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Abstract

We propose a definition of perfect Bayesian equilibrium in extensive-form games

that is consistent with a common conditional probability system on terminal nodes:

conditional probability perfect Bayesian equilibrium (CPPBE). In a CPPBE, players (i)

are sequentially rational, (ii) apply Bayes’ rule both on and off path, and (iii) are free

to form any common belief after zero-probability events. In particular, players may

believe that past trembles are correlated. CPPBE refines subgame perfect equilibrium

and weak perfect Bayesian equilibrium, but does not require “no-signaling-what-you-

don’t-know.” We show that consistency with a conditional probability system is equiv-

alent to consistency with ranked probabilities, which express both probabilities and

lexicographic degrees of disbelief. This result provides a simple alternative character-

ization of CPPBE that is directly expressed by conditions on decision nodes and does

not require explicitly calculating a conditional probability system.
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1 Introduction

Game theorists have proposed several different notions of perfect Bayesian equilibrium

(PBE) in extensive-form games. These all agree in requiring sequential rationality: players

choose optimally at every information set, given their beliefs. They also all agree that

beliefs should be updated by Bayes’ rule along the equilibrium path of play. But they

involve very different consistency conditions on beliefs at off-path information sets.

Kreps and Wilson (1982) impose a strong consistency condition, which requires play-

ers to attribute zero-probability events to mistakes—or trembles—that are independent

across information sets. In their sequential equilibrium concept, beliefs are derived by

Bayes’ rule from a sequence of positive, vanishing tremble probabilities. While sequen-

tial equilibrium is extremely influential and widely applied, the requirement that beliefs

are derived from a sequence of independent trembles can make this solution concept

both unduly restrictive (as the motivation for independence is unclear) and hard to work

with (as it can be difficult to determine whether such a sequence exists) (Fudenberg and

Tirole, 1991; Battigalli, 1996; Watson, 2025b).1 Nonetheless, some consistency condition

on off-path beliefs is necessary: the weakest version of PBE (weak PBE), which places no

restriction on off-path beliefs, has little bite beyond Nash equilibrium, and in particular

does not imply subgame perfection (Myerson, 1991; Mas-Colell et al., 1995).

The current paper proposes that a general, tractable notion of perfect Bayesian equilib-

rium requires only that the players’ beliefs are consistent with the existence of a common

conditional probability system (CPS): an array of conditional probabilities on terminal

nodes linked by a consistency condition. We call the resulting solution concept condi-

tional probability perfect Bayesian equilibrium (CPPBE). In a CPPBE, players update their

beliefs using Bayes’ rule after positive-probability events, both on- and off-path, but can

form any belief after zero-probability events. In particular, players may believe that past

trembles are correlated. We suggest that this solution concept offers a useful balance of re-

strictiveness (implying subgame perfection and weak PBE), flexibility regarding off-path

beliefs (relaxing the independence requirement of sequential equilibrium), and tractabil-

ity (admitting a simple characterization, discussed below).

In addition to our main definition of CPPBE based on CPS’s, we provide two equivalent

definitions which do not directly involve CPS’s. First, a CPPBE is a sequentially rational

assessment satisfying a consistency condition in the spirit of Kreps and Wilson (1982),

but allowing correlated trembles. (Hence, CPPBE is more permissive than sequential
1 Recent papers on constructing sequential equilibria include Dilmé (2024) and Watson (2025a).
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equilibrium.) Second, a CPPBE is a sequentially rational assessment where beliefs are

derived from ranked probabilities on nodes, where a ranked probability (rx,px) specifies

both the discrete degree of disbelief rx ∈ N≥0 that node x will be reached and the proba-

bility px ∈ (0,1] of reaching node x conditional on excluding theories of play with lower

degrees of disbelief. The latter definition provides a simpler and more tractable charac-

terization of CPPBE, as a ranked probability just consists of a pair of numbers (rx,px) for

each node. Establishing the validity of this characterization is our main result.

Allowing correlated trembles is appropriate in settings where players may not view oth-

ers’ deviations as independent. For instance, upon arriving at an off-path information set,

players may entertain the possibility of unmodeled communication between their oppo-

nents, or unmodeled correlated shocks.2 Consider, for example, the following game:

Figure 1: Investment game.

Here, three firms (I = {A,B,C}) must choose between investing (ai = in) or not (ai = out).

Each firm gets a profit
∑

i∈I 1ai=in − 3/2 from investing, and 0 from not investing. The

timing is that firms A and B (the “upstream market”) simultaneously choose whether

to invest or not, while C observes B’s choice before acting. Suppose that in equilibrium

all three firms invest, but C observes B not investing. In any sequential equilibrium, C

2 If players attribute deviations to unmodeled shocks, one may ask whether these shocks can also affect
other players’ future play. In CPPBE, they cannot: players always believe their opponents will play their
equilibrium strategies in the future. In contrast, Fudenberg et al. (1988) study equilibria where they can.
The resulting solution concept is very permissive, and in particular does not refine subgame perfection.
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continues to believe that A invested, and thus C chooses to invest as well. However, in a

CPPBE, C can believe that if B deviated by not investing, then A may have done the same.

For instance, C may suspect that a surprise shock has hit the upstream market, affecting

both A’s and B’s decision. In this case, C may not invest after seeing B deviate.

Several related solution concepts lie in between weak PBE and sequential equilibrium,

including almost PBE (Mailath, 2025), plain PBE (Watson, 2025b), and PBE satisfying no-

signaling-what-you-don’t-know (NSWYDK) (Fudenberg and Tirole, 1991) and strategic in-

dependence (Battigalli, 1996). In addition, Doval and Ely (2020) formulate a notion of PBE

consistent with a CPS over strategy profiles (rather than terminal nodes), which we show

is equivalent to CPPBE. Most of these concepts are ordered by strict inclusion, as shown in

Figure 2.3 The restrictions imposed by these solution concepts rule out different kinds of

correlation in trembles. For example, NSWYDK implies that player i cannot view player

j’s trembles as correlated with information that neither i nor j hold, while strategic inde-

pendence further implies that player i cannot view player j’s trembles as correlated with

information that only i holds.4

Figure 2: Equilibria based on backward induction ordered by strict inclusion.

3 The exception is plain PBE, which is non-nested with CPPBE, as shown in Appendix B. Of the strict
inclusions shown in Figure 2, the first and second are shown by Battigalli (1996), the third is shown by
our Theorem 2 and Observation 1, the fourth is shown by Doval and Ely (2020), and the last is shown
by Mailath (2025). We also show that CPPBE and almost PBE coincide in multistage games with observed
actions (Proposition 2)

4 For example, modify the game in Figure 1 by assuming that B has three actions: not invest (aB = out),
low investment (aB = l), and high investment (aB = h), and suppose that in equilibrium aA = aB = out.
Suppose also that A and B move simultaneously snd that C observes A’s action and whether B has invested
or not, but not the level of B’s investment. Then, if B deviates, NSWYDK allows C to believe that B’s action
was correlated with A’s, even if B has not observed it, while strategic independence does not. (See Battigalli
(1996) for a similar example.)
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The various solution concepts in Figure 2 can be more or less suited to different appli-

cations, depending on the tractability of applying them and the reasonableness of the

implied belief restrictions. However, we believe CPPBE is a natural benchmark, for a

couple reasons. First, it imposes no belief restrictions beyond consistency with a CPS,

which in turn is implied by the PBE refinements most used in applications to date, such

as NSWYDK and sequential equilibrium. Second, CPPBE is intuitively the weakest pos-

sible equilibrium concept consistent with sequential rationality and backward induction

where Bayes’ rule is always applied after positive-probability events.5

Sugaya and Wolitzky (2021) previously introduced CPPBE in multi-stage games with

mediated communication, as a formalization of the non-cooperative solution concept im-

plicit in Myerson (1986). However, their definition is complicated by issues specific to

mediated games, such as the need to specify the set of possible messages from the medi-

ator (the “mediation range”) as part of the equilibrium. Sugaya and Wolitzky (2021) es-

tablish a revelation principle for CPPBE, but do not analyze general properties of CPPBE

or relate it to other PBE notions in unmediated extensive-form games.

Our characterization of CPPBE in terms of ranked probabilities is reminiscent of prior

results that establish equivalences between CPS’s and lexicographic probability systems

(Blume et al., 1991a,b; Hammond, 1994; Halpern, 2010). However, in contrast to our

characterization, these results connect CPS’s and lexicographic probability systems de-

fined on the same domain, and they do not characterize when an assessment is consistent

with a conditional or lexicographic probability system. We are not aware of prior work

that uses our formulation of ranked probabilities, although it is easy to see that there is

an equivalence between ranked probabilities and lexicographic conditional probability

systems as defined by Blume et al. (1991a). Our formulation can also be viewed as com-

bining a ranking function expressing degrees of disbelief in the spirit of Spohn (1988)

together with conditional probabilities.

