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Abstract

We characterize the long-run behavior of agents who recall only a random sub-
set of their past experiences. When empirical frequencies of actions converge, the
limit must be a stochastic memory equilibrium. Stochastic memory equilibria are
consistent with random utility, and limited memory can rationalize the stochastic
choices of random utility models. Limited memory also explains how reminders and
the skewness of induced consequences influence behavior, choice overload patterns,
and underreaction to large samples. Allowing for recency and rehearsal effects, along

with limited memory, explains correlated prediction errors in forecasts of returns.
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1 Introduction

People typically remember only a limited number of their past experiences, and what they
remember is stochastic: they might recall some things one week and different things the
next. For example, when deciding whether to go to the gym, a person may recall only a
few past visits, and a manager deciding whom to promote may recall episodes in which
creativity or grit mattered. In both cases, different memories can lead the same per-
son to make different choices in the same decision problem, not because their preferences
have changed but because different memories surfaced. Moreover, past memories shape
choices, and choices generate future memories. We develop a tractable model of limited
and stochastic memory that enables us to analyze its long-run implications. The model
unifies established behavioral regularities: stochastic choice, reminders, skewness effects,
choice overload, underreaction to large samples, and some forms of the equity premium
puzzle.

In our model, agents are naive: they update their beliefs as if the experiences they
remember were the only ones that occurred and maximize their expected utility given these
beliefs. Because agents recall only a small subset of their experiences, their beliefs and
behavior remain stochastic as the number of their experiences grows large. We call an
action distribution a stochastic memory equilibrium if it is generated by best responses to
the distribution of remembered databases that the action distribution induces. We show
that such equilibria exist, and that whenever the empirical action frequencies converge,
they converge to a stochastic memory equilibrium.

Limited memory provides a learning foundation for stochastic choice. In the long run,
behavior is as if utility were redrawn each period, but the randomness comes from mem-
ory rather than taste shocks. Conversely, every stochastic choice generated by a random
utility model can be obtained as the long-run outcome of learning with limited memory.
This connection links random utility models to the objective environment: the distribution
of random utilities is constrained by the data-generating process and by the fixed-point
requirement that action frequencies be consistent with the memories they generate. In
binary-choice problems with affiliated signals, this implies payoff monotonicity: improving
an action’s objective payoff distribution increases its equilibrium choice frequency.

With normally distributed outcomes and a normal prior, stochastic memory equilibrium

yields a mixed probit model that preserves payoff monotonicity and diminishing sensitivity



while adding frequency dependence: actions chosen less frequently are estimated with lower
precision. When actions are bundles of desirable features, the model yields elimination by
aspects [Tversky, 1972] with weights determined by the probability of recalling occasions
on which each aspect mattered.

Finally, limited memory affects how agents evaluate rare events. Because rare events are
often absent from finite remembered samples, agents underweight them when probabilities
are learned from experience rather than given, as in Hertwig et al. [2004], Fox and Hadar
[2006], and Wulff et al. [2018]. This underweighting biases choices toward actions with
more frequent moderate payoffs and against actions whose value depends on rare large
payoffs. Our model also explains why neutral reminders about past experiences increase
use of beneficial actions, such as going to the gym, with stronger effects for those who
take the action less frequently [Calzolari and Nardotto, 2017; Augenblick et al., 2026].
Limited memory further accounts for sample-size insensitivity and underreaction to signals,
phenomena usually attributed to “underinference” [Phillips and Edwards, 1966]. Our model
goes beyond underinference by also explaining why people perceive uncertainty even with
very large samples [Kahneman and Tversky, 1972].

Since real-world memory is limited, the perfect memory of standard models is, at best, an
approximation. We show that it is a good approximation to the form of limited memory we
analyze here: as the expected number of recalled experiences goes to infinity, the stochastic
memory equilibria converge to the self-confirming equilibria, which are the limit outcomes
with perfect memory.

We then extend the model to capture “rehearsal” and “recency” by allowing experiences
that occurred or were remembered in the previous period to be more likely to be recalled,
consistent with the evidence in Kandel et al. [2000], Davelaar et al. [2005], and Conlon
[2026]. A generalization of our fixed-point condition characterizes the limits of the action
distribution: beliefs conditional on the objective history are autocorrelated rather thani.i.d.,
and the limit action distribution must be consistent with the stationary distribution of the
Markov chain of beliefs it induces. We call such distributions ergodic memory equilibria.
They extend Mullainathan [2002]’s analysis of rehearsal in income forecasts to the long run

and more general functional forms.

