ;𝐾 )

.

(A-22)

Note that the last term in Ψ(𝑥 ;𝐾 ), 𝜎𝛼 − (2𝜎 − 1)𝑥 , is positive for all 𝑥 ∈ [0, 1].19 Then, (A-22)
19If 𝜎 ≤ 1

2 , this is because𝜎𝛼 − (2𝜎 − 1)𝑥 ≥ 𝜎𝛼 > 0, where the weak inequality follows from 2𝜎 − 1 ≤ 0. If 𝜎 > 1
2 , this is
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implies:

Ψ(𝑥 ;𝐾 ) > 0 ⇐⇒
(
1 − 𝑥
𝑥

)𝜎−1 𝜎𝛼 + 𝜎 − 1 − (2𝜎 − 1)𝑥
𝜎𝛼 − (2𝜎 − 1)𝑥︸                                           ︷︷                                           ︸
=:Ψ̃(𝑥 )

>

(
𝐾

𝐿

)𝜎−1

. (A-23)

We next consider several cases.

(i.) Suppose 𝜎 < 1. Then, for any 𝑥 ∈ [0, 1],

𝑑𝑢𝑠 (𝑥 ;𝐾 )
𝑑𝑥

≥ 0 ⇐⇒︸︷︷︸
by (A-22), 𝜎<1

Ψ(𝑥 ;𝐾 ) ≤ 0 ⇐⇒︸︷︷︸
by (A-23)

Ψ̃(𝑥) ≤
(
𝐾

𝐿

)𝜎−1

.

(i.a.) Suppose 𝜎 < 1
1+𝛼 . (Since 𝛼 > 2, we have 𝜎 < 1

2 ⇐⇒ 1 − 2𝜎 > 0 in this case.)
Let 𝑥 := 1−𝜎 (𝛼+1)

1−2𝜎 ∈ (0, 1). For any 𝑥 < 𝑥 , 𝜎𝛼 + 𝜎 − 1 − (2𝜎 − 1)𝑥 < 0. Therefore,
Ψ̃(𝑥) < 0 ≤ (𝐾

𝐿

)𝜎−1. We conclude that 𝑢𝑠 (𝑥 ;𝐾 ) is increasing in 𝑥 when 𝑥 ∈ [0, 𝑥), and
any optimizer must be in [𝑥, 1]. For any 𝑥 ∈ [𝑥, 1],

𝑑 log Ψ̃(𝑥)
𝑑𝑥

= (𝜎 − 1)
(
− 1

1 − 𝑥 − 1
𝑥

)
− (2𝜎 − 1)

(
1

𝜎𝛼 + 𝜎 − 1 − (2𝜎 − 1)𝑥 − 1
𝜎𝛼 − (2𝜎 − 1)𝑥

)

= −(𝜎 − 1) 1
𝑥 (1 − 𝑥) + (2𝜎 − 1) 𝜎 − 1

(𝜎𝛼 − (2𝜎 − 1)𝑥) (𝜎𝛼 + 𝜎 − 1 − (2𝜎 − 1)𝑥)
= (𝜎 − 1)

[
2𝜎 − 1

(𝜎𝛼 − (2𝜎 − 1)𝑥) (𝜎𝛼 + 𝜎 − 1 − (2𝜎 − 1)𝑥) −
1

𝑥 (1 − 𝑥)

]
.

Since𝜎 −1 < 0 and 2𝜎 −1 < 0, we conclude that 𝑑 log Ψ̃(𝑥 )
𝑑𝑥 > 0 for all 𝑥 ∈ [𝑥, 1]. Therefore,

Ψ̃(𝑥) is increasing in 𝑥 for all 𝑥 ∈ [𝑥, 1]. Moreover, lim𝑥→𝑥+ Ψ̃(𝑥) = 0 and lim𝑥→1− Ψ̃(𝑥) =
∞. We conclude that, for any finite 𝐾 , there is a unique interior solution 𝑥 𝑠 (𝐾 ) ∈ (𝑥, 1)
that satisfies Ψ̃(𝑥 𝑠 (𝐾 )) = (𝐾

𝐿

)𝜎−1, i.e.,

(
1 − 𝑥 𝑠 (𝐾 )
𝑥 𝑠 (𝐾 )

)𝜎−1 𝜎𝛼 + 𝜎 − 1 − (2𝜎 − 1) 𝑥 𝑠 (𝐾 )
𝜎𝛼 − (2𝜎 − 1) 𝑥 𝑠 (𝐾 ) =

(
𝐾

𝐿

)𝜎−1

. (A-24)

By (A-20) and since 𝑥 𝑠 (𝐾 ) ∈ (0, 1) for any finite 𝐾 , we conclude: 𝐼 𝑠 (𝐾 ) ∈ (0, 1) for any
finite 𝐾 .
Since Ψ̃(𝑥) is increasing in 𝑥 and the right hand-side of (A-24) is decreasing in𝐾 , 𝑥 𝑠 (𝐾 )
is decreasing in𝐾 . By (A-20),𝑥 𝑠 (𝐾 ) = 𝑠𝐿 (𝐼 𝑠 (𝐾 );𝐾 ) = 1−𝑠𝐾 (𝐼 𝑠 (𝐾 );𝐾 ) is decreasing in𝐾 ,
and therefore 𝑠𝐾 (𝐼 𝑠 (𝐾 );𝐾 ) ∈ (0, 1) is increasing in 𝐾 . Investigating (A-24) reveals that
lim𝐾→0 𝑥 𝑠 (𝐾 ) = 1 and lim𝐾→∞ 𝑥 𝑠 (𝐾 ) = 𝑥 = 1−𝜎 (𝛼+1)

1−2𝜎 , and thus lim𝐾→0 𝑠𝐾 (𝐼 𝑠 (𝐾 );𝐾 ) = 0

and lim𝐾→∞ 𝑠𝐾 (𝐼 𝑠 (𝐾 );𝐾 ) = 1 − 1−𝜎 (𝛼+1)
1−2𝜎 = 𝜎 (𝛼−1)

1−2𝜎 .

because 𝜎𝛼 − (2𝜎 − 1)𝑥 ≥ 𝜎𝛼 − (2𝜎 − 1) = 𝜎 (𝛼 − 2) + 1 > 1, where the strict inequality follows from 𝛼 − 2 > 0.
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(i.b.) Suppose 1
1+𝛼 ≤ 𝜎 ≤ 1

2 . For any 𝑥 ∈ (0, 1), 𝜎𝛼 + 𝜎 − 1 − (2𝜎 − 1)𝑥 ≥ 𝜎𝛼 + 𝜎 − 1 ≥ 0, with
at least one inequality strict. By (A-23), then, Ψ̃(𝑥) > 0 for any 𝑥 ∈ (0, 1). Then,

𝑑 log Ψ̃(𝑥)
𝑑𝑥

= (𝜎 − 1)
[

2𝜎 − 1
(𝜎𝛼 − (2𝜎 − 1)𝑥) (𝜎𝛼 + 𝜎 − 1 − (2𝜎 − 1)𝑥) −

1
𝑥 (1 − 𝑥)

]
> 0 .

Therefore, Ψ̃(𝑥) is increasing in 𝑥 . Moreover, lim𝑥→0+ Ψ̃(𝑥) = 0 and lim𝑥→1− Ψ̃(𝑥) = ∞.
We conclude that, for any finite𝐾 , there is a unique interior solution 𝑥 𝑠 (𝐾 ) ∈ (0, 1) that
satisfies Ψ̃(𝑥 𝑠 (𝐾 )) = (𝐾

𝐿

)𝜎−1, i.e., that satisfies (A-24). Following the same arguments as
in Case (i.a), we find that 𝐼 𝑠 (𝐾 ) ∈ (0, 1) for any finite 𝐾 and 𝑠𝐾 (𝐼 𝑠 (𝐾 );𝐾 ) ∈ (0, 1) is
increasing in 𝐾 . Investigating (A-24) reveals that lim𝐾→0 𝑥 𝑠 (𝐾 ) = 1 and lim𝐾→∞ 𝑥 𝑠 (𝐾 ) =
0, and thus lim𝐾→0 𝑠𝐾 (𝐼 𝑠 (𝐾 );𝐾 ) = 0 and lim𝐾→∞ 𝑠𝐾 (𝐼 𝑠 (𝐾 );𝐾 ) = 1.

(i.c.) Suppose 𝜎 > 1
2 . For any 𝑥 ∈ (0, 1),

𝜎𝛼 + 𝜎 − 1 − (2𝜎 − 1)𝑥 > 𝜎𝛼 + 𝜎 − 1 − (2𝜎 − 1) = 𝜎︸︷︷︸
> 1

2

(𝛼 − 1)︸  ︷︷  ︸
>1

>
1
2
> 0 . (A-25)

By (A-23), then, Ψ̃(𝑥) > 0 for any 𝑥 ∈ (0, 1). Then,

𝑑 log Ψ̃(𝑥)
𝑑𝑥

= (𝜎 − 1)
[

2𝜎 − 1
(𝜎𝛼 − (2𝜎 − 1)𝑥) (𝜎𝛼 + 𝜎 − 1 − (2𝜎 − 1)𝑥) −

1
𝑥 (1 − 𝑥)

]
.

Thus, 𝑑 log Ψ̃(𝑥 )
𝑑𝑥 > 0 if and only if

2𝜎 − 1
(𝜎𝛼 − (2𝜎 − 1)𝑥) (𝜎𝛼 + 𝜎 − 1 − (2𝜎 − 1)𝑥) −

1
𝑥 (1 − 𝑥) < 0

⇐⇒ (𝜎𝛼 − (2𝜎 − 1)𝑥) (𝜎𝛼 + 𝜎 − 1 − (2𝜎 − 1)𝑥) > (2𝜎 − 1)𝑥 (1 − 𝑥)

which is true because 𝜎𝛼 − (2𝜎 − 1)𝑥 > 𝜎𝛼 − (2𝜎 − 1) = 𝜎 (𝛼 − 2) + 1 > 1, along with
(A-25), imply:

(𝜎𝛼 − (2𝜎 − 1)𝑥) (𝜎𝛼 + 𝜎 − 1 − (2𝜎 − 1)𝑥) > 1
2

>︸︷︷︸
𝜎<1

2𝜎
4

>
2𝜎 − 1

4
≥︸︷︷︸

𝑥 (1−𝑥 )≤ 1
4

(2𝜎 − 1)𝑥 (1 − 𝑥) .

Therefore, 𝑑 log Ψ̃(𝑥 )
𝑑𝑥 > 0 for all 𝑥 ∈ (0, 1) and Ψ̃(𝑥) is increasing in 𝑥 , with lim𝑥→0+ Ψ̃(𝑥) =

0 and lim𝑥→1− Ψ̃(𝑥) = ∞. Then, for any finite 𝐾 , there is a unique interior solution
𝑥 𝑠 (𝐾 ) ∈ (0, 1) that satisfies Ψ̃(𝑥 𝑠 (𝐾 )) =

(𝐾
𝐿

)𝜎−1, i.e., that satisfies (A-24). Following
the same arguments as in Case (i.a) and (i.b), we find that 𝐼 𝑠 (𝐾 ) ∈ (0, 1) for any finite
𝐾 , 𝑠𝐾 (𝐼 𝑠 (𝐾 );𝐾 ) ∈ (0, 1) is increasing in 𝐾 , with limits lim𝐾→0 𝑠𝐾 (𝐼 𝑠 (𝐾 );𝐾 ) = 0 and
lim𝐾→∞ 𝑠𝐾 (𝐼 𝑠 (𝐾 );𝐾 ) = 1.
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(ii.) Suppose 𝜎 > 1. Then, for any 𝑥 ∈ [0, 1],

𝑑𝑢𝑠 (𝑥 ;𝐾 )
𝑑𝑥

≥ 0 ⇐⇒︸︷︷︸
by (A-22), 𝜎>1

Ψ(𝑥 ;𝐾 ) ≥ 0 ⇐⇒︸︷︷︸
by (A-23)

Ψ̃(𝑥) ≥
(
𝐾

𝐿

)𝜎−1

.

Here, as in Case (i.c), 𝜎𝛼 + 𝜎 − 1 − (2𝜎 − 1)𝑥 > 𝜎 (𝛼 − 1) > 0 for any 𝑥 ∈ (0, 1). Therefore,
Ψ̃(𝑥) > 0 and

𝑑 log Ψ̃(𝑥)
𝑑𝑥

= (𝜎 − 1)
[

2𝜎 − 1
(𝜎𝛼 − (2𝜎 − 1)𝑥) (𝜎𝛼 + 𝜎 − 1 − (2𝜎 − 1)𝑥) −

1
𝑥 (1 − 𝑥)

]
.

