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Abstract

We study optimal (information) mediation in sender-receiver communica-

tion games where the sender has transparent motives: she only cares about the

receiver’s actions and beliefs. We characterize the feasible distributions over

the receiver’s beliefs under mediation and the value of mediation. The sender

achieves her optimal Bayesian persuasion value by mediation if and only if this

value is attained by cheap talk. When the state is binary, mediation strictly

improves on cheap talk if and only if the sender cannot do better than under

cheap talk by always under- or over- stating the state.
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1 Introduction

Consider a principal who faces a decision problem while being uncertain about some

payoff-relevant state. The state is privately observed by an agent who can freely

communicate with the principal to influence her decision and only cares about the ul-

timate decision the principal takes, that is, the agent has transparent motives. These

situations are pervasive in economic settings such as (i) bilateral trade between a

seller and a buyer; (ii) an organization with members pursuing contrasting agendas;

(iii) a private firm trying to influence legislators and regulators. Intuitively, transpar-

ent motives hinder strategic communication because it is harder to sustain credible

communication when the privately informed agent does not care about the true state

and the principal’s payoff.1

To improve communication between the two parties, we consider an uninformed

third party who can mediate the transmission of information. This mediator cannot

directly take the relevant decision in place of the receiver, but can credibly commit

to information transmission policies, for example, because of their reputation. In

the economic situations mentioned above, the role of the mediator can be taken

respectively by (i) an advertiser that conveys credible information about the quality

of the goods sold; (ii) a middle manager that is placed between an operative unit and

the executive management of an organization; (iii) a professional lobbyist trying to

influence the legislator pursuing the interest of a private firm. In all these cases, the

mediator can use her commitment power to acquire relevant information in a credible

way from the agent and transmit it to the principal. Moreover, the mediator’s interest

can be aligned with one of the two players or utterly independent of them (e.g., middle

managers can have their own agendas).

We first analyze the optimal mediation problem. By the revelation principle, the

mediator acts “as-if” selecting a communication equilibrium outcome of the sender-

receiver game to maximize her expected payoff. We completely characterize the set of

feasible distributions over the receiver’s posterior beliefs under mediation in terms of

simple moment conditions. This allows us to represent the optimal mediation problem

as a linear program under moment constraints. Appealing to linear duality and

the minimax theorem, we characterize the value of mediation as the lower envelope

1For example, in a one-dimensional setting where the agent’s payoff is strictly increasing in the
principal’s action, no information transmission can be sustained in equilibrium, that is, the players
are stuck in a babbling equilibrium.

1



of a class of distorted persuasion problems, where the distortion comes from the

Lagrange multiplier of the truth-telling constraint. Moreover, we characterize optimal

distributions over posteriors in terms of the complementary slackness properties of

their supports.

We then compare the optimal outcome under mediation with other communication

protocols such as Bayesian persuasion and pure cheap talk, providing insights into the

role of mediators in communication. Our Theorem 1 shows that, when the sender and

mediator are perfectly aligned, the sender can attain her optimal persuasion payoff

under mediation if and only if this value can be attained under single-round cheap

talk. Geometrically, this happens when the concave and quasi-concave envelopes

of her value function coincide when evaluated at the prior. In other words, the

comparison of the sender’s optimal payoff under communication protocols with and

without sender commitment is equivalent to the comparison of the concave and quasi-

concave envelope of her value function.

Although mediation may not attain the optimal persuasion value, it can strictly

improve communication by introducing additional randomness into the information

structure. We characterize the value of this extra randomness in Proposition 2 and

3. When the state is binary, a mediator can credibly introduce extra randomness to

strictly improve the sender’s payoff only if the sender does not have an incentive to

over/under-report the state compared to the optimal cheap talk value. We formal-

ize the sender’s relative misreport incentive by a weaker version of single crossing,

which is called mono-crossing. When the babbling equilibrium is suboptimal under

cheap talk, the sender attains her optimal mediation value under cheap talk if and

only if her (shifted) value function is mono-crossing. In other words, the mediator’s

randomization adds value to communication if and only if the sender does not have a

transparent tendency to misreport. When the babbling equilibrium is optimal under

cheap talk, our duality results provide a characterization of babbling being optimal

under mediation, which requires a distorted sender’s utility being superdifferentiable

at the prior.

We illustrate the geometric comparison of Bayesian persuasion, mediation, and

cheap talk in Section 2 by a simple advertising model that compares the case where

a seller directly communicates with a customer to the case where the seller hires an

advertiser to mediate communication.
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Literature review Our work adopts the belief-based approach, which has been

widely used in the literature on communication games, for example, in Kamenica

and Gentzkow (2011) and Lipnowski and Ravid (2020).2 The former characterizes

the sender’s optimal payoff under persuasion as the concave envelope of the sender’s

value function, the second shows that the sender’s best payoff under cheap talk with

transparent motives is characterized by the quasi-concave envelope of her value func-

tion. We apply duality theory to characterize the set of optimal distributions over

posterior beliefs under mediation. Similar techniques have been used in the Bayesian

persuasion literature (Dworczak and Martini, 2019; Dworczak and Kolotilin, 2022;

Kolotilin et al., 2022a; Arieli et al., 2023).

Our work is also closely connected to the vast literature on mediation, which uses

very different tools, and focuses on particular cases such as the uniform-quadratic

setting under the framework of Crawford and Sobel (1982) (e.g. Blume et al. (2007);

Goltsman et al. (2009)) and finitely many actions (e.g. Salamanca (2021); Arieli et al.

(2023)).3 Many papers in this literature study the comparison between mediation,

which is outcome equivalent to any communication equilibrium, and other specific

forms of communication, such as noisy cheap talk (Blume et al., 2007), multiple-round

cheap talk, and delegation (Goltsman et al., 2009). In this paper, we characterize

the comparison between persuasion, mediation, and single-round cheap talk under

sender’s transparent motive.

Our work is related to recent papers studying Bayesian persuasion with limited

commitment (Min, 2021; Lin and Liu, 2022; Lipnowski et al., 2022; Koessler and

Skreta, 2021). Lin and Liu (2022) considers a Bayesian persuasion problem with

limited commitment called “credible persuasion”, which requires the sender to have no

incentive to deviate to other experiments with the same marginal signal distribution.

When the sender’s payoff is state-independent, as in our main analysis, all Bayes-

plausible policies are credible. Barros (2023) studies an information design problem

where the sender commits to an experiment to acquire information and then cheap

talks with the receiver. When the sender’s payoff is state-independent, this design

problem reduces to pure cheap talk.

Finally, this paper is connected to the literature on constrained information design

2See also Aumann and Maschler (1995); Aumann and Hart (2003).
3Arieli et al. (2022) studies a Bayesian persuasion problem with mediators that are not subject

to truth-telling constraints.
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(Doval and Smolin, 2021; Doval and Skreta, 2022). In particular, the truth-telling

constraint has been considered in (Doval and Smolin, 2021; Doval and Skreta, 2022)

as one of the potential additional constraints. These papers do not characterize the

set of feasible distributions over posteriors and do not compare the solutions of the

constrained problem with the solutions of the unconstrained one and with the cheap

talk equilibria.

2 Illustrative Example

To illustrate the role of a mediator, consider a firm planning to commercialize a new

product. The product’s quality ω P Ω “ t0, 1u is privately known by the firm, and

a consumer has a prior p P p0, 0.55q on the quality being good (ω “ 1). We first

consider the case when the firm can only communicate by cheap talk messages. After

observing the message, the consumer updates her belief about the quality to µ P r0, 1s

and decides whether to purchase the good or take her outside option, which has value

ϵ „ G, where G is the CDF of Beta(2,2). The price is normalized to K ą 0 and

the firm has reputation concerns, that is, the firm’s indirect utility ṼSpµ, ωq given

posterior µ and quality ω is

ṼSpµ, ωq “ KGpµq ` δpω ´ µq.

The linear term δpω ´ µq captures the reputation effect, where δ ą 0 measures the

positive effect of a surprisingly good product on the firm’s future payoff. Conversely,

when ω ă µ, there is a negative reputation effect due to an unexpectedly bad product.

As the state ω is known and the firm’s payoff function is additively separable in

ṼSpµ, ωq, the firm acts to maximize

VSpµq “ KGpµq ´ δµ.

With K “ 50{3 and δ “ 1.045K,4 this indirect utility VS is a rotated S-shaped

function as illustrated in Figure 1.5 In particular, VSp0q “ VSp0.55q “ 0, VSp3{4q “ 1,

4One may also consider K “ 1, δ “ 1.045. Our selection of parameters makes the calculation
easier.

5Several recent papers in the persuasion literature focus on these S-shaped indirect utilities such
as Kolotilin (2018); Kolotilin et al. (2022b); Arieli et al. (2023). Differently from those cases, here
the indirect utility is non-monotone due to the reputation concern.
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and VSp1q “ ´3{4.

Applying the quasi-concave characterization in Lipnowski and Ravid (2020), we

can see the best cheap talk equilibrium for the firm is to send messages µ “ 0.55 with

probability p{0.55 and µ “ 0 with probability 1 ´ p{0.55. Hence, the firm’s optimal

payoff under cheap talk is 0.