Related Work Psychological evidence supports our assumptions that retrieval, rather

than storage, is the main memory bottleneck and that retrieval is limited and stochas-



tic (Gershman et al. [2025], Kahana [2012], Shadlen and Shohamy [2016], and Sial et al.
[2025]). d’Acremont et al. [2013] provides fMRI evidence that the brain maintains a neural
representation of accumulated frequencies in memory-related regions, which are then com-
bined with prior knowledge when forming posterior beliefs. This motivates modeling belief
updating as operating on retrieved samples. Reder [2014] and Duncan and Shohamy [2020]
document partial or complete unawareness of memory limitations. Kaanders et al. [2022]
provides evidence of frequency dependence in active learning problems. This dependence is
a general implication of our model; we explicitly characterize its effect for normal-normal
and binomial-beta environments.

In a stochastic memory equilibrium, the agent’s actions are stochastic because they
are conditioned on a random sample of their (endogenous) experiences. Several classes of
models derive random choice from randomness in exogenous or endogenous signals. Per-
haps the oldest example of this is an optimal stopping problem in which the agent seeks to
match a binary action to a binary state while incurring a flow cost for observing a Brownian
signal. Fudenberg et al. [2018] extends the analysis of optimal stopping to settings where
the agent is uncertain about the payoff difference between the actions; Che and Mieren-
dorff [2019] further extends it to more general signal structures, and Hébert and Woodford
[2023] replaces specific signals with a bound on the rate of information flow. Matéjka and
McKay [2015] and Ke and Villas-Boas [2019] also connect stochastic choice to the objective
environment in models in which agents first obtain information and then make a single
decision. Lu [2016] and Natenzon [2019] axiomatize stochastic choice arising from Bayesian
updating; in these models, the distribution and number of signals are exogenous.

Wilson [2014] and Jehiel and Steiner [2020] study the optimal use of a stochastic memory
by an agent who receives a stream of exogenous signals until they stop and take a single
action. Osborne and Rubinstein [1998] studies a notion of equilibrium in two-player games
where players receive a fixed number of samples of the payoffs of each of their actions against
the equilibrium mixed action of the other player and choose the action that maximizes the
expected payoff against these empirical distributions. Salant and Cherry [2020] extends
this prior-free approach to other statistical inference procedures, focusing on estimating
the frequency of other players taking a particular action, again with a fixed sample size.!

Danenberg and Spiegler [2026] study the equilibrium action distribution when the precision

Koszegi et al. [2021] considers a different form of circularity in the memory process, allowing negative
memories to be recalled more frequently when holding more negative beliefs.



of the signals about the payoff to each action depends on the probability the action is played,
but does not model the agent’s period-by-period decisions and information. Gongalves
[2023] defines an equilibrium concept for agents who make a single decision based on optimal
sequential sampling from the equilibrium distribution. In these papers, aggregate behavior
is assumed to be described by a fixed-point condition; we instead prove that a specific
fixed-point condition characterizes the possible limit frequencies.

Our earlier paper Fudenberg et al. [2024] studies the long-run outcomes of an agent
with unlimited but “selective” memory, meaning that they are more likely to remember
some experiences than others; in this paper we abstract away from selectivity and let each
experience have the same probability of being recalled.? Because the agent eventually has
an infinite sample, when memory is not selective, the long-run outcome in that model is
the same as if the agent had perfect memory. Gottlieb [2014] studies a model of deliberate
memory manipulation that induces regret-sensitive preferences and shows that behavior
converges to that predicted by expected utility when memory is perfect. Karlan et al.
[2016] models the effectiveness of reminders by assuming that agents always take into ac-
count their future need for ordinary consumption expenditures but only sometimes account
for infrequently-occurring future expenditures, even if they are perfectly deterministic, as
with car registration fees or school fees. The paper attributes the randomness to random
attention, but it can be viewed as stochastic memory.

The baseline version of our model, without rehearsal, can be interpreted as a social
learning model in which, at each period, different agents draw a subset of past agents’
experiences and make a decision. Under this interpretation, the closest paper is Banerjee
and Fudenberg [2004], but that paper differs in many ways. For example, there agents do
make inferences from the prevalence of each action in their database, and later agents do
not observe the private signals of their predecessors.

