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Abstract

We study a notion of perfect Bayesian equilibrium in extensive-form games that
is consistent with a common conditional probability system on terminal nodes: con-
ditional probability perfect Bayesian equilibrium (CPPBE). In a CPPBE, players (i) are
sequentially rational, (ii) apply Bayes’ rule both on and off path, and (iii) are free
to form any common belief after zero-probability events. In particular, players may
believe that past trembles are correlated. CPPBE refines subgame perfect equilibrium
and weak perfect Bayesian equilibrium, but does not require “no-signaling-what-you-
don’t-know.” We show that consistency with a conditional probability system is equiv-
alent to consistency with ranked probabilities, which express both probabilities and
lexicographic degrees of disbelief. This result provides a simple alternative character-
ization of CPPBE that is directly expressed by conditions on decision nodes and does

not require explicitly calculating a conditional probability system.
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1 Introduction

Game theorists have proposed several different notions of perfect Bayesian equilibrium
(PBE) in extensive-form games. These all agree in requiring sequential rationality: players
choose optimally at every information set, given their beliefs. They also all agree that
beliefs should be updated by Bayes’ rule along the equilibrium path of play. But they

involve very different consistency conditions on beliefs at off-path information sets.

Kreps and Wilson (1982) impose a strong consistency condition, which requires play-
ers to attribute zero-probability events to mistakes—or trembles—that are independent
across information sets. In their sequential equilibrium concept, beliefs are derived by
Bayes’ rule from a sequence of positive, vanishing tremble probabilities. While sequen-
tial equilibrium is extremely influential and widely applied, the requirement that beliefs
are derived from a sequence of independent trembles can make this solution concept
both unduly restrictive (as the motivation for independence is unclear) and hard to work
with (as it can be difficult to determine whether such a sequence exists) (Fudenberg and
Tirole, 1991; Battigalli, 1996; Watson, 2025b).1 Nonetheless, some consistency condition
on off-path beliefs is necessary: the weakest version of PBE (weak PBE), which places no
restriction on off-path beliefs, has little bite beyond Nash equilibrium, and in particular

does not imply subgame perfection (Myerson, 1991; Mas-Colell et al., 1995).

The current paper proposes that a general, tractable notion of perfect Bayesian equilib-
rium requires only that the players’ beliefs are consistent with the existence of a common
conditional probability system (CPS): an array of conditional probabilities on terminal
nodes linked by a consistency condition. We call the resulting solution concept condi-
tional probability perfect Bayesian equilibrium (CPPBE).2 In a CPPBE, players update their
beliefs using Bayes’ rule after positive-probability events, both on- and off-path, but can
form any belief after zero-probability events. In particular, players may believe that past
trembles are correlated. We suggest that this solution concept offers a useful balance of re-
strictiveness (implying subgame perfection and weak PBE), flexibility regarding off-path
beliefs (relaxing the independence requirement of sequential equilibrium), and tractabil-

ity (admitting a simple characterization, discussed below).

In addition to our main definition of CPPBE based on CPS’s, we provide two equivalent

definitions which do not directly involve CPS’s. First, a CPPBE is a sequentially rational

I Recent papers on constructing sequential equilibria include Dilmé (2024) and Watson (2025a).
2We do not claim that this is a new solution concept: as we discuss, we show an equivalence between
our definition and that of Doval and Ely (2020), and the literature contains many other similar concepts.



assessment satisfying a consistency condition in the spirit of Kreps and Wilson (1982),
but allowing correlated trembles. (Hence, CPPBE is more permissive than sequential
equilibrium.) Second, a CPPBE is a sequentially rational assessment where beliefs are
derived from ranked probabilities on nodes, where a ranked probability (r,, p,) specifies
both the discrete degree of disbelief r, € N5, that node x will be reached and the proba-
bility p, € (0,1] of reaching node x conditional on excluding theories of play with lower
degrees of disbelief. The latter definition provides a simpler and more tractable charac-
terization of CPPBE, as a ranked probability just consists of a pair of numbers (r,, p,) for

each node. Establishing the validity of this characterization is our main result.

Allowing correlated trembles is appropriate in settings where players may not view oth-
ers’ deviations as independent. For instance, upon arriving at an off-path information set,
players may entertain the possibility that this information set was reached due to earlier

unmodeled communication between their opponents, or an earlier unmodeled correlated

shock.3 Consider, for example, the following game:
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Figure 1: Investment game.

(—%, 0, 0] [0, 0, —%] 0,0,0)

Here, three firms (I = {A, B, C}) must choose between investing (a; = in) or not (a; = out).

Each firm gets a profit } ;;1,;, — 3/2 from investing, and 0 from not investing. The

3If players attribute deviations to unmodeled shocks, one may ask whether these shocks can also affect
other players’ future play. In CPPBE, they cannot: players always believe their opponents will play their
equilibrium strategies in the future. In contrast, Fudenberg et al. (1988) study equilibria where they can.
The resulting solution concept is very permissive, and in particular does not refine subgame perfection.
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timing is that firms A and B (the “upstream market”) simultaneously choose whether
to invest or not, while C observes B’s choice before acting. Suppose that in equilibrium
all three firms invest, but C observes B not investing. In any sequential equilibrium, C
continues to believe that A invested, and thus C chooses to invest as well. However, in a
CPPBE, C can believe that if B deviated by not investing, then A may have done the same.
For instance, C may suspect that a surprise shock has hit the upstream market, affecting

both A’s and B’s decision. In this case, C may not invest after seeing B deviate.

Several related solution concepts lie in between weak PBE and sequential equilibrium,
including almost PBE (Mailath, 2019), plain PBE (Watson, 2025b), and PBE satisfying no-
signaling-what-you-don’t-know (NSWYDK) (Fudenberg and Tirole, 1991) and strategic in-
dependence (Battigalli, 1996). In addition, Doval and Ely (2020) formulate a notion of PBE
consistent with a CPS over strategy profiles (rather than terminal nodes), which we show
is equivalent to CPPBE. Most of these concepts are ordered by strict inclusion, as shown in
Figure 2.# The restrictions imposed by these solution concepts rule out different kinds of
correlation in trembles. For example, NSWYDK implies that player i cannot view player
j’s trembles as correlated with information that neither i nor j hold, while strategic inde-
pendence further implies that player i cannot view player j’s trembles as correlated with

information that only i holds.”

The various solution concepts in Figure 2 can be more or less suited to different appli-
cations, depending on the tractability of applying them and the reasonableness of the
implied belief restrictions. However, we believe CPPBE is a natural benchmark, for a
couple of reasons. First, it imposes no belief restrictions beyond consistency with a CPS,
which in turn is implied by the PBE refinements most used in applications to date, such
as NSWYDK and sequential equilibrium. Second, in Appendix D, we establish a sense
in which a version of CPPBE is the weakest equilibrium concept for dynamic Bayesian
games consistent with sequential rationality and backward induction where Bayes’ rule
is always applied after positive-probability events: specifically, we show that CPPBE is

equivalent to the “backwards rationalizability” concept of Catonini and Penta (2026), to-

4The exception is plain PBE, which is non-nested with CPPBE, as shown in Appendix C. Of the strict
inclusions shown in Figure 2, the first and second are shown by Battigalli (1996), the third is shown by
our Theorem 2 and Observation 1, the fourth is shown by Doval and Ely (2020), and the last is shown by
Mailath (2019).

>For example, modify the game in Figure 1 by assuming that B has three actions: not invest (ag = out),
low investment (ag = I), and high investment (ag = k), and suppose that in equilibrium a4 = ag = out.
Suppose also that A and B move simultaneously and that C observes A’s action and whether B has invested
or not, but not the level of B’s investment. Then, if B deviates, NSWYDK allows C to believe that B’s action
was correlated with A’s, even if B has not observed it, while strategic independence does not. See Battigalli
(1996) for a similar example.
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Figure 2: Equilibrium refinements in extensive-form games, ordered by strict inclusion.

gether with a common and independent prior.® Of course, by suggesting this benchmark,
we do not mean to discourage the use of either stronger or weaker refinements in appli-

cations where they prove useful.

Sugaya and Wolitzky (2021) previously introduced CPPBE in multi-stage games with
mediated communication, as a formalization of the non-cooperative solution concept im-
plicit in Myerson (1986). However, their definition is complicated by issues specific to
mediated games, such as the need to specify the set of possible messages from the medi-
ator (the “mediation range”) as part of the equilibrium. Sugaya and Wolitzky (2021) es-
tablish a revelation principle for CPPBE, but do not analyze general properties of CPPBE
or relate it to other PBE notions in unmediated extensive-form games. In general, games
with communication—either with a neutral mediator as in Myerson (1986) and Sugaya
and Wolitzky (2021), or without one as in cheap talk games—are ones where the cor-
related trembles allowed by CPPBE seem especially natural, as it seems reasonable that
players may entertain the possibility of unmodeled communication channels in addition
to those explicitly incorporated in the extensive form. Moreover, the tractability of CPPBE
in games with mediated communication (i.e., the revelation principle) is one motivation

for studying it more generally.

Our characterization of CPPBE in terms of ranked probabilities builds on prior results
that establish equivalences between CPS’s and lexicographic conditional probability sys-
tems (LCPS’s) (Blume et al., 1991a,b; Hammond, 1994; Halpern, 2010). However, in con-

trast to our characterization, these results connect CPS’s and LCPS’s defined on the same

® This result holds in multistage games with observed actions, the class of games considered by Catonini
and Penta (2026).



domain (whereas we connect CPS’s on terminal nodes and ranked probabilities on all
nodes), and they do not characterize when an assessment is consistent with a condi-
tional or lexicographic probability system. We are not aware of prior work that uses our
formulation of ranked probabilities, although it is easy to see that there is an equiva-
lence between ranked probabilities and LCPS’s as defined by Blume et al. (1991a) (so our
main contribution is not introducing ranked probabilities, but using them to characterize
CPPBE). Our formulation can also be viewed as combining a ranking function expressing

degrees of disbelief in the spirit of Spohn (1988) together with conditional probabilities.

The rest of the paper is organized as follows. Section 2 introduces CPPBE, its properties,
and its relation to sequential equilibrium, weak PBE, and subgame perfection. Section 3
presents our main result, which provides a practical characterization of CPPBE based
on ranked probabilities rather than CPS’s. Section 4 shows that it is equivalent to define
CPPBE via a CPS over either terminal nodes or strategy profiles. The appendix explains
CPPBE’s relation to NSWYDK and to plain PBE, and provides an epistemic foundation.

2 Equilibrium Concept

2.1 Model

We consider extensive-form games of perfect recall with a finite number of players (i € I)
and a finite number of nodes (x € X).” We do not explicitly introduce Nature, but it can

be included as an additional player with a fixed strategy.®

Let > and > denote respectively the strict and weak successor relation on X, and > the
direct successor relation. As usual, Z C X is the set of terminal nodes, h( the initial history,
and H the partition of X \ Z representing the information set of the agent active at each
node. Let A(h) denote the set of available actions at information set /i, and fix payoffs
(u; : Z = R)jey-

Strategies and beliefs are defined as usual. For each agent i, a behavior strategy g; is a
function mapping each h where i is active into a distribution over A(h). Call 3; the set of
all B;, and let BB := x;; B;. We write (-|h) to represent 8;(-|h) when i is active at h. Similarly,
a pure strategy s; maps each h where i is active into an element of A(h); S; is the set of all

s;;and S 1= x;¢1S;.

’The definition of CPPBE extends straightforwardly to infinite games, but equilibrium existence be-
comes a subtle issue, as with any refinement of subgame perfection (Harris et al., 1995).
8 We return to this point in Section 2.3.



A system of beliefs is a function yy mapping each h into a distribution over its nodes.
We mostly follow the standard approach of assuming that all agents’ beliefs come from
the same system p,. However, this homogeneous beliefs assumption plays only a minor
role in our analysis (in particular, it simplifies notation), and we explain how to relax it

in Appendix C.