The rest of the paper is organized as follows. Section 2 introduces CPPBE, its properties,

and its relation to sequential equilibrium, weak PBE, and subgame perfection. Section 3

presents our main result, which provides a practical characterization of CPPBE based

on ranked probabilities rather than CPS’s. Section 4 shows that is equivalent to define

CPPBE via a CPS over either terminal nodes or strategy profiles. Finally, Section 5 relates

5 This observation can be formalized, building on Catonini and Penta (2025). In particular, it can be
shown that their “backwards rationalizability” concept together with a common prior is equivalent to a
correlated equilibrium version of CPPBE. We have opted not to include this result in the current paper
because the connection is somewhat tenuous, as Catonini and Penta focus on games with observable actions
and we do not allow correlating devices.
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CPPBE to NSWYDK and almost PBE, while the relationship with plain PBE is explained

in Appendix B.

2 Equilibrium Concept

2.1 Model

We consider extensive-form games of perfect recall with a finite number of players (i ∈ I)

and a finite number of nodes (x ∈ X).6 We do not explicitly introduce Nature, but it can

be easily included as an additional player with singleton information sets.

Let ≻ and ⪰ denote respectively the strict and weak successor relation on X, and ≻0 the

direct successor relation. As usual, Z ⊆ X is the set of terminal nodes, ∅ the initial history,

and H the partition of X \Z representing the information set of the agent active at each

node. Let A(h) denote the set of available actions at information set h, and fix payoffs

(ui : Z→R)i∈I .

Strategies and beliefs are defined as usual. For each agent i, a behavior strategy βi is a

function mapping each h where i is active into a distribution over A(h). Call Bi the set of

all βi , and let B := ×i∈IBi . We write β(·|h) to represent βi(·|h) when i is active at h. Similarly,

a pure strategy si maps each h where i is active into an element ofA(h); Si is the set of all

si ; and S := ×i∈ISi .

A system of beliefs is a function µ0 mapping each h into a distribution over its nodes.

We mostly follow the standard approach of assuming that all agents’ beliefs come from

the same system µ0. However, this homogeneous beliefs assumption plays only a minor

role in our analysis (in particular, it simplifies notation), and we explain how to relax it

in Section 2.4.

For any node x, we call h(x) the information set containing x, S(x) the set of strategy pro-

files consistent with reaching x on path, and Z(x) the set of terminal nodes that succeed

x (with the convention that Z(x) = {x} if x ∈ Z). With a slight abuse of notation, for any

Y ⊆ X, we call S(Y ) :=
⋃

x∈Y S(x) and Z(Y ) :=
⋃

x∈Y Z(x). Moreover, we call P β(·|x) the

probability induced by β on X.7

6 The definition of CPPBE extends straightforwardly to infinite games, but equilibrium existence be-
comes a subtle issue, as for any refinement of subgame perfection (Harris et al., 1995).

7 Given y,y′ ∈ X with y ≺0 y′ , let ay,y′ ∈ A(h(y)) be the action leading from y to y′ . For any sequence
x ≺0 x1 ≺0 . . . ≺0 xm ≺0 x′ in X, define P β(x′ |x) := β(ax,x1

|h(x)) . . .β(axm,x′ |h(xm)).
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2.2 Solution Concept

In any PBE concept, the first requirement for an assessment (β,µ0) to be an equilibrium is

sequential rationality. For any node x, let V β(x) = (V β
i (x))i∈I be the vector of continuation

values when β is played from x onward. An assessment (β,µ0) is sequentially rational at

information set h with active player i if∑
x∈h

µ0(x|h)V β
i (x) ≥

∑
x∈h

µ0(x|h)V
(β′i ,β−i )
i (x) for all β′i ∈ Bi .

Then, (β,µ0) is sequentially rational if it is sequentially rational at any h ∈H .

The second equilibrium requirement is a form of consistency between the strategy pro-

file β and the belief system µ0. Our consistency notion refers to conditional probabil-

ity systems (CPS’s) (Rényi, 1955; Myerson, 1986). Given a finite set Ω, a CPS on Ω is

a function µ : 2Ω × 2Ω \ {∅} → [0,1] such that, for any A,B,C ⊆ Ω with C , ∅, we have (i)

µ(C|C) = µ(Ω|C) = 1; (ii) if A∩B = ∅ then µ(A∪B|C) = µ(A|C)+µ(B|C); and (iii) if A ⊆ B ⊆ C

and B , ∅, then µ(A|B) ·µ(B|C) = µ(A|C). Condition (iii) is often called the chain rule.

Our consistency notion is as follows.

Definition 1. An assessment (β,µ0) is consistent with a CPS µ on Z if

(1) for any h ∈H and x ∈ h,

µ0(x|h) = µ(Z(x)|Z(h)), and

(2) for any x, x′ ∈ X with x ≺ x′,

µ0(x|h(x)) > 0 =⇒ µ(Z(x′)|Z(x)) = P β(x′ |x).

In words, point (1) requires that the belief system µ0 is consistent with the CPS µ, and

point (2) requires that µ is consistent with the strategy profile β, starting from any node

with positive conditional probability.

Our solution concept is defined as follows.

Definition 2. An assessment (β,µ0) is a conditional probability perfect Bayesian equilib-

rium (CPPBE) if it is sequentially rational and consistent with a CPS on Z.

The idea of requiring an assessment to be consistent with a CPS on Z—as in point (1) of
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Definition 1—is due to Fudenberg and Tirole (1991). Following Myerson (1986), Sugaya

and Wolitzky (2021) introduce CPPBE in the context of multi-stage games with mediated

communication, which requires a more intricate definition.

For an illustration of CPPBE, consider the investment game in Figure 1. Sequential ratio-

nality implies that any CPPBE (β,µ0) has β(in|hC) = 1, since investing is strictly dominant

for C once B has invested, and β(in|∅) = β(in|hB) = 1, by backward induction. By the

definition, this implies µ0(xB|hB) = µ0(xC |hC) = 1. Sequential rationality also implies that

β(in|h′C) = 1 if and only if µ0(x′C |h
′
C) ≥ 1/2, since after seeing B deviate, C invests only

if she assigns probability at least 1/2 to A having invested. However, CPPBE places no

restriction on C’s beliefs at h′C .8 Thus, in a CPPBE, firm C can form any off-path belief,

including one that justifies not investing after B deviates.

2.3 Definition via Trembles and Basic Properties

CPPBE can be equivalently defined using Myerson’s (1986) characterization of CPS’s.

Myerson shows that, for any finite set Ω, a function µ : 2Ω × 2Ω \ {∅} → [0,1] is a CPS if

and only if there is a sequence of full-support distributions (ηj) ∈ ∆(Ω) such that, for any

A,B ⊆ Ω with B , ∅, µ(A|B) = limj ηj(A|B). This implies the following characterization,

which clarifies how CPPBE differs from sequential equilibrium.

Proposition 1. A sequentially rational assessment (β,µ0) is a sequential equilibrium if and

only if there exists a sequence (βj ,ηj)j∈N of full-support behavior strategies βj and full-support

distributions ηj over Z such that, ∀h ∈H, x ∈ h, x′ ≻ x,

(1) limj↓0βj = β;

(2) limj↓0ηj(Z(x)|Z(h)) = µ0(x|h);

(3) µ0(x|h) > 0 =⇒ limj↓0 ηj(Z(x′)|Z(x)) = P β(x′ |x); and

(4) ∀j ∈N, ηj(Z(x)|Z(h)) = P βj (x)/P βj (h).

Moreover, a sequentially rational assessment (β,µ0) is a CPPBE if and only if there exists such

a sequence that satisfies (1), (2), and (3) (but not necessarily (4)).

Proposition 1 is a direct consequence of Definition 2 and Myerson’s (1986) characteriza-

tion. It shows that the difference between sequential equilibrium and CPPBE is that, in a

sequential equilibrium, the converging distributions (ηj) are all required to be consistent

with the behavior strategies (βj), and thus assign independent probabilities to trembles at

8 Moreover, for any µ0(x′C |h
′
C), Theorem 1 assures that there exist a CPS µ on Z consistent with it.
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different information sets. In contrast, in a CPPBE, the (ηj) must be consistent only with

the limit behavior strategy β, and thus allow correlated trembles.

We can also mention some basic properties of CPPBE.

Relation to subgame perfection: In every finite extensive-form game of perfect recall,

CPPBE is refined by sequential equilibrium (by Proposition 1) and refines subgame per-

fect equilibrium. The latter result follows because every CPPBE is an almost PBE (as

proved in Section 5.2), and every almost PBE is subgame perfect (as proved by Mailath

(2025)). For example, in the investment game, the unique sequential equilibrium pre-

scribes that µ0(x′C |h
′
C) = 1 and all players always invest, while all subgame perfect equi-

libria (and all CPPBE) prescribe that all players always invest on path, but that C can play

anything off path.