There is an extensive psychology literature documenting various forms of the recency
effect and proposing explanations for it, see, e.g., the summaries in Davelaar et al. [2005] and
Erev and Haruvy [2016]. There is also extensive evidence of the importance of rehearsal;
see, e.g., the textbook by Kandel et al. [2000]. Mullainathan [2002] analyzes the short-run

implications of rehearsal in a specific parametric context but does not study its long-run

2In particular, with or without selectivity, the unlimited memory of that paper cannot generate any
of the patterns of random utility, skewness and reminder effects, persistent uncertainty in the long run,
and choice overload we study in Section 4. Conversely, while selective memory is able to rationalize all the
outcomes of misspecified learning, limited memory is not.



effects. Bordalo et al. [2023] links limited memory to recurrent errors in inference, while
Bordalo et al. [2025] shows how memory can impact choice through matching of the current

problems with a category of similar past experiences.

2 The Model

In each period t € N, , a single agent chooses an action a from the finite set A, generating
an outcome in the finite set Y according to the objective distribution p} € A(Y'). The agent
knows that the map from actions to probability distributions over outcomes is fixed, but is
uncertain about the outcome distributions each action induces. The agent has a prior pyg
over data generating processes p € A(Y)4, where p,(y) denotes the probability of outcome
y € Y when action a is played under data generating process p.®> The support of ji is ©; its
elements are the p that the agent initially thinks are possible. We maintain the following

assumption throughout:
Assumption 1. The agent is correctly specified, i.e., p* € ©.

We assume correct specification to highlight the issues that arise solely from limited

memory, but our results generalize to the case where the agent is misspecified.

Histories, Memory, and Recalled Periods We call action-outcome pairs (a,y) € AxY
experiences. A period t € N history is a sequence h; = (A x Y)!. We assume that the
probability the agent remembers any given past experience at the beginning of period ¢ + 1
is myy1 = min{l, k/t}, with & > 0. As we will see, k is the expected number of experiences
the agent recalls when their sample is large.

After history h; = (a;,y:)i_, the recalled periods r, are a random subset of {1, ...,¢}. We

assume that each past experience has an independent probability of being recalled, so*
Plr, = R) = ml (1 —my) 1 VRS (1,...,1). (1)

For every objective history h; and set of recalled periods R, the recalled history is the

subsequence of recalled experiences listed in the order in which they were realized.

3Many of our examples identify y with the agent’s realized utility, but the model allows different
realizations of y to have the same payoff, as when paying a fixed cost to obtain an informative signal.
4Section 6 lets experiences that happened or were recalled at ¢t — 1 be more likely recalled at ¢.



Beliefs We assume the agent recomputes their beliefs each period based on all of their
recalled experiences, as opposed to simply updating their period-t beliefs based on their
period-t observation,” and that the agent is unaware of their limited memory and naively
updates their beliefs as if the experiences they remember are the only ones that have
occurred. Thus, the agent’s beliefs only depend on the number of times each (a,y) pair
is recalled, which we call the agent’s database. We let D = N4*Y denote the set of these
databases, so that the posterior probability of any (measurable) C' < © after database
deDisb
Sc Tiamyenxy (Pa(@)™ ¥ dpio(p)

'U(C | d) - S@ H(a,y)eAxY(pa(y))d(a’y)dﬂo(p). .

Optimal Policies The agent is myopic, with utility function u : Ax{g > .\ u(a,y)pa(y)dv(p)
denote the actions that maximize the agent’s current period expected utility when their
belief is v € A(O)." A Markovian policy © : A(©) — A is a measurable function that
specifies a pure action for every belief.

The agent uses an optimal Markovian policy T, i.e., for every v € A(O), n(v) € BR(v).
Together, true data generating process p*, prior g, and Markovian policy function 7 induce

a unique probability measure over histories, denoted as P, .

Limit Action Frequencies For every t, define the action frequency at time t by

1
ay(a") = i Z Ly (ar) Va' e A.
T=1

We say that o € A(A) is a limit frequency if there exists an optimal Markovian policy

7 such that for every € > 0

Py, « llimsup ey — allo < 6] >0.
t—00

®As noted above, there is fMRI evidence that agents re-access memories of their experiences when
forming beliefs. Note that if the same data is relevant in many different decision problems, it is more
efficient to store the data than all of the potentially relevant posterior beliefs.