Figure 1: Comparison of Bayesian persuasion, mediation and cheap talk

Next, we illustrate that the firm can obtain a strictly higher payoff by hiring an

advertiser (the mediator) who can credibly commit to revealing information about

the quality of the good to consumers.6 The advertiser does not have the expertise to

assess the exact quality of the good and can only convey information the firm reports.

To maintain credibility, the advertiser will design the information structure so that the

firm is willing to report truthfully. The contract between the firm and the advertiser

is fixed and binds the firm to pay the advertiser a fixed fraction of its revenue, so the

advertiser’s indirect payoff given posterior µ is VMpµq “ kGpµq for some commission

rate k P p0, Kq. In this case, the firm and advertiser’s preferences are perfectly aligned

(their expected payoffs are connected by positive affine transformations). And the

advertiser can strictly increase the firm’s expected payoff by introducing randomness

to the message distribution conditional on the firm’s quality report.

For instance, the advertiser can commit to the following signal structure:

6We assume the firm decides whether to hire a mediator before it learns the state ω, to avoid
any additional signaling effects.

5



µ 0 3{4 1

ω “ 1 0 9´9p
21´25p

12´16p
21´25p

ω “ 0 21´28p
21´25p

3p
21´25p

0

where the first and second lines are the distribution over signals conditional on the

firm’s report ω “ 1 and 0, respectively. Direct calculation shows that the firm has no

incentive to misreport, and the firm’s expected payoff (before paying the advertiser)

is 3p
21´25p

ą 0. This payoff may not be the best payoff the mediator can secure but

shows that with a small enough commission rate of k, the firm strictly benefits from

hiring an advertiser to mediate communication. Note that this outcome is not a cheap

talk equilibrium, as the firm would always have the incentive to report µ “ 3{4. In

Section 5.1, we show similar constructions can provide a geometric characterization

of conditions under which mediation leads to a strictly higher payoff than cheap talk.

Finally, if the mediator has the expertise to assess the quality of the goods with-

out relying on the firm’s reports, they design (and commit to) a test/information

structure about the quality of the goods that will be revealed to the customer. The

firm has a strict incentive to take this option, because it relaxes the truth-telling

constraint (compared to mediation) and allows the firm to induce any Bayesian per-

suasion outcome. For instance, the firm can commit to sending messages µ “ 3{4

with probability 4p{3 and µ “ 0 with probability 1´4p{3. This information structure

induces the optimal Bayesian persuasion outcome (one may verify this by concavifi-

cation), and the optimal persuasion payoff 4p{3 is greater than 3p
21´25p

, the payoff of

the mediation plan we illustrated. We claim that this optimal persuasion payoff is

indeed higher than the optimal mediation payoff, which will be illustrated in Section

5.1.

3 The Model

In this section, we introduce a model of mediated communication with transparent

motives for the Sender. Let Ω be a finite set of states of the world with |Ω| “ n. The

state is drawn according to a full-support common prior p P ∆pΩq. We first consider

two agents: the Sender and the Receiver. The Sender is privately informed about

the realization of the state ω P Ω. The Receiver does not know the realized state but

can take an action a P A, where A is a compact metric space. The Sender can reveal

information via some communication protocol, and the Receiver updates her belief
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once she obtains new information. The Sender’s indirect utility given the Receiver’s

posterior belief is a continuous function VS : ∆pΩq Ñ R.
Given this setting, there are two classical forms of communication between the

Sender and the Receiver: Bayesian persuasion and cheap talk. In the former, the

Sender can commit ex-ante to any Bayes-plausible information structure. That is,

the Sender solves maxτPTBP ppq

ş

VSpµq dτ , where TBP ppq :“ tτ P ∆p∆pΩqq :
ş

µ dτ “ pu

is the set of all Bayes-plausible distribution over posteriors. In the latter, after having

observed the state, the Sender sends a cheap talk message to the Receiver. As the

Sender does not have commitment power, the feasible distributions over posteriors

are those induced by PBEs. Hence, the set of feasible distribution is TCT ppq :“ tτ P

∆p∆pΩqq :
ş

µ dτ “ p, VSpµq “ VSpµ1q @µ, µ1 P supppτqu by the characterization in

Lipnowski and Ravid (2020). To compare with Bayesian persuasion, we assume the

Sender can choose the equilibrium that maximizes her expected payoff.

Here, instead, we enlarge the standard model by considering a third-party Medi-

ator whose continuous indirect utility is denoted by VM : ∆pΩq Ñ R. The Mediator

can commit to a communication mechanism but needs to gather information about

the state from the Sender in an incentive-compatible way. By the transparent motive,

the Sender’s expected payoff should be the same conditional on every state report:

ż

VSpµq dτωpµq “

ż

VSpµq dτω1pµq @ω, ω1
P Ω, (1)

where τω denotes the conditional distribution over posteriors given the state ω. There-

fore, the mediator’s problem is

sup
τPTMDppq

ż

VMpµq dτpµq (P)

where TMDppq “ tτ P ∆p∆pΩqq :
ş

µ dτ “ p, τ satisfies (1)u. Note that the sets of

feasible distributions under these communication protocols are nested, i.e., TCT ppq Ď

TMDppq Ď TBP ppq. Therefore, mediation can be seen as an intermediate case between

Bayesian persuasion and cheap talk.

We close this section by briefly discussing the assumptions on the indirect utility

functions. In general, the indirect utility can be a Kakutani correspondence as in

Lipnowski and Ravid (2020). We restrict our attention to continuous functions for

simplicity. Our characterization of implementable distributions and the comparison of
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communication protocols can be generalized when the indirect utility is a correspon-

dence, which will be illustrated in Appendix A. Note that the continuity assumption

can remain valid even if the set of actions A is finite, for instance, our illustrative

example has only two actions while VS is continuous. In Section 6, we also discuss

sufficient conditions on the primitives such that our assumption holds. For instance,

if the Sender and the Receiver’s payoff functions uS : A Ñ R, uR : A ˆ Ω Ñ R are

continuous and the Receiver has a single best-response at any posterior µ, then the

indirect utility VS is a continuous function.

4 The Value of Mediation

In this section, we investigate the set of distributions over posterior τ P TMDppq

that is implementable under mediation. Applying the implementation results, we

characterize the value of mediation and the set of optimal distributions over posteriors

under mediation by analyzing the dual problem of (P).

In the first subsection, we characterize TMDppq by simplifying the truth-telling

constraint as a moment constraint in τ . An immediate consequence of this character-

ization is that optimal mediation value can be implemented with no more than 2n´1

signals. We also provide an alternative characterization of the truth-telling condition

as a zero covariance condition. This covariance condition illustrates the statistical

difference between mediation and cheap talk, which requires full independence be-

tween the Sender’s indirect utility and the Receiver’s belief. We then illustrate that

it is necessary for the mediator to introduce randomness to improve communication.

In the second subsection, we set up the dual problem of (P) and show there is

no duality gap between the primal and the dual. Applying standard techniques in

convex analysis, we show the value of mediation can be represented as the infimum of

a family of distorted concavifications. Under a standard Slater’s condition, we show

dual attainment. Hence complementary slackness provides a characterization for the

set of optimal solutions T ˚
MDppq.

4.1 Implementation

The truth-telling constraint (1) involves conditional distributions τω which is defined

by the Radon-Nikodym derivative with respect to τ in accordance with the Bayes
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rule. Formally, for τ -almost every µ,

dτω
dτ

pµq “
µpωq

ppωq
@ω P Ω,

that is, the derivative of the conditional distribution given ω at µ is linear in the

posterior.7

We use this observation to characterize the set of implementable distributions un-

der mediation by rewriting the truth-telling constraint purely in terms of the uncondi-

tional distribution τ . With the Bayes-plausibility constraint, this rewritten constraint

can be viewed as a zero covariance condition, which is the following proposition.

Proposition 1. For every prior p P ∆ pΩq, the following are equivalent:

(i) τ P TMDppq, that is, τ satisfies
ş

µ dτpµq “ p and the truth-telling constraint (1);

(ii) τ satisfies
ş

µdτ pµq “ p and
ş

VS pµq pµ ´ pq dτ pµq “ 0;

(iii) τ satisfies
ş

µdτ pµq “ p and Covτ pVS, hq “ 0 for all affine continuous functions

h : ∆pΩq Ñ R.

An immediate observation from Proposition 1 is that TMDppq is compact because

VS is continuous. Hence, there exists τ˚ P TMDppq that solves the mediator’s problem

(P). Another observation is that the transformed feasibility constraints are in the form

of moment conditions à la Winkler (1988), which immediately implies that optimal

mediation can be achieved with finitely many signals. We summarize the observations

in the following corollary.

Corollary 1. There exists a solution τ˚ P TMDppq that attains the supremum value

of (P), with | supppτ˚q| ď 2n ´ 1 and such that the vectors

"

´

pµpωqqωPΩztω0u
, pVSpµqpµpωq ´ ppωqqqωPΩztω0u

, 1
¯T

*

µPsupppτ˚q

are linearly independent, where ω0 P Ω is an arbitrary state we fix.8

7Arieli et al. (2020) and Arieli et al. (2021) make a similar observation but do not use it to
simplify a truthtelling constraint.

8We exclude one state from the linear independent condition because the components of poste-
riors µ add up to 1.
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The second part of the statement will be useful for our comparison between media-

tion and cheap talk. Indeed, when there exists no distribution τ that is implementable

under cheap talk while satisfying the independence restriction above, it must be that

mediation is strictly better.