Existence and upper hemi-continuity: In every finite extensive-form game of perfect

recall, a sequential equilibrium always exists, and thus a CPPBE. CPPBE is also upper

hemi-continuous with respect to payoffs.9

2.4 Heterogeneous CPPBE

To conclude this section, we note that CPPBE can be extended to let players hold hetero-

geneous off-path beliefs. Besides generality, this extension is useful for relating CPPBE to

prior PBE concepts that allow heterogeneous beliefs (see Appendix B).

We define a CPPBE with heterogeneous beliefs as follows.

Definition 3. A sequentially rational assessment (β,µ0) is a heterogeneous CPPBE if there

exists a profile of CPS’s (µi)i∈I on Z such that

(1) for any h ∈H where agent i is active, and any x ∈ h,

µ0(x|h) = µi(Z(x)|Z(h)), and

(2) for any x, x′ ∈ X with x ≺ x′, for any agent i ∈ I ,

µi(Z(x)|Z(h(x))) > 0 =⇒ µi(Z(x′)|Z(x)) = P β(x′ |x).

Thus, in a heterogeneous CPPBE, each player’s belief is derived from a personal CPS

that is consistent with everyone’s equilibrium strategies, but these CPS’s can differ across

9 The proof follows from standard arguments.
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players.

To preview, while we focus on (homogeneous) CPPBE for simplicity, our main results

easily extend to heterogeneous CPPBE. In particular, in the same vein as Theorem 1, het-

erogeneous CPPBE can be characterized in terms of heterogeneous ranked probabilities.

3 Characterization via Ranked Probabilities

PBE refinements are often criticized for their lack of analytical tractability. In particular,

for refinements based on CPS’s, a key difficulty is showing that a consistent CPS exists

(Battigalli, 1996; Watson, 2025b). To do so, one possibility is applying Myerson’s (1986)

characterization, which requires finding a converging sequence of totally mixed proba-

bilities whose limit point is consistent with the candidate equilibrium. Another possibil-

ity is guessing a CPS and then verifying that the chain rule is satisfied conditional on

any subset of the relevant space (typically, Z or S). Often, neither of these approaches is

straightforward to apply.

We present a simpler characterization of CPPBE in terms of ranked probabilities rather

than CPS’s. We show that ranked probabilities always generate beliefs that are consis-

tent with some CPS, and that, conversely, any beliefs that are consistent with a CPS are

generated by ranked probabilities.

Formally, a ranked probability associates a rank rx ∈ N≥0 and a positive probability

px ∈ (0,1] to each node x, where rx0
= 0 and px0

= 1. For any ranked probability vector

(r,p) ∈ (N≥0 × (0,1])|X |, we define an associated system of beliefs µr,p0 according to

µ
r,p
0 (x|h) := lim

ε↓0

px ε
rx∑

y∈h
py ε

ry
for all h ∈H and x ∈ h,

or equivalently

µ
r,p
0 (x|h) :=

px1{rx = minx′∈h rx′ }∑
y∈h

py1{ry = minx′∈h rx′ }
for all h ∈H and x ∈ h.

Intuitively, rx is the lexicographic “degree of disbelief” that node x will be reached (Spohn,

1988), and px is the probability of reaching node x relative to other nodes with the same

degree of disbelief. (Note that µr,p0 is invariant to positive linear transformations of p—

and more generally to positive linear transformations of (px)x∈h for any h ∈ H , fixing
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the rest of the vector p—so only the relative probabilities captured by p matter for be-

liefs.) An interpretation is that there is an ordered set of theories of how the game will be

played, where, whenever the players observe an event with zero probability according to

the current theory, they move to the next one. With this interpretation, rx is the index of

the theory that gives positive probability to reaching node x, and px is the probability of

reaching node x under this theory.

A vector of ranked probabilities is a simpler object than a CPS on Z, as it is defined on

individual decision nodes rather than sets of nodes. In particular, a vector (r,p) consists

of |X | ranks rx ∈N≥0 and |X | probabilities px ∈ (0,1], one for each node, while a CPS on

Z consists of 22|Z |−1 probabilities µ(A|B), one for each pair of subsets of terminal nodes

A ⊆ Z, B ⊆ Z \ {∅}.

Definition 4. An assessment (β,µ0) is consistent with ranked probabilities (r,p) if

(1) µ0 = µ
r,p
0 ,

(2) for any x, x′ ∈ X with x ≺ x′ we have rx ≤ rx′ and, if µ0(x|h(x)) > 0, then

P β(x′ |x) > 0 =⇒ rx = rx′ and pxP
β(x′ |x) = px′ , and

P β(x′ |x) = 0 =⇒ rx < rx′ .

Here, the first condition says that the belief system µ is generated by the ranked proba-

bilities (r,p); and the second condition says that the ranked probabilities are consistent

with the behavior strategy β, in that the probabilities p are updated in accordance with β

where possible, and the ranks r reflect deviations from β.

Definition 4 is a formalization of the notion of “Bayes’ rule where possible.”10 Informally,

this notion states that beliefs can be arbitrary immediately following a deviation, but

Bayes’ rule must apply at subsequent information sets. However, this informal statement

can be ambiguous, for example when there is no clear ordering of deviations (as in Fig-

ure 3) or when the first information set after a deviation is a singleton (as in Figure 8 later

in the paper.) Definition 4 resolves this ambiguity by requiring that ranked probabilities

propagate along paths of play in the sense of condition (2).11

Our characterization of CPPBE in terms of ranked probabilities is as follows.

10 We thank Laura Doval for suggesting this interpretation.
11 For instance, an important subtlety is that condition (2) applies even if P β(x′ |x) > 0 but µ0(x′ |h(x′)) = 0,

which can occur if h(x′) is also on-path from nodes with lower rank than x.
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Theorem 1. An assessment (β,µ0) is consistent with a CPS on Z if and only if it is consistent

with a vector of ranked probabilities.

Consequently, an assessment (β,µ0) is a CPPBE if and only if it is sequentially rational and is

consistent with a vector of ranked probabilities.

Theorem 1 clarifies what it means for an assessment to be consistent with a CPS: namely,

this holds if and only if beliefs are consistent with a vector of ranked probabilities. As we

will see, this characterization simplifies the task of checking whether a given assessment

is a CPPBE. Intuitively, this is because a vector of ranked probabilities is a much simpler

object than a CPS.

We sketch the proof of Theorem 1. For the “only if” direction, given an assessment (β,µ0)

consistent with a CPS µ on Z, we define the null operator K : 2X \ {∅} → 2X by

K(Y ) :=
{
x ∈ Y : µ({x}|Y ) = 0

}
for all Y ⊆ X, Y , ∅.

We also define the iterates of this operator by letting K0 be the identity function and

letting Km(Y ) := K(Km−1(Y )) for any m ≥ 1. In the appendix, we verify that, for any node

x, there is a unique number mx such that µ({x}|Kmx(X)) > 0. We then define the ranked

probabilities

rx = mx and px = µ({x}|K rx(X)), for all x ∈ X.

Finally, we show that the hypothesis that (β,µ0) is consistent with µ and µ satisfies the

chain rule implies that (β,µ0) is also consistent with (r,p).

For the “if” direction, given an assessment (β,µ0) consistent with ranked probabilities

(r,p), we define the function µ : 2Z × 2Z \ {∅} → [0,1] by

µ(A|B) =
∑

z∈A∩Bpz1{rz = minz′∈B rz′ }∑
z∈Bpz1{rz = minz′∈B rz′ }

for all A ⊆ Z, B ⊆ Z \ {∅}.

We then show that the hypothesis that (β,µ0) is consistent with (r,p) implies that µ is a

CPS and that it is consistent with (β,µ0).

The example in Figure 3 illustrates that different ranked probabilities can be consistent

with the same assessment, and shows that a node’s rank can depend both on the “number

of deviations” required to reach it and on the probability of these deviations. Suppose

agents play the behavior strategy β = out, indicated in blue. Then, if (β,µ0) is consistent

with (r,p), we must have rz1
= 0 and rx > 0 for all x , x0, z1, because x0 and z1 are the only
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on-path nodes under β. Moreover, we must also have rxC > rxB , because P β(xC |xB) = 0.

However, the nodes xC and yC can be ranked in multiple ways: for example, we can have

either rxB = ryC = 1 and rxC = 2, or rxB = 1 and rxC = ryC = 2. In the first ranking, the agents’

“second theory of play” is that A mixes between l or r—so, at hC , agent C has observed

that the first (on-path) theory was wrong and has moved to the second one, and believes

that yC has been reached. Alternatively, in the second ranking, the agents’ second theory

is that A plays l and B plays out, and the third theory is that either A plays l and B plays c,

or A plays r. Now, at hC , agent C has observed that the first two theories were both wrong

and has moved to the third one, under which either xC or yC may have been reached. Note

that in the second ranking the nodes xC and yC have the same rank, even though reaching

xC requires more deviations than reaching yC .