61f the agent believes their utility function is subject to very unlikely random shocks that can induce each
action as the best reply, and dogmatically believes they recall every experience, they attribute unexplained
behavior to the utility shock so Bayes rule coincides with equation (2). Heidhues et al. [2023] studies agents
who forget their preference shocks and tries to infer them from their own actions.

"For every X < R™, A(X) denotes the set of Borel probability distributions on X endowed with the
topology of weak convergence.



The definition of limit frequency requires that for every e, there is a strictly positive prob-

ability that the empirical frequency remains within the e-ball around « forever.®

3 Stochastic Memory Equilibrium

This section defines stochastic memory equilibrium, proves its existence, and characterizes
it as the limit of empirical action frequencies.

For every action distribution «, define 1, € A(D) by

na(d) = ] [a(a)gé‘:f;l;]d(a’y) e Re@PEW) gD,
(a,y)eAxY
This is a product distribution where the marginal distribution for each action-outcome pair
(a,y) is Poisson with mean ka(a)p*(y).

We will show that, for large ¢, n,, well approximates the distribution of databases. Intu-
itively, because recall probability is diminishing in ¢, the remembered outcome distribution
for a given (a,y) is analogous to drawing from a binomial with shrinking weights, so it con-
verges to a Poisson distribution by the Poisson limit theorem. A law of large numbers shows
that the joint frequency of each action and outcome pair (a,y) converges to ay(a)p(y), so
the expected number of times a pair (a,y) is recalled is proportional to the frequency of
action a, the probability of the outcome given the action p*(y), and the average memory

capacity k.

Lemma 1. For Puom—almost every sequence of histories (hy)wen, the distance between the

distribution of databases at t + 1 given h; and 1., converges to 0 ast — 0.9

Lemma 1 shows that the limiting database distribution 7, depends only on a and
the true outcome distribution p*. There is no additional history-dependence or path-
dependence in the limit, which allows a tractable necessary condition for long-run outcomes.
We use this below to define stochastic memory equilibrium as action frequencies consistent
with the beliefs they induce.

8This covers convergence to a and also the case where no single « has strictly positive probability of
being the limit.

9Note that Lemma 1 implies that as the number of the agent’s observations grows to infinity, the
probability they recall nothing at all is bounded away from 0. This is not essential: every result extends
to the case where the agent remembers a fixed number C' of “anchored memories” in addition to those
prescribed by our current memory process.



Next, we associate each action distribution with the distribution of beliefs that it in-
duces. Let F!¥° be the distribution of beliefs induced by the distribution 7, of databases

and prior pyg, i.e., for all measurable C < A(©),

F{OC) = na ({d 2 p(-|d) € C}) - (3)

Let O denote the set of measurable selections from the (mixed) best reply correspon-
dence: i.e., p: A(O) — A(A) is in O if and only if p is measurable and p(v) € A(BR(v))
for all v € A(©). For any p € O, let ¥£° be the function that maps o € A(A) to the
action distribution generated when the agent uses policy p and their beliefs are distributed
according to F*°. Formally,

wra)= [ p)dre). )
A©)

The operations leading to ¥£°(«a) are visualized in Figure 1, if action distribution a
is played forever, it induces distribution ap* over histories, where ap*(a,y) = a(a)p?(y)
(see Lemma A.1 in the Appendix). This distribution and the memory function m together
induce a distribution of databases 7,, (Lemma 1) and Bayesian updating on each database
generates distribution F*0 over posterior beliefs. Assigning p(v) to each posterior belief
v generates action distribution ¢4°(«). Stochastic memory equilibrium requires that the

composition of these operations maps back to a.

Figure 1: Ilustration of ¢f°.
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Definition 1. A stochastic memory equilibrium is an o € A(A) for which there is p € O
such that o = o (a).

Note that the set of stochastic memory equilibria depends on the prior ug through its
effect on the posterior beliefs. Below, we discuss this dependence further and show that it
vanishes as k grows.

The notion of stochastic memory equilibrium and the ancillary functions used to define
it are justified by the following result, which shows that whenever the action frequency

converges the limit is a stochastic memory equilibrium.

Theorem 1. If a is a limit frequency, then « is a stochastic memory equilibrium.*°

The first step of the proof is Lemma 1’s characterization of the limit distribution of
databases. The second step uses stochastic approximation to characterize the long-run
outcome of the empirical action process when beliefs are generated by the constant action
distribution «. To do this we apply the Benaim et al. [2005] extension of stochastic ap-
proximation to differential inclusions, which requires that the correspondence obtained by
averaging best replies under F*° is well behaved, which Lemma A.3 verifies. Finally, if the
differential inclusion enters a sufficiently small neighborhood of an « that is not a stochastic
memory equilibrium, it leaves it within a bounded time, contradicting convergence to a.