Next, we remark on one implementation property of cheap talk that can be im-

mediately derived from the results in Lipnowski and Ravid (2020).

Remark. For every prior p P ∆pΩq, τ P TCT ppq if and only if τ satisfies
ş

µdτ pµq “ p

and Covτ pVS, Hq “ 0 for all continuous functions H : ∆pΩq Ñ R.

Therefore, the covariance condition in point (iii) of Proposition 1 is useful to

compare the restrictions on implementable distributions imposed under mediation

with the ones imposed under cheap talk. The only difference between implementable

distributions under mediation and cheap talk is the set of random variables for which

the zero-covariance condition must hold. Under cheap talk, the indirect payoff of the

sender must be uncorrelated with any random variable that depends on the receiver’s

posterior, whereas, under mediation, the indirect payoff must be uncorrelated with

expectations induced by the posterior.

Proposition 1 also allows us to formalize the idea that mediation can strictly im-

prove on cheap talk only if randomization is needed. In other words, if a mediation

plan postulates deterministic signals conditional on a report, then the induced distri-

bution over posteriors would be implementable under cheap talk as well. Formally, we

say that a distribution over posteriors τ is deterministic if | supp τω| “ 1 for all ω P Ω.

Let T ‹
MDppq and T ‹

CT ppq denote the set of deterministic implementable distributions

under mediation and cheap talk respectively.

Corollary 2. For every prior p P ∆pΩq, we have T ‹
MDppq “ T ‹

CT ppq.

4.2 Optimal Mediation

The dual problem of (P) is to find two Lagrange multipliers f, g P Rn that solves the

following minimization problem:

inf
f,gPRn

xf, py

subject to:

xf, µy ě VMpµq ` xg, µ ´ pyVSpµq @µ P ∆pΩq,

(D)
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where x¨, ¨y stands for the standard inner product on Rn and we treat µ P ∆pΩq as

vectors in the simplex ∆n´1.

Given prior p P ∆pΩq, let pV ppq be the value of the primal (P) and sV ppq be the

value of its dual. We begin by showing weak duality, which can be viewed as a

verification tool. Namely, for any feasible τ P TMDppq, if there exists feasible f, g in

(D) such that
ş

VMpµq dτ “ xf, py, then τ is optimal. Note that this result still holds

under weaker technical assumptions, say, VM , VS can be upper semi-continuous.

Lemma 1 (Weak Duality). pV ppq ď sV ppq.

The next result shows that (P) and (D) have the same value. The proof is based on

the fact that there is no duality gap in the Bayesian persuasion problem (as shown in

Dworczak and Kolotilin (2022)) and addresses the additional truth-telling constraint

by using Sion’s minimax Theorem.

Lemma 2 (No Duality Gap). pV ppq “ sV ppq.

No duality gap has two useful implications. The first implication is that the value

of mediation is the infimum of a family of distorted concavifications.

Corollary 3 (Value of Mediation). For any g P Rn, we define a distorted utility

function V g
Mpµq “ VMpµq ` xg, µyVSpµq. Then,

pV ppq “ inf
gPRn:xg,py“0

cavpV g
Mqppq

Another implication of no duality gap is that we can provide a verification result

for a feasible τ P TMDppq to be optimal under mediation, which is also known as

complementary slackness.

Corollary 4 (Complementary Slackness). For all τ P TMDppq and feasible f, g in

(D), τ and f, g are optimal in (P) and (D) respectively if and only if

xf, µy “ VMpµq ` xg, µ ´ pyVSpµq (2)

for all µ P supppτq.

To apply Corollary 4 as a verification tool, we need to guarantee dual attainment,

that is, there exists feasible f, g that attain sV ppq.9 To make full use of this verification

9If the infimum of (D) is not attained, then (2) is never satisfied. Hence, we cannot verify the
optimality of τ P TMDppq by the complementary slackness if the dual is not attained.
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approach, we further prove that there exists feasible f, g that attains sV ppq under the

following Slater’s condition. To formally state the condition, we define X Ă R2n`2 by

X :“ tx P R2n`2 : x1 “
ş

VM dτ, x2 “
ş

VS dτ, x3 “
ş

µ dτ, x4 “
ş

µVS dτ for some τ P

∆p∆pΩqqu.

Slater’s Condition. (P) satisfies Slater’s condition at prior p P ∆pΩq if there exists

x P relintX that satisfies the mediation constraints, that is, x3 “ p and px2 “ x4.

Corollary 5 (Dual Attainment). If (P) satisfies Slater’s condition at p P ∆pΩq, then

there exists f˚, g˚ P Rn that attains the infimum value of the dual sV ppq.

To see this, note that (P) can be transformed into a linear program in Euclidean

space with equality constraints only. By Corollary 28.22 in Rockafellar (1970), if the

Slater’s condition is satisfied, then the dual (D) is attained.

Therefore, if (P) satisfies Slater’s condition at p P ∆pΩq, we may characterize the

set of optimal solutions as

T ˚
MDppq “ tτ P TMDppq : Df, g feasible in (D) s.t. (2) holds @µ P supppτqu. (3)

5 Comparison of Communication Protocols

In this section, we compare the information designer’s optimal value under Bayesian

persuasion, mediation, and cheap talk, which are denoted as V˚
BP pVM , pq,V˚

MDpVM , pq,

and V˚
CT pVM , pq, respectively. We start by analyzing the leading case when the Me-

diator and the Sender’s preferences are perfectly aligned. The main economic insight

we obtain is that mediation is as good as Bayesian persuasion if and only if cheap

talk is as good as persuasion. Geometrically, this means the concave envelope and

the quasi-concave envelope of the Sender’s utility coincide at p. We also characterize

geometrically when cheap talk is as good as mediation with a weaker version of single

crossing property. In particular, this is the case if the Sender’s utility VS is concave,

affine, convex, or weakly monotone. Finally, we relax the perfect alignment assump-

tion and show that when the Mediator has a conflict of interest with the Sender, she

may have a strict incentive to engage in the communication.
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5.1 Perfectly Aligned Preference

As in the illustration example, the Mediator’s preference is often aligned with the

Sender’s in many economic applications. We say their preferences are perfectly aligned

when there exists a positive affine transformation between their expected payoffs. In

this case, we may compare the Sender’s optimal value among different communication

protocols since the Mediator acts to maximize the Sender’s payoff, and we suppress

the argument VM in the optimal value.

Note that under Bayesian persuasion and mediation, the feasible sets TBP ppq and

TMDppq are compact and convex, so by Bauer’s maximum principle, the correspond-

ing objective functions are maximized at an extreme point.10 By Winkler (1988), we

obtain a characterization of these extreme points. In particular, all extreme points

have finite supports, so it is without loss of optimality to consider distributions with

finite supports. We now compare the Sender’s optimal value among different com-

munication protocols using our characterization of optimal solutions and extreme

points.

Our first result compares Bayesian persuasion and mediation and shows that me-

diation attains the optimal persuasion value if and only if this value can be attained

under cheap talk. To see this, a mediator could potentially improve communication

by randomizing over posteriors with different values while respecting the truth-telling

constraint. The duality results for Bayesian persuasion shows that for any τ P T ˚
BP ppq,

VSpµiq “ xf, µiy for some f P Rn for all µi in the support of τ (Dworczak and Kolotilin,

2022). That is, pµi, VSpµiqqsupppτq lies on the same supporting hyperplane of the graph

of VSpµq in ∆pΩqˆR. Jensen’s inequality then shows the only hyperplane that satisfies

truth-telling is the flat one when τ is nondegenerate.

Theorem 1. If VM , VS are perfectly aligned, then

V˚
BP ppq “ V˚

MDppq ðñ V˚
BP ppq “ V˚

CT ppq

ðñ cavpVSqppq “ ĎcavpVSqppq,

where cavpVSq and ĎcavpVSq stands for the concave and quasi-concave envelopes of VS.

Theorem 1 provides a geometric comparison between the sender’s optimal value

under sender commitment and under any communication protocol that respects truth-

10The feasible set under cheap talk TCT ppq is not convex.
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telling. If the sender cannot achieve the optimal persuasion value using single-round

cheap talk, then she cannot attain this value using any communication protocol with-

out sender commitment (e.g. multiple-round cheap talk, noisy cheap talk), which

can be replicated by a mediator by revelation principle. Connecting to the geomet-

ric characterization of the value of Bayesian persuasion and cheap talk (Kamenica

and Gentzkow, 2011; Lipnowski and Ravid, 2020), we illustrate the communication

value with and without sender commitment coincide if and only if the concave and

quasi-concave envelope of VS coincide at p.

An immediate consequence of Theorem 1 is that when the value of mediation and

persuasion are the same, the optimal mediation value can be achieved by cheap talk.

However, the converse of this statement is not true: It is possible that mediation and

cheap talk have the same value while Bayesian persuasion has a strictly higher value.

A quick example is to consider VSpµq “ 4µpµ´1{2q`1{4 with p “ 1{4. As illustrated

in Figure 2, the concave envelope of this function is the line segment connecting VSp0q

and VSp1q, so the value at p is strictly higher than VSp0q “ 1{4. While the optimal

mediation and cheap talk are attained by a 50-50 lottery supported on µ “ 0 and

1{2, with value VSp0q “ 1{4. Indeed, the value of mediation coincides with the

quasi-concave envelope of VS by our next proposition.