Thus, 𝑑 log Ψ̃(𝑥 )
𝑑𝑥 < 0 if and only if

(𝜎𝛼 − (2𝜎 − 1)𝑥) (𝜎𝛼 + 𝜎 − 1 − (2𝜎 − 1)𝑥) > (2𝜎 − 1)𝑥 (1 − 𝑥) ,

which is true because𝜎𝛼− (2𝜎 −1)𝑥 > 2𝜎 − (2𝜎 −1)𝑥 = 2𝜎 (1−𝑥) +𝑥 ≥ 𝑥 and𝜎𝛼+𝜎 −1− (2𝜎 −
1)𝑥 > 2𝜎 +𝜎 − 1− (2𝜎 − 1)𝑥 > (2𝜎 − 1) (1− 𝑥). Therefore, 𝑑 log Ψ̃(𝑥 )

𝑑𝑥 < 0 and Ψ̃(𝑥) is decreasing
in 𝑥 . Moreover, lim𝑥→0+ Ψ̃(𝑥 ;𝐾 ) = ∞ and lim𝑥→1− Ψ̃(𝑥 ;𝐾 ) = 0. We conclude that, for any
finite 𝐾 , there is a unique interior solution 𝑥 𝑠 (𝐾 ) ∈ (0, 1) that satisfies Ψ̃(𝑥 𝑠 (𝐾 )) =

(𝐾
𝐿

)𝜎−1,
i.e., that satisfies (A-24). By (A-20) and since 𝑥 𝑠 (𝐾 ) ∈ (0, 1) for any finite 𝐾 , we conclude:
𝐼 𝑠 (𝐾 ) ∈ (0, 1) for any finite 𝐾 .
Since Ψ̃(𝑥) is decreasing in 𝑥 and the right hand-side of (A-24) is increasing in 𝐾 , 𝑥 𝑠 (𝐾 )
is decreasing in 𝐾 . By (A-20), 𝑥 𝑠 (𝐾 ) = 𝑠𝐿 (𝐼 𝑠 (𝐾 );𝐾 ) = 1 − 𝑠𝐾 (𝐼 𝑠 (𝐾 );𝐾 ) is decreasing in
𝐾 , and therefore 𝑠𝐾 (𝐼 𝑠 (𝐾 );𝐾 ) ∈ (0, 1) is increasing in 𝐾 . Investigating (A-24) reveals that
lim𝐾→0 𝑥 𝑠 (𝐾 ) = 1and lim𝐾→∞ 𝑥 𝑠 (𝐾 ) = 0, and thus lim𝐾→0 𝑠𝐾 (𝐼 𝑠 (𝐾 );𝐾 ) = 0and lim𝐾→∞ 𝑠𝐾 (𝐼 𝑠 (𝐾 );𝐾 ) =
1.

So far, we have proved that 𝐼 𝑟 (𝐾 ) ∈ (0, 1) is unique for any finite 𝐾 , with 𝑠𝐾 (𝐼 𝑠 (𝐾 );𝐾 ) increasing
in 𝐾 and limits:

lim
𝐾→0

𝑠𝐾 (𝐼 𝑠 (𝐾 );𝐾 ) = 0, and lim
𝐾→∞

𝑠𝐾 (𝐼 𝑠 (𝐾 );𝐾 ) =


𝜎 (𝛼−1)

1−2𝜎 , if 𝜎 < 1
1+𝛼 ,

1, if 𝜎 ≥ 1
1+𝛼

.

Wenext consider the effect of capital stock𝐾 on the tax rate. Let𝐾1 and𝐾2 be two capital stock
levels such that 𝐾2 > 𝐾1. We have already shown that 𝑥 𝑠 (𝐾 ) is decreasing in 𝐾 : 𝑠𝐿 (𝐼 𝑠 (𝐾2);𝐾2) <

𝑠𝐿 (𝐼 𝑠 (𝐾1);𝐾1). Then, 𝜏𝑠 (𝐾2) = 𝜏∗ (𝑠𝐿 (𝐼 𝑠 (𝐾2);𝐾2)) > 𝜏∗ (𝑠𝐿 (𝐼 𝑠 (𝐾1);𝐾1)) = 𝜏𝑠 (𝐾1), where the in-
equality follows from𝜏∗(𝑠𝐿 ) beingdecreasing in 𝑠𝐿 byLemma2. Substituting the limitsof 𝑠𝐾 (𝐼 𝑠 (𝐾 );𝐾 )
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into Lemma 2 and using 𝑠𝐾 = 1 − 𝑠𝐿 , we have:

lim
𝐾→0

𝜏𝑠 (𝐾 ) = 𝛼 − 2
2𝛼 − 2

, and lim
𝐾→∞

𝜏𝑠 (𝐾 ) =



𝛼−2+2𝜎
2(𝛼−1) (1−𝜎 ) , if 𝜎 < 1

1+𝛼 ,
1
2 , if 𝜎 ≥ 1

1+𝛼
.

Next, we compare 𝐼 𝑠 (𝐾 ) with 𝐼 𝑑 (𝐾 ). By the envelope theorem applied to𝑉 (𝑠𝐿 ) = max𝜏∈[0,1]
( 𝑠𝐿 (1 − 𝜏) + 𝛼 𝜏 ) (1 − 𝜏),

𝑑𝑉 (𝑠𝐿 )
𝑑𝑠𝐿

= (1 − 𝜏∗(𝑠𝐿 ))2︸          ︷︷          ︸
>0 by Lemma 2

> 0 . (A-26)

The derivative of the objective function in (23) with respect to 𝐼 is proportional to

𝑑𝑉 (𝑠𝐿 )
𝑑𝑠𝐿

𝑑𝑠𝐿 (𝐼 ;𝐾 )
𝑑𝐼

𝑌 (𝐼 ;𝐾 ) +𝑉 (𝑠𝐿 (𝐼 ;𝐾 )) 𝑑𝑌 (𝐼 ;𝐾 )
𝑑𝐼

Take any 𝐼 ≥ 𝐼 𝑑 . Then,

• By (A-26), 𝑑𝑉 (𝑠𝐿 )
𝑑𝑠𝐿

> 0 for any 𝑠𝐿 ,

• Since 𝑠𝐿 (𝐼 ;𝐾 ) is decreasing in 𝐼 , 𝑑𝑠𝐿 (𝐼 ;𝐾 )
𝑑𝐼 < 0 for any 𝐼 , and,

• By the proof of Proposition 2, 𝑑𝑌 (𝐼 ;𝐾 )
𝑑𝐼

≤ 0 for any 𝐼 ≥ 𝐼 𝑑 .

Therefore, the derivative is strictly negative for any 𝐼 ≥ 𝐼 𝑑 . We conclude that 𝐼 𝑠 < 𝐼 𝑑 .
Weconcludeby comparing 𝐼 𝑠 (𝐾 )with 𝐼 0(𝐾 ). Adopting the changeof variables, taking the logs

of the objective functions and removing the constant terms yields:

𝑥 𝑠 (𝐾 ) = arg max
𝑥∈[0,1]

log
(
𝑉 (𝑥) 𝑌 (𝑥 ;𝐾 )

)
, and 𝑥0(𝐾 ) = arg max

𝑥∈[0,1]
log

(
𝑥 𝑌 (𝑥 ;𝐾 )

)
.

Here,

𝑌 (𝑥 ;𝐾 ) =
( (1 − 𝑥)𝜎
𝐾 𝜎−1 + 𝑥𝜎

𝐿𝜎−1

)− 1
𝜎−1

and

𝑠𝐿 (𝐼 𝑠 (𝐾 );𝐾 ) = 𝑥 𝑠 (𝐾 ), 𝑠𝐿
(
𝐼 0(𝐾 );𝐾

)
= 𝑥0(𝐾 ) . (A-27)

Take any 𝑥 ∈ [0, 1] such that:

𝑑 log
(
𝑥 𝑌 (𝑥 ;𝐾 )

)
𝑑𝑥

≤ 0 ⇐⇒ 1
𝑥
+ 𝑑 log𝑌 (𝑥 ;𝐾 )

𝑑𝑥
≤ 0 .
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Then,
𝑑 log

(
𝑉 (𝑥 )𝑌 (𝑥 ;𝐾 )

)
𝑑𝑥 = 1

𝛼−𝑥 + 𝑑 log𝑌 (𝑥 ;𝐾 )
𝑑𝑥 > 1

𝑥 + 𝑑 log𝑌 (𝑥 ;𝐾 )
𝑑𝑥 ≥ 0, where the strict inequality follows

because 1
𝛼−𝑥 < 1

𝑥 for all 𝑥 ∈ [0, 1], since 𝛼 > 2. Since both objective functions are single-peaked,
this implies 𝑥 𝑠 (𝐾 ) < 𝑥0(𝐾 ). By (A-27), and since 𝑠𝐿 (𝐼 ;𝐾 ) is decreasing in 𝐼 , we conclude that
𝐼 𝑠 (𝐾 ) > 𝐼 0(𝐾 ). □

Proof of Lemma 3. Let 𝑃 (𝑠𝐾 ,𝜏, 𝛽) be the probability of survival given capital share 𝑠𝐾 , tax rate 𝜏 ,
and 𝛽. We show that if 𝑃 (𝑠𝐾 ,𝜏, 𝛽) > 1, then (𝑠𝐾 ,𝜏) is strictly sub-optimal. Consider (22), andwrite
the objective function as

max
𝑠𝐾 ∈[0,1], 𝜏∈[0,1]

𝑃 (𝑠𝐾 ,𝜏, 𝛽) (1 − 𝜏) 𝑠𝐾 Y(𝑠𝐾 ;𝐾 ),

where 𝑃 (𝑠𝐾 ,𝜏, 𝛽) = min
{
1,

(1 − 𝑠𝐾 ) (1 − 𝜏) + 𝛼𝜏
𝛽 𝑠𝐾

}
.

Here, as in (A-10),

Y(𝑠𝐾 ;𝐾 ) =
( (𝑠𝐾 )𝜎
𝐾 𝜎−1 + (1 − 𝑠𝐾 )𝜎

𝐿𝜎−1

)− 1
𝜎−1

.

Suppose, instead, we ignore the constraint that𝑃 ≤ 1, and solve the following problem,which
is identical to (22):

max
𝑠𝐾 ∈[0,1], 𝜏∈[0,1]

𝑃 (𝑠𝐾 ,𝜏, 𝛽) (1 − 𝜏) 𝑠𝐾 Y(𝑠𝐾 ;𝐾 ),

where 𝑃 (𝑠𝐾 ,𝜏, 𝛽) = (1 − 𝑠𝐾 ) (1 − 𝜏) + 𝛼𝜏
𝛽 𝑠𝐾

.

FromLemma2 andProposition 5, there is a unique solution (𝑠 𝑠𝐾 (𝐾 ),𝜏𝑠 (𝐾 )), independent of 𝛽. By
Assumption 2, 𝛽 > 𝛽 (𝐾 ), which is equivalent to 𝑃 (𝑠 𝑠𝐾 (𝐾 ),𝜏𝑠 (𝐾 ), 𝛽) < 1:

(1 − 𝑠 𝑠𝐾 (𝐾 )) (1 − 𝜏𝑠 (𝐾 ) + 𝛼𝜏𝑠 (𝐾 )
𝛽 𝑠 𝑠 (𝐾 ) < 1 ⇐⇒ 𝛽 > 𝛽 (𝐾 ) = 𝑉 (1 − 𝑠 𝑠𝐾 (𝐾 ))

(1 − 𝜏𝑠 (𝐾 )) 𝑠 𝑠 (𝐾 ) ,

where theequalityuses thedefinitionof𝑉 (𝑠𝐿 ). UnderAssumption2, if𝑃 (𝑠𝐾 ,𝜏, 𝛽) ≤ 1 for all (𝑠𝐾 ,𝜏),
thenwearedone. If, instead, there is (𝑠 ′𝐾 ,𝜏 ′) such that𝑃 (𝑠 ′𝐾 ,𝜏 ′, 𝛽) > 1, thenmin{1, 𝑃 (𝑠 ′𝐾 ,𝜏 ′, 𝛽)} (1−
𝜏 ′) 𝑠 ′𝐾 Y(𝑠 ′𝐾 ;𝐾 ) < 𝑃 (𝑠 ′𝐾 ,𝜏 ′, 𝛽) (1 − 𝜏 ′) 𝑠 ′𝐾 Y(𝑠 ′𝐾 ;𝐾 ) ≤ 𝑃 (𝑠 𝑠𝐾 ,𝜏𝑠 , 𝛽) (1 − 𝜏𝑠 ) 𝑠 𝑠𝐾 Y(𝑠 𝑠𝐾 ;𝐾 ). Therefore,
(𝑠 𝑠𝐾 ,𝜏𝑠 ) is optimal. □

Proof of Lemma 4. To save notation, we let 𝑠 𝑠𝐾 (𝐾 ) = 𝑠𝐾 (𝐼 𝑠 (𝐾 );𝐾 ), 𝑠 𝑠𝐿 (𝐾 ) = 𝑠𝐿 (𝐼 𝑠 (𝐾 );𝐾 ) and
𝑠 𝑟𝐾 (𝐾 ) = 𝑠𝐾 (𝐼 𝑟 (𝐾 );𝐾 ). Then:

𝑢𝑟 (𝐾 ) = (1 − 𝜒) (
𝑠 𝑟𝐾 (𝐾 ) − 𝑅 )

𝑌 (𝐼 𝑟 (𝐾 );𝐾 ) = max
𝐼 ∈[0,1]

(1 − 𝜒) (𝑠𝐾 (𝐼 ;𝐾 ) − 𝑅) 𝑌 (𝐼 ;𝐾 ) ,

𝑢𝑠 (𝐾 ) = 1
𝛽
𝑉

(
𝑠 𝑠𝐿 (𝐾 )) 𝑌 (𝐼 𝑠 (𝐾 );𝐾 ) = max

𝐼 ∈[0,1]
1
𝛽
𝑉 (𝑠𝐿 (𝐼 ;𝐾 )) 𝑌 (𝐼 ;𝐾 ) .

A-13



Wenow adopt a change of variables, as in the proofs of Propositions 4 and 5. For any 𝐼 ∈ [0, 1], as
in (18), let

𝑠𝐾 =
𝐼

1
𝜎 𝐾

𝜎−1
𝜎

𝐼
1
𝜎 𝐾

𝜎−1
𝜎 + (1 − 𝐼 ) 1

𝜎 𝐿
𝜎−1
𝜎

∈ [0, 1] .