The classic one-armed bandit problem provides an easy example in which the limit fre-
quency need not be a point mass, so the “stochastic” part of stochastic memory equilibrium
is needed. Suppose that the agent’s prior belief is that the risky arm is better than the
safe arm, but there is a sequence (a;,y;)i_; that has (objectively) positive probability and
induces the agent to play the safe arm. The agent cannot converge to always play the
risky arm, because then they would sometimes only recall (a;, y;)i_; and switch to the safe
arm. However, the agent will play the risky action whenever they don’t remember any past
outcomes or only recall successes with the risky arm, which occurs with positive probability.

The following theorem shows that a stochastic memory equilibrium exists even in the

absence of limit frequencies.!!

Proposition 1. A stochastic memory equilibrium exists.

10Gections 4.3 and B.7 give examples with multiple stochastic memory equilibria; we do not know
whether there can be multiple limit frequencies.

1 An analogy to Nash equilibrium and learning in games may be useful here: Nash equilibria exist in all
finite games, but unstable Nash equilibria cannot be limit points of stochastic fictitious play, and in some
finite games the only w-limit of stochastic fictitious play is a cycle [Benaim and Hirsch, 1999].

9



To prove this, we show that the correspondence that maps each « to the union over

p € O of Yh°(a) satisfies the conditions of the Kakutani fixed-point theorem.

4 Applications

4.1 Random Utility and Stochastic Choice

This section relates limited memory to the random utility model, the most widely used
model of stochastic choice in single-agent settings. In a random utility model, the agent’s
utility vector is independently drawn from a fixed distribution each period. In a stochastic
memory equilibrium, by contrast, randomness in the perceived expected utilities of the
actions comes from the agent’s memories. This connection provides a learning foundation
for random utility and some of its common specifications. Block and Marschak [1960]
already emphasized that stochastic choice may reflect either random tastes or differences
in information, and suggested that a learning model could help distinguish the two.'?

Let M be the collection of non-empty subsets of A. A stochastic choice function is a
map ¢ : M — A(A) such that )} _,, c(a, M) =1 for all M € M. Let P be the linear orders
on A. A stochastic choice function ¢ has a random utility representation ¢ € A(P) if for all
Me M c(a,M)=(({PeP|Vad e M\{a},aPd'}) =: cc(a, M).

To relate our model of memory and learning to random utility and stochastic choice,
suppose that in addition to the sequential learning process of the basic model, an exper-
imenter elicits the agent’s choice distribution on each menu (i.e., subset of A) at some
single time ¢. During this elicitation process, no feedback is given to the subject, so that
no learning happens throughout that stage. As usual, this requires many observations of
choice from each menu. We say that the behavior is approaching a random utility model
¢ if, when such elicitation is conducted sufficiently late, the resulting stochastic choice rule
is arbitrarily close to c.. We assume that when confronted with one of these menus, the

agent breaks ties deterministically in a menu-independent way.!4

12Block and Marschak [1960]: “All the various definitions of utility given in this paper will be related to
the empirical entities [...] [that combine] information and desirability, in some unknown though presumably
not-too-changeable fashion. [...] If discrimination is learned, through experience, in some more or less-
determined manner, the model has to be modified, of course, but we have not attempted to bring in
learning.” Caplin [2025] discusses these issues.

13This is equivalent to a random utility representation that uses an additional probability space. See,
e.g., Proposition 1.9 in Strzalecki [2025].

M Formally, we require that for all M, M’ € M if a,a’ € BR(v|M)~ M’ and w(v|M) = a, then 7(v|M’) #

10



Definition 2. Behavior approaches a random utility representation  on a history sequence

(h¢)sen if menu choices conditional at measurement time ¢ converge to those of ¢, i.e.,

tlim Py, xlati1 = alhy, M] = cc(a, M) VM e M.
—00

The next result shows that when the distribution of the agent’s actions converges, the
agent’s menu choices converge to a limit that has a random utility representation. Moreover,
the limit empirical action distribution coincides with the choice distribution induced by that
random utility model on the complete action set. Together, Theorems 1 and 2 show how
the information structure induced by 7, determines the choice probabilities. Conversely,
they also show that any form of stochastic choice that can be rationalized by a random
utility model can be approximated as the result of learning with limited memory for some

true distribution p* and outcome space Y.

