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Abstract

We study delegation of a risky decision to an Al whose objective may be aligned or misaligned
with the designer’s. The designer limits the AI’s discretion using treatment-rate constraints and
restrictions on input informativeness. We characterize the best- and worst-case payoff frontier
and the choices that implement it. As the designer accepts more downside risk, delegation
expands from individuals with more uncertain outcomes to individuals with more certain ones.
Conditional on delegation, the optimal input restrictions are asymmetric, permitting informa-
tiveness in one direction (e.g., treatment success) but restricting it in the other (e.g., treatment

harm).

*We thank Isaiah Andrews, Benjamin Brooks, Yifan Dai, Alexander Frankel, Aidan Goth, Charles Manski, Sendhil
Mullainathan, Alessandro Pavan, Agathe Pernoud, Jakub Steiner, and Jean Tirole for helpful comments, and NSF
grants SES-2417162 and SES-2145352 for financial support.

TFudenberg: Department of Economics, MIT, drew.fudenberg@gmail.com

#Liang: Department of Economics, Northwestern University, annie.liang@northwestern.edu



1 Introduction

Misalignment is a first-order concern in current Al safety research and in emerging policy discus-
sions around deploying Al in high-stakes settings. Here, misalignment refers to the concern that an
Al may pursue goals that conflict with the designer’s objective, and do so without being detected.
Documented instances of Al deception (Park et al., 2024), selective compliance with training objec-
tives (Greenblatt et al., 2024), and reward hacking (Baker et al., 2025) suggest that misalignment
is not merely a theoretical concern. As Al guides more high-stakes decisions, even a small risk of
misalignment can have potentially large consequences.!

At the same time, declining to use Al altogether would forfeit any potential gains from Al
capabilities. Delegating decisions to an Al therefore involves a basic tradeoff: using richer covariates
can improve targeting when the system is aligned, but can increase harm when it is not. We study
this tradeoff in a theoretical framework where a designer chooses what information to disclose to
an Al whose objective may be unknown.

In our model, a designer must choose whether to take a risky action—such as administering a
treatment—that benefits some individuals and harms others. The population is partitioned into
observable groups, and for each group the designer knows only a baseline probability that the action
is helpful. The designer can act using this information, or they can delegate the treatment decision
to the Al system and specify the additional covariates that the Al can use to make its decision.

The designer does not know whether the Al is aligned or misaligned, and also does not know
how treatment need depends on patient attributes beyond group membership. We evaluate the
designer’s best-case payoff, attained when both Nature and the Al act in the designer’s interests,
and worst-case payoff, attained when both Nature and the AI are adversarial. We focus on de-
signers whose preferences linearly aggregate best- and worst-case payoffs (a la Hurwicz (1951)) and
characterize their optimal designs. The resulting set of payoff pairs is the Pareto frontier of best-
and worst-case payoffs, which we call the risk-reward frontier.

The designer can safeguard against a misaligned Al through two instruments: input restrictions
and treatment-rate constraints. Input restrictions limit how informative the AI’s covariates may
be about treatment success. Formally, different inputs correspond to different designer-perceived
bounds on the conditional probability of treatment success given the input. Unrestricted bounds
allow the input to be perfectly informative about who benefits from treatment. Bounds equal to
the group’s baseline success rate rule out any additional information about treatment success. If
the AI were known to be aligned, the designer would choose unrestricted inputs. When align-

ment is uncertain, restricting informativeness can be valuable because it limits what Nature and a

! Jones (2025) argues for spending at least 1% of GDP annually to mitigate this risk.



misaligned Al can exploit.

The second instrument is a treatment-rate constraint, which limits the AI’s aggregate discretion.
The designer fixes the fraction of individuals treated within each group, while the Al uses its inputs
to choose which individuals fill that quota. This is a natural safeguard when the designer cannot
verify how the AI maps inputs into treatment need, but can verify how many individuals in each
group were treated.

Our characterization of the risk-reward frontier proceeds in two steps. Section 4 fixes an arbi-
trary choice of input restrictions and characterizes the frontier generated by varying treatment-rate
constraints. Section 5 then allows the designer to choose the input restrictions as well, yielding the

full risk-reward frontier.
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Figure 1: Fix any choice of success-probability bounds across groups. (a): In each group g, frontier
best- and worst-case payoff pairs lie on the line segment from the distrust point Dy to the reliance
point R,. (b) Taking the population-weighted sum of these group frontiers yields a piecewise-linear
aggregate frontier from full distrust, D, to full reliance, R. The kinks are partial-reliance points,
where the designer relies on the Al in some groups and distrusts it in the rest.

For any fixed group and input restrictions, we show that the frontier obtained by varying
the treatment rate is a line segment connecting a distrust point to a reliance point (Panel (a) of
Figure 1). At the distrust point, the designer shuts down the AI’s influence by choosing the constant
action that is optimal given the group’s baseline success rate. At the reliance point, the designer
chooses the treatment rate that gives an aligned Al the greatest scope to improve targeting, while
accepting the corresponding worst-case exposure if the Al is misaligned. Moving along this line
segment trades off best-case gains against worst-case losses at a constant rate.

Aggregating across groups corresponds to taking a weighted sum of these group-level frontiers,



yielding a piecewise-linear frontier with kinks (see Panel (b) of Figure 1). One endpoint of the
frontier is implemented by distrusting the Al in every group, and the other by relying on the Al
in every group. Between these points, the frontier passes through a sequence of partial reliance
points, each corresponding to relying on the Al for some groups and distrusting it in the rest. As
the designer places more weight on best-case performance, additional groups enter the reliance set
in order of the slopes of their group-level frontiers.

We then turn to the full problem, in which the designer also optimizes over the inputs used for
each group. Section 5.1 characterizes the intensive margin of reliance: conditional on relying on the
AT for a group, what bounds should the designer choose on conditional success-probabilities? Since
the distrust point does not depend on these bounds, and the group-level frontier is a line segment,
this amounts to choosing bounds to optimize the location of the group reliance point R4 in Panel
(a) of Figure 1. We show that the optimal success-probability bounds are asymmetric: In groups
where treatment is ex ante unlikely to help, the designer never limits how conclusive a covariate
can be about treatment success, but may limit how conclusive it can be about treatment harm. In

groups where treatment is ex ante likely to help, this is reversed.
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Figure 2: Each black line is the frontier for a fixed choice of success-probability bounds. The
designer selects the optima shown in blue. Connecting the blue points yields the full risk-reward
frontier. Dotted lines show the corresponding supporting indifference curves.

Section 5.2 then characterizes the extensive margin, i.e., the set of groups in which the designer
relies on the Al, and how this varies with the designer’s preferences. The answer has a simple cutoff
structure. Groups are ordered by the distance between their baseline treatment-success rate and
the treatment threshold (1/2). A designer who puts sufficient weight on the worst-case payoff relies
on the Al only in groups close to this threshold. As the designer reduces weight on the worst case,

reliance expands outward to groups farther from the threshold. This ordering is the same for all



preference weights; what changes is how far along the ordering the designer goes, and how wide
the success-probability bounds are for the inputs given to the Al

Combining these two margins gives the full risk-reward frontier (Section 5.3). For each prefer-
ence weight, the designer relies on the Al only in groups whose baseline treatment-success rates are
sufficiently close to the treatment threshold. Conditional on relying on the Al, the designer chooses
asymmetric input restrictions—allowing the input to be arbitrarily informative in one direction but
restricting it in the other—to improve the tradeoff between best-case and worst-case payoffs.

Figure 2 illustrates the resulting frontier. Each piecewise-linear frontier corresponds to a fixed
choice of success-probability bounds that is optimal for some designer preference . The n = 0
designer (who places all weight on the best case) chooses unrestricted bounds for every group, and
in this case the frontier is a single line segment of slope —1. The n = 1 designer (who places
all weight on the worst case) chooses uninformative inputs for all groups, so the frontier collapses
to the distrust point. In between the frontiers “fan out” as depicted. From these frontiers, the
designer optimally chooses the payoff pair shown in blue. Connecting these selected points gives

the full risk-reward frontier.

1.1 Technological Context

“Al misalignment” refers to the risk that an AI system uses its informational or decision-making
discretion to choose actions that diverge from the designer’s objective (Ngo et al., 2025; METR,
2026). The AI need not be malicious, conscious, or deceptive; it is enough that its effective objective
differs from the designer’s. Such divergences can arise through several channels; for example, a
system may be trained on a measurable proxy that differs from the true objective (Obermeyer
et al., 2019), or the designer may be limited in their ability to train the AI system to pursue
the desired goal (Christiano et al., 2016; Christiano, 2019). In more severe cases, a system may
engage in deception, concealing its capabilities, goals, or intended behavior (Hubinger et al., 2019;
Carlsmith, 2023; Park et al., 2024; Hubinger et al., 2024; Denison et al., 2024; Greenblatt et al.,
2024).

Misalignment is distinct from ordinary prediction error. For traditional machine-learning sys-
tems, the value of information is limited mainly by statistical considerations: richer inputs improve
decisions unless they create problems such as overfitting. With misalignment, richer inputs can be
used in the wrong direction. Thus the same covariates that help an aligned AT identify who should

be treated can help a misaligned Al identify whom to mistreat.



1.2 Policy instruments

Al systems are often opaque to the institutions that deploy them. They can discover patterns
and draw inferences the designer cannot independently verify; moreover, once a recommendation is
made, the designer may not know which inputs mattered, how they were weighted, or whether the
resulting choice serves the designer’s objective (Burrell, 2016; Doshi-Velez and Kim, 2017; Lipton,
2018; Bommasani et al., 2021).

This combination of opacity and sophistication motivates controls that do not require case-by-
case verification of the Al’s reasoning. Our model focuses on two such controls. The first is to
restrict the Al’s information, for example by banning certain inputs, coarsening variables, or using
privacy-preserving transformations. Such restrictions are familiar from work on fairness, privacy,
and interpretability (Dwork et al., 2012; He et al., 2025; Strack and Yang, 2024; Liang et al.,
2026). Here the rationale is to guard against misalignment: tighter bounds limit how informative
covariates can be about outcomes, constraining both what an adversarial Nature can arrange and
what a misaligned Al can exploit.

The second control is to constrain aggregate treatment rates. Aggregate rates are often more
observable than the correctness of individual decisions; for example, employment and fair-lending
oversight use group-level selection, and approval or denial rates as indicators for further review
(Equal Employment Opportunity Commission et al., 1978; Federal Financial Institutions Exami-
nation Council, 2009). These policies resemble quota and cap instruments in delegation models,
especially hiring settings where a principal constrains acceptance rates while an informed agent
selects which applicants are accepted (Frankel, 2021). In a similar spirit, we allow the designer to

fix the fraction treated in each group, while the Al chooses which individuals fill that quota.

1.3 Other Related Theoretical Work

This paper is also related to work on delegation and strategic communication, robust decision-

making under ambiguity, and Al oversight.

Delegation and strategic communication. In our model the designer delegates to an Al that
has private information. Holmstrém (1984) and Aghion and Tirole (1997) study how to allocate
authority and decision rights when agents have private information, and Dessein (2002) studies how
uncertainty about the agent’s preferences influences whether delegation is better than cheap-talk
communication. The closest paper in this literature is Frankel (2021), which studies a designer
who delegates the hiring decision to a manager and caps the share of applicants that can be hired.

None of these papers has considered imposing bounds on the information available to the agent.



The designer’s choice of inputs for the Al is related to information design (Kamenica and
Gentzkow, 2011). However, in our setting the designer has an incomplete understanding of the
data-generating process and does not choose a signal directly. Instead, they choose an ambiguity
set over feasible joint distributions of observables and outcomes. In this respect, our model is closest
to Lin and Liu (2024), where the receiver cannot detect deviations within a prescribed set of signal

distributions, but unlike that paper the designer here chooses that set.

