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Abstract

High AI valuations are usually read as fundamentals or a bubble. This paper
develops a third possibility: temporary overvaluation can leave a permanent real
legacy. Al investment expands productive capacity and shifts income toward capital
owners, whose propensity to save rises with wealth. This feedback supports a
rational high-capital steady state. Rational pricing preserves the low-capital path;
temporary optimism supplies the valuation needed for transition. It raises valuation
and investment demand, pushing up the equilibrium real interest rate as capitalists
postpone consumption to fund installation. The outcome depends on size and
duration: optimism must open the high-capital path and last until capital crosses
the threshold at which the rational high continuation becomes available. An earlier
correction returns the economy to the low state; a later one lowers valuation but
leaves the installed capital in place. The high-capital destination has higher worker
wages and a lower real interest rate.
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1 Introduction

“While some part of the investment which was going on in the world at large was
doubtless ill-judged and unfruitful, there can, I think, be no doubt that the world
was enormously enriched by the constructions of the quinquennium from 1925 to
1929; its wealth increased in these five years by as much as in any other ten or twenty
years of its history.” —XKeynes (1931)

The recent increase in Al-related valuations raises a familiar question: do high prices
reflect fundamentals, or are they a bubble? The question takes the fundamentals as given
and asks only whether the market has them right. But investment responds to valuation,
and the capital installed during a boom changes the economy that later prices it. Once
prices shape the fundamentals against which they are judged, the two answers are no
longer exhaustive. A valuation can be unsustainable and still leave a permanent real legacy.
A temporary overvaluation can finance capital that survives the correction and moves the
economy to a different long-run allocation.

The argument separates three questions that the usual bubble debate runs together. Is
the technology productive? Are peak valuations sustained? Does the capital financed at
those valuations remain? In the successful episode studied here, the answers are yes, no,
and yes. In the failed episode, only the last answer changes. That is why a price correction
by itself does not reveal whether the preceding boom was economically wasteful.

Al provides the economic setting. Al capital substitutes for labor in production. While
deployment is expanding, each additional unit of total capital is split between AI capital
that supplies effective labor services and the conventional capital used alongside the
enlarged effective workforce. Productive capacity grows, the marginal return to capital is
temporarily protected from diminishing returns, and a larger fraction of income accrues
through the capital claim. The owners of that claim have a rising propensity to save as
their wealth increases. Consequently, a larger installed capital stock is associated with a
lower return required to carry it. This is the wealth-saving feedback behind the high-capital
steady state.

The feedback generates multiple rational steady states, but not multiple rational
equilibria from the same inherited capital stock. There is a low-capital steady state and
a high-capital steady state, separated by a middle capital threshold. The high state
can sustain itself once enough capital is present. Starting from the low state, however,
rational asset pricing selects the low-capital continuation. The existence of a high-capital
destination does not provide the valuation needed to reach it.

The missing transition force is deliberately behavioral and minimal. For a time,
capitalists perceive a fixed excess return on the capital claim. This perceived return
governs their intertemporal choices and, by return parity, equals the return on the zero-
net-supply real bond. Optimism raises the price of installed capital, and the higher price
raises investment through a standard ¢-theory channel.

The interest rate makes the contrast between buildout and destination especially sharp.
Optimism raises the price of installed capital, and the higher price raises investment
demand. Installation absorbs current resources, so the equilibrium real rate rises to induce



capitalists to postpone consumption and fund the buildout. Capitalists can therefore look
richer in market-value terms while consuming less. At the destination the force runs the
other way: the greater wealth of the capital-owning high savers lowers the return required
to sustain the larger stock. A temporarily high real rate ends in a permanently lower one.

The optimism eventually corrects, and timing determines the real outcome. If capital
is still below the middle threshold, only the rational low-capital continuation is available.
Valuation falls to that path and accumulation unwinds toward the low state. If capital has
already crossed the threshold, the rational high continuation is available at the inherited
stock. Valuation can fall sharply while the machines, data centers, and conventional capital
already installed remain. Once enough capital is in place, rational valuation supports
continuation to the high-capital state.

Size and duration are distinct requirements. Optimism must first be strong enough
to create a perceived high-capital path at the low initial stock. It must then last long
enough for above-replacement investment to carry capital across the rational threshold.
A large but brief valuation error may open the path yet end before enough capital has
been installed. A more persistent error may still fail if it never opens the path. The
analysis treats these margins separately: size determines whether the transition begins,
and duration determines whether it becomes self-sustaining before the correction.

The transition also has a clear incidence pattern. Workers do not own the capital
claim, so they do not bear its valuation correction. Their wage rises with conventional
capital deepening, is flat while AI deployment expands effective labor in exact proportion
to conventional capital, and rises again after deployment capacity is exhausted. Their
income share falls during deployment and only partly recovers afterward. Capitalists
receive the income generated by Al capital, fund the installation boom, and hold the asset
whose optimistic price later corrects. A successful transition therefore combines higher
worker wages and a lower worker share with a correction borne by capital owners.

Formally, the production structure captures an intermediate range of high substitutabil-
ity between Al capital and labor. Within that range, Al capital expands effective labor
in step with conventional capital, keeping the marginal return to an additional unit of
capital constant. Outside that range, the marginal return declines as capital accumulates.
Wealth-in-utility preferences produce the rising propensity to save with wealth emphasized
by Straub (2019), and convex installation costs make investment respond to Tobin’s ¢. A
temporary perceived excess return supplies the valuation needed to move the predetermined
capital stock between the two rational steady states.

The current Al cycle has the structure of a buildout phase. Market capitalization has
concentrated in Al-related firms, and public indicators show rapid advances in capabilities,
falling compute costs, rising data-center and equipment investment, and growing firm
adoption. Broad aggregate productivity and labor-market effects remain harder to detect
(Soto, Thieu, and Allen, 2026). The model represents the financing consequences of Al
valuations through the price of the aggregate installed-capital claim.

Review of the literature. The closest antecedent is the speculative-growth mechanism
of Caballero et al. (2006, henceforth CFH), in which asset values, funding conditions,
and accumulation reinforce one another. This paper keeps the funding-feedback logic
but changes both the technology and the source of optimism. AI enters through the



production structure: substitution of Al capital for labor expands effective labor, routes
the resulting income through the capital claim, and lowers the eventual interest rate
through the wealth-saving channel. A temporary behavioral belief supplies the optimism.
Capitalists perceive an excess return to Al-related capital, and the resulting valuation can
move capital beyond the rational continuation threshold before the belief corrects.

Both halves draw on existing work. The production structure is motivated by the
task-based literature on automation, particularly its emphasis on capital substituting for
labor across an expanding range of economic activities. Acemoglu and Restrepo (2018)
formalize automation and factor shares; Moll, Rachel, and Restrepo (2022) study how
automation raises returns to wealth and widens inequality. The saving side draws on
the literature connecting inequality, saving, and low interest rates. The wealth-in-utility
specification reproduces the non-homothetic saving behavior in Straub (2019), where richer
households consume less at the margin; it also relates to Mian, Straub, and Sufi (2020) on
the saving glut of the rich. Joining the two halves generates the multiplicity here. Income
generated by Al capital belongs to the capital claim, and the wealth of its owners is the
state variable that lowers the required return. Related work studies AGI and Al transition
scenarios (Restrepo, 2025; Korinek and Suh, 2024) and the broader macroeconomics of
transformative Al (Trammell and Korinek, 2023; Acemoglu, 2025; Aghion and Bunel, 2024;
Jones and Tonetti, 2026; Brynjolfsson et al., 2025).