For any node x, we let h(x) be the information set containing x, S(x) the set of strategy
profiles consistent with reaching x on path, and Z(x) the set of terminal nodes that suc-
ceed x (with the convention that Z(x) = {x} if x € Z). With a slight abuse of notation, for
any Y C X, we let S(Y) := U ey S(x) and Z(Y) := U,y Z(x). We let PP(-|x) the probability
induced by g on X.?

2.2 Solution Concept

In any PBE concept, the first requirement for an assessment (f, yg) to be an equilibrium is
sequential rationality. For any node x, let VF(x) = (Viﬁ(x))ie[ be the vector of continuation
values when p is played from x onward. An assessment (3, y) is sequentially rational at

information set h with active player i if

S o Vi) 2 Y o) Vi) forall g e B;

x€eh xeh

Then, (B, o) is sequentially rational if it is sequentially rational at any h € H.

The second equilibrium requirement is a form of consistency between the strategy pro-
file p and the belief system puj. Our consistency notion refers to conditional probabil-
ity systems (CPS’s) (Rényi, 1955; Myerson, 1986). Given a finite set (2, a CPS on Q is
a function p : 22 x 22\ (@} — [0,1] such that, for any A,B,C C Q with C = 0, we have (i)
u(CIC) = u(Q|C) =1; (ii) if ANB =0 then u(AUB|C) = u(A|C)+u(B|C); and (iii)) if ACBC C
and B = 0, then u(A|B) - u(B|C) = u(A|C). Condition (iii) is called the chain rule.

Our consistency notion is as follows.

Definition 1. An assessment (f, pg) is consistent with a CPS y on Z if
(1) forany he H and x € h,

po(x|h) = p(Z(x)|1Z(h)),  and

?Given y,7’ € X with y <q v/, let ay, € A(h(y)) be the action leading from y to y’. Fix any x,x" €

X. If x < x/, there exists a sequence x <g x; <q ... <o X, <o ¥’ in X. In this case, fix PP(x'|x) :=
Blayx h(x))... Bay, vIh(xy). If x = x’, let PP(x|x) := 1; otherwise, let PP (x'|x) := 0.



(2) forany x, x" € X with x < x/,

po(xlh(x) > 0 = p(Z(x)|Z(x)) = PP(x'|x).

In words, point (1) requires that the belief system p is consistent with the CPS y, and
point (2) requires that y is consistent with the strategy profile g, starting from any node

with positive conditional probability.

Our solution concept is defined as follows.

Definition 2. An assessment (f, ) is a conditional probability perfect Bayesian equilib-

rium (CPPBE) if it is sequentially rational and consistent with a CPS on Z.

The idea of requiring beliefs to be consistent with a CPS on Z—as in point (1) of Defini-
tion 1—is due to Fudenberg and Tirole (1991).'° Following Myerson (1986), Sugaya and
Wolitzky (2021) introduced CPPBE in the context of multi-stage games with mediated
communication, which requires a more intricate definition. Doval and Ely (2020) define
a notion of an assessment being consistent with a CPS on S, which we show is equivalent

to our definition in Section 4.

For an illustration of CPPBE, consider the investment game in Figure 1. Sequential ratio-
nality implies that any CPPBE (S, o) has B(inlhc) = 1, since investing is strictly dominant
for C once B has invested, and B(in|hy) = B(inlhg) = 1, by backward induction. By the defi-
nition, this implies that po(xplhp) = po(xclhc) = 1. Sequential rationality also implies that
B(inlh;) = 1 only if pg(x;|he) > 1/2, since after seeing B deviate, C invests only if she as-
signs probability at least 1/2 to A having invested. However, CPPBE places no restriction
on C’s beliefs at h&.ll Thus, in a CPPBE, firm C can form any off-path belief, including

one that justifies not investing after B deviates.

2.3 Definition via Trembles and Basic Properties

CPPBE can be equivalently defined using Myerson’s (1986) characterization of CPS’s.
Myerson shows that, for any finite set (), a function y : 292 % 29\ {0} — [0,1] is a CPS if
and only if there is a sequence of full-support distributions (7;) € A(Q2) such that, for any
A,B € Q) with B = 0, u(A|B) = lim]- 17]-(A|B). This implies the following characterization,

which clarifies how CPPBE differs from sequential equilibrium.

10 Most of Fudenberg and Tirole’s paper focuses on beliefs about players’ types in multistage games with
observed actions, but their Section 6 considers beliefs in general extensive-form games.
"' Moreover, for any pg(x;|h;), Theorem 1 ensures that there exist a CPS y on Z consistent with it.

7



Proposition 1. A sequentially rational assessment (B, ug) is a sequential equilibrium if and
only if there exists a sequence (B;,1;)jen of full-support behavior strategies p; and full-support
distributions 1; over Z such that, Vhe H,x € h, x’ > x,

(1) lim, B; = B;
(2) Yim; 1y Z()\Z(h)) = pro(xlh);

(3) po(xlh) >0 = PP(x'|x) = lim; 1,(Z(x')|Z(x)); and
(4) Vj €N, PPi(x|ho)/PPi(Rlhg) = n;(Z(x)|Z(h)).

Moreover, a sequentially rational assessment (f, pg) is a CPPBE if and only if there exists such
a sequence that satisfies (1), (2), and (3) (but not necessarily (4)).

Proposition 1 is a direct consequence of Definition 2 and Myerson’s (1986) characteriza-
tion.!? It shows that the difference between sequential equilibrium and CPPBE is that,
in a sequential equilibrium, each distribution 7; is required to be consistent with the
behavior strategy f8;, which assigns independent probabilities to trembles at different in-
formation sets. In contrast, in a CPPBE, the (#7;) must be consistent only with the limit

behavior strategy 8, and thus allow correlated trembles.

Proposition 1 also suggests a way to restrict which players’ trembles can be correlated,
rather than allowing correlation across the whole population as in CPPBE. Fix a partition
(Bk)kK:1 of I into “blocks,” interpreted as groups of players who share an unobserved com-

munication channel or a common shock, and consider sequences 7; that are required to

1 K
D)
the projection of Z onto By’s own histories. Within a block, trembles remain entirely un-

factor across blocks, 77; = 17 , where each n](-k) is a full-support distribution over
restricted and may be correlated in arbitrary ways, as in CPPBE; across blocks, however,
the product structure precludes correlation, since no shared randomization device links
the blocks at any stage of the approximating sequence, and hence in the resulting CPS.
The resulting solution concept implies CPPBBE (where K = 1) and can capture some rel-
evant considerations. In particular, in games with Nature, one can require that Nature’s

moves cannot be correlated with any player’s trembles.!3

We some can show basic properties of CPPBE.

12 The first part of Proposition 1 also follows by Lemma 3.1 of Battigalli (1996); the equivalence between
CPS’s and sequential equilibrium is also studied by McLennan (1989a,b).

13 The extension suggested in this paragraph is somewhat in the spirit of Lipnowski and Sadler (2019),
who introduce a solution concept where only some players are required to have correct conjectures about
each other’s strategies.



Relation to subgame perfection: In every finite extensive-form game of perfect recall,
CPPBE is refined by sequential equilibrium (by Proposition 1) and refines subgame per-
fect equilibrium. The latter result follows because every CPPBE is an almost PBE (as
follows from Theorem 2 and Doval and Ely (2020)), and every almost PBE is subgame
perfect (by Mailath (2019)). For example, in the investment game, the unique sequential
equilibrium prescribes that po(x;|h-) = 1 and all players always invest, while all sub-
game perfect equilibria (and all CPPBE) prescribe that all players always invest on path,
but that C can play anything off path.

Existence and upper hemi-continuity: In every finite extensive-form game of perfect
recall, a sequential equilibrium always exists, and thus a CPPBE. CPPBE is also upper

hemi-continuous with respect to payoffs, by a standard argument.

3 Characterization via Ranked Probabilities

PBE refinements are often criticized for their lack of analytical tractability. In particular,
for refinements based on CPS’s, a key difficulty is showing that a consistent CPS exists
(Battigalli, 1996; Watson, 2025b). To do so, one possibility is applying Myerson’s (1986)
characterization, which requires finding a converging sequence of totally mixed proba-
bilities whose limit point is consistent with the candidate equilibrium. Another possibil-
ity is guessing a CPS and then verifying that the chain rule is satisfied conditional on
any subset of the relevant space (typically, Z or S). Often, neither of these approaches is
straightforward to apply.

We present a simpler characterization of CPPBE in terms of ranked probabilities rather
than CPS’s. We show that ranked probabilities always generate beliefs that are consis-
tent with some CPS, and that, conversely, any beliefs that are consistent with a CPS are

generated by ranked probabilities.

Formally, a ranked probability associates a rank r, € IN5, and a positive probability
px € (0,1] to each node x, where r,, = 0 and p,, = 1. For any ranked probability vector
(r,p) € (N5 x (0, 1])*I, we define an associated system of beliefs yg’p according to

rX
yg'p(xlh) = lim 22¢ r

elo X pye?
yeh

forallhe Hand x € h,



or equivalently

ﬂgp(XVl) = pxl{rx = minyep, rx’}

- thyl{ry = minyep 'y}
JAS

forallhe H and x € h.

Intuitively, r, is the lexicographic “degree of disbelief” that node x will be reached (Spohn,
1988), and p, is the probability of reaching node x relative to other nodes with the same
degree of disbelief.!* An interpretation is that there is an ordered set of theories of how
the game will be played, where, whenever the players observe an event with zero proba-
bility according to the current theory, they move on to the next one. With this interpreta-
tion, r, is the index of the theory that gives positive probability to reaching node x, and

Py is the probability of reaching node x under this theory.

A vector of ranked probabilities is a simpler object than a CPS on Z, as it is defined on
individual decision nodes rather than sets of nodes. In particular, a vector (r,p) consists
of |X| ranks r, € N5 and |X| probabilities p, € (0,1], one for each node, while a CPS on Z
consists of 2212l — 2l probabilities y(A|B), one for each pair of subsets of terminal nodes
A,BCZ,B=0.

Definition 3. An assessment (f, pg) is consistent with ranked probabilities (r,p) if
(1) po=nq’,

(2) for any x, x" € X with x < x" we have r, < ry and, if py(x|h(x)) > 0, then

PP(X|x)>0 = r,=ry and pPP(x'|x) = py, and

PP(x|x)=0 = r, <7y

Here, the first condition says that the belief system u is generated by the ranked proba-
bilities (7, p); and the second condition says that the ranked probabilities are consistent
with the behavior strategy f, in that the probabilities p are updated in accordance with f

where possible, and the ranks r reflect deviations from .

Definition 3 is a formalization of the notion of “Bayes’ rule where possible.”!> Informally,
this notion states that beliefs can be arbitrary immediately following a deviation, but

Bayes’ rule must apply at subsequent information sets. However, this informal statement

14 Note that yg’p is invariant to positive rescalings of p: that is, beliefs depend only on the relative proba-
bilities under p.
15We thank Laura Doval for suggesting this interpretation.
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can be ambiguous, for example when there is no clear ordering of deviations (as in Fig-
ure 3) or when the first information set after a deviation is a singleton. Definition 3 re-
solves this ambiguity by requiring that ranked probabilities propagate along paths of play

in the sense of condition (2).1°

Our characterization of CPPBE in terms of ranked probabilities is as follows.

Theorem 1. An assessment (B, pg) is consistent with a CPS on Z if and only if it is consistent

with a vector of ranked probabilities.

Consequently, an assessment (B, ug) is a CPPBE if and only if it is sequentially rational and is

consistent with a vector of ranked probabilities.

Theorem 1 clarifies what it means for an assessment to be consistent with a CPS: namely,
this holds if and only if beliefs are consistent with a vector of ranked probabilities. Since
a vector of ranked probabilities is a simpler object than a CPS, this characterization sim-

plifies the task of checking whether a given assessment is a CPPBE (as we will see).