Then, as in (A-10),

𝑌 =

( (𝑠𝐾 )𝜎
𝐾 𝜎−1 + (1 − 𝑠𝐾 )𝜎

𝐿𝜎−1

)− 1
𝜎−1

=: Y(𝑠𝐾 ;𝐾 ) . (A-28)

Using 𝑠𝐿 = 1 − 𝑠𝐾 , we have:

𝑢𝑟 (𝐾 ) = (1 − 𝜒) (
𝑠 𝑟𝐾 (𝐾 ) − 𝑅 ) Y (

𝑠 𝑟𝐾 (𝐾 );𝐾 )
= max
𝑠𝐾 ∈[0,1]

(1 − 𝜒) (𝑠𝐾 − 𝑅) Y(𝑠𝐾 ;𝐾 ) ,

𝑢𝑠 (𝐾 ) = 1
𝛽
𝑉

(
1 − 𝑠 𝑠𝐾 (𝐾 )) Y (

𝑠 𝑠𝐾 (𝐾 );𝐾 )
= max
𝑠𝐾 ∈[0,1]

1
𝛽
𝑉 (1 − 𝑠𝐾 ) Y(𝑠𝐾 ;𝐾 ) .

By the envelope theorem,

𝑑 𝑢𝑟 (𝐾 )
𝑑 𝐾

= (1 − 𝜒) (𝑠𝐾 − 𝑅) 𝜕Y(𝑠𝐾 ;𝐾 )
𝜕𝐾

����
𝑠𝐾 =𝑠 𝑟𝐾

, (A-29)

𝑑 𝑢𝑠 (𝐾 )
𝑑 𝐾

=
1
𝛽
𝑉 (1 − 𝑠𝐾 (𝐾 )) 𝜕Y(𝑠𝐾 ;𝐾 )

𝜕𝐾

����
𝑠𝐾 =𝑠 𝑠𝐾

. (A-30)

Note that, by (A-28),

𝜕Y(𝑠𝐾 ;𝐾 )
𝜕𝐾

=
( 𝑠𝐾
𝐾

)𝜎 ( (𝑠𝐾 )𝜎
𝐾 𝜎−1 + (1 − 𝑠𝐾 )𝜎

𝐿𝜎−1

)− 𝜎
𝜎−1

=
Y(𝑠𝐾 ;𝐾 )

𝐾

(𝑠𝐾 )𝜎𝐾 1−𝜎

(𝑠𝐾 )𝜎𝐾 1−𝜎 + (1 − 𝑠𝐾 )𝜎𝐿1−𝜎

Substituting this into (A-29) and (A-30), we have:

𝑑 𝑢𝑟 (𝐾 )
𝑑 𝐾

=
𝑢𝑟 (𝐾 )
𝐾

(𝑠 𝑟𝐾 (𝐾 ))𝜎𝐾 1−𝜎

(𝑠 𝑟𝐾 (𝐾 ))𝜎𝐾 1−𝜎 + (1 − 𝑠 𝑟𝐾 (𝐾 ))𝜎𝐿1−𝜎 , (A-31)

𝑑 𝑢𝑠 (𝐾 )
𝑑 𝐾

=
𝑢𝑠 (𝐾 )
𝐾

(𝑠 𝑠𝐾 (𝐾 ))𝜎𝐾 1−𝜎

(𝑠 𝑠𝐾 (𝐾 ))𝜎𝐾 1−𝜎 + (1 − 𝑠 𝑠𝐾 (𝐾 ))𝜎𝐿1−𝜎 . (A-32)

Recall that 𝐼 𝑟 (𝐾 ) > 𝐼 𝑑 (𝐾 ) byProposition 4 and 𝐼 𝑑 (𝐾 ) > 𝐼 𝑠 (𝐾 ) byProposition 5. Therefore, 𝐼 𝑟 (𝐾 ) >
𝐼 𝑠 (𝐾 ). Since 𝑠𝐾 (𝐼 ;𝐾 ) is increasing in 𝐼 , this implies: 𝑠𝐾 (𝐼 𝑟 (𝐾 );𝐾 ) > 𝑠𝐾 (𝐼 𝑠 (𝐾 );𝐾 ), i.e., 𝑠 𝑟𝐾 (𝐾 ) >

𝑠 𝑠𝐾 (𝐾 ).
We next claim that 𝑢𝑟 (𝐾 )

𝑢𝑠 (𝐾 ) is increasing in 𝐾 . To see why, note:

𝑑

𝑑𝐾

(
𝑢𝑟 (𝐾 )
𝑢𝑠 (𝐾 )

)
=

𝑑𝑢𝑟 (𝐾 )
𝑑𝐾 𝑢𝑠 (𝐾 ) − 𝑑𝑢𝑠 (𝐾 )

𝑑𝐾 𝑢𝑟 (𝐾 )
(𝑢𝑠 (𝐾 ))2 > 0
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⇐⇒ 𝑑𝑢𝑟 (𝐾 )/𝑑𝐾
𝑢𝑟 (𝐾 ) >

𝑑𝑢𝑠 (𝐾 )/𝑑𝐾
𝑢𝑠 (𝐾 )

⇐⇒︸︷︷︸
(A-31),(A-32)

(𝑠 𝑟𝐾 (𝐾 ))𝜎𝐾 1−𝜎

(𝑠 𝑟𝐾 (𝐾 ))𝜎𝐾 1−𝜎 + (1 − 𝑠 𝑟𝐾 (𝐾 ))𝜎𝐿1−𝜎 >
(𝑠 𝑠𝐾 (𝐾 ))𝜎𝐾 1−𝜎

(𝑠 𝑠𝐾 (𝐾 ))𝜎𝐾 1−𝜎 + (1 − 𝑠 𝑠𝐾 (𝐾 ))𝜎𝐿1−𝜎

which holds because 𝑠 𝑟𝐾 (𝐾 ) > 𝑠 𝑠𝐾 (𝐾 ).
Take any 𝐾 ′ > 𝐾 , and assume 𝑒 𝑟 (𝐾 ) ≤ 𝑒 𝑠 (𝐾 ). Then,

𝑢𝐾 (𝐾 ) − 𝑢𝑟 (𝐾 ) ≤ 𝑢𝐾 (𝐾 ) − 𝑢𝑠 (𝐾 ) ⇐⇒ 𝑢𝑟 (𝐾 ) ≥ 𝑢𝑠 (𝐾 ) ⇐⇒ 𝑢𝑟 (𝐾 )
𝑢𝑠 (𝐾 ) ≥ 1

=⇒ 𝑢𝑟 (𝐾 ′)
𝑢𝑠 (𝐾 ′) >

𝑢𝑟 (𝐾 )
𝑢𝑠 (𝐾 ) ≥ 1

⇐⇒ 𝑢𝑟 (𝐾 ′) > 𝑢𝑠 (𝐾 ′) ⇐⇒ 𝑢𝐾 (𝐾 ′) − 𝑢𝑟 (𝐾 ′) < 𝑢𝐾 (𝐾 ′) − 𝑢𝑠 (𝐾 ′)
⇐⇒ 𝑒 𝑟 (𝐾 ′) < 𝑒 𝑠 (𝐾 ′)

and the result follows. □

Proof of Proposition 6. The capitalist state’s decision follows from the discussion in the main
text. To prove the comparative statics, note:

𝛽 (𝐾 ) = 1
1 − 𝜒

𝑉 (𝑠𝐿 (𝐼 𝑠 (𝐾 );𝐾 ))
𝑠𝐾 (𝐼 𝑟 (𝐾 );𝐾 ) − 𝑅

𝑌 (𝐼 𝑠 (𝐾 );𝐾 )
𝑌 (𝐼 𝑟 (𝐾 );𝐾 ) .

By the envelope theorem, (𝑠 𝑟𝐾 (𝐾 ) − 𝑅) 𝑌 (𝐼 𝑟 (𝐾 );𝐾 ) is decreasing in 𝑅 . Thus, 𝛽 is increasing in
𝑅 . Since 𝑉 (𝑠𝐿 (𝐼 𝑠 (𝐾 );𝐾 )) 𝑌 (𝐼 𝑠 (𝐾 );𝐾 ) and (𝑠 𝑟𝐾 (𝐾 ) − 𝑅) 𝑌 (𝐼 𝑟 (𝐾 );𝐾 ) are independent of 𝜒, 𝛽 is
increasing in 𝜒.

It remains toprovecomparative staticswith respect to𝐾 . Asestablished in theproofofLemma
4, 𝑢𝑟 (𝐾 )

𝑢𝑠 (𝐾 ) =
1−𝜒
1/𝛽

𝑠𝐾 (𝐼 𝑟 (𝐾 );𝐾 )−𝑅
𝑉 (𝑠𝐿 (𝐼 𝑠 (𝐾 );𝐾 ) )

𝑌 (𝐼 𝑟 (𝐾 );𝐾 )
𝑌 (𝐼 𝑠 (𝐾 );𝐾 ) is increasing in 𝐾 . Since 𝐼 𝑟 (𝐾 ) and 𝐼 𝑠 (𝐾 ) are independent of

𝛽 and 𝜒, 𝑠𝐾 (𝐼 𝑟 (𝐾 );𝐾 )−𝑅
𝑉 (𝑠𝐿 (𝐼 𝑠 (𝐾 );𝐾 ) )

𝑌 (𝐼 𝑟 (𝐾 );𝐾 )
𝑌 (𝐼 𝑠 (𝐾 );𝐾 ) is increasing in𝐾 . Then,

𝑉 (𝑠𝐿 (𝐼 𝑠 (𝐾 );𝐾 ) )
𝑠𝐾 (𝐼 𝑟 (𝐾 );𝐾 )−𝑅

𝑌 (𝐼 𝑠 (𝐾 );𝐾 )
𝑌 (𝐼 𝑟 (𝐾 );𝐾 ) is decreasing in𝐾 ,

and so is 𝛽 (𝐾 ).
Let 𝑠 𝑠𝐾 , 𝑠 𝑟𝐾 andY(𝑠𝐾 ;𝐾 ) be defined as in the proof of Lemma4. By Proposition 4 andRemark 3,

lim𝐾→∞ 𝑠 𝑟𝐾 (𝐾 ) = 1. By Proposition 5, when 𝛼 ≥ 𝜎−1
𝜎 , lim𝐾→∞ 𝑠 𝑠𝐾 (𝐾 ) = 1. By (A-28), lim𝑠𝐾→1

Y(𝑠𝐾 ;𝐾 )
𝐾 =

1. Therefore,

lim
𝐾→∞

Y(𝑠 𝑠𝐾 ;𝐾 )
Y(𝑠 𝑟𝐾 ;𝐾 ) = lim

𝐾→∞
Y(𝑠 𝑠𝐾 ;𝐾 )/𝐾
Y(𝑠 𝑟𝐾 ;𝐾 )/𝐾 = lim

𝑠 𝑠𝐾 ,𝑠
𝑟
𝐾→1

Y(𝑠 𝑠𝐾 ;𝐾 )/𝐾
Y(𝑠 𝑟𝐾 ;𝐾 )/𝐾 = 1 .

Moreover, lim𝐾→∞𝑉 (1 − 𝑠 𝑠𝐾 ) = lim𝑠 𝑠𝐾→1𝑉 (1 − 𝑠 𝑠𝐾 ) = lim𝑠 𝑠𝐾→1
(𝛼/2)2

𝛼−(1−𝑠 𝑠𝐾 )
= 𝛼

4 and lim𝐾→∞
(
𝑠 𝑟𝐾 − 𝑅 )

=

lim𝑠 𝑟𝐾→1
(
𝑠 𝑟𝐾 − 𝑅 )

= 1 − 𝑅 . Combining all these limits yields:

lim
𝐾→∞

𝛽 (𝐾 ) = lim
𝐾→∞

1
1 − 𝜒

𝑉 (1 − 𝑠 𝑠𝐾 ) Y(𝑠 𝑠𝐾 ;𝐾 )
(𝑠 𝑟𝐾 − 𝑅) Y(𝑠 𝑟𝐾 ;𝐾 ) =

1
1 − 𝜒

𝛼/4
1 − 𝑅 .
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We conclude by calculating the limit when 𝛼 < 1−𝜎
𝜎 for the sake of completeness. As shown

in the proof of Proposition 5, when 𝛼 < 𝜎−1
𝜎 , lim𝐾→∞ 𝑠 𝑠𝐾 (𝐾 ) = 𝜎 (𝛼−1)

1−2𝜎 ∈ (0, 1). By (A-28), for any
𝑠 ∈ [0, 1], lim𝐾→∞,𝑠𝐾→𝑠

Y(𝑠𝐾 ;𝐾 )
𝐾 = 𝑠

𝜎
1−𝜎 . Therefore,

lim
𝐾→∞

Y(𝑠 𝑠𝐾 ;𝐾 )
Y(𝑠 𝑟𝐾 ;𝐾 ) = lim

𝐾→∞,𝑠 𝑠𝐾→
𝜎 (𝛼−1)

1−2𝜎 ,𝑠 𝑟𝐾→1

Y(𝑠 𝑠𝐾 ;𝐾 )/𝐾
Y(𝑠 𝑟𝐾 ;𝐾 )/𝐾 =

(
𝜎 (𝛼 − 1)
1 − 2𝜎

) 𝜎
1−𝜎

.

Also, lim𝐾→∞𝑉 (1 − 𝑠 𝑠𝐾 ) = lim
𝑠 𝑠𝐾→

𝜎 (𝛼−1)
1−2𝜎

𝑉 (1 − 𝑠 𝑠𝐾 ) = (𝛼/2)2

𝛼−1+ 𝜎 (𝛼−1)
1−2𝜎

. Combining all these limits, we find
that when 𝛼 < 1−𝜎

𝜎 :

lim
𝐾→∞

𝛽 (𝐾 ) = lim
𝐾→∞

1
1 − 𝜒

𝑉 (1 − 𝑠 𝑠𝐾 ) Y(𝑠 𝑠𝐾 ;𝐾 )
(𝑠 𝑟𝐾 − 𝑅) Y(𝑠 𝑟𝐾 ;𝐾 ) =

1
1 − 𝜒

(𝛼/2)2(
𝛼 − 1 + 𝜎 (𝛼−1)

1−2𝜎

)
(1 − 𝑅)

(
𝜎 (𝛼 − 1)
1 − 2𝜎

) 𝜎
1−𝜎

.