The transition trigger is belief-supported valuation. Pastor and Veronesi (2009) show
how uncertainty about a new technology can generate high prices that later fall even
when the technology is real. The belief-to-investment link is disciplined by the evidence
on expectations and investment in Gennaioli, Ma, and Shleifer (2016), and De Long and
Shleifer (1991) supply an overvaluation benchmark from the late-1920s market, measuring
sentiment through closed-end fund premia. What the wealth-saving feedback adds is
that an optimistic valuation changes not merely prices but the steady state the economy
occupies. The same feature separates the wedge from a rational bubble (Tirole, 1985;
Martin and Ventura, 2012; Farhi and Tirole, 2012), where a self-referential price component
sits alongside fundamentals in an overlapping-generations or liquidity-friction environment.
Here the wedge is a perceived excess return on productive capital. When the correction
removes it, the price returns to the rational capital-claim valuation, and the real legacy
survives only if enough capital has already been installed. It differs equally from speculation
driven by disagreement and resale (Scheinkman and Xiong, 2003; Simsek, 2013). The
representative capitalist leaves no room for trade between optimists and pessimists, so the
wedge reallocates resources across time rather than across investors.

The multiplicity itself connects to work on takeoff and coordination failure (Rosenstein-
Rodan, 1943; Murphy, Shleifer, and Vishny, 1989; Cooper and John, 1988; Azariadis
and Drazen, 1990; Matsuyama, 1991). The difference lies in where the multiplicity sits.
There it is in expectations, with several rational continuations available from a fixed initial
condition. Here it is in steady states, and the rational continuation from the low-capital
state is unique. That uniqueness is what forces the transition to run through a belief that
ultimately proves too optimistic.

The remainder of the paper proceeds as follows. Section 2 builds the technology,
saving, and valuation blocks. Section 3 develops the rational benchmark: AI deployment
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and the wealth-saving feedback generate multiple steady states, while the inherited
capital stock selects a unique rational continuation. Section 4 studies the speculative
transition. A temporary valuation wedge can move the economy toward the high-capital
state, but the outcome turns on whether enough capital is installed before the correction.
Section 5 concludes. The appendices collect the technology and household derivations, the
equilibrium dynamic system, the proofs, and the illustrative numerical example behind
the figures.

2 Model

The timing is simple. The economy begins at the low-capital steady state. Optimism then
appears unexpectedly, and capitalists act as if it will persist. Valuation jumps and capital
begins to accumulate. At an unanticipated correction date, optimism disappears; installed
capital is predetermined, while valuation jumps to the rational continuation available at
the inherited capital stock. I now build the production structure, capitalist saving, and
valuation-driven investment in that order.

2.1 Technology

AT capital substitutes for labor in production. A data center running trained models is
capital on a firm’s balance sheet, yet in production it expands the effective labor used with
conventional capital. The income generated by these effective labor services accrues to the
capital claim, so deployment shifts the composition of income toward capital owners. It
also creates a range in which an additional unit of total capital can expand Al-produced
labor services and conventional capital together, protecting the marginal return to capital
from diminishing returns.
Let raw labor be L. Output uses conventional capital K. and effective labor N:

Y = AK°N'™  a € (0,1).

Total capital K = K.+ K, is allocated between conventional use and Al use. Each unit of
Al capital K, supplies v units of effective labor services, so N = L 4+ vK,. Al deployment
is bounded by K, < K,L. The bound is capacity per raw worker: it can represent the data,
power, organizational, and market infrastructure over which Al services can be deployed.
This scaling makes the aggregate technology constant-returns in (K, L), so competitive
payments to raw labor and total capital exhaust output. I normalize L = 1 after taking
the factor derivatives.

Firms allocate capital optimally between the two uses. In the interior deployment
region, the marginal value of conventional capital equals the marginal value of capital used
to supply effective labor services:

QAKYINT™ = (1 — ) AKON .

This condition gives N = bK,., with b = (1 — a)y/a. In the interior deployment region,
effective labor and conventional capital expand together. Deployment combines substitution



toward Al with conventional capital deepening. Combining the interior condition with
K =K.+ K, and N =1+ vK, gives the allocation

WK -1

N =bK,, Ky=—,
‘ v+0b

(1)
under which each unit of Al capital raises effective labor in step with conventional capital,
fixing K./N = 1/b and hence holding the marginal return to capital constant (details in
Appendix A). The lower threshold Ka; = 1/b is where the interior allocation first activates
AT deployment: K, = 0 at the threshold and positive beyond it. The upper threshold
Kot = [14 (7 +b) K] /b is where it reaches the capacity constraint. Using b = (1 — a)vy/a,

LK K
Ksat—KA1=(7+b) ezl_ea>0.

The length of the interior deployment region is therefore the measure of deployable Al
capacity scaled by 1/(1 — ).

Let d(K) be the marginal return to a unit of total capital, equal to its competitive
rental rate, and let w(K) be the wage per unit of raw labor. Because the optimized
aggregate technology is constant-returns, the envelope theorem and Euler’s theorem give

_ OY(K,L) _ OY(K,L)

d(K) = —7>-=| w(K) = oL ;

0K, oY) = KdE) + u(K). (2

Under competitive factor pricing, this marginal return accrues to the aggregate capital
claim and is the production-side return relevant for investment. The resulting schedule is

aAK* 1, K < Ky,
d<K) = dﬂat = OéAblia; KAI S K < Ksata (3>
QA(K — K)* ' (1 4+~vK)'", K > K.

The middle region is flat because the allocation in (1) holds the conventional-capital-to-
effective-labor ratio fixed. More generally, under constant returns, the interior deployment
condition pins down that ratio and keeps the marginal return to an additional unit of total
capital constant while both uses remain adjustable. Cobb—Douglas makes the constant
transparent: dg,q = YWgat, Where wg,y = (1 — @) Ab~®. The marginal return to a unit of
Al capital equals the wage value of the effective labor services it supplies.

The worker share is based on payments to raw labor. Raw workers receive w = Y7,
while income generated by Al-provided labor services accrues to the capital that produces
them. Applying (2) region by region gives

1—Oé, K<KA17
v+ b
SL(K):)IZEK;: (1—(1)m7 Kar < K < K, (4)
K
(1_a)_Ka %7 Kszat'
— Iy




Before deployment, workers receive the usual Cobb—Douglas share. During deployment,
Al-produced effective labor expands and the worker share falls. Once deployment capacity
is exhausted, further conventional capital deepening raises the worker share toward 1 — «,
but from below. At every finite post-saturation capital stock, workers still receive a smaller
share than before Al deployment. The wage itself follows a different path—rising, then
flat, then rising again—which matters for incidence in Section 4.4.

2.2 Households and the interest-rate schedule

Workers supply labor, hold no assets, and consume their wage.! Capitalists own the capital
claim. They can also trade a one-period real bond in zero net supply. The bond return %,
is the real interest rate. Because the bond is in zero aggregate supply, aggregate capitalist
wealth remains the market value of installed capital, W; = ¢, K;, but the bond pins down
the intertemporal margin at which capitalists are willing to carry that wealth.

Let ¢; denote capitalist consumption. Capitalist saving behavior is summarized by
wealth-in-utility preferences,

/OO et [log ¢+ QWt} dt, (5)
0

where # > 0 governs the strength of the wealth-saving motive. The Euler equation

(Appendix B) is .
A (6)
Ct

The term 6c¢; is the wealth-saving force. Utility from wealth raises the value of carrying

resources forward; as wealth rises, capitalists consume a smaller fraction of it and their

propensity to save rises. In steady state this force appears as the downward-sloping

interest-rate schedule in (8). Rearranging (6) gives

Q= p—fc+ 2. (7)

Ct
The bond is riskless and capitalists perceive no risk in the capital claim. Its expected
return is therefore the object they compare with i;, and that perceived return is what
enters (6). The belief wedge introduced below changes this expectation without changing
the resource constraint.

The steady-state interest-rate schedule follows directly from (6) and the aggregate
wealth identity. Setting ¢ = 0 in (6) gives i = p — fc. In a rational steady state the capital
claim and the bond have the same return, and constant aggregate wealth requires ¢ = W
Solving these two equations for ¢ and ¢ gives

pW

ss *SS pe
(W) = 1+ 0w’

d
P -0 (8

'SSWI -
PWI=Taw aw T Tt ew)

I This is a strong assumption for the incidence results in Section 4.4: workers hold none of the claim
whose price the belief wedge distorts, so the model assigns them no valuation exposure by assumption.
The wage results below do not depend on this, since they depend only on the path of installed capital.