As mentioned in the Introduction, it is well-known that, in general, there is an equiv-
alence between the sets of CPS’s and lexicographic conditional probability systems
(LCPS’s; i.e., ordered sequences of probability measures with disjoint support) on a given
state space (Blume et al., 1991a,b; Hammond, 1994; Halpern, 2010). Theorem 1 differs
from these results in that it establishes an equivalence between two notions of consis-
tent assessments (consistency with a CPS on Z and with a vector of ranked probabilities),
rather than two notions of probability, and, moreover, the CPS’s and ranked probabilities

in the theorem have different domains (Z and X).

To connect Theorem 1 and these prior results explicitly, we prove the theorem in two
steps: establishing a bijection between CPS’s on Z and (“reduced”) ranked probabilities
on X (which recapitulates prior results), and verifying that this bijection preserves con-

sistency (which is novel).!”

We start by introducing some notation. For any ranked probability (r,p), define the pro-
jection of (r,p) onto Z as the pair (7, ) : 24 \ {0} — Nso x R, given by

zeE

7(E) :=minr,, p(E):= Z P2 for all non-empty E C Z.
(E)

zeE:r,=f

16 For instance, an important subtlety is that condition (2) applies even if PP(x’|x) > 0 but po(x'|h(x")) = 0,
which can occur if h(x’) is also on-path from nodes with lower rank than x.

17 A prior version of this paper contained a slightly shorter and more direct proof, which left the relation
to CPS-LCPS equivalence implicit.
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Let P the set of projections of all possible ranked probabilities on X. We say that a projec-
tion (7, p) is reduced if ranks are consecutive starting from zero, so {#(z) : ze Z} = {0,...,7}
for some 7 € IN5(, and the normalization ) ., -, p(z) = 1 holds for any k € {0,...,7}.
A reduced projection is thus exactly a LCPS on Z (Blume et al., 1991a): the level sets
{z : 7(z) = k} are the disjoint supports of the probability distributions given by restricting

p to each level set.

In the first part of the proof, we introduce a bijection W from CPS’s on Z to reduced

projections, with inverse @. First, for any CPS y on Z, we define the null operator K :
27\ {0} — 27 by

K(Y):= {Z eY:pu(zlY)= 0} for all non-empty Y C Z.

We also define the iterates of this operator by letting K° be the identity function and
letting K™(Y) := K(K™~1(Y)) for any m > 1. In the appendix, we verify that, for any node

z, there is a unique number m, such that p(z|K™=(Z)) > 0.

We then define the map W from CPS’s on Z to reduced projections by W(u) = (,p), where

f(E)=minm, >0, p(E)= ,u(ElKF(E)(Z)), for all non-empty E C Z.

z€E

Conversely, we define the map ® from reduced projections (7, p) to CPS’s on Z by

(AN B)1{#(A N B) = #B))
p(B)

O (7, p)(A|B) = P forall ACZ, BCZ, B={0),
with ©(7,p)(A|B) = 0 if AN B = 0. In the appendix, we verify that W and ® are mutual
inverses. This adapts the standard CPS-LCPS equivalence to our setting.

The second part of the proof verifies that this bijection preserves consistency. To do so,
we let I' map rprojections to the ranked probability given by r, = #(Z(x)) and p, = p(Z(x))
for each node x, and let A map a ranked probability to its projection. These functions,
composed with W and @ respectively, define a mapping W from CPS’s on Z to ranked
probabilities on X, and a mapping @ from ranked probabilities to CPS’s. In particular,
for the “only if” direction, this lets us select a ranked probability—among those with the
same projection—that preserves consistency with the initial assessment. We then show
that, if an assessment (3, yg) is consistent with a CPS p on Z, then it is also consistent with
the ranked probability W(u); and, conversely, if it is consistent with a ranked probability
(r,p), then it is also consistent with the CPS &(r, p).
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The example in Figure 3 illustrates that different ranked probabilities can be consistent
with the same strategy profile, and shows that a node’s rank can depend both on the
“number of deviations” required to reach it and on the probability of these deviations.
Suppose agents play the behavior strategy p = out, indicated in blue. Then, if (5, yg) is
consistent with (r,p), we must have r,, = 0 and r, > 0 for all x = xg,z;, because x; and
zq are the only on-path nodes under . Moreover, we must also have Txe > T because
PB(xc|xg) = 0. However, the nodes x¢ and yc can be ranked in multiple ways: for example,
we can have either r,, =r,. =l and r,. = 2,0rr,, = 1 and r,. = 1. = 2. In the first ranking,

)«

the agents’ “second theory of play” is that A mixes between | or r—so, at h¢, agent C has
observed that the first (on-path) theory was wrong and has moved to the second one, and
believes that y- has been reached. Alternatively, in the second ranking, the agents’ second
theory is that A plays | and B plays out, and the third theory is that either A plays I and
B plays c, or A plays r. Now, at h¢, agent C has observed that the first two theories were
both wrong and has moved to the third one, under which either x¢ or y- may have been
reached. Note that in the second ranking the nodes x¢ and yc have the same rank, even

though reaching x¢ requires more deviations than reaching yc.

2 out Xo A

Xc Yc

Figure 3: An example where r, can take different values.

We illustrate the utility of Theorem 1 using the examples in Figures 4 and 5. In Figure 4,
four players play a strategy profile g where A plays I, B plays out, and C has only one
feasible action. We assume that B and D cannot observe A’s choice, and C can observe
whether B chooses out or not. For simplicity, we do not represent payoffs or D’s actions;

however, we will assume that 8 is sequentially rational.

Suppose B’s beliefs are pg(xglhg) = 1, and consider three candidate belief systems for

players C and D: (1) ]/lo(xClhc) = ﬂo(}/c'hé) = 1/4 and ’l/lo(xDlhD) = 1; (11) ]lo(xClhc) =
1/4, po(yclhe) = 3/4, and po(xplhp) = 1; and (iii) po(xclhc) = 1/4, po(yclhe) = 3/4, and
po(xplhp) = 1/3.

13



Figure 4: An example where checking if an assessment is a CPPBE is non-trivial.

XOA

Figure 5: An extension of the example.

It is straightforward to verify that assessment (i) (i.e., p together with belief system (i))
is a sequential equilibrium. However, assessments (ii) and (iii) are not sequential equi-
libria, because sequential equilibrium requires that u(xclhc) = po(yclh). In contrast,

Theorem 1 can be used to verify that these assessments are both CPPBE.!8

First, consider assessment (ii). Fix a vector (r,p) such that 0 = r, =1, <1y, =1y =1y, =
Tap <Tye = Tze = Typs Pxg = Pxg = L) Puwe = 3Pxe = 3Pxy, and 3p,. = py. = py,- Then assess-
ment (ii) is consistent with (r, p), which implies that it is a CPPBE by Theorem 1. Similarly,
assessment (iii) is consistent with any vector (r,p) satisfying 0 = 1, = 1y, <1y, =71y =
Twe =Txp = rl’c =Tz = r}/D' Pxy =Pxg = L, and 6pxc = 6pXD = 2ch = 3pyc = 3p}1D = 9ch'

In the example in Figure 5, we modify the example in Figure 4 by assuming that D always
moves after C. Consider extending assessment (iii) above with either of two candidate

beliefs for D at h},: po(wplhp) = 9/11 and po(wplhy,) = 5/6. At first glance, it is not obvious

18 Moreover, (ii), but not (iii), satisfies no-signaling-what-you-don’t-know, as we explain in Appendix B.
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which of these beliefs (if any) is consistent with CPPBE. However, Theorem 1 implies
that only the first one is. To see this, note that in any vector (r,p) that is consistent with
either belief (in the sense of Definition 3), 2p,,. = 9p,.. Therefore, if D never observes
A’s choice—as in Figure 5—and B plays r, the only possible equilibrium belief for D is
po(wplhp) = 9/11. Intuitively, immediately after B’s deviation, player D must form some
belief about A’s action. Since all information sets are on path after B’s deviation, the
existence of a CPS implies that beliefs at hp and h}, must be consistent with the same

conjecture about A’s move.!?

4 CPS’son Zvs.S

Several authors have developed PBE concepts that require consistency with a CPS on the
set of strategy profiles, rather than the set of terminal nodes (Battigalli, 1996; Kohlberg
and Reny, 1997; Doval and Ely, 2020; Watson, 2025b). The closest such paper is due to
Doval and Ely (2020), who define a PBE as an assessment consistent with a CPS on S,
arguing that this captures the idea of “Bayes’ rule where possible.” In this section, we
show that Doval and Ely’s solution concept is equivalent to ours, in the sense that for any

PBE consistent with a CPS on S there exists an equivalent CPPBE, and vice versa.?"

Despite this equivalence, CPS’s on Z have a couple advantages over those on S. First, a
CPS on Z is a reduced-form object relative to a CPS on S: any CPS on S induces a unique
CPS on Z, but many CPS’s on S induce the same CPS on Z. This relationship makes CPS’s
on Z simpler and easier to compute.?! Second, CPS’s on Z are defined on observable
events, while CPS’s on S are not (as noted by Battigalli, 1996).22 On the other hand, a
CPS on S explicitly describes off-path strategies, which may be conceptually appealing
and may suggest approaches to selecting among CPPBE. The two formulations are thus

complementary.

We denote a generic CPS on S by v, and write h’ £ x if there is no x” € h’ such that x’ < x.

Recall that S(x) is the set of strategy profiles consistent with reaching node x on path.

19 This example suggests that, given a strategy profile , Theorem 1 can also be used to check whether
there exists a belief system pg such that (8, ) is a CPPBE. To do so, one must find a vector (r, p) such that
the induced beliefs satisfy sequential rationality at each information set, which amounts to solving a system
of linear inequalities for each non-singleton information set.

20 Consistent with this equivalence, it is possible to construct ranked probabilities starting from a CPS
on S in a similar way as we do for a CPS on Z in the proof of Theorem 1.

21 This is roughly analogous to the computational advantage of behavior strategies over mixed strategies
(Kuhn, 1953).

22 At the same time, given a candidate assessment, Theorem 2 will imply that it is equivalent to verify its
consistency with a CPSon S or Z.
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Definition 4 (Doval and Ely, 2020). An assessment (B, uo) is a PBE consistent with a CPS

on S if it is sequentially rational and there is a CPS v on S such that

(1) forany he H and x € h,
po(xlh) = v(S(x)IS(h)),

(2) foranyxe X, he H with x € h,

po(x|h) >0 = VseS, v(s|S(x)) = [Tex Bs(W)IH)  if seS(x),

0 otherwise.

As in Definition 1, point (1) requires that the belief system p is consistent with the CPS v,
and point (2) requires that the strategy profile g and v are consistent, in that the relative
weights under v of the strategies s € S(x) are determined by their g-probabilities at those

nodes where their behaviors differ (that is, at nodes that do not precede x).

For an example of what point (2) implies, consider the tree in Figure 6a. Fix § such that
B(rlxo) = 1 and B(alx) = B(ely) = 5. Note that if node x is reached then the histories that
have not yet been played are {x} and {y}. So, in any PBE consistent with a CPS v on S in
which B is played, point (2) requires that v((l,a.d)|S(x)) = B(alx) B(d|y) = 2/9.

Figure 6: Differences between CPPBE and PBE consistent with a CPS on S.

We call two CPS’s equivalent if they induce the same conditional probabilities on Z.

Definition 5. Let y be a CPS on Z and v be a CPS on S. We say p and v are equivalent if

u(A|B) = v(S(A)|S(B))  forall ALBC Z, B #0.

This equivalence relation partitions the set of CPS’s on S into equivalence classes: each
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CPS on Z is equivalent to a range of CPS’s on S, but each CPS on S is equivalent to a

unique CPS on Z.

The following theorem establishes the equivalence of CPPBE and PBE consistent with a
CPSon S.