Ambiguity and robust decision-making. Our analysis is related to work on robust decision-
making in environments where a decision maker has incomplete information about how outcomes
depend on observable characteristics, and therefore faces a set of feasible models rather than a
single data-generating process. A classic example is the “ecological inference” problem, in which
only aggregated statistics are observed (Manski, 2018; Cross and Manski, 2002). This literature
characterizes the range of outcome distributions consistent with limited information and analyzes
policies that perform well across this range (Li et al., 2023; Montiel Olea et al., 2026). Our paper
differs from this literature in that we endogenize the identified set rather than taking it as given.
There is also a literature in economic theory on robust mechanism design (Bergemann and
Morris, 2005; Brooks and Du, 2021). In particular, our framework is related to Carroll (2017),
where a principal designs a screening mechanism knowing only marginals of an unknown joint type

distribution.

AT Oversight Our paper is complementary to recent work on Al oversight, which studies how
a human principal can monitor, verify, or constrain an Al system whose behavior may not be fully
trustworthy. Chen et al. (2024) proposes screening misaligned AI through controlled testing, and
Collina et al. (2025) shows that competition among diverse misaligned Als can yield outcomes
comparable to interaction with an aligned AI. Autor et al. (2025) studies a different form of mis-
alignment, where training a classifier with a loss function reflecting human preferences can backfire
by weakening the model’s incentives to learn, even when it correctly incentivizes the model’s out-
put choices. Dworczak and Smolin (2026) studies a decision-maker who receives advice from an
informed AI that is truthful with known probability and otherwise misaligned, and (like in our
paper) the decision maker maximizes the weighted sum of best-case and worst-case payoffs. Unlike
these papers, our designer does not try to infer or correct the AI’s objective; they instead choose
ex ante limits on the information and treatment discretion available to the Al.

Finally, our question of how rich a set of attributes to let the AI use is related to Athey
et al. (2020)’s question of whether to delegate authority to a human or an Al. In our framework,

delegating to a human is analogous to not letting the Al use any additional attributes and basing



the decision solely on the human’s information.

2 Model

2.1 Basic Environment

Let ) = {0,1} be a binary set of types and A = {0,1} be a binary set of actions. We interpret
Y = 1 as meaning a treatment is effective and A = 1 as a decision to treat, although the model
applies more broadly. There is a human designer (they) and an AI agent (it). The designer’s payoff

function is

1 if(A,Y)=(1,1)
u(AY) = 0 ifA=0
-1 if (A,Y)=(1,0)
Thus action A = 0 is “safe” while the payoff to action A = 1 depends on the true type.

There is a finite set of groups G with population distribution . The designer knows u and
also knows the baseline probability p, :== P(Y =1 | G = g¢) in each group g, where we assume
pg € (0, 1).2 For example, if G indexes age groups, then p is the population distribution over age
groups and p, is the probability of treatment success for patients in group g. Throughout, G, p,

and (pg)geg are fixed primitives.

2.2 Designer-Al Interaction

The designer delegates treatment decisions to an Al agent and reduces the risk of doing so in two
ways: by restricting the informativeness of the covariates and by fixing a treatment rate for each
group. The AT then uses the covariates to allocate treatment within each group, subject to that

rate.

Information environment. The designer gives the Al access to group information and auxiliary
covariates X € X (e.g., genomic markers, medical images, or unstructured clinical notes), where
X takes at least two values. The Al observes both the group label g and the covariate value .
The designer does not know the joint distribution of (G, X,Y’) but perceives group-specific bounds
(74,7g) on the conditional treatment success. That is, the designer believes that (G, X,Y) ~ P
where P(Y =1 |G = g,X =x) € [1,,T,] for every x € &', and 0 < 7, < p, <7, < 1. We refer
to 74 = [zg,?g] as group-g’s success-probability bounds. These bounds limit how well the covariates

can distinguish the treatment beneficiaries from the treatment non-beneficiaries in a given group.

When pg is 0 or 1, the designer should simply treat everyone or no one.



The bounds (zg, T4) are chosen by the designer. We interpret this as a setting with a sufficiently
rich set of potential covariates that the designer can select, or construct, covariates with any
desired success-probability bounds.® A designer who fully trusts the AI would choose unrestricted
covariates, allowing conditional success probabilities to vary as much as possible. By contrast, a
designer concerned about misalignment may choose covariates with tighter bounds, limiting the
information the AI can use and thereby restricting its ability to cause harm.

Formally, the designer chooses an information environment, defined as follows.

Definition 1 (Information Environment). An information environment is a tuple I = (X, 7) where

(a) X is a finite non-singleton set of auxiliary covariates, and

(b) 7= (Ig,7g)geg is a vector satisfying 0 <1, <p;, <7, <1forall g €g.

The designer regards as possible any joint distribution of (G, X,Y) that is consistent with these

constraints and with the prior primitives (G, u1, (pg)geg)-

Definition 2 (Ambiguity Set). For a given information environment I = (X, 7), the designer’s

ambiguity set P(I) consists of all joint distributions P € A(G x X x )) that satisfy:
1. Group distribution: margg P = p
2. Group-level success rates: P(Y =1| G = g) = p, for every g € G
3. Conditional success rates: 7, < P(Y =1 |G = g,X = z) <7, for every (g,2) € G x X in
the support of P.

The asymmetry between conditions (2) and (3) reflects an asymmetry in the designer’s knowl-
edge. The variable G represents covariates whose empirical relationship to treatment success is well
understood. Thus the group-level base rates p, are treated as known. In contrast, the auxiliary
covariates X may be useful for predicting treatment success, but the designer does not know any-
thing about the joint relationship of X and Y besides the stated bounds on the conditional success
rate P(Y | G, X).

We call P(I) an ambiguity set because the designer has partial ambiguity about the joint
relationship between (G, X) and Y. (It can also be viewed as an identified set in the sense of Manski
(2003).) Conditions (1) and (2) encode that the designer does know the population distribution
and the baseline treatment-success rates p, within each group. Condition (3) allows the auxiliary
variable X to influence the conditional probability of treatment success within a group, but only
within the bounds [r,,7,]. In the benchmark case where (7,,74) = (0,1) for every group g, the

only restrictions are the group distribution u and the group-specific base rates (pg)geg. We discuss

3This flexibility is analogous to the assumption in the information-design and rational-inattention literatures that
the designer can flexibly choose an information structure.



this case in detail in Section 4.1.%

Treatment Rates. Because the designer does not know how X predicts Y, they cannot precisely
specify or verify how the Al uses its inputs to guide treatment. Aggregate treatment rates, in
contrast, are relatively straightforward to audit. Accordingly, we assume that the designer can fix
a treatment rate for each group, while leaving the Al to use the available covariates to determine
which individuals within each group are treated.

The designer imposes group-specific treatment rates r = (r4)geg € [0, 1]g, where 7y is the
fraction of individuals in group ¢ who will be treated. The AI chooses an allocation rule a :
G x X — [0,1], where a(g,z) is the probability that an individual with characteristics (g, z) is
treated. This allocation rule must satisfy Ep-[a(G, X) | G = g] = ry for all g € G, which we call
admissibility. Thus the designer fixes in advance how many individuals in each group are treated,
while the AI determines which individuals fill that rate.> The special case r, = 1(p, > 1/2) shuts
down the influence of the Al by fixing treatment in each group to the constant action that is optimal
given the base rate pg.

Let A(I,r,P*) denote the set of admissible allocation rules under (I,r, P*). The timing is as

follows:

1. The designer commits to an information environment I and a rate vector r, without knowing

the true distribution P* € P(I) or whether the Al is aligned or misaligned.

2. Nature selects a true distribution P* € P(I).

3. The AI, which knows P*,® selects an admissible allocation rule a € A(I,r, P*).

4. Nature draws (G, X,Y) ~ P*.

5. The designer treats according to the allocation rule a.

Together, a true distribution P* and an admissible allocation rule a induce a joint distribu-
tion over (G,X,Y,A), where Pr(A =1 | G = ¢,X = z) = a(g,x) conditional on (G,X) =
(9,z). We write Ep- , for the expectation under this induced distribution and define U(P*,a) :=
Ep-a[u(4,Y)].

4In this case, the ambiguity set is closely related to the constraint studied in Lin and Liu (2024), with the difference
that the marginal distribution of X is part of Nature’s choice rather than fixed by the designer.

SBecause the Al knows P*, it can choose rules that satisfy the treatment rate constraint in expectation. If there
were a continuum of agents, the Al could moreover choose rules that guarantee the rate is hit with equality. If the
AT were uncertain about P* and/or there were a finite number of agents in each group, the AI could satisfy the rate
by making the treatment decision ex-post after observing all of them.

5This reflects our focus on misalignment of a potentially sophisticated AI, rather than simply a prediction system
that may make noisy errors or has insufficient data.



2.3 Risk-reward frontier

The Al is either aligned, seeking to maximize the designer’s payoff, or misaligned, seeking to mini-
mize it. The designer does not know which is the case, and also does not know the true distribution
P* within the ambiguity set. Our best- and worst-case payoffs therefore reflect joint ambiguity over
the AD’s objective and the true distribution: in the best case, both are resolved in the designer’s
favor, and in the worst case, both are resolved against the designer.

For a fixed information environment I and rate vector r, define the designer’s worst-case payoff
as

—  inf inf  U(P"
vy (r) Y (P*,a),

and best-case payoff as

vr(r) = sup sup U(P*,a).
P*eP(I) acA(lrP*)

That is, in the worst case, Nature’s choice of a true distribution P* from the designer’s ambiguity
set P(I), and the Al’s choice of an admissible allocation rule a € A(I,r, P*) jointly minimize the
designer’s payoff; in the best case, they jointly maximize it.

Each feasible pair (I, ) then induces a best-case and worst-case payoff pair (v;(r),vr(r)). We

define the risk-reward frontier to be the undominated payoff pairs (v;(r),v;(7)).

Definition 3 (Feasible pair). A pair (I,r) is feasible if I is an information environment and r € [0, 1]9

is a rate vector.

Definition 4 (Risk-reward frontier). Let
C = m{(gl(r),m(r)) : () feasible},

denote the closed convex hull of feasible worst- and best-case payoff pairs, where convexification

corresponds to ex-ante randomization over (I,r). The risk-reward frontier is
F = {(y,@) eC: ﬂ(y’,@') € Cst. v >v, ¥ >, and at least one strict}.

Because C' is convex, every point on the risk-reward frontier is supported by some linear objective
that is a weighted sum of worst-case and best-case payoffs, i.e., a Hurwicz (1951) criterion. For
each n € [0, 1], let

V(n) := argmax (nv + (1 — n)v)
(v,0)eC

10



denote the set of payoff pairs in C' that maximize this weighted objective. Then

F=cd U V(n)

n€(0,1)

That is, the frontier is the closure of the union of the supported payoff pairs.”

3 Examples

We use two examples to illustrate the model and preview the main results of Sections 4 and 5.
Section 3.1 describes optimal reliance on the Al within a single group; Section 3.2 extends the

setting to one with multiple groups, and characterizes the groups in which delegation is optimal.

3.1 One Group

Suppose there is a single group with baseline treatment success rate of 4/9. The designer’s choice
variables are a pair (7,7) € [0,1] x [0, 1] and a treatment rate r € [0, 1]. Given these choices, Nature
chooses a joint distribution P of (X,Y’) subject to:

1. P(Y =1)=4/9

2. PY=1|X=xz)€[r,7] VrelX,
and the Al agent chooses a conditional treatment probability for patients with X = 0 and X =1,
subject to the constraint that r of patients are treated in expectation. We can think of Nature as
choosing the composition of two urns labeled X = 1 and X = 0, which contain blue balls (successful
treatment) and yellow balls (unsuccessful treatment). These compositions are chosen subject to
the constraints that the total fraction of blue balls is 4/9, and that the conditional probability of
treatment success in each urn is bounded within [7,7]|. The Al agent then chooses a single fixed
treatment probability for each urn to achieve the aggregate treatment rate. (The designer does not
know, and cannot choose, the marginal distribution of X; Section 6 discusses the case where they
can.)