As capitalist wealth rises, the consumption-wealth ratio falls, the propensity to save
rises, and the steady-state interest rate declines. This is the non-homothetic saving force
emphasized by Straub (2019): richer capitalists are willing to carry more wealth at a
lower return. Al matters because the income and installed capital created by deployment
belong to this group. Their wealth is the state variable that enters the schedule. Within
the maintained linear wealth-utility specification, # > 0 is the primitive that gives the
schedule its negative slope.

2.3 Investment, valuation, and beliefs

Let I; denote gross investment and j; = I;/K; the gross investment rate. Installing new
capital uses K;I'(j;) units of the consumption good, with the convex installation-cost
schedule

PGy = (e ~1). >0 (9)

Let ¢; be Tobin’s ¢, the traded value of installed capital relative to replacement cost. The
investment first-order condition is ¢, = I"(j,) = €’*/%, so

jo=blogg, = vlogg — 6 (10)
t
Thus adjustment costs make the investment rate increasing in valuation, exactly as in the
original g-theory law. The valuation ¢, = ¢ = €%/¥ is the point at which gross investment
exactly covers depreciation.
The resource cost of installation matters separately from the market value of the
installed capital. Capitalists receive capital income K;d(K};), fund installation, and
consume the residual:

c = C(Ky,q) = K, [d(Kt) - ¢((It - 1)] : (11)

A higher ¢; raises gross investment and its installation cost. At a fixed capital stock it
therefore lowers capitalist consumption, even though it raises measured wealth W, = ¢, K.
This distinction between market wealth and currently available resources is central to the
transitional interest-rate result below.

The aggregate capital claim has market value W; = ¢, K;. The total return delivered
along a price and accumulation path is the capital gain plus net accumulation and the
cash flow available for capitalist consumption:

g d(Ky) — (g — 1)

R =" 4 4plogq — o+ . W= K (12)
qt qt

The return and the resource constraint are consistent with the aggregate wealth identity
Wt = R?Wt — Ct. (13)

The resource constraint therefore accounts for installation exactly once.



[ summarize the belief-supported phase with a single behavioral object: a fixed perceived
excess return x, with 0 < x < p, on capital. The upper bound ensures that the stationary
perceived-return schedule used below remains positive. While optimism lasts, capitalists
perceive the capital claim’s return as R} + z. Because they perceive no risk, return parity
with the zero-net-supply real bond requires

Z.t = R? + . (14)

The wedge changes valuation and intertemporal choices. The resource constraint (11)
determines consumption, and the accounting return R{ satisfies (13).

The wedge remains fixed until an unanticipated correction date 7, when it disappears
and rational return parity i, = R} resumes. Before 7, capitalists behave as if the perceived
excess return will persist. The correction arrives as an unanticipated change in their belief.
The rational economy is the special case x = 0.

3 Multiple Steady States and the Rational Bench-
mark

The rational benchmark asks how the technology and saving blocks can support more
than one long-run allocation. Two candidates emerge: a low-capital economy with little
AT deployment, and a high-capital economy in which enough AI capital has been installed
to change production and saving. Both are rational steady states. The distinction between
them is dynamic. Capital is predetermined, valuation is the jump variable, and the rational
price must lie on an admissible continuation path from the inherited K. Starting from the
low state, that continuation is the low-capital path. This section establishes both halves
of the claim: first the multiplicity, then the selection.

3.1 Multiple steady states

A rational steady state solves the two stationary conditions of the rational dynamic
system. The first condition is K = 0: since investment responds to valuation through (10),
stationarity of capital requires ¢; = ¢. Thus every steady state has the same valuation
q = ¢: the price at which gross investment exactly covers depreciation. Hence overvaluation
is necessarily transitional: the high-capital steady state is a high-K object rather than a
high-q object.

The second condition is stationarity of the capital price. The household block determines
the real interest rate at which capitalists are willing to hold wealth W = ¢K:
:55 ( — _ P
PaR) = TR
At a steady state, ¢ = ¢ and gross investment replaces depreciation. Installing that
replacement uses I'(0) = ¥ (¢ — 1) units of output per unit of capital. The net cash flow



available for capitalist consumption is therefore d(K) — I'(0) per unit of capital, and the

return on a claim priced at ¢ is
d(K) —T'(9)

q
Thus K is a steady state only if this return equals the required real interest rate:

d(K)-T(0) _ »p
q 1+0gK

Equivalently, define the carrying-cost schedule and the marginal-return gap by

_ qp _
O(K)=T(0)+ 1+ 0K G(K)=d(K) - ?(K). (15)
Here d(K) is the marginal return to one unit of installed capital. The carrying-cost
schedule combines the resources required to replace depreciation with the gross return
required to induce capitalists to hold the claim at price q. Steady states are the roots of
the gap:
G(K) =0, equivalently d(K) = o(K).

The key feedback is the slope of the carrying-cost schedule. A larger K is a larger
stock of wealth in the hands of capital owners, W = ¢K. Their propensity to save rises
with that wealth, so the interest rate at which they are willing to carry the stock falls.
The AT deployment structure connects this saving force to production: income generated
by Al capital accrues through the capital claim, and the constant marginal return during
deployment prevents diminishing returns from offsetting the decline in the required return
while Al capacity is being installed. Capitalist wealth is the state variable in ®(K), while
the worker share describes the distributional consequence of deployment.

Figure 1 plots the marginal-return schedule d(K') against the carrying-cost schedule
®(K). Their intersections are a low root, a middle threshold root, and a high root.
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Figure 1: Multiple steady states. The marginal return to capital d(K) intersects the
carrying-cost schedule ®(K) at a pre-deployment low root, a middle threshold, and a
post-saturation high root. The figure illustrates the qualitative geometry.

The 8 = 0 counterfactual shows why this slope matters. If § = 0, the steady-state
Euler equation requires i@ = p at any level of wealth, and the carrying-cost schedule
is horizontal at ®(K) = I'(§) + gp. Unless that level happens to coincide with dg,t, a
horizontal line crosses the three-region marginal-return schedule exactly once, and the
steady state is unique. Multiplicity therefore requires the carrying-cost schedule to fall
as capital accumulates. That fall comes from the rising propensity to save: wealthier
capitalists are content with a lower return. The Al deployment structure contributes the
constant-return region and makes the installed stock, including its AI component, their
wealth.

The deployment region is where the technological and saving forces align. Conventional
capital and Al-produced effective labor expand together, keeping the marginal return
constant at dg., while the carrying-cost schedule falls with capitalist wealth. Hence
G(K) can turn upward in the deployment region and generate the middle crossing. After
saturation, diminishing returns lower d(K); the high root is sustained by the larger
productive base and the lower carrying cost created by the wealth-saving channel. The
same primitives can therefore support two outer destination candidates, separated by a
middle threshold root.

Proposition 1 (Large-enough AI and multiple steady states). Suppose

(I)(KAI) > dﬁat > F((S) (16)
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Then there exists a deployment capacity }_Qk > 0 such that, for every K, > [_(Z, the steady-
state equation G(K) = 0 has at least one low root in (0, Ka1), a unique middle root in
(Kar, Ksat), and at least one high root in (K, 00). If, in addition,

G(K)<0  for K € (0, Ka) U (Ku,00), (17)

then the outer roots are unique, they are down-crossings of the marginal-return schedule
and the carrying-cost schedule, and the economy has exactly three steady states, denoted
Kl < KM < KH,

Condition (16) turns technology size into the sandwich restriction needed for multiplicity.
The first inequality says that, at the point where AI deployment becomes marginally
feasible, the marginal return to capital remains below its carrying cost. Since dg.s = Ywgat,
the second says that the value of effective labor services supplied by a unit of Al capital
exceeds the resource cost of replacing depreciated capital. Since Ky = [1 + (v + b)K,]/b
rises with deployment capacity and ®(K) | I'(§) as K — oo, sufficiently large deployment
capacity makes ®(K,) < dgas. Hence

D(Kap) > dias > P(Kaar). (18)

The fall in the carrying-cost schedule creates room for the middle crossing; the deployment
region keeps the marginal return to capital constant while that wealth-saving feedback
operates. After saturation, diminishing returns reassert themselves and the marginal-return
schedule crosses the carrying-cost schedule from above. The outer monotonicity condition
(17) is the same down-crossing condition that makes the outer steady states saddles in
Lemma 1. The proof is in Appendix D.