□

Proof of Lemma 5. As discussed in the proof of Proposition 4,

(𝑠𝐾 (𝐼 𝑟 (𝐾 );𝐾 ) − 𝑅) 𝑌 (𝐼 𝑟 (𝐾 );𝐾 ) = max
𝑠𝐾 ∈[0,1]

(𝑠𝐾 − 𝑅)
( (𝑠𝐾 )𝜎
𝐾 𝜎−1 + (1 − 𝑠𝐾 )𝜎

𝐿𝜎−1

)− 1
𝜎−1

.

Thus, for any 𝐾 > 0,

ℎ (𝐾 ) = (𝑠𝐾 (𝐼 𝑟 (𝐾 );𝐾 ) − 𝑅) 𝑌 (𝐼 𝑟 (𝐾 );𝐾 )
𝐾

=
max𝑠𝐾 ∈[0,1] (𝑠𝐾 − 𝑅)

(
(𝑠𝐾 )𝜎
𝐾 𝜎−1 + (1−𝑠𝐾 )𝜎

𝐿𝜎−1

)− 1
𝜎−1

𝐾

= max
𝑠𝐾 ∈[0,1]

(𝑠𝐾 − 𝑅)
(
(𝑠𝐾 )𝜎 + (1 − 𝑠𝐾 )𝜎

(
𝐾

𝐿

)𝜎−1
)− 1

𝜎−1

,

where the last line follows because scaling the objective function by 1
𝐾 > 0 does not change the

optimizer. Let𝜂 : [0, 1] ×ℝ+ → ℝ be defined as:

𝜂 (𝑠 ;𝐾 ) := (𝑠 − 𝑅)
(
𝑠𝜎 + (1 − 𝑠 )𝜎

(
𝐾

𝐿

)𝜎−1
)− 1

𝜎−1

so that ℎ (𝐾 ) = max𝑠 ∈[0,1] 𝜂 (𝑠 ;𝐾 ), and 𝑠 𝑟𝐾 (𝐾 ) = 𝑠𝐾 (𝐼 𝑟 (𝐾 );𝐾 ) = arg max𝑠 ∈[0,1] 𝜂 (𝑠 ;𝐾 ).
Suppose 𝑅 < 1

𝜎 . By Proposition 4, 𝑠 𝑟𝐾 (𝐾 ) ∈ (max{1 − 𝜎 + 𝜎𝑅, 𝜎𝑅}, 1) is increasing in 𝐾 , with
lim𝐾→0 𝑠 𝑟𝐾 (𝐾 ) = max{1 − 𝜎 + 𝜎𝑅, 𝜎𝑅} and lim𝐾→∞ 𝑠 𝑟𝐾 (𝐾 ) = 1.

By the envelope theorem,

ℎ′(𝐾 ) = 𝜕𝜂 (𝑠 ;𝐾 )
𝜕𝐾

����
𝑠=𝑠 𝑟𝐾 (𝐾 )

=
©­­«
−(𝑠 − 𝑅)

(1 − 𝑠 )𝜎 𝐾 𝜎−2

𝐿𝜎−1(
𝑠𝜎 + (1 − 𝑠 )𝜎 (𝐾

𝐿

)𝜎−1
) 𝜎
𝜎−1

ª®®¬

�������
𝑠=𝑠 𝑟𝐾 (𝐾 )

< 0
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where the strict inequality follows from 𝑠 𝑟𝐾 (𝐾 ) > 𝑅 and 𝑠 𝑟𝐾 (𝐾 ) < 1.
Regarding the limits,

• Suppose 𝜎 < 1. Note that lim𝐾→0 𝑠 𝑟𝐾 (𝐾 ) = 1 − 𝜎 + 𝜎𝑅 ∈ (0, 1). Since, for any 𝑠 ∈ (0, 1),
lim𝐾→0 𝐾 𝜂 (𝑠 ;𝐾 ) = (𝑠−𝑅) (1−𝑠 ) 𝜎

1−𝜎 𝐿,weconclude: lim𝐾→0 𝐾 ℎ (𝐾 ) = (1−𝜎) (1−𝑅) (𝜎 (1 − 𝑅)) 𝜎
1−𝜎 𝐿 >

0 and therefore lim𝐾→0 ℎ (𝐾 ) =∞.
The limit as 𝐾 → ∞ follows directly from the fact that, for any 𝑠 ∈ [0, 1], lim𝐾→∞𝜂 (𝑠 ;𝐾 ) =

(𝑠 −𝑅) (𝑠 ) 𝜎
1−𝜎 . Since lim𝐾→∞ 𝑠 𝑟𝐾 (𝐾 ) = 1, we have: lim𝐾→∞ ℎ (𝐾 ) = lim𝐾→∞,𝑠 𝑟→1𝜂 (𝑠 𝑟 ;𝐾 ) = 1−𝑅 .

• Suppose 𝜎 > 1. Then, lim𝐾→0 𝑠 𝑟𝐾 (𝐾 ) = 𝜎𝑅 and

lim
𝐾→0

ℎ (𝐾 ) = lim
𝐾→0

𝜂 (𝑠 𝑟 (𝐾 );𝐾 ) = lim
𝐾→0, 𝑠→𝜎𝑅

𝜂 (𝑠 ;𝐾 ) = (𝜎 − 1) 𝜎− 𝜎
𝜎−1 𝑅− 1

𝜎−1 .

Regarding the limit as 𝐾 → ∞, since 𝑠 = 1 is always feasible, for any 𝐾 > 0,

ℎ (𝐾 ) = max
𝑠 ∈[0,1]

𝜂 (𝑠 ;𝐾 ) ≥ 𝜂 (1;𝐾 ) = 1 − 𝑅 . (A-33)

Moreover, since 𝑠 𝑟𝐾 (𝐾 ) ∈ (𝑅, 1], (𝑠 𝑟𝐾 (𝐾 ))𝜎 + (1− 𝑠 𝑟𝐾 (𝐾 ))𝜎 (𝐾
𝐿

)𝜎−1 ≥ (𝑠 𝑟𝐾 (𝐾 ))𝜎 , we have: ℎ (𝐾 ) =
𝜂 (𝑠 𝑟 (𝐾 );𝐾 ) ≤ (𝑠 𝑟 (𝐾 ) − 𝑅)) (𝑠 𝑟 (𝐾 ))− 𝜎

𝜎−1 . Therefore, lim𝐾→∞ 𝑠 𝑟𝐾 (𝐾 ) = 1 implies lim𝐾→∞ ℎ (𝐾 ) ≤
1 − 𝑅 . Along with (A-33), this establishes lim𝐾→∞ ℎ (𝐾 ) = 1 − 𝑅 .

The result follows. □

The proof of Lemma 6 uses the following result.

Lemma 12. The function 𝑔 (𝐾 ) satisfies:

lim
𝐾→0

𝑔 (𝐾 ) = 𝛼

2(𝛼 − 1)

(
𝜎 (𝛼 − 2) + 1
𝜎 (𝛼 − 1)

) 1
𝜎−1

, and lim
𝐾→∞

𝑔 (𝐾 ) =



𝛼 (1−2𝜎 )
2(𝛼−1) (1−𝜎 )

(
1−2𝜎
𝜎 (𝛼−1)

) 1
𝜎−1

, if 𝜎 < 1
1+𝛼 ,

1
2 , if 𝜎 ≥ 1

1+𝛼

.

Moreover,

• If 𝜎 < 1, 𝑔 (𝐾 ) is increasing in 𝐾 .

• If 1 < 𝜎 < 𝛼−1
𝛼−2 , 𝑔 (𝐾 ) is hump-shaped in 𝐾 withmax𝐾 ∈ (0,∞) 𝑔 (𝐾 ) = 2𝜎−1

2𝜎

(
2𝜎−1
𝜎2

) 1
𝜎−1 .

• If 𝜎 ≥ 𝛼−1
𝛼−2 , 𝑔 (𝐾 ) is decreasing in 𝐾 .

Proof of Lemma 12. By Lemma 2, 1 − 𝜏𝑠 (𝐾 ) = 1 − 𝜏∗ (𝑠𝐿 (𝐼 𝑠 (𝐾 );𝐾 )) = 𝛼/2
𝛼−𝑠𝐿 (𝐼 𝑠 (𝐾 );𝐾 ) . Thus,

𝑔 (𝐾 ) = 𝛼/2
𝐾 (𝛼 − 𝑠𝐿 (𝐼 𝑠 (𝐾 );𝐾 )) 𝑠𝐾 (𝐼

𝑠 (𝐾 );𝐾 ) 𝑌 (𝐼 𝑠 (𝐾 );𝐾 )
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Letting 𝑥 𝑠 (𝐾 ) = 𝑠𝐿 (𝐼 𝑠 (𝐾 );𝐾 ) = 1 − 𝑠𝐾 (𝐼 𝑠 (𝐾 );𝐾 ) as in the proof of Proposition 5, we have:

𝑔 (𝐾 ) = 𝛼/2
𝐾 (𝛼 − 𝑥 𝑠 (𝐾 )) (1 − 𝑥 𝑠 (𝐾 ))

( (1 − 𝑥 𝑠 (𝐾 ))𝜎
𝐾 𝜎−1 + (𝑥 𝑠 (𝐾 ))𝜎

𝐿𝜎−1

)− 1
𝜎−1

(A-34)

where 𝑥 𝑠 (𝐾 ) is themaximizer for the problem in (A-19):

𝑥 𝑠 (𝐾 ) = arg max
𝑥∈[0,1]

1
𝛼 − 𝑥

( (1 − 𝑥)𝜎
𝐾 𝜎−1 + 𝑥𝜎

𝐿𝜎−1

)− 1
𝜎−1

,

and therefore satisfies the first-order condition (A-24):
(
1 − 𝑥 𝑠 (𝐾 )
𝑥 𝑠 (𝐾 )

)𝜎−1 𝜎𝛼 + 𝜎 − 1 − (2𝜎 − 1) 𝑥 𝑠 (𝐾 )
𝜎𝛼 − (2𝜎 − 1) 𝑥 𝑠 (𝐾 ) =

(
𝐾

𝐿

)𝜎−1

(A-35)

⇐⇒ (1 − 𝑥 𝑠 (𝐾 ))𝜎
𝐾 𝜎−1 =

(𝑥 𝑠 (𝐾 ))𝜎
𝐿𝜎−1

1 − 𝑥 𝑠 (𝐾 )
𝑥 𝑠 (𝐾 )

𝜎𝛼 − (2𝜎 − 1) 𝑥 𝑠 (𝐾 )
𝜎𝛼 + 𝜎 − 1 − (2𝜎 − 1) 𝑥 𝑠 (𝐾 )

⇐⇒ (1 − 𝑥 𝑠 (𝐾 ))𝜎
𝐾 𝜎−1 + (𝑥 𝑠 (𝐾 ))𝜎

𝐿𝜎−1 =

(
𝑥 𝑠 (𝐾 )
𝐿

)𝜎−1 𝜎 (𝛼 − 𝑥 𝑠 (𝐾 ))
𝜎𝛼 + 𝜎 − 1 − (2𝜎 − 1) 𝑥 𝑠 (𝐾 )

Substituting this into (A-34),

𝑔 (𝐾 ) = 𝐿

𝐾

𝛼/2
𝛼 − 𝑥 𝑠 (𝐾 )

1 − 𝑥 𝑠 (𝐾 )
𝑥 𝑠 (𝐾 )

(
𝜎𝛼 + 𝜎 − 1 − (2𝜎 − 1) 𝑥 𝑠 (𝐾 )

𝜎 (𝛼 − 𝑥 𝑠 (𝐾 ))

) 1
𝜎−1

. (A-36)

Also by (A-35),

𝐿

𝐾
=

𝑥 𝑠 (𝐾 )
1 − 𝑥 𝑠 (𝐾 )

(
𝜎𝛼 − (2𝜎 − 1) 𝑥 𝑠 (𝐾 )

𝜎𝛼 + 𝜎 − 1 − (2𝜎 − 1) 𝑥 𝑠 (𝐾 )

) 1
𝜎−1

.

Substituting this into (A-36), we obtain:

𝑔 (𝐾 ) = 𝛼/2
𝛼 − 𝑥 𝑠 (𝐾 )

(
𝜎𝛼 − (2𝜎 − 1) 𝑥 𝑠 (𝐾 )

𝜎 (𝛼 − 𝑥 𝑠 (𝐾 ))

) 1
𝜎−1

. (A-37)

We next consider the limits of 𝑔 (𝐾 ). As shown in the proof of Proposition 5, lim𝐾→0 𝑥 𝑠 (𝐾 ) = 1.
Then, by (A-37),

lim
𝐾→0

𝑔 (𝐾 ) = lim
𝑥𝑠 (𝐾 )→1

𝛼/2
𝛼 − 𝑥 𝑠 (𝐾 )

(
𝜎𝛼 − (2𝜎 − 1) 𝑥 𝑠 (𝐾 )

𝜎 (𝛼 − 𝑥 𝑠 (𝐾 ))

) 1
𝜎−1

=
𝛼

2(𝛼 − 1)

(
𝜎 (𝛼 − 2) + 1
𝜎 (𝛼 − 1)

) 1
𝜎−1

.

Regarding the limit as 𝐾 → ∞,

• Suppose𝜎 < 1
1+𝛼 . By the proof of Proposition 5 (case i.a), lim𝐾→∞ 𝑥 𝑠 (𝐾 ) = 1−𝜎 (𝛼+1)

1−2𝜎 . Then, by
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(A-37),

lim
𝐾→∞

𝑔 (𝐾 ) = 𝛼 (1 − 2𝜎)
2(𝛼 − 1) (1 − 𝜎)

(
1 − 2𝜎
𝜎 (𝛼 − 1)

) 1
𝜎−1

.