Suppose the designer’s preferences are given by nv + (1 —n)v with n = 5/8. What bounds [z, 7]
and treatment rate r should the designer choose?

A natural starting point is to set the treatment rate equal to the fraction of people who need
treatment, » = p = 4/9, and to choose unrestricted success probabilities [r,7] = [0, 1]. This allows

for perfect targeting in the best case, as depicted in Panel (a) of Figure 3, yielding a payoff of 4/9.

"When 7 = 0 or 1, the supporting hyperplanes are degenerate and can expose entire vertical or horizontal faces
of the feasible set, including Pareto dominated points. We restrict to strictly positive weights n € (0,1) and take the
closure of their union to avoid this issue.

11



(a) Best case (b) Worst case

X=1 X=0 X=1 X=0
- > - -
Treat with Treat with Treat with Treat with
probability 1 probability 0 : probability 0 probability 1
@ treatment success @ treatment success
© treatment failure © treatment failure
"+ 1/9 of the population i 1/9 of the population

Figure 3: Best and worst case outcomes given treatment rate r = 4/9 and success-probability
bounds [7,7] = [0, 1]

But in the worst case (Panel (b)), treatment fails for all of the treated patients, and the designer’s
payoff is —4/9. The designer’s aggregated payoff (with n = 5/8) is thus (5/8)(—4/9)+(3/8)(4/9) =
—1/9. More generally, in this example the designer’s payoff is non-positive for any value of r when
[,7] = [0,1], so the best the designer can do is shut out the AI’s influence altogether by setting
the treatment rate to r = 0.

However, the designer can benefit from the Al if they restrict the success-probability bounds.
Consider [7,7] = [1/3,1] and 7 = 1/6. Then in every urn, the fraction of patients with successful
treatments must be at least 1/3. In the best case (Panel (a) of Figure 4), the 1/6 patients treated
are those with Y = 1, generating payoff 1/6. In the worst case (Panel (b)), of the 1/6 treated, 1/3
have Y = 1 and 2/3 have Y = 0, generating payoff —%. With n = 5/8, the aggregated payoff is
g (—%) + % (%) = %. It will follow from our results in Section 5.1 that this choice of treatment
rate r and success-probability bounds [r, 7] is optimal for the designer with preference parameter
n = 5/8. More generally, the designer optimally implements success-probability bounds that are

asymmetric, allowing the covariate to be arbitrarily informative in one direction and constraining

its informativeness in the other.

3.2 Multiple Groups

We now extend the previous example to a setting with multiple groups. Suppose there are three
groups in the population: patients aged 18-39, 40-75, and 75+. The 18-39 population is as
described above, with a baseline treatment success rate of 4/9. The 40-75 group has a baseline

treatment-success rate of 7/10, and the 75+ has a baseline treatment-success rate of 1/10. The

12



(a) Best case (b) Worst case
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Treat with Treat with Treat with Treat with
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@ treatment success @ treatment success
© treatment failure © treatment failure
"+ 1/18 of the population "+ 1/18 of the population

Figure 4: Best and worst case outcomes given treatment rate r = 1/6 and success-probability
bounds [r,7] = [1/3, 1]

designer’s utility is again nv + (1 — 1) v, but 1 can be any number in [0, 1].

In the previous section, the designer’s only choice was how much discretion to grant the Al
within a single group. With multiple groups, there is also an extensive margin: which groups to
delegate to the AI. Theorem 2 shows that the designer ranks groups g by how far their baseline
treatment success rate is from 1/2, i.e., |[pg — 1/2|. The designer optimally relies on the AI for the
initial groups of this ordering, with the switching point determined by the designer’s preference
parameter 7. In our example, this means that for sufficiently small 7, the designer relies on the
AT for all three groups. As 7 rises, they first withdraw reliance for the 754+ group, then the 40-75
group, and finally the 18-39 group (see Table 1). Our subsequent analysis will reveal why.

Table 1: Optimal reliance by group

g Py g =3l n<n® W <n<y® @ <p<p® oy >H@

1839 4/9 1/18 Rely Rely Rely Distrust
40-75 7/10 1/5 Rely Rely Distrust Distrust
75+ 1/10 2/5 Rely Distrust Distrust Distrust

4 Fixed Information Environment

This section characterizes the risk-reward frontier when the information environment is fixed. To
build intuition, Section 4.1 first considers a benchmark case where conditional success probabilities

are unrestricted. Section 4.2 then generalizes to arbitrary success-probability bounds.
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For any fixed I, the set of payoff pairs attainable under [ is
Cr = conv {(QI(T),@I(T)) cr €0, l]g}.
The risk-reward frontier under I is the set of Pareto-undominated points in C:
Fr = {(y,@) €Cr: P, v)eCrst. v >v, ¥ >w, and at least one strict}.

Thus FT describes the tradeoff between worst-case and best-case payoffs when the designer
commits to the information environment I and varies only the rate vector . The next lemma

shows that in characterizing F7, only the success-probability bounds 7T are relevant.

Lemma 1. Fiz 7, and let I = (X, 1) and I' = (X', 1), where X and X' are finite sets with
‘X|, ’X" Z 2. Then F[ = Fp.

Intuitively, the cardinality and labels of X are not payoff-relevant once the success-probability
bounds 7 are fixed. That is, for any fixed rate vector r, what matters in each group is only the
induced joint law of (A,Y’). Moreover, any such feasible law can be implemented using just two
covariate values, corresponding to treated and untreated individuals, so we henceforth write F; in

place of F7.

4.1 Special Case: Unrestricted Bounds

The case of unrestricted success probabilities is particularly simple and helps provide intuition for
what follows. Suppose the bounds 7 = (7,,7¢)seg satisty [1,,7g] = [0,1] for all g € G. Denote
these unrestricted bounds by 7.

To define best and worst case targeting, let (A,Y") be binary random variables with Pr(A = 1) =
Pr(Y = 1) = p, where we interpret A as treatment and Y as treatment success. Given these fixed
marginals, the designer’s expected payoff depends entirely on how treatment is targeted toward
those who benefit. The two polar cases correspond to maximal positive and maximal negative
dependence between A and Y.

Definition 5 (Best and Worst Targeting). Fix p € [0,1]. Let = range over the set II, consisting of
joint distributions of (A,Y) with marginals 7(A = 1) = n(Y = 1) = p. The best-targeting payoff is
b(p) = supren, Ex[u(A,Y)], and the worst-targeting payoff is w(p) := infrem, Ex[u(A,Y)].

Under best targeting, treatment is concentrated as much as possible on individuals who benefit:
Pr(A=1,Y =1) = p. Under worst targeting, treatment is maximally concentrated on those who
do not benefit: Pr(A =1,Y = 1) = max{0,2p — 1}. (See Figure 5 for an illustration.)

Substituting these best and worst cases into the payoff function determines b(p) and w(p).

14
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Figure 5: Yellow cells indicate patients who need treatment; blue cells indicate patients who are treated.
Panel (a): Counter-monotone case when p < 1/2: the treated population and the population needing
treatment are disjoint. Panel (b): Counter-monotone case when p > 1/2: there is minimal overlap between
treated patients and those needing treatment.

Lemma 2. For anyp € [0, 1], b(p) = p for all p € [0, 1], while w(p) = —p if p < % and w(p) = 3p—2
if p> %

The kinks in these payoff functions reflect feasibility constraints imposed by the fixed marginals:
when p < 1/2, it is possible to treat only individuals who do not benefit, while when p > 1/2, even
adverse targeting cannot avoid treating some individuals who do benefit.

Let d(p) be the default payoff that the designer receives by choosing the best constant action
for all individuals.

Definition 6 (Default Targeting). For any p € [0, 1] let d(p) = max{0,2p — 1}.
When p < 1/2 the default payoff corresponds to treating no one, and when p > 1/2 it corresponds
to treating everyone.

We now use these benchmarks to characterize the frontier of worst- and best-case payoffs.
Definition 7 (Reliance Point). The reliance point is R = (deg tg w(Pg)s D geg Hg b(pg)> where
g = p(g) is the proportion of the population in group g.

The reliance point captures the maximal upside from delegation—perfect targeting in each
group—together with the maximal downside risk that arises if the Al acts adversarially.
Definition 8 (Distrust Point). The distrust point is D = (deg tg - d(Pg)s D geg Hg - d(pg)>.

At the distrust point, the designer forgoes any potential gains from the AI in exchange for
complete protection against manipulation, resulting in identical best- and worst-case payoffs.

The following result—a special case of the subsequent more general Theorem 1—characterizes

the frontier.

Proposition 1. The risk-reward frontier Fy, is the line segment of slope —1 connecting the reliance

point R to the distrust point D.

Proposition 1 shows that with unrestricted delegation, every gain in best-case performance

requires an equal loss in the worst case: the frontier therefore has constant slope. In this benchmark
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environment, any flexibility that helps an aligned Al target treatment more effectively helps a
misaligned Al equally. The value of restricting the AI’s information in later sections comes from
breaking this symmetry.

The two endpoints of the frontier correspond to extreme choices for how much discretion to grant
the AL To implement the distrust point, the designer chooses the treatment rate r, = 1(p, > 1/2)
for each group g, treating everyone if the majority of patients in that group need treatment, and
otherwise treating no one. To implement the reliance point R, the designer chooses treatment rate
rq = pg for each group g. At Ry, the designer maximally exposes their payoffs to the Al so the best
case achieves b(py) through perfect targeting and the worst case yields w(py) through adversarial
targeting. Designers who put weight 77 > 1/2 on the worst-case payoff optimally select the distrust
point; those with n < 1/2 optimally select the reliance point.

Proposition 1 also shows why control over treatment rates matters. Without a rate constraint,
the designer generally cannot implement the reliance point. For example, a misaligned AI could
recommend treatment for the 1—p individuals with Y = 0, producing a worst-case payoff of —(1—p)

instead of the rate-constrained payoff w(p).

4.2 General Success-Probability Bounds

For general T = (74)4eg, the benchmark payoffs generalize as follows. Fix an arbitrary group g
with constraints 7, = [1,,7¢]. For each p,r € [0,1], let Il;(p, ) be the set of all joint distributions

7 of (A4,Y) on {0,1}? satisfying
1. Marginal constraints: m1(A=1)=r and 7(Y = 1) = p,
2. T-constraints: 7, <m(Y =1| A=a) <7, for each a € {0,1} whenever 7(A = a) > 0.

Definition 9 (Constrained Best and Worst Targeting). Fix p,r € [0,1]. The constrained best-
targeting payoff is by(p,r) = SuPrer, (p,r) Ex[u(A,Y)], and the constrained worst-targeting payoff
is wy(p,r) := inf e, (p,r) Ex [u(A,Y)].

This definition generalizes Definition 5 in two ways: It allows the fraction of patients who need
treatment, p, to differ from the fraction » who are treated, and it constrains the conditional success
rate within the interval [r,,7g]. When 7, = (0,1) and p = r, then by(p,7) and wy(p,r) reduce to
the original b(p) and w(p).

Definition 10. The group g distrust point is Dy := (d(pg), d(pg)).

This again corresponds to ignoring the Al and taking the ex-ante optimal action in group g, so

both payoffs equal d(py).
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Definition 11. The group g reliance point is Ry = Dy when 7, < max{1/2,p,} or 7, > min{1/2,p,}.

Otherwise, it is Ry := (wg(pg,r;), by(pgs r;)), where ry = %

9

To interpret this, recall that conditional probabilities within group ¢ are constrained to lie in
[Ig,?g], while their average must equal the baseline probability pg. Thus rj is the maximal fraction
of the population that can be assigned the highest success-probability of 7,. At the reliance point,
the designer commits to treating a ry share of group g: an aligned Al uses that rate to select
patients whose posterior need for treatment is 74, while a misaligned Al uses the same rate to
select as many patients as possible whose posterior need for treatment is 7.

g
The next result characterizes the frontier for general 7.

bg(pg 77’;)*d(pg)
wg(Pg g )—d(pg)

line segment RyDy; otherwise set A(g) = 0. Order groups gi,...,gn so that A(g1) < -+ < A(gn).

