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Abstract
The synthetic control method matches a treated unit to a convex combination of
donor units, with the relative importance of each predictor determined by a weight
matrix V . In standard practice, V is selected through a bi-level optimization problem
that is nonconvex and lacks convergence guarantees. This article derives an exact
geometric solution for synthetic control estimators. For any positive definite V , a
synthetic control is given by the projection of the treated unit’s predictors onto the
convex hull of the donor predictors under a V -weighted norm. As V varies over its
candidate class, these projections trace out the set of attainable synthetic controls. We
characterize this set. When the predictor vector of the treated unit lies outside the
convex hull of the donor predictors, the attainable set under general positive definite
V is the union of the facets of the donor hull that are visible from the treated unit. For
diagonal V , a sign-compatibility test identifies the attainable set. When the treated
unit lies inside the hull, exact matches exist. We select the one that minimizes the
average of the pairwise matching discrepancies between the treated unit and each of the
donors contributing to the synthetic control. These characterizations replace bi-level
optimization with a fast enumeration method that is guaranteed to deliver the global
optimum over the attainable set. Moreover, the Karush-Kuhn-Tucker conditions for
the selection of donor weights characterize the set of positive definite predictor weight
matrices that rationalize any given set of donor weights. Applications to the California
tobacco control program and to the economic effects of German reunification illustrate
the advantages of the proposed procedure over existing practice.
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1. Introduction

The synthetic control method (Abadie and Gardeazabal, 2003; Abadie et al., 2010, 2015)
estimates a counterfactual for a treated unit as a weighted combination of untreated donor
units. In the standard formulation, the donor weights w minimize the distance between the
pre-treatment predictors of the synthetic control and those of the treated unit. A predictor
weight matrix V , chosen either by the researcher or through a data-driven procedure, defines
the metric that determines the relative importance of each predictor in constructing the donor
weights.

Standard implementations choose a diagonal V through a heuristic bi-level procedure
(Abadie and Gardeazabal, 2003). For each candidate predictor weight matrix, an inner loop
selects donor weights to minimize the distance between the predictors of the treated unit
and those of the synthetic control. An outer loop then searches for predictor weights that
minimize pre-treatment prediction error on a validation set.

Although this procedure produces reasonable solutions in many applications, the opti-
mization can be fragile. The bi-level problem is nonconvex, and its objective function is only
piecewise smooth. It is, moreover, typically discontinuous at the boundary of the parameter
space, where zero predictor weights reduce the effective dimension of the predictors. Bi-level
gradient-based solvers may therefore converge to local minima or to solutions that discard
information on the user-provided predictors.

This article develops a geometric framework for synthetic control estimators. For any
positive definite predictor weight matrix V , the donor weights are determined by the V -
weighted projection of the treated unit’s predictor vector onto the convex hull of the donor
predictor vectors. As the predictor weights V vary over a prespecified candidate set, these
projections trace out a subset of the convex hull.

From this geometric perspective, the search over V regularizes the choice of donor weights.
Instead of searching over the full simplex of donor weights, the procedure searches only over
the weights that some candidate V rationalizes, the attainable set. The geometric framework
developed here characterizes this set.

When the candidate set for V contains all positive definite matrices, the attainable pro-
jections are exactly the points on the visible facets of the donor convex hull, that is, the
facets oriented toward the predictor vector of the treated unit. This characterization allows
us to replace the bi-level optimization problem with a single-level problem that enumerates
the visible facets and minimizes the validation loss over the donor weights supported on each
one. The minimum over this finite set is the global minimum. When the candidate set for
V consists instead of positive diagonal matrices, a sign-compatibility test determines which
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points on the visible faces are attainable. In an application to the effects of a tobacco con-
trol program in California (Abadie et al., 2010), the donor hull has 26,282 faces. Visibility
narrows the candidate set to 3,839 faces, and the sign-compatibility condition for diagonal
V leaves only the 226 attainable faces, fewer than one percent of the total (see Table 3 in
Section 6).

This article makes four contributions. First, it characterizes the set of attainable donor
weights under both diagonal and general positive definite predictor weight matrices. Second,
it replaces a computationally unstable nested optimization with a combinatorial enumeration
procedure guaranteed to find the global optimum. Third, it clarifies how the set of attain-
able donor weights differs between diagonal and positive definite predictor weight matrices.
Fourth, the Karush-Kuhn-Tucker conditions of the inner optimization characterize the set
of positive definite predictor weight matrices that rationalize any set of donor weights. Two
applications illustrate the advantages of the methods proposed in this article: an evaluation
of a tobacco control program in California (Abadie et al., 2010) and an analysis of the effects
of German reunification (Abadie et al., 2015).

This article relates to several strands in the synthetic control literature. Becker and
Klößner (2018) document the fragility of bi-level optimization procedures for synthetic con-
trols and propose solutions to this problem (such as discarding the donors that cannot receive
positive weight under any positive definite V , which corresponds to our visibility restriction).
Their approach, however, remains within the framework of numerical search over values of
diagonal V and offers no guarantees of global optimality. Also within the bi-level formula-
tion, Vives-i-Bastida (2022) adds a penalty on the number of predictors to stabilize the outer
problem. Pouliot et al. (2026) derive the degrees of freedom of synthetic control estimators
and propose information criteria for selecting V . Malo et al. (2023) study a bi-level program
in which ties in the inner problem are resolved in favor of the validation criterion. As a
result, their program favors extremely sparse choices for the diagonal values in V . Zeros in
the diagonal of V enlarge the set of solutions to the inner problem. The tie-breaking rule
then selects donor weights that lower the validation loss. However, the resulting synthetic
controls need not be projections of the treated unit onto the donor hull under a positive def-
inite V or limits of such projections. In contrast, this article optimizes only over attainable
projections and their limits. It also characterizes the entire solution set for V , extending the
methods beyond the diagonal class to general positive definite weights.

A second group of estimators avoids the bi-level structure by specifying the predictor
weight matrix V in advance, so the donor weights solve a single convex program. Doud-
chenko and Imbens (2016) fit pre-treatment outcomes directly and relax the constraints on
the donor weights. In settings with poor pre-treatment fit, Ferman and Pinto (2021) demean
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the outcomes and study the asymptotic bias of the resulting estimator. Ben-Michael et al.
(2021) correct the synthetic control fit with an outcome model. Kellogg et al. (2021) combine
synthetic control weights with nearest-neighbor matching to trade off interpolation and ex-
trapolation biases. Arkhangelsky et al. (2021) combine unit and time weights in a weighted
difference-in-differences regression. Abadie and L’Hour (2021) add a penalty on the pairwise
discrepancies between the treated unit and each donor, which makes the weights unique and
sparse. Cattaneo et al. (2021) and Chernozhukov et al. (2021) develop uncertainty quan-
tification for this class of estimators (see also Chernozhukov et al., 2026; Cattaneo et al.,
2025). Gunsilius (2023) takes the predictors to be the entire distributions of pre-treatment
outcomes and matches the quantile function of the treated unit to a weighted average of the
donors’ quantile functions. In all these cases, the metric on the predictors is not estimated
as part of the donor weight selection. This article instead retains the search over V and
proposes a procedure with a global optimality guarantee.

The rest of the article is organized as follows. Section 2 reviews the synthetic control
framework and formalizes the predictor weight problem. Section 3 examines the common
practice of restricting the predictor weights to a diagonal matrix and describes the boundary
problem that motivates the geometric analysis of this article. Section 4 develops our geomet-
ric formulation of synthetic controls for the usual case when the treated unit is outside the
convex hull of the available donor units in the space of the predictors. Section 5 extends the
analysis to the case in which the treated unit lies inside the donor hull. Section 6 illustrates
the approach with an application to the California tobacco control program. Section 7 con-
siders a leakage-free validation design that separates the predictor and validation windows
in time, illustrated with the German reunification application. Section 8 concludes.

Notation. For a vector x ∈ RK , xk denotes its k-th coordinate, x′ its transpose, ∥x∥
its Euclidean norm, and sgn(x) its componentwise sign, with values in {−1, 0,+1}K . For
a symmetric matrix V , V ≻ 0 (V ⪰ 0) indicates that V is positive (semi)definite, and
∥x∥V = (x′V x)1/2 for V ⪰ 0. SK

++ is the set of symmetric positive definite K ×K matrices,
SK
+ the set of symmetric positive semidefinite K ×K matrices, Diag(d) the diagonal matrix

with the entries of d on its diagonal, ∥d∥0 the number of nonzero entries of d, diag(M) the
vector of diagonal entries of a square matrix M , and tr(M) its trace. ∆m denotes the unit
simplex, the set of x ∈ Rm with non-negative coordinates summing to one. 1 denotes a vector
of ones. RK

+ and RK
++ denote the vectors in RK with non-negative and with strictly positive

coordinates. The coordinates of a donor weight vector w are indexed by j = 2, . . . , J + 1.
supp(w) = {j : wj ̸= 0} is the support of w. For a set A ⊆ RK , conv(A), cone(A), and
aff(A) denote its convex, conical, and affine hulls, and Int(A), relint(A), A, and ∂A its
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interior, relative interior, closure, and boundary. A face of a polytope is its intersection with
a supporting hyperplane. Facets, ridges, and vertices are the faces of dimension one less than
the polytope, two less, and zero, respectively.

2. Synthetic Control and Predictor Weights

The synthetic control method estimates the causal effect of an intervention by constructing
a weighted average of untreated units that approximates the characteristics of the treated
unit. This section reviews the standard setup and introduces the predictor weight problem
that motivates our geometric formulation.

2.1. Setup

Consider a panel of J+1 units observed over T periods. Unit 1 is exposed to some intervention
beginning in period T0 + 1, while the other J units (the donor pool) remain untreated
throughout.

For each unit j and time t, the potential outcome without the intervention is Y N
jt . For the

treated unit and t > T0, the potential outcome under the intervention is Y I
1t. The observed

outcome data take the form⎛⎜⎜⎜⎜⎝
Y N
11 Y N

12 · · · Y I
1(T0+1) · · · Y I

1T

Y N
21 Y N

22 · · · Y N
2(T0+1) · · · Y N

2T
... ... . . . ... . . . ...

Y N
(J+1)1 Y N

(J+1)2 · · · Y N
(J+1)(T0+1) · · · Y N

(J+1)T

⎞⎟⎟⎟⎟⎠ .

The parameters of interest are the treatment effects on the treated unit at times t > T0,

τ1t = Y I
1t − Y N

1t , t = T0 + 1, . . . , T.

Because Y I
1t is observed for t > T0, estimation of τ1t comes down to estimation of the

counterfactual outcome Y N
1t for t > T0.

A K-vector of predictors Xj = (Xj1, . . . , XjK)
′ summarizes unit j’s characteristics rele-

vant for forecasting untreated outcomes. These predictors may include pre-treatment out-
come values, covariates, or transformations thereof. The K×J matrix X0 = (X2, . . . , XJ+1)

collects the predictor vectors of all donor units. We make the following assumption about
the predictor vectors.

Assumption 1. (General position) (i) X1 /∈ conv({X2, . . . , XJ+1}). (ii) For every
nonempty subset S of predictors, any |S| + 1 or fewer donor predictor vectors, restricted to
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the predictors in S, are affinely independent. (iii) J ≥ K + 1.

Part (i) states that the predictor vector of the treated unit cannot be reproduced exactly
by a convex combination of donor predictor vectors, which is the case of primary interest in
applications (Abadie, 2021). Section 5 relaxes this assumption. Part (ii) implies that every
face of the convex hull of the donor predictors is a simplex containing no donor points other
than its vertices. As a result, each boundary point of the hull has a unique representation as
a convex combination of units in the donor pool. Parts (ii) and (iii) imply that the convex
hull of the donor predictor vectors is full-dimensional in RK .

A selected subset of pre-treatment outcomes Zj = (Yjt1 , . . . , YjtL)
′, where {t1, . . . , tL} ⊆

{1, . . . , T0}, serves as a validation sample. The L×J matrix Z0 = (Z2, . . . , ZJ+1) stacks these
validation outcomes across donors, and Z1 = (Y1t1 , . . . , Y1tL)

′ collects the same outcomes for
the treated unit.

The Synthetic Control Estimator The synthetic control estimator approximates the
missing counterfactual Y N

1t by a convex combination of donor outcomes,

ˆ︁τ1t = Y1t −
J+1∑︂
j=2

wjYjt, t = T0 + 1, . . . , T,

where the donor weights belong to the unit simplex

∆J =

{︄
w ∈ RJ : wj ≥ 0 for all j = 2, . . . , J + 1,

J+1∑︂
j=2

wj = 1

}︄
.