Theorem 2. (1) Fix a PBE (B, ug) consistent with a CPS v on S. Let y be the CPS on Z that
is equivalent to v. Then, (B, ug) is a CPPBE consistent with p.

(2) Fix a CPPBE (B, po) consistent with a CPS y on Z. Then, there exists a CPS v on S such
that v is equivalent to y and (B, uo) is a PBE consistent with v.

Part (1) is straightforward: since the CPS u on Z that is equivalent to v is unique, the
proof only requires verifying that (f, () is consistent with u. Part (2) requires more work,
because we must first construct a CPS v on S that is equivalent to . To do so, we rely
on Myerson’s (1986) characterization to fix a sequence of probabilities on Z converging
to the CPS u. We then use these distributions on Z to define a converging sequence of
distributions on S, whose limit point v is shown to be equivalent to y and consistent with

the assessment (5, yi).

Note that part (2) is a partial converse to part (1), as it applies to some CPS v that is
equivalent to p, but not necessarily to every such CPS. To see this, consider the exam-
ples in Figure 6a and Figure 6b. In Figure 6a, let f(r|xg) = 1 and f(alx) = B(ely) = %, and
suppose that (S, ug) is a CPPBE. Since there is only one off-path move, it is easy to see
that there is a unique CPS y on Z consistent with (, ). The class of CPS’s on S that are

equivalent to y is

{v CPSon S:Vay €l{a,b},a, e{d, e}, v((l,a1.a5)|S) = v((L,a1.a,)|S(v)) = v((r,a;.a,)|S(x)) = 0,

V((r,ad)i$) + V(b)) = v((r,a.d)S () + V(0 ba)S(9) = 5,

and v((l,a.d)|S(x))+v((l,a.e)|S(x)) = %}

However, consistency of v with (f,y() imposes some additional constraints, such as
v((l,a.d)| S(x)) = 2/9 (as shown above). Indeed, in this example, there are infinitely many
CPS’s on S equivalent to y, but a unique one that can be part of a PBE consistent with a
CPS on S where B is played.

In Figure 6b, let B(c|xg) = p(d|z) = 1, B(alh) = %, and suppose that (B, o) is a CPPBE
consistent with a CPS p on Z. In any PBE (B, y¢) consistent with a CPS on S, p(x|h) = 0.
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Thus, consistency of (B, ug) with a CPS v on S does not impose any restrictions on v(-|S(x)),
while equivalence with p only requires that v((1,a.d)|S(x))+v((l, a.e)|S(x)) = u(Z(1,a)|Z(x)),
and similarly for Z(I,b). Thus, there is a continuum of CPS’s v on S that are equivalent to

p and consistent with a PBE where f is played.

Figure 6b also illustrates the computational advantage of CPPBE over PBE consistent
with a CPS on S. In this example, a CPPBE where g is played pins down a CPS y on Z
up to a continuum (the CPS’s differ only on the terminal nodes following x) and each p is
defined on the set of terminal nodes of cardinality |Z|= 6. However, for any such p, there
are infinitely many CPS’s v on S consistent with both y and a PBE where g is played, and
v must be defined on the set of strategy profiles of cardinality |S|= 12. Moreover, all of
these CPS’s on S lead to the same assessment (3, ) as the CPPBE.

5 Conclusion

This paper has studied a solution concept, Conditional Probability Perfect Bayesian Equi-
librium (CPPBE), which requires sequential rationality and consistency with a common
conditional probability system on terminal nodes, but nothing else. We have argued that
this concept is appealing in settings where players may entertain the possibility that their
opponents’ deviations are correlated, for example as a consequence of unmodeled com-
munication or common shocks. We have also shown that CPPBE is an especially tractable
version of PBE, as it admits a characterization in terms of ranked probabilities, which are
much simpler objects than conditional probability systems. We hope these features can

make CPPBE a useful solution concept for future research on dynamic games.
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Appendix A: Proofs

Proof of Theorem 1

Preliminaries and CPS-LCPS Equivalence:

We first establish a property of the null operator K defined in the text.

Claim 1. For any z € Z, there is a unique m, € N5 such that u(z|K™=(Z)) > 0.

Proof. The definition of K implies that the sets (K"*(Z)),, are ordered by set inclusion.
Moreover, these inclusions are strict, because if K"*!(Z) = K™(Z) then u(K™(Z)|K"™(Z)) =
0, contradicting the definition of u. Since Z is finite, this implies that there is a unique
m, € Nsg such that z € K™:(Z)\ K"=*1(Z). Then, by definition of K, u(z|K™:(Z))>0. [

Recall also the definition of reduced projection (7, p) € P of a ranked probability intro-
duced in the main text. For any fixed set of terminal nodes, let R be the set of all reduced
projections and C the set of all CPS’s on Z. Recall also the maps W and @ defined in the

main text.

We rely on the following lemma that restates, in our notation, results of Blume et al.

(1991a) and Hammond (1994) and shows some properties of W and .

Lemma 1. W : C — R is a bijection from CPS’s on Z onto reduced projections (7,p), with

inverse ® : R — C.

Proof. Claim 1 implies that W is a well-defined function, while @ is a function by defini-
tion. First, we show that, for any p, W(p) = (7, p) is a reduced projection. To see this, define
a ranked probability (r,p) as follows. For any node x ¢ Z, let r, € N5, and p, € (0,1] arbi-
trarily, with r,, = 0, p,, = 1 for the initial node. For z € Z, let r, = m, as defined by Claim 1
and p, = u(z|[K™(Z)). By construction, for any E C Z,

7(E) = minm, = mintr,,

z€E z€E
)= pEIK"D(2) =) uAk"E2)= Y pEk(z 2 s
zeE zeE:r,=7(E) z€E:r,=

To see that the other conditions of reduced projections are satisfied, note that since Z is
finite, there is a largest rank 7 where K1 (Z)=0. For each k € {0,...,7}, the set of terminal

nodes assigned rank k is K*(Z)\K*¥*1(Z), which is nonempty because the sets (K"(Z)),, are
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ordered by strict inclusion (so the ranks are consecutive starting from zero), and satisfies

) b= ) wu(zIKNZ))=1.

z:7(z)=k z:m,=k

Thus, W(u) is a reduced projection.

Next, we show that, for any reduced projection (7, p), ®(7,p) = u is a CPS on Z. The only
non-trivial part is the chain rule. Fix A € B C C C Z, B # (. Note that #(B) > #(C). If
7(B) > 7(C), then u(A|C) = u(B|C) = 0, and the chain rule trivially holds. Thus, suppose
that 7(B) = 7(C), which implies that x(B|C) > 0. Then, by definition,

uAB)- u(BlC) = P

—_

A) =7(B)}
(B)

(B) _ p(AN{i(A) = 7(C)}
(€) p(C)

—

= u(A|C),

e}l
|

implying the chain rule.

Finally, we show that, for any y € C, ®(W(u)) = p, and that, for any (7,p) e R, W(D(7,p)) =

(7,p). This shows that W and @ are bijections and mutual inverses.

For the first part, fix a CPS p, let (7,p) = W(p) (which we have shown is a reduced pro-
jection), and fix z € B C Z such that u(z|B) > 0. By the chain rule, this implies that
1#(zlK™B)(Z)) > 0, and thus 7(z) = 7#(B) by the definition of K. Thus,

p(2)1{7(z) = 7(B)} _ u(zK"?(2)) _ u(zK"?)(2))

O(W(p))(zB) = 5(B) - ,u(Ble(B)(Z)) - y(B|Kf(Z)(Z))

= pu(z|B),

where the first equality follows from definition, the second and third from the steps
shown above, and the last from the chain rule. If z ¢ B, then by definition ®(\W(u))(z|B) =
0 = u(z|B). By finite additivity, this reasoning extends to ®(W(u))(A|B) for A C Z. Thus,
D (p)) = p.

For the second part, fix a reduced projection (7, p) with maximum rank 7, and let y =
®(7,p) (which we have shown is a CPS). For any m >0, let L,, := {z € Z : #(z) > m}. We first
show that K"(Z) = L,, for any m > 0. We proceed by induction. For m = 0, K%(Z) = Z = L,,.
Suppose then that K™(Z) = L, for some m < 7. Since ranks are consecutive, there exists

z € Z with 7(z) = m, and thus #(L,,) = m. Hence, for any ze€ L,

—_

_ p2)U(z) =7(L,,)} _ p(2)1{F(z) = m}
u(z|Ly) = ) = T

a1l
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which, since p(z) > 0 and p(L,,) > 0, is zero if and only if #(z) > m. By the definition of K,
K™MNZ)=K(Ly) ={2 € Ly, : 7#(2) > m} = Lyy.1,

completing the induction. In particular, K™1(Z) = 0.

It follows that, for any z € Z and m > 0, we have z € K™(Z)\K™*(Z) if and only if #(z) = m.
By Claim 1, this implies
W(p)1(2z) = m, =7(2).

Moreover, taking m = 7(z) in the display above and using the normalization p(Ly,)) =

Zz’:r”(z’):f(z)ﬁ(zl) =1,
_ )y - P _
W(p)o(2) = p(z| K™ (2)) L) p(2).

Finally, fix any E C Z, E # (. Since both (7, p) and W (u) are projections,

W (301 (E) = minW(u)) (2) = min(z) = 7(E),

zeE
W(a(E)= ) W(a(z)= ) plz)=p(E)
W B2 () AR (E)
Thus, W(D(7,p)) = (7,p) O

Next, define I : (7, p) — (7, p) such that, for any (7,p) € P and x € X,

(U7, )« = ( min 7(2), Yo )

€Z(x) 2€Z(x):#(z)=min, ez ) F(2')

Note that the resulting ranked probability has a reduced projection. We also let A :
(r,p) — (7, p) denote the map from each ranked probability into its projection. Thus, Aol

is the identity on reduced projections.

"Only if" Direction:

Let (B, po) be an assessment consistent with a CPS y on Z. We show that it is also consistent
with the ranked probability (r,p) = I'(W(p)). Recall that we use the notation u(A|B) =
u(Z(A)|Z(B)) for any A, B C X, B # 0, when this will not cause confusion.

We first show that ,u(r)’p = po. For any h € H, let r;, := min,,¢j, 1, and note that Z(h) C K'"(Z)
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and u(h|K'™(Z)) > 0. Moreover, for any x € h, we have
p({x}K™(Z)) > 0 <= p({x}lh) > 0 < po(x|h) > O,

where the first equivalence follows from the chain rule and the second from consistency
of (B, uo) with p. Thus, if py(x|h) = 0 then p({x}|K™(Z)) = 0, which implies r, > r, and
yg’p(xlh) = 0. If instead po(x|h) > 0, then u({x}|K"(Z)) > 0 and so r, = rj,. Thus,

(o) = P _ pIKZ)  p(IKZ)
0 Y yenPollry =) L IIK™(Z)) ~ plhIK(Z))

= p({x}lh) = po(xlh),

where the first and second equalities are by definition, the third is by the preceding ob-

servations, the fourth is by the chain rule, and the last is by consistency.

It remains to show that (7, p) satisfies Condition (2) of Definition 3. Fix any x,x” € X with
x" > x.Since Z (x") C Z(x) and r,, = min ez (y) 1, this implies min,e 7 () 7, > mingezy) 7,, and
hence r,» > r,. Moreover, suppose p(x|h) > 0. By definition of I'and W, r,, = min,cz(y) 7(z) =
min,cz(y) M,. By definition of K and since p(x|h) > 0, for any z € Z(x), m, = r, if and only
if z is reached with positive probability from x. Thus, if Pﬁ(x’lx) = 0, this implies that, for
any z’ € Z(x'), m, > r, implying r. > r,. Conversely, if P(x’|x) > 0, then for any z’ € Z(x’),
m, = r, if and only if z’ is reached with positive probability from x’. Thus, r, = r,». Finally,
letting Q(x), Q(x’) C Z respectively the sets of terminal nodes in Z(x) and Z(x’) reached

with positive probability from x and x’,
Px = Z p(2) = p(Q()IK™ (2)) = p(Q(x)Q(X)(Q)IK™(Z)) = PP(x|x)p,.
z’eQ(x’)
where the first equality follows from definition of I' and W, and the third one by the chain
rule applied to Q(x”) € Q(x).
"If" Direction:

Let (B, 4o) be an assessment consistent with a ranked probability (r, p) on X. We show that
it is also consistent with the CPS y = O(A(r, p)).