Both inequalities in (18) are strict, so the three-root configuration survives small
changes in the primitives. Its economic content is nonetheless restrictive. The carrying-
cost schedule must fall far enough between K1 and K, for the constant marginal return
to lie between its endpoint values. A stronger wealth-saving motive and a wider deployment
region make that requirement easier to satisfy. Multiplicity comes from the interaction of
the production structure and the wealth-saving channel.

The three roots have different economic roles. The low root K’ is the pre-deployment
economy: capital is too scarce for Al deployment to have transformed production. The
high root K*! is the post-deployment economy. Enough capital has been installed for Al
to expand productive capacity and shift income toward high-saving capital owners, which
lowers the interest rate consistent with the larger stock.? These two outer roots are the
candidate long-run destinations.

The middle root K™ is not a destination. It lies in the deployment region, where
additional capital does not immediately run into diminishing returns and the wealth-saving

2Related event-study evidence from the current Al cycle is consistent with this long-rate implication.
Andrews and Farboodi (2025) find that long-maturity Treasury and TIPS yields fall around major Al
model releases, which I interpret as news about faster progress at the Al frontier. In the model, such
news maps naturally into a higher high-capital destination and, through the wealth-saving channel, a
lower interest rate at that destination.
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feedback strengthens accumulation. The phase-diagram analysis below shows that it is
an unstable threshold. Below it the rational low continuation is available; above it the
rational high continuation is available. At the threshold itself, the economy remains at the
middle source only on the knife-edge stationary path.

3.2 Rational inaccessibility

The stationary roots are now characterized. Whether the economy can reach them is a
separate question, and the answer is negative.

Capital is predetermined: the economy inherits whatever conventional and Al capital
past investment has installed, while valuation is the jump variable. An equilibrium path
can therefore choose only the initial price gy, and convergence to a long-run steady state
requires that price to place the economy on a stable branch. The relevant question is
whether the high-capital stable branch passes through the inherited low capital stock.
Under the geometry stated below it does not. The branch approaches the middle root as
a limiting endpoint and is available only at capital stocks strictly above it.

Two laws of motion govern the rational economy. The first is capital accumulation,

Kt = Kt(l/} log q; — 5)7

so the K = 0 locus is the horizontal line ¢ = §. Above that line investment exceeds
depreciation and K; rises; below it K; falls.

The second is the valuation equation. Along a rational path the return on the capital
claim equals the real interest rate, RY = i;; writing out both sides using (12) and (7),

] d(K,) — —1 ¢
%+¢10th—5+ (#e) = g = 1 = p—0Oc+— . (19)
gt qt Ct

capital-claim return Rf real interest rate i+

The right-hand side involves capitalist consumption and its growth rate. Given the state
and the investment rule, the resource constraint (11) determines consumption. Capitalists
receive the income generated by installed capital and use part of it to install new capital.
A higher ¢ raises gross investment through (10); because installation is costly, it raises
the resources absorbed by investment and lowers what remains for current consumption.
At the same time it raises measured wealth W = q¢K. The economy can therefore look
wealthier in market-value terms while capitalists consume less because more output is
being committed to the buildout. Admissibility requires C'(K, q) > 0.

Substituting ¢, = C(K},q) and ¢ = Cx K, + CqGr into (19) leaves ¢; as the only
unknown, and it appears linearly on both sides; solving for it gives the law of motion
of valuation. Setting ¢; = 0 yields the second nullcline, along which the flow return on
the capital claim equals the interest rate, including the consumption-growth correction
generated by movement in K. Appendix C records the nullcline condition and the resulting
vector field.

The selection argument rests on a single property of this vector field, which can be
read off the steady-state gap of Section 3.1. On the horizontal nullcline, valuation drifts
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against the gap:
signg| = —sign G(K). (20)
a=q

Where the capital claim overpays relative to its carrying cost, valuation is pushed down;
where it underpays, valuation is pushed up. Figure 2 draws the two nullclines and the
implied direction field.
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Figure 2: Rational phase diagram. The outer roots are saddles and the middle root is
an unstable node. Their stable arms approach the middle root as a common limiting
endpoint. The horizontal line is K = 0; the red curves are ¢ = 0.

The local calculation classifies the roots. The middle root is repelling, while convergence
to either outer destination requires starting on its stable arm. Which inherited capital
stocks those arms cover is a global property, stated separately below rather than inferred
from the local phase portrait.

Lemma 1 (Local rational geometry). The price-drift sign on the horizontal nullcline is
given by (20). At every steady state (K7,q) of the rational vector field, the sign of the
Jacobian determinant equals the sign of G'(K7). Consequently:

(i) the middle steady state K™ is an unstable node for every admissible parameterization.
In the deployment region d'(K™) = 0, which forces G'(K™) > 0; the trace is positive
and the eigenvalues are real there;

(ii) any outer steady state K7, j € {L, H}, is a saddle whenever it is a down-crossing,
G'(K7) < 0. In particular, the outer steady states are saddles under (17).
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The Jacobian computation is in Appendiz E.

The level of the gap therefore determines the vertical direction field, while its slope at
a root determines whether that root is a saddle or a source. The slope displays the two
competing forces directly. Differentiating (15),

G'(K)=d(K) — ?(K).
—_—— ——
<0 <0
The first term carries diminishing returns: more capital lowers its marginal return, which
pushes the price down and pulls the economy back. The second carries the wealth-saving
feedback: more capital raises wealth, lowers the required return, and pushes the price
up. At the outer steady states the down-crossing condition says that diminishing returns
dominate, and those states are saddles. At the middle steady state the economy lies in
the deployment region, where the constant marginal return makes the diminishing-returns
term vanish and only the destabilizing wealth-saving feedback remains. The deployment
technology therefore makes the middle state an unstable node.

The local geometry does not settle branch coverage. The following condition states
the global rational structure used in the selection result. It is deliberately confined to
the rational system; the perceived system will receive its own condition after the belief is
introduced.

Condition 1 (Rational branch structure). Within the positive-consumption region, the
stable arm converging to K lies below q away from K™, and its capital projection covers
(KL, KM). The stable arm converging to K® lies above q on (KM, Kf), and its capital
projection covers every inherited K > KM. Their closures approach (K™, g). For
inherited capital between the two outer roots, no other bounded rational path satisfies
positive consumption and the capitalist transversality condition.

On the low arm ¢ < @, so capital decreases monotonically; on the high arm ¢ > ¢, so it
increases monotonically. Each arm is therefore automatically a graph over inherited capital
wherever the stated coverage holds. The substantive global content of Condition 1 is the
coverage, limiting endpoint, positive-consumption, and transversality selection. Together
they make K™ the boundary between two rational continuation regions, not a member
of either one. If inherited capital lies below KM the admissible stable path converges
to KL, If it lies above K™ the other stable path converges to K. Exactly at K™, the
stationary source is the knife-edge rational path. The numerical example verifies these
global properties by integrating both arms; the economic results below are conditional on
them.

Proposition 2 (Rational inaccessibility). Under Lemma 1 and Condition 1, there is
no admissible rational equilibrium path with K(0) = K* that converges to K¥. The
high-capital steady state is self-sustaining once reached, but it is not reached from the
low-capital state by rational asset pricing.

Rational asset pricing cannot bootstrap the economy into the high-capital steady
state. The high-capital price is consistent with abundant capital, not with the low capital
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stock the economy inherits. Starting from K’ rational pricing selects the low-capital
continuation; any other initial valuation eventually drives consumption to zero or violates
transversality. To reach K, the economy needs a temporary force that raises valuation
while capital accumulates. Section 4 introduces that force as a perceived-return wedge.
The proof is in Appendix G.

4 Speculative Transition, Fragility, and Incidence

Rational pricing from K’ selects the low-capital continuation. The rational high-capital
continuation becomes available only after inherited capital has moved strictly above K.
This section asks how a temporary belief-supported valuation can move the economy across
that threshold.