The nonnegativity and summing-to-one constraints prevent extrapolation and ensure the
synthetic control is a weighted average of untreated units.

2.2. The Predictor Weight

Because the donor weights w are selected to minimize the discrepancy between the predictor
vectors of the treated unit and those of the synthetic control, synthetic control estimation
requires specifying the relative importance assigned to each predictor. Given a K × K

positive definite matrix V , a synthetic control estimator selects donor weights to solve:

W(V ) = argmin
w∈∆J

∥X1 −X0w∥2V

= argmin
w∈∆J

(X1 −X0w)′V (X1 −X0w). (1)
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Figure 1: Geometry of the synthetic control problem

X6

X2

X3

X4

X1

X0w

X5

Notes: The shaded region is the convex hull of the donor predictor values X2, . . . , X6. X0w is the
V -weighted projection of X1 onto the hull.

Under Assumption 1, W(V ) is a singleton for every positive definite V , and we then write
w(V ) for its unique element. For diagonal V , a large entry Vkk favors close matching on the
k-th predictor while a small entry allows for a greater discrepancy.

The choice of V can reflect a subjective assessment of the predictors’ relative importance,
but often V is selected from the data through the bi-level procedure,

V ∈ argmin
V ∈V

min
w∈W(V )

∥Z1 − Z0w∥2 , (2)

where V is a prespecified set of candidate weighting matrices (commonly, diagonal with non-
negative entries that sum to one), andW(V ) is the set of solutions to the inner optimization
problem in equation (1). The validation error ∥Z1 − Z0w∥2 measures the quality of the
synthetic control fit on the validation set.

The inner optimization (1) projects the treated unit’s predictor vector X1 onto the convex
hull conv({X2, . . . , XJ+1}) using the norm induced by V . Figure 1 depicts the geometry of
the problem in two dimensions. The shaded region represents the convex hull of the donor
predictor values. The treated unit’s predictor X1 lies outside this hull, and its projection onto
the hull is X0w. Different choices of V project X1 onto different points of the boundary of the
convex hull. From this standpoint, the predictor weight problem reduces to selecting, among
all projections attainable through candidate V , the one that best predicts the validation
outcomes.

The next section examines the case of diagonal V and discusses the difficulties that arise
when the outer optimization drives V to the boundary of the parameter space.
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3. Bi-level Optimization with Diagonal V

3.1. Diagonal V as Axis Rescaling

A common candidate set for predictor weights consists of all diagonal matrices with non-
negative entries that sum to one:

V∆ =
{︁
Diag(d) : d ∈ ∆K

}︁
,

with ∆K = {d ∈ RK : dk ≥ 0,
∑︁K

k=1 dk = 1}. For diagonal V , the V -weighted norm is

∥X1 −X0w∥2V = (X1 −X0w)′V (X1 −X0w)

=
K∑︂
k=1

dk(X1k −X0kw)2

=
⃦⃦⃦√

V (X1 −X0w)
⃦⃦⃦2

,

where
√
V = Diag(

√
d1, . . . ,

√
dK). The transformation

√
V rescales the coordinate axes. A

large dk stretches the k-th axis, magnifying discrepancies in the k-th predictor and forcing
the inner optimization to match that predictor closely. A small dk compresses the k-th axis,
diminishing its influence on the donor weights.

The outer problem (2) searches over the (K−1)-simplex of diagonal weights to minimize
validation error.

3.2. The Boundary Problem

The solution to the inner problem can change discontinuously when the outer optimization
sets one or more diagonal entries of V to zero. A zero dk eliminates the k-th predictor from
the inner optimization, reducing the dimension of the predictors. This dimension reduction
removes an entire coordinate axis, projecting the problem into a lower-dimensional subspace
where the geometry of the convex hull can change substantially.

Figure 2 illustrates this problem. Both panels show the same donor predictors {X2, . . . , X6}
and their convex hull, along with the treated unit X1 and its V -weighted projection X0w onto
that hull. The open markers along the bottom and left axes represent the one-dimensional
collapses of X1, . . . , X6 obtained by sending a diagonal entry to zero. The choice d2 = 0

retains only the horizontal coordinate and projects every point onto the bottom axis, while
d1 = 0 retains only the vertical coordinate and projects onto the left axis. The two panels
differ only in the location of X1. In panel 2(a), X1 lies beyond the donors in both coordi-
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Figure 2: Dimension collapse under boundary predictor weights

X6
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X3

X4
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X0w
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(a)

X6

X2

X3

X4

X1

X0w

X5

(b)

Notes: Both panels show the same donor predictor vectors, their convex hull, the treated unit, and
its projection onto the hull. The open markers on the axes are the one-dimensional projections of the
donors and the treated unit on the surviving axis when one of the diagonal entries of V is set to zero.

nates, so its one-dimensional projections fall onto the extreme donors X2 and X4. The donor
weights w(V ) vary continuously with V as one of its diagonal entries reaches zero. By con-
trast, in panel 2(b) X1 lies within the donors’ one-dimensional ranges. For every V ≻ 0 the
projection falls on the edge X3X4 or X2X3, leaving other units with zero weights. However,
when one diagonal entry of V is set to zero, X1 lands in the interior of the donors’ range,
where synthetic controls can fit it exactly (though not uniquely). Hence, W(V ) can ex-
pand discontinuously as a diagonal entry reaches zero. Figure 3 depicts the set of attainable
projections that result from the predictor configurations in Figures 2(a) and 2(b).

This discontinuity creates a problem for the outer optimization. Zero entries in the
diagonal of V can expand the set of synthetic controls that minimize the inner objective.
The outer optimization selects among them the one with the smallest validation error, which
need not be the projection of the treated unit onto the donor hull under a positive definite
V or a limit of such projections. Moreover, the resulting synthetic control ignores predictors
with zero weight entirely.

4. A Geometric Reformulation

This section recasts the predictor weight problem, shifting the focus to the set of donor
weights attainable under a class of V matrices. Section 4.1 defines this attainable set and
expresses the resulting optimization problem as regularized selection of donor weights. Sec-
tion 4.2 develops a general criterion for membership in the attainable set, drawing on the
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Figure 3: Attainable projections under diagonal predictor weights
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X4
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(a)
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Notes: The thick segments indicate the projections of the treated unit attainable under diagonal V ,
for the two configurations of Figure 2. In panel (b), the short thick segments inside the hull are the
solutions with one of the diagonal entries of V set to zero.

convex-geometric notions of visibility and normal cones. Sections 4.3-4.4 apply the criterion
to the two canonical candidate sets: diagonal predictor weights and general symmetric pos-
itive definite predictor weights. Section 4.5 shows how to recover a rationalizing V for any
attainable set of donor weights.

4.1. Single-Level Optimization Over the Attainable Set of Donor Weights

Fix a candidate set V of predictor weight matrices (e.g., diagonal or positive definite matrices)
and define

W(V) =
⋃︂
V ∈V

W(V ),

which is the set of donor weights that arise as inner-optimizers for some V ∈ V . We call
W(V) the attainable set of donor weights under V . The bi-level problem (2) is then equivalent
to the single-level optimization

min
w∈W(V)

∥Z1 − Z0w∥2 . (3)

This equivalence helps interpret and address problems with current optimizers for synthetic
controls. The outer search over V encodes a restriction of the donor weight vector to the
subset W(V) ⊆ ∆J .

Minimization of the validation loss ∥Z1 − Z0w∥2 over the full simplex ∆J risks overfitting
the pre-treatment validation outcomes. The estimator in (3) addresses the risk of overfitting
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by constraining w to lie inW(V), the smaller subset of donor weights that can be rationalized
by some candidate predictor weight matrix. Differences across candidate sets V translate
into differences in the geometry of the regularized setW(V). In this sense, V specifies a form
of regularization.

We focus on three natural candidate sets in what follows. The set of diagonal matrices
V∆ includes boundary points where one or more diagonal entries vanish. This is the closed
class over which the standard bi-level procedure of Section 3 optimizes. The open analog,

V+ = {Diag(d) : d ∈ ∆K
+}, ∆K

+ = {d ∈ RK : dk > 0,
∑︁

k dk = 1},

restricts to strictly positive diagonal entries. Every V ∈ V+ is positive definite, so under
Assumption 1 the inner problem has a unique solution. V∆ is the closure of V+, that is,
V∆ = V+. Finally, the set of symmetric positive definite matrices

SK
++ = {V ∈ RK×K : V = V ′, V ≻ 0}

extends the candidate set from diagonal rescalings to arbitrary full-rank linear transforma-
tions of the predictor space.

With V = V∆, the bi-level program (2) selects, among the donor weights attainable
for some V in the class, those that best fit the validation outcomes. The correspondence
V ↦→ W(V ) can jump and become set-valued at the boundary of V∆, where a vanishing
diagonal entry deletes a predictor and enlarges the set of donor weights available to the
validation criterion. The search over V∆ therefore rewards rank deficiency and can return
donor weights that match the treated unit on a single predictor and ignore the others (Malo
et al., 2023).

A minimum over the open class V+ need not exist. The bi-level procedure closes the class
of metrics, optimizing over V∆, at the cost of the boundary problem. We instead compute

W(V+) =
⋃︂

V ∈V+

W(V ), (4)

the closure of the attainable sets under strictly positive diagonal matrices, and solve the
single-level problem

min
w∈W(V+)

∥Z1 − Z0w∥2 . (5)

A solution to (5) that ignores a predictor is a limit of inner solutions under a sequence of
positive diagonal matrices V whose weight on that predictor converges to zero.

The standard bi-level procedure searches over the closed class V+ in the outer problem,
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so it selects the donor weights from W(V+) =
⋃︁

V ∈V+
W(V ). For diagonal V , the proce-

dure proposed in this article instead selects the donor weights from W(V+), the closure of
W(V+). The closure of the metrics and the closure of the weights agree when V ↦→ W(V ) is
continuous, but the boundary problem of Section 3.2 is a failure of continuity. For a set W
of donor weights, let X0W = {X0w : w ∈ W}. The set X0W(V+) retains only the limits of
projections under strictly positive diagonal V . In contrast, X0W(V+) may include synthetic
controls that are not such limits, as in Figure 3(b).

The next proposition shows that the closed class V∆ admits extra donor weights relative
to W(V+). The additional weights come from the matrices with a single positive diagonal
entry, V1 = {Diag(d) : d ∈ ∆K , ∥d∥0 = 1}. The increment, X0W(V1), is the set of synthetic
controls that either match X1 exactly on a single predictor k, leaving the remaining predictors
unrestricted, or, when X1k falls outside the range of the donor values of predictor k, assign
all weight to the donor with the most extreme value of that predictor on the side of X1k.

Proposition 1. X0W(V∆) = X0W(V+) ∪X0W(V1).

All proofs are in the appendix.
A formulation analogous to (5) for general positive definite matrices, V , is

min
w∈W(SK++)

∥Z1 − Z0w∥2 , (6)

where
W(SK

++) =
⋃︂

V ∈SK++

W(V ).

Proposition 2 in Section 4.4 shows that W(SK
++) is a closed set.

Because V+ ⊂ SK
++, the inclusion W(V+) ⊆ W(SK

++) holds, and the general positive
definite formulation can only enlarge the regularized set of attainable donor weights. The
remainder of Section 4 characterizes bothW(V+) andW(SK

++) in terms of the facial structure
of the donor convex hull.

4.2. Characterization of the Attainable Set

A donor weight vector w belongs to the attainable set if and only if X0w can be obtained
as a V -weighted projection of X1 on P = conv({X2, . . . , XJ+1}) for some V ∈ V . Geometric
visibility restricts which portions of the boundary of the donor hull can receive a projection
of the treated point X1 under a positive definite matrix V .
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Definition 1. (Visibility) For a convex set P ⊂ RK and a point X1 /∈ P, a point Y ∈ P
is visible from X1 if the open line segment connecting X1 and Y does not intersect P:

{λX1 + (1− λ)Y : λ ∈ (0, 1)} ∩ P = ∅.

A face F of a polytope P is visible from X1 if every point in F is visible from X1.

A facet F is visible from X1 when X1 belongs to the outer side of the supporting hyper-
plane of F .

Lemma 1. Let F be a facet of P contained in the hyperplane {Y : a′Y + b = 0}, where a is
an outward normal vector of P at F . Then F is visible from X1 if and only if a′X1 + b > 0.

Visibility restricts where attainable projections can land. A complete characterization
of attainability requires the notion of normal cone, which describes projections onto convex
sets.