We start with a preliminary result, which shows that (r,p) agrees with its reduction

I'(A(r,p)) at every node assigned positive probability.

Claim 2. For any h € H and x € h such that uy(x|h) > 0, we have
(1) forany z € Z(x), r, =ry if and only ifPﬁ(z|x) > 0; and
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(2) HZ(x)) = 1y and p(Z(x)) = px.

Proof. For any z € Z(x), Definition 3 implies that if PP(z|x) > 0 then r, = r,, while if
PB(z|x) = 0 then r, > r,, proving point (1). Moreover, there is at least one z € Z(x) with
PP(z]x) > 0, and thus #(Z(x)) = min,ez(y) 7, = 7y. Finally, using point (1) and the fact that

consistency with (r,p) implies p, = P?(z|x)p, for any such z,

Z Pz = Z = Px Z Pﬁ(zlx):px- L

zeZ(x zeZ(x): zeZ(x):
2= rx PB(z]x)>0 PB(z]x)>0

We are now ready to establish consistency.

Claim 3. For any h € H and x € h, py(x|h) = p(Z(x)|Z(h)).

Proof. To ease notation, let p := 7(Z(h)). By consistency with (r, p), for any x € h,

po(x|h) >0 < r, =minr,.
yeh

Since there exists some x” € h with po(x’[h) > 0, point (2) of Claim 2 implies min,;, r, = p.

We consider in turn the cases where i (x|h) equals zero and where it is positive. If yq(x|h) =
0, then consistency with (7, p) implies 7#(Z(x)) > r,, and the preceding observations imply
1y > p. Thus #(Z(x)) > 7#(Z(h)) and

MZX)|Z(h) = 0 = po(x|h).

Now suppose that pig(x|h) > 0. Since the sets {Z(p)},¢;, are disjoint and their union is Z(h),
and since 7(Z(y)) > p whenever py(y|h) = 0, point (2) of Claim 2 gives

N=) Z p= ) BZO)= ) by,

yeh zeZ(y yeh: yeh:
2= p Ho(yIh)>0 Ho(yIh)>0

Therefore, using point (2) of Claim 2 once more,

p(Z(x)): Px — " (x|h) = h ]
N ) = 0 = P < ) = o),

Claim 4. For any x < x’ with pg(x|h(x)) > 0, we have u(Z(x')|Z(x)) = PP (x'|x).
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Proof. By point (2) of Claim 2, #(Z(x)) = r, and p(Z(x)) = py.

If PP(x’|x) = 0, then consistency with (r,p) implies r, > r,, and hence #(Z(x')) > rp > 1, =
7(Z(x)). Since Z(x") C Z(x), it follows that

uZ(x')|Z(x)) = 0 = PP(x’|x).

Now suppose that PP(x’|x) > 0, so that consistency with (r,p) gives rp = r, and py =
PB(x'|x)py. Fix any z € Z(x’). Since PP(z|x) = PP(z|x’)PP(x’|x) and PP(x’|x) > 0, we have
PA(z|x) > 0 if and only if PP(z|x’) > 0. Thus, by point (1) of Claim 2 applied to the pair
x < z, we have r, = r, = ry if and only if PP(z|x’) > 0, and in that case consistency with

(r,p) gives p, = PP(z|x)p, = PP(z|x")p, . Hence

PZ()= ) p=py ) PPEX)=py,
ze€Z(x'): zeZ(x'):
2=l PB(z]x")>0

and 7(Z(x")) = ry = r, = 7(Z(x)). Therefore

H(Z(x)Z(x)) = =2 = pP(x/|x). 0

Proof of Theorem 2

Recall that we write h < x” when there is x € h such that x < x’, and similarly for h % x’.
Part (1):

Fix a PBE (, o) consistent with a CPS v on S. Let u be the CPS on Z equivalent to v. We
will show that (B, yo) is a CPPBE consistent with p.

By definition, (B, yg) is sequentially rational. Moreover, by definition, for any h and x € h,

po(xlh) = v(S(x)S(h)) = p(Z(x)|Z(h)).

It remains to show that, for any x < x’, if ug(x|h(x)) > 0, then u(Z(x')|Z(x)) = PP(x’|x). For
such x,x’, by definition,

MZENZE) = ) p(NZ ().

zeZ(x’)

Note that, for every s,s” such that z; = z, € Z(x’), we have s(h) = s’(h) for all h < x’. Since
po(x | h(x)) > 0, Doval and Ely’s (2020) definition of PBE gives v(s | S(x)) = [ ;. B(s(h) | h).
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Summing this over all strategy profiles that reach x’ gives

MZEZ@)= ) vsl1Sen= ) | [petim =Pl

seS(x’) seS(x’) hzx

By the chain rule, for any z € Z(x’), we have u({z} | Z(x)) = u(Z(x") | Z(x))u({z} | Z(x’)).
Substituting, we have

plz} | Z(x)) = PP(x | 02} | Z(x')),

and therefore

MZENZ) = ) PR p((Z(x) = PP(x k).

zeZ(x’)

Part (2):

Fix a CPPBE (S, yg) consistent with a CPS p on Z. We construct a CPS v on S such that
(B, po) is a PBE consistent with v.

Since p is a CPS on Z, there exists a sequence of totally mixed probabilities (77.). on Z
such that
pu({z}|A) = lim#.(z|A) forallze Z,ACZ,A=0
&

Fix any sequence of totally mixed behavior strategies (f.). such that at each information
set h, lim, B.(:|h) = B(:|h). Now define

0:(5) 1= 1¢(2) l_[/a’g(s(h)lh) forall seS.

Note that o, > 0 and, for each z € Z, 0,.(5(z)) = 17:(2). Thus, for each ¢, o, is a totally mixed
probability function on S. In words, o,(s) weights the path of play induced by s according
to 17,, and coincides with g, at each history off this path.?

23 Intuitively, backward induction implies that, at every terminal node z, the agents believe that the equi-
librium would have been followed at all nodes not preceding z. Additionally, Definition 4 imposes that
agents should see as probabilistically independent off-path nodes not preceding z. Thus, agents’ beliefs
about play at nodes not preceding z should be consistent with independent trembles—or, equivalently,
their beliefs can allow for correlated trembles only at nodes preceding z.
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Finally, passing to a subsequence where each o,(s|B) converges if necessary, define v by
v(s|B) = lim o,(s|B) forallseS,BCS.
&

Then, v is a CPS by Myerson (1986) and is equivalent to p by construction. It thus remains
only to show that for any / and x € h with pg(x|h) > 0, we have v(s|S(x)) =[], B(s(h)|h) if
s € S(x) and v(s|x) = 0 otherwise (the other parts of the definition of consistency of (S, y)

and v following from the equivalence of v and p).

So, fix h € H, x € h with pg(x|h) > 0, and s € S. By construction,

i Ge(sNS(x)
v(s|S(x)) = 1{{“ m,

which equals zero if s ¢ S(x). If instead s € S(x), then

o150 = tim — 22 _ g BENess PCSBIR) i 7 i [ st

e o (S() e 7:(Z () M
(zNz ) | | Blst)In) = PPz | ] Bsth
W%z W %z,
mih) ]_[ﬁ(S(h’)Ih’) ]_[ Blstm) = | | Blsth)i)
h'>x W £z h#x

where the second equality follows because S(x) = Ucz(x)S(2), the sets {S(z)},cz(x) are mu-
tually disjoint, and o, is finitely additive for each ¢; the third follows since both limits
exist finite; the fifth follows because u is consistent with (f, y9) and po(x|h) > 0; and the

last two follow from properties of trees and z; > x.

Appendix B: Relation to No-Signaling-What-You-Don’t-Know

In this section, we compare CPPBE to another closely related solution concept, No-signaling-
what-you-don’t-know (NSWYDK, Fudenberg and Tirole, 1991). NSWYDK is a consis-
tency condition that precludes an agent from viewing an opponent’s past moves as being
correlated with information that neither the opponent nor the player herself possesses.
NSWYDK thus rules out some forms of correlation among agents’ trembles, but it does
not require full strategic independence (Battigalli, 1996). The appeal of NSWYDK varies
in different settings. For instance, in the investment game in Figure 1, we may want to let

firm C believe that the other firms’ mistakes could be linked to a common shock, which
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is ruled out by NSWYDK. Moreover, in general games, checking whether an assessment
is a CPPBE appears easier than checking whether it is a PBE satisfying NSWYDK due to
Theorem 1, as discussed below.

In finite extensive-form games, NSWYDK requires beliefs to be consistent with a CPS
on Z, along with some additional conditions that Fudenberg and Tirole call “general

reasonableness.”?4

Definition 6 (Fudenberg and Tirole, 1991). Fix an assessment (8, po) and suppose y is con-
sistent with a CPS y on Z: that is, for any h and x € h, po(x|h) = u(Z(x)|Z(h)). Then, (B, uo) is

generally reasonable if

(1) forany x, x" € X with x < x/,
PP(x'|x) = p(Z(x')|Z (),

(2) forany he H, x,y € h, x <q x" and y <o v such that a, ,» = czy’y,,25

W(Z(x)|Z(x)UZ(Y) = W(Z2(x)|Z2(x) U Z()).

An assessment whose belief system is consistent with a CPS on Z and satisfies condition
(1) (but not necessarily (2)) coincides with what Battigalli (1996) terms a “tree-extended
assessment.” Note that, if this assessment satisfies sequential rationality, it is already a
stronger solution concept than CPPBE, since condition (1) is imposed also at nodes with

zero conditional probability.

A generally reasonable assessment is obtained by additionally imposing condition (2),
which requires that belief updates immediately following an agent’s deviation can de-
pend only on the player’s own information. In general, replacing the consistency condi-
tion in the definition of CPPBE with conditions (1) and (2) strengthens CPPBE to PBE
satisfying NSWYDK.?® We thus have:

Observation 1. Any assessment that is sequentially rational and generally reasonable is a
CPPBE.

24This generalizes Fudenberg and Tirole’s “perfect extended Bayesian equilibrium,” which is defined for
multistage games with observed actions, to general games.

25 Recall that if x < x’ then a, ,» € A(h(x)) denotes the action leading from x to x’.

26 A similar comment applies to heterogeneous CPPBE. Fudenberg and Tirole (1991) focus on homoge-
neous beliefs, although they also introduce extended assessments, which use CPS’s to guarantee that, for each
i €I, that all agents j # i have a coherent belief system about i’s type.
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The converse is not true. For example, in the investment game in Figure 1, if invest is
played on path, point (2) of general reasonableness implies that pg(x;lhe) = po(xclhc).
Intuitively, NSWYDK requires that firm C does not interpret B’s deviation as correlated
with A’s choice, which neither C nor B can observe. Similarly, in the example in Figure 4,
point (2) of general reasonableness implies that u(Z(x¢c)|Z(xc) U Z(yc)) = u(Z(xp)|Z(xp) U
Z(yp)), which implies that assessment (iii) in Section 3 is not generally reasonable, while

it can be shown that assessment (ii) is.

We now argue that checking if a given assessment is a CPPBE is easier than checking
if it is a PBE satisfying NSWYDK. Theorem 1 provides a tractable characterization of
CPPBE, which does not require explicitly constructing a CPS. However, we are not aware
of an approach to checking whether an assessment is a PBE satisfying NSWYDK without
constructing a CPS. The issue is that point (2) of Definition 6 refers to the condition that

Ay, = 4y, which seems difficult to express with ranked probabilities.