The argument separates two questions that the word “bubble” runs together. Section 4.1
asks how large optimism must be to remove the static obstacle that blocks the perceived
high branch at the low stock. Section 4.2 asks how long it must last for induced investment
to carry capital beyond KM before the unanticipated correction. The first question is a
bifurcation calculation; connecting it to a global transition requires an explicit branch-
coverage condition. The remaining subsections describe the landing after an early or late
correction and the distributional incidence of the transition.

4.1 The required-wedge frontier

Consider first a fixed perceived excess return = € [0, p). This isolates size from duration.
Before the correction, investors act as if the belief were permanent because the correction
is unanticipated. They price capital using

1=R"+ .

A larger perceived return raises the price of installed capital, and a higher price raises
investment through the g-theory law. Relative to the rational phase diagram in Figure 2,
the wedge shifts the ¢ = 0 locus because investors accept a lower return delivered by a
given capital-income stream when they expect the extra return x.

The stationary effect can be computed exactly as in Section 3.1. Suppose the wedge
were permanent at level z. The stationary Euler condition holds at the perceived return,
R* 4+ x = p — fc, while the aggregate wealth identity is unchanged, ¢ = R*W, because the
wedge changes beliefs rather than resources. Solving for the return delivered by the claim
gives

a p—
=1 row
which is the accounting-return schedule corresponding to (8), with p replaced by p — x.
The bond rate is the return capitalists perceive, 1 = R*+4x. For pricing purposes, optimism
therefore acts like a reduction in the return investors require the capital-income stream
itself to deliver. Substituting R* = [d(K) —T'()]/q and W = gK, the stationary condition
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becomes
ap—7)
1+ 60gK
In the language of Figure 1, the wedge shifts the carrying-cost schedule down by gz /(1 +
0gK). With 6 > 0, capital accumulation then lowers it further through the wealth-saving
channel.

The stationary calculation gives a closed-form bifurcation threshold. The middle
rational root satisfies

d(K) = T(5) + (21)

1 ap ]
KM= — | —2 1, 22
eq [dﬂat - F(é) ( )
and define
7 (K) = 0[dgay — T(0)] (K" — max{K, Kn1})  for K < KM (23)

At the low launch point, which lies below deployment, the same threshold can be written

. 14+ 0gK
(K'Y = #{q)(KAﬂ - dﬂat]~

q

The launch belief is therefore proportional to the slack in the first sandwich inequality.
A parameterization that places the constant marginal return farther below carrying cost
at the deployment threshold is more robustly on the low side, but it also requires more
optimism to dislodge the economy. Robust multiplicity and a small launch distortion are
not independent objectives.

This z*(K) is the static required-wedge frontier. In the deployment region it is the
wedge that moves the perceived middle root to K. Below K,;, the binding event is
the collision of the perceived low and middle roots at the deployment threshold, which
explains the flat segment. Once deployment begins, each additional unit of installed capital
substitutes for part of the optimism still needed. The formula characterizes the stationary
frontier. Condition 2 supplies the global branch coverage needed for the transition.

For a fixed wedge, let Q¥ (K; z) denote the valuation on the stable arm of the perceived
high steady state. The transition uses the following branch condition.

Condition 2 (Perceived high-arm coverage). There is a T € (z*(KL), p) such that, for
every x € (z*(KT),z|, the perceived high stable arm remains in the positive-consumption
region, has a capital projection covering [KL, K™], and satisfies ¢ > q throughout that
interval.

Because ¢ > ¢, capital is monotone and the arm is automatically a graph over its
capital projection. Condition 2 provides the global link between the static frontier and
the transition. Under the condition, z*(K*) is also the lower limit of optimism that can
launch the high arm from the low state, over the maintained wedge range. The illustrative
example verifies the condition numerically through the wedge used in the figures. The
next subsection asks how long such a wedge must remain in place.
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4.2 Correction timing and the duration requirement

I now let the fixed belief end. The optimism wedge remains at x until an unanticipated
correction date 7, at which point it falls to zero. Until then, investors continue to price
capital on the perceived high-capital branch Q¥ (K; x). The transition is therefore governed
by

¢ = QP (K x), K, =K, [@D log QY (Ky; ) — 5], 0<t<m, (24)

with capitalist consumption determined by (11). The belief is fixed rather than gradually
revised. All of the dynamics before the correction come from the response of valuation,
investment, and consumption to that one wedge.

Take z € (x*(KT),z]. Condition 2 ensures that the perceived high branch reaches the
low initial state and has Q (K;z) > ¢ from K* through K. Capital therefore rises. The
time needed to reach the rational threshold is

KM dK
T(z) = /KL K[z/; log Q7 (K;z) — (5} . (2)

This integral is the duration requirement in economic units: the time for which optimism
must sustain above-replacement investment before the boundary of the rational high-
continuation region is reached. Success requires the belief to last slightly longer, so that
capital is strictly above K™ when it disappears.

Size and duration interact through the speed of accumulation. A stronger belief places
valuation farther above replacement cost and shortens the time needed to install the
threshold stock. In the illustrative example, T'(x) rises sharply as the wedge approaches
its static threshold from above and becomes arbitrarily large at that boundary. The static
condition z > z*(K*) therefore says that the transition is feasible, while T'(x) shows
whether it is economically fast enough to matter over a given horizon.

The outcome is determined by whether the correction occurs before or after T'(x). An
early correction, 7 < T(z), arrives while capital is still below K*. The perceived high
branch disappears and the only rational continuation available at the inherited capital
stock is the low arm. A late correction, 7 > T'(z), arrives after capital has crossed K.
The rational high arm then supports continuation to the high-capital state, even though
valuation may fall when the correction occurs.

Figure 3 shows the two requirements. The left panel plots the static required-wedge
frontier and follows the same fixed belief to an early and a late correction. The right panel
shows what happens to capital afterward. The two paths differ only in the date at which
the wedge disappears.
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Figure 3: Size and duration. The upper-left panel shows the static required-wedge frontier
and a common wedge ending at two dates. The upper-right panel plots the installation
time T'(x), which rises sharply near the static threshold. The lower panel shows the early
path returning to K* and the late path continuing to K.

Proposition 3 (Feasibility and duration). Under Lemma 1 and Conditions 1-2, for
z € (z*(K*), 7

(i) (How large.) The wedge places the low initial stock on the perceived high-capital
branch and carries capital to K™ in finite time.

(77) (How long.) For any such x, the transition succeeds if T > T'(x) and fails if T < T'(z),
where T'(x) is given by (25). The equality T = T(x) is the knife-edge case in which
the correction occurs at the middle source.

Part (i) combines the size calculation with the perceived branch condition. The wedge
must exceed the static bifurcation threshold, and the global high arm must cover the
traverse from the inherited low stock to K. Once both hold, the higher valuation begins
the buildout before rational pricing can support the high-capital path.

Part (ii) establishes that size alone is not sufficient. Even a wedge above the static
frontier fails if it is removed before the required capital has been installed. Feasibility
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fixes how large optimism must be; duration fixes how long it must remain in place. The
distinction is simple but substantive. Prices adjust immediately, whereas the capital stock
accumulates gradually. A belief large enough to lift valuation still needs time to create the
productive capacity that will make the high state self-sustaining.

The two requirements interact through 7'(z). The size of the wedge determines the
perceived high branch and hence the speed of accumulation along it; the correction date
determines how much of that path is completed. An initial valuation distortion, the branch
coverage stated in Condition 2, and enough time for induced investment to cross the
rational threshold are sufficient for the transition. The proofs are in Appendix G.

4.3 The two landings and interest rates

The landing depends on whether the correction comes before or after capital crosses K.
In either case the wedge disappears at 7, capital is predetermined, and valuation jumps to
the rational arm available at the inherited stock.

Corollary 1 (Landing and fragility). Along any belief-supported path governed by (24), if
7 > T(x), valuation jumps at the correction to the rational high-capital arm Qf (K,;0),
and the economy converges to K¥. If T < T(x), valuation jumps to the rational low-capital
arm and the economy returns to K.