Definition 2. (Normal Cone) For a closed convex set C ⊂ RK and a point Y ∈ C, the
normal cone of C at Y is

NC(Y ) =
{︁
v ∈ RK : ⟨v, Z − Y ⟩ ≤ 0 for all Z ∈ C

}︁
.

For a full-dimensional polytope, the normal cone at any point is generated by the out-
ward normal vectors of the facets whose supporting hyperplanes pass through that point.
Concretely, let

P = {Y : a′
iY + bi ≤ 0, i = 1, . . . ,m},

where ai is an outward-pointing normal. For Y ∈ P , let I(Y ) = {i : a′
iY + bi = 0} denote

the set of constraints active at Y . Then

NP(Y ) = cone
(︁
{ai}i∈I(Y )

)︁
=

{︂∑︁
i∈I(Y ) λiai : λi ≥ 0

}︂
. (7)

In particular, NP(Y ) = {0} when Y ∈ Int(P), and NP(Y ) is constant for all Y on the
relative interior of a face F .

The following standard projection criterion links the projection map to the normal cone
(Bauschke and Combettes, 2017, Proposition 6.47).

Lemma 2. Let πC(X) denote the Euclidean projection of X onto a closed convex set C.
Then Y = πC(X) if and only if X − Y ∈ NC(Y ).
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A full-rank matrix T of RK transforms normal cones as follows. Every point in TP is
TZ for a unique Z ∈ P , so v ∈ NTP(TY ) if and only if ⟨v, TZ − TY ⟩ = ⟨T ′v, Z − Y ⟩ ≤ 0

for all Z ∈ P , that is, if and only if T ′v ∈ NP(Y ). Therefore,

NTP(TY ) = (T ′)−1NP(Y ). (8)

Let V 1/2 be the positive definite square root of V . A point Y ∈ P is the V -weighted projection
of X1 onto P (that is, Y = X0w(V )) if and only if V 1/2Y is the Euclidean projection
of V 1/2X1 onto V 1/2P . By Lemma 2 and (8), this holds if and only if V 1/2(X1 − Y ) ∈
V −1/2NP(Y ), or equivalently, if and only if

V (X1 − Y ) ∈ NP(Y ). (9)

The next lemma shows that, for any positive definite matrix V , the projection of X1 onto
P with respect to ∥·∥V lands on a facet that is visible from X1.

Lemma 3. For any V ∈ SK
++, the point X0w(V ) lies on a facet of P that is visible from X1.

Lemma 3 restricts attainable projections to visible facets. Every vertex of a visible facet
is visible from X1, which allows us to identify the visible donors and discard the rest, as in
Becker and Klößner (2018). In Lemma 3, however, visibility is only a necessary condition
for attainability. The next two subsections determine which points of the visible facets are
attainable under diagonal and under general positive definite candidate sets.

4.3. Application to Positive Diagonal V

We next show that, for the diagonal class V = Diag(d) with d > 0, (9) yields a sign-
compatibility test for attainability. Let F be a visible face of P , let Y ∈ relint(F ), and
I = I(Y ) be the set of facets containing F . By (9) and (7), Y = X0w(V ) if and only if

Diag(d)(X1 − Y ) ∈ cone ({ai}i∈I) .

Each dk > 0 rescales the k-th component of X1 − Y and preserves its sign. Therefore, there
exists a positive diagonal V that attains Y if and only if the normal cone contains a vector
with the same signs as X1 − Y . This amounts to finding non-negative coefficients {αi}i∈I
and positive scalars {dk}Kk=1 such that

dk(X1k − Yk) =
∑︂
i∈I

αiaik, k = 1, . . . , K. (10)
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Because the signs of X1−Y can change as Y moves within relint(F ), a face may contain
attainable projections on only part of its relative interior. For a facet, the signs of X1 − Y

must match those of its normal. For a face of lower dimension, the normal cone may contain
vectors with several sign patterns, and each defines a separate attainable region. The donor
weights of these regions form finitely many pieces of W(V+), so the closure in (4) equals the
union of the closures of the pieces.

Minimization of validation loss over the closure of each piece is a convex quadratic pro-
gram. The global minimum of (5) is the smallest of these piece minima.

4.4. Application to General Positive Definite V

So far, we have restricted attention to diagonal weighting matrices V ∈ V+, which rescale
the predictors but leave the coordinate axes fixed. A natural extension is to allow arbitrary
positive definite weights V ∈ SK

++. General positive definite V allows the inner optimization
to match linear combinations of predictors, not just individual predictors along their original
axes. The attainable set under SK

++ has a simple geometric characterization.

Proposition 2. Under Assumption 1, W(SK
++) is closed and equal to the set of w ∈ ∆J

such that X0w lies on a facet of P visible from X1.

Recall that, under diagonal V , every projection lies on a visible facet, but not every point
of a visible facet is attainable. Proposition 2 says that, when V ranges over SK

++, every point
on a visible facet is an attainable projection.

The global minimum of (6) is therefore the smallest of the minima of the validation loss
over the visible facets.

Because the union of the visible facets is closed, W(V+) ⊆ W(SK
++). The enlarged

attainable set allows a closer match to the validation outcomes but increases the risk of
overfitting.

4.5. Recovering V from Optimal Weights

The procedures of Section 4.3 and 4.4 identify optimal donor weights w∗ over classes of
predictor weight matrices without choosing a V in the class. Applied researchers may also
wish to report V alongside the donor weights. We say that a matrix V rationalizes w∗ if
w∗ = w(V ). This subsection describes the Karush-Kuhn-Tucker (KKT) constraints any ra-
tionalizing V must satisfy, establishes the convexity of the resulting feasible set, and discusses
selection criteria.
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4.5.1. KKT Constraints for the Inner Optimization

The inner optimization (1) is a convex quadratic program over the simplex ∆J . Its Karush-
Kuhn-Tucker conditions provide necessary and sufficient conditions for optimality. For w∗ ∈
∆J to minimize ∥X1 −X0w∥2V over ∆J , there must exist λ ∈ RJ

+ and µ ∈ R satisfying

X ′
0V (X0w

∗ −X1)− λ+ µ1 = 0,

λ⊙w∗ = 0,

λ ≥ 0,

where ⊙ denotes the Hadamard product. Divide the donors into the active donors in the
support supp(w∗) = {j : w∗

j > 0} and the inactive donors outside it, and fix a reference
active donor j0 ∈ supp(w∗). For any other active donor, j ∈ supp(w∗) \ {j0}, we have

(Xj −Xj0)
′V (X0w

∗ −X1) = 0. (11)

Equation (11) imposes |supp(w∗)|−1 independent constraints. (The functionals V ↦→ (Xj−
Xj0)

′V (X0w
∗ − X1) are linearly independent because the vectors {Xj − Xj0}j∈supp(w∗)\{j0}

are linearly independent by Assumption 1(ii).) For each inactive donor j /∈ supp(w∗), we
have

(Xj −Xj0)
′V (X0w

∗ −X1) ≥ 0. (12)

Each constraint in (11) and (12) is linear in the entries of V . The set of positive semidef-
inite matrices, SK

+ , is closed and convex. Therefore, the feasible set

F(w∗) =
{︁
V ∈ SK

+ : (11) and (12) hold
}︁

is a convex set. As a result, any convex objective can be minimized over F(w∗) by standard
optimization methods. For every V in F(w∗), w∗ belongs to the set of solutions of the inner
problem. Under Assumption 1, w∗ is the unique solution for every positive definite member
of F(w∗), so F(w∗) ∩ SK

++ is the set of matrices that rationalize w∗.

4.5.2. Selection Criteria

The feasible set F(w∗) generically contains infinitely many positive definite matrices, all
of which rationalize the same donor weights. After trace normalization, the equalities (11)
leave an identified set of dimension K(K + 1)/2 − |supp(w∗)| in the full positive definite
class, and K−|supp(w∗)| in the diagonal class. As a result, a unique normalized rationalizer
exists generically only for diagonal V when the donor weights are supported on every vertex
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of a facet.
The selection of a particular V requires an additional criterion that expresses a preference

over the set of predictor weightings. When the goal is to save the predictor weights for future
use, as in Abadie et al. (2015), it is usually preferable to choose a V that gives positive weight
to every predictor. We consider two criteria: log-determinant maximization and the analytic
center.

Log-determinant maximization. The first criterion maximizes the log-determinant of
V :

max
V ∈F(w∗)

log det(V ) s.t. tr(V ) = 1. (13)

The function log det is concave on SK
++ (Boyd and Vandenberghe, 2004, Section 3.1.5),

so the maximization in (13) is a convex problem. As any eigenvalue approaches zero,
log det(V ) → −∞, so the maximizer keeps V positive definite whenever feasible. The un-
constrained maximizer is V = I/K.

Proposition 3. If w∗ ∈ W(SK
++), then the log-determinant problem (13) has a unique and

positive definite solution.

Analytic center. The second criterion selects the analytic center of F(w∗), the matrix
that maximizes the sum of the logarithmic barriers of the inequality constraints that define
F(w∗), subject to the trace normalization.

Let sj(V ) = (Xj −Xj0)
′V (X0w

∗−X1) be the slack of the inequality (12), j /∈ supp(w∗).
The analytic center is pushed away from every boundary of F(w∗), including sj(V ) = 0 for
j /∈ supp(w∗), where a small perturbation of V makes w∗ suboptimal. The next proposition
establishes existence and uniqueness of the maximizer.

Proposition 4. Under Assumption 1, for every w∗ ∈ W(SK
++), the program

Vc = argmax

⎧⎨⎩log detV +
∑︂

j /∈supp(w∗)

log sj(V ) : V ∈ F(w∗), tr(V ) = 1

⎫⎬⎭
has a unique solution Vc ≻ 0 satisfying sj(Vc) > 0 for every j /∈ supp(w∗).

For w∗ ∈ W(SK
++), a positive definite rationalizer V exists, and the log-determinant

criterion and the analytic center each select one. We recommend reporting the analytic
center or the log-determinant maximizer V ∗ as the default rationalizing matrix, summarized
by its trace-normalized diagonal V ∗

kk/tr(V
∗). For diagonal V ∗, the share V ∗

kk/tr(V
∗) equals

17



dk. For general V ∗, the diagonal entry V ∗
kk is the penalty for a discrepancy of one unit in

predictor k when the other predictors are exactly matched.
For w∗ ∈ W(V+), a strictly positive diagonal rationalizer may fail to exist, because w∗

may be attainable only as a limit of solutions under strictly positive diagonal V . In that
case, sparsity in the diagonal of V is forced by the geometry, in contrast with the incidental
sparsity induced by the optimizer, as in Figure 3(b).

When sparsity is forced, we apply the log-determinant and analytic center criteria over
the retained predictors only. If the retained predictors are matched exactly, every diagonal
matrix supported on them satisfies the KKT conditions, both criteria reduce to maximizing
the sum of log dk over the retained predictors, and the solution gives equal weight to every
retained predictor.

Alternatively, a strictly positive diagonal matrix can be selected at an arbitrarily small
cost in validation fit. Because w∗ is a limit of solutions under strictly positive diagonal V ,
for any ε > 0 the predictor weights that maximize

∑︁
k log dk subject to a validation loss

within ε of its minimum are strictly positive. A floor dk ≥ δ for a small δ > 0 has the same
effect, and it also removes the boundary discontinuity of Section 3.2.

5. The Interior Case

The preceding sections assume that X1 lies outside the donor hull P . When X1 lies in the
interior of the donor hull, multiple sets of donor weights may achieve an exact match in the
predictors. For every V ≻ 0, the inner solution set

W(V ) = F := {w ∈ ∆J : X0w = X1} (14)

does not depend on V , and the bi-level problem (2) reduces to minimizing validation loss over
F . As in Abadie and L’Hour (2021), we add a vanishing penalty on the pairwise matching
discrepancies between X1 and the donor predictor values, Xj. As in the exterior case, the
outer optimization reduces to a search over a finite set of candidate simplices.

5.1. Selection by a Vanishing Penalty

The selection penalty in Abadie and L’Hour (2021) is the weighted average of the squared
distances between the treated unit and its contributing donors. Among exact matches, this
penalty favors combinations of donors that are individually close to the treated unit. For the
interior case, as the penalty parameter goes to zero, the estimator selects the exact match
that minimizes the penalty.
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Our formulation uses the same metric V to measure both the aggregate matching dis-
crepancy and the pairwise penalty:

w(λ, V ) ∈ argmin
w∈∆J

{︁
∥X1 −X0w∥2V + λgV (w)

}︁
, gV (w) =

J+1∑︂
j=2

wj ∥X1 −Xj∥2V , (15)

where λ > 0. At V = I/K, the objective is proportional to that of Abadie and L’Hour
(2021) and yields the same minimizers. For any fixed V ≻ 0, a limit of w(λ, V ) as λ ↓ 0

solves
min
w∈F

gV (w). (16)

Under the general position conditions of Section 5.2, the minimizer of (16) is unique for all
V outside a measure-zero subset of SK

++ (Proposition C.1), and w(λ, V ) then converges to it
as λ ↓ 0. We write w(0+, V ) for the limit.