Figure 7: Implications of no-signaling-what-you-don’t-know on beliefs.

To see this issue in greater detail, consider the examples in Figure 7. In these examples,
there are three players. A randomizes with probabilities f(I|xy) = 2/3, and B plays out. For
simplicity, we do not represent payoffs or C’s actions. In Figure 7a, NSWYDK imposes that
to(xclhe) = po(welhy) = 2/3. Thus, any characterization of NSWYDK based on ranked
probabilities would have to impose some conditions that depend on whether two nodes
at the same information set are reached with the same action (as is the case for x- and
yc in the example). In Figure 7b, NSWYDK has some implications for the beliefs at h¢
and h(,, but the requirements are different from before—namely, p(xclhc) = /,to(yc|h’c).27
Therefore, any characterization of NSWYDK based on ranked probabilities would require

?’Indeed, suppose there is a CPS p on Z consistent with the candidate assessment. Then, 2/3 =
WZ(xc)lZ(xc,vc)) = p(Z(we)lZ(we, z¢)) = W(Z(he)|Z(he, hi)). Using the chain rule, we can write:

pZ(xc)Z(he)) W(Z(he)lZ(he, he))

MEONE e ye) = L SR MZ N2 ey ho)) + RZ N2 ) i Z 2 ey B
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some condition that depend on whether, for any information set (like i) and any node
(like xc € h¢), there is any other node in a different information set (like y¢ € h(), that
results from playing the same action (like a) at the preceding information set, and on

whether this is true for any other node in the same information set (h¢).

Appendix C: Heterogeneous CPPBE and Plain PBE

Heterogeneous CPPBE

CPPBE can be extended to let players hold heterogeneous off-path beliefs. Besides gener-
ality, this extension is useful for relating CPPBE to prior PBE concepts that allow hetero-

geneous beliefs. We define a CPPBE with heterogeneous beliefs as follows.

Definition 7. A sequentially rational assessment (B, uo) is a heterogeneous CPPBE if there
exists a profile of CPS’s (p;);c; on Z such that

(1) for any h € H where agent i is active, and any x € h,
po(x|h) = pi(Z(x)|Z(h)), and

(2) forany x, x" € X with x < x/, for any agent i € I,

pi(Z(IZ(h(x))) > 0 = pi(Z(x')IZ(x)) = PP(x'|x).

Thus, in a heterogeneous CPPBE, each player’s belief is derived from a personal CPS
that is consistent with everyone’s equilibrium strategies, but these CPS’s can differ across
players. While we focus on (homogeneous) CPPBE for simplicity, our main results eas-
ily extend to heterogeneous CPPBE. In particular, in the same vein as Theorem 1, het-
erogeneous CPPBE can be characterized in terms of heterogeneous ranked probabilities.

However, in general, heterogeneous CPPBE need not be subgame perfect.

Relation with Plain PBE

Watson (2025b) requires PBE to satisfy a consistency notion labeled plain consistency.
Intuitively, plain consistency requires that, if a player’s belief treats a component of the

strategy set and its complement as independent, this independence must be preserved at

This in turn implies u(Z(xc)IZ(hc)) = W(Z(yc)lZ(he)).
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any immediately succeeding information set that is reached with positive probability.

Watson’s definition allows agents to hold heterogeneous beliefs, so we compare it with
heterogeneous CPPBE. In particular, we show that the two solution concepts are non-

nested. For the reader’s convenience, we briefly review the relevant definitions here.

The definition of plain consistency is based on the notion of an appraisal: that is, for
each information set, a distribution over complete strategy profiles S representing the
beliefs and strategy of the active player at that information set. For each agent i, let H;
the subset of histories h where i is active. We also need to introduce, for each agent i, a
fictitious information set h; representing i’s initial history before the game has started.?®
Let H, := H; Uh;, and H := U;H;. Note that every strategy s can be extended to have

domain H by setting s(h;) = wait for every i not active at h.

The formal definition of an appraisal involves an independence condition on product sets
of strategy profiles. For any strategy profile s, we focus on the sequence-representation
of s: that is, s = (s(h))yep € XpeygA(h). For any L C H, let 7ty (s) the L-projection of s: that
is, 1 (s) := (s(h))per. Moreover, for any B C S, let By := {s; : s € B} = 7ty (B). Finally, let
—L:=H)\ L. We say that BC S is an L-product set if B=B; xB_;.

Definition 8 (Watson, 2025b). For an L-product set Y C S, we say that p € A(S) exhibits
L-independence on Y if p(Y) > 0 and, for every L-product set BCY, p(B|Y) =p(By xY_[|Y)-
p(YL x B_[[Y).

Definition 9 (Watson, 2025b). For any agent i and history h € H;, an appraisal py is a

distribution on S such that
(1) supp py C S(h);
(2) for every h’ € H;, py, exhibits h’-independence on S.

An appraisal system is a profile of appraisals P = (py)hen-

We say that h, h’ € H; are consecutive whenever there exist x € h, x’ € h’ such that x < x/,

and for any such x, x” there does not exist h” € H; and x” € h” such that x < x” < x’.

Definition 10 (Watson, 2025b). The appraisal system P satisfies plain consistency if, for

every agent i, every pair h, h’ € H; of consecutive histories, every L C H, and every L-product

28 Formally, h; precedes any h € H; and S(h;) = S. Moreover, A(h;) = {wait} for all i except j active at hg,
and h; = hy.
=]
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set Y C S(h) such that py, exhibits L-independence on Y,

pw(Brx{s_t}) pn(BrxY_p)

p(Ypx{s_r}) — pu(Y)

for every By C Yy and s_p € Y_p such that Y; x{s_t} C S(h’) and py (Yp x{s_r}) > 0.

To get an intuition, suppose that h, h’ # hy, agent j # i is active at hj, and i does not
observe j’s choice. Fix L = {h}. Plain consistency implies that, if at h agent i believes that
j’s trembles at hj are independent from trembles at any other information set, and if h’ is

on path given h, then i keeps believing that j’s trembles at h, are independent at /’.

The definition of plain PBE can be stated as follows.

Definition 11. An appraisal system P = (py)ney is a plain PBE if there exists a behavior
strategy p such that

(1) foralliand s, phi(s) =[Tiex B(sulh);
(2) P is sequentially rational;

(3) P satisfies plain consistency.

Note that plain consistency needs to be checked at each pair of consecutive information
sets and for each possible product set of strategy profiles consistent with these informa-
tion sets. By contrast, checking whether an assessment is a CPPBE only requires checking

the existence of a vector of ranked probabilities satisfying Definition 3.

We now show that plain PBE and CPPBE are non-nested. The intuition is that plain PBE
rules out some correlation in agents’ trembles, but it may not be consistent with agents us-
ing Bayes’ rule whenever the conditioning event has positive probability. Below, we make
this point precise with two examples. Intuitively, we say that a plain PBE and a CPPBE

are equivalent if they induce the same play and the same beliefs at each information set.?’

The first example is a plain PBE that is not equivalent to any heterogeneous CPPBE.
Consider the game below played by A, B, and C. Let 8 be as in blue, with B randomizing

with uniform probability. Assume that payoffs are such that f is sequentially rational.

29 Formally, let C : S — Z be the outcome map, {(s) being the terminal node reached under s, and let {4p €
A(Z) denote the pushforward of p € A(S). Since S(x) = {~1(Z(x)), an appraisal at h satisfies Csp; € A(Z(h)),
the same simplex as p;(:|Z(h)). A plain PBE P = (pj,)ncy consistent with 8 is equivalent to a heterogeneous
CPPBE (B, po) consistent with (y;); if Cspy, = pi(-|Z(h)) for all i and h € H;, and Capn, = pi(12).
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Figure 8: A plain PBE that is not equivalent to any heterogeneous CPPBE.

The definition of heterogeneous CPPBE implies that, if § is played in a heterogeneous
CPPBE (B, uo), then pg(xclhc) = po(x;lhe). That is, whatever belief C forms after A de-
viates, C subsequently updates following Bayes’ rule on path. This is not true in a plain
PBE, since plain consistency does not impose any restrictions on agent C’s beliefs at h¢
and h(.. In particular, note that the only consecutive histories of agent C are h, hc and k.,
h(-. For Definition 10 to restrict the beliefs at h and h(,, we need to fix L containing the
initial history hy. However, this implies that any Y C S satisfying Y; x S_; C S(h¢c) U S(h()
does not contain any strategy in which A plays out. At the same time, any Y satisfying
pr.(Y)> 0 needs to contain at least one of these strategies. Thus, plain consistency has no

bite in pinning down Y’s beliefs at k¢ and h..

The second example is a heterogeneous CPPBE that is not equivalent to any plain PBE. It
is based on Watson (2025b). There are again three players, A, B, and C, and the game is
played as shown by the tree below. Fix g as in blue, with B(blhg) = 0.6, B(c|hg) = 0.2, and
payoffs such that § is sequentially rational.

Figure 9: A heterogeneous CPPBE that is not equivalent to any plain PBE.

If B is played in a CPPBE (B, y), then a straightforward application of the characterization
in Theorem 1 implies that py(x|hc) can take any value. However, if (B, yg) is a plain PBE,
then the only value po(x|hc) can take is . To see this, apply Definition 10 to agent C’s con-
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secutive pair (he, hc), taking L = {hg} and Y = {b,c} x S_;. Note that S(h¢) is an L-product
set with S(h¢)p = {b,c}: conditional on B playing b or ¢, reaching hc does not depend on
which of the two, so Y x {s_;} C S(hc) for every s_; € Y_ with p;, (Y x {s_;}) > 0. More-
over, py, . is the product distribution induced by g and hence exhibits L-independence on
Y. Plain consistency then pins down C’s belief that B played c conditional on each such

s_r, and since the value is the same for all of them,

_pndxYo) o Blelhy) 021
) B(blhg) + B(clhp) ~ 0.8 4°

xlhe) =
po(xlhc) P (¥

Appendix D: Epistemic Foundations

In the Introduction, we argued that CPPBE imposes sequential rationality, Bayesian up-

dating, and nothing more. We now formalize this claim.

To do so, we first introduce a posteriori CPPBE, a version of CPPBE where Bayesian up-
dating and sequential rationality are retained for each agent separately, while the as-
sumptions that tie different agents’ beliefs together are dropped.3? This is the notion of
CPPBE for which we provide an epistemic foundation. In Remark 1, we make the rela-
tion between the two concepts precise and show when CPPBE corresponds to a posteriori
CPPBE.

We then recall the definition of Backward Rationalizability (BR), a solution concept intro-
duced by Catonini and Penta (2026) to capture the logic of backward induction reasoning,
and nothing more. Catonini and Penta also introduce interim perfect equilibrium (IPE), a
solution concept for sequential games with incomplete information. In Proposition 3, we
show that, for any fixed type space, a posteriori CPPBE and IPE induce the same strate-
gies and the same beliefs about opponents’ types at every history. This implies that BR
characterizes the robust predictions of a posteriori CPPBE. Together with Remark 1, this
also implies that, if a strategy is played in a CPPBE and if agents’ beliefs satisfy a min-
imal agreement requirement, then the strategy is backward rationalizable. Conversely,
if a strategy is backward rationalizable in the canonical type space and beliefs satisfy a
notion equivalent to the sequential version of common prior, then the strategy is played
in a CPPBE. In this sense, along with the standard description of agents’ beliefs by a

common belief system, CPPBE imposes sequential rationality, Bayesian updating, and

30 This solution concept is obtained from CPPBE in the same spirit as Brandenburger and Dekel’s (1987)
a posteriori equilibrium.
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nothing more.

D.1 A Posteriori CPPBE

We work in the setting of multistage games with observed actions and unobserved moves
by Nature, as this is the setting studied by Catonini and Penta (2026). Following our
baseline model, players are indexed by i € I and information sets by h € H. Each player
i has a payoff function u; : Zx 0 — R where © = Qj x... x 0, is finite. Payoff types 6;
are private information of each agent i, while the state of nature 6, is unobserved. Let

G:=(I,H,Z,0,,(0;,u;);c) be the resulting game with payoff uncertainty.