The asymmetry follows from which rational continuations are available at the inherited
capital stock. A successful path can contain an abrupt drop in valuation because the price
supported by optimism may differ from the price on the rational high arm. The transition
succeeds when that drop occurs after capital has crossed K™ . The installed stock remains,
and the rational high continuation is available.

An early correction has the same immediate logic but a different landing. Capital is
still in (KT, K™), so the rational high arm is unavailable. The price jumps to the low
arm, and capital converges back to K from above. The machines, data centers, and
conventional capital already installed remain in place, while the lower continuation value
reverses further accumulation before the buildout has become self-sustaining. A bubble
can burst on either path; only a late burst leaves a permanent real legacy.

The interest-rate reversal. The relevant object is the ex-ante return on the zero-
net-supply real bond, i;. The perceived return on the capital claim governs capitalists’
intertemporal choices and, by return parity, equals this bond return. Optimism raises
the perceived return and ¢, and the higher valuation raises desired investment through
(10). Because installation absorbs current goods, the equilibrium real rate rises to induce
capitalists to postpone consumption and release resources for the buildout. Along a
successful speculative transition, the real interest rate can therefore rise even as the
realized return on installed capital falls.

The consumption path consistent with this reallocation can be characterized exactly. Let
c” denote capitalist consumption at the initial low-capital steady state. Since consumption
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is stationary there, i’ = p — 0cl'. Subtracting this expression from (7) gives

i — il = 0(ct — ) + 2. (26)
Ct
Low current consumption and its subsequent recovery are the consumption-side counter-
parts of the high real rate. Equation (26) is an equilibrium identity, rather than a causal
decomposition: both ¢; and its growth are endogenous to valuation-driven investment
demand. The rate is above i whenever
SN —0(c* — ¢).
Ct

In particular, the rate is high whenever capitalist consumption is below its initial level
and nondecreasing.

The resource constraint makes the impact particularly transparent. Optimism raises ¢
and therefore W = ¢K, but the same rise in ¢ raises gross investment and the resources
absorbed by installation. At the inherited capital stock, (11) gives C, = —¢K < 0:
measured wealth jumps up while capitalist consumption falls. The high real rate supports
this investment-intensive allocation by making capitalists willing to postpone consumption.

The analytical result is conditional rather than universal. The size requirement
x> z*(K") does not by itself imply (26). In the illustrative transition, however, capitalist
consumption remains below c¢* and rises throughout the optimistic phase, so both terms
on the right-hand side are positive. The ex-ante real rate is therefore above i before the
correction.

The destination runs the other way and needs no additional condition. Every rational
steady state has i/ = i**(gK7), so K > KL gives if < i* by the monotonicity of the
interest-rate schedule in (8). The contrast between the two is the paper’s central rate
result: valuation-driven investment demand raises the equilibrium rate during the buildout,
while the greater saving capacity created by capitalist wealth lowers it at the high-capital
destination.

The transition in sequence. The economy begins in the low-capital state, with an
interest rate determined by the wealth and saving behavior of the capitalists who own the
capital claim. Investors then come to perceive an excess return on Al capital. Valuation
rises above replacement cost, investment exceeds depreciation, and installation absorbs
resources that capitalists would otherwise consume. The ex-ante real rate rises under the
condition just derived.

Capital accumulates through the pre-deployment region, where wages rise with conven-
tional capital deepening. It then crosses into the deployment region, where Al-produced
effective labor expands in step with conventional capital, so the wage flattens and the
worker share begins to fall. If the wedge survives until capital moves beyond KM the
rational high path becomes available. At the correction, valuation jumps to that arm and
the economy converges to the high-capital state, where the interest rate settles below its
initial level. Figure 4 resolves the investment-intensive phase, and Figure 5 shows the
correction, the rational landing, and the eventual rate reversal.
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Figure 4: The successful buildout. Optimism raises valuation and investment demand.
The equilibrium real rate rises as capitalists postpone consumption to fund installation.

The vertical line marks the late correction.
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4.4 Distributional incidence

The incidence of the transition has two dimensions: destination versus transition, and
workers versus the capitalists who fund the investment boom.

For capitalists, the destination comparison is direct. Steady-state wealth is W = ¢K,
so substituting into the consumption rule (8) gives capitalist consumption

) pqK

)= 1 ogw

which is increasing in K: the high-capital steady state is a wealthier, higher-consumption
state for capital owners.

Workers face a share-versus-income distinction. Applying the raw-labor derivative in
(2) gives

(1 — &)AKO‘, K< KAD
UJ(K) — Woat, KAI S K < Ksata (27)
K
Y(E)|(1=a) = === |, K> K.
K—-K,

Before deployment the wage rises through ordinary capital deepening. During deployment,
Al-produced effective labor and conventional capital expand in the fixed proportion
N = bK., keeping conventional capital per unit of effective labor constant and therefore
the wage flat. After saturation, another unit of raw labor would expand the scale over
which Al can be deployed as well as supply labor directly. Its competitive wage therefore
includes both margins, which is the bracketed term in (27). The derivative of this final
expression is positive. The three pieces meet at the thresholds, so the wage path is rising,
flat, and rising.

The worker share follows a different path. Equation (4) is constant before deployment
and declines while Al-produced effective labor expands. After saturation it rises with
conventional capital deepening, but it remains below 1 — « at every finite K. Thus some
of the share loss is reversed after deployment capacity binds, but it is not fully reversed at
the high steady state in the configuration considered here. Since K* < K < Kgp < K2,
the high-state wage is strictly above the low-state wage even though the worker share is
lower.

The monotone wage converts immediately into a statement about paths, because
capital never falls below K’ along any belief-supported path. During the transition ¢ > ¢
and capital rises. On a successful transition capital continues to rise while the belief
persists, and the economy converges to K. After a failed one, the economy lands on the
low saddle arm above K% and converges back down without crossing it. Wages therefore
never fall below their initial level, in success or in failure.

Corollary 2 (Worker wage incidence). In the technology of Section 2, the worker wage
w(K) is weakly increasing in K and strictly higher at the high-capital destination. Along
successful and failed belief-supported paths satisfying Proposition 3 and Corollary 1, the
worker wage flow therefore does not fall below its low-capital benchmark w(KY). On
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a successful transition, workers reach a high-capital destination with higher wages even
though the worker share is lower.

Within the model, the initial wage is a floor along these transition paths: a failed
transition returns wages to that level, and a successful one raises them permanently. The
proof is in Appendix G. The result concerns wage income under the maintained technology
and ownership assumptions.

The capitalist side is different, because capitalists hold the claims priced by the
optimistic belief and fund the accumulation. During the transition they appear wealthier:
q is high and W = ¢K is marked at the belief-supported price. Before the correction,
perceived-return parity implies

w= Ry +x. (28)

Here R is the continuous-time return delivered by the price and capital-income path in
(12); i, is the ex-ante return capitalists expect because they add x. The distinction matters
only because the belief later proves wrong. At the correction, capital is unchanged but
q jumps, producing a discrete capital loss in addition to the pre-correction flow return.
Capitalists hold the claim across that jump. By (11), the reduction in their consumption
funds the installation boom.

Duration sharpens that exposure. The wedge must remain in place long enough for
investment to carry capital across K™ . A longer optimistic phase therefore does two things
at once: it installs more productive capital, and it keeps the outstanding claim marked at
a belief-supported price for longer. If the correction comes early, capitalists absorb the
price loss without reaching the high-capital destination. If it comes late, they still absorb
a correction, but the installed capital leaves them with the wealth and consumption of the
high state. The same valuation that creates this exposure supports the buildout; timing
determines whether it also buys the permanent destination gain.

The transition therefore has an asymmetric income-and-return profile. Workers receive
the wage upside of successful deployment without falling below the low-capital wage path.
Capitalists’ outcome combines two forces: the destination gain from owning claims in
the high-capital economy, and the price correction as belief-supported prices converge to
rational prices once the wedge disappears.

5 Conclusion

A temporary overvaluation can leave a real legacy when valuation affects investment. In
the model, a belief wedge raises the price of installed capital and increases investment
demand. Because installation absorbs current resources, the equilibrium real interest rate
rises to induce capitalists to postpone consumption and fund accumulation. The installed
AT capital then changes the economy it enters: it substitutes for labor in production,
routes more income through the capital claim, enlarges the wealth of high-saving capital
owners, and lowers the interest rate consistent with a larger capital stock.