Figure 2

In this example, the Sender always has an incentive to over-report the state com-

pared to the optimal cheap talk value. The truth-telling constraint then hinders the

Mediator’s ability to randomize over posteriors with different values. Proposition 3

formalizes this intuition with a weaker version of the single crossing condition, which

is defined as follows.
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We say a function V : r0, 1s Ñ R is mono-crossing from below (above) if for any

µ ă µ1, V pµq ă pąq 0 implies V pµ1q ď pěq 0. And we say V is mono-crossing if it is

mono-crossing either from below or from above.11

Proposition 2. Suppose Ω is binary and VM , VS are perfectly aligned. If VSpµq ´

V˚
CT ppq is mono-crossing, then V˚

MDppq “ V˚
CT ppq. Moreover, the converse is true if

no disclosure is suboptimal under cheap talk.

Proposition 2 shows that when the state is binary, for any communication protocol

with truth-telling (equivalently a Mediator) to strictly improve the Sender’s value

compared to cheap talk, it is necessary that the Sender does not have a transparent

tendency to misreport. This misreporting tendency is captured by the mono-crossing

property. By Lipnowski and Ravid (2020), VSpµq ď V˚
CT ppq on at least one of r0, pq

or pp, 1s. In the former case, the Sender always prefers to over-claim the state if her

preference is mono-crossing from below. For an example and a non-example, recall

the example plotted in Figure 2 and the illustrative example in Section 2. Figure 3

plots the shifted Sender’s utility in these examples at prior p “ 1{4.

As illustrated in the left panel, the shifted Sender’s utility in our previous example

is mono-crossing since its sign only changes at µ “ 0.5. So the Sender has a tendency

to over-report the state. The (shifted) truth-telling constraint
ş

pVSpµq ´V˚
CT ppqqpµ´

pq dτ “ 0 then requires that for any p ă µ1 ă 0.5 ă µ2, a truthful τ must assign

a higher weight on µ1 than µ2 due to this over-claim tendency. Therefore, all the

Sender-preferred randomizations are ruled out.

In our illustrative example (right panel), the shifted Sender’s utility is not mono-

crossing since its sign changes at µ “ 0.55 and 0.95. We have seen in Section 2 there

exists a τ P TMDppq with support t0, 3{4, 1u that strictly increases Sender’s payoff

compared to cheap talk. In particular, when the Sender does not have a transparent

tendency to over-report, the Mediator can assign a higher probability to µ “ 3{4 while

maintaining truthful report by assigning a (relatively) lower probability to µ “ 1.

Moreover, we observe that the construction in the not mono-crossing case above

is always feasible when VSppq ă V˚
CT ppq. If no disclosure is optimal under cheap talk,

11This property is called weak single crossing in Shannon (1995), which requires a real-valued
function f on the product of two partially ordered sets X ˆ T has mono-crossing differences, that
is, fpx1, tq ´ fpx, tq is mono-crossing in t for any x ă x1. This notion is a weaker version of the
standard single crossing property, for instance, a constant zero function is not single crossing but
mono-crossing.
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Figure 3

then the construction may fail to be Bayes-plausible. Therefore, we obtain a complete

characterization of V˚
MDppq “ V˚

CT ppq in the binary case by discussing two disjoint

cases separately. If no disclosure is optimal under cheap talk, by our characterization

(3) of T ˚
MDppq via duality, it is optimal under mediation if and only if there exists

g P R such that the distorted value function p1` gpµ´ pqqVSpµq is superdifferentiable

at p. If no disclosure is suboptimal under cheap talk, then it suffices to check whether

the shifted utility function VSpµq ´ V˚
CT ppq is mono-crossing.

Proposition 3. Suppose Ω is binary and VM , VS are perfectly aligned. V˚
MDppq “

V˚
CT ppq if and only if either of the following is true:

(i) No disclosure is optimal under mediation;

(ii) No disclosure is suboptimal under cheap talk and VSpµq´V˚
CT ppq is mono-crossing.

We then apply Proposition 2 and 3 to study some natural Sender utility functions

for which cheap talk and mediation are equivalent in value. It is straightforward

that if VS is concave or affine over r0, 1s, it is identical to its concave envelope and

hence no disclosure is optimal. Note that any convex function on r0, 1s satisfies the

mono-crossing condition, so Proposition 2 implies that cheap talk attains the optimal

mediation value. When VS is weakly monotone, we observe that the feasible set

under mediation and cheap talk are the same. That is, when the Sender always

prefers to over/under-report the state, the Mediator cannot credibly introduce any

extra randomness into communication.
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Proposition 4. Suppose Ω is binary and VM , VS are perfectly aligned.

(i) If VS is concave or convex, then V˚
MDppq “ V˚

CT ppq for all p P p0, 1q.

(ii) If VS is (weakly) monotone, then T ˚
MDppq “ T ˚

CT ppq for all p P p0, 1q.

These sufficient conditions are useful when we compare the value of mediation and

cheap talk in some simple settings. For instance, condition (ii) immediately shows

that the seller’s reputation concern in Section 2 is crucial for them to be willing to

hire an advertiser. Also, (i) immediately implies the value of mediation and cheap

talk are the same in the example in Figure 2.

5.2 Non-perfectly Aligned Preference

In many economic applications, it is common for the Sender and Mediator to have per-

fectly aligned preferences, especially when the Sender hires the Mediator and shares

her profit as in our illustrative example. However, it is also natural to consider a

Mediator (more generally information designer) that has conflicting interests with

the Sender.

For instance, instead of considering an advertiser in our illustrative example, we

can consider a market regulator who maximizes the aggregate welfare of both parties

and does not have the ability or formal authority to verify the quality of the good.

Compared to the advertiser, the regulator may have a stronger incentive to intervene

in the communication between the seller and buyer. Unlike the perfectly aligned

case, the Mediator can attain the optimal persuasion value while strictly improving

on cheap talk. We illustrate this with our next proposition, which compares the

Mediator’s optimal value under Bayesian persuasion and mediation when the state is

binary and preferences are not perfectly aligned.

Proposition 5. Suppose Ω is binary. V˚
BP pVM , pq “ V˚

MDpVM , pq if and only if one

of the following is true:

(i) VM is superdifferentiable at p;

(ii) There exists τ P TCT ppq with binary support tµ1, µ2u such that the line connecting

pµ1, VMpµ1qq and pµ2, VMpµ2qq lies weakly above the graph of VMpµq ;
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(iii) There exists τ P TMDppqzTCT ppq that supports on µ1 ă µ2 ă µ3 with p ‰ µ2

such that the line connecting pµ1, VMpµ1qq and pµ3, VMpµ3qq lies weakly above

the graph of VMpµq and coincides with VM at µ2.

In particular, if V˚
BP pVM , pq “ V˚

MDpVM , pq while the conditions (i) and (ii) do not

hold, then V˚
MDpVM , pq ą V˚

CT pVM , pq.

This proposition shows that perfectly aligned preferences are necessary for our

observation in Proposition 1. Indeed, for an arbitrary indirect utility of the Mediator,

if the value of mediation is the same as in Bayesian persuasion (e.g., when condition

(iii) holds), and neither (i) nor (ii) holds, then mediation is strictly better than cheap

talk.

To prove Proposition 5, we first observe that mediation attains the optimal Bayesian

persuasion value if and only if there exists an extreme point of TMDppq that maxi-

mizes the mediator’s expected payoff among all the Bayes-plausible distributions of

beliefs. As in Corollary 1, we can use Winkler (1988) to characterize these extreme

points. In particular, as the state is binary, it suffices to check τ P TMDppq with

| supppτq| ď 3 and satisfies a linear-independence condition. Next, conditions (ii) and

(iii) respectively establish that an extreme point with two or three points in the sup-

port satisfies the complementary slackness condition characterizing optimality under

Bayesian persuasion (see e.g. Dworczak and Kolotilin (2022)).

Our next proposition characterizes when the Mediator has no strict incentive to

mediate when the state is binary.

Proposition 6. Suppose Ω is binary. Then V˚
MDpVM , pq “ V˚

CT pVM , pq if and only if

either of following is true:

(i) δp P T ˚
MDppq

(ii) There exists τ P TCT ppq with binary support and f P R such that

VMpµq´
ÿ

τiVMpµiq ď

„

f

ˆ

1 ´
VSpµq

VSpµ1q

˙

`
VSpµqp1 ´ τ1qpVMpµ1q ´ VMpµ2qq

µ1 ´ p

ȷ

pµ´pq.

for all µ P r0, 1s.

Since the set of feasible distributions under mediation and cheap talk are nested,

V˚
MDpVM , pq “ V˚

CT pVM , pq if and only if there exists a cheap talk equilibrium inducing
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τ P TCT ppq that attains the optimal mediation value. Moreover, we apply the char-

acterization of extreme points to show there exists such a τ which is also an extreme

point of TBP ppq. As the state is binary, it suffices to check such τ with | supppτq| ď 2.

Condition (ii) characterizes when a τ P TCT ppq with binary support satisfies the com-

plementary slackness condition characterizing optimality under mediation (Corollary

4).