Theorem 2 (RUM Learning Foundation). 1. For every optimal Markovian policy ™ and
a* € A(A), and on P, -every sequence of histories such that lim; o, oy = o, the

behavior converges to a RUM (. In particular, o*(a) = c¢(a, A) for all a € A.

2. For every RUM ( and €, there is a (Y,u,p*, u, k) such that under every optimal
Markovian policy the behavior converges to a RUM (' such that |c¢(a, M)—ce(a, M)| <
€ for all M e M and a € M.

The proof of the first part of Theorem 2 constructs the target random utility repre-
sentation. To do this, we associate to every database d a strict preference relation in P
where a is preferred to o’ if and only if a is chosen by 7 from {a,a’} conditional on pu(-|d),

t.1% Lemma

and assign each ranking the limiting probability of the databases that induce i
A.2 guarantees that the distribution over databases converges and the set of menus is fi-
nite, this pushforward measure also converges. The construction also yields an information
representation in the sense of Lu [2016]: the agent maximizes a fixed utility function with
respect to a distribution of posteriors over states. The proof of the second part constructs
an environment in which outcomes are linear orders over actions and shows how to approx-
imate the target RUM arbitrarily well by varying the probability distribution over P as

the number of expected recalled experiences goes to infinity. (The proofs of this and the

a’, where for any M < A, BR(v|M) = argmax ey §g 2yey (@ y)pa(y)dv(p).
15Using information for binary comparisons alone will turn out to be sufficient because the agent uses a
deterministic Markov policy to map beliefs to actions and a menu-independent tie-breaking rule.

11



next proposition are in Appendix A.3; the proofs of Propositions 3 and 4 are in the Online

Appendix.)

Remark. The conclusion of Theorem 2 is false if we fix vector (Y, u, p*, 1) and vary only the
memory strength k: as the examples and applications throughout the paper illustrate, only
a strict subset of A(A) can arise as stochastic memory equilibria. And if a choice frequency
¢ cannot be matched in the complete menu A, it cannot be matched in the stronger sense

of convergence to a RUM. See Example 1 in the Online Appendix for an illustration.

4.1.1 Monotonicity

For the next result, suppose that Y < R, and thus the prior belief of the agent induces a
(subjective) joint distribution g over pairs (E,,[y],v).' The next result shows that when
there are only two actions, the action with higher payoffs is played more frequently if the
joint distributions are affiliated.!” For simplicity, we also make the (generically satisfied)

assumption that two actions are never indifferent after any observable database.

Proposition 2 (Monotonicity). Suppose that A = {a,a'}, o = pg x ug , that for all a € A,
the random wvariables E,,[y] and y are affiliated under i and that u(a,y) = y. If p}
increases in the sense of first-order stochastic dominance keeping p}, fized, the frequency
of a in the stochastic memory equilibria with the highest and lowest values of a(a) both

increase.'®

Proposition 2 lets us connect the stochastic choice rule with the quality of the decisions,
enabling predictions on how the agent’s choices vary with the objective environment they
face. Previous decision-theoretic models, such as Matéjka and McKay [2015], have obtained
the monotonicity in Proposition 2 from optimization of the signal structure by an agent
who makes a one-time choice. In contrast, in our setting the agent repeatedly makes

consumption decisions under a given information structure.

6 Formally, for every measurable C € R and ce Y, ad(C,c) = S{p:]E,, jecy Palc)du(p)-

1"The expected and realized outcomes are affiliated with respect to the prior probability measure if for
all ¢,c e R and a € A fi§[E,, [y] = ¢,y = ] = G§[Ep, [y] = clffly = ]

18Section B.7 in the Online Appendix shows there can be multiple equilibria here.

12



4.1.2 Specific Payoff Structures

For some specifications the fixed-point condition defining stochastic memory equilibrium
admits an explicit solution, and the equilibria correspond to important stochastic choice
models. This section gives two tractable examples, the normal and binomial cases. The
section also connects stochastic memory equilibria with the Probit model (also in the normal

environment) and the Elimination by Aspects model (Tversky [1972]).

Probit Probit (Thurstone [1927]) has two desirable features: payoff monotonicity and
diminishing sensitivity.!? With normally distributed payoffs our learning model delivers
the related mized probit (Hausman and Wise [1978], Greene [2000]) specification, which
also has these two properties.?’ Moreover, the mixed probit we obtain also implies that
the agent has more precise estimates of the values of actions they take more frequently,
as found by Frydman and Jin [2022]. As Strzalecki [2025] (Example 1.15) points out, this
frequency dependence is not accommodated by baseline probit.