Theorem 1. For each group g with Ry # Dy, let A(g) := denote the slope of the

For each k =1,...,n, define the k-th partial reliance point as

Pt = Z fg - RByg(T) + Z fg - Dy,

geGy, g%Gk

where Gy, = {g1,-..,9x}. Then the risk-reward frontier Fy is the piecewise-linear path DP(1) U
POPE UPRPB) U... UP®-1R where D := > g bgDg is the full distrust point and R := P s

the full reliance point.

The frontier traces a path through a sequence of points, each representing a different reliance
decision across groups. The partial reliance point P*) represents the outcome where the designer
relies on the AI in the first k& groups (ordered by slope A(g)) and distrusts it in other groups.
Intuitively, the magnitude of A(g) measures how much the best-case payoff increases per unit of re-
duction in the worst-case payoff. Since these slopes are negative, a more negative A(g) corresponds
to a more favorable tradeoff; that is, a given increase in the best-case payoff requires a smaller
reduction in the worst-case payoff.

This ordering generates a piecewise linear payoff frontier. Each segment connecting P*) to
P(k+1) ig linear, with kinks where a new group enters the reliance set. At D the designer does not
rely on the Al for any groups; at R the designer relies on the Al for all groups. Figure 6 illustrates
this structure: as we move along the frontier from D to R, we sequentially add groups to the reliance
set in order of steepness.®
Theorem 1 generalizes Proposition 1. When T = 79, all segments m have the same slope

A(g) = —1. Thus all partial reliance points lie on a single line, and the piecewise-linear frontier

8Every P®) is implementable by a deterministic choice of (I, ), so if there is a unique optimal design for a given
7, that design is deterministic.
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Figure 6: Risk-reward frontier F; for fixed success-probability bounds.

collapses to the single segment DR with slope —1, as previously stated.

4.3 Proof Sketch

This section describes the main steps in the proof of Theorem 1. Our approach is to characterize
the frontier within a single group, and then aggregate these frontiers by taking their (weighted)

Minkowski sum.

Group frontier. We first show that each group ¢’s individual frontier is simply the line segment

connecting Ry to Dy.

Proposition 2. Fiz any group g. If T, > 1/2 or 7y < %, the group g frontier is the distrust point

Dg,. Otherwise, it is the line segment connecting Ry to D,.

When [r,,7,] lies entirely on one side of 1/2, the designer knows that the value of X cannot
change the optimal action. Thus the Al can only use variation in X for harm, and the designer
prefers to deny the Al any discretion by fixing a constant action in each group. In this case the
only frontier point is the distrust point Dy. When 7, <1 /2 < T4, conditional success probabilities
within group g can lie on both sides of the treatment threshold. An aligned Al uses that discretion
to assign treatment to the individuals for whom treatment is most valuable, while a misaligned Al
uses it in the opposite way. The rate 7, determines how much discretion the AI has over how to
allocate treatment.

To show that the frontier payoff pairs trace out the segment connecting D, and R,, we prove

that every feasible payoff pair for group g satisfies three bounds.

Lemma 3. Assume 7, <1/2 <7,. The feasible payoff pairs (v,v) satisfy:

(a) Upper bound on best-case payoff: v < by(pg, 7).

18



(b) Upper bound on worst-case payoff: v < d(pg).
(¢) Diagonal constraint: ci-v+c2-v < c3, where c1 := by(pg, 1) —d(pg), c2 := d(pg) —wy(pg,7y),

and c3 := clwg(pg, 7‘;) + Cng(pgvr;)‘

v=d

Figure 7: Any feasible (v, ) falls in the shaded region.

These three inequalities define halfspaces whose intersection contains all feasible points (see
Figure 7). The reliance point Ry, and distrust point D, are the vertices of this feasible region.
Moreover, both are implementable: setting r, = 1(p, > 1/2) for each group g yields the distrust
point, and setting rg = r for each group g yields the reliance point. Thus the frontier is the line

segment connecting these two points.

Full frontier. Now we aggregate the group frontiers to obtain the full frontier. For each group
g € G, let F, := R,D, denote the group g frontier and let C, denote the set of payoff pairs
achievable in group g. The aggregate feasible set is obtained by combining the feasible payoff sets
from each group, weighted by group population shares. Formally, this is the weighted Minkowski
sum Cr =3 g g Cg 1= {deg tg - (g, D) : (g, 0g) € Cg}.

Since py and Cj are independent across groups and the designer’s objective nv + (1 — 7)v is
linear, optimization separates group by group:

max (nu+ (1—n)7) =Y pg- o max (g + (1= m)%).

(Q,E)GCT geg yg 7ﬁg)eog

Within each group, the objective is maximized at an endpoint of Fy: either R, (reliance) or D,
(distrust), depending on whether —% > A(g). As n increases, this threshold decreases, and the
designer switches from R, to D, in order of increasing absolute steepness of the line R,D,. This

generates a sequence of partial reliance points. The supported faces of the convex set C are the
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line segments connecting consecutive partial reliance points, and the union of all supported faces

is the frontier stated in Theorem 1.

5 Main Results

We now complete the analysis by allowing the designer to choose both 7 and r. We say that the
designer relies on the Al in group ¢ if a nonconstant action is taken for members of that group.
Section 5.1 characterizes the designer’s choices of 7 and r as a function of n and shows that the
optimal success-probability bounds are asymmetric. Section 5.2 then shows that optimal reliance
has a cutoff structure: the designer relies on the Al for groups sufficiently close to the treatment

threshold, with the cutoff varying monotonically in the weight 1 on the worst case.

5.1 Optimal Bounds Within a Group

For each group g, there is a cutoff value of  above which the designer optimally distrusts the Al
in that group and below which the designer optimally relies on it. When reliance is optimal, the
associated choice of bounds and treatment rate is unique whenever p, # 1/2, and has a simple
asymmetric structure that depends on whether the baseline probability p, lies below or above the

treatment threshold 1/2.
Proposition 3. Fix a group g. There exist cutoffs 0 < n, <7y <1 such that:

(a) If n > Ty, the designer optimally distrusts the AI in group g. One optimal design is to
choose a completely uninformative covariate and a constant action: if py < %, set (T;,T;) =
((p97p9)70)7 while ifpg > %; set (T;7T;> - ((pgapg)a 1)

P Ty
Tg—T

(b) If n <7, the designer optimally relies on the Al in group g and sets Ty = . Moreover:

g

(i) If pg < %, then Ti(n) = 1, while T5(n) =0 forn < n, and increases monotonically
toward pg as n T 17,
(it) If pg > 3, then 73(n) = 0, while Tym) =1 forn < n, and decreases monotonically

toward pg as n 7T 17,
(111) If pg = 1/2 then the two constructions in (i) and (i) are both optimal.
This proposition characterizes the optimal choice of (74,7¢) as a function of 7. The cutoff 7,
determines whether the designer relies on or distrusts the Al in group g. When n > 7,, any

choice of bounds that induces a constant action is optimal. Below that cutoff, the optimal reliance

design is asymmetric: When treatment is ex-ante unlikely to help, the designer never restricts the
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ATD’s ability to identify individuals who may benefit from treatment, but may restrict its ability to
identify individuals who are likely to be harmed. When treatment is ex-ante likely to help, the
optimal design reverses. Proposition D.1 gives a closed-form expression for 77, with an example
depicted in Figure 8.

(a)p=0.3 (b) p=0.7
1.0 -
7(n)

. — ()
k0.8
k¥ 0.7
P
=06
2
é 0.3
Sa

90 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0

0 o
Figure 8: Example optimal informativeness bounds (73(n), 75(n)) as functions of .

For intuition, fix a group g with p, < %, and write Ry(7,) to emphasize that the reliance point
depends on 7, while the distrust point D, does not. Since the group-g frontier is the line segment
from Dy to R4(7,4), improving the frontier corresponds to moving Ry (7,) northeast. The designer

can shift Ry(7,) north by choosing looser bounds, i.e., lower 7, and higher 7,, which allows an

g
aligned AI to target treatment more precisely. The designer can shift R,(7,) east by raising both
T, and T4 A larger T, improves the worst-case payoff because fewer people are treated at the
reliance point, so mistargeting is less harmful; a larger 7, improves it because even a misaligned Al
cannot assign treatment to individuals whose success probability falls below 7,. Thus the width of
the interval [zg,?g] governs the upside from delegation, while its position governs the downside.
Increasing 7, is unambiguously beneficial, but increasing 7, involves a tradeoff between the
upside and the downside. When the designer places extreme weight on either the worst- or best-
case outcome, the optimal choice lies at a corner solution: either no restrictions, 7, = (0,1), or
full restrictions, 74 = (pg,py). For intermediate values of 7, the optimal T, is interior and adjusts

smoothly with the designer’s preferences. When p, > %, the logic is symmetric but reversed: the

role of the inputs is no longer to identify whom to treat, but rather whom not to treat.

5.2 Cutoff Structure of Reliance

We now study how reliance varies across groups. The key result is that optimal reliance has a

cutoff structure in distance from the treatment threshold. As 7 rises and the designer becomes
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more cautious, reliance is withdrawn first from groups farther from the threshold, and last from

groups closest to it.

Theorem 2. Order the groups in G as ¢V, ..., g™ so that

breaking ties arbitrarily. Then there is a threshold T'(n) that is (weakly) monotonically decreasing
in m, such that the designer with preference parameter n optimally relies on the Al in the set of

groups R(n) := {g ,g(T(”))}, with R(n) = @ if n is sufficiently large.

The intuition follows from the optimal bounds characterized in Proposition 3. For p, < 1/2, the
risk from delegating is that a misaligned Al concentrates treatment on individuals with especially
low conditional success rates. The designer limits this by raising the lower bound 7,: regardless
of how the AI allocates treatment, the probability that treatment is successful is at least T, But
feasibility requires 7, < py, so the role of the lower bound is limited. The closer the baseline rate
pg is to 1/2, the better the designer can protect against a misaligned AL? For pg > 1/2, the logic

is symmetric but reversed.

5.3 The Full Frontier

To determine the full frontier, we combine the optimal within-group design from Section 5.1 with

the optimal reliance decision from Section 5.2. Define the partial reliance point

Zﬂg 9 Z/J'g 9>

gER(N 9ER(n

to be the expected payoff pair attained when the designer relies on the AT only in groups g € R(n)

and implements the optimal bounds and rates described in Section 5.1.

Theorem 3. The risk-reward frontier is the set of Pareto-undominated points in

conv ({P*(n) :n € (0,1)}).
Equivalently, it is the upper-right boundary of this closed convex hull.

As 1 decreases, the designer adjusts along two margins. First, there is an ezrtensive margin:

additional groups enter the reliance set, beginning with the group whose baseline probability is

“The ordering by |py; — 1| is a consequence of our normalization u(1,1) = 1, u(1,0) = —1, and u(0,y) = 0,
under which treatment is optimal exactly when the posterior exceeds 1/2. More generally, groups are ordered by the
distance of py from a payoff-dependent threshold; see Section 6.
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closest to 1/2. Second, there is an intensive margin: within groups where the designer is already
relying on the Al, the bounds Tg*(n) relax further. Both adjustments improve the best-case payoff
by allowing more precise targeting, but at the cost of greater exposure to adversarial mistargeting
in the worst case.

Figure 9 illustrates this construction in the example of Section 3.2. Fix a value of 7, and let
7*(n) be the bounds that are optimal for that value. If these bounds are held fixed and the designer
varies only the treatment rates, the resulting frontier is the colored polyline Fr-(,). This is exactly
the fixed-information frontier characterized in Theorem 1. The star on each colored polyline is the
point selected by the designer’s objective at that value of 7.