• Suppose 𝜎 ≥ 1
1+𝛼 . By Proposition 5, lim𝐾→∞ 𝑥 𝑠 (𝐾 ) = 0. Then, by (A-37),

lim
𝐾→∞

𝑔 (𝐾 ) = lim
𝑥𝑠 (𝐾 )→0

𝛼/2
𝛼 − 𝑥 𝑠 (𝐾 )

(
𝜎𝛼 − (2𝜎 − 1) 𝑥 𝑠 (𝐾 )

𝜎 (𝛼 − 𝑥 𝑠 (𝐾 ))

) 1
𝜎−1

=
1
2
.

To study the behavior of 𝑔 (𝐾 ), for any 𝑥 ∈ [0, 1], let:

Γ(𝑥) :=
𝛼/2
𝛼 − 𝑥

(
𝜎𝛼 − (2𝜎 − 1) 𝑥

𝜎 (𝛼 − 𝑥)

) 1
𝜎−1

(A-38)

so that 𝑔 (𝐾 ) = Γ (𝑥 𝑠 (𝐾 )) > 0. Then, 𝑔 ′(𝐾 ) = 𝑑 Γ (𝑥 )
𝑑 𝑥

���
𝑥=𝑥𝑠 (𝐾 )

𝑑 𝑥𝑠 (𝐾 )
𝑑 𝐾 . We have already shown in the

proof of Proposition 5 that 𝑥 𝑠 (𝐾 ) is decreasing in 𝐾 , i.e., 𝑑 𝑥𝑠 (𝐾 )
𝑑 𝐾 < 0. Therefore,

𝑔 ′(𝐾 ) ≥ 0 ⇐⇒ 𝑑 Γ(𝑥)
𝑑 𝑥

����
𝑥=𝑥𝑠 (𝐾 )

≤ 0 . (A-39)

Note that, for any 𝑥 ∈ (0, 1) with Γ(𝑥) > 0,

log Γ(𝑥) = log
𝛼

2
+ 1
𝜎 − 1

log (𝜎𝛼 − (2𝜎 − 1) 𝑥) − 1
𝜎 − 1

log𝜎 − 𝜎

𝜎 − 1
log(𝛼 − 𝑥) ,

𝑑 log Γ(𝑥)
𝑑 𝑥

= −2𝜎 − 1
𝜎 − 1

1
𝜎𝛼 − (2𝜎 − 1) 𝑥 + 𝜎

𝜎 − 1
1

𝛼 − 𝑥
=

1
𝜎 − 1

(
− 2𝜎 − 1
𝜎𝛼 − (2𝜎 − 1) 𝑥 + 𝜎

𝛼 − 𝑥

)

=
1

𝜎 − 1
1

𝜎𝛼 − (2𝜎 − 1) 𝑥
1

𝛼 − 𝑥 (𝜎 (𝜎𝛼 − (2𝜎 − 1) 𝑥) − (𝛼 − 𝑥) (2𝜎 − 1))

=
1

𝜎𝛼 − (2𝜎 − 1) 𝑥
1

𝛼 − 𝑥 (𝛼 (𝜎 − 1) − 𝑥 (2𝜎 − 1))

The denominator in the first term, 𝜎𝛼 − (2𝜎 − 1) 𝑥 , is strictly positive for any 𝑥 = 𝑥 𝑠 (𝐾 ) because
Γ (𝑥 𝑠 (𝐾 )) > 0. We conclude that, for any 𝑥 𝑠 (𝐾 ):

𝑑 Γ(𝑥)
𝑑 𝑥

����
𝑥=𝑥𝑠 (𝐾 )

≤ 0 ⇐⇒ 𝑑 log Γ(𝑥)
𝑑 𝑥

����
𝑥=𝑥𝑠 (𝐾 )

≤ 0 ⇐⇒ 𝛼 (𝜎 − 1) − 𝑥 𝑠 (𝐾 ) (2𝜎 − 1) ≤ 0 .

Combining this with (A-39), we have:

𝑔 ′(𝐾 ) ≥ 0 ⇐⇒ 𝛼 (𝜎 − 1) − 𝑥 𝑠 (𝐾 ) (2𝜎 − 1) ≤ 0 . (A-40)
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We next cover several cases.

(i.) Suppose 𝜎 < 1.

(i.a.) If 𝜎 < 1
2 , then,

𝛼 (𝜎 − 1) − 𝑥 𝑠 (𝐾 ) (2𝜎 − 1) = −𝛼 (1 − 𝜎) + 𝑥 𝑠 (𝐾 ) (1 − 2𝜎)
≤ −𝛼 (1 − 𝜎) + (1 − 2𝜎)
< −(1 − 𝜎) + (1 − 2𝜎) = −𝜎 < 0 .

By (A-40), we conclude that 𝑔 ′(𝐾 ) > 0 for all 𝐾 .
(i.b.) If 𝜎 ≥ 1

2 , then, 𝛼 (𝜎 − 1) − 𝑥 𝑠 (𝐾 ) (2𝜎 − 1) < 0, since the first term is strictly negative
when 𝜎 < 1 and the second term is negative when 2𝛼 − 1 ≥ 0. By (A-40), we conclude
that 𝑔 ′(𝐾 ) > 0 for all 𝐾 .

In either case, 𝑔 (𝐾 ) is increasing in 𝐾 .

(ii.) Suppose 𝜎 > 1.

(ii.a.) If 𝜎 < 𝛼−1
𝛼−2 ⇐⇒ 𝛼 < 2𝜎−1

𝜎−1 , since 𝑥 𝑠 (𝐾 ) is decreasing and running from 1 to 0, there is
a unique 𝐾 that satisfies:

𝛼 (𝜎 − 1) − 𝑥 𝑠 (𝐾 ) (2𝜎 − 1) = 0 ⇐⇒ 𝛼 =
2𝜎 − 1
𝜎 − 1

𝑥 𝑠 (𝐾 ) . (A-41)

By (A-40), then, 𝑔 ′(𝐾 ) > 0 for all 𝐾 < 𝐾 and 𝑔 ′(𝐾 ) < 0 for all 𝐾 > 𝐾 . We conclude that
𝑔 (𝐾 ) is hump-shaped with its maximum attained at 𝐾 = 𝐾 . By (A-41),

𝑥 𝑠 (𝐾 ) = 𝛼 𝜎 − 1
2𝜎 − 1

=⇒ max
𝐾 ∈ (0,∞)

𝑔 (𝐾 ) = 𝑔 (𝐾 ) = Γ(𝑥 𝑠 (𝐾 )) = 𝛼/2
𝛼 − 𝑥

(
𝜎𝛼 − (2𝜎 − 1) 𝑥

𝜎 (𝛼 − 𝑥)

) 1
𝜎−1

�����
𝑥=𝛼 𝜎−1

2𝜎−1

=
2𝜎 − 1

2𝜎

(
2𝜎 − 1
𝜎2

) 1
𝜎−1

.

(ii.b.) If 𝜎 ≥ 𝛼−1
𝛼−2 , then 𝛼 ≥ 2𝜎−1

𝜎−1 > 2𝜎−1
𝜎−1 𝑥

𝑠 (𝐾 ) for all 𝑥 𝑠 (𝐾 ) ∈ (0, 1). By (A-40), 𝑔 ′(𝐾 ) < 0 for
all 𝐾 > 0 and 𝑔 (𝐾 ) is decreasing in 𝐾 .

These arguments establish the result and conclude the proof. □

Proof of Lemma 6. Given Lemma 12, defining

𝐺 :=




𝛼
2(𝛼−1)

(
𝜎 (𝛼−2)+1
𝜎 (𝛼−1)

) 1
𝜎−1

, if 𝜎 < 1,

min
{

𝛼
2(𝛼−1)

(
𝜎 (𝛼−2)+1
𝜎 (𝛼−1)

) 1
𝜎−1

, 1
2

}
, if 1 < 𝜎 < 𝛼−1

𝛼−2 ,

1
2 , if 𝜎 > 𝛼−1

𝛼−2
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and

𝐺 =:




𝛼 (1−2𝜎 )
2(𝛼−1) (1−𝜎 )

(
1−2𝜎
𝜎 (𝛼−1)

) 1
𝜎−1

, if 𝜎 < 1
1+𝛼 ,

1
2 , if 1

1+𝛼 ≤ 𝜎 < 1,

2𝜎−1
2𝜎

(
2𝜎−1
𝜎2

) 1
𝜎−1

, if 1 < 𝜎 < 𝛼−1
𝛼−2 ,

𝛼
2(𝛼−1)

(
𝜎 (𝛼−2)+1
𝜎 (𝛼−1)

) 1
𝜎−1

, if 𝜎 > 𝛼−1
𝛼−2

yields the result. □

Proof of Lemma 7. The characterization will proceed in the backward induction fashion.
Allocation of inputs across tasks. Consider an active firm 𝑓 ∈ 𝐹 with (𝐼 , 𝑁𝑓 , 𝐾 𝑓 , 𝐿 𝑓 ). The firm

solves the following problem:

max
(𝑘 𝑓 (𝑖 ) )𝑖 ∈ [0,𝐼 ] ,(𝑙 𝑓 (𝑖 ) )𝑖 ∈ (𝐼 ,𝑁𝑓 ]

(
𝑞 (𝑁𝑓 )

) 1
𝜎−1

(∫ 𝐼

0

(
𝑘 𝑓 (𝑖 )

) 𝜎−1
𝜎 𝑑𝑖 +

∫ 𝑁𝑓

𝐼

(
𝑙 𝑓 (𝑖 )

) 𝜎−1
𝜎 𝑑𝑖

) 𝜎
𝜎−1

subject to
∫ 𝐼

0
𝑘 𝑓 (𝑖 ) 𝑑𝑖 ≤ 𝐾 𝑓 , (A-42)

∫ 𝑁𝑓

𝐼
𝑙 𝑓 (𝑖 ) 𝑑𝑖 ≤ 𝐿 𝑓 . (A-43)

The objective function is concave and the constraints are linear in inputs. Letting𝜆 ≥ 0 and𝜇 ≥ 0

be the respective Lagrangemultipliers associated with (A-42) and (A-43), the Lagrangian is

(
𝑞 (𝑁𝑓 )

) 1
𝜎−1

(∫ 𝐼

0

(
𝑘 𝑓 (𝑖 )

) 𝜎−1
𝜎 𝑑𝑖 +

∫ 𝑁𝑓

𝐼

(
𝑙 𝑓 (𝑖 )

) 𝜎−1
𝜎 𝑑𝑖

) 𝜎
𝜎−1

+ 𝜆
(
𝐾 𝑓 −

∫ 𝐼

0
𝑘 𝑓 (𝑖 )𝑑𝑖

)
+ 𝜇

(
𝐿 𝑓 −

∫ 𝑁𝑓

𝐼
𝑙 𝑓 (𝑖 ) 𝑑𝑖

)

The first-order conditions are:

(
𝑘 𝑓 (𝑖 )

)− 1
𝜎

𝑌𝑓∫ 𝐼

0

(
𝑘 𝑓 (𝑖 )

) 𝜎−1
𝜎 𝑑𝑖 +

∫ 𝑁𝑓

𝐼

(
𝑙 𝑓 (𝑖 )

) 𝜎−1
𝜎 𝑑𝑖

= 𝜆 ,

(
𝑙 𝑓 (𝑖 )

)− 1
𝜎

𝑌𝑓∫ 𝐼

0

(
𝑘 𝑓 (𝑖 )

) 𝜎−1
𝜎 𝑑𝑖 +

∫ 𝑁𝑓

𝐼

(
𝑙 𝑓 (𝑖 )

) 𝜎−1
𝜎 𝑑𝑖

= 𝜇 .

which immediately imply that𝑘 𝑓 (𝑖 ) = 𝑘 𝑓 (𝑗 ) for all 𝑖 , 𝑗 ≤ 𝐼 , and 𝑙 𝑓 (𝑖 ) = 𝑙 𝑓 (𝑗 ) for all 𝑖 , 𝑗 > 𝐼 . Since the
objective function is increasing in inputs, the constraints bind. By (A-42) and (A-43), the solution
is:

𝑘 𝑓 (𝑖 ) =
𝐾 𝑓

𝐼
for all 𝑖 ∈ [0, 𝐼 ], 𝑙 𝑓 (𝑖 ) =

𝐿 𝑓

𝑁𝑓 − 𝐼 for all 𝑖 ∈ (𝐼 , 𝑁 ] .

A-21



Substituting these into the output function yields that the output of firm 𝑓 is:

𝑌𝑓 (𝐼 , 𝑁𝑓 ;𝐾 𝑓 , 𝐿 𝑓 ) =
(
𝑞 (𝑁𝑓 )

) 1
𝜎−1

[
(𝐾 𝑓 )

𝜎−1
𝜎 𝐼

1
𝜎 + (𝐿 𝑓 )

𝜎−1
𝜎 (𝑁𝑓 − 𝐼 )

1
𝜎

] 𝜎
𝜎−1

. (A-44)

Demand for labor and capital. Since the input markets are competitive, each firm takes 𝑤
and 𝑟 as given and solves the following problem:

(𝐾 𝑓 , 𝐿 𝑓 ) = arg max
𝐾 , 𝐿

(
𝑞 (𝑁𝑓 )

) 1
𝜎−1

[
(𝐾 ) 𝜎−1

𝜎 𝐼
1
𝜎 + (𝐿) 𝜎−1

𝜎 (𝑁𝑓 − 𝐼 )
1
𝜎

] 𝜎
𝜎−1

︸                                                          ︷︷                                                          ︸
=𝑌𝑓 (𝐼 ,𝑁𝑓 ;𝐾 ,𝐿 )

−𝑟 𝐾 −𝑤 𝐿

Input prices𝑤 and 𝑟 adjust to satisfy the labor and capital market clearing conditions:
∑︁
𝑓 ∈𝐹

𝐾 𝑓 = 𝐾 ,
∑︁
𝑓 ∈𝐹

𝐿 𝑓 = 𝐿 .