In this limit, the set of exact matches does not depend on V , but the penalty gives
predictor weights a role in choosing among exact matches.

To characterize this choice, let ℓV (x) = x′V x. Because X0w = X1 for w ∈ F , the
expansion of the squared distances ∥X1 −Xj∥2V in gV gives

gV (w) =
J+1∑︂
j=2

wjℓV (Xj)− ℓV (X1), (17)

so (16) is a linear program in the donor weights. To interpret this program geometrically,
lift each donor Xj to the point (Xj, ℓV (Xj)) ∈ RK+1. Define the lifted donor hull as the
convex hull of the lifted points. For any w ∈ F , (X1,

∑︁
j wjℓV (Xj)) lies in the lifted donor

hull directly above X1 at height
∑︁

j wjℓV (Xj). The penalty gV (w) is the vertical distance
between this point and the lifted treated point (X1, ℓV (X1)). Minimization of gV (w) over F
amounts to finding the lowest point of the lifted donor hull directly above X1 (Rajan, 1994;
Abadie and L’Hour, 2021). As V varies, the heights ℓV (Xj) change, which may change the
facet of the lifted donor hull directly above X1 and the selected donors for the synthetic
control.

5.2. Candidate Simplices and Selecting Metrics

This section applies the lifting procedure of Section 5.1 to characterize the synthetic control
weights in the interior case as a function of V . The candidate donor sets are the sets of
K + 1 donors whose simplex contains X1. Each such simplex yields one weight vector equal
to the barycentric coordinates of X1 in the simplex.

19



Throughout this section, we replace Assumption 1 by the following conditions, with
D = {2, . . . , J + 1} denoting the donor pool.

Assumption 2. (Interior general position) (i) X1 ∈ P; (ii) X1 /∈ aff({Xj : j ∈ B}) for
every B ⊆ D with |B| ≤ K; (iii) every K+1 donor predictor vectors are affinely independent;
(iv) for every K + 2 donors, their lifts (Xj, ℓV (Xj)) are affinely independent for at least one
positive definite V and for at least one strictly positive diagonal V .

Together, parts (i)-(ii) place X1 in the strict interior of the donor hull and require every
exact match to use at least K+1 donors, so J ≥ K+1. Part (iii) ensures that each simplex
is nondegenerate. Part (iv) rules out affine dependencies among lifted donors that persist
across all metrics in either class. When X1 belongs to the convex hull of the donor predictors,
parts (ii)-(iv) hold for almost every predictor configuration.

Under Assumption 2, for every V outside a measure-zero subset of SK
++, the solution

of (16) is unique and assigns positive weight to exactly K + 1 donors (Proposition C.1). It
is therefore enough to examine the subsets A ⊆ D of K + 1 donors whose simplex σA =

conv{Xi : i ∈ A} contains X1. We call such a subset A an admissible cell, because it allows
exact interpolation of X1. Each admissible cell A determines a unique candidate weight
vector wA, which does not depend on V .

Figure 4 illustrates the geometry behind the selection among admissible cells. Fix an
admissible cell A. Its K + 1 lifted donors (Xi, ℓV (Xi)), i ∈ A, span a unique hyperplane
in RK+1, the plane that includes the two upper triangles in Figure 4. Let HA,V (x) be the
height of this hyperplane above any point x, so that HA,V (Xi) = ℓV (Xi) for i ∈ A. For
a donor j /∈ A, the signed vertical distance between its lifted point and the hyperplane
qAj (V ) = ℓV (Xj)−HA,V (Xj) is positive when the lifted donor lies above the hyperplane.

To express qAj (V ) as a function of V , write Xj as an affine combination of the donors in A,
Xj =

∑︁
i∈A βj

iXi with
∑︁

i∈A βj
i = 1. These coefficients are unique by part (iii) of Assumption

2 and they need not be positive. Because HA,V is affine, HA,V (Xj) =
∑︁

i∈A βj
i ℓV (Xi). Let

⟨Q, V ⟩ = tr(Q′V ) and
QA

j = XjX
′
j −

∑︂
i∈A

βj
iXiX

′
i.
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Figure 4: Lifted donors and the selection gap (K = 2)

ℓV

gV (wA)

qA5 (V )

X2 X3

X4

X1 X5

(X5, ℓV (X5))

Notes: The shaded triangle in the predictor plane is the admissible cell A = {2, 3, 4}, which contains
the treated unit X1. Each point x is lifted to the height ℓV (x) above it. The gray outline is the graph
of ℓV , and every lifted point lies on it. The lifted donors of A span the plane HA,V , and the exact
match wA places the treated unit at the point (X1,HA,V (X1)) on this plane. The lifted treated point
lies below the plane, and the dotted red segment between the two is the penalty gV (wA) of Section 5.1.
For the outside donor X5, the plane is extended (dashed) to the point above X5. The solid red segment
is the gap qA5 (V ) between the lifted donor and the plane. It is positive, so (X5, ℓV (X5)) lies above the
plane.

Then,

qAj (V ) = ℓV (Xj)−
∑︂
i∈A

βj
i ℓV (Xi)

= X ′
jV Xj −

∑︂
i∈A

βj
iX

′
iV Xi

= tr(XjX
′
jV )−

∑︂
i∈A

βj
i tr(XiX

′
iV )

= ⟨QA
j , V ⟩.

As a result, qAj (V ) is linear in V .
Recall from Section 5.1 that the penalty minimizer is the lowest point of the lifted donor

hull directly above X1. The weights wA produce the point (X1, HA,V (X1)) in the simplex
formed by the lifted donors in A. If every other lifted donor lies strictly above the plane
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HA,V , so does every convex combination of lifted donors that puts weight outside A, and
(X1, HA,V (X1)) is the lowest point in the lifted donor hull above X1. Thus wA is uniquely
selected exactly when qAj (V ) > 0 for every j /∈ A. The predictor weight matrices V for which
wA is the unique solution of (16) form the set

V(A) = {V ∈ SK
++ : ⟨QA

j , V ⟩ > 0 for every j /∈ A}. (18)

Lemma C.2 in Appendix C gives the formal proof.
Condition (18) has a Delaunay interpretation. Let ˜︁Xj = V 1/2Xj, so that ℓV (Xj) = ∥ ˜︁Xj∥2,

and let ˜︁HA(x) be the height above x of the hyperplane through the points ( ˜︁Xi, ∥ ˜︁Xi∥2), i ∈ A,
so that HA,V (Xj) = ˜︁HA( ˜︁Xj). The function ∥x∥2− ˜︁HA(x) is zero on the unique sphere through˜︁Xi, i ∈ A, negative inside it, and positive outside it. Condition (18) thus says that no other
transformed donor ˜︁Xj lies inside or on this sphere, which is the defining property of a
Delaunay simplex. That is, wA is uniquely selected exactly when A is the Delaunay simplex
of the transformed donors that contains ˜︁X1. For V = I this is Theorem 2 of Abadie and
L’Hour (2021).

5.3. Attainability Tests and Finite Enumeration

An admissible cell A is attainable for a given class of matrices if V ∈ V(A) for some V in
the class. To test attainability in the positive definite class, we solve the program

θ∗(A) = max
V,θ

θ

subject to ⟨QA
j , V ⟩ ≥ θ, j /∈ A,

V ⪰ 0, tr(V ) = 1.

The objective maximizes the smallest selection slack. The cell A is attainable if and only
if θ∗(A) is positive. The optimal V may be singular but, for small enough ε > 0, V + εI

satisfies every inequality. Rescaling it to unit trace gives a positive definite matrix in V(A).
For a fixed cell A, let ρj = diag(QA

j ). Because ⟨Q,Diag(d)⟩ =
∑︁K

k=1Qkkdk, under
a diagonal metric V = Diag(d), the selection inequalities reduce to ρ′

jd > 0, and the
attainability test becomes

θ∗+(A) = max
d,θ

θ

subject to ρ′
jd ≥ θ, j /∈ A,

d ≥ 0, 1′d = 1.
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The cell is attainable by a positive diagonal metric if and only if θ∗+(A) > 0. As in the full
class, the optimizer may have zero entries, but d + ε1 satisfies every inequality for small
ε > 0, and rescaling it to sum to one gives a strictly positive diagonal matrix in V(A).

Only the admissible cells need to be examined for attainability. They are the vertices
of the polytope F in (14). The optimum is the attainable vector wA with the smallest
validation loss.

Let N be the set of matrices V ∈ SK
++ for which some K + 2 transformed donors ˜︁Xj

lie on a common sphere. For such V , the Delaunay simplex of the transformed donors that
contains ˜︁X1 need not be unique. This set (and its intersection with the diagonal class) has
measure zero (Proposition C.1).

Proposition 5. Let Assumption 2 hold, and let C be either SK
++ or the class of strictly

positive diagonal matrices. Let AC be the set of admissible cells attainable by a metric in C.
Outside N , the set {w(0+, V ) : V ∈ C \ N} equals {wA : A ∈ AC}. As a result,

inf
V ∈C\N

⃦⃦
Z1 − Z0w(0+, V )

⃦⃦2
= min

A∈AC
∥Z1 − Z0wA∥2 .

Once a cell A∗ is selected, V(A∗) characterizes the metrics that rationalize the chosen
donor weights. A representative metric (e.g., the analytic center) can be selected as in
Section 4.5.2.

6. Empirical Application

Proposition 99, enacted in California in 1988, was a comprehensive tobacco-control inter-
vention that combined cigarette tax increases with antismoking media campaigns, clean
indoor-air restrictions, and earmarked funding for tobacco-related education and research.
Abadie et al. (2010) estimate the effect of Proposition 99 on per-capita cigarette sales in
California using the synthetic control method, with other U.S. states serving as the donor
pool. This section applies the estimators proposed in this article to the Proposition 99
data, compares the results with those from the standard bi-level optimization, and discusses
practical implications.

The data are a state-level panel covering 1970-2000, with 1970-1988 as the pre-treatment
period and 1989-2000 as the post-treatment period. The outcome is annual per-capita
cigarette sales (in packs). California is the only treated unit, and the donor pool com-
prises 38 states after excluding those that adopted large-scale tobacco-control programs or
substantially raised cigarette taxes during the sample period. The predictors used to con-
struct synthetic California are log per-capita state income, the retail cigarette price, and the
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Table 1: Donor weights for synthetic California

State Abadie et al. (2010) Exact (this article)
Colorado 0.164 0.160
Connecticut 0.069 0.068
Montana 0.199 0.202
Nevada 0.234 0.236
Utah 0.334 0.335

Notes: The first column reports the donor weights of Abadie et al. (2010). The second column reports
the exact global solution. The validation sample includes all pre-treatment years (1970-1988). The
remaining 33 donor states receive zero weight in both columns and are omitted.

Table 2: Predictor weights for synthetic California: diagonal class

Predictor Weight
Log per-capita state income 0.0000
Share of population aged 15-24 0.3333
Retail cigarette price 0.3333
Per-capita beer consumption 0.0000
Cigarette sales per capita (1988) 0.0000
Cigarette sales per capita (1980) 0.0000
Cigarette sales per capita (1975) 0.3333

Notes: Log-determinant maximizer over the three retained predictors, on standardized predictors. The
match on these predictors is exact, so the maximizer is uniform (Section 4.5.2).

share of the population aged 15-24, each averaged over 1980-1988; per-capita beer consump-
tion, averaged over 1984-1988; and, as lagged outcomes, per-capita cigarette sales in 1975,
1980, and 1988. The validation sample includes all pre-treatment periods.