In a normal environment, u(a,y) = y, and the payoffs of each action a are i.i.d. normally
distributed with means 7, and variance o?. The agent knows o2, and their prior belief is
that that (g1, .., y4|) are independently normally distributed with means (¢!, . .. ,y&”) and

common variance og.?!

Proposition 3. In a normal environment, for every optimal Markovian policy © and every
a* € A(A), on P, =-every sequence of histories such that lim; ., oy = o, the observed

distribution of actions approaches a mixed probit distribution with mean parameter vector
ya/og+nafa/o?
1/02+nq/0?

ng has a Poisson distribution with parameter o*(a)k.

2
and a diagonal covariance matrix with entries % where
acA (1/00—"—”‘1/0 ) aeA’

In the mixed probit specification generated by our model, the variance of the payoff

to a is stochastically decreasing (in the sense of first-order stochastic dominance) in a(a).

9Payoff monotonicity means that more preferable alternatives are more likely to be chosen. Probit
satisfies payoff monotonicity when what is subject to the normal shock is the payoff of the alternatives;
Thurstone [1927)’s original formulation was a bit different and doesn’t necessarily satisfy payoff monotonic-
ity. Diminishing sensitivity requires that, for a given difference between the alternatives, the better one is
more likely to be chosen when the absolute desirability of both alternatives is lower. See Gescheider [2013]
for empirical evidence about payoff monotonicity, diminishing sensitivity, and frequency dependence.

20Mixed probit is a hierarchical stochastic choice rule: First, the probit parameters (mean and covariance
matrix) are drawn with some mixing probabilities, and the choice probabilities are determined as in probit.

21Here we allow infinitely many outcomes. Online Appendix B.8 extends our definitions and results to
cover this.
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Figure 2: Binomial Beta vs. Probit. Left: Probability of choosing a’ when A = {d’,a"},
Y = {0,1}, a symmetric beta prior with 8 = v =1, k = 2 (blue), k = 4 (orange), k = 8
(green), and a” is known to give outcome 1 with probability .3. Right: Probit

Hence, the payoffs of more frequently chosen alternatives are more precisely estimated.??

Binomial Beta Model Another particularly tractable special case of our model is the

combination of binary outcomes with a Beta prior. Suppose there are two outcomes Y =

{0,1}, that for each action a the the agent’s prior belief about each success probability

pa(1) is independently and identically beta distributed with parameters «, 5 € R, ., so the

posterior mean the agent assigns to action a given database d is
+d(a, 1

uld) = d(a,(l) +) a(a,0) ©)

Assume also that u(a,y) = y. We assume that the agent uniformly randomizes over actions

when they are indifferent. Then, given a database d the probability of choosing a is given

l{Ta(d) = IMaXgeA Ta’(d)}

]ID . h d fr—
[a 1S chosen ‘ ] |arg maXgea ra’(d>’

As the distribution over databases given the long-run distribution over actions equals 7, a
stochastic memory equilibrium is then a solution « to the fixed point equation

_ Hra(d) = maxy ro(d)}
a(a) = Egvy, [ | arg max, 7, (d)] ] '

22Danenberg and Spiegler [2026] makes a similar point about the relation between frequency and preci-
sion in a setting with exogenous normally distributed signals and no memory limitations.
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Figure 3: Belief dynamics in the binomial-beta model. Empirical frequency of action 1
across simulated histories. Parameters: pf = 0.6, p; = 0.3, v = =1/2, and k = 5.

With endogenous data, the agent has more precise estimates of the payoff of actions
that are more frequently chosen. This effect can be seen in Figure 2. Its left panel shows
three values of k that mimic the probit model’s behavior at three precision levels. The
effect can also be directly observed from equation (5), which can be rearranged as

_ Y/na +d(a,1)/n,
(v B)/na+1
Because d(a, 1)/n, is the average payoff produced by action a, the agent’s beliefs are less

biased about actions they have taken (and thus recall) more often. Similarly, beliefs for
actions the agent has taken more often will be more concentrated.