The first-order conditions are:

𝜕𝑌𝑓 (𝐼 , 𝑁𝑓 ;𝐾 , 𝐿)
𝜕𝐾

�����
(𝐾 ,𝐿 )=(𝐾 𝑓 ,𝐿 𝑓 )

= 𝑟 ⇐⇒
(
𝐼

𝐾 𝑓

) 1
𝜎 (
𝑞 (𝑁𝑓 )

) 1
𝜎−1

[
(𝐾 𝑓 )

𝜎−1
𝜎 𝐼

1
𝜎 + (𝐿 𝑓 )

𝜎−1
𝜎 (𝑁𝑓 − 𝐼 )

1
𝜎

] 1
𝜎−1

= 𝑟

(A-45)
𝜕𝑌𝑓 (𝐼 , 𝑁𝑓 ;𝐾 , 𝐿)

𝜕𝐿

�����
(𝐾 ,𝐿 )=(𝐾 𝑓 ,𝐿 𝑓 )

=𝑤 ⇐⇒
(
𝑁𝑓 − 𝐼
𝐿 𝑓

) 1
𝜎 (
𝑞 (𝑁𝑓 )

) 1
𝜎−1

[
(𝐾 𝑓 )

𝜎−1
𝜎 𝐼

1
𝜎 + (𝐿 𝑓 )

𝜎−1
𝜎 (𝑁𝑓 − 𝐼 )

1
𝜎

] 1
𝜎−1

=𝑤

(A-46)

Note that we have:

𝑟𝐾 𝑓 +𝑤𝐿 𝑓 =
(
𝑞 (𝑁𝑓 )

) 1
𝜎−1

[
𝐾

𝜎−1
𝜎

𝑓 𝐼
1
𝜎 + 𝐿

𝜎−1
𝜎

𝑓 (𝑁𝑓 − 𝐼 )
1
𝜎

] 𝜎
𝜎−1

=𝑌𝑓 (𝐼 , 𝑁𝑓 ;𝐾 𝑓 , 𝐿 𝑓 )

so that each active firmmakes zero profits. This is an artifact of the production function in (A-44)
satisfying constant returns to scale in inputs (𝐾 𝑓 , 𝐿 𝑓 ).

Dividing (A-46) by (A-45) yields:

𝑤

𝑟
=

(
𝑁𝑓 − 𝐼
𝐼

𝐾 𝑓

𝐿 𝑓

) 1
𝜎

The right hand-side is only a function of 𝐾 𝑓𝐿 𝑓 . Therefore, in a symmetric equilibrium with 𝑁𝑓 = 𝑁

for all active firms, each active firmhas the same capital-to-labor ratio 𝑘 =
𝐾 𝑓
𝐿 𝑓
. Then, 𝐾 𝑓 = 𝑘𝐿 𝑓 for
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all firms. By themarket clearing conditions:

𝐾

𝐿
=

∑
𝑓 ∈𝐹 𝐾 𝑓∑
𝑓 ∈𝐹 𝐿 𝑓

=

∑
𝑓 ∈𝐹 𝑘𝐿 𝑓∑
𝑓 ∈𝐹 𝐿 𝑓

= 𝑘

∑
𝑓 ∈𝐹 𝐿 𝑓∑
𝑓 ∈𝐹 𝐿 𝑓

= 𝑘 .

In other words, each active firm has the same capital-to-labor ratio as the aggregate economy.
This implies that for firm 𝑓 , there is some number𝜓𝑓 ∈ [0, 1] such that 𝐾 𝑓 = 𝜓𝑓 𝐾 and 𝐿 𝑓 = 𝜓𝑓 𝐿.
Substituting these into the first-order conditions for an active firm (i.e., 𝑓 with𝜓𝑓 > 0) above, we
have:

(
𝐼

𝜓𝑓 𝐾

) 1
𝜎

(𝑞 (𝑁 )) 1
𝜎−1

[
(𝜓𝑓 𝐾 ) 𝜎−1

𝜎 𝐼
1
𝜎 + (𝜓𝑓 𝐿)

𝜎−1
𝜎 (𝑁 − 𝐼 ) 1

𝜎

] 1
𝜎−1

= 𝑟

(
𝑁 − 𝐼
𝜓𝑓 𝐿

) 1
𝜎

(𝑞 (𝑁 )) 1
𝜎−1

[
(𝜓𝑓 𝐾 ) 𝜎−1

𝜎 𝐼
1
𝜎 + (𝜓𝑓 𝐿)

𝜎−1
𝜎 (𝑁 − 𝐼 ) 1

𝜎

] 1
𝜎−1

=𝑤

Simplifying, we obtain:

(
𝐼

𝐾

) 1
𝜎

(𝑞 (𝑁 )) 1
𝜎−1

[
𝐾

𝜎−1
𝜎 𝐼

1
𝜎 + 𝐿 𝜎−1

𝜎 (𝑁 − 𝐼 ) 1
𝜎

] 1
𝜎−1

= 𝑟 , (A-47)
(
𝑁 − 𝐼
𝐿

) 1
𝜎

(𝑞 (𝑁 )) 1
𝜎−1

[
𝐾

𝜎−1
𝜎 𝐼

1
𝜎 + 𝐿 𝜎−1

𝜎 (𝑁 − 𝐼 ) 1
𝜎

] 1
𝜎−1

=𝑤 . (A-48)

which are (33) and (32). The aggregate output in the economy is:

𝑌 =
∑︁
𝑓 ∈𝐹

𝑌𝑓 (𝐼 , 𝑁 ;𝐾 𝑓 , 𝐿 𝑓 ) =
∑︁
𝑓 ∈𝐹

𝑌𝑓 (𝐼 , 𝑁 ;𝜓𝑓 𝐾 ,𝜓𝑓 𝐿)

=
∑︁
𝑓 ∈𝐹

𝜓𝑓𝑌𝑓 (𝐼 , 𝑁 ;𝐾 , 𝐿) (because𝑌𝑓 satisfies CRTS in (𝐿 𝑓 , 𝐾 𝑓 ))

=𝑌𝑓 (𝐼 , 𝑁 ;𝐾 , 𝐿) (
∑︁
𝑓

𝜓𝑓 = 1 by input market clearing)

= (𝑞 (𝑁 )) 1
𝜎−1

[
𝐾

𝜎−1
𝜎 𝐼

1
𝜎 + 𝐿 𝜎−1

𝜎 (𝑁 − 𝐼 ) 1
𝜎

] 𝜎
𝜎−1 (A-49)

which is (31). □

Proof of Lemma 8. Consider an active firm 𝑓 with (𝐼 , 𝐾 𝑓 , 𝐿 𝑓 ). Given (A-44), it solves:

max
𝑁 ≥𝐼

1
𝜎 − 1

log𝑞 (𝑁 ) + 𝜎

𝜎 − 1
log

[
(𝐾 𝑓 )

𝜎−1
𝜎 𝐼

1
𝜎 + (𝐿 𝑓 )

𝜎−1
𝜎 (𝑁 − 𝐼 ) 1

𝜎

]

Since (𝑞 (𝑁 )) 1
𝜎−1 is log-concave by Assumption 3, the first term in the objective function is con-

cave. Since (𝑁 − 𝐼 ) 1
𝜎 is strictly concave in𝑁 ≥ 𝐼 when 𝜎 > 1, the second term is strictly concave.

Thus, the overall objective function is strictly concave in𝑁 . The derivative of the objective func-
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tion with respect to𝑁 is:

1
𝜎 − 1

(
𝑞 ′(𝑁 )
𝑞 (𝑁 ) + (𝐿 𝑓 ) 𝜎−1

𝜎 (𝑁 − 𝐼 ) 1−𝜎
𝜎

(𝐾 𝑓 ) 𝜎−1
𝜎 𝐼

1
𝜎 + (𝐿 𝑓 ) 𝜎−1

𝜎 (𝑁 − 𝐼 ) 1
𝜎

)
(A-50)

which, under Assumption 3, runs from∞ as𝑁 → 𝐼 + to some strictly negative number as𝑁 → ∞.
Therefore, there exists a uniquemaximizer𝑁𝑓 ∈ (𝐼 ,∞). See Figure A-1.
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Figure A-1. 𝑌 (𝐼 , 𝑁 ;𝐾 𝑓 , 𝐿 𝑓 ) as a function of 𝑁 . This figure is drawn for the following parameter
values: 𝐼 = .5, 𝐾 𝑓 = 𝐿 𝑓 = 10, 𝜎 = 1.4 and 𝑞 (𝑁 ) = 𝑒 .5(1−𝑁 ) .

The first order condition characterizing the optimal range of tasks,𝑁𝑓 , is:

(𝐿 𝑓 ) 𝜎−1
𝜎 (𝑁𝑓 − 𝐼 ) 1−𝜎

𝜎

(𝐾 𝑓 ) 𝜎−1
𝜎 𝐼

1
𝜎 + (𝐿 𝑓 ) 𝜎−1

𝜎 (𝑁𝑓 − 𝐼 ) 1
𝜎

= −𝑞
′(𝑁𝑓 )
𝑞 (𝑁𝑓 ) . (A-51)

By the proof of Lemma 7, for each active firm, (𝐾 𝑓 , 𝐿 𝑓 ) = (𝜓𝑓 𝐾 ,𝜓𝑓 𝐿). Then,𝑁𝑓 = 𝑁 𝑑 satisfies the
first-order condition (A-51) with (𝐾 𝑓 , 𝐿 𝑓 ) = (𝜓𝐹𝐾 ,𝜓𝑓 𝐿):

(𝜓𝑓 𝐿) 𝜎−1
𝜎 (𝑁 𝑑 − 𝐼 ) 1−𝜎

𝜎

(𝜓𝐾 ) 𝜎−1
𝜎 𝐼

1
𝜎 + (𝜓𝑓 𝐿) 𝜎−1

𝜎 (𝑁 𝑑 − 𝐼 ) 1
𝜎

= −𝑞
′(𝑁 𝑑 )
𝑞 (𝑁 𝑑 )

⇐⇒ 𝐿
𝜎−1
𝜎 (𝑁 𝑑 − 𝐼 ) 1−𝜎

𝜎

𝐾
𝜎−1
𝜎 𝐼

1
𝜎 + 𝐿 𝜎−1

𝜎 (𝑁 𝑑 − 𝐼 ) 1
𝜎

= −𝑞
′(𝑁 𝑑 )
𝑞 (𝑁 𝑑 )

, (A-52)

which yields the result.
To provemonotonicity of the range of tasks in 𝐾 , define:

𝐻 (𝑁 ,𝐾 ) :=
(𝐿) 𝜎−1

𝜎 (𝑁 − 𝐼 ) 1−𝜎
𝜎

𝐾
𝜎−1
𝜎 𝐼

1
𝜎 + 𝐿 𝜎−1

𝜎 (𝑁 − 𝐼 ) 1
𝜎

+ 𝑞 ′(𝑁 )
𝑞 (𝑁 )

so that 𝑁 𝑑 satisfies: 𝐻 (𝑁 𝑑 , 𝐾 ) = 0. Through implicit differentiation, we have 𝜕𝑁 𝑑

𝜕𝐾 = −𝐻𝐾 (𝑁 𝑑 ,𝐾 )
𝐻𝑁 (𝑁 𝑑 ,𝐾 ) .
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Since 𝜎 > 1,𝐻𝐾 (𝑁 ,𝐾 ) < 0 and

𝐻𝑁 (𝑁 ,𝐾 ) = 1 − 𝜎
𝜎︸︷︷︸
<0

𝐿
𝜎−1
𝜎 (𝑁 − 𝐼 ) 1−2𝜎

𝜎

𝐾
𝜎−1
𝜎 𝐼

1
𝜎 + (𝐿) 𝜎−1

𝜎 (𝑁 − 𝐼 ) 1
𝜎

− 1
𝜎

(
𝐿

𝜎−1
𝜎

𝐾
𝜎−1
𝜎 𝐼

1
𝜎 + 𝐿 𝜎−1

𝜎 (𝑁 − 𝐼 ) 1
𝜎

)2

+ 𝑑2 log𝑞 (𝑁 )
𝑑𝑁 2︸         ︷︷         ︸

≤0 by Assumption 3

< 0 ,

which proves that 𝜕𝑁 𝑑

𝜕𝐾 < 0.
To prove themonotonicity of the fraction of tasks in 𝐼 , note that:

𝑁 𝑑 (𝐼 ;𝐾 ) = arg max
𝑁 ≥𝐼

(𝑞 (𝑁 )) 1
𝜎−1

[
(𝜓𝑓 𝐾 ) 𝜎−1

𝜎 𝐼
1
𝜎 + (𝜓𝑓 𝐿)

𝜎−1
𝜎 (𝑁 − 𝐼 ) 1

𝜎

] 𝜎
𝜎−1

= arg max
𝑁 ≥𝐼

(𝑞 (𝑁 )) 1
𝜎−1

[
𝐾

𝜎−1
𝜎 𝐼

1
𝜎 + 𝐿 𝜎−1

𝜎 (𝑁 − 𝐼 ) 1
𝜎

] 𝜎
𝜎−1

where the equality follows fromdividing the objective function by𝜓𝑓 , which does not change the
optimizer. Applying a change of variables 𝑧 = 𝐼

𝑁 ⇐⇒ 𝑁 = 𝐼
𝑧 , we find that𝑁 𝑑 (𝐼 ;𝐾 ) = 𝐼

𝑧 where:

𝑧 = arg max
𝑧∈ (0,1]

(
𝑞

(
𝐼

𝑧

)) 1
𝜎−1

[
𝐾

𝜎−1
𝜎 𝐼

1
𝜎 + 𝐿 𝜎−1

𝜎

(
𝐼

𝑧
− 𝐼

) 1
𝜎

] 𝜎
𝜎−1

= arg max
𝑧∈ (0,1]

(
𝑞

(
𝐼

𝑧

)) 1
𝜎−1

[
𝐾

𝜎−1
𝜎 + 𝐿 𝜎−1

𝜎

(
1
𝑧
− 1

) 1
𝜎

] 𝜎
𝜎−1

where the equality follows from dividing the objective function by 𝐼 1
𝜎−1 , which does not change

the optimizer. Taking the log of the objective function, 𝑧 is characterized by:

𝑧 = arg max
𝑧∈ (0,1]

1
𝜎 − 1

log𝑞
(
𝐼

𝑧

)
+ 𝜎

𝜎 − 1
log

[
𝐾

𝜎−1
𝜎 + 𝐿 𝜎−1

𝜎

(
1
𝑧
− 1

) 1
𝜎

]
.