Figure 3: An example where rx can take different values.

We illustrate the utility of Theorem 1 using the examples in Figures 4 and 5. In Figure 4,

four players play a strategy profile β where A plays l, B plays out, and C has only one

feasible action. We assume that B and D cannot observe A’s choice, and C can only observe

Figure 4: An example where checking if an assessment is a CPPBE is non-trivial.
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Figure 5: An extension of the example.

whether B chooses out or not. For simplicity, we do not represent payoffs or D’s actions;

however, we will assume that β is sequentially rational.

Suppose B’s beliefs are µ0(xB|hB) = 1, and consider three candidate belief systems for

players C and D: (i) µ0(xC |hC) = µ0(yC |h′C) = 1/4 and µ0(xD |hD) = 1; (ii) µ0(xC |hC) =

1/4, µ0(yC |h′C) = 3/4, and µ0(xD |hD) = 1; and (iii) µ0(xC |hC) = 1/4, µ0(yC |h′C) = 3/4, and

µ0(xD |hD) = 1/3.

It is straightforward to verify that assessment (i) (i.e., β together with belief system (i)) is

a sequential equilibrium. However, assessments (ii) and (iii) are not are sequential equi-

libria, because sequential equilibrium requires that µ0(xC |hC) = µ0(yC |h′C). In contrast,

Theorem 1 can be used to verify that these assessments are both CPPBE.12

First, consider assessment (ii). Fix a vector (r,p) such that 0 = rx0
= rxB < ryB = rxC = rwC

=

rxD < ryC = rzC = ryD , px0
= pxB = 1, pwC

= 3pxC = 3pxD , and 3pzC = pyC = pyD . Then assess-

ment (ii) is consistent with (r,p), which implies that it is a CPPBE by Theorem 1. Similarly,

assessment (iii) is consistent with any vector (r,p) satisfying 0 = rx0
= rxB < ryB = rxC =

rwC
= rxD = ryC = rzC = ryD , px0

= pxB = 1, and 6pxC = 6pxD = 2pwC
= 3pyC = 3pyD = 9pzC .

In the example in Figure 5, we modify the example in Figure 4 by assuming that D always

moves after C. Consider extending assessment (iii) above with either of two candidate

beliefs for D at h′D : µ0(wD |h′D) = 9/11 and µ0(wD |h′D) = 5/6. At first glance, it is not obvious

which of these beliefs (if any) is consistent with CPPBE. However, Theorem 1 implies

that only the first one is. To see this, note that in any vector (r,p) that is consistent with

either belief (in the sense of Definition 4), 2pwC
= 9pzC . Therefore, if D never observes

12 Moreover, (ii), but not (iii), satisfies no-signaling-what-you-don’t-know, as we will discuss.
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A’s choice—as in Figure 5—and B plays r, the only possible equilibrium belief for D is

µ0(wD |h′D) = 9/11. Intuitively, immediately after B’s deviation, player D must form some

belief about A’s action. Since all information sets are on path after B’s deviation, the

existence of a CPS implies that beliefs at hD and h′D must be consistent with the same

conjecture about A’s move.13

4 CPS’s on Z vs. S

Several authors have developed PBE concepts that require consistency with a CPS on the

set of strategy profiles, rather than the set of terminal nodes (Battigalli, 1996; Kohlberg

and Reny, 1997; Doval and Ely, 2020; Watson, 2025b). The closest such paper is due to

Doval and Ely (2020), who define a PBE as an assessment consistent with a CPS on S,

arguing that this captures the idea of “Bayes’ rule where possible.” In this section, we

show that Doval and Ely’s solution concept is equivalent to ours, in the sense that for any

PBE consistent with a CPS on S there exists an equivalent CPPBE, and vice versa.14

Despite this equivalence, CPS’s on Z have a couple advantages over those on S. First, a

CPS on Z is a reduced-form object relative to a CPS on S: any CPS on S induces a unique

CPS on Z, but many CPS’s on S induce the same CPS on Z. This relationship makes CPS’s

on Z simpler and easier to compute.15 Second, CPS’s on Z are defined on observable

events (as noted by Battigalli (1996)).16

We denote a generic CPS on S with ν, and write h′ ⊀ x if there is no x′ ∈ h′ such that x′ ≺ x.

Recall that S(x) is the set of strategy profiles consistent with reaching node x on path.

Definition 5 (Doval and Ely, 2020). An assessment (β,µ0) is a PBE consistent with a CPS

on S if it is sequentially rational and there is a CPS ν on S such that

(1) for any h ∈H and x ∈ h,

µ0(x|h) = ν(S(x)|S(h)),
13 This example suggests that, given a strategy profile β, Theorem 1 can also be used to check whether

there exists a belief system µ0 such that (β,µ0) is a CPPBE. To do so, one must find a vector (r,p) such that
the induced beliefs satisfy sequential rationality at each information set, which amounts to solving a system
of linear inequalities for each non-singleton information set.

14 Consistent with this equivalence, it is possible to construct ranked probabilities starting from a CPS
on S in a similar way as we do for a CPS on Z in the proof of Theorem 1.

15 This is roughly analogous to the computational advantage of behavior strategies over mixed strategies
(Kuhn, 1953).

16 At the same time, given a candidate assessment, Theorem 2 will imply that it is equivalent to verify its
consistency with a CPS on S or Z.
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(2) for any x ∈ X, h ∈H with x ∈ h,

µ0(x|h) > 0 =⇒ ∀s ∈ S, ν(s|S(x)) =


∏

h′⊀x β(s(h′)|h′) if s ∈ S(x),

0 otherwise.

As in Definition 1, point (1) requires that the belief system µ0 is consistent with the CPS ν,

and point (2) requires that the strategy profile β and ν are consistent, in that the relative

weights under ν of the strategies s ∈ S(x) are determined by their β-probabilities at those

nodes where their behaviors differ (that is, at nodes that do not precede x).

For an example of what point (2) implies, consider the tree in Figure 6a. Fix β such that

β(r |x0) = 1 and β(a|x) = β(e|y) = 1
3 . Note that if node x is reached then the histories that

have not yet been played are {x} and {y}. So, in any PBE consistent with a CPS ν on S in

which β is played, point (2) requires that ν((l,a.d)|S(x)) = β(a|x)β(d|y) = 2
9 .

a b

Figure 6: Differences between CPPBE and PBE consistent with a CPS on S.

We call two CPS’s equivalent if they induce the same conditional probabilities on Z.

Definition 6. Let µ be a CPS on Z and ν be a CPS on S. We say ν and µ are equivalent if

µ(A|B) = ν(S(A)|S(B)) for all ∀A,B ⊆ Z, B , ∅.

This equivalence relation partitions the set of CPS’s on S into equivalence classes: each

CPS on Z is equivalent to a range of CPS’s on S, but each CPS on S is equivalent to a

unique CPS on Z.

The following theorem establishes the equivalence of CPPBE and PBE consistent with a

CPS on S.
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Theorem 2. (1) Fix a PBE (β,µ0) consistent with a CPS ν on S. Let µ be the CPS on Z that

is equivalent to ν. Then, (β,µ0) is a CPPBE consistent with µ.

(2) Fix a CPPBE (β,µ0) consistent with a CPS µ on Z. Then, there exists a CPS ν on S such

that ν is equivalent to µ and (β,µ0) is a PBE consistent with ν.

Part (1) is straightforward: since the CPS µ on Z that is equivalent to ν is unique, the

proof only requires verifying that (β,µ0) is consistent with µ. Part (2) requires more work,

because we must first construct a CPS ν on S that is equivalent to µ. To do so, we rely

on Myerson’s (1986) characterization to fix a sequence of probabilities on Z converging

to the CPS µ. We then use these distributions on Z to define a converging sequence of

distributions on S, whose limit point ν is shown to be equivalent to µ and consistent with

the assessment (β,µ0).

Note that part (2) is a partial converse to part (1), as it applies to some CPS ν that is

equivalent to µ, but not necessarily to every such CPS. To see this, consider the examples

in Figure 6a and Figure 6b. In Figure 6a, let β(r |x0) = 1 and β(a|x) = β(e|y) = 1
3 , and sup-

pose that (β,µ0) is a CPPBE. Since there is only one off-path move, it is easy to see that

that there is a unique CPS µ on Z consistent with (β,µ0). However, the class of CPS’s on S

that are equivalent to µ is{
ν CPS on S :∀a1 ∈ {a,b}, a2 ∈ {d,e}, ν((l,a1.a2)|S) = ν((l,a1.a2)|S(y)) = ν((r,a1.a2)|S(x)) = 0,

ν((r,a.d)|S) + ν((r,b.d)|S) = ν((r,a.d)|S(y)) + ν((r,b.d)|S(y)) =
2
3
,

and ν((l,a.d)|S(x)) + ν((l,a.e)|S(x)) =
1
3

}
.