6 Extension and Discussion

In this section, we discuss our main assumptions and sketch some attempts to relax

our assumptions. Throughout the paper, we adopt the belief-based approach and

work with the indirect utilities VS and VM . As we discussed at the end of Section

3, it is possible to derive the indirect utilities by fixing an action space A for the

receiver and continuous explicit payoff functions uS : A Ñ R, uR : A ˆ Ω Ñ R
and uM : A ˆ Ω Ñ R for the Sender, Receiver, and Mediator, respectively. To

construct the indirect utility functions, we calculate the Sender and the Mediator’s

payoff at each posterior µ, condition on the Receiver taking her best response to µ.

This induces two indirect payoff correspondences VS and VM for the Sender and

Mediator, respectively. In particular, when the Receiver has a single best response

for every posterior, the Sender and Mediator’s indirect payoff correspondences reduce

to continuous indirect utility functions VS, VM , which is the main assumption of this

paper. A natural example of this case is the linear persuasion case in Appendix B,

namely, when Ω, A Ď Rk and the Receiver’s best-response is the posterior mean.

There are several approaches to relax our main assumption that VS, VM are con-

tinuous real-valued functions. The first is to work with the payoff correspondences

VS,VM directly. We can extend Proposition 1 in terms of these payoff correspon-

dences, and the qualitative difference in implementation between mediation and cheap

talk in terms of zero-covariance conditions remains to be true. Moreover, the com-

parison results in the perfectly aligned case extend to this general case (Theorem 1,

Proposition 2 and 3), so the economic insights of our main analysis are without loss

of generality.

The first approach is not very efficient in computing the optimal value of medi-

ation, because the truth-telling condition expressed in terms of correspondence VS

makes it hard to analyze the mediation problem as an (infinite dimensional) linear pro-
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gram. In order to analyze the optimal value of mediation, we consider a richer space.

The second approach we attempt is to consider joint distributions β P ∆pA ˆ ∆pΩqq

of the Receiver’s actions and posterior beliefs. This allows us to express the Sender’s

truth-telling constraint and the Receiver’s obedience constraint as linear constraints

in β, and hence we can analyze the mediation problem as a linear program. This

approach can also be applied to study delegation models, in which the Mediator has

full control of the Receiver’s action and can commit to a distribution of actions given

the Sender’s reports. We will explore these extensions in our future work and include

delegation into our analysis.
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A Correspondence-valued Indirect Utility

Let the action space A be a compact metric space and fix explicit payoff functions

uS : A Ñ R, uR : A ˆ Ω Ñ R, and uM : A ˆ Ω Ñ R for the sender, receiver,

and mediator respectively. We assume each explicit payoff function is continuous in

the receiver’s action. With this primitive setting, we can define the best-response

correspondence AR : ∆pΩq Ñ A as

ARpµq “ argmax
aPA

ÿ

ωPΩ

uRpa, ωqµpωq.

In turn this induces value correspondences VS : ∆pΩq Ñ R and VM : ∆pΩq Ñ R as

follows

VSpµq “ co puS pARpµqqq and VMpµq “ co

˜

ÿ

ωPΩ

uM pARpµq, ωqµpωq

¸

where the sum in the second expression denotes the Minkowski addition operation.

In words, VSpµq and VMpµq respectively denote the (convex hull of the) sets of

attainable payoff for the sender and the mediator given the receiver’s posterior. By

the maximum theorem, these correspondences are Kakutani correspondences, and the

value envelope vSp¨q :“ VSp¨q is upper semi-continuous.

When we assume that the receiver has a single best response for every posterior,

the correspondence AR “ aR reduces to a continuous function, and the indirect

payoffs reduce to VSpµq “ uSpaRpµqq and VMpµq “
ř

ωPΩ uM paRpµq, ωqµpωq.12 In

this case, the indirect payoffs are continuous and all the results presented in the main

analysis hold. This is for example the case when Ω, A Ď Rk and aRpµq “ Eµpωq which

corresponds to the linear persuasion case.13

When the receiver has multiple best responses for some posterior, then we need to

postulate a tie-breaking rule which usually is the one selecting the designer-preferred

action. However, this is not an issue as long as we are interested in the space of

all implementable distributions over posteriors. Indeed, we can extend Proposition 1

12Continuity of aR follows by Berge’s maximum theorem. See Kolotilin et al. (2022a) for sufficient
conditions on the primitive payoff of the receiver for the best-response correspondence to be single-
valued.

13This best response is induced, for example, when upa, ωq “ ´||ω ´ a||22. See Chakraborty
and Harbaugh (2010) for several examples where the indirect payoff of the sender is well-defined,
continuous, and only depends on conditional expectations.
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as follows. First, following the standard definition of Aumann integral of correspon-

dences (see Molchanov (2005)), we define

ż

VSpµq pµ ´ pq dτ pµq “

"
ż

VSpµq pµ ´ pq dτ pµq P Rn : VS P VS

*

where VS P VS are arbitrary measurable selections from VS.

Proposition 7. For every prior p P ∆ pΩq, the following are equivalent:

(i) τ P TMDppq;

(ii) τ satisfies
ş

µdτ pµq “ p and 0 P
ş

VSpµq pµ ´ pq dτ pµq;

(iii) τ satisfies
ş

µdτ pµq “ p and there exists a measurable selection VS P VS such

that Covτ pVS, hq “ 0 for all affine continuous functions h : ∆pΩq Ñ R.

The qualitative difference in implementation between mediation and cheap talk

remains the same even when there are multiple best responses. Indeed, it is immediate

to derive the following results from the results in Lipnowski and Ravid (2020).

Remark. For every prior p P ∆pΩq, τ P TCT ppq if and only if τ satisfies
ş

µdτ pµq “ p

and there exists a measurable selection VS P VS such that Covτ pVS, Hq “ 0 for all

continuous functions H : ∆pΩq Ñ R.

With Proposition 7, we may express the mediator’s problem as follows

sup
VS ,τ

ż

VMpµq dτpµq

subject to:

ż

µ dτ “ p
ż

VSpµqpµ ´ pq dτ “ 0

VS is a measurable selection from VS.

When the Sender and Mediator have aligned preference VMpµq “ VSpµq for any

selection VS that Mediator specifies, our comparison results in Section 5.1 still holds

in this more general case. For instance, our Theorem 1 still holds.
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Theorem 2. Suppose Ω is finite and VS is a Kakutani correspondence. If the Sender

and Mediator are perfectly aligned, then

V˚
BP ppq “ V˚

MDppq ðñ V˚
BP ppq “ V˚

CT ppq.

The proof of this result is essentially the same as Proposition 1. To solve the

Bayesian persuasion problem with VS, it suffices to consider the upper envelope

vS of VS, which is upper semi-continuous. All the duality results for the Bayesian

persuasion problem with indirect utility vS are not affected even if we relax the

continuity to semi-continuity (see Dworczak and Kolotilin (2022)). We then use the

duality argument in Proposition 1 to show an optimal Bayesian persuasion solution

τ is feasible under mediation (with selection vS) if and only if vS is constant over the

support of τ .

Our geometric comparison of mediation and cheap talk in the binary case also

extends when the Sender’s indirect value is a correspondence.

Proposition 8. Suppose Ω is binary, VS is a Kakutani correspondence, and the

Sender and Mediator are perfectly aligned. If for any measurable selection VS from

VS, VS ´ V˚
CT ppq is mono-crossing, then V˚

MDppq “ V˚
CT ppq. Moreover, the converse

is true if vSppq ă V˚
CT ppq.

In other words, V˚
MDppq “ V˚

CT ppq if and only if either of the following is true:

(i) vSppq “ V˚
CT ppq and δp P T ˚

MDppq;

(ii) vSppq ă V˚
CT ppq and for any measurable selection VS from VS, VS ´ V˚

CT ppq is

mono-crossing.

The only difference from Proposition 3 is the superdifferentiability condition (i)

that is equivalent to no disclosure being optimal under mediation. With correspon-

dence VS, we are not sure how to use duality results for mediation to verify the

optimality of no disclosure.

B Linear Persuasion

In many economic settings (e.g. our illustrative example), the payoffs of the Sender

and Mediator depend only on the posterior mean of the Receiver’s belief. In this
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case, we focus on Euclidean state spaces Ω Ď Rk. Let X :“ coΩ be the space

of all possible posterior means. The Sender and Mediator have indirect utilities

vs, vm : X Ñ R. Note that this is a special case of our general model as we may

write VSpµq “ vspEµpωqq. Instead of considering distributions over posterior τ P

∆p∆pΩqq, the Mediator now focuses on the induced distributions of posterior means

qpxq P ∆pXq. We say q P ∆pXq is implementable under mediation if there exists

τ P TMDppq that induces q. The mediator is maximizing her expected payoff among

all implementable distributions over posterior means, which is denoted by T m
MDppq.

If the Sender’s payoff vs only depends on the posterior mean of the Receiver’s

belief, then we can specialize Proposition 1 as follows. For any q P ∆pXq and vs :

X Ñ R, define the corresponding distorted distribution qs P ∆pXq by

dqs

dq
pxq “

vspxq
ş

vspzq dqpzq
.

And the set of implementable distributions over posterior means under mediation is

characterized as follows.

Proposition 9. Let VSpµq “ vspEµpωqq. For any full support prior p P ∆pΩq, the

following are equivalent:

(i) q is implementable under mediation;

(ii) There exists a dilation14 T : X Ñ ∆pXq such that Tq “ Tqs “ p;

(iii) There exists π P ∆pΩ ˆ Xq such that margΩ π “ p, margX π “ q, Eπrω|xs “ x

for all x, and Covπ pvs, gq “ 0 for all g P RΩ.