Let:

Φ(𝑧, 𝐼 ) :=
1

𝜎 − 1
log𝑞

(
𝐼

𝑧

)
+ 𝜎

𝜎 − 1
log

[
𝐾

𝜎−1
𝜎 + 𝐿 𝜎−1

𝜎

(
1
𝑧
− 1

) 1
𝜎

]
.

The objective function is strictly supermodular in (𝑧, 𝐼 ) because:

𝜕2Φ(𝑧, 𝐼 )
𝜕𝑧𝜕𝐼

=
1

𝜎 − 1︸︷︷︸
>0


− 𝑞 ′′(𝐼 /𝑧)𝑞 (𝐼 /𝑧) − (𝑞 ′(𝐼 /𝑧))2(

𝑞 (𝐼 /𝑧)2
) 𝐼

𝑧3︸                                     ︷︷                                     ︸
≤0 since 𝑞 is log-concave by Assumption 3

− 𝑞 ′(𝐼 /𝑧)
𝑞 (𝐼 /𝑧)︸   ︷︷   ︸

<0 by Assumption 3

1
𝑧2


> 0 .

A-25



ByMonotone Comparative Statics (Topkis, 1998; Milgrom and Shannon, 1994), then, 𝑧 = 𝐼
𝑁 𝑑 (𝐼 ;𝐾 )

is increasing in 𝐼 .
Finally, to prove the limit, let Δ(𝐼 ;𝐾 ) := 𝑁 𝑑 (𝐼 ;𝐾 ) − 𝐼 ≥ 0. The first-order condition defining

Δ(𝐼 ;𝐾 ) is:

𝐿
𝜎−1
𝜎 Δ

1−𝜎
𝜎

𝐾
𝜎−1
𝜎 𝐼

1
𝜎 + 𝐿 𝜎−1

𝜎 Δ
1
𝜎

= −𝑞
′(𝐼 + Δ)
𝑞 (𝐼 + Δ) ⇐⇒ 1(𝐾

𝐿

) 𝜎−1
𝜎 𝐼

1
𝜎 Δ

𝜎−1
𝜎 + Δ

= −𝑞
′(𝐼 + Δ)
𝑞 (𝐼 + Δ) ⇐⇒

(
𝐾

𝐿

) 𝜎−1
𝜎

𝐼
1
𝜎 Δ

𝜎−1
𝜎 + Δ =

1

−𝑞 ′ (𝐼+Δ)
𝑞 (𝐼+Δ)

.

By Assumption 3,𝑚 = inf𝑁 −𝑞 ′ (𝑁 )
𝑞 (𝑁 ) > 0. Thus, −𝑞 ′ (𝐼+Δ)

𝑞 (𝐼+Δ) ≥ 𝑚 > 0 and

(
𝐾

𝐿

) 𝜎−1
𝜎

𝐼
1
𝜎 Δ

𝜎−1
𝜎 + Δ ≤ 1

𝑚
< ∞ =⇒

(
𝐾

𝐿

) 𝜎−1
𝜎

𝐼
1
𝜎 Δ

𝜎−1
𝜎 ≤ 1

𝑚

⇐⇒ Δ
𝜎−1
𝜎 ≤ 1

𝑚

(
𝐿

𝐾

) 𝜎−1
𝜎

(
1
𝐼

) 1
𝜎

⇐⇒ Δ ≤
(

1
𝑚

) 𝜎
𝜎−1 𝐿

𝐾

(
1
𝐼

) 1
𝜎−1

.

Therefore, lim𝐼→∞ Δ(𝐼 ;𝐾 ) ≤ lim𝐼→∞
(

1
𝑚

) 𝜎
𝜎−1 𝐿

𝐾

(
1
𝐼

) 1
𝜎−1

= 0. SinceΔ(𝐼 ;𝐾 ) ≥ 0, weconclude: lim𝐼→∞ Δ(𝐼 ;𝐾 ) =
0. Therefore,

lim
𝐼→∞

𝐼

𝑁 𝑑 (𝐼 ;𝐾 )
= lim
𝐼→∞

𝐼

𝐼 + Δ(𝐼 ;𝐾 ) = 1 .

□

Proof of Lemma 9. Theobjective functionof theoptimizationproblemthat characterizes𝑁 ∗(𝐼 ;𝐾 )
is:

𝑠𝐿 (𝐼 , 𝑁 ;𝐾 )𝑌 (𝐼 , 𝑁 ;𝐾 ) =𝑤 (𝐼 , 𝑁 ;𝐾 ) 𝐿 =︸︷︷︸
(32)

𝐿
𝜎−1
𝜎 (𝑁 − 𝐼 ) 1

𝜎 (𝑞 (𝑁 )) 1
𝜎−1

[
𝐾

𝜎−1
𝜎 𝐼

1
𝜎 + 𝐿 𝜎−1

𝜎 (𝑁 − 𝐼 ) 1
𝜎

] 1
𝜎−1

.

The log of the objective function is:

1
𝜎

log(𝑁 − 𝐼 ) + 1
𝜎 − 1

log𝑞 (𝑁 ) + 𝜎

𝜎 − 1
log

[
𝐾

𝜎−1
𝜎 𝐼

1
𝜎 + 𝐿 𝜎−1

𝜎 (𝑁 − 𝐼 ) 1
𝜎

]

which is strictly concave in𝑁 when 𝜎 > 1, so a uniquemaximizer exists.
Note that 𝜕𝑠𝐿 (𝐼 ,𝑁 ;𝐾 )

𝜕𝑁 > 0 for all 𝑁 > 𝐼 . Evaluating the derivative of the objective function at
𝑁 = 𝑁 𝑑 ,

𝜕𝑠𝐿 (𝐼 , 𝑁 𝑑 ;𝐾 )
𝜕𝑁︸            ︷︷            ︸
>0

𝑌 (𝐼 , 𝑁 𝑑 ;𝐾 ) + 𝑠𝐿 (𝐼 , 𝑁 𝑑 ;𝐾 ) 𝜕𝑌 (𝐼 , 𝑁 𝑑 ;𝐾 )
𝜕𝑁︸            ︷︷            ︸

=0 since𝑁 𝑑=arg max𝑌

> 0 ,

which proves that𝑁 ∗ > 𝑁 𝑑 . □
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Proof of Lemma 10. Given 𝐾 > 0 and 𝐼 > 0, let 𝑁 (𝐼 ;𝐾 ) := arg max𝑁 ≥𝐼 𝑌 (𝐼 , 𝑁 ;𝐾 ). By Lemma 8,
𝑁 (𝐼 ;𝐾 ) = 𝑁 𝑑 (𝐼 ;𝐾 ) is unique. By optimality of𝑁𝑌 (𝐾 ),𝑁𝑌 (𝐾 ) = 𝑁 (𝐼̃𝑌 (𝐾 );𝐾 ).

Let:

𝑌 (𝐼 ;𝐾 ) :=𝑌 (𝐼 , 𝑁 (𝐼 ;𝐾 );𝐾 ) . (A-53)

Then, by optimality of 𝐼̃𝑌 (𝐾 ), 𝐼̃𝑌 (𝐾 ) = arg max𝐼 ≥0𝑌 (𝐼 ;𝐾 ). By the envelope theorem,

𝜕𝑌 (𝐼 ;𝐾 )
𝜕𝐼

=
𝜕𝑌 (𝐼 , 𝑁 ;𝐾 )

𝜕𝐼

����
𝑁=𝑁 (𝐼 ;𝐾 )

,

where, by (31),

𝜕𝑌 (𝐼 , 𝑁 ;𝐾 )
𝜕𝐼

=
1

𝜎 − 1
𝑌 (𝐼 , 𝑁 ;𝐾 )

𝐾
𝜎−1
𝜎 𝐼

1
𝜎 + 𝐿 𝜎−1

𝜎 (𝑁 − 𝐼 ) 1
𝜎

((
𝐾

𝐼

) 𝜎
𝜎−1

−
(

𝐿

𝑁 − 𝐼

) 𝜎
𝜎−1

)
.

Therefore, since 𝜎 > 1,

𝜕𝑌 (𝐼 , 𝑁 ;𝐾 )
𝜕𝐼

����
𝑁=𝑁 (𝐼 ;𝐾 )

≥ 0 ⇐⇒
(
𝐾

𝐼

) 𝜎
𝜎−1

−
(

𝐿

𝑁 (𝐼 ;𝐾 ) − 𝐼

) 𝜎
𝜎−1

≥ 0

⇐⇒ 𝐾

𝐼
≥ 𝐿

𝑁 (𝐼 ;𝐾 ) − 𝐼
⇐⇒ 𝐼

𝑁 (𝐼 ;𝐾 )
≤ 𝐾

𝐾 + 𝐿 .

By Lemma 8, the left-hand side 𝐼
𝑁 (𝐼 ;𝐾 ) is increasing in 𝐼 , running from 0 as 𝐼 → 0 to 1 as 𝐼 → ∞.

Therefore,𝑌 (𝐼 ;𝐾 ) is single-peaked in 𝐼 and themaximizer is interior and unique. Themaximizer
𝐼̃𝑌 satisfies the first-order condition:

𝜕𝑌 (𝐼 ;𝐾 )
𝜕𝐼

�����
𝐼=𝐼̃𝑌

= 0 ⇐⇒ 𝐼̃𝑌

𝑁 (𝐼̃𝑌 ;𝐾 )
=

𝐾

𝐾 + 𝐿 .

Therefore, 𝐼̃𝑌 = 𝑁 (𝐼̃𝑌 ;𝐾 ) 𝐾
𝐾 +𝐿 = 𝑁𝑌 (𝐾 ) 𝐾

𝐾 +𝐿 . Then, since 𝑁 (𝐼 ;𝐾 ) = 𝑁 𝑑 (𝐼 ;𝐾 ), Lemma 8 implies
1
𝑁𝑌

= −𝑞 ′ (𝑁𝑌 )
𝑞 (𝑁𝑌 ) , which concludes the proof of the first part.

For the second part, as in the proof of Proposition 2, in any decentralized equilibrium with
automation level 𝐼̃ 𝑑 > 0 and the range of tasks𝑁 𝑑 > 0, input pricesmust be equal:𝑤 (𝐼̃ 𝑑 , 𝑁 𝑑 ;𝐾 ) =
𝑟 (𝐼̃ 𝑑 , 𝑁 𝑑 ;𝐾 ). By (32) and (33), this implies:

𝑁 𝑑 − 𝐼̃ 𝑑
𝐿

=
𝐼̃ 𝑑

𝐾
=⇒ 𝐼̃ 𝑑 = 𝑁 𝑑 𝐾

𝐾 + 𝐿 .

Then, by Lemma 8, 1
𝑁 𝑑

= −𝑞 ′ (𝑁 𝑑 )
𝑞 (𝑁 𝑑 ) . Therefore,𝑁

𝑑 = 𝑁𝑌 , and,

𝐼̃ 𝑑 = 𝑁 𝑑 𝐾

𝐾 + 𝐿 = 𝑁𝑌 𝐾

𝐾 + 𝐿 = 𝐼̃𝑌 ,
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which concludes the proof. □

The proof of Proposition 10 relies on the following result.

Lemma 13. Consider the maximizers for the optimization problem:
(
𝐼̂ (𝐾 ), 𝑁 (𝐾 )

)
= arg max

𝐼 ≥0,𝑁 ≥𝐼
𝐹 (𝐼 /𝑁 ) 𝑌 (𝐼 , 𝑁 ;𝐾 )

Ifmax𝑧∈[0,1] 𝐹 (𝑧) 𝑌 (𝑧, 1;𝐾 ) > 0, then𝑁 (𝐾 ) = 𝑁𝑌 (𝐾 ) and 𝐼̂ (𝐾 ) = 𝑧̂ (𝐾 ) 𝑁𝑌 (𝐾 ) where:

𝑧̂ (𝐾 ) := arg max
𝑧∈[0,1]

𝐹 (𝑧) 𝑌 (𝑧, 1;𝐾 ).

Proof of Lemma 13. The optimization problem is:

max
𝐼 ≥0,𝑁 ≥𝐼

𝐹 (𝐼 /𝑁 ) (𝑞 (𝑁 )) 1
𝜎−1

[
𝐾

𝜎−1
𝜎 𝐼

1
𝜎 + 𝐿 𝜎−1

𝜎 (𝑁 − 𝐼 ) 1
𝜎

] 𝜎
𝜎−1

= (𝑞 (𝑁 )𝑁 ) 1
𝜎−1 𝐹

(
𝐼

𝑁

) [
𝐾

𝜎−1
𝜎

(
𝐼

𝑁

) 1
𝜎

+ 𝐿 𝜎−1
𝜎

(
1 − 𝐼

𝑁

) 1
𝜎

] 𝜎
𝜎−1

Through a change of variables 𝑧 = 𝐼
𝑁 ⇐⇒ 𝐼 = 𝑧 𝑁 , we have: 𝐼̂ = 𝑧̂ 𝑁 where

(
𝑧̂ , 𝑁

)
= arg max

𝑧∈[0,1],𝑁 ≥0
(𝑞 (𝑁 )𝑁 ) 1

𝜎−1 𝐹 (𝑧)
[
𝐾

𝜎−1
𝜎 (𝑧) 1

𝜎 + 𝐿 𝜎−1
𝜎 (1 − 𝑧) 1

𝜎

] 𝜎
𝜎−1

= (𝑞 (𝑁 )𝑁 ) 1
𝜎−1 𝐹 (𝑧)𝑌 (𝑧, 1;𝐾 ) .