We introduce a type space 7 = (Q, 9y, (1t;, T, T;, 9;)ier) to describe heterogeneous belief
hierarchies. Let Q) be the finite uncertainty space and 9, : (3 — 0 the map specifying the
state of nature. For each agent i, 7; is i’s prior over Q) and T; is the finite set of types. The
map 7; : Q — T; assigns a type to i and 9; : T; — ©; is an onto function specifying a payoff

parameter for each type t;.

When a player i observes type t;, i deduces that the true underlying state must belong
to the set 7;'(t;) C (), and assigns to events E C Q a probability computed according to
711-(E|Ti_1(t1-)).31 In particular, i’s initial belief about other agents’ types and the state of
nature is given by, for any ¢_; and 6, ni(Sal(Qo) N (ﬂjiirj_l(t]-))lfci_l(ti)). To ease notation,
we label this belief 7;(0,t_;|t;). Let G7 be the game expanded with the type space.

In G7, we introduce two new objects to model agents’ beliefs and actions throughout the
game. For each agent i and type t;, define a Bayesian behavior strategy as a function b,

mapping each h at which i is active into a distribution over .A(h).3? For any agent i, let
bi = (by))tjer;-
Definition 12. For each type t;, a Bayesian CPS fi'i over ©gxT_;x Z is an array of conditional
probabilities (' (-|Z(h)))nerr € AM(©g x T_; x Z) such that:

(1) forany he H, ji'i(©yx T_; x Z(h)|Z(h)) = 1;

(2) forany h<h"and EC Oy xT_;x Z(N'),

A(EIZ(h) = pH(EIZ(I)) - p(© x T_; x Z(W)|Z(h));  and

31 We assume that Tc,-(ri_l(ti)) > 0 for any ¢;, that is, i assigns positive probability to each of his types.

32For notational convenience, we work with behavior strategies. Catonini and Penta define IPE with
mixed strategies and observe that, for a fixed type space, there may be more IPE in mixed than in behavior
strategies; they also note that Proposition 2 holds for IPE in behavior strategies as well.
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(3) forany 6y € ©g and t_; € T_;, pi({(O, t_;)} x Z|Z) = 70;(Op, t_ilt;)-

From /i, we can define an equivalent Bayesian CPS over ©( x ©_; x Z by setting, for any
h, 6y,6_;, and z,

H'((60,0-i, 2)|Z(h)) := 1 ({8} x 97} (6;) x {2} Z ().

In a similar way, for type t;, we can define a Bayesian CPS ¥’ over ©gx T_; xS_; condition-
ing on (S_;(h))ney and the corresponding Bayesian CPS v'i over ©) x ©_; x S_;. Note that
we specify a Bayesian CPS over the opponents’ strategies, since this is the information

about the continuation game that each agent uses when choosing an action.

We extend the definition of probability P? over nodes to Bayesian behavior strategies. Fix
two nodes x <q x” and call i(x) and i(h) the agent active at x and h respectively. For any

type profile t = (t;);c; and strategy profile b = (b;) ¢, let
PP (x'|x) = by, (@x, 0 h(x)).

In words, P%!(x’|x) coincides with the probability that the agent active at h(x) plays the ac-
tion leading to x” given his behavior strategy and type. For any h <, ’, let also PY(I’'|h) =
Pb't(x’lx) for any x € h, x" € h’, with x < x’; it is well-defined since G is a multistage game
with observed players’ actions.
Definition 13. A tuple (bi,(ﬁti)tieTi)iel is an a posteriori CPPBE of G” if, for any i and t;,
(1) for any s;, if by, (s;(h)|h) > O for all h where i is active, then s; is sequentially rational given
W
(2) forany Oy, t_;, h<q W', and 1(h) = j, if 4'({(Og,t_;)} x Z(h)|Z(h)) > 0 and j # i, then:

(B0, ti) x Z(W|Z(R)) = PP (W) 35 ({86, £-0)} x Z(h)|Z (R),
while if j = i then p'i({(Bo,t_;)} x ZIZ(I')) = fi'i ({(O0, i)} x Z|Z(h)).

In words, condition (1) states that every strategy a type plays with positive probability in
equilibrium must be sequentially rational given that type’s beliefs. Condition (2) requires
that, whenever a player assigns positive probability to a profile of co-players’ types and
a state of nature, he should update his belief from there consistently with the strategy

profile. This parallels condition (2) of Definition 1. However, because different players
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may now update beliefs differently, condition (2) here also requires that every agent does

not update his beliefs on co-players and the state of nature after observing his own moves.

The next remark clarifies the relation between a posteriori CPPBE and CPPBE. Intuitively,
it provides conditions such that, in multistage games with observed actions and moves by

Nature, a CPPBE corresponds to an a posteriori CPPBE, and vice versa.

The first implication relies on two conditions, which we label common support and own-
move invariance. With Nature’s moves, agents may disagree on beliefs in a CPPBE, since,
even if all beliefs are described by the same CPS, different agents have different initial
information, and thus use different conditioning events. If at some information set agents
disagree on which nodes have positive probability, CPPBE consistency implies that all
agents are free to hold any belief after nodes that the active agent deems impossible,
while a posteriori CPPBE, IPE, and BR, apply Bayes’ rule to update the belief of each
agent that deemed these nodes possible. To rule out this discrepancy, we assume that
the CPS satisfies common support: at any history, all players agree on which nodes have

positive conditional probability.

Next, own-move invariance captures the fact that in solution concepts like IPE, BR, and
a posteriori CPPBE, each agent’s own moves are not new information. For IPE and BR,
this holds because CPS’s are defined on S_;; for a posteriori CPPBE, it is implied by the
last condition in Definition 13. Therefore, these solution concepts prevent a player from
changing beliefs following their own deviation, which in general is possible in a CPPBE.
To rule this out, we assume that the CPS satisfies own-move invariance: each player’s con-

ditional beliefs about Oy x ©_; coincide before and after each of their own moves.

For the second statement, from a posteriori CPPBE to CPPBE, the relevant sufficient con-
dition is existence of a common CPS on the uncertainty space © x Z from which all the
Bayesian CPS are derived. This is the dynamic counterpart of a common prior, assuring
that agents’ beliefs agree not only at the initial history but also after any zero-probability

event.

Let 7 denote the canonical type space where () = ©, T; = ©;, 9 and 7; denote the co-
ordinate projections respectively on O, and T;, 9; denotes the identity map, and each
prior 7t; equals a common prior 7 € A(Q)). In games with unobserved moves by Nature,
Definition 1 of CPPBE extends with behavior strategies f;(-|h, 6;) conditioning on private

information as well as on histories, and with CPS’s y on © x Z.33

33 The second statement of Remark 1 can be extended to any type space such that by, = by, for any types
such that 9;(t;) = 9;(t)).
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Remark 1. Fix a game G.

(1) Let (B, uo) be a CPPBE consistent with a CPS u that satisfies common support and own-
move invariance, and let 1 be the marginal on © of u(-|© ><Z) Then ((be,, ﬁei)@ie@i),-el is
an a posteriori CPPBE of GT~, where bg, = Bi(*|, 0;) and fi Oi(|Z(h)) = pu(- |{0;} x ©_; x

h)) for every i, 6;, and h.

(2) Conversely, let ((bg,, ﬁe')g €@, )icr be an a posteriori CPPBE of GT" whose beliefsystems
admit a common CPS with common support: a CPS @ on © x Z such that each ji% (-|Z(h))
is the conditional of @ given {0;} x ©_; x Z(h). Then, (B, po), where B;(-|h, 0;) := bg,(-|h)
for any 6; and h and p is the initial element of @, is a CPPBE of G consistent with @.

D.2 Backward Rationalizability

For the reader’s convenience, we first restate the definition of BR. Similarly to extensive-
form rationalizability, BR is an iterative deletion procedure. For any i € [ and 0; € ©;, let
BR?(Qi) =S;. Then, define, for any k > 0,

BR*!: {(9 $i)jxi €O XS_;:Vj#i,s;€ BR?_I(Gj)}’

and let s; € BR;‘(QZ-) if there is a CPS v! satisfying conditions (1) and (2) of Definition 12
over Oy x©_; x S_; and conditioning on (S_;(h)),ecy such that:

(1) s, is sequentially rational given v';

(2) for each h € H and (0_;,5_;) € ©_; x S_;, if v!(©y x {(6_;,5_;)}|S(h)) > 0, then there
exists s’ € S_; such that s’ and s_; coincide on the equilibrium path starting from
hand (0_;,s;) € BRF1.

The set of backward rationalizable strategies for type 0; is BR;(0;) = (o BR (0;). We let
BR,' = {(61',51‘) € ®i X Si 1S5 € BRZ( 1)} and BR := XiGIBRi'

Intuitively, at each round of deletion, s; survives for type 6; if it is justified by a CPS that
assigns probability one to opponents’ strategies whose continuation is consistent with the
previous round of deletion. Note in particular that the CPS need not be concentrated on
strategies that themselves survive the previous round of deletion. This lets agents form

any belief after a deviation about what actions led to the deviation.

Catonini and Penta (2026) define IPE as follows. For each agent i, let p; : T; — (A(Qg x
T_;)) be the function mapping each of i’s types into an array of beliefs about the oppo-
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nents’ types for each history.3*
Definition 14. An assessment (b;,p;)ic; is an interim perfect equilibrium if, for all i, 0,
and t;,
(1) forany t_;, pi(6o,t_ilti ho) = 1;(Op, tilt;);
(2) for any h <o ', if Z(%’tii)Pb'(ti'tii)(h’lh)pi(e(’), t'.|h,t;) > O then p; (-, t;) is derived from
pi(-lh, t;) and b_; by Bayes’s rule, meaning that, for any (6y,t_;),

PY ) (I h)p; (O, tilh, t;)
Log e PV (W )pi(65, 1 Ih, 1)

pi(Bo, t_ilh', t;) =

(3) for any s; with by (s;(h)|h) > 0 for all h where i is active, s; is sequentially rational given
the CPS v'i over ®y x ©_; x S_; induced by p;(-|t;) and b_;.

Catonini and Penta (2026) prove the following result.

Proposition 2. Fix a game G. For each i € I, (0;,s;) € BR; if and only if there exists a type space
T, an IPE (b;, p;)ic; of GT, and a type t; € T; such that 9(t;) = 0; and by, (s;(h)|h) > 0 for any h
where i is active.

We show that this result implies that BR also characterizes the robust predictions of a
posteriori CPPBE: that is, the predictions that do not depend on exogenous assumptions
about players’ beliefs about co-players. This follows from the next proposition, which
shows that, for every IPE, there is an a posteriori CPPBE where the players follow the
same strategies and hold the same beliefs about opponents’ types at each history, and

vice versa.

Proposition 3. Fix a game G and a type space T . For any IPE (b;, p;)ic; there is an a posteriori
CPPBE (b;, (ji")t,eT, )ier Such that, for every i, t;, h, 0y, and t_;,

pi({(B0, t-lIh, ;) = ' ({(B0, 1)} x Z|1Z(h))
Moreover, the converse result holds for any a posteriori CPPBE (b;, (ji" ).t )ier-

Together, Proposition 2, Proposition 3, and Remark 1 imply that every strategy played in a

341PE can be seen as a version of a posteriori PBE defined on strategy profiles, obtained from Doval and
Ely’s (2020) in the same spirit as a posteriori CPPBE.
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CPPBE satisfying common support and own-move invariance is backward rationalizable.
Conversely, if a strategy is backward rationalizable in the canonical type space and the a
posteriori CPPBE where it is played admits a common CPS with common support, then

the strategy is played in a CPPBE. We now prove Proposition 3.