However, consistency of ν with (β,µ0) imposes some additional constraints, such as ν((l,a.d)|S(x)) =
2
9 (as shown above). Indeed, in this example, there are infinitely many CPS’s on S equiv-

alent to µ, but a unique one that can be part of a PBE consistent with a CPS on S where β

is played.

In Figure 6b, let β(c|x0) = β(d|z) = 1, β(a|h) = 1
2 , and suppose that (β,µ0) is a CPPBE

consistent with a CPS µ on Z. In any PBE (β,µ0) consistent with a CPS on S, µ0(x|h) = 0.

Thus, consistency of (β,µ0) with a CPS ν on S does not impose any restrictions on ν(.|S(x)),

while equivalence with µ only requires that ν((l,a.d)|S(x))+ν((l,a.e)|S(x)) = µ(Z(l,a)|Z(x)),

and similarly for Z(l,b). Thus, there is a continuum of CPS’s ν on S that are equivalent to

µ and consistent with a PBE where β is played.

Figure 6b also illustrates the computational advantage of CPPBE over PBE consistent
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with a CPS on S. In this example, there is a unique CPS µ on Z consistent with a CPPBE

where β is played, and µ must be defined on the set of terminal nodes of cardinality

|Z |= 6. However, there are infinitely many CPS’s ν on S consistent with a PBE where β,

and ν must be defined on the set of strategy profiles of cardinality |S |= 12. Moreover, all

of these CPS’s on S lead to the same assessment (β,µ) as the CPPBE.

5 Relation to Similar Solution Concepts

In this section, we relate CPPBE to the most similar solution concepts: no-signaling-what-

you-don’t-know and almost PBE.

5.1 No-Signaling-What-You-Don’t-Know

No-signaling-what-you-don’t-know (NSWYDK, Fudenberg and Tirole, 1991) is a consis-

tency condition that precludes an agent from viewing an opponent’s past moves as being

correlated with information that neither the opponent nor the player herself possesses.

NSWYDK thus rules out some forms of correlation among agents’ trembles, but it does

not require full strategic independence (Battigalli, 1996). The appeal of NSWYDK varies

in different settings. For instance, in the investment game in Figure 1, we may want to let

firm C believe that the other firms’ mistakes could be linked to a common shock, which

is ruled out by NSWYDK. Moreover, in general games, checking whether an assessment

is a CPPBE appears easier than checking whether it is a PBE satisfying NSWYDK due to

Theorem 1, as discussed below.

In finite extensive-form games, NSWYDK requires beliefs to be consistent with a CPS

on Z, along with some additional conditions that Fudenberg and Tirole call “general

reasonableness”.

Definition 7 (Fudenberg and Tirole, 1991). Fix an assessment (β,µ0) and suppose µ0 is con-

sistent with a CPS µ on Z: that is, for any h and x ∈ h, µ0(x|h) = µ(Z(x)|Z(h)). Then, (β,µ0) is

generally reasonable if

(1) for any x, x′ ∈ X with x ≺0 x
′,

P β(x′ |x) = µ(Z(x′)|Z(x)),
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(2) for any h ∈H , x,y ∈ h, x ≺0 x
′ and y ≺0 y

′ such that ax,x′ = ay,y′ ,17

µ
(
Z(x′)

∣∣∣Z(x′)∪Z(y′)
)

= µ
(
Z(x)

∣∣∣Z(x)∪Z(y)
)
.

An assessment whose belief system is consistent with a CPS on Z and satisfies condition

(1) (but not necessarily (2)) coincides with what Battigalli (1996) terms a “sequentially

rational tree-extended assessment.” Note that this is already a stronger solution concept

than CPPBE, since condition (1) is imposed also at nodes with zero conditional probabil-

ity.18

A generally reasonable assessment is obtained by additionally imposing condition (2),

which requires that belief updates immediately following an agent’s deviation can de-

pend only on the player’s own information. In general, replacing the consistency condi-

tion in the definition of CPPBE with conditions (1) and (2) strengthens CPPBE to PBE

satisfying NSWYDK.19 We thus have:

Observation 1. Any assessment that is sequentially rational and generally reasonable is a

CPPBE.

The converse is not true. For example, in the investment game in Figure 1, if invest is

played on path, point (2) of general reasonableness implies that µ0(x′C |h
′
C) = µ0(xC |hC).

Intuitively, NSWYDK requires that firm C does not interpret B’s deviation as correlated

with A’s choice, which neither C nor B can observe. Similarly, in the example in Figure 4,

point (2) of general reasonableness implies that µ(Z(xC)|Z(xC)∪Z(yC)) = µ0(Z(xB)|Z(xB)∪
Z(yB)), which implies that assessment (iii) in Section 3 is not generally reasonable, while

it can be shown that assessment (ii) is.

We now argue that checking if a given assessment is a CPPBE is easier than checking

if it is a PBE satisfying NSWYDK. Theorem 1 provides a tractable characterization of

CPPBE, which does not require explicitly constructing a CPS. However, we are not aware

of an approach to checking whether an assessment is a PBE satisfying NSWYDK without

constructing a CPS. The issue is that point (2) of Definition 7 refers to the condition that

ax,x′ = ay,y′ , which seems difficult to express with ranked probabilities.

17 Recall that if x ≺0 x′ then ax,x′ ∈ A(h(x)) denotes the action leading from x to x′ .
18 However, the difference between CPPBE and sequentially rational tree-extended assessment disap-

pears in multistage games with observed actions.
19 A similar comment applies to heterogeneous CPPBE. Fudenberg and Tirole (1991) focus on homoge-

neous beliefs, although they also introduce extended assessments, which use CPS’s to guarantee that, for each
i ∈ I , that all agents j , i have a coherent belief system about i’s type.
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a
b

Figure 7: Implications of no-signaling-what-you-don’t-know on beliefs.

To see this issue in greater detail, consider the examples in Figure 7. In these examples,

there are three players. A randomizes with probabilities β(l|x0) = 2/3, and B plays out.

For simplicity, we don not represent payoffs or C’s actions. In Figure 7a, NSWYDK im-

poses that µ0(xC |hC) = µ0(wC |h′C) = 2/3. Thus, any characterization of NSWYDK based on

ranked probabilities would have to impose some conditions that depend on whether two

nodes at the same information set are reached with the same action (as is the case for xC
and yC in the example). In Figure 7b, NSWYDK has some implications for the beliefs at hC
and h′C , but the requirements are different than before—namely, µ0(xC |hC) = µ0(yC |h′C).20

Therefore, any characterization of NSWYDK based on ranked probabilities would require

some condition that depend on whether, for any information set (like hC) and any node

(like xC ∈ hC), there is any other node in a different information set (like yC ∈ h′C), that

results from playing the same action (like a) at the preceding information set, and on

whether this is true for any other node in the same information set (hC).

5.2 Almost PBE

Among the closest solution concepts to CPPBE, one that is weaker is almost PBE (Mailath,

2025). Like CPPBE, almost PBE requires Bayesian updating on path as well as in off-

path subgames, but allows arbitrary beliefs immediately following a deviation. However,

unlike CPPBE, almost PBE does not require any consistency conditions on beliefs across

unordered information sets. This is made precise in the definition and example below.

20 Indeed, suppose there is a CPS µ on Z consistent with the candidate assessment. Then, 2/3 =
µ(Z(xC)|Z(xC , yC)) = µ(Z(wC)|Z(wC , zC)) = µ(Z(hC)|Z(hC ,h′C)). Using the chain rule, we can write:

µ(Z(xC)|Z(xC , yC)) =
µ(Z(xC)|Z(hC))µ(Z(hC)|Z(hC ,h′C))

µ(Z(xC)|Z(hC))µ(Z(hC)|Z(hC ,h′C)) +µ(Z(yC)|Z(h′C))µ(Z(h′C)|Z(hC ,h′C))
.

This in turn implies µ(Z(xC)|Z(hC)) = µ(Z(yC)|Z(h′C)).
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To define almost PBE, we first introduce some notation. For any h,h′ ∈ H , we write h ⪯̂ h′

if there exist x ∈ h, x′ ∈ h′ such that x ⪯ x′. Whenever h ⪯̂ h′, define

h′h :=
{
x′ ∈ h′ : ∃x ∈ h, x ⪯ x′

}
.

Moreover, given an assessment (β,µ0), let P β,µ0(x′ |h) = P β(x′ |x)µ0(x|h) if there exists x ∈ h
such that x ⪯ x′, and P β,µ0(x′ |h) = 0 otherwise.21

Definition 8 (Mailath, 2025). An assessment (β,µ0) is an almost PBE if it is sequentially

rational and, for any h ⪯̂ h′ such that
∑

y∈h′h
P β,µ0(y|h) > 0 and any x′ ∈ h′h,

µ0(x′ |h′) =
P β,µ0(x′ |h)∑
y∈h′h

P β,µ0(y|h)

∑
y∈h′h

µ0(y|h′).