Note that when there is no truth-telling constraint, by Strassen’s Theorem,15

condition (ii) reduces to the Bayes-plausibility condition in the linear persuasion

literature, which is q ĺcvx p. With the truth-telling constraint, Strassen’s Theorem

implies both q and qs are mean-preserving contractions of p.

14A map T : X Ñ ∆pXq is called a dilation if x “
ş

y dTxpyq for all x, and the map x ÞÑ Txpfq

is measurable for all f P CpXq. The product Tq is defined as by TqpSq “
ş

TxpSqdqpxq for all
measurable S Ď X.

15Let X be a compact convex metrizable space and p, q are Borel probability measures on X. The
Strassen’s Theorem states that q ĺcvx p if and only if there exists a dilation T such that p “ Tq,
see Strassen (1965); Aliprantis and Border (2006). This result has been widely applied in the linear
persuasion literature, see Gentzkow and Kamenica (2016); Kolotilin (2018); Dworczak and Martini
(2019).
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Corollary 6. Let VSpµq “ vspEµpωqq. For any full support prior p P ∆pΩq, if q P

∆pXq is induced by some τ P TMDppq, then q ĺcvx p, qs ĺcvx p, and

ż

vs pxq px ´ xpq dqpxq “ 0,

where xp is the prior expectation.

This corollary is useful for comparing the set of distributions over posteriors im-

plementable under mediation with the ones corresponding to Bayesian persuasion

and cheap talk, as the next corollary shows. When VSpµq “ vspEµpωqq, we say that

q P ∆pXq is implementable under cheap talk if it is induced by τ P TCT ppq.

Corollary 7. Let Ω Ď R and VSpµq “ vspEµpωqq with vs either increasing or de-

creasing. Then q P ∆pXq is implementable under mediation if and only if it is imple-

mentable under cheap talk.

This result extends our observation about implementation in Proposition 4 to

the linear case. Namely, when the Sender always prefers to induce a higher/lower

posterior mean, the Mediator cannot credibly introduce any extra randomness into

communication.

C Proofs

C.1 Implementation

Proof of Proposition 1. We first show that (i) and (ii) are equivalent. Take any

τ P TMDppq, the truth-telling constraint (1) implies

ż

VSpµqµpωq dτpµq “ ppωq ¨ c

for some constant c P R for all ω P Ω. Taking summation across ω, we have c “
ş

VSpµq dτpµq, which implies (ii) holds. Conversely, for any τ P ∆p∆pΩqq that satisfies

(ii), we have
ż

VSpµqpµpωq ´ ppωqq dτpµq “ 0
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for all ω P Ω. Therefore,
ş

VSpµq
µpωq

ppωq
dτpµq “

ş

VSpµq dτpµq for all ω P Ω and the

truth-telling condition holds.

Next, we show (ii) and (iii) are equivalent. Suppose τ satisfies condition (ii), then

for any affine function hpµq “ aTµ ` b with a P Rn, b P R, we have

ż

VSpµqpaTµ`bq dτ “ aT

ż

VSpµqµ dτ`b

ż

VSpµq dτ “

ˆ
ż

VSpµq dτ

˙ ˆ
ż

aTµ ` b dτ

˙

,

where the second equality is by Bayes-plausibility and truth-telling. Conversely, no-

tice that the projection map hipµq “ µi is affine for all i “ 1, . . . , n, so the zero

covariance condition implies the truth-telling constraint.

Proof of Corollary 1. Note that the maps τ ÞÑ
ş

µpωq´ppωq dτ and τ ÞÑ
ş

VSpµqpµpωq´

ppωqq dτ are continuous in τ for all ω because µ ´ p and pµ ´ pqVS are continuous

in µ. Hence the feasible region is a finite intersection of closed pre-images, which is

closed. Note that ∆∆Ω is compact under weak topology, hence the feasible region is

compact. By Weierstrass Theorem, there exists τ˚ that attains the maximum.

Note that (P) is a convex optimization problem, there exists a solution τ˚ which

is an extreme point of TMDppq. Theorem 2.1 of Winkler (1988) then implies the linear

independence condition, and the size of the support of τ˚ is bounded by the number

of moment constraints plus one. Note that the vector-valued moment constraints in

condition (ii) of Proposition 1 have exactly 2pn ´ 1q independent scalar-valued mo-

ment constraints, so any τ P extpTMDppqq has | supppτq| ď 2pn ´ 1q ` 1 “ 2n ´ 1.

C.2 Linear Persuasion

Proof of Proposition 9. We first show (i) and (ii) are equivalent. Suppose q P

∆pXq is implementable under mediation, then there exists τ P TMDppq that induces

q, that is, qpSq “ Pτ rEµpωq P Ss for all measurable S Ď X. We construct a dilation

T : X Ñ ∆pXq by Tx “ Eτ rµ|Eµpωq “ xs. By construction we have x “
ş

y dTxpyq

for all x and
ş

Tx dqpxq “
ş

µ dτpµq “ p. Note that
ş

Txvspxq dqpxq “
ş

VSpµqµ dτ “

p
ş

VS dτ “ p
ş

vs dq, where the first and third equalities are obtained by iterated
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expectation and VSpµq “ vspEµpωqq, and the second by truth-telling. Hence, the

dilation constructed satisfies Tq “ Tqs “ p.

Conversely, suppose there exists a dilation T such that Tq “ Tqs “ p. Then

let τ P ∆p∆pΩqq be the induced measure by q, that is, τpRq “ PqrTx P Rs for all

measurable R Ď ∆pΩq. By change of variable, we obtain
ş

µ dτ “
ş

Tx dq “ p and
ş

VSpµqµ dτ “
ş

vspxqTx dq “ p ¨
ş

vs dq “ p
ş

VS dτ , which implies τ P TMDppq.

The equivalence between (ii) and (iii) is straightforward. Note that given a dilation

T that satisfies (ii), we may construct π P ∆pΩˆXq by πp¨|xq “ Tx with margX π “ q.

The definition of dilation and Tq “ p ensures Eπrω|xs “ x and margΩ π “ p. For any

g P RΩ,
ş

ΩˆX
vspxqgpωq dπ “

ş

X
vspxq

`ş

Ω
gpωq dTxpωq

˘

dqpxq “ p
ş

g dpqp
ş

vspxq dqq,

where the first equality is by iterated expectation and the second is by Tqs “ p. For

the converse, similar argument shows that we can construct a dilation T that satisfies

(ii) by Tx “ πp¨|xq given any π that satisfies (iii).

Proof of Corollary 6. Suppose q is induced by some τ P TMDppq, then Proposition

9 implies there exists a dilation T such that Tq “ Tqs “ p. The Strassen’s Theorem

then implies q ĺcvx p and qs ĺcvx p. In particular, observe that qs ĺcvx p implies
ş

x dqspxq “
ş

x dppxq “ x̄p, hence
ş

vspxqpx ´ x̄pq dqpxq “ 0.

Proof of Corollary 7. Take any q P ∆pXq that is implementable under mediation.

Corollary 6 implies that
ş

X
x dqpxq “ x̄p and

ş

X
vspxqpx ´ x̄pq dqpxq “ 0, where x̄p

is the prior mean. We refer to these two equations as relaxed Bayes-plausibility and

relaxed truth-telling constraint. Note that X “ ra, bs is an interval in R. Substituting
the relaxed Bayes-plausibility to the relaxed truth-telling constraint, we obtain

ż b

a

vspxqpx´x̄pq dqpxq “

ż b

a

ż b

a

vspxqpx´yq dqpyq dqpxq “

ż b

a

ż b

a

vspxqpx´yq dqpxq dqpyq,

where the second equality is by changing the integration order. We then split the
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double integral into two parts and swap the variables x, y in the second part:

ż b

a

ż b

a

vspxqpx ´ yq dqpxq dqpyq

“

ż b

a

ż b

y

vspxqpx ´ yq dqpxq dqpyq `

ż b

a

ż y

a

vspxqpx ´ yq dqpxq dqpyq

“

ż b

a

ż b

y

vspxqpx ´ yq dqpxq dqpyq `

ż b

a

ż x

a

vspyqpy ´ xq dqpyq dqpxq

“

ż b

a

ż b

y

vspxqpx ´ yq dqpxq dqpyq `

ż b

a

ż b

y

vspyqpy ´ xq dqpxq dqpyq

“

ż b

a

ż b

y

pvspxq ´ vspyqqpx ´ yq dqpxq dqpyq ě 0,

where the second last equality is obtained by changing the integration order, and the

last equality by combining the two integrals into one. We obtain the last inequality

by the weak monotonicity. Hence, for q to satisfy the relaxed truth-telling constraint,

it must be the case vs is constant on supppqq, which implies q is implementable under

cheap talk.

C.3 Duality

Proof of Lemma 1. For every feasible τ in the primal and any pf, gq feasible in the

dual, we have

xf, py “

ż

xf, µy dτ

ě

ż

VMpµq ` xg, µ ´ pyVSpµq dτ

“

ż

VMpµq dτ ` xg,

ż

pµ ´ pqVSpµq dτy

“

ż

VMpµq dτ,

where the first equality is by the Bayes-plausibility constraint, the second inequality

is by the dual constraint, the third equality is by linearity, and the fourth equality is
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by the truth-telling constraint.