Thus, the optimization problem is

max
𝑧∈[0,1],𝑁 ≥0

(𝑞 (𝑁 )𝑁 ) 1
𝜎−1 𝐹 (𝑧)𝑌 (𝑧, 1;𝐾 ) = max

𝑁 ≥0
(𝑞 (𝑁 )𝑁 ) 1

𝜎−1 max
𝑧∈[0,1]

𝐹 (𝑧)𝑌 (𝑧, 1;𝐾 )

where the equality follows frommax𝑧∈[0,1] 𝐹 (𝑧)𝑌 (𝑧, 1;𝐾 ) > 0 and 𝑔 (𝑁 )𝑁 ≥ 0 for all𝑁 ≥ 0.
We conclude that𝑁 = arg max𝑁 ≥0 (𝑔 (𝑁 )𝑁 ) 1

𝜎−1 . The first-order condition characterizing𝑁 is:

1

𝑁
= −𝑞

′(𝑁 )
𝑞 (𝑁 )

which proves that𝑁 = 𝑁𝑌 . Then, 𝐼̂ = 𝑧̂𝑁 = 𝑧̂𝑁𝑌 . □

Proof of Proposition 10. Theresult follows fromLemma13andrecognizing that (i)both 𝑠𝐿 (𝐼 , 𝑁 ;𝐾 )
and 𝑠𝐾 (𝐼 , 𝑁 ;𝐾 ) areonly functionsof 𝐼 /𝑁 , and (ii) the capitalist state’s payoffbeing strictlypositive
under repression and redistribution when𝑁 = 1. □
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Proof of Proposition 11. The proof follows from recognizing that:

𝛽 (𝐾 ) = 1
1 − 𝜒

𝑉
(
𝑠𝐿 (𝐼̃ 𝑠 , 𝑁 𝑠 ;𝐾 )

)
𝑠𝐾 (𝐼̃ 𝑟 , 𝑁 𝑟 ;𝐾 ) − 𝑅

𝑌 (𝐼̃ 𝑠 , 𝑁 𝑠 ;𝐾 )
𝑌 (𝐼̃ 𝑟 , 𝑁 𝑟 ;𝐾 )

=
1

1 − 𝜒
𝑉

(
𝑠𝐿 (𝐼 𝑠𝑁𝑌 , 𝑁𝑌 ;𝐾 )

)
𝑠𝐾 (𝐼𝑟𝑁𝑌 , 𝑁𝑌 ;𝐾 ) − 𝑅

𝑌 (𝐼 𝑠𝑁𝑌 , 𝑁𝑌 ;𝐾 )
𝑌 (𝐼 𝑟𝑁𝑌 , 𝑁𝑌 ;𝐾 )

(by Proposition 10)

=
1

1 − 𝜒
𝑉 (𝑠𝐿 (𝐼 𝑠 , 1;𝐾 ))
𝑠𝐾 (𝐼 𝑟 , 1;𝐾 ) − 𝑅

𝑌 (𝐼 𝑠𝑁𝑌 , 𝑁𝑌 ;𝐾 )
𝑌 (𝐼 𝑟𝑁𝑌 , 𝑁𝑌 ;𝐾 )

(since 𝑠𝐿 (𝐼 , 𝑁 ;𝐾 ) = 𝑠𝐿 (𝐼 /𝑁 , 1;𝐾 ))

=
1

1 − 𝜒
𝑉 (𝑠𝐿 (𝐼 𝑠 , 1;𝐾 ))
𝑠𝐾 (𝐼 𝑟 , 1;𝐾 ) − 𝑅

(
𝑞 (𝑁𝑌 )

) 1
𝜎−1

[
𝐾

𝜎−1
𝜎 (𝐼 𝑠𝑁𝑌 ) 1

𝜎 + 𝐿 𝜎−1
𝜎 (𝑁𝑌 − 𝐼 𝑠𝑁𝑌 ) 1

𝜎

] 𝜎
𝜎−1

(
𝑞 (𝑁𝑌 )

) 1
𝜎−1

[
𝐾

𝜎−1
𝜎 (𝐼 𝑟𝑁𝑌 ) 1

𝜎 + 𝐿 𝜎−1
𝜎 (𝑁𝑌 − 𝐼 𝑟𝑁𝑌 ) 1

𝜎

] 𝜎
𝜎−1

=
1

1 − 𝜒
𝑉 (𝑠𝐿 (𝐼 𝑠 , 1;𝐾 ))
𝑠𝐾 (𝐼 𝑟 , 1;𝐾 ) − 𝑅

[
𝐾

𝜎−1
𝜎 (𝐼 𝑠𝑁𝑌 ) 1

𝜎 + 𝐿 𝜎−1
𝜎 (𝑁𝑌 − 𝐼 𝑠𝑁𝑌 ) 1

𝜎

] 𝜎
𝜎−1

[
𝐾

𝜎−1
𝜎 (𝐼 𝑟𝑁𝑌 ) 1

𝜎 + 𝐿 𝜎−1
𝜎 (𝑁𝑌 − 𝐼 𝑟𝑁𝑌 ) 1

𝜎

] 𝜎
𝜎−1

=
1

1 − 𝜒
𝑉 (𝑠𝐿 (𝐼 𝑠 , 1;𝐾 ))
𝑠𝐾 (𝐼 𝑟 , 1;𝐾 ) − 𝑅

[
𝐾

𝜎−1
𝜎 (𝐼 𝑠 ) 1

𝜎 + 𝐿 𝜎−1
𝜎 (1 − 𝐼 𝑠 ) 1

𝜎

] 𝜎
𝜎−1

[
𝐾

𝜎−1
𝜎 (𝐼 𝑟 ) 1

𝜎 + 𝐿 𝜎−1
𝜎 (1 − 𝐼 𝑟 ) 1

𝜎

] 𝜎
𝜎−1

=
1

1 − 𝜒
𝑉 (𝑠𝐿 (𝐼 𝑠 , 1;𝐾 ))
𝑠𝐾 (𝐼 𝑟 , 1;𝐾 ) − 𝑅

𝑌 (𝐼 𝑠 , 1;𝐾 )
𝑌 (𝐼 𝑟 , 1;𝐾 ) = 𝛽 (𝐾 ) .

□

Proof of Lemma 11. Let 𝑠𝑑𝑒𝑚𝐾 (𝐾 ) := 𝑠𝐾
(
𝐼 𝐾 (𝐾 );𝐾 ) denote the capital share under democracy.

Repeating the steps in the proof of Lemma 4, we obtain:

𝑑 𝑢𝑑𝑒𝑚 (𝐾 )
𝑑 𝐾

=
𝑢𝑑𝑒𝑚 (𝐾 )

𝐾

(𝑠𝑑𝑒𝑚𝐾 (𝐾 ))𝜎𝐾 1−𝜎

(𝑠𝑑𝑒𝑚𝐾 (𝐾 ))𝜎𝐾 1−𝜎 + (1 − 𝑠𝑑𝑒𝑚𝐾 (𝐾 ))𝜎𝐿1−𝜎 . (A-54)

Recall that 𝐼 𝑟 (𝐾 ) > 𝐼 𝐾 (𝐾 ) byProposition4. Since 𝑠𝐾 (𝐼 ;𝐾 ) is increasing in 𝐼 , this implies: 𝑠𝐾 (𝐼 𝑟 (𝐾 );𝐾 ) >
𝑠𝐾

(
𝐼 𝐾 (𝐾 );𝐾 ) , i.e., 𝑠 𝑟𝐾 (𝐾 ) > 𝑠𝑑𝑒𝑚𝐾 (𝐾 ).
We next claim that 𝑢𝑟 (𝐾 )

𝑢𝑑𝑒𝑚 (𝐾 ) is increasing in 𝐾 . To see why, note:

𝑑

𝑑𝐾

(
𝑢𝑟 (𝐾 )
𝑢𝑑𝑒𝑚 (𝐾 )

)
=

𝑑𝑢𝑟 (𝐾 )
𝑑𝐾 𝑢𝑑𝑒𝑚 (𝐾 ) − 𝑑𝑢𝑑𝑒𝑚 (𝐾 )

𝑑𝐾 𝑢𝑟 (𝐾 )(
𝑢𝑑𝑒𝑚 (𝐾 ))2 > 0

⇐⇒ 𝑑𝑢𝑟 (𝐾 )/𝑑𝐾
𝑢𝑟 (𝐾 ) >

𝑑𝑢𝑑𝑒𝑚 (𝐾 )/𝑑𝐾
𝑢𝑑𝑒𝑚 (𝐾 )

⇐⇒︸︷︷︸
(A-31),(A-54)

(𝑠 𝑟𝐾 (𝐾 ))𝜎𝐾 1−𝜎

(𝑠 𝑟𝐾 (𝐾 ))𝜎𝐾 1−𝜎 + (1 − 𝑠 𝑟𝐾 (𝐾 ))𝜎𝐿1−𝜎 >
(𝑠𝑑𝑒𝑚𝐾 (𝐾 ))𝜎𝐾 1−𝜎

(𝑠𝑑𝑒𝑚𝐾 (𝐾 ))𝜎𝐾 1−𝜎 + (1 − 𝑠𝑑𝑒𝑚𝐾 (𝐾 ))𝜎𝐿1−𝜎
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which holds because 𝑠 𝑟𝐾 (𝐾 ) > 𝑠𝑑𝑒𝑚𝐾 (𝐾 ).
Take any 𝐾 ′ > 𝐾 , and assume𝑢𝑟 (𝐾 ) ≥ 𝑢𝑑𝑒𝑚 (𝐾 ). Then,

𝑢𝑟 (𝐾 )
𝑢𝑑𝑒𝑚 (𝐾 ) ≥ 1 =⇒ 𝑢𝑟 (𝐾 ′)

𝑢𝑑𝑒𝑚 (𝐾 ′) >
𝑢𝑟 (𝐾 )
𝑢𝑑𝑒𝑚 (𝐾 ) ≥ 1 ⇐⇒ 𝑢𝑟 (𝐾 ′) > 𝑢𝑑𝑒𝑚 (𝐾 ′)

and the result follows. □

Proof of Proposition 12. The capitalists’ decision follows from the discussion in the main text.
To prove comparative statics with respect to 𝐾 , recall that by (34):

𝜏 (𝐾 ) = 1 − (1 − 𝜒) 𝑠𝐾 (𝐼
𝑟 (𝐾 );𝐾 ) − 𝑅

𝑠𝐾
(
𝐼 𝐾 (𝐾 );𝐾 ) 𝑌 (𝐼 𝑟 (𝐾 );𝐾 )

𝑌 (𝐼 𝐾 (𝐾 );𝐾 )

As established in the proof of Lemma 11, 𝑢𝑟 (𝐾 )
𝑢𝑑𝑒𝑚 (𝐾 ) = 1−𝜒

1−𝜏
𝑠𝐾 (𝐼 𝑟 (𝐾 );𝐾 )−𝑅
𝑠𝐾 (𝐼 𝐾 (𝐾 );𝐾 )

𝑌 (𝐼 𝑟 (𝐾 );𝐾 )
𝑌 (𝐼 𝐾 (𝐾 );𝐾 ) is increasing in 𝐾 .

Since 𝐼 𝑟 (𝐾 ) and 𝐼 𝐾 (𝐾 ) are independent of 𝜒 and𝜏 , 𝑠𝐾 (𝐼 𝑟 (𝐾 );𝐾 )−𝑅
𝑠𝐾 (𝐼 𝐾 (𝐾 );𝐾 )

𝑌 (𝐼 𝑟 (𝐾 );𝐾 )
𝑌 (𝐼 𝐾 (𝐾 );𝐾 ) is increasing in𝐾 . This

proves that 𝜏 (𝐾 ) is decreasing in 𝐾 .
ByProposition2, 𝐼 𝐾 (𝐾 ) > 𝐼 𝑑 (𝐾 ) = 𝐾

𝐾 +𝐿 . Therefore, lim𝐾→∞ 𝐼 𝐾 (𝐾 ) = 1and lim𝐾→∞ 𝑠𝐾 (𝐼 𝐾 (𝐾 );𝐾 ) =
1. By Proposition 4 and Remark 3, lim𝐾→∞ 𝑠𝐾 (𝐼 𝑟 (𝐾 );𝐾 ) = 1.

Let Y(𝑠𝐾 ;𝐾 ) be defined as in the proof of Lemma 4. As shown in the proof of Proposition 6,
lim𝑠𝐾→1

Y(𝑠𝐾 ;𝐾 )
𝐾 = 1. Combining all these yields:

lim
𝐾→∞

𝜏 (𝐾 ) = lim
𝐾→∞,𝑠𝐾 (𝐼 𝐾 (𝐾 );𝐾 ) ,𝑠𝐾 (𝐼 𝑟 (𝐾 );𝐾 )→1

1 − (1 − 𝜒) 𝑠𝐾 (𝐼
𝑟 (𝐾 );𝐾 ) − 𝑅

𝑠𝐾
(
𝐼 𝐾 (𝐾 );𝐾 ) Y(𝑠𝐾 (𝐼 𝑟 (𝐾 );𝐾 ) ;𝐾 )/𝐾

Y(𝑠𝐾
(
𝐼 𝐾 (𝐾 );𝐾 )

;𝐾 )/𝐾
= 1 − (1 − 𝜒) (1 − 𝑅) .

□
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