This feedback creates a high-capital steady state that is self-sustaining once reached.
Rational pricing from the low-capital state remains on the low-capital path, so the
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transition relies on a temporary overvaluation. The mechanism is fragile in a specific
respect. Optimism must be large enough to open the high-capital path and last long
enough to keep investment above replacement until the capital is in place. These are
distinct requirements. The first is summarized by the required-wedge frontier; the second
by the time needed to reach the middle threshold. If the correction comes after that
threshold is crossed, valuation can drop to the rational high arm and the capital remains.
If it comes earlier, valuation drops to the low arm and the transition collapses. A successful
episode can therefore contain a visible price correction. Success depends on how much
productive capital has already been installed when the price falls.

The transition also has clear distributional consequences. Workers fund none of the
investment: they consume their wage, which never falls below its initial level and is
strictly higher at the high-capital destination. They are therefore unambiguously better
off. Capitalists postpone consumption during the buildout, hold the capital claim whose
valuation corrects, and eventually reach a state with greater wealth and consumption.
Their welfare is not signed by the analytical results because it depends on how welfare treats
optimistic beliefs and on the intertemporal tradeoff between the transitional consumption
sacrifice and the destination gain. The paper therefore draws conclusions about incidence
without imposing a welfare ranking.

The broader lesson is that assessing an asset-price boom requires asking both whether
current prices are justified by current fundamentals and whether the boom finances the
accumulation that can make the high-valuation outcome self-sustaining. Of the three
questions separated in the introduction, the first two have the same answer whether the
transition succeeds or fails: the technology is productive, and the peak valuation is not
sustained. Only the third separates the cases, and it is the one the bubble question as
usually posed does not ask.

25



A Technology Details

Before normalizing raw labor, firms choose the split K = K, + K;, with 0 < K, < K,L,
to maximize Y = AKON'™* with N = L + K. If (K, L, K,) is feasible, then scaling all
three by the same factor remains feasible and scales output by that factor. The maximized
technology is therefore constant-returns in (K, L).

The interior first-order condition equates the marginal value of a unit of capital in its

two uses,
QAKSTIN'™ = (1 — ) AKS N,

which gives N = 0K, with b = (1 — a)vy/a. Setting L = 1 gives (1). By the envelope
theorem, the marginal return to total capital is the marginal product in the use selected by
the firm. It equals aAb'~* throughout the interior region. Below K1 = 1/b, the constraint
K, > 0 binds and all capital is conventional. Above K = [1 4 (v + b) K] /b, the capacity
constraint binds. Substituting the relevant allocation into the envelope derivative gives
the three pieces of (3).

The raw-labor derivative is equally important. Before deployment it is the standard
Cobb-Douglas wage. In the interior region, the optimized technology is linear in K and L,
with derivatives dg.; and wg,;. After saturation,

-«

Y(K,L) = A(K — K;L)*|L(1 +vK))]

Differentiating with respect to L and then setting L = 1 gives the last line of (27) and, after
division by output, the last line of (4). Since the maximized technology is constant-returns,
Euler’s theorem gives Y = Kd + w, which proves (2) and ensures that installation and
asset pricing use the same marginal return to capital.

B Wealth-in-Utility and the Consumption Rule

Capitalists can move one unit of wealth at the margin between the capital claim and a real
bond paying i;. Let \; be the current-value marginal utility of wealth. The consumption
first-order condition is 1/¢; = \;, and the costate equation for a marginal unit carried at
the bond rate is '
)\t = (p — it)>\t — 0.

Using A\, = 1/¢; gives

et
— =% —p + Qcta
Ct

which is (6). The bond is in zero aggregate supply, so aggregate capitalist wealth is still the
market value of the capital claim, W = ¢K; its role is to price the intertemporal margin.
In a rational steady state, return parity gives ¢« = R, while constant aggregate wealth in
(13) gives ¢ = iWW. Combining these conditions with the stationary Euler equation yields
(W) = pW/(1+6W) and *(W) = p/(1 + W), with di**/dW < 0 as in (8).
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C Equilibrium Dynamics

This appendix records the vector field summarized in Section 3.2.

Resource accounting. Gross investment is I = K1 logq, but the resources absorbed
by installing it are KT'(I/K) = Ki(q —1). Capitalists receive capital income Kd(K), pay
that installation cost, and consume the difference. Hence

C(K.q) = K[d(K) — (g -1)|,  Cx=d(K)~d(q—1)+Kd(K), C,=—¢K.

This is (11). It is also consistent with market-value accounting. Substituting (12) into
R“W — ¢, and using W = ¢K and (10), gives §K + gK = W. Thus installation is paid for
through the resource constraint exactly once.

The valuation law and the vector field. Substituting ¢ = C(K,q), ¢ = CxK + Cyd,
and K = K(¢logq — §) into the Euler equation and perceived-return parity i = R* + x
gives

C C
p—0C + —FK(logg—0) — (logg—0) — — —x

i— C qK (29)

1_G

q C
The denominator is strictly positive whenever C' > 0, because C; = —¢K < 0. The

rational system sets z = 0. Its ¢ = 0 locus satisfies

Ylogg— 0+ =p—0C(K,q) + K (¢Ylogqg—9). 30
o (K.q) + Gt Y

The left side is the capital-claim return excluding the capital gain; the right side is
the return required by the Euler equation after accounting for the consumption growth
generated by movement in K. Equation (29) together with (10) defines the vector field
F*(K,q); F° is the rational benchmark shown in Figure 2.

The perceived system. A fixed excess-return belief enters (29) through the term —uz.
It changes valuation while the resource constraint remains unchanged. The high-capital
branch of this vector field is Q¥ (K;x), and z = 0 recovers the rational system. Before the
correction, the paper follows Q* (K ;x) at a fixed x > 0; after the correction, it follows the
rational branch available at the inherited capital stock.

D Proof of Proposition 1

The steady-state gap is



Since ®(K) | I'(0) as K — oo, the condition dg,; > I'(0) implies that there exists K;>0
such that, for every K, > K,
(I)(Ksat) < dﬂat-

Together with ®(Ka1) > dgat, this gives the sandwich (18). In the saturation region,
d(K) = (a—1)d(K)/(K — K;) < 0. The outer down-crossing condition (17) is still needed
because G'(K) also contains the wealth-saving term from the carrying-cost schedule.
The existence of the three roots follows from continuity. As K — 0%, d(K) — oo while
O(K) is bounded, so G(K) > 0. At Kaj, the left inequality in (18) gives G(Ka1) < 0, so a
low root exists in (0, Ka1). On the flat region, d(K) = dga, and & is strictly decreasing,
so (G is strictly increasing. The right inequality in (18) gives G(Kgy) > 0, so the middle
root exists and is unique. Beyond saturation, d(K) — 0 while ®(K) — I'(§) > 0, so
G(K) — —I'(§) < 0; with G(Kst) > 0, a high root exists. If (17) holds, G is strictly
decreasing in both outer regions, so each outer root is unique. 0

E Local Geometry: Proof of Lemma 1

Write the rational vector field as F° = (f, g), with

f(K,q) = K(¢logq —9)

and ¢g(K,q) equal to the right-hand side of (29) at x = 0. Its denominator is positive
on the admissible region. On the horizontal nullcline ¢ = ¢, capital growth vanishes and
C(K,q) = K[d(K) —T'(§)]. The numerator of g then becomes

. O(K,q 1+ 07K
p—oc(K g - CUa) . 1H0R

o G

This proves the sign identity (20): valuation rises where the marginal return to capital
falls short of its carrying cost and falls where it exceeds that cost.

At a steady state, fx =0 and f, = Kv¢/q > 0. Because the numerator of g is zero at
the root, differentiating it with respect to K gives

- 1+ 60gK? G'(K7)
J — —
gx (K7, q) = ;1 G
qg C
It follows that . .
signdet DF°(K7, q) = sign G'(K7).