For sufficiently large 7, the frontier Fr«(,) collapses to the distrust point: by Proposition 3, the
designer chooses uninformative covariates. Below this cutoff, Fr«(,) is a nondegenerate polyline,
with one segment for each group in which the designer relies on the Al. As n decreases, more groups
enter the reliance set, adding segments to the polyline. At the same time, the designer relaxes the
covariate bounds, so the corresponding segments become flatter. The stars trace the optimal partial

reliance points P*(n) as n varies, and their upper-right envelope gives the full risk-reward frontier.

0.4 1

Best-case payoff
o
w

I
o
L

Distrust

0.1 1

||||3

0.0 T T T T T T
—0.2 -0.1 0.0 0.1 0.2 0.3

Worst-case payoff

Figure 9: Each colored polyline is the fixed-n frontier Fr.(,), with kinks at partial-reliance points
where one additional age group is delegated to the Al. As n decreases, the designer expands the
reliance set and relaxes the optimal bounds within groups already in it, so the frontiers fan outward.
Stars mark the optimal partial-reliance points P*(n), dashed lines show the supporting indifference
lines, and the black curve connecting the stars is the full risk-reward frontier.
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6 Extensions

6.1 Control of the covariate distribution

In the baseline model, Nature chooses the marginal distribution of X. Suppose now that, in
addition to choosing 7, the designer also chooses for each group g an arbitrary marginal distribution
qq € A(X) over a fixed non-singleton covariate set X'. The ambiguity set consists of all distributions
P € P(I) that satisfy the previous constraints and additionally P(X =z | G = g) = ¢4(x) for all

x and g.

Proposition 4. Fiz 7. Allowing the designer to choose the marginal distribution of X does not

change the risk-reward frontier: the resulting frontier is again F-.

Thus choice of the marginal distribution of X adds no power beyond the choice of success-
probability bounds and treatment rates. The proof, which is in the Online Appendix, shows that
for each n, the designer optimally chooses the marginal distribution on X that a benevolent Nature

would have chosen at the reliance point.

6.2 Al reports a distribution

Suppose that instead of asking the AI to choose an allocation rule a subject to a treatment rate,
the designer asks it to report a joint distribution of (G, X,Y’) in the ambiguity set P(I) and then
treats those (g, x) for which the reported posterior satisfies P(Y =1 | G = ¢, X = x) > 1/2 (thus
removing the treatment-rate constraint). This makes the designer weakly worse off than in our
baseline model.

To see this, observe that any treatment allocation induced by an admissible report can be
replicated in our model by choosing, for each group g, the treatment rate equal to the mass treated
under that report, and then allowing the Al to choose the corresponding treated set directly. So
the designer in our model can match any payoffs achieved in this alternative model. But our model
removes one source of downside risk that is present in the other: once the designer fixes 74, a
misaligned Al can no longer manipulate how many individuals are treated within group g, only
which individuals are treated. Thus every payoff pair attainable in the alternative model is weakly

dominated by a payoff pair attainable here.

6.3 Asymmetric treatment payoffs

Ifu(l,1) =5 >0, u(1,0) = —a < 0, and u(0,y) = 0, the treatment threshold generalizes from 1/2

to p = ﬁﬁ Our main results continue to hold: Each group frontier is still a line segment from
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D, to Ry, the fixed-T frontiers remain piecewise linear, optimal conditional-success probability
bounds are asymmetric, and the extensive margin of reliance in each group is governed by a cutoff

in 7. However, the ordering of groups changes as follows. When p, < min{1/2,p}, then groups

are ordered by =22 and when p, > max{1/2,p} then they are ordered by ¢ —P 10 Tptuitively,

—pg 9 - Dy
this ordering reflects a normalization of the distance from the treatment threshold, where the raw

distance is divided by the amount of feasible movement in the relevant direction. Below p, the
default is not to treat, and so the relevant direction is towards 1 (reversing the default action);
above p, the default is to treat, so the relevant direction is towards 0. When oo = 3, these normalized
distances are the same increasing transformation of [p, — %| on both sides of the threshold, so they

induce the ordering given in Theorem 2.

7 Conclusion

Our results have three implications for the governance of Al systems whose objective is not fully
known. First, Proposition 1 cautions against relying on treatment-rate limits alone. When the AI’s
inputs are unrestricted, the risk-reward frontier is a line segment with fixed slope. The designer can
move along this frontier by adjusting treatment rates, but cannot improve the underlying tradeoft:
each unit of best-case gain requires one unit of worst-case loss. Treatment-rate controls therefore
limit exposure to Al influence, but they do not make delegation safer per unit of upside.

Second, Proposition 3 shows that input restrictions can improve the tradeoff between best-case
and worst-case payoffs. By giving the Al access only to covariates whose informativeness is known
to be bounded, the designer changes both what an aligned Al can achieve and what a misaligned
AT can exploit. Proposition 3 characterizes the resulting restriction. For groups that are ex ante
unlikely to benefit from treatment, the designer should allow information that can identify clear
need for treatment while limiting information that can identify clear harm. For groups that are ex
ante likely to benefit, the logic reverses. The lesson is not simply to make the Al less informed, but
to control what the AI can be informative about.

Third, Theorem 2 identifies when reliance on the Al is most valuable. Reliance is least costly in
groups whose baseline success probabilities are closest to the treatment threshold. In such groups,
giving the AT discretion has relatively more upside than downside. This rule is moreover simple to
implement, since it requires knowledge only of group-level baseline rates.

Our analysis leaves open several interesting questions for future work. First, this paper consid-

ers a completely aligned or completely misaligned Al. It would be interesting to formalize “partial

0Groups with p, strictly between 1/2 and p require a separate analysis of the optimal bounds, which we omit.
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alignment”—for example, by parameterizing the Al’s objective as a convex combination of the de-
signer’s payoff and some other objective—and explore whether the linear frontier acquires curvature
under intermediate alignment. Second, we conduct our analysis in a one-shot decision setting. In a
dynamic version, the designer could observe outcomes over time and update beliefs about whether
the Al is aligned. This introduces a screening motive (early delegation generates information about
alignment) that trades off against the risk of early harm, connecting to the experimentation and
bandit literatures. Third, we couple model uncertainty and alignment uncertainty by assuming
Nature and the Al always act in concert. Future work could decouple these two sources of ambi-
guity and characterize frontiers under each separately, e.g. by applying a-MEU (Ghirardato et al.
(2004)). Fourth, our (r,7) are abstract and unrestricted choice variables. One could derive a set of
feasible (7,7) from the statistical properties of a chosen subset of covariates (e.g., the size of their

supports).

Appendix

A Proof of Lemma 1

Fix 7 and let I = (X, ) for any |X| > 2. Moreover define I’ = (X”’, T) for the binary set X’ = {0, 1}.
We show that the set of attainable payoff pairs coincide, i.e., C; = Cs, and hence F; = Fp.

Within each group g € G, the designer’s expected payoffs depend only on the induced joint
distribution of (A4,Y") | G = g, which we denote by m,. We will show that for any bounds 7, and
group-g treatment rate rg, the set of feasible laws 7, is the same for X and X’ := {0,1}. This then
implies that the set of attainable payoffs is the same.

First we describe conditions that m; must satisfy. Admissibility of the allocation rule a requires
mg(A = 1) = 14, and consistency with the designer’s ambiguity set requires my(Y = 1) = p,
together with my(Y = 1 | A = a) € [1,,Ty| for each a € {0,1}, since A 1L YV | (G,X) and
PY(Y =1|G=g,X =x) €[r,,T, for every v € X.

We now argue those conditions are sufficient for feasibility of 7,. That is, any 7, satisfying these
three properties can be implemented using either X or X’. To see this, choose any two distinct

covariate values 20, 2! and set P/(X = 2! |G =g) =r, and P(X =2° | G =g) =1 —r,, with

PY=1|G=¢g,X=a)=m,(Y =1]A=1)
PY=1|G=¢g,X=a2")=7,(Y =1|A=0).

Let the Al treat exactly those individuals with X = x!. This then yields (A4,Y) ~ my as desired.
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Repeating this argument for every group yields the desired conclusion.!!

B Proof of Proposition 1

This is the special case of Theorem 1 with 7 = 79 = (0,1) for every group. Under these bounds,

r; = pg and 7, = 0, so the group reliance point reduces to Ry(19) = (w(pg),b(py)) and the
group distrust point is Dy, = (d(pg),d(pg)). By direct calculation, the slope A(g) = (b(pg) —
d(pg))/(w(pg) — d(pg)) = —1 for every group g, so all segments in Theorem 1 have the same slope

and the piecewise-linear frontier collapses to the single line segment DR.

C Proof of Theorem 1

Section C.1 characterizes the best- and worst-targeting payoffs by(p,r) and wy(p,r) defined in
Section 4.2. It also shows that the feasible set of worst-case and best-case payoff pairs in group g
is co{(wq(p,7), bg(p,7)) : 7 € [0,1]}. Section C.1.1 proves Lemma 3, thus bounding this feasible set
below the line segment m as depicted in Figure 7. Section C.2 constructs explicit information
environments and policies that attain every point on m, thus proving Proposition 2, and Section

C.3 aggregates the group-level frontiers.

C.1 Preliminary Results

The next lemma characterizes the best- and worst-targeting payoffs of Section 4.2. This is a
constrained Fréchet—Hoeffding problem: for fixed marginals 7(A = 1) = r and n(Y = 1) = p,
the payoff is monotone in the overlap m(A = 1,Y = 1). The classical Fréchet-Hoeffding bounds
describe the extremal overlap without 7-constraints; the proof below derives the corresponding

constrained bounds directly.

Lemma C.1. Fiz any py, 7y € [0,1] and (7,,7,) € [0, pg] X [pg, 1] satisfying 7, <7,. Then

bo (o) = re(274 — 1) ifrg <rj
g\Pg>Tg) = . .
2(pg —1y) +rg(2r, = 1) difrg >y

re(27, — 1) ifrg <1—r}

wg(pg,rg) = g I

2(pg —Tg) +1g(2Tg = 1) ifrg>1—1p.

Since the construction assigns P'(X =z, | G = g) = 7y and P'(X = 20 | G = g) = 1 — r,, full support
requires r4 € (0,1). For ry € {0,1}, use any strictly positive distribution over X’ with the constant allocation rule
a(g,x) = rg, as in the boundary cases of Lemma C.2.
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Proof. To simplify notation, let r := 14, p 1= py, (7,7) := (1,,7Tg), 7" := 7. The designer’s

objective is
E [u(A,Y))=7n(A=1Y=1)—7n(A=1,Y =0)
=r(A=1)Q2-7(Y=1]A4A=1)-1).

Let mp :==7n(Y =1| A=1)and mp :=7(Y =1 | A =0). Since 7(A = 1) = r is fixed, the
objective reduces to r(2m — 1), and the optimization problem is equivalent to finding the maximal
and minimal feasible values of .

The constraints on 7 translate into the following constraints: First, the law of total probability

requires
rm1 4+ (1 —7r)mo = p. (C.1)
Second, T-admissibility of 7 requires
7T<m<T and T <7 <T. (C.2)
First suppose r > 0. Then by (C.1), 71 = @. As o ranges over [r,7], the corresponding

values of 7 lie in the interval {p 7(1;”? P 7(1;”1}

, . The feasible set for m; is then the closed interval

[pi(lrfr)?, pi(lfr)z N[z, 7]. Since the objective r(2m; — 1) is monotone in 7y, its extrema occur at

the endpoints 7 = min{?, M} and m; = max{z, M} Comparing the two arguments

1~

ofﬁl,wehaveMZ? — p>21+7r(T—1) < r <r":=L2=. Thus

]

r(27 — 1), r <r*

bp,r) =
2p—=21—r)z—7r, r>r"

Likewise, comparing the two arguments of m,,

—(1—=—7)F
p-(-r7 T)T§z<:>p§rz+(1—r)?<=>TSl—T*-
-

Therefore,

r(2r — 1), r<1-—r*
w(p,r) =
2p-20—r)7—7r, T>1—-1%

If instead » = 0, the designer’s best-case and worst-case payoffs are identically 0, which is also

consistent with the above expressions. O

The following lemma shows that these best-case and worst-case targeting payoffs define the
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extremal points of the feasible set of (v,v).