Proof of Lemma 2. First, we rewrite the dual value as follows

sV ppq “ inf
xf,µyěVM pµq`xg,µ´pyVSpµq

xf, py “ inf
gPRn

inf
xf,µyěVM pµq`xg,µ´pyVSpµq

xf, py

“ inf
gPRn

sup
τPTBP ppq

ż

VMpµq ` xg, µ ´ pyVSpµq dτ,

where TBP ppq is the set of Bayes-plausible τ , and the second equality is by the no

duality gap results in Bayesian persuasion, using VMpµq ` xg, µ ´ pyVSpµq as the ob-

jective function. Since TBP ppq is compact and Hpτ, gq :“
ş

VMpµq ` xg, µ´pyVSpµq dτ

is linear(affine) and continuous in τ(g), we may apply Sion’s minimax theorem to

exchange the sup and inf.

After exchanging the sup and inf, we have

sV ppq “ sup
τPTBP ppq

inf
gPRn

ż

VMpµq ` xg, µ ´ pyVSpµq dτ.

Note that for every τ P TBP ppq that is not feasible in the primal of mediation problem,

that is,
ş

VSpµqpµ ´ pq dτ ‰ 0, we have infgPRn

ş

VMpµq ` xg, µ ´ pyVSpµq dτ “ ´8.

Hence we may restrict our consideration to the feasible region TMDppq of the primal

(P), which leads to

sV ppq “ sup
τPTMDppq

inf
gPRn

ż

VMpµq ` xg, µ ´ pyVSpµq dτ “ sup
τPTMDppq

ż

VMpµq dτ “ pV ppq,

as desired.

Proof of Corollary 3. Note that in the proof of no duality gap, we observe that

sV ppq “ inf
gPRn

sup
τPTBP ppq

ż

VMpµq ` xg, µ ´ pyVSpµq dτ.

Since adding a constant vector to g does not affect the value of xg, µ ´ py, we may

restrict our attention to g P Rn such that xg, py “ 0. We know from Kamenica and
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Gentzkow (2011) the value of Bayesian persuasion equals to the value of the concave

envelope of objective at the prior, so we may express the value of mediation as

sV ppq “ inf
gPRn:xg,py“0

cav rVMpµq ` xg, µyVSpµqs ppq.

C.4 Comparison of Communication Protocols

We first invoke Theorem 2.1 of Winkler (1988) and characterize the set of extreme

points as follows:

Lemma 3 (Extreme points). The extreme points extpTBP ppqq and extpTMDppqq can

be expressed as

extpTBP ppqq “

n
ď

m“1

!

τ P TBP ppq : τ “

m
ÿ

i“1

τiδµi
,
ÿ

τi “ 1, τi ą 0,

the vectors pµ1
i , . . . , µ

n´1
i , 1q

T
i“1,...,m are linearly independent

)

,

and

extpTMDppqq “

2n´1
ď

m“1

!

τ P TMDppq : τ “

m
ÿ

i“1

τiδµi
,
ÿ

τi “ 1, τi ą 0,

the vectors pµ1
i , . . . , µ

n´1
i , VSpµiqpµ1

i ´ p1q, . . . , VSpµiqpµn´1
i ´ pn´1

q, 1q
T
i“1,...,m

are linearly independent
)

.

Applying the preceding lemma, we further characterize the relationship between

the nested feasible sets and their extreme points.

Lemma 4.

extpTBP ppqq
č

TMDppq “ extpTMDppqq
č

TCT ppq “ extpTBP ppqq
č

TCT ppq.

Proof. We first show that extpTBP ppqq
Ş

TMDppq Ď TCT ppq. Suppose τ P extpTBP ppqq
Ş

TMDppq,

assume to the contrary that τ R TCT ppq. Then, at least one of αi :“ τi rp
ř

i τiVSpµiqq ´ VSpµiqs
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is non-zero. Let vi “ pµ1
i , . . . , µ

n´1
i , 1qT , we have

ř

i αivi “ 0, which contradicts the

fact that tviui is linearly independent.

Next, we show that extpTMDppqq
Ş

TCT ppq Ď extpTBP ppqq. This follows from the

fact that for all V P R, pµ1
i , . . . , µ

n´1
i , V pµ1

i ´ p1q, . . . , V pµn´1
i ´ pn´1q, 1qTi“1,...,m is

linearly independent if and only if pµ1
i , . . . , µ

n´1
i , 1qTi“1,...,m is linearly independent.16

Now we prove the set equations. It is clear that extpTBP ppqq
Ş

TMDppq Ď extpTMDppqq,

and hence extpTBP ppqq
Ş

TMDppq Ď extpTMDppqq
Ş

TCT ppq. The reverse inclusion is

implied by extpTMDppqq
Ş

TCT ppq Ď extpTBP ppqq and hence the first equation holds.

For the second equation, it suffices to show extpTBP ppqq
Ş

TMDppq “ extpTBP ppqq
Ş

TCT ppq,

which is implied by extpTBP ppqq
Ş

TMDppq Ď TCT ppq.

Next, we prove two lemmas that characterize the pairwise comparison of the values

of communication, which specialize to Proposition 1 and Proposition 3 in the perfectly

aligned case.

Lemma 5 (Persuasion and Mediation). V˚
BP pVM , pq “ V˚

MDpVM , pq if and only if

T ˚
BP pVM , pq

č

extpTMDppqq ‰ ∅.

Proof. It is clear that V˚
BP pVM , pq “ V˚

MDpVM , pq if and only if T ˚
BP pVM , pq

Ş

TMDppq ‰

∅, so the if direction of the claim is immediate. For the only if direction, suppose there

exists τ P TMDppq that is optimal in the persuasion problem. As TMDppq is compact

and convex, by Krein-Milman, τ can be expressed as the barycenter of a probabil-

ity measure ν on TMDppq, which is supported by sco extpTMDppqq.17 Assume to the

contrary that T ˚
BP pVM , pqq

Ş

extpTMDppqq “ ∅. Then
ş

VM dτ˚ ă V˚
BP pVM , pq for all

τ˚ P extpTMDppqq, which leads to
ş

VM dτ “
ş

extpTMDppqq

ş

∆pΩq
VMpµq dτ˚pµq dνpτ˚q ă

V˚
BP pVM , pq, contradiction.

Lemma 6 (Mediation and Cheap talk). V˚
MDpVM , pq “ V˚

CT pVM , pq if and only if

T ˚
MDpVM , pq

č

extpTBP ppqq
č

TCT ppq ‰ ∅.

16To see this, row operations won’t affect the rank of the matrices.
17We might need to be careful with the closure here. For a rigorous treatment, see Winkler (1988)

Section 3.
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Proof. It is immediate that V˚
MDpVM , pq “ V˚

CT pVM , pq is equivalent to T ˚
MDpVM , pqX

TCT ppq ‰ H. This establishes the if part of the statement. The converse would fol-

low if T ˚
MDppq X TCT ppq ‰ H implies that T ˚

MDppq X extpTBP ppqq X TCT ppq ‰ H.

Fix τ P T ˚
MDppq X TCT ppq. By Krein-Milman, we can represent τ as the barycen-

ter of a probability measure ν on TMDppq, which is supported by sco extpTMDppqq.

Since τ P TCT ppq, we must have τ˚ P TCT ppq for all τ˚ P supppνq. Moreover,
ş

VM dτ “
ş

VM dτ˚ for all τ˚ P supppνq (otherwise contradict the fact that τ P

T ˚
MDpVM , pq). Therefore, τ˚ P T ˚

MDpVM , pq
Ş

extpTMDppqq
Ş

TCT ppq. By Lemma 4,

we have τ˚ P T ˚
MDpVM , pq

Ş

extpTBP ppqq
Ş

TCT ppq and hence the desired result.

Proof of Theorem 1. We only prove the first equivalence; the second equivalence

is immediate by Kamenica and Gentzkow (2011) and Lipnowski and Ravid (2020).

The if direction is immediate. For the only if direction, by Lemma 5, there exists

τ “
ř

i τiδµi
P T ˚

BP ppq
Ş

extpTMDppqq. By Corollary 1 of Dworczak and Kolotilin

(2022), there exists f P Rn such that

VSpµiq “ xf, µiy @i

VSpµq ď xf, µy @µ P ∆pΩq.

Since τ P extpTMDppqq, we have

ÿ

i

τiVSpµiqpµi ´ pq “ 0.

Substituting the equations from complementary slackness, for every k “ 1, . . . , n, we

have

ÿ

i

τiµ
k
i xf, µiy “ pk

ÿ

i

τixf, µiy “ pkxf, py,

where the last equality is by Bayes-plausibility. Taking dot product with f , by bi-

linearity, we have

xf, py
2

“ xf, pxf, pyy “ xf,
ÿ

i

τiµixf, µiyy “
ÿ

i

τixf, µixf, µiyy “
ÿ

i

τixf, µiy
2.
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By Jensen’s inequality and Bayes-plausibility,

ÿ

i

τixf, µiy
2

ě

˜

ÿ

i

τixf, µiy

¸2

“ xf, py
2,

and the equality holds if and only if xf, µiy “ xf, µjy for all i, j. Therefore, VSpµiq “

xf, µiy “ xf, py for all i, which implies that τ P TCT ppq.