The following result clarifies the relation between CPPBE and almost PBE. Recall that a

multistage game with observed actions is an extensive-form game where (i) the infor-

mation sets can be partitioned into finitely many stages, and each stage t is associated

with a collection of initial nodes Wt ⊆ X (the public histories at the start of stage t); (ii)

for any node wt ∈Wt and any stage-t information set h, either wt ⪯ x for all x ∈ h or wt ⊀ x

for all x ∈ h; and (iii) for any node wt ∈ Wt, each player is active for at most one stage-t

information set that succeeds wt.

Proposition 2. (1) Any CPPBE is an almost PBE.

(2) In any finite multistage game with observed actions, any almost PBE is a CPPBE.

We provide a direct proof in Appendix A. Part (1) can also be shown using Theorem 2

and the fact that every PBE consistent with a CPS on S is an almost PBE (which is the

main result of Doval and Ely (2020)), while Part (2) is a new result, which we prove by

applying the characterization from Theorem 1.

Intuitively, CPPBE requires the relative probabilities of different information sets that

cannot be ordered by the ⪯̂ relation to be consistent with Bayes’ rule, while almost PBE

does not. However, the concepts coincide in multistage games with observed actions, as

in these games the relative probabilities of such information sets can only be 0 or 1. The

example below, based on Doval and Ely (2020), shows that this equivalence does not

21 Note that P β,µ0 is well-defined since perfect recall implies that, if a predecessor x ∈ h of x′ exists, then
x is unique.
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extend to all finite extensive-form games.22

Consider the example in Figure 8, with β as in blue. There are four players and, on path,

players C and D do not play. However, if either A or B deviates, both C and D play, and

we suppose that C randomizes at both xC and yC with uniform probability.

Figure 8: An almost PBE that is not a CPPBE.

In this example, the definition of almost PBE does not impose any restriction on the prob-

abilities that D assigns to A having deviated at hD and h′D , as neither of these informa-

tion sets precedes each other according to ⪯̂ . However, by the characterization in Theo-

rem 1, in a CPPBE these probability must be the same, since we must have rxC = rxD = rx′D ,

pxC = 2pxD = 2px′D , ryC = ryD = ry′D , and pyC = 2pyD = 2py′D .

6 Conclusion

This paper has introduced a solution concept, Conditional Probability Perfect Bayesian

Equilibrium (CPPBE), which requires sequential rationality and consistency with a com-

mon conditional probability system on terminal nodes, but nothing else. We have ar-

gued that this concept is appealing in settings where players may entertain the possibility

that their opponents’ deviations are correlated, for example as a consequence of unmod-

eled communication or common shocks. We have also shown that CPPBE is an especially

tractable version of PBE, as it admits a characterization in terms of ranked probabilities,

which are much simpler objects than conditional probability systems. We hope these fea-

tures can make CPPBE a useful solution concept for future research on dynamic games.

22 Sugaya and Wolitzky (2021) conjectured that that CPPBE and almost PBE coincide in all multistage
games, but the example shows that this is only true with observed actions.
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Appendix A: Proofs

Proof of Theorem 1

"Only if" direction:

Let (β,µ0) be an assessment consistent with a CPS µ on Z. We first establish a property of

the null operator K defined in the text.

Claim 1. For any Y ⊆ X, Y , ∅ and x ∈ Y , there is a unique mx ∈N such that µ(x|Kmx(Y )) > 0.

Proof. The definition of K implies that the sets (Km(Y ))m are ordered by set inclusion.

Morever, these inclusions are strict, because if Km+1(Y ) = Km(Y ) then µ(Km(Y )|Km(Y )) = 0,

contradicting the definition of µ. Since Y is finite, this implies that there is a unique

mx ∈N such that x ∈ Kmx(Y )\Kmx+1(Y ). The definition of K then implies that µ({x}|Kmx) >

0.

Now define rx = mx and px = µ({x}|K rx(X)), for all x ∈ X. We verify that (β,µ0) is consistent

with the vector (r,p).

We first show that µr,p0 = µ0. For any h ∈ H , let rh := minw∈h rw, and note that h ⊆ K rh(X)

and µ(h|K rh(X)) > 0. Moreover, for any x ∈ h, we have

µ({x}|K rh(X)) > 0⇐⇒ µ({x}|h) > 0⇐⇒ µ0(x|h) > 0,

where the first equivalence follows from the chain rule and the second from consistency

of (β,µ0) with µ. Thus, if µ0(x|h) = 0 then µ({x}|K rh(X)) = 0, which implies rx > rh and

µ
r,p
0 (x|h) = 0. If instead µ0(x|h) > 0, then µ({x}|K rh(X)) > 0 and so rx = rh. Thus,

µ
r,p
0 (x|h) =

px∑
y∈hpy1{ry = rh}

=
µ({x}|K rx(X))∑
y∈hµ({y}|K rh(X))

=
µ({x}|K rh(X))
µ(h|K rh(X))

= µ({x}|h) = µ0(x|h),

where the first and second equalities are by definition, the third is by the preceding ob-

servations, the fourth is by the chain rule, and the last is by consistency.

It remains to show that (r,p) satisfies Condition (2) of Definition 4. For any x,x′ ∈ X, if

x′ ≻ x then Z(x′) ⊆ Z(x). Thus, by the chain rule, for any m such that x ∈ Km(X), we have

µ({x′}|Km(X)) = µ({x′}|{x})µ({x}|Km(X)).
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Hence, rx′ ≥ rx. Moreover, if µ0(x|h(x)) > 0, then consistency of µ with (β,µ0) implies that

if P β(x′ |x) = 0 then rx′ > rx; while if P β(x′ |x) > 0 then rx′ = rx and px′ = P β(x′ |x)px.

"If" direction:

Let (β,µ0) be an assessment consistent with a vector of ranked probabilities (r,p). Define

the function µ : 2Z × 2Z \ {∅} → [0,1] by

µ(A|B) =
∑

z∈A∩Bpz1{rz = minz′∈B rz′ }∑
z∈Bpz1{rz = minz′∈B rz′ }

for all A ⊆ Z, B ⊆ Z \ {∅}.

We show that µ is a CPS consistent with (β,µ0). That µ is a CPS is straightforward.

Claim 2. The function µ is a CPS on Z.

Proof. The only non-trivial part is the chain rule. Fix A ⊆ B ⊆ C ⊆ Z, B , ∅. Note that

minz∈B rz ≥minz∈C rz. If minz∈B rz > minz∈C rz, then µ(A|C) = µ(B|C) = 0, and the chain rule

trivially holds. Thus, suppose that minz∈B rz = minz∈C rz, which implies that µ(B|C) > 0. To

ease notation, let ρ := minz∈B rz. Then, by definition,

µ(A|B) ·µ(B|C) =
∑

z∈Apz1{rz = ρ}∑
z∈Bpz1{rz = ρ}

·
∑

z∈Bpz1{rz = ρ}∑
z∈C pz1{rz = ρ}

=
∑

z∈Apz1{rz = ρ}∑
z∈C pz1{rz = ρ}

= µ(A|C),

implying the chain rule.

The most involved step is consistency of (β,µ0) and µ. We start with a preliminary result.

Claim 3. For any h ∈H and x ∈ h such that µ0(x|h) > 0, we have

(1) For any z ∈ Z(x), rz = rx if and only if P β(z|x) > 0; and

(2) minz∈Z(x) rz = rx.

Proof. For any z ∈ Z(x), Definition 4 implies that if P β(z|x) > 0 then rz = rx, while if

P β(z|x) = 0 then rz > rx. Moreover, there is at least one z ∈ Z(x) such that P β(z|x) > 0.

We are now ready to establish consistency.

Claim 4. For any h ∈H and x ∈ h, µ0(x|h) = µ(Z(x)|Z(h)).
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Proof. To ease notation, let ρ := minz∈Z(h) rz. By consistency with (r,p), for any x ∈ h,

µ0(x|h) > 0⇐⇒ rx = min
y∈h

ry .

Since there exists some x′ ∈ h with µ0(x′ |h) > 0, point (2) of Claim 3 implies that

min
y∈h

ry = ρ.

We consider in turn the cases where µ0(x|h) equals zero and where it is positive. If µ0(x|h) =

0, then consistency with (r,p) implies that minz∈Z(x) rz ≥ rx, and the preceding observa-

tions imply that rx > miny∈h ry = ρ. Thus,

µ(Z(x)|Z(h)) =

∑
z∈Z(x)pz1{rz = ρ}∑
z∈Z(h)pz1{rz = ρ}

= 0 = µ0(x|h).

Now suppose that µ0(x|h) > 0. By consistency with (r,p), for any z ∈ Z(x) such that

P β(z|x) > 0, we have pz = P β(z|x)px. Moreover, by point (1) of Claim 3, for any z ∈ Z(x), we

have rz = ρ if and only if P β(z|x) > 0. Thus,∑
z∈Z(x)

pz1{rz = ρ} =
∑

z∈Z(x):
P β(z|x)>0

pz = px
∑

z∈Z(x):
P β(z|x)>0

P β(z|x) = px.