Table 1 compares the donor weights of Abadie et al. (2010) with those from our exact
procedure. The two are nearly identical, confirming that the common bi-level optimization
works well in this application. Figure 5 displays the estimated treatment effect of Proposition
99 on per-capita cigarette sales in California, which is almost identical to the result in Abadie
et al. (2010). The corresponding predictor weights appear in Table 2, and the solution
coincides with the one delivered by the method of Becker and Klößner (2018). Table 3
reports the number of faces of the donor hull that allow attainable projections. Under
diagonal V , 226 of the 3,839 visible faces are attainable. A branch-and-bound algorithm
reaches the optimum in under one second. Existing packages may take several minutes on
the same data and do not guarantee a global optimum. Appendix D compares these results
with those over the full positive definite class. The optimum over the full positive definite
class lowers the validation loss but keeps the same five donors and leaves the estimated effect
essentially unchanged.
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Figure 5: Estimated effect of California’s Proposition 99

Notes: Per-capita cigarette sales in packs. Synthetic California is constructed with the exact donor
weights of Table 1. Proposition 99 takes effect in 1989. The vertical line at 1988 marks the last pre-
treatment year.

Table 3: Attainable faces of the donor hull, by dimension

Dimensions #Attainable Faces #Visible Faces #Faces
0 0 25 34
1 6 183 416
2 29 620 2271
3 59 1129 6235
4 69 1143 8983
5 49 607 6489
6 14 132 1854

Total 226 3839 26282
Notes: Number of faces of the convex hull of the 38 donor predictor vectors (K = 7) that contain
attainable projections under positive diagonal V in the California application.

The predictor weights in Table 2 illustrate the distinction between forced and incidental
sparsity drawn in Section 4.5.2. Four of the seven predictors receive exactly zero weight. The
feasibility conditions (10), evaluated at the optimal donor weights w∗, show that, within the
diagonal class, this sparsity is forced. Over the set of diagonal rationalizers of w∗, the maxi-
mum of dk is zero for log income, beer consumption, and the 1980 and 1988 lagged outcomes,
so every diagonal matrix that rationalizes w∗ is supported on the share of population aged
15-24, the retail cigarette price, and the 1975 lagged outcome. That is, F(w∗) ∩ V+ = ∅,
and w∗ is attainable only as a limit of interior solutions.

Table 2 reports the log-determinant maximizer over the three retained predictors (Sec-
tion 4.5.2). The match is exact on the three predictors, so every diagonal matrix supported
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Table 4: Predictor weights for synthetic California: full positive definite class

Predictor Log-det maximizer Analytic center
Log per-capita state income 0.006 0.030
Share of population aged 15-24 0.143 0.026
Retail cigarette price 0.144 0.036
Per-capita beer consumption 0.145 0.034
Cigarette sales per capita (1988) 0.224 0.563
Cigarette sales per capita (1980) 0.147 0.031
Cigarette sales per capita (1975) 0.191 0.279

Notes: Two representatives of the full positive definite cone of rationalizers of the donor weights of
Table 1. The first column reports the trace-normalized diagonal V ∗

kk/tr(V
∗) of the log-determinant

maximizer. The second column reports V ∗
kk/tr(V

∗) for the analytic center. Predictors are standardized.

on them is consistent with w∗. At the reported V , the inner problem need not return w∗,
because other solutions exist (Section 3.2). By Proposition 2, however, positive definite
rationalizers exist, and at any of them the inner optimum is unique, so the matrix deter-
mines w∗. Table 4 reports two representatives of the full positive definite rationalizing cone
F(w∗) ∩ {tr(V ) = 1} on standardized predictors, the trace-normalized diagonal of the log-
determinant maximizer V ∗ and that of the analytic center of Proposition 4. The solution
is positive definite (smallest eigenvalue 3.7 × 10−3), and the solution of the inner problem
at V ∗ reproduces w∗ up to numerical precision. As Proposition 3 guarantees, all seven pre-
dictors receive strictly positive shares. That is, once the metric is allowed to reward linear
combinations of predictors, no predictor direction needs to be discarded.

Like Abadie et al. (2010), we include in the validation sample the three pre-treatment
years whose outcomes also serve as lagged predictors. As a check, we recompute the es-
timators with the validation loss restricted to the sixteen pre-treatment years not used as
predictors. The leakage-free design selects the same five donors with nearly identical weights.
The three excluded years are strongly serially correlated with the remaining sixteen, so any
donor combination that fits the sixteen fits the three almost automatically, and the two
validation criteria select nearly the same result.

7. A Leakage-Free Validation Design

The California application highlights a tension in the standard validation design: lagged
outcomes often serve as predictors while the validation sample consists of pre-treatment out-
comes, so the same observations can appear on both sides of the bi-level problem. Predictors
that determine the outcome path in the validation sample have a mechanical advantage. Al-
though the California estimates in Section 6 are robust to this overlap, a design that removes
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Table 5: Donor weights for synthetic West Germany

Donor Abadie et al. (2015) Exact (this article)
Austria 0.42 0.507
Switzerland 0.11 0.166
Japan 0.16 0.146
USA 0.22 0.135
Australia 0.00 0.045
Netherlands 0.09 0.000

Notes: Temporal-split design: predictors measured in the 1971-1980 training window, validation out-
comes per-capita GDP in 1981-1990 (PPP-adjusted current U.S. dollars). The first column reports the
weights of Abadie et al. (2015). The second column reports the exact global solution. Donors with
zero weights in both solutions are omitted.

the overlap is a cleaner alternative.
Following the cross-validation approach of Abadie et al. (2015), we partition the pre-

treatment span into a training window and a later validation window. All predictors, includ-
ing lagged outcomes, are measured in the training window, and the validation outcomes Z

are drawn from the validation window. By construction, no coordinate of Z appears in X.
As a result, a lagged outcome can earn validation fit only by predicting future outcomes on
the same footing as any other predictor. The geometric machinery of Sections 4-6 applies
without change.

We illustrate the leakage-free design with the German reunification application of Abadie
et al. (2015), which estimates the effect of the 1990 reunification on the West German
economy. West Germany is the treated unit, with sixteen OECD countries as donors. The
training window is 1971-1980, with six predictors: per-capita GDP, trade openness, the
inflation rate, and the industry share averaged over the window, schooling in 1970 and 1975,
and the investment rate over the 1970s. The validation outcomes are per-capita GDP in
1981-1990, so the predictor and validation windows are disjoint.

Table 5 reports the optimal donor weights next to those of Abadie et al. (2015). The
exact enumeration selects five donors, four of which coincide with the donors that receive
positive weight in the published cross-validated specification, with Austria the dominant
donor in both solutions. Relative to the weights in Abadie et al. (2015), the exact solution
shifts weight from Japan, the United States, and the Netherlands toward Australia, Austria,
and Switzerland.

Figure 6 compares the result with Abadie et al. (2015). The left panel plots per-capita
GDP for West Germany against the exact synthetic control and the synthetic control in
Abadie et al. (2015). The two are nearly indistinguishable before 1990, with the exact
solution fitting the validation window slightly better. The post-1990 gaps tell the same
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Figure 6: West Germany and two synthetic controls

Notes: Left panel: per-capita GDP in PPP-adjusted current U.S. dollars for West Germany, for the
exact synthetic control of the temporal-split design, and for the synthetic unit implied by the donor
weights of Abadie et al. (2015); the weights are those of Table 5. Right panel: gaps between West
Germany and each synthetic control. The vertical line at 1990 marks the German reunification.

substantive story, a large and growing negative effect of reunification on West German per-
capita GDP, with the exact synthetic control implying a somewhat smaller average effect
over 1991-2003. Appendix D compares this solution with the optimum over the full positive
definite class. The full positive definite class for V cuts the validation loss in half and changes
the donor portfolio, but yields a similar treatment effect.

Table 6 reports predictor weights for both candidate classes on standardized predictors.
The first column is the analytic center of the diagonal rationalizers; the remaining two report
the trace-normalized diagonals of the log-determinant maximizer (the shares V ∗

kk/tr(V
∗) of

Section 4.5.2) and of the analytic center over the full positive definite class. Every entry is
strictly positive, but the diagonal and full classes allocate weight differently. The diagonal
class concentrates on the lagged GDP average, with the investment rate second, while the
full class spreads the weight more evenly, led by schooling and per-capita GDP.

8. Conclusion

This article recasts synthetic control estimation as a geometric problem that involves pro-
jections onto the visible faces of the donor convex hull. We characterize the attainable set of
donor weights under diagonal and under general positive definite predictor weight matrices,
and replace the bi-level optimization with a single-level minimization of the validation loss
over that set. A finite enumeration over faces solves the single-level problem exactly, in
place of a nested optimization that is fragile in practice. When the treated unit lies inside
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Table 6: Predictor weights for synthetic West Germany: diagonal and full positive definite
classes

Full positive definite
Predictor Diagonal Log-det maximizer Analytic center
Per-capita GDP (1971-80) 0.443 0.205 0.176
Trade openness (1971-80) 0.134 0.173 0.102
Inflation rate (1971-80) 0.071 0.150 0.069
Industry share (1971-80) 0.002 0.084 0.125
Schooling (1970, 1975) 0.107 0.221 0.462
Investment rate (1970s) 0.243 0.167 0.067

Notes: Standardized predictors. The first column is the analytic center of the diagonal matrices that
rationalize the donor weights of Table 5. The remaining columns report the trace-normalized diagonals
V ∗
kk/tr(V

∗) of the log-determinant maximizer and of the analytic center.

the donor hull, the same approach reduces the choice among exact matches to a search over
finitely many candidate simplices. The article also characterizes the set of predictor weight
matrices that rationalize any given donor weight vector. Two applications, the California
tobacco control program and German reunification under a leakage-free validation design,
show that the exact solutions validate the previously published results while adding a global
optimality guarantee.
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Appendix

A. Algorithms

This appendix turns the sign-compatibility criterion of Section 4.3 into an algorithm that
enumerates the attainable set.

Section A.1 characterizes the closure of the attainable set as a union of sign-compatible
regions. Algorithm 1, presented in Section A.2, enumerates the facets of the donor hull visible
from X1. Algorithm 2, presented in Section A.3, identifies the allowed sign patterns (A.2) for
a given face. Finally, Section A.4 describes the search over faces that solves the validation-
loss minimization problem (5).

A.1. The Attainable Set for a Given Face

We identify a face of P with the set of indices of its vertices, σ ⊆ {2, . . . , J + 1}. Under
Assumption 1(ii) every proper face is a simplex, so σ determines the face conv({Xj : j ∈ σ})
and every boundary point of P lies in the relative interior of exactly one face. Let

Fσ = conv{Xj : j ∈ σ}, ∆σ = {w ∈ ∆J : wj = 0 for j /∈ σ}.

Thus ∆σ contains the weights supported on the face. Choose a reference a ∈ σ. Define

N(σ) = {c ∈ RK : (Xj −Xa)
′c = 0 (j ∈ σ \ {a}),

(Xa −Xi)
′c ≥ 0 (i /∈ σ)}.

(A.1)

Let Y ∈ Fσ. Because P is the convex hull of the donors, c ∈ NP(Y ) if and only if c′Xi ≤ c′Y

for every donor i. Suppose that c ∈ N(σ). Because Y is a convex combination of the donors
in σ, c′Xj = c′Y for each j ∈ σ, and c′Xi ≤ c′Y for every donor outside σ. As a result,
c ∈ NP(Y ). Suppose that Y ∈ relint(Fσ), so Y =

∑︁
j∈σ wjXj with every wj > 0. Let

c ∈ NP(Y ). Then 0 =
∑︁

j∈σ wj c
′(Xj − Y ) is a sum of nonpositive terms with positive

weights, so c′Xj = c′Y for every j ∈ σ, and c ∈ N(σ). Therefore, N(σ) ⊆ NP(Y ) for every
Y ∈ Fσ, and NP(Y ) = N(σ) when Y ∈ relint(Fσ).

Lemma A.1. Let Y ∈ relint(Fσ). Then Y ∈ X0W(V+) if and only if some c ∈ N(σ) has
exactly the same coordinate signs, including zeros, as X1 − Y .

Proof. Suppose Y = X0w(V ) for some V = Diag(d) with d > 0. By (9), c = Diag(d)(X1 −
Y ) lies in NP(Y ) = N(σ), and because every dk is positive, ck has the sign of X1k − Yk

for each k, zeros included. Conversely, let c ∈ N(σ) have the same signs as X1 − Y , zeros
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included. Set dk = ck/(X1k−Yk) when X1k ̸= Yk and dk = 1 otherwise. Every dk is positive,
and Diag(d)(X1 − Y ) = c. Because Y ∈ relint(Fσ), c ∈ N(σ) = NP(Y ), so by (9) Y is the
projection of X1 under Diag(d). The normalized matrix Diag(d)/

∑︁
k dk belongs to V+ and

has the same projection, so Y ∈ X0W(V+).