Lemma C.2. Fiz an information environment I and a group g € G. Write p := py, T 1= T,
and T := Tq. Also let vy ,(r) = infpeep(r)infoear.pe) Epra)[u(A,Y) | G = g] and vy 4(r) =
SUP pcp(1) SUPee A(1,r,P*) E(p* a) [U(A,Y) | G = g] be the worst- and best-case payoffs conditional on
group g. Then the set of attainable payoff pairs (v ,(7),Vr4(r)) is precisely {(wq(p,7),bye(p,7))

r € [0,1]}.

Proof. Let T';(g,r) denote the set of conditional laws of (A,Y") given G = g generated by feasible
pairs (P*,a). We first show that I'7(g,r) = Il4(p, ). For the inclusion I';(g,r) C Il4(p,r), fix any
feasible pair (P*,a) and let (A,Y) | G = g ~ 7. Then n(A = 1) = r by admissibility, 7(Y = 1) =p
by the definition of P(I), and n(Y =1 | A = a) € [r,7] for each a, whenever this conditional
probability is defined, since A 1L Y | (G,X) and P*(Y =1 | G = g,X = z) € [r,7] for every z.
Thus 7 € II;(p, ), and the induced conditional payoff equals E[u(A,Y)].

Conversely, let 7 € II(p,r). First suppose r € (0,1), so that both conditional probabilities
7Y =1|A=1)and 7(Y = 1| A = 0) are defined. Choose two covariate values z',z2° € X,
assign mass 7 to #1 and mass 1 —r to 2%, set P*(Y =1|G=g, X =2Y)=7(Y =1|A=1) and
PrY=1|G=¢g,X =2 =n(Y =1| A=0), and let the Al treat exactly those individuals
with X = z!. This induces the conditional law 7 of (4,Y) | G = g.

Thus T'(g,7) = Hy(p,r). It follows that vy (r) = infrem,(pr) Ex[u(A,Y)] = wy(p,r), and

p.r
similarly, D7,4(r) = supren, (p,r) Ex[u(A, Y)] = by(p, 7).

It remains to consider the boundary cases r = 0 and r = 1. If » = 0, then any 7 € II,(p,0)
must satisfy A = 0 almost surely and m(Y = 1) = p. Hence II;(p,0) is a singleton. Moreover, the
only relevant 7-constraint is 7(Y = 1| A = 0) = p € [, 7], which holds by construction of the
information environment. This singleton law is feasible: choose any strictly positive distribution of
X conditional on G = g,set P*(Y =1| G =g,X =x) =pforallz € X, and let a(g,x) = 0. Define
the law and allocation rule arbitrarily but admissibly in all other groups. Then (A,Y) | G = g has
exactly the desired law, so I'7(g,0) = II4(p,0). The induced conditional payoff is 0, and therefore
014(0) = T14(0) = 0 = wy(p,0) = by (p,0).

If » = 1, then any 7 € II;(p,1) must satisfy A = 1 almost surely and 7(Y = 1) = p, so again
IT,(p,1) is a singleton. The only relevant T-constraint is (Y =1 | A = 1) = p € [z,7), which
again holds by construction. This law is feasible by choosing any strictly positive distribution of X
conditional on G = g, setting P*(Y =1 |G =g, X = x) = p for all x € X, and letting a(g,z) = 1,
with all other groups defined arbitrarily but admissibly. Thus I'7(g,1) = I4(p,1). The induced
conditional payoff is E[u(A,Y) |G =g =p—(1—-p) =2p—1,s0v;,(1) =01,4(1) =2p—1=

wy(p,1) = by(p,1). Combining the interior and boundary cases proves the claim. O
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C.1.1 Proof of Lemma 3

Part (a): For fixed r, the best-case payoff is by(p,r). Applying Lemma C.1, the map r — by(p, )
increases on [0,7*] and decreases on [r*, 1], so it is maximized at » = r*. Hence T4 < by(p, 7).

Part (b): For fixed r, the worst-case payoff is wy(p, r). By Lemma C.1, the function r — wq(p, )
is piecewise affine, with a single kink at 7 = 1 — r*. Hence its maximum over [0, 1] is attained at
one of the points r € {0,1 — r*,1}. We can directly verify that wy(p,0) =0 and wy(p,1) = 2p — 1.
At the kink 1 — r*, we have wy(p,1 —7*) = (1 —r*)(2r —1). If p < %, then 7 < p < %, SO
wy(p,1 —7*) < 0 = d(p). If instead p > %, then wy(p,1 —r*) < 2p — 1 = d(p) since the second
branch of wy(p, r) is affine on [1 —r*, 1] and reaches the value 2p—1 at r = 1. Hence wy(p,r) < d(p)
for all r, so v, < d(p).

Part (c): If T = 1, then our assumptions 7 > 1/2 > 7 and 7 >p > 7 imply 7 =7 = p = %
Hence every feasible payoff pair equals D, so the diagonal inequality is immediate.

Assume now that 7 < 7 and set b := by(p, 7*), w := wy(p, r*), and d := d(p). We first deal with

the cases in which b = d. This happens whenever r* € {0,1}, or 7 = %, or T = % If r* =0, then

p=1< %, s0b=10b4(p,0) =0=d(p). If r* =1, thenp=7> %, sob=0by(p,1) =2p—1=d(p). If
T= %, then necessarily p < %, and b = by(p,r*) =r*(27—-1)=0=d(p). If = %, then necessarily
p> 1, and

1
b:r*(27'—1):<p 2)(27—1):2p—1:d. (C.3)

= 1
T2

In all of these cases, ¢y =b—d=0,co =d—w >0, and ¢3 = (b—w)d = (d — w)d. So the diagonal
inequality reduces to (d —w)v < (d —w)d. If d —w = 0, this is trivial. If d —w > 0, it is equivalent
to v < d, which follows from part (a) because b = d (by (C.3)).

It remains to consider 7 < % < 7 and r* € (0,1). For each fixed rate r € [0, 1], Lemma C.2
implies that the attainable conditional payoff pair is T'(r) := (W (r), B(r)) := (wy(p,7), bg(p,7)).
Hence every feasible payoff pair lies in the convex hull of I'([0, 1]). It therefore suffices to show that
the whole curve I'([0, 1]) lies weakly below the line through the distrust point D := (d,d) and the
reliance point R := (w,b) = I'(r*).

Define H(v,7) := (b—d)v+ (d — w)v — (b—w)d. Then H = 0 is exactly the line through D and
R. Thus it is enough to show that H(I'(r)) < 0 for all r € [0, 1].

By Lemma C.1, I is piecewise affine with possible kinks only at » = 1 — r* and r = r*. Since
H is linear, the function r — H(I'(r)) is affine on each linear piece of I'. Therefore it is enough to
check the four points r € {0,1 — r*,r* 1}.

At r = r*, we have I'(r*) = R, so H(I'(r*)) = 0. At r = 0, we have I'(0) = (0,0), so
H(I'(0)) = —=(b—w)d <0, because b > w and d > 0. At r =1, we have I'(1) = (2p — 1,2p — 1), so
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H(I'(1)) =(b—w)(2p—1—d) <0, since d = max{0,2p — 1}.

It remains to check r = 1 —r*. If 7* < 1, then on the interval [r*,1 — r*] both W (r) and B(r)
move with slope 27 — 1 by Lemma C.1. Hence I'(r) = R+ (r —r*)(2z — 1)(1,1) for r € [r*, 1 —r*].
Since H(R) = 0, it follows that H(I'(r)) = (r—r*)(2z—1)(b—w) < 0, because r—r* > 0, 21—1 < 0,
and b —w > 0. In particular, H(I'(1 — r*)) <0.

If instead r* > 1, then on the interval [1 — r*,r*] both W (r) and B(r) move with slope 27 — 1.
Hence I'(r) = R+ (r — ) (27 — 1)(1,1) for r € [1 — r*,r*]. Again using H(R) = 0, we obtain
H((r) = (r—r*)(27 —1)(b — w) < 0, because now r —7* < 0,27 —1 >0, and b —w > 0. In
particular, H(I'(1 —r*)) <0.

Thus H(I'(r)) < 0 at every breakpoint of I', and therefore on every linear piece of I". Hence
the entire curve I'([0, 1]), and therefore its convex hull, lies weakly below the line through D and

R. This proves the diagonal constraint.

C.2 Proof of Proposition 2

Since A is chosen as a function of (G,X), A I Y | (G,X),so PY =1| A =1,G = g)
is a convex combination of P(Y = 1 | G = ¢,X = x) over treated individuals, and therefore
7T>PY =1|A=1,G = g) > 7. Suppose either 7 < 1/2 or 7 > 1/2. Then the designer
cannot improve upon the distrust point D, for any preference parameter 7, since if 7 < 1/2 then
PY=1|A=1,G=g)<7<1/2, implying E[u(A,Y) | G = g] <0 = d (where this final equality
follows because 7 < 1/2 implies p < 1/2), and if 7 > 1/2then P(Y =1 | A=1,G=g) > 17> 1/2,
implying E[u(A,Y) | G = g] < 2p—1 = d (where this final equality follows because 7 > 1/2 implies
p>1/2).

Now consider 7 > 1/2 > 7. Lemma 3 confines the feasible set to the intersection of three
halfspaces in the (v,v) plane: {v < b}, {v < d}, and {c1v + 2v < c3}. In particular, every feasible
payoff pair is dominated by some point on the line segment RD. See the shaded region of Figure 7.

The reliance point R = (vg,URr) = (w, b) satisfies g = b and also cjvg + co2Ur = (b — d)w + (d —
w)b = (b —w)d = c3. Thus it is the intersection of the lines ¥ = b and cjv + cov = ¢3. The distrust
point D = (d, d) is the intersection of the lines c;v + ¥ = ¢3 and v = d. Thus every feasible point
is dominated by some point on the line segment RD.

It remains to show that the two endpoints are implementable. To implement the distrust point
D = (d,d), choose r =0 if p < %, andr=11ifp> % The resulting payoff is d(p) in both the best
and worst case.

P17,

To implement the reliance point R = (w, b), choose the rate r = r* := ol By definition of

r*, there is an admissible two-point posterior distribution placing mass r* on 7, and mass 1 — r*
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on 7,. An aligned Al treats the T¢-types first, yielding payoff by(p,r*) = b, while a misaligned Al
treats the 7 -types first, yielding payoff wy(p, 7*) = w. Hence the resulting payoff pair is exactly R.
Ex ante randomization over feasible (I, r) convexifies the attainable payoff set, so every point

on the line segment RD is implementable. Hence RD is the group frontier.