Since this holds for any x ∈ h such that µ0(x|h) > 0, we have∑
z∈Z(h)

pz1{rz = ρ} =
∑
y∈h

∑
z∈Z(y)

pz1{rz = ρ} =
∑
y∈h:

µ0(y|h)>0

∑
z∈Z(y):
P β(z|y)>0

pz

=
∑
y∈h:

µ0(y|h)>0

py
∑

z∈Z(y):
P β(z|y)>0

P β(z|y) =
∑
y∈h:

µ0(y|h)>0

py .

Finally, we have

µ(Z(x)|Z(h)) =

∑
z∈Z(x)pz1{rz = ρ}∑
z∈Z(h)pz1{rz = ρ}

= µ0(x|h).

Claim 5. For any x ≺ x′ with µ0(x|h(x)) > 0, we have µ(Z(x′)|Z(x)) = P β(x′ |x).
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Proof. By point (2) of Claim 3, we have

min
z∈Z(x)

rz = rx.

Moreover, consistency with (r,p) implies that rx′ ≥ rx, and point (1) of Claim 3 implies

that this inequality holds with equality if and only if P β(x′ |x) > 0.

We consider in turn the cases where P β(x′ |x) equals zero and where it is positive. If

P β(x′ |x) = 0, then

µ(Z(x′)|Z(x)) =

∑
z∈Z(x′)pz1{rz = minz′∈Z(x) rz′ }∑
z∈Z(x)pz1{rz = minz′∈Z(x) rz′ }

=

∑
z∈Z(x′)pz1{rz = rx}∑
z∈Z(x)pz1{rz = rx}

= 0 = P β(x′ |x).

Now suppose that P β(x′ |x) > 0. Fix any z ∈ Z(x′) such that P β(z|x′) > 0. Since P β(z|x) =

P β(z|x′) · P β(x′ |x), we have P β(z|x) > 0. Thus, the preceding observations and point (1) of

Claim 3 imply that rz = rx = rx′ . We thus have∑
z∈Z(x′)

pz1{rz = min
z′∈Z(x′)

rz′ } =
∑

z∈Z(x′)

pz1{rz = rx} =
∑

z∈Z(x′):
P β(z|x′)>0

pz

= px
∑

z∈Z(x′):
P β(z|x′)>0

P β(z|x) = px
∑

z∈Z(x′):
P β(z|x′)>0

P β(z|x′)P β(x′ |x)

= P β(x′ |x)px
∑

z∈Z(x′):
P β(z|x′)>0

P β(z|x′) = P β(x′ |x)px,

where the third equality follows because consistency with (r,p) implies that, for any z

such that P β(z|x′) > 0, we have pz = pxP
β(z|x).

By a similar reasoning,∑
z∈Z(x)

pz1{rz = min
z′∈B

rz′ } =
∑

z∈Z(x)

pz1{rz = rx} =
∑

z∈Z(x):
P β(z|x)>0

pz

= px
∑

z∈Z(x):
P β(z|x)>0

P β(z|x) = px.
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In sum, we have

µ(Z(x′)|Z(x)) =

∑
z∈Z(x′)pz1{rz = minz′∈B rz′ }∑
z∈Z(x)pz1{rz = minz′∈B rz′ }

= P β(x′ |x).

Proof of Theorem 2

Recall that we write h ≺ x′ when there is x ∈ h such that x ≺ x′, and similarly for h ⊀ x′.

Part (1):

Fix a PBE (β,µ0) consistent with a CPS ν on S. Let µ be the CPS on Z equivalent to ν. We

will show that (β,µ0) is a CPPBE consistent with µ.

By definition, (β,µ0) is sequentially rational. Moreover, by definition, for any h and x ∈ h,

µ0(x|h) = ν(S(x)|S(h)) = µ(Z(x)|Z(h)).

It remains to show that, for any x ≺ x′, if µ0(x|h(x)) > 0, then µ(Z(x′)|Z(x)) = P β(x′ |x). For

such x,x′, by definition,

µ(Z(x′)|Z(x)) =
∑

z∈Z(x′)

µ({z}|Z(x)).

Note that, for every s, s′ such that zs = zs′ ∈ Z(x′), we have s(h) = s′(h) for all h ≺ x′. Thus,

using Doval and Ely’s (2020) definition of PBE, if z ∈ Z(x′) then

µ({z}|Z(x)) =
∑

s: zs=z

ν(s|S(x)) =
∑

s: zs=z

∏
h⊀x

β(s(h)|h) =
∑

s: zs=z

( ∏
h⊀x, h≺x′

β(s(h)|h)
)(∏

h⊀x′

β(s(h)|h)
)

= P β(x′ |x)
∑

s: zs=z

(∏
h⊀x′

β(s(h)|h)
)

= P β(x′ |x)
∑

s: zs=z

ν(s|S(x′)) = P β(x′ |x)µ({z}|Z(x′)),

and therefore

µ(Z(x′)|Z(x)) =
∑

z∈Z(x′)

P β(x′ |x)µ({z}|Z(x′)) = P β(x′ |x).

Part (2):

Fix a CPPBE (β,µ0) consistent with a CPS µ on Z. We construct a CPS ν on S such that

(β,µ0) is a PBE consistent with ν.
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Since µ is a CPS on Z, there exists a sequence of totally mixed probabilities (ηε)ε on Z

such that

µ({z}|A) = lim
ε

ηε(z|A) for all z ∈ Z,A ⊆ Z,A , ∅

Fix any sequence of totally mixed behavior strategies (βε)ε such that at each information

set h, limε βε(·|h) = β(·|h). Now define

σε(s) := ηε(zs)
∏
h⊀zs

βε(s(h)|h) for all s ∈ S.

Note that σε > 0 and, for each z ∈ Z, σε(S(z)) = ηε(z). Thus, for each ε, σε is a totally mixed

probability function on S. In words, σε(s) weights the path of play induced by s according

to ηε, and coincides with βε at each history off this path.23

Finally, define ν by

ν(s|B) = lim
ε

σε(s|B) for all s ∈ S, B ⊆ S.

Then, ν is a CPS by Myerson (1986) and is equivalent to µ by construction. It thus remains

only to show that for any h and x ∈ h with µ0(x|h) > 0, we have ν(s|S(x)) =
∏

h⊀x β(s(h)|h) if

s ∈ S(x) and ν(s|x) = 0 otherwise (the other parts of the definition of consistency of (β,µ0)

and ν following from the equivalence of ν and µ).

So, fix h ∈H , x ∈ h with µ0(x|h) > 0, and s ∈ S. By construction,

ν(s|S(x)) = lim
ε

σε(s∩ S(x))
σε(S(x))

,

which equals zero if s < S(x). If instead s ∈ S(x), then

ν(s|S(x)) = lim
ε

σε(s)
σε(S(x))

= lim
ε

ηε(zs)
∏

h′⊀zs
βε(s(h′)|h′)

ηε(Z(x))
= lim

ε
ηε(zs|Z(x)) lim

ε

∏
h′⊀zs

βε(s(h
′)|h′)

= µ({zs}|Z(x))
∏
h′⊀zs

β(s(h′)|h′) = P β(zs|x)
∏
h′⊀zs

β(s(h′)|h′)

= β(s(h)|h)
∏
h′≻x

β(s(h′)|h′)
∏
h′⊀zs

β(s(h′)|h′) =
∏
h′⊀x

β(s(h′)|h′),

where the second equality follows because S(x) = ∪z∈Z(x)S(z), the sets {S(z)}z∈Z(x) are mu-

23 Intuitively, backward induction implies that, at every terminal node z, the agents believe that the equi-
librium would have been followed at all nodes not preceding z. Thus, their beliefs about play at these
nodes should be consistent with independent trembles—or, equivalently, their beliefs can allow for corre-
lated trembles only at nodes preceding z.
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tually disjoint, and σε is finitely additive for each ε; the third follows since both limits

exist finite; the fifth follows because µ is consistent with (β,µ0) and µ0(x|h) > 0; and the

last two follow from properties of trees and zs ≻ x.

Proof of Proposition 2

Part (1):

Fix a CPPBE (β,µ0) consistent with a CPS µ on Z. Fix h, h′ such that h ⪯̂ h′ and
∑

y∈h′h
P β,µ0(y|h) >

0. For any x′ ∈ h′h, consistency with µ and the chain rule imply that

µ0(x′ |h′) = µ(x′ |h′) = µ(x′ |h′h)µ(h′h|h
′) = µ(x′ |h′h)

∑
y∈h′h

µ(y|h′) = µ(x′ |h′h)
∑
y∈h′h

µ0(y|h′).