Proof of Proposition 2. We first illustrate the sufficiency of mono-crossing. Sup-

pose VSpµq´V˚
CT ppq is mono-crossing, we want to show for any τ P TMDppq, Eτ rVSs ď

V˚
CT ppq. Let V˚ denotes V˚

CT ppq. As it is the optimal cheap talk value, by Lipnowski

and Ravid (2020), VSpµq ď V˚ on at least one of r0, ps or rp, 1s. WLOG, we assume the

former is true. Then there are two cases: either VSpµq ď V˚ on r0, 1s, or VSpµq ´ V˚

is mono-crossing from below and there exists µ̃ ą p with VSpµ̃q ą V˚. In the first

case, the claim holds trivially.

In the second case, we let µ̄ :“ inftµ : VSpµq ą V˚u ě p. Since VSpµq ´ V˚

is mono-crossing from below, the integrand pVSpµq ´ V˚qpµ ´ pq of the truth-telling

constraint is non-negative on r0, ps Y rµ̄, 1s and non-positive on pp, µ̄q. Take any

τ P extpTMDppqq. If supppτq does not contain µ with pVSpµq ´ V˚qpµ ´ pq ă 0, then

the truth-telling constraint implies pVSpµq ´ V˚qpµ ´ pq “ 0 almost surely, which

implies Eτ rVSs ď V˚. Suppose there exists µ1 P supppτq X pp, µ̄q. As VSpµ1q ă V˚,

there must exist µ2 ě µ̄ with VSpµ2q ą V˚ in the support for τ to have an expected

payoff higher than V˚. To satisfy the Bayes-plausibility, τ must contain µ0 ă p in the

support. As | supppτq| ď 3, these are all the posteriors in the support and τ “
ř

τiδµi

for some τi P p0, 1q. The truth-telling constraint
ř

τipVSpµiq ´ V˚qpµi ´ pq “ 0 then

implies τ1pVSpµ1q ´ V˚q ` τ2pVSpµ2q ´ V˚q ď 0, so
ř

τiVSpµiq ď V˚.

We prove the converse direction under the additional assumption that VSppq ă V˚.

If VSpµq ´ V˚ is not mono-crossing, we can construct a feasible mediation plan that

attains a value strictly higher than V˚. Since V˚ is attained by cheap talk, there exists

µ0 ă p ă µ1 such that VSpµ0q “ VSpµ1q “ V˚. We take µ0, µ1 that is the closest to

p,18 by continuity, VS ă V˚ in pµ0, µ1q. Since VSpµq ´ V˚ is not mono-crossing, there

18Formally, the “closest” here means µ1 “ inftµ ą p : VSpµq “ V˚u and µ0 be a supremum.
These two points are well-defined as VSppq ă V˚.
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exists µ̃ such that VSpµ̃q ą V˚. WLOG, we assume µ̃ ą µ1, then for all µ ă p,

VSpµq ď V˚ (otherwise V˚ is not the optimal cheap talk value). Finally, there must

exist a pair pµ2, µ3q with µ1 ă µ2 ă µ3 such that VSpµ2q ą V˚ ą VSpµ3q. Suppose

not, then for all µ2 ą µ1 with VSpµ2q ą V˚, we have VSpµ3q ě V˚ for all µ3 ą µ2,

which contradicts the fact VSpµq´V˚ is not mono-crossing from below. Finally, direct

calculation shows that τ “ τ0δµ0 `τ2δµ2 `τ3δµ3 leads to expected value strictly higher

than V˚, where

τ0 “
pV2´V3qpµ2´pqpµ3´pq

V2pµ2´pqpµ3´µ0q`V3pµ3´pqpµ0´µ2q
, τ2 “

V3pµ0´pqpµ3´pq

V2pµ2´pqpµ3´µ0q`V3pµ3´pqpµ0´µ2q
, τ3 “ 1 ´ τ0 ´ τ2,

with V2 “ VSpµ2q and V3 “ VSpµ3q.

Proof of Proposition 3. Since VSppq ď V˚
CT ppq, we can consider the disjoint cases

VSppq “ V˚
CT ppq and VSppq ă V˚

CT ppq separately. When VSppq “ V˚
CT ppq, then

V˚
MDppq “ V˚

CT ppq if and only if no disclosure is optimal under mediation, which

is equivalent to condition (i). In particular, when the Slater condition holds, we may

use our duality result to verify whether no disclosure is optimal, which is equivalent

to saying there exists g P R such that the distorted utility p1 ` gpµ ´ pqqVSpµq is su-

perdifferentiable at p. When VSppq ă V˚
CT ppq, condition (ii) is implied by Proposition

2.

Proof of Proposition 4. Condition (i) is straightforward when VS is concave or

affine. if VS is convex, then either 0 or 1 attains its maximum value. WLOG, assume

VSp0q ď VSp1q, and by continuity there exists a largest p̃ P r0, 1s such that VSp0q “

VSpp̃q. If 0 ă p ă p̃, then V˚
CT ppq “ VSp0q. Otherwise, V˚

CT ppq “ VSppq. In either

case, VSpµq ´ V˚
CT ppq is mono-crossing from below, and the conclusion follows from

Proposition 2.

Condition (ii) can be shown using the same argument in the proof of Corollary 7.
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Proof of Proposition 5. By Lemma 5, we need to characterize the condition when

T ˚
BP pVM , pq

Ş

extpTMDppqq ‰ ∅. Note that extpTMDppqq only contains τ with | supppτq| ď

3. By complementary slackness, τ “
ř

i τiδµi
P T ˚

BP pVM , pq
Ş

extpTMDppqq if and only

if there exists f1, f0 P R such that

$

’

’

’

’

’

’

’

’

’

&

’

’

’

’

’

’

’

’

’

%

VMpµiq “ f1µi ` f0 @i

VMpµq ď f1µ ` f0 @µ P r0, 1s

ř

i τiµi “ p
ř

i τiVSpµiqpµi ´ pq “ 0

pµi, VSpµiqpµi ´ pq, 1qi is linearly independent.

If | supppτq| “ 1 then it must be τ “ δp. If | supppτq| “ 2, the complementary

slackness requires the line connecting pµ1, VMpµ1qq and pµ2, VMpµ2qq lies weakly above

the graph of VMpµq. And the truth-telling constraint requires VSpµ1q “ VSpµ2q. The

linear independence condition is automatic if µ1 ‰ µ2.

If the support of τ contains three distinct points µ1 ă µ2 ă µ3 with µ2 “ αµ1`p1´

αqµ3. Again, the complementary slackness requires the line connecting pµ1, VMpµ1qq

and pµ3, VMpµ3qq lies weakly above the graph of VMpµq. In addition, this line coincides

with VM at µ2. The linear independence condition is equivalent to

αVSpµ1qpµ1 ´ pq ` p1 ´ αqVSpµ3qpµ3 ´ pq ‰ VSpµ2qpµ2 ´ pq.

Clearly, any τ P TCT ppq does not satisfy this condition. Moreover, combining the

linear independence condition with the Bayes plausibility and truth-telling constraint,

it must be the case µ2 ‰ p. Assume to the contrary that µ2 “ p, then Bayes

plausibility implies that τ1 “ αp1 ´ τ2q and τ3 “ p1 ´ αqp1 ´ τ2q, and

ÿ

i

τiVSpµiqpµi ´ pq “ p1 ´ τ2q pαVSpµ1qpµ1 ´ pq ` p1 ´ αqVSpµ3qpµ3 ´ pqq

‰ p1 ´ τ2qVSpµ2qpµ2 ´ pq “ 0,

contradicts the truth-telling constraint.

Finally, suppose V˚
BP ppq “ V˚

MDppq, while (i) and (ii) do not hold, then any

τ P TCT ppq is not in T ˚
BP pVM , pq. Note that for any τ P TCT ppq that is optimal under

Bayesian persuasion and mediation, we may find a τ 1 P TCT ppq with | supppτ 1q| ď 2
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that has the same value by Lemma 6. Therefore, if (i) and (ii) do not hold, no cheap

talk equilibrium is optimal under Bayesian persuasion.

Proof of Proposition 6. By Lemma 6, it suffices to check if there exists τ P TCT ppq

with | supppτq| ď 2 attains V˚
MDppq. By Corollary 4, such a τ P T ˚

MDppq if and only if

there exists pf1, f0, gq P R3 such that

VMpµiq ` V gpµi ´ pq “ f1µi ` f0 i “ 1, 2

VMpµq ` VSpµqgpµ ´ pq ď f1µ ` f0 @µ P r0, 1s,

where V “ VSpµiq. By Bayes-plausibility, we have

f1p ` f0 “
ÿ

i

τipf1µi ` f0q “
ÿ

i

τipVMpµiq ` V gpµi ´ pqq “
ÿ

τiVMpµiq.

As | supppτq| “ 2, µi ‰ p for i “ 1, 2. Substituting the preceding equation into the

complementary slackness condition at i “ 1, 2, we have

p1 ´ τiqpVMpµiq ´ VMpµ´iqq “ pf1 ´ V gqpµi ´ pq,

which implies that

g “
1

V

ˆ

f1 ´
p1 ´ τiqpVMpµiq ´ VMpµ´iqq

µi ´ p

˙

for i “ 1, 2. By Bayes-plausibility the two equations are linearly dependent, so g

is pinned down by f1 and substitute τ into any of these two equations. Substitute

the pg, f1, f0q into the inequality constraints, we obtain the desired condition in the

statement.
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