The closure of the attainable set X0W(V+) can be described face by face using weak sign
inequalities. For a given face Fσ, define the allowed sign patterns by

S(σ) = {s ∈ {−1,+1}K : ∃ c ∈ N(σ) \ {0} with skck ≥ 0 for every k}. (A.2)

For each s ∈ S(σ), define its sign-compatible region and corresponding donor weights by

Rs(σ) = {Y ∈ Fσ : sk(X1k − Yk) ≥ 0 for every k}, (A.3)

Ws(σ) = {w ∈ ∆σ : X0w ∈ Rs(σ)}.

Both sets are closed.

Proposition A.1. Suppose Assumption 1 holds. Let Σ denote the set of index sets σ of the
faces Fσ contained in a facet visible from X1. Then,

(i) X0W(V+) =
⋃︁

σ∈Σ
⋃︁

s∈S(σ) Rs(σ).

(ii) W(V+) =
⋃︁

σ∈Σ
⋃︁

s∈S(σ)Ws(σ).

(iii) The value of (5) is the least of the attained minima

min
w∈Ws(σ)

∥Z1 − Z0w∥2 , Ws(σ) ̸= ∅,

over σ ∈ Σ and s ∈ S(σ).

Proof. Fix σ ∈ Σ and s ∈ S(σ). Some nonzero c ∈ N(σ) satisfies skck ≥ 0 for every k. The
proof has three steps. First, we replace c by ˜︁c ∈ N(σ) whose coordinates are all nonzero
with the same signs as s. Second, we use ˜︁c to show that every w ∈ Ws(σ) is attained by
a positive diagonal matrix V or is a limit of weights attained by positive diagonal matrices,
so that Ws(σ) ⊆ W(V+). Third, we show that every weight vector in W(V+) lies in some
Ws(σ) with σ ∈ Σ, and that the union of these finitely many closed regions is closed, so that
it also contains W(V+).

First step: Let F be the face of P supported by c, that is, the intersection of P with the
supporting hyperplane with normal c. By (A.1), F contains the donors in σ, and possibly
other donors Xi with i /∈ σ and c′Xi = c′Xa. The idea is to perturb c to ˜︁c = c+ εh, with h
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chosen so that ˜︁c′Xj remains constant on the donors in F , while ˜︁ck has the sign sk at every
coordinate where ck = 0.

Let Q = {k : ck ̸= 0} be the set of coordinates where c is nonzero and let p = |Q|. All
donors Xj in F attain the same value of c′Xj. Because the coordinates of c outside Q are
equal to zero, the donors in F , restricted to the coordinates in Q, lie on a hyperplane of Rp.
By Assumption 1(ii), in the coordinates of Q, F has at most p donors and they are affinely
independent.

Let E be the matrix whose rows are the differences (Xj −Xa)
′ over the donors Xj in F

other than the anchor Xa of (A.1). Let EQ and EZ be the submatrices of E formed by the
columns in Q and in its complement Z. Because the donors in F are affinely independent in
the coordinates in Q, the rows of EQ are linearly independent. For h ∈ RK , write hQ and
hZ for its coordinates in Q and in Z, so that Eh = EQhQ + EZhZ . We choose h so that
coordinates outside Q have the same signs as in s and its coordinates in Q are such that
Eh = 0, which keeps (c + εh)′Xj constant on the donors of F for any ε. In particular, we
set hk = sk for k ∈ Z and solve

EQhQ = −EZhZ

for hQ, which is possible because the rows of EQ are linearly independent. Choose ε > 0

small enough so that (c+εh)′Xi < (c+εh)′Xa for every donor Xi outside F and ck+εhk has
the sign of ck for every k ∈ Q. Since F contains the donors of σ, the construction guarantees˜︁c = c + εh ∈ N(σ). Moreover, sk˜︁ck > 0 for every k, because ˜︁ck = εsk for k ∈ Z, while ˜︁ck
has the sign sk of ck for k ∈ Q.

Second step: We now show that Ws(σ) ⊆ W(V+). Take w ∈ Ws(σ), let Y = X0w, and
let r = X1 − Y . Because ˜︁c ∈ N(σ) ⊆ NP(Y ), ˜︁c′(z − Y ) ≤ 0 for every z ∈ P . For each
coordinate k with rk ̸= 0, set dk = ˜︁ck/rk, which is positive because ˜︁ck and rk both have
the sign sk. If no rk is zero, the positive diagonal matrix V = Diag(d1, . . . , dK) satisfies
V (X1 − Y ) = ˜︁c ∈ NP(Y ), so Y = X0w(V ) by (9) and w = w(V ). Otherwise, we show that
Y is a limit of projections of X1 under strictly positive diagonal metrics. Let

g(z) =
∑︂

k:rk ̸=0

dk(X1k − zk)
2, h(z) =

∑︂
k:rk=0

(X1k − zk)
2.

That is, h(z) = 0 exactly when z agrees with X1 on the coordinates where Y does, and g(z)

is the weighted squared distance between z and X1 on the remaining coordinates. We first
show that Y is the point of P that minimizes g among those with h = 0. Then, we show
that projections under metrics that put increasing weight on h converge to Y .

For z ∈ P with h(z) = 0, let δ = z−Y . If rk = 0, then δk = 0, because h(z) = h(Y ) = 0.
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If rk ̸= 0, then dkrk = ˜︁ck. Hence
∑︁

k:rk ̸=0 ˜︁ckδk = ∑︁
k ˜︁ckδk = ˜︁c′(z − Y ), and

g(z)− g(Y ) =
∑︂

k:rk ̸=0

dk
[︁
(rk − δk)

2 − r2k
]︁
= −2

∑︂
k:rk ̸=0

dkrkδk +
∑︂

k:rk ̸=0

dkδ
2
k

= −2
∑︂

k:rk ̸=0

˜︁ckδk + ∑︂
k:rk ̸=0

dkδ
2
k = −2 ˜︁c′(z − Y ) +

∑︂
k:rk ̸=0

dkδ
2
k ≥

∑︂
k:rk ̸=0

dkδ
2
k,

where the last step uses ˜︁c′(z − Y ) ≤ 0. If z ̸= Y , some δk is nonzero with rk ̸= 0. Hence Y

uniquely minimizes g subject to h = 0.
We next introduce a metric that puts weight t on the coordinates where the residual is

zero and lets t→∞, which forces the projection to match those coordinates exactly in the
limit. For t > 0, let Vt be the diagonal metric with entries dk where rk ̸= 0 and t where
rk = 0. Rescaling a metric does not change the projection, so Vt/tr(Vt) ∈ V+ gives the same
projection as Vt. Because Vt is diagonal, for every z ∈ RK ,

∥X1 − z∥2Vt
= (X1 − z)′Vt(X1 − z)

=
∑︂

k:rk ̸=0

dk(X1k − zk)
2 + t

∑︂
k:rk=0

(X1k − zk)
2

= g(z) + th(z).

Let Yt = X0w(Vt) be the projection of X1 under Vt. Since Yt minimizes g(z) + th(z) over
z ∈ P , Y ∈ P , and h(Y ) = 0, we obtain

g(Yt) + th(Yt) ≤ g(Y ) + th(Y ) = g(Y ).

Both g and h are nonnegative, so h(Yt) ≤ g(Y )/t and g(Yt) ≤ g(Y ). Any limit point Ȳ of
Yt as t → ∞, which exists because P is compact, satisfies h(Ȳ ) = 0 and g(Ȳ ) ≤ g(Y ), so
Ȳ = Y , because Y is the unique minimizer of g over {z ∈ P : h(z) = 0}, and Yt → Y .
Because ∆J is compact and Y has a unique donor-weight representation, every limit point
of w(Vt) equals w, so w(Vt)→ w. Hence w ∈ W(V+).

Third step: Let V = Diag(d) be a positive diagonal metric, let Y = X0w(V ), and let Fσ

be the face with Y ∈ relint(Fσ). By (9), c = V (X1−Y ) is a nonzero vector in NP(Y ) = N(σ).
Choose s ∈ {−1,+1}K by setting sk = sgn(ck) when ck ̸= 0 and choosing either +1 or −1
when ck = 0. Then s ∈ S(σ), and Y satisfies (A.3) because X1− Y = V −1c has the signs of
c. Lemma 3, proved in Appendix B, implies that Fσ is in a visible facet, so σ ∈ Σ. Thus the
union

⋃︁
σ∈Σ

⋃︁
s∈S(σ) Ws(σ) contains W(V+). The union is finite, so it is closed and contains

W(V+). This proves (ii), and (i) and (iii) follow directly.
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Algorithm 1 VisibleFacets(X0, X1): Visible Facet Enumeration
Require: donor predictors X0, treated predictors X1 /∈ P
Ensure: the set Fvis of facets visible from X1

1: p← J−1
∑︁J+1

j=2 Xj

2: F0 ← a visible facet containing the exit point of [p,X1]
3: Fvis ← {F0}; Q← [F0]
4: while Q ̸= ∅ do
5: F ← pop(Q)
6: for all ridges ρ ⊂ F do
7: G← neighbor facet across ρ
8: if G /∈ Fvis and a′

GX1 + bG > 0 then
9: Fvis ← Fvis ∪ {G}; push(Q,G)

10: end if
11: end for
12: end while
13: return Fvis

Notes: Curly braces denote a set and square brackets an ordered list. pop(Q) removes and returns the
first facet; push(Q,G) appends G.

A.2. Enumerating the Visible Facets

By Lemma 3, every attainable projection lies on a visible facet. This section describes an
algorithm that enumerates the visible facets of the donor hull. For a facet F of P , write its
supporting hyperplane as a′

FY + bF = 0, oriented so that a′
FXj + bF ≤ 0 for every donor.

By Lemma 1, it is visible if and only if a′
FX1 + bF > 0.

Algorithm 1 relies on a classical fact from convex geometry. The facets visible from an
exterior point form a connected subgraph of the ridge-adjacency graph of P , the graph whose
nodes are the facets of P , with two facets joined when they share a ridge.

Lemma A.2. For a full-dimensional polytope and an exterior point X1, any two visible
facets can be joined by a sequence of visible facets in which successive facets share a ridge.

Proof. The result of the lemma is implied by Theorem 8.12 in Ziegler (1995).

Proposition A.2. Algorithm 1 terminates after finitely many steps and returns exactly the
visible facets.

Proof. The starting facet and every added facet are visible. Each facet is added at most
once. The walk therefore terminates. By Lemma A.2, every visible facet is connected to
the start through visible neighbors, and the algorithm examines every ridge of every facet it
adds. It consequently reaches every visible facet.

34



Algorithm 2 SignPatterns(σ, X0): Sign Enumeration
Require: face σ, donor predictors X0

Ensure: the set S(σ) of allowed sign patterns in (A.2)
1: Choose anchor a ∈ σ; m← |σ|; S(σ)← ∅
2: E ← [(Xj −Xa)

′]j∈σ\{a}
3: A← [(Xa −Xi)

′]i∈{2,...,J+1}\σ
4: M ← [A; IK ]
5: for all (K −m)-row submatrices T of M do
6: Solve EcT = 0, TcT = 0, ∥cT∥ = 1
7: for all v ∈ {+cT ,−cT} do
8: if Av ≥ 0 then
9: S(σ)← S(σ) ∪ {s ∈ {−1,+1}K : skvk ≥ 0 ∀k}

10: end if
11: end for
12: end for
13: return S(σ)
Notes: Assumption 1(ii) gives rank[E;T ] = K − 1 for every selection. If m = K, T has no rows and
EcT = 0 defines the facet-normal line. The rows of A in T can be restricted to the vertices of the facets
that contain Fσ, because only those can satisfy (Xa −Xi)

′c = 0 for some nonzero c ∈ N(σ). Likewise,
the rows of IK , which bound the orthants, can be restricted to the coordinates k such that ck = 0 for
some nonzero c ∈ N(σ).

A.3. Enumerating Sign Patterns

This section presents an algorithm that returns S(σ) for a face indexed by σ. Let m be the
number of donors in σ and let a ∈ σ be the anchor in (A.1). By (A.2), a sign pattern s is
in S(σ) when some nonzero c ∈ N(σ) has skck ≥ 0 for every k. Algorithm 2 produces a list
of nonzero vectors in N(σ) and, for each vector c in the list, it records every sign pattern
s with skck ≥ 0 for all k. Every c ∈ N(σ) satisfies the m − 1 equations c′Xj = c′Xa for
j ∈ σ \ {a}. The algorithm adds K −m equations, each of the form (Xa −Xi)

′c = 0 for a
donor i outside σ or ck = 0 for a coordinate k, and solves the resulting K − 1 equations for
a direction cT . It keeps cT or −cT when the vector satisfies (Xa−Xi)

′c ≥ 0 for every donor
i outside σ.