At an outer down-crossing G'(K7) < 0, the determinant is negative, so the steady state is
a saddle.

At the middle root, d = 0 and the marginal return is constant. In that region
C = K[dgat — (g — 1)], so the capital-growth term in the numerator of (29) cancels the
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direct net-accumulation term. Differentiating the remaining numerator with respect to g,
and then evaluating at (K™, q), gives

ppr™ 1 Y 4 G —T0)
; ,

7 > 0.
The denominator of (29) is positive, so the trace is positive. Since G'(KM) = —&'(KM) > 0,
the determinant is also positive. Direct substitution of the flat-region expressions into the
characteristic discriminant reduces it to a perfect square divided by a positive denominator.
The eigenvalues are therefore real and positive: K is an unstable node, not a focus. This
proves Lemma 1. The stable branches for the numerical example are shown in Figure 2. [
The economic decomposition in the text follows directly by differentiating (15): G'(K) =
d'(K)— 9'(K), with d <0 and ¢ < 0. Diminishing returns stabilize the outer roots; the
falling carrying cost destabilizes the middle root when the marginal return is constant.

F Behavioral Timing of the Correction

At the start of the episode, capitalists act as if the capital claim carries a permanent excess
return x > 0. They therefore impose perceived-return parity, i = R® + z, and valuation
lies on the corresponding high-capital branch Q¥ (K’;x). Production, installation costs,
consumption, and the accounting return continue to satisfy the same identities as in the
rational economy.

The correction date 7 arrives unexpectedly. Investors price the optimistic view as
persistent until an event makes it untenable, at which point the wedge disappears all at
once.

Capital is predetermined at the correction, while valuation can jump. The correction
therefore changes ¢ immediately while leaving K unchanged on impact. If K, < K™ the
inherited stock admits only the rational low continuation and the economy returns to K.
If K, > K™ the rational high continuation is available and the economy converges to
K*H_ The entire duration result is this comparison between the exogenous correction date
and the endogenous installation time 7'(z).

G Proofs for Sections 3—4

Rational branch coverage. Condition 1 directly states the global fact the proof uses.
The stable arm of the low saddle covers inherited capital in [K%, K*); the stable arm of the
high saddle covers inherited capital above K. Both have (K, q) as a limiting endpoint,
but neither includes the middle source. The condition also rules out another bounded
positive-consumption continuation satisfying transversality between the outer roots. Thus
K™ is a boundary between continuation regions, with equality treated separately as the
stationary source. This global coverage is verified numerically for the illustrative example
rather than deduced from the local root classification. 0J
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Closed-form required-wedge frontier. In the flat deployment region, a permanent perceived
wedge changes the steady-state condition to

q(p — )
dgay = '(0) + ———=.
e = L0 + 57k
Solving for the perceived middle root gives
1| q(p— ) ] M x
KMg)= —|-~*“"—_ —1|=KM -~ ___
( ) gq [dﬂat — F((S) e[dﬂat — F((;)]

For K € [Ka1, KM], the wedge that moves this stationary root to K solves K = KM (x):
¥ (K) = 0[dgay — D(0)|(KM — K).

For K < K1, the stationary collision occurs at the deployment threshold, so the static
threshold remains z*(K ). Combining the two cases yields (23). This calculation concerns
the roots of the perceived stationary system; it does not establish global branch coverage.
Condition 2 supplies that additional fact and is verified numerically for the illustrative
wedge range.

Proposition 2. At the inherited stock K* < K™ Condition 1 makes the low stable arm
the only bounded positive-consumption rational path satisfying transversality. Because
(KL, q) is already the low saddle, that path remains at K. The high stable arm is defined
only for inherited capital strictly above K™, so no admissible rational path from K%
converges to K. O

Proposition 3(i). Let x € (2*(KT),z]. By Condition 2, Q¥ (K;x) is a continuous
positive-consumption graph on the compact interval [K¥, KM] and is strictly above §.
Hence ¢ log Q¥ (K;z) — ¢ is bounded below by a positive number. Capital rises from KT
to KM in finite time. The role of 2*(K') is the static root-collision threshold; the role of
Condition 2 is to ensure that the high stable arm actually covers the traverse. O

Proposition 3(ii). Part (i) makes the denominator in (25) positive and bounded away
from zero, so 0 < T(z) < oo. The solution reaches K exactly at T'(x). Since the
correction leaves capital unchanged on impact, 7 < T'(z) implies K, < K™  while
7 > T(x) implies K, > K™. Condition 1 assigns these inherited stocks to the low and
high rational continuation regions, respectively. At equality the economy lands at the
stationary middle source. O

Corollary 1. At the correction, the wedge falls from z to zero and the economy must
jump from the perceived branch to a rational continuation at the inherited K. If 7 > T'(z),
then K, > KM so the rational high arm is available and the economy converges to K2 If
7 < T(x), then K, € (K*, K™), so only the rational low arm is available and the economy
converges to K”. The jump in g can be nonzero in either case; the result concerns which
rational arm receives the economy, not whether the price correction is smooth. 0J
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Corollary 2. The first two pieces of (27) are increasing and flat. In the saturation
region, differentiating the last piece yields a positive derivative because o € (0,1) and
K > K. The pieces coincide at both thresholds, so w(K ) is weakly increasing everywhere
and w(K™) > w(K"). On the perceived path capital rises. After an early correction,
Condition 1 places the economy on the low arm below ¢, so capital converges monotonically
to K from above. Capital therefore never falls below K on either landing, and neither
does the worker wage. U

H Illustrative Numerical Example
The figures use one admissible parameterization of the model:

a=1A=016, p=0089, &=0.040,
0 =249, v=081, K,=0.253, =06l

These values imply ¢ = €% = 1.0678, b = (1 — a)y/a, Kar = 1/b = 0.6173, and
Kot = Kar + K¢/(1 — a) = 0.9968. Note that p is neither the interest rate nor the
marginal propensity to consume out of wealth: with wealth in utility the steady-state
interest rate is i** = p/(1 + 6W) by (8), which is well below p at either destination. The
sandwich condition (18) holds, G’ < 0 on both outer regions, and the three roots are
KP = 0.5413, K™ = 0.7330, and K = 1.1551. The associated steady-state rates are
il = 3.65 percent, i = 3.02 percent, and i" = 2.19 percent. The static required launch
wedge is z*(K*) = 0.0093. Numerical integration traces the portions of both rational arms
used in the figures and finds the coverage stated in Condition 1. Tracing the perceived high
arm from wedges just above 2*(KL) through x = 0.06 finds the coverage in Condition 2,
so x = 0.06 is admissible for the displayed transition.

The parameter values organize an illustrative numerical example of the mechanisms.
The figures display signs, orderings, and the shapes of the schedules. Because ¢ prices the
aggregate installed-capital claim, its movement represents the valuation of that aggregate
object. The rate parameters are expressed at an annual frequency, so transition times are
measured in years.

Before the successful correction, capitalist consumption lies between 0.0046 and 0.0057,
below its low-state value c& = 0.0211, and it is nondecreasing. The sufficient condition
following (26) therefore holds throughout the optimistic phase. The ex-ante real bond
rate ranges from 8.80 to 9.35 percent. The accounting flow return in (28) is six percentage
points lower; the correction then adds the discrete valuation loss described in Section 4.4.

The transition figures use a fixed wedge x = 0.06, about 6.5 times the static launch
threshold. At this wedge, the time needed to reach K* is T'(x) = 12.93. The duration
requirement is highly sensitive to the wedge: 7°(0.01) = 170.13, 7°(0.02) = 40.65, 7°(0.03) =
25.04, T(0.04) = 18.62, and 7°(0.05) = 15.12. It rises without bound as the wedge
approaches the static threshold from above. The early correction is set at 7 = 0.607'(z) =
7.76, when K, = 0.6523 < K the late correction is set at 7 = 1.207'(z) = 15.52, when
K, = 0.7775 > K. These dates are chosen only to display the two qualitative cases.
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On the successful path, valuation falls at the correction from 1.1085 to 1.0707. The price
correction is substantial even though the installed capital has already made the high
rational continuation available.
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