Moreover, for any x′ ∈ h′h, fix x ∈ h such that x ≺ x′. Consistency with µ implies that

µ0(x|h) = µ(x|h) and, if µ0(x|h) > 0, then µ(x′ |x) = P β(x′ |x). Thus, P β,µ0(x′ |h) = µ(x′ |h).

Since 0 <
∑

y∈h′h
P β,µ0(y|h) = µ(h′h|h), the chain rule the preceding observations imply that

µ(x′ |h′h) =
µ(x′ |h)
µ(h′h|h)

=
P β,µ0(x′ |h)∑
y∈h′h

P β,µ0(y|h)
,

completing the proof.

Part (2):

Fix an almost PBE (β,µ0). Note that (β,µ0) is sequentially rational by assumption; we will

show that there is a CPS on Z consistent with it by defining a vector (r,p) that satisfies

the hypotheses of Theorem 1.

For any node x , x0, let π(x) be the direct predecessor of x. Let rx0
= 0. For any x , x0,

if P β(x|π(x)) = 0 then let rx = rπ(x) + 1 and fix any px ∈ (0,1]. If instead P β(x|π(x)) > 0, let

rx = rπ(x) and px = pπ(x)P
β(x|π(x)). Note that the resulting vector (r,p) satisfies condition

(2) of Definition 4. We will show that it also satisfies µ0 = µ
r,p
0 , and thus is consistent with

(β,µ0).

To this end, fix any h ∈ H and x ∈ h. If h is a singleton, then trivially µ0(·|h) = µ
r,p
0 (·|h).

Otherwise, then there exists some w ∈ X such that h belongs to the stage starting from

w, which implies that {w} ≺̂ h and
∑

y∈h P
β,µ0(h|{w}) = 1. By definition, this implies that

µ0(x|h) = P β(x|w).

It thus remains to show that µr,p0 (x|h) = P β(x|w). Note that, by construction, for any y ∈ h,
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we have ry = miny′∈h ry′ if and only if P β(y|{w}) > 0. Thus,

µ
r,p
0 (x|h) =

px1{rx = miny′∈h ry′ }∑
y∈hpy1{ry = miny′∈h ry′ }

=
pwP

β(x|w)
pw

∑
y∈h P

β(y|w)
= P β(x|w).

Appendix B: Relation with Plain PBE

Watson (2025b) requires PBE to satisfy a consistency notion labeled plain consistency.

Intuitively, plain consistency requires that, if a player’s belief treats a component of the

strategy set and its complement as independent, this independence must be preserved at

any immediately succeeding information set that is reached with positive probability.

Watson’s definition allows agents to hold heterogeneous beliefs, so we compare it with

heterogeneous CPPBE. In particular, we show that the two solution concepts are non-

nested. For the reader’s convenience, we briefly review the relevant definitions here.

The definition of plain consistency is based on the notion of an appraisal: that is, for

each information set, a distribution over complete strategy profiles S representing the

beliefs and strategy of the active player at that information set. For each agent i, let Hi

the subset of histories h where i is active. We also need to introduce, for each agent i, a

fictitious information set hi representing i’s initial history before the game has started.24

Let H i := Hi ∪ hi , and H := ∪iH i . Note that every strategy s can be extended to have

domain H by setting s(hi) = wait for every i not active at ∅.

The formal definition of an appraisal involves an independence condition on product sets

of strategy profiles. For any strategy profile s, we focus on the sequence-representation

of s: that is, s = (s(h))h∈H ∈ ×h∈HA(h). For any L ⊆ H , let πL(s) the L-projection of s: that

is, πL(s) := (s(h))h∈L. Moreover, for any B ⊆ S, let BL := {sL : s ∈ B} = πL(B). Finally, let

−L := H \L. We say that B ⊆ S is an L-product set if B = BL ×B−L.

Definition 9 (Watson, 2025b). For an L-product set C ⊆ S, we say that p ∈ ∆(S) exhibits

L-independence on C if p(C) > 0 and, for every L-product set B ⊆ C, p(B|C) = p(BL ×C−L|C) ·
p(CL ×B−L|C).

Definition 10 (Watson, 2025b). For any agent i and history h ∈ H i , an appraisal ph is a

distribution on S such that
24 Formally, hi precedes any h ∈ Hi and S(hi) = S. Moreover, A(hi) = {wait} for all i except j active at ∅,

and hj = ∅.
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(1) supp ph ⊆ S(h);

(2) for every h′ ∈Hi , ph exhibits h′-independence on S.

An appraisal system is a profile of appraisals P = (ph)h∈H .

We say that h, h′ ∈ H i are consecutive whenever there exist x ∈ h, x′ ∈ h′ such that x ≺ x′,

and for any such x, x′ there does not exist h′′ ∈H i and x′′ ∈ h′′ such that x ≺ x′′ ≺ x′.

Definition 11 (Watson, 2025b). Fix L ⊆ H and an L-product set C ⊆ S. For some agent i, fix

h, h′ ∈ H i consecutive and suppose that C ⊆ S(h) and that ph exhibits L-independence on C.

Then, the appraisal system P satisfies plain consistency if

ph′ (BL × {s−L})
ph′ (CL × {s−L})

=
ph(BL ×C−L)

ph(C)

for every BL ⊆ CL, s−L ∈ C−L such that CL × {s−L} ⊆ S(h′) and ph′ (CL × {s−L}) > 0.

To get an intuition, suppose that h, h′ , ∅, agent j , i is active at ∅, and i does not observe

j’s choice. Fix L = {∅}. Plain consistency implies that, if at h agent i believes that j’s trem-

bles at ∅ are independent from trembles at any other information set, and if h′ is on path

given h, then i keeps believing that j’s trembles at ∅ are independent at h′.

The definition of plain PBE can be stated as follows.

Definition 12. An appraisal system P = (ph)h∈H is a plain PBE if there exists a behavior

strategy β such that

(1) for all s, p∅(s) =
∏

h∈H β(sh|h);

(2) P is sequentially rational;

(3) P satisfies plain consistency.

Note that plain consistency needs to be checked at each pair of consecutive information

sets and for each possible product set of strategy profiles consistent with these informa-

tion sets. By contrast, checking whether an assessment is a CPPBE only requires checking

the existence of a vector of ranked probabilities satisfying Definition 4.

We now show that plain PBE and CPPBE are non-nested. The intuition is that plain PBE

rules out some correlation in agents’ trembles, but it may not be consistent with agents us-

ing Bayes’ rule whenever the conditioning event has positive probability. Below, we make

this point precise with two examples. Intuitively, we say that a plain PBE and a CPPBE
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are equivalent if they induce the same play and the same beliefs at each information set.25

The first example is a plain PBE that is not equivalent to any heterogeneous CPPBE.

Consider the game below played by A, B, and C. Let β be as in blue, with B randomizing

with uniform probability. Assume that payoffs are such that β is sequentially rational.

Figure 9: A plain PBE that is not equivalent to any heterogeneous CPPBE.

The definition of heterogeneous CPPBE implies that, if β is played in a heterogeneous

CPPBE (β,µ0), then µ0(xC |hC) = µ0(x′C |h
′
C). That is, whatever belief C forms after A de-

viates, C subsequently updates following Bayes’ rule on path. This is not true in a plain

PBE, since plain consistency does not impose any restrictions on agent C’s beliefs at hC
and h′C . In particular, note that the only consecutive histories of agent C are hC , hC and hC ,

h′C . For Definition 11 to restrict the beliefs at hC and h′C , we need to fix L containing the

initial history ∅. However, this implies that any C ⊆ S satisfying CL × S−L ⊆ S(hC)∪ S(h′C)

does not contain any strategy in which A plays out. At the same time, any C satisfying

phC (C) > 0 needs to contain at least one of these strategies. Thus, plain consistency has no

bite in pinning down C’s beliefs at hC and h′C .

The second example is a heterogeneous CPPBE that is not equivalent to any plain PBE. It

is based on Watson (2025b). There are again three players, A, B, and C, and the game is

played as shown by the tree below. Fix β as in blue, with β(b|hB) = 0.6, β(c|hB) = 0.2, and

payoffs such that β is sequentially rational.

25 More precisely, a plain PBE P = (ph)h∈H consistent with a behavior strategy β is equivalent to a hetero-
geneous CPPBE (β,µ0) consistent with CPS (µi)i if, for all i and h ∈Hi , ph = µi(·|h) and phi = µi(·|∅)
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Figure 10: A heterogeneous CPPBE that is not equivalent to any plain PBE.

If β is played in a CPPBE (β,µ0), then a straightforward application of the characterization

in Theorem 1 implies that µ0(x|hC) can take any value. However, if (β,µ0) is a plain PBE,

then the only value µ0(x|hC) can take is 1
4 . This follows from plain consistency applied to

hB and hC , which implies that C sees as independent A’s trembles and B’s action - that is,

C believes that even if A deviates B plays following β.
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