Lemma A.3. Under Assumption 1(ii), Algorithm 2 returns exactly S(σ) in (A.2).

Proof. For a sign pattern s, let Os = {c ∈ RK : skck ≥ 0 for all k} be its closed orthant.
By (A.2), s ∈ S(σ) when N(σ) ∩ Os contains a nonzero vector. The orthant is bounded by
the coordinate hyperplanes ck = 0, which are the rows of IK in the algorithm.

We first show that the m − 1 equations Ec = 0 and the K −m equations Tc = 0 are
linearly independent, so that their solutions form a line through the origin and the unit vector
cT on it is determined up to sign. The q rows of T from IK involve only the coordinates
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they set to zero. On the other K − q coordinates, the remaining K − q − 1 equations have
coefficient vectors Xj − Xa restricted to those coordinates, which are linearly independent
by Assumption 1(ii), so, together with the q coordinate equations, the K − 1 equations are
linearly independent. The rest of the proof has two steps. First, we show that every sign
pattern the algorithm returns is in S(σ). Second, we show that the algorithm returns every
sign pattern in S(σ).

First step: Each direction v kept by the algorithm satisfies Ev = 0 and Av ≥ 0, so v is
a nonzero vector in N(σ) by (A.1). Every pattern s added for v satisfies skvk ≥ 0 for all k,
so s ∈ S(σ) by (A.2).

Second step: The coordinate hyperplanes ck = 0 divide N(σ) into pieces, one per orthant.
The piece in the orthant of s is C = {c ∈ N(σ) : skck ≥ 0 for every k}, and by (A.2),
s ∈ S(σ) means that C contains a nonzero vector. Because C lies in an orthant, if it
contains a nonzero vector it has an extreme ray, that is, a direction c at which K−1 linearly
independent equations among Ec = 0 and Mc = 0 hold. The equations Ec = 0 account for
m− 1 of them, so the ray is fixed by K −m rows of M . These rows form a selection T that
the algorithm enumerates. One of cT = ±c/ ∥c∥ is the unit vector on the extreme ray. For
s ∈ S(σ), this ray lies in N(σ) and in the orthant of s. Therefore, the orientation of cT on
the ray passes the test Av ≥ 0, and s is added.

A.4. Search over Faces

Let L(w) = ∥Z1 − Z0w∥2 be the validation loss. By Proposition A.1(iii), the minimum of
L over W(V+) is the least of the minima of L over the Ws(σ), where σ ranges over the
faces of the visible facets returned by Algorithm 1 and s over the sign patterns returned by
Algorithm 2. Our implementation optimizes over the faces in a branch-and-bound order.
Every face spanned by vertices in σ is generated by weights in ∆σ. Therefore, the minimum
of L over ∆σ is a lower bound for the minimum over the weights of any of these faces. When
this minimum is not below the best loss found so far, neither σ nor its subfaces can improve
on it, and the search discards them all.

B. Proofs for Section 4

Proof of Proposition 1. By Berge’s maximum theorem, the correspondence V ↦→ W(V ) is
upper hemicontinuous on V∆. Let Vn ∈ V+. Because V∆ is compact, Vn → V ∈ V∆ along a
subsequence, and by upper hemicontinuity every limit point of w(Vn) along it lies in W(V ).
Therefore X0W(V+) ⊆ X0W(V∆).

It remains to show that X0W(V∆) ⊆ X0W(V+) ∪ X0W(V1). Fix V ∈ V∆ \ V+, let
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S = {k : dk > 0}, and let PS denote the projection onto the coordinates in S. Consider the
following two cases.

Case 1: W(V ) is a singleton. Take any sequence Vn ∈ V+ with Vn → V . By upper
hemicontinuity, every limit point of w(Vn) lies in W(V ), and ∆J is compact, so w(Vn) →
w(V ). Hence w(V ) ∈ W(V+) and X0w(V ) ∈ X0W(V+).

Case 2: W(V ) is not a singleton. Let PS = conv({PSXj : j = 2, . . . , J + 1}). Since
dk > 0 on S, the inner loss is strictly convex in the fitted coordinates y = PSX0w. Thus
every optimal weight vector represents the same point y∗ ∈ PS.

Suppose PSX1 /∈ PS. Then y∗ lies on the boundary of PS. Choose a facet G containing
y∗, with supporting inequality a′y ≤ β and equality on G. Every w ∈ W(V ) satisfies

0 = β − a′y∗ =
J+1∑︂
j=2

wj

(︁
β − a′PSXj

)︁
.

All summands are nonnegative, so wj = 0 whenever PSXj /∈ G. By Assumption 1(ii), the
donor projections on G are affinely independent. Their weights representing y∗ are therefore
unique, contradicting non-uniqueness of W(V ).

We must then conclude that PSX1 ∈ PS, the minimum loss is zero, and every w ∈ W(V )

matches all coordinates in S exactly. Choose any k ∈ S and set V ′ = Diag(ek) ∈ V1,
where ek is the k-th standard basis vector. These weights also attain zero loss under V ′, so
W(V ) ⊆ W(V ′) and therefore X0W(V ) ⊆ X0W(V1).

In both cases, X0W(V ) ⊆ X0W(V+) ∪X0W(V1), and the same inclusion holds for V ∈
V+.

Proof of Lemma 1. Every Z ∈ P satisfies a′Z + b ≤ 0, with equality on F . Suppose a′X1 +

b > 0. For Y ∈ F and λ ∈ (0, 1),

a′[λX1 + (1− λ)Y ] + b = λ(a′X1 + b) > 0,

so no point of the open segment from X1 to Y lies in P , and F is visible.
Suppose now that a′X1+b ≤ 0, so that X1 lies on the inner side of the hyperplane of F , or

on it. Take Y in the relative interior of F . A short step from Y toward X1, to (1−λ)Y +λX1

with small λ > 0, does not cross the hyperplane of F , since a′[(1 − λ)Y + λX1] + b =

λ(a′X1 + b) ≤ 0, and it crosses no other facet. Therefore, (1− λ)Y + λX1 ∈ P , so Y is not
visible.

Proof of Lemma 3. Consider first the Euclidean case V = IK . Let Y = X0w(IK) and
r = X1 − Y , so that r ̸= 0 by Assumption 1(i). By Lemma 2, r ∈ NP(Y ), and by (7) there
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exist coefficients αi ≥ 0 such that r =
∑︁

i∈I αiai, where I indexes the facets of P containing
Y . Then

0 < ∥r∥2 =
∑︂
i∈I

αi a
′
ir,

so a′
ir > 0 for at least one i ∈ I. For that facet, let {Z : a′

iZ + bi = 0} be its supporting
hyperplane. Because a′

iY + bi = 0,

a′
iX1 + bi = a′

i(Y + r) + bi = a′
ir > 0,

so by Lemma 1 the facet is visible from X1, and it contains Y .
The case of general V ∈ SK

++ follows by the change of coordinates ˜︁X = V 1/2X and the
fact that linear bijections preserve visibility.

Proof of Proposition 2. The inclusion X0W(SK
++) ⊆

⋃︁
{F : F is visible} follows from Lemma

3. For the reverse inclusion, fix a visible facet F with supporting hyperplane {Z : a′Z + b =

0}, where a is the outward normal, and let Y ∈ F be an arbitrary point of the facet. Since
F contains Y , a ∈ NP(Y ). Let r = X1 − Y . Visibility of F and Lemma 1 give

a′r = a′X1 − a′Y = a′X1 + b > 0.

By the criterion (9), it suffices to construct V ∈ SK
++ with V r = a. Take

V =
aa′

a′r
+

(︃
I − rr′

∥r∥2

)︃
. (B.1)

The matrix V is symmetric, and since (I − rr′/ ∥r∥2) r = 0,

V r =
a(a′r)

a′r
= a.

To prove that V is positive definite, note that for any x ̸= 0,

x′V x =
(a′x)2

a′r
+ x′

(︃
I − rr′

∥r∥2

)︃
x ≥ 0,

where the second term is non-negative because I − rr′/ ∥r∥2 is symmetric and idempotent,
hence positive semidefinite, and it vanishes only if x is a multiple of r. Equality therefore
requires a′x = 0 and x proportional to r, which together contradict a′r > 0. Hence V ∈
SK
++ and V (X1 − Y ) = a ∈ NP(Y ), so Y = X0w(V ) ∈ X0W(SK

++). Since Y was an
arbitrary point of an arbitrary visible facet, every point of a visible facet is X0w(V ) for
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some V ∈ SK
++. Because boundary points of P have a unique donor-weight representation

under Assumption 1(ii), every w ∈ ∆J with X0w on a visible facet belongs to W(SK
++).

Finally, W(SK
++) is closed because w ↦→ X0w is continuous and the union of the visible

facets is a finite union of closed sets.

Proof of Proposition 3. Since w∗ ∈ W(SK
++), w(V0) = w∗ for some V0 ∈ SK

++, so V0 ∈ F(w∗).
The constraints defining F(w∗) are homogeneous in V , so V0/tr(V0) is feasible for (13) with
log det(V0/tr(V0)) > −∞. The feasible set of (13) is compact, being a closed subset of
{V ∈ SK

+ : tr(V ) = 1}, and log det is upper semicontinuous on SK
+ , so a maximizer exists

and attains a value of at least log det(V0/tr(V0)). Since log det(V ) = −∞ for any singular
V , every maximizer is positive definite. Strict concavity of the objective function gives
uniqueness.

Lemma B.1. Under Assumption 1, for every w∗ ∈ W(SK
++), there exists V ∈ F(w∗)∩ SK

++

with sj(V ) > 0 for every j /∈ supp(w∗).

Proof of Lemma B.1. Let Y = X0w
∗ and r = X1 − Y , so r ̸= 0 by Assumption 1(i). We

construct V by choosing a normal ν in the relative interior of NP(Y ) with ν ′r > 0 and
solving V r = ν with the V in (B.1). The slack of the j-th inequality is then −ν ′(Xj − Y ),
which we show to be positive for every j /∈ supp(w∗) because ν lies in the relative interior
of the cone.

Because w∗ ∈ W(SK
++), there is V1 ∈ SK

++ with w(V1) = w∗. By (9), c1 = V1r ∈ NP(Y ),
and c′1r = r′V1r > 0 because V1 is positive definite. If c1 is in the relative interior of
NP(Y ), take ν = c1. Otherwise, let ν0 be any vector in the relative interior of NP(Y ) and
set ν = (1 − ϵ)c1 + ϵν0 with ϵ ∈ (0, 1]. Then ν lies in the relative interior of NP(Y ), and
ν ′r = (1− ϵ) r′V1r + ϵν ′

0r > 0 for ϵ small enough.
The matrix V now comes from (B.1) with ν replacing a, so V ∈ SK

++ and V r = ν. Since
ν ∈ NP(Y ), Y = X0w(V ) by (9), so V ∈ F(w∗).

Let σ = supp(w∗) and take j0 as the anchor in (A.1). Since Y = X0w
∗ has positive

weights exactly on σ, NP(Y ) = N(σ), as shown in Appendix A.1. For an inactive donor j,
the slack sj(V ) = (Xj0−Xj)

′ν is the left side of the inequality in (A.1) for the donor j. The
normal ν is in the relative interior of N(σ), and by Assumption 1(ii) no donor outside σ lies
in the affine span of the donors in σ, so ν satisfies these inequalities strictly. As a result,
sj(V ) > 0 for every j /∈ σ.

Proof of Proposition 4. Let r = X1 − X0w
∗, and let F> = {V ≻ 0 : tr(V ) = 1, (Xj −

Xj0)
′V r = 0 ∀j ∈ supp(w∗), sj(V ) > 0 ∀j /∈ supp(w∗)} be the feasible set with strict

inequalities. Let Φ(V ) = log detV +
∑︁

j /∈supp(w∗) log sj(V ).
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By Lemma B.1, there is V0 ∈ F(w∗)∩ SK
++ with sj(V0) > 0 for every j /∈ supp(w∗). The

constraints that define F(w∗) and the slacks sj(V ) are homogeneous in V . We choose the
scale of this matrix so tr(V0) = 1. Because V0 ∈ F>, it follows that Φ(V0) > −∞.