C.3 Constructing the Full Frontier

For each group g € G, let Ry = (wy(pg,775),by(pg, 7)) and Dy = (dg,d,) denote the group reliance
and distrust points. Let Cj, define the set of all feasible payoff pairs for group g. We claim
that the global feasible set is the weighted Minkowski sum of these group feasible sets. To see
this, fix any (/,r) and any (P*,a) where P* € P(I) and a is admissible. For each group g, let
zg = (v,,7y) € Cy denote the group-g worst- and best-case payoff pair induced by (P*,a). Since
payoffs are expectations and P*(G = g) = 14, aggregate payoffs decompose as v;(r) = >_ ¢ 11g v,
and v7(r) = 37 g pg Vg Hence (v;(r),0r(r)) € 3 eg t1g Cg-

Conversely, because both the ambiguity set and the rate constraints are group-specific, any
collection of groupwise feasible payoff pairs can be combined into a globally feasible construction. In
particular, for each g, choose a conditional law of (X,Y") given G = g and an admissible allocation
rule that implements some z, € Cy. Then define a global law by setting P(G = g) = py and
specifying the conditional law of (X,Y") given G = g according to the chosen group-g construction;
define the allocation rule analogously group by group. This produces a globally feasible pair whose

aggregate payoff is exactly > 9e6 Mg Zg- Therefore the global feasible set is

C’T:Z,ugCg:: Zugzg:zgng . (C4)

9g€g geg

We now characterize the Pareto frontier of Cr. Fix n € [0,1] and consider the supporting
functional A, (v,v) :==nv + (1 —n)v. Because C is the weighted Minkowski sum (C.4) and A, is

linear, maximization separates across groups:

Toax Ap(2) = gGZéNg ngneac}‘i, Ay (zg).

As shown in Section C.2, the frontier for group g is the line segment F, := R;D,. Thus A,
attains its maximum on F, at an endpoint, either R, or Dy (with ties yielding the whole segment).

The reliance point R, is weakly preferred to the distrust point D, if and only if

nwy(pg, 7";) +(1-mn) bg(pgﬂ“;) 2 dg.
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Whenever Ry # Dy, this is equivalent to
_ bg(Pgﬂ";) - dg

wg(pg,rz) —dyg

Order groups as gy, ..., gn so that A(g1) < A(ge) < -+ < A(gyp). For each k = 0,1,...,n, let
Gr:={g1,---,9r}, with the convention Gy = &, and define

P = Z fg Ry + Z fig Dy

gEGk g¢Gk

Thus P(® = D and P(® = R.

For any fixed 7, the maximizing choice in each group is determined by the inequality —% >

A(g). Hence there exists some k(1)) € {0, ...,n} such that the maximizer of A, is the point P(*:(7)
when the inequality is strict for all groups, or otherwise the line segment between two consecutive
partial-reliance points.

As 7 decreases, the threshold —n/(1 —n) increases, so groups enter the reliance set in the order

g1,92, - - - gn. Therefore the supported points of C; trace exactly the chain DP() UPMP@ U. ..U

P(=1R. Since C; is compact and convex, every Pareto-undominated boundary point is supported

by some linear functional A,. Hence the risk-reward frontier is exactly Fr = DP)UPMPRIU- ..U
P(n—DR, as claimed.
D Proof of Proposition 3

We prove the following stronger result, which implies Proposition 3.

Proposition D.1. For any preference parameter n € [0,1] and any group g with p := pg, an

optimal choice of T = (1,7) := (1,,T4) for this group is:

Case 1: p < 1/2. Define n(p) := 1%‘” < s =:7(p) and let

°(n) =1~ TS v € [n(p),n(p))-

Then an optimal choice of T is

(0,1) if n < n(p)
) =4 (z°1) ifn(p) <n<7(p)
(p, 1) ifn(p) <n

and this solution is unique for n < 7(p).
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Case 2: p>1/2. Definen(p) =% < % =:7(p) and let

—~ [P _
=\ 2 vn € [n(p),1(p))
Then an optimal choice of T is
(0,1) if n <n(p)
() =9 (0,7°) ifn(p) <n <7(p)
(0,p) ifnlp) <n

and this solution is unique for n < 7(p).

Case 3: p=1/2. Both solutions in cases 1 and 2 are optimal.

Proof. Because 7, is chosen independently across groups and the designer’s objective nv+ (1 —7)v
is additive across groups (with fixed weights 1), it suffices to solve for the optimal choice of 7 := 7,
in an arbitrary group g with fixed p := p,.

Recall from Theorem 1 that for a fixed 7, the group frontier is the line segment between
the distrust point D = ((2p — 1)+, (2p — 1)4), where (z)4 = max{0,z}. and the reliance point
Ry(7) = (w(7),b(T)) where

T
o (22)- -1 if 22 <1/2
w(T) = - -

2p T)+<%).(2?_1) if 22 > 1/2.

We prove the p < 1/2 case. Here the distrust point D = (0,0) yields a payoff of zero, which the
designer can implement by setting either 7 = p or p = 7 (or both). Thus the designer’s optimal
value is obtained by maximizing the payoff at the reliance point, Ug(7) = nw(7) + (1 —n)b(7). and

then truncating below at zero. As in the main text, define

T—T

Since 7 < p < %, we have 27 — 1 < 0. Moreover, it is without loss to restrict to 7 > 1/2, since by
Proposition 2 the choice of 7 < 1/2 yields the distrust point.
We prove in Online Appendix OA.2 that r* < 3 (equivalently, p < (1 + 7)/2). Thus w(r) =

r*(2r — 1) and b(7) = r*(27 — 1). Using p = (1 — 7*)7 + 7*T, we can rewrite

b(r)=r"27—-1)=2(p—1)+r"(2r — 1),
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hence
Ur(r) =nw(r) + (1 =n)b(r) =2(1 = n)(p —7) + (22 - 1).

For fixed 7 < 1/2, this expression is strictly increasing in 7; thus any nondegenerate reliance

optimum sets 7 = 1. The problem then reduces to maximizing

Ur(r,1) =2(1 =n)(p—1) + ]1? i(2z— 1) = ii —2n(p — 1)

over T € [0,p]. This objective is strictly concave in 7 with derivative

d 1—p
—Ug(1,1)=2n— —.
dI R(Z ) n (1 — I)Q
Hence the unique maximizer is
.
0, n< 52,
1
\p7 n Z m=
The corresponding payoff is
p(1 - 2n), n <132,
* 2 —
Ur=4(1—v2n(1—p)°, H2<n< ) (D.2)
1
0 2 o

The argument for p > 1/2 is symmetric, with the roles of 7 and 7 exchanged. With p > 1/2, the

designer optimally sets 7% = 0 throughout and

p
L n<5%,
7*_ 1
- %7 §<n<@7
1
P, n> o

E Proof of Theorem 2

The proof characterizes the slope of each group g frontier when 7, is optimally chosen, and uses
this to show that ordering groups by this slope is equivalent to ordering them by [p, — 1/2|. It
then shows that each designer’s reliance set consists of the first groups in this ordering, where the

number of groups is decreasing in 7.
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Corollary E.1. Fiz any preference parameter n and group g. Let 74(n) be as given in Proposition

D.1. Define 64 = |pg — 1/2|, n,= 1+4269, and 7, =

71+1259' Then the slope of the group frontier line

segment RyDy is
(a) A(Qﬂ?) =-1 an < ﬂg’
(b) Alg,n) = —fr if m, <0 <7y,
1—‘/79 9
(¢) A(g,m) =0 (corresponding to a degenerate line segment) if 7, < 1.

Proof. Suppose p < 1/2. By Proposition D.1, there exist 0 < n, < My < 1 such that for n < n,
the designer optimally chooses (7*(n),7*(n)) = (0,1), so Ry = (—p,p) and the distrust point is
Dy = (0,0), with slope —1, yielding Part (a). When n, < 7n < 7, then the designer optimally

chooses (7(n),7(n)) = (1 — \/12;7]”, 1) so the reliance point is R, = ((f:g) (27° — 1), ’f:gj) while

the distrust point is D = (0,0). (Recall from Proposition D.1 that 7° =1 — 1/12;717).) So the slope is

1 1 1

210—1_1_ 2(17p)_1_ 1120,
n V "7

using p < % in the final equality. This yields Part (b). When 1 > 7, then the designer optimally

chooses (7(n),7(n)) = (p, 1) so Ry = Dy = (0,0), yielding Part (c).

The arguments for p > % are similar. Specifically, if n < Ny Proposition D.1 implies that

the designer optimally chooses (7(n),7(n)) = (0,1), so Ry = (w(p),b(p)) = (3p — 2,p) while
Dy = (d(p),d(p)) = (2p — 1,2p — 1). Hence A(g,n) = —1, as stated in Part (a).

Now suppose n, <1<y By Proposition D.1, an optimal choice is (7(n),7(n)) = (0,7°), where
70 = 2%. Let r* := % = £ Since p > § and 7° < 1 in this region, we have r* > 3. Applying

Lemma C.1 yields a reliance point of R, = (2(p — 7°) + 7*(27° — 1),7*(27° — 1)) and distrust point
of D= (2p—1,2p— 1), so the slope is

T 1 1
1—27° 23 ’
1= 7 1— /5 (1+25,)

where we use p > % in the final equality. This proves part (b).

Finally, if » > 7,, then Proposition D.1 implies that an optimal choice is (z(n),7(n)) = (0,p).
Since T = p, the definition of the group reliance point gives R, = D,. Thus the line segment is

degenerate, proving part (c). ]

We now use Corollary E.1 to complete the proof. First we show that there exists a cutoff index

T'(n) such that the reliance set of the designer with preference parameter 7 is simply the first 7'(n)
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groups in the ordering by §, = [p; — 1/2|. To do this, we show that
0g =lpg —1/2| < lpg = 1/2| =0y = Alg,n) < Alg',n). (E.1)

Fix 7 and consider two groups g,¢" with d, < dy. We claim A(g,n) < A(g’,n). Suppose
n<n, Then n < Ny a8 well because n, is increasing in d,. Hence A(g,n) = A(¢’,n) = —1. Next
suppose n > 0, There are several cases to consider. If also n > 7,, then it must be that n > 7,
because 7], is decreasing in dg. So Ay = 0 = Ay and we are done. If n <7, and n > 7,/ then
A(g',n) =0= A(g,n).

It remains to consider n, <n<7,andn <7ny,. When up < n <7, then each group g’s frontier
1
1—,/%(1+259)
When instead n < Ny then A(g,n) < —1 = A(g’,n). This proves (E.1).

has slope Ay = . This expression is strictly increasing in d,4, so A(g,n) < A(¢',n).

Order groups as ¢V, ..., g9 such that 0g() S g2y < -+ < g0 - By (E.1), the corresponding
slopes satisfy A(g™M),n) < A(g®,n) <--- < A(g(9D p). Recall that

Alg,m) < ——1— (E.2)

L—=n

is the condition that the optimal point is R,(n) rather than D,. Thus there exists T'(n) €
{0,1,...,|G|} such that the set of indices for which (E.2) holds are those satisfying j < T'(n).
Equivalently, the optimizer selects R ;) (n) for j < T'(n) and selects D ;) for j > T'(n). Because A,
decomposes additively over the weighted Minkowski sum of group frontiers, the global maximizer
is obtained by choosing the optimal endpoint in each group.

It remains to argue that 7'(n) is monotone in 7. We will show that (E.2) holds exactly when
n <7, (with equality corresponding to the degenerate case Ry = D). If n < U then A(g,n) = —1,
and since n, < 1/2, we have —1 < —n/(1 —n). If n, <1 <7y then by the corollary

1

1— /(1 424)

A(g,n) =

and a direct rearrangement shows that

1
1+ 20,

=1,

n
A(g,n) < T, T s
-7

If n > 7,, then Ry = D,. Hence the optimizer selects R iff n <7, and selects D, otherwise. That
is, the reliance set is {g : n < ﬁg}. Increasing 1 can only remove groups from that set. Therefore
T'(n) is weakly decreasing in 7.

Finally, when 7 = 0 then T'(0) = |G| (since then n < 7, for every g) and when 1 = 1 then
T'(1) = 0 (since then n > 7, for every g). This concludes the proof.
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F Proof of Theorem 3

Let K := co(lJ, C(7)), where C(T) is the feasible set given fixed success-probability bounds 7.
The risk-reward frontier is the Pareto frontier of K. We show that this frontier is also the Pareto
frontier of the closed convex hull of S := {P*(n) : n € (0,1)}.