Proof. From IPE to a posteriori CPPBE: Fix an IPE (b;,p;);c;. For any i and t;, we con-
struct a Bayesian CPS ' on @ x T_; x S_; recursively as follows. Recall that h, represents

the initial history. For any 6, t_;, and s_;, let

Vi({(Oo, t-i)} x S_ilS_i(ho)) = ;(Op, t_jlt;),
and  9"%((0g, t-i,5-)IS-i(ho)) = ¥ ({(B, t-i)) x SISl [ | [ ] By (si0mim). ()

]
j#i hu(h)=j

Then, suppose h <q I’. If ¥'(© x T_; x S_;(h’)|S_;(h)) > 0, for each {0y,t_;,s_;} € Og x T_; x
S_i(h), we let

ot e o V(@ tipsi)IS-i(h))
Vt ((90, t—zrs—z)ls—z(h )) - W"(@o % T—i x S—i(h/)ls—i(h)).

(2)

Suppose then that Vi (Qy x T_; x S_;(h’)|S_;(h)) = 0. For each 0,t_;, and s_;, if s_; € S_;(I)
we fix

19t"((eorf—zvS—i)ls—i(h')):Pi(@o,t—i|h',fi)l_[ ]_[ by (sj(h")In"). (3)
=i W <h,(h)=]

If s_; & S_;(), we let Vi((6g,t_;,s_;)|S_i(h")) = 0. In words, if t; gives zero probability to
reaching h’, i’s beliefs at h’" are fixed to be consistent with p;(:|l’,t;) and with co-players

following the equilibrium from h’ onward.

We now prove two results about the Bayesian CPS just constructed. The first shows that

it is consistent with P"! for each type profile t.

Lemma 2. Fix a Bayesian CPS V'i over @ x T_; x S_; constructed from a profile of Bayesian
strategies and belief maps (b;, p;)ie; as in Equations (1)—(3). For every i, t;, h <y h’, and every
(90) t—i)’

PO (W |h) 94 (O, t_i)) x S_i(W)|S_i(h)) if i(h) =1,

V({80 t3)) x S_i(W)IS_i(h)) = . ,
Vi({(Og,t_;)} x S_;(h)|S_;(h)) otherwise.

Proof. Fix (6,t_;) and h <q h’. If i((h) = i then S_;(h’) = S_;(h): the two conditioning events
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coincide and the claim is immediate. Let then (/) # i and note that
S_i(h)={s_i e S_i(h): sj(h) = apu},

where ay,j is the action that leads from any node in h to i’ (which is well-defined since

the game is multistage with observed players’ moves).

We show by induction on < that, conditional on (0y,t_;), the measure V' (-|S_;(h)) is a
product across players and each player’s histories. At h this holds by Equation (1). At all
remaining histories it is inherited, because of the multistage structure of the game and
since S_;(h) is a product set, hence the conditioning in Equation (2) operates coordinate by
coordinate and, when Equation (3) applies, the measure is a product by construction. The
probability of {s;(h) = aj,;/} is therefore computed under the marginal of j alone, namely
by (ap,w|h). u

The second lemma shows that, for any Bayesian CPS ¥/, there is a Bayesian CPS ji'i over

Qg x T_; x Z that induces the same beliefs on the continuation path at every history.

Lemma 3. Fix a type t;, and a Bayesian CPS v' over ©¢ x T_; x S_; with conditioning events
(S_;i(h))her- There is a CPS fi'i over ©g x T_; x Z conditioning on (Z(h))ney that is equivalent

to v'i in the sense that, for any Oy, t_;, and h,
A ({80, t-i)} x Z|1Z(h)) = 9" ({(O0, t_;)} x S_i|S_;(h)).

Proof. Fix a type t;. For any strategy s; and history A, let pj(s;) be the strategy s’ € S;(h)
such that s)(:|h”) = s;(-|h”) for any h” « h. Let o'i = (¢i(-|h))sepy be the CPS on S;, with con-
ditioning events (S;(h))seq, obtained from b, by the same recursion as Equation (2) and
Equation (3): for any s;, o' (s;|hg) = [ Th:u(ny=i by, (si(h)lh) and, for h <o I, o'i(-|h’) is obtained
from o'i(|h) by conditioning on S;(h’) when ¢'i(S;(h’)|h) > 0, and is the image of oi(-|h)

under p;, otherwise.

Note that the product V' (:|h)® oi(:|h) is a Bayesian CPS on ©( x T_; x S with conditioning
events (S(h))yecq. Conditions (1) and (3) of Definition 12 are immediate, and condition (2)
holds because S(h’) = S;(h’) x S_;(h’), so the two chain rules multiply.

Given that S(h) = {s € S : z; € Z(h)}, define i as the image of this product under the map
(Bo,t_;,s) — (O, t_;,z5): for every h € H and (0, t_;, 2),

A1(00,t;,2)|Z(h)) = Z o'i(silh) " (O, t_i,5-)Ih).

s€Sizg=z
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Each condition of Definition 12 is inherited: for (1), s € S(h) implies z; € Z(h); for (2), if
h<h and E C ©y x T_; x Z(h') has preimage E, then E C ©; x T_; x S(h’) and the chain
rule for the product measure gives the chain rule for ji'i; for (3), the initial element is
7t;(09, t_;|t;) by Equation (1). O

By construction, for every ,t;,h,60,, and t_;, the new Bayesian CPS satisfies:

A1 ({(0o, t-1)} x ZIZ(h)) = 91 ({(00, 1)} x S_iIS_i(h)) = pi(Oo, tilh, ;).

Indeed, at histories where Equation (2) applies, the marginal of ¥ on ©(x T_; of the Bayes
update is p;(:|h, t;) by condition 2 of IPE, and at the remaining histories it is p;(-|h, t;) by
Equation (3).

Fmally, fix h <o b’ and (0,t_;). By construction, fi'i(-|Z(h)) is the image of V'i(-|S_;(h)) ®
oli(-|h) under (0, t_;,s) > (6o, t_;,zs), and the preimage of {(Og,t_;)} x Z(I’) is {(Og,t_;)} X
S;(hW)x S_;j(h’). Hence, if 1(h) # i, then S;(h’) = S;(h): the factor o'i(-|h) is unaffected, so

A (B0, t - IXZ(W)IZ (1) = 9" ({(Bo, 1)} xS_i(W)IS_i(h) = PP 5= () i ({(Bo, £} Z ()|Z (),

N
=
I

where the second equality is Lemma 2 and the last one uses ji'i({(0g,t_;)} x Z(h
Pi({(60,t_;)} x S_;j(h)|S_;(h)), given by Lemma 3. If instead (h) = i, then S_;(K’)
Lemma 3 gives A ({(0o, 1)} x Z|Z(W)) = i ({(Bo, i)} x ZIZ(h)).

I
>

=
(@]
]

The last part is showing sequential rationality. By condition 3 of IPE, every s; with
[Th:u(n)=i bs, (si(h)|h) > 0 is sequentially rational given v'i. By Lemma 2, conditional on each
(B0,t_;), v'i(-|h) assigns probability P¥(i*-)(h’|h) to each co-player’s move, 50 the expected
continuation payoff it assigns at & to a strategy s; is Y (00t Pi(Bo, t_ilh, 1) K/i(si'b_i)(eo, t_;,h),
where we recall that V( ") stands for i’s continuation value if the profile of strategies
played is (s/,b_;). Since the weights equal A" ({(6,t_;)} x Z|Z(h)), this is the criterion of

condition (1) of Definition 13, which therefore holds.

From a posteriori CPPBE to IPE: Fix an a posteriori CPPBE (b;, (A" )t.eT,)ier- For each i

and t; we define p;(-|-,t;) and a Bayesian CPS 7' over ® x T_; x S_; recursively as follows.

Let p;(6o,t_ilho, t;) = p'i({(Bg,t_;)} x Z|Z) and let V' (-|S_;) be given by Equation (1). By
condition (3) of the Bayesian CPS, p;(-|hg, t;) = 7;(+|t;), so condition 1 of IPE holds.

Fix h <, h’ and suppose V' (-|S_;(h)) is defined.
(a) If Vi(©yx T_;xS_;(h)|S_;(h)) > 0, define ¥'i(-|S_;(h’)) by Equation (2) and let p;(:|1, ;)

be its marginal on ©y x T_;.
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(b) Otherwise, let p;(0g,t_;|l',t;) = A ({6, t_;)} x Z|Z(W’)) and define Vi (:|S_;(h’)) by
Equation (3).
In case (a) p;(:|h’,t;) is derived by Bayes’ rule from p;(:|h, t;) given b_;; in case (b) Bayes’
rule does not apply. Hence condition 2 of IPE holds, and ¥' is by construction the CPS
induced by p;(-|t;) and b_;.

Lemma 2 implies that the Bayesian CPS constructed in this way is consistent with the
Bayesian strategies. Next, we show that the belief function p; we have constructed induces

the same belief at every history as the initial a posteriori CPPBE.

Lemma 4. For every i, t;, h, Oy, and t_;,

pi(Oo, t_ill t;) = f11({(00, 1)} x ZIZ(h)).

Proof. We proceed by induction. At h the two sides agree by definition. Let h <y b’ and
assume the claim at h. In case (b) the claim at h’ holds by definition, so let case (a) apply.
If «(h) =i then S_;(h") = S_;(h), so p;(:|h, t;) = p;i(-|h, t;), and condition (2) of Definition 13
gives the same invariance for ji'i; the claim then follows from the induction hypothesis.
Then, let i(h) # i. By condition Definition 12 and Definition 13, for any (0y,t_;),

({00, t_1)) x Z(W)Z(h)) = PP (W |h) i ({(0, t )} x Z|Z(h)).

On the other hand, by Lemma 2,

V1 ({(0,t_;)} x S_i(W)|S_; () = PP t=0( k) 91 ({(0g, i)} x S_iIS_i(h))
= PPUt)(1|h) i ({(8o, t_3)} x Z|Z(h)),

where the last equality holds because the marginal of V' (-|S_;(h)) on ©¢ x T_; is p;(-|h, t;)

by construction, which equals the marginal of /i by the induction hypothesis.

Since case (a) holds, summing over (0, t;) gives ¥ g, 1. Pb Wt (W) pti (05, 1 )}xZ|Z (h)) =
Pi(@gxT_;xS_;(h)|S_;(h)) > 0, and in turn, by the prev10us steps, Al (@gxT_;xZ(W)|Z(h)) >
0. The chain rule of i’ then gives

' ({80, t-5)} x Z()|Z (h))
(@ x T_i x Z(W)|Z(h))

PO h) i (O £ 1>}xz|z< )
Yoy, ) PP (W) fti((6g, )} x ZIZ (R)

A1({(00, 1)} x ZIZ(H)) =
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By Equation (2), p;(6y,t_;|l,t;) is the marginal of v'(S_;(h’)) on Oy x T_;, that is,
Pi({(B0, t_;)} x S_;(W)|S_;(h)) divided by ¥ (@g x T_; x S_;(h’)|S_;(h)). By the two equations
above, the numerator and denominator coincide with those of the chain-rule expression,
hence p;(6,t_ill, t;) = f' ({(Oo, t—;)} x ZIZ(I')).

]

Finally, by definition, sequential rationality given u'i depends on p'i only through the
beliefs A ({(6g,t_;)} x Z|Z(h)) over the nodes of i’s information set at h, with the contin-
uation values being computed from the Bayesian strategy profile b. By Lemma 4 these
beliefs coincide with p;(-|h, t;) at every h, and by Lemma 2 the CPS v'i induced by p;(-|t;)
and b_; assigns, conditional on each (6,t_;), probability PYUt-i)(1’|h) to each move of a
co-player j, so that the continuation values it induces are those of b_;. Hence, for every
si with [Tp.,)=i by, (si(B)[h) > 0, s; is sequentially rational given v'i, which is condition 3 of
IPE. Together with conditions 1 and 2, verified above, (b;, p;)icr is an IPE, and Lemma 4 is
the equality in Proposition 3.

]
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