Any V ∈ F> is symmetric and positive definite with trace equal to one, so its eigenvalues
are positive and sum to one. Hence F> is bounded and log detV ≤ 0 on it. Each slack is
linear in V , so it is bounded on F>. Therefore Φ∗ = supV ∈F>

Φ(V ) is finite.
Choose a sequence Vn ∈ F> with Φ(Vn) → Φ∗. Boundedness of F> implies that there

is a convergent subsequence of Vn with some limit V̄ . The limit V̄ is positive semidefinite
with tr(V̄ ) = 1, and satisfies (Xj − Xj0)

′V̄ r = 0 for every j ∈ supp(w∗) and sj(V̄ ) ≥ 0

for every j /∈ supp(w∗) (by continuity). If V̄ were singular or some sj(V̄ ) were zero, then
log detVn or log sj(Vn) would tend to −∞ while the other terms of Φ stay bounded above,
so Φ(Vn) → −∞, contradicting Φ∗ ≥ Φ(V0) > −∞. It follows that V̄ ∈ F> attains the
maximum.

The set F> is convex, because its constraints are linear and the positive definite matrices
form a convex set. Because Φ is strictly concave, the maximizer of Φ over F> is unique.

C. The Interior Case: Details and Proofs

This appendix proves interior-case results. Let

F = {w ∈ ∆J : X0w = X1}

be the set of exact matches. Throughout, we use the quadratic lift ℓV (x) = ∥x∥2V = x′V x

and the pairwise penalty gV (w) =
∑︁

j wj ∥X1 −Xj∥2V from (15). The lift is linear in V and,
for V ≻ 0, strictly convex in x.

Our starting point is the vanishing-penalty selection principle of Abadie and L’Hour
(2021, Section 2.2). The following lemma states this principle in our notation, with a short
proof for completeness.

Lemma C.1. Let V ≻ 0 and suppose F ̸= ∅. Every accumulation point of w(λ, V ) as λ ↓ 0
minimizes gV over F . If this minimizer is unique, then w(λ, V ) converges to it.

Proof. Let wλ = w(λ, V ) and fix any w ∈ F . Because ∆J is compact, accumulation points
of wλ always exist. Because wλ minimizes the objective in (15) and X0w = X1,

∥X1 −X0wλ∥2V + λgV (wλ) ≤ λgV (w).

The term ∥X1−X0wλ∥2V on the left-hand side is nonnegative and bounded by λgV (w), which
goes to zero as λ ↓ 0. As a result, every accumulation point w̄ of wλ satisfies X0w̄ = X1.
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The second term gives gV (wλ) ≤ gV (w). By continuity, gV (w̄) ≤ gV (w). Since w ∈ F was
arbitrary, w̄ minimizes gV over F . If the minimizer is unique, w̄ is the only accumulation
point of wλ, and wλ converges to it.

We next characterize the metrics for which the exact-match weights wA supported on an
admissible cell A ⊆ D, |A| = K + 1, uniquely minimize gV over F . Recall from Section 5.2
that

HA,V (x) =
∑︂
i∈A

βi(x)ℓV (Xi),

x =
∑︂
i∈A

βi(x)Xi,
∑︂
i∈A

βi(x) = 1,

where the affine coordinates βi(x) are unique by Assumption 2(iii). Thus HA,V (x) is the
height above x of the hyperplane that goes through the lifted donors (Xi, ℓV (Xi)), i ∈ A.
For each donor j ∈ D,

qAj (V ) = ℓV (Xj)−HA,V (Xj) = ⟨QA
j , V ⟩

is zero on A and positive, zero, or negative for other donors depending on whether their
lifted points lie above, on, or below the hyperplane HA,V . The matrix V belongs to V(A)
when qAj (V ) > 0 for every donor outside A.

Lemma C.2. Let Assumption 2 hold, A be admissible, and V belong to V(A). Then wA is
the unique minimizer of gV over F , and w(λ, V )→ wA as λ ↓ 0. Conversely, if qAj (V ) < 0

for some j /∈ A, then wA does not minimize gV over F , and if qAj (V ) = 0 for some j /∈ A,
then wA is not the unique minimizer.

Proof. By (17), gV and
∑︁

j wjℓV (Xj) differ only by the constant ℓV (X1) on F , so minimizing
gV over F is the same as minimizing the lifted height

∑︁
j wjℓV (Xj) over F . By the definition

of qAj (V ), ℓV (Xj) = HA,V (Xj) + qAj (V ) for every donor, and qAj (V ) = 0 for donors in A.
Because HA,V is affine, for any w ∈ F ,∑︂

j

wjℓV (Xj) = HA,V (X1) +
∑︂
j /∈A

wjq
A
j (V ).

If V ∈ V(A), then qAj (V ) > 0 for every donor j /∈ A. Since all donor weights are nonnegative,
the sum

∑︁
j /∈A wjq

A
j (V ) is nonnegative and equals zero if and only if wj = 0 for every j /∈ A.

Therefore,
∑︁

j wjℓV (Xj) ≥ HA,V (X1) for every w ∈ F , with equality only if wj = 0 for every
j /∈ A. Since wA is the only exact match supported on A, it is the unique minimizer of∑︁

j wjℓV (Xj) over F and, therefore, the unique minimizer of gV . Convergence of w(λ, V ) to
wA then follows from Lemma C.1.
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Conversely, suppose qAj (V ) ≤ 0 for some j /∈ A. We construct another exact match by
giving donor j a small positive weight and adjusting the weights on A. Since A is admissible
and X1 lies in the interior of its simplex by Assumption 2(ii), (wA)i > 0 for every i ∈ A. We
can therefore choose t ∈ (0, 1) small enough that all the following weights are nonnegative:

˜︁wk =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
(wA)k − tβk(Xj), k ∈ A,

t, k = j,

0, k /∈ A ∪ {j}.

Then, ∑︂
k

˜︁wk = 1− t
∑︂
i∈A

βi(Xj) + t = 1,

X0 ˜︁w = X1 − t
∑︂
i∈A

βi(Xj)Xi + tXj = X1.

As a result, ˜︁w ∈ F , and it differs from wA because ˜︁wj = t > 0. Since both are exact
matches,

gV ( ˜︁w)− gV (wA) =
∑︂
k

( ˜︁wk − (wA)k)ℓV (Xk)

= t

[︄
ℓV (Xj)−

∑︂
i∈A

βi(Xj)ℓV (Xi)

]︄
= tqAj (V ) ≤ 0.

Hence gV ( ˜︁w) < gV (wA) when qAj (V ) < 0, and gV ( ˜︁w) = gV (wA) when qAj (V ) = 0.

Condition (18) is the Delaunay empty-circumsphere criterion for A in the coordinates˜︁Xj = V 1/2Xj.
The next result uses Lemma C.2 to show that, outside a set of metrics of measure zero,

the limit w(0+, V ) (i.e., the pure synthetic control of Abadie and L’Hour, 2021) exists and
is unique. For a subset B ⊆ D with |B| = K + 2, define

φB(V ) = det
(︂
1 X ′

j ℓV (Xj)
)︂
j∈B

.

The function φB(V ) is linear in V , and equal to zero if and only if the lifted points of B
are affinely dependent, that is, when the transformed donors ˜︁Xj, j ∈ B, lie on a common
sphere.
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Proposition C.1. Let Assumption 2 hold and

N =
⋃︂

B⊆D, |B|=K+2

{︁
V ∈ SK

++ : φB(V ) = 0
}︁
.

The set N has measure zero in SK
++, and {d > 0 : Diag(d) ∈ N} has measure zero in RK

++.
For every V ∈ SK

++\N the program (16) has a unique solution, equal to wA for an admissible
cell A with V ∈ V(A), and w(λ, V )→ wA as λ ↓ 0.

Proof. By Assumption 2(iv), for each B, φB is nonzero at some positive definite V and at
some positive diagonal V . Because φB is linear in V , the equation φB(V ) = 0 is a single
linear equation in the entries of V with some nonzero coefficient. Its solutions determine
one entry of V as a function of the others, so they form a set of measure zero. Restricted
to diagonal V = Diag(d), the same holds for a single linear equation in d. The set N is the
union of these solution sets over the finitely many B, and so is its diagonal counterpart, and
a finite union of measure-zero sets has measure zero.

Fix V /∈ N . For any w ∈ F , the point
∑︁

j wj (Xj, ℓV (Xj)) of the lifted donor hull lies
directly above X1, at height

∑︁
j wjℓV (Xj). By (17), w minimizes gV over F when this point

is the lowest point of the lifted donor hull above X1. The lowest point lies on the boundary
of the hull, hence on a face of dimension at most K, so by Carathéodory’s theorem it is
a convex combination of at most K + 1 lifted donors. Let w∗ ∈ F be its weights, which
minimize gV . By Assumption 2(ii) and (iii), |supp(w∗)| = K + 1 and A = supp(w∗) is
affinely independent, so w∗ = wA with all weights positive, and A is admissible.

We next show that V ∈ V(A). Take j /∈ A. If qAj (V ) < 0, then wA does not minimize
gV by Lemma C.2. If qAj (V ) = 0, then ℓV (Xj) = HA,V (Xj), so the lifted points of A ∪ {j}
lie on the graph of HA,V and are affinely dependent, which gives φA∪{j}(V ) = 0 and V ∈ N .
Hence qAj (V ) > 0 for every j /∈ A, that is, V ∈ V(A). By Lemma C.2, wA is the unique
minimizer of gV over F and w(λ, V )→ wA as λ ↓ 0.

Proof of Proposition 5. First, notice that if V ∈ C \N , then by Proposition C.1, w(0+, V ) =

wA for an admissible A with V ∈ V(A). As a result, A ∈ AC. In addition, if A ∈ AC, then
V(A) ∩ C is a nonempty open subset of C and N has measure zero in C, so (V(A) ∩ C) \ N
is not empty, and for V in this set w(0+, V ) = wA by Lemma C.2. Hence w(0+, V ) takes
exactly the finitely many values wA, A ∈ AC, and the smallest validation loss among them
is the global minimum.
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Table D.1: Donor weights for synthetic California: diagonal and full positive definite classes

State Diagonal class Full positive definite class
Utah 0.335 0.319
Nevada 0.236 0.248
Montana 0.202 0.302
Colorado 0.160 0.028
Connecticut 0.068 0.102
Validation loss (1970-1988) 58.46 54.70
Mean post-treatment gap, 1989-2000 (packs) −19.0 −19.8

Notes: The first column reports the exact global solution over the closure of the attainable set of
the positive diagonal class (Table 1). The second column reports the exact global solution over the
attainable set of the full positive definite class. Both optima are supported on the same five states.
The remaining 33 donors receive zero weight in both columns and are omitted.

D. The Full Positive Definite Class in the Applications

This appendix reports results under the full positive definite class for the two applications
of Sections 6 and 7. By Proposition 2, the attainable synthetic controls under SK

++ are the
closed visible facets. There are 132 visible facets in the California application, and 39 in
the West Germany application. Tables D.1 and D.2 compare the resulting donor weights,
validation losses, and estimated effects with the diagonal-class solutions of the main text.
Figures D.1 and D.2 display the corresponding synthetic controls.

For the California example, the full class improves the validation loss from 58.5 to 54.7.
The selected donors stay unchanged with some changes in the weights. The estimated effect
of Proposition 99 is essentially unchanged.

For the West Germany application, the validation loss falls by more than half, and
the selected donors change. Austria’s weight falls from 0.51 to 0.19, the United States and
Australia drop out, and the Netherlands, Norway, and Belgium enter the mix. The estimated
effect, however, remains substantially unchanged.
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Figure D.1: California under the diagonal and full positive definite classes

Notes: Left panel: per-capita cigarette sales in packs for California, and for the exact synthetic controls
of the diagonal and full positive definite classes. Right panel: gaps between California and each synthetic
control. The vertical line at 1988 marks the last pre-treatment year.

Table D.2: Donor weights for synthetic West Germany: diagonal and full positive definite
classes

Donor Diagonal class Full positive definite class
Austria 0.507 0.191
Switzerland 0.166 0.301
Japan 0.146 0.206
USA 0.135 0.000
Australia 0.045 0.000
Netherlands 0.000 0.133
Norway 0.000 0.161
Belgium 0.000 0.009
Validation loss (1981-1990) 45,804 20,287
Mean post-treatment gap, 1991-2003 (USD) −1,391 −1,582
Notes: Temporal-split design of Section 7. The first column reports the exact global solution over the
closure of the attainable set of the positive diagonal class (Table 5). The second column reports the
exact global solution over the attainable set of the full positive definite class. Donors receiving zero
weight in both columns are omitted.
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Figure D.2: West Germany under the diagonal and full positive definite classes

Notes: Left panel: per-capita GDP in PPP-adjusted current U.S. dollars for West Germany, and for
the exact synthetic controls of the diagonal and full positive definite classes. Right panel: gaps between
West Germany and each synthetic control. The vertical line at 1990 marks the German reunification.
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