For each n € (0, 1), define the linear functional A, (v,?) := nu+(1—n)v. Fix any n. Proposition 3
determines an optimal choice 7*(n), and Theorem 1 applied to 7*(n) shows that the optimal
partial-reliance point P*(n) maximizes A, over the feasible set C'(7*(n)). Since 7*(n) was chosen
to maximize A, (v,?) over all T, it follows that P*(n) also maximizes A, over the full feasible set
and hence over K. Therefore max,cx Ay(2) = Ay (P*(n)).

Since S C K and P*(n) € S, the point P*(n) also attains the maximum of A, over S. Thus

ma Ay (2) = Ay (P* (1)) = max Ay (2)

A linear functional has the same maximum on a set as on its closed convex hull, so for every
n € (0,1), max,ex Ay(2) = max,cqg(s) Ay(2). Thus K and €6(S) have the same supporting lines in
every nonnegative direction.

Finally, the Pareto frontier of any closed convex subset of R? is exactly the union of the
faces supported by nonnegative linear functionals. Hence K and ¢o(S) have the same Pareto
frontier. This proves that the risk-reward frontier is the set of Pareto-undominated points in

co({P*(n) : n € (0,1)}), as claimed.
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Online Appendix

OA.1 Proof of Proposition 4

Fix 7. Consider a fixed group g and write p := py, 7 := 7, and 7 := T,4. Let ¢ = (¢(2))zex

g’
be a designer-chosen marginal distribution for X in this group, and let a : X — [0,1] be an
allocation rule satisfying ) q(x)a(z) = r. For this fixed ¢ and a, Nature chooses conditional
success probabilities m(z) := P(Y =1 | G = ¢g,X = x) subject to m(x) € [1,7] Vx € X, and

erx q(x)m(zx) = p. Define

and

Wy(a) == i7r711f Z q(z)a(z)(2m(z) — 1),
rzeX

where the supremum and infimum are over all such posterior vectors m. For this fixed marginal ¢
and rate 7, write vUy(r) := sup, By(a) and v,(r) := inf, Wy(a), where the supremum and infimum
are over allocation rules a satisfying > . q(z)a(x) = 7.

We claim that for every admissible a,

(We(a), B4(a)) € co{ (wg(p, 5),bg(p,s)) : s €0, 1]} (OA.1.1)

To prove this, let p := 2= € [0,1]. For the best case, write m(z) = 7 + (T — 7)z(z) with z(z) €
[0,1]. Then the mean constraint becomes > . q(z)z(z) = p, and maximizing B,(a) is equivalent to
maximizing Y, q(z)a(z)z(x) over z(-) € [0,1]" subject to the same mean constraint.

Since X is finite and the feasible set is compact, a maximizer exists. Moreover, this maximizer
must put z-mass on higher-allocation states before lower-allocation states. To see this, suppose
towards contradiction that a(z) > a(y) and, for a feasible z, we have z(z) < 1 and z(y) > 0 with
q(x),q(y) > 0. Let

e <minfq(z)(1 - 2(x)), q(y)2(y)}

be positive, and define Z by increasing z(x) by €/q(z), decreasing z(y) by £/q(y), and leaving all
other coordinates unchanged. Then Z € [0, 1]* and

while the objective changes by

> a(w)a(u)

u u
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Thus z was not a maximizer. Coordinates with g(z) = 0 do not affect either the constraint or the

objective and may be assigned arbitrarily. It follows that there is a cutoff ¢ such that z(z) = 1 if
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a(xz) > cand z(z) = 0 if a(z) < ¢, with values on {z : a(z) = c} chosen to satisfy ) q(x)z(z) = p.
Now define
E,:={zx e X:a(x)>t}

and s(t) := ", cp, q(x). Since a(x) € [0, 1],

1
a(x) = /0 {a(z) >t} dt.

The cutoff form implies the needed nested-set identity. If ¢ > ¢, then E; contains only states with
a(x) > ¢, s0 z(x) =1 on E; and s(t) < p. If t < ¢, then E; contains every state with z(z) > 0, so
the gz-mass in E} is the full mass p and s(t) > p. Therefore, for every t € [0, 1],

> a(@)z(x) = min{s(t), p}.

zeFEy

Consequently

By(a) = /0 Z q(z)(2m(z) — 1) dt

zeFEy

1

= [ sz = 1)+ 27 = 2y mins(e) p}
1

- [ wtwsnan

where the last equality uses the formula for b, in Lemma C.1.

For the worst case, again write m(z) = 7+ (7—71)z(z) and set y(x) := 1—z(x). Then minimizing
W,(a) is equivalent to maximizing Y q(x)a(x)y(x) subject to y(x) € [0,1] and > ¢(z)y(z) = 1—p.
The corresponding cutoff property follows from the same mass shift. If a(z) > a(2), y(z) < 1,
y(a’) > 0, and ¢(z), g(z") > 0, shift a positive amount

e < min{g(z)(1 — y(x)), q(=z")y(z")}

of gy-mass from ' to x. This preserves ) ¢(x)y(z) and changes the objective by e{a(z) —a(z)} >
0. Hence, on positive-q states, no maximizer can put positive y-mass on a lower-allocation state
while a higher-allocation state has y below one. Therefore there is a cutoff d such that y(z) =1 if
a(z) > d, and y(x) = 0 if a(x) < d, with values on {z : a(x) = d} chosen to satisfy > q(z)y(z) =
1 — p. As above, if t > d, then E; contains only states with y(z) = 1 and s(t) <1 — p; if ¢t < d,
then F; contains all states with positive y-mass and the gy-mass in F; is 1 — p. Consequently, for
every t,

> q(z)y(z) = min{s(t),1 - p}.

rEFE}
Hence

S qla)z(a) = s(t) — min{s(t), 1 - p} = (s(t) + p— 1) ,

IEEEt
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and therefore

zeEy

1
Wola)= | > qlx)(2m(z) — 1) dt
0
1

_/’F@@T_n+2@—fxqo+p—qut

0

1
- / wy(p, s(1)) dt.
0

again by Lemma C.1. This proves (OA.1.1).
Now let a™ be an allocation rule attaining the best-case payoff under the chosen ¢, so 7,(r) =

By(a™). The worst-case payoff under the same marginal ¢ is
v, (r) = inf W(a) < W(a™).
By (OA.1.1), the point (Wy(a™), By(a't)) lies in the baseline convex hull

co{(wg(p, s),bg(p,s)) : s € [0, 1]}

It has the same best-case coordinate as (gq(r),@q(r)) and a weakly larger worst-case coordinate.
Hence every payoff pair generated by a designer-chosen marginal ¢ is weakly dominated by a point
in the baseline group feasible set. So designer control of ¢ cannot create a new Pareto-undominated
group payoff outside the baseline frontier.

Conversely, every point in the baseline group feasible set remains attainable when the designer
chooses ¢q. Fix any s € [0,1]. If s € (0,1), choose distinct covariate values x',2° € X and set
q(z') = s, ¢(2°) =1 — s, and g(z) = 0 for all other x. Choose treatment rate r = s, and let the Al

1

treat exactly those individuals with X = x*. Then, exactly as in the reverse inclusion in Lemma

C.2, any joint law 7w € II,(p, s) can be implemented by setting
PY=1|G=g,X=2z")
PY =1|G=gX =2

Ay =1]A=1),
(Y =1]A=0).

Therefore the best- and worst-case payoffs under this designer-chosen marginal are (wg (p,s),by(p, s)) .
If instead s € {0, 1}, the same endpoint payoff pair is attained by any marginal ¢ together with the
corresponding constant action, exactly as in the boundary cases of Lemma C.2. Ex ante random-

ization then yields the entire convex hull

co{(wg(p7 s),bg(p,s)) : s € [0, 1]}

So the single-group feasible set with designer-chosen marginals coincides with the baseline one.
Finally, return to the full model with arbitrary G. Because the choice of g, and the treatment-
rate constraint are both group-specific, the same decomposition as in (C.4) applies: the aggregate

feasible set is the weighted Minkowski sum of the group feasible sets. Since those group feasible
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sets are unchanged for every g, the aggregate feasible set is still Cr. Its Pareto frontier is therefore

still £, proving the proposition.

OA.2 Completion of Proof of Proposition 3

Call the case r* < 3 analyzed above Regime (A). Consider now a second Regime (B): r* > 1

2
(equivalently p > T+T) We will show that the designer never chooses a (7,7) in this regime. By

assumption, 7 > 5, in which case we have

Ur(t) = nw(r) + (1 —n)b(r) = b(7) — 2n(F — p) = 7" (27 — 1) — 2n(7 — p),
Since Or* /0T = (p —7)/(T — 7)?, it follows that
OUgr _ p—T
or T T EI2

Therefore, for any fixed 7 the objective is maximized at 7 = 0.

With 7 = 0, the condition r* > % becomes p/T > %, i.e. T < 2p. Hence Regime (B) reduces
to choosing 7 € [p,2p] to maximize Ur(0,7) = (27 — 1) — 2n(7 — p) = 2p(1 + 1) — (% + 277?).
Because the sum of two non-negative numbers is at least twice their geometric mean, 2 4-2n7 >

2,/2-2n7T = 2,/2np. Equality holds if and only if the two terms are equal, that is, when 2 = 27,
or equivalently 7 = | /2%. Accounting for the constraint 7 € [p, 2p] yields

2p(1—n) - 3, < 5
Up = 2p(1+n) —2v/21p, g <1< g,
0, N2 9
where we use that 7 = /p/(2n) is feasible only when p < | / <2p <= g; <0 < 55 The last

line corresponds to the boundary choice 7 = p, which yields the distrust pomt.

We compare this to the Regime A value from (D.2).
Case 1: n< 5 Then U} — UEZp(l—2n)—<2p(1—n)—%):%—pZO.

2(1 oy Here Uy, = 2p(1 +n) — 2y/2np. Moreover, for p < 3, % > 1;2”, with
equality only at p = 5. Hence throughout the present region (except possibly at the single boundary

Case 2: <77<

point p = %, n= i) we are necessarily in the second branch of U}, namely U} = (1 —+/2n(1 — p))Z.

Therefore

Ui — U = (1= /2n(1—p))* = (2p(1 + 1) — 2v/21p)

= (1= 2p)(1 +20) — 2¢/20 (T=p -
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Since p € [0, 3] implies /T —p — \/p < 1 — 2p, we obtain
Ui —Up > (1-2p)(1+2n—2y2n) = (1 - 2p)(v/2n - 1)* > 0.

At the boundary point p = %, n= %, both expressions equal 0, so the same conclusion holds there

as well.
Case 3: ( ) <n< 1 . In thls region, U} = 0. We show that the truncated Regime B value is
also 0. If p 2 , then 577—— > so throughout Case 3 the Regime B interior solution is feasible,

2(1 p) 8p
and Uj; = 2p(1 +n) — 24/2np. Moreover, %Ug =2p— %p <0 forn < %. Thus Uy is weakly

1 1
2(1-p)’ 2p
Uz < 0. Hence Ug < 0 throughout Case 3.

1 1 1 1 1
pr < 5 then m < 87])’ m,%}, we have

U§:2p(1—7})—7 Since n > 5 ( o) > 0 and p < 1/5 by assumption, Uj < 2p — 2<0. For

c 1 1
n 8p 2|’

we have U, = 2p(1 +n) — 24/2np. This is weakly decreasing in 1 on [

decreasing on [ } By continuity and the argument from Case 2, at n = ﬁ we have

so Case 3 splits into two parts. For n € [

Moreover, at 7 = &

8p’2] 8p’

1 / 1 1 3
Ug=2p(14+—|—2¢/2p-— =2 - —1=2p—- - <0.
B p( +8p> p 8p p—|-4 P 1

Hence Up < 0 throughout this interval as well.
Therefore the Regime B payoff is non-positive in Case 3, so after truncation its value is 0. Hence
Uy=Ug=0.
. 1 _ _
Case 4: N2 55 Then U} = Up = 0. O

Thus the best payoff in Regime A is weakly higher than the best payoff in Regime B for every

7, and the overall solution is the one given in (D.1).