Despite the concentration, the distribution of posterior means remains diffuse, with
substantial overlap in the 90% confidence bands for r; and 7, even at long horizons. This
highlights that behavior remains stochastic because the agent recalls only a finite number of
experiences. To illustrate convergence to stochastic memory equilibrium, Figure 3 reports
a Monte Carlo simulation of the binomial-beta environment with two actions, objective
success probabilities pf = 0.6 and p5 = 0.3, prior parameters 7 = = 1/2, and memory
capacity k = 5. In each period, the agent recalls each past experience independently with
probability min{1, k/t}, computes the posterior means r; and ry from the recalled sample,

and chooses the action with the higher posterior mean. Because action 1 is objectively
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better, favorable recalled experiences with that action become more common, so, as the
figure shows, the realized frequency of taking the optimal action «;(1) tends to converge

relatively quickly to the equilibrium.

Elimination by Aspects  Tversky [1972] In Tversky [1972]’s elimination by aspects
(EBA) model, the agent randomly orders attributes, successively eliminates alternatives
that are not maximal on the current attribute, and continues until one alternative remains.
EBA was designed to capture the following observed violation of ITA: Starting from a
situation with two alternatives {a,a’}, the addition of a third alternative that is closer to
a, without dominating or being dominated by a (i.e., not a “decoy” in the sense of Huber
et al. [1982]) draws relatively more probability away from a than from a/. To fix ideas,
consider an example from Tversky [1972]: suppose a manager needs to decide whether to
hire a worker based on their intelligence and motivation scores. Adding a worker with
(intelligence, motivation) scores (78,25) to a choice between (75,35) and (60, 90) has been
shown to remove significantly more choice probability from (75, 35).

Although EBA lacks an axiomatic foundation, it can be derived from limited memory.
To see how this works in the example above, suppose that outcomes are tasks in which
either intelligence or motivation is the key feature driving the hired worker’s performance.
The manager’s payoff depends on whether intelligence or motivation is relevant that period.
The manager assigns a 50/50 prior that either motivation is relevant 90% of the time, or
intelligence is. At the end of the period, the manager observes which factor was relevant
for this period’s task. Then, in every limit frequency, the probability that (75,35) is chosen
over (60,90) equals the probability that the manager recalls more past periods in which
intelligence was important. And, as predicted by EBA, the addition of (78,25) will reduce
the probability of (75,35) but not that of (60, 90).%

Our model predicts that more frequently relevant aspects are more likely to be used
to determine choice, unlike Tversky [1972], where these probabilities are unrestricted. To
see the general link between our model and EBA, define an aspects environment as one
where A < {0, 1} for some finite set of aspects A, Y = A, u(a,y) = a,, p, = pu for all

p € 0, a,a’ € A, and such that the prior is responsive: for every database ), _,d(a,y) >

23Let ny and nys be the number of recalled intelligence and motivation tasks, respectively, and observe
that the posterior likelihood ratio between (0.9,0.1) and (0.1,0.9) is 9™ ~"»_ When np; > ny, the posterior
probability of DGP (0.9,0.1) is no more than 0.1, and (60, 90) is the unique best reply. And when ny > njys
the posterior probability of DGP (0.9,0.1) is at least 0.9, so (78,25) is the unique best reply.
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Yiwen da,y) and a, > o implies that §  E,[u(a,-)]du(pld) > §g Epu(d’, -)]du(p|d).** The
interpretation is that actions with more 1’s have more desirable features, and the outcome

is the period’s most important feature.?®

Corollary 1. In an aspects environment, every limit frequency coincides with that of an

EBA stochastic choice rule with aspects A.

4.2 The Effect of Skewness

Our next example illustrates how limited memory leads agents to overlook rare events, so
that the probability of choosing an action is not determined by its expected payoff and
can depend on higher-order moments of the utility function, such as variance and skewness.
Suppose that the agent chooses between two actions. Action 0 always produces the outcome
ce (0,1), eg., u({p : po(c) = 1}) = 1. The agent is uncertain whether action 1 follows
process p (with prior probability ¢) or p’. Under p, action 1 yields 1/b with probability
be (0,1) and 0 otherwise; under p/, it always yields 0.

The agent’s payoff function is u(a,y) = y. Suppose o al—b)

1=b)+(1-q)
chooses action 1 if a success (1/b) is recalled or if no outcomes are recalled (since the prior

< ¢ < q. The agent

expected payoff is ¢ > ¢), and chooses action 0 if only failures (0) are recalled. The first
success reveals the true expected payoff of action 1 is 1 > ¢, but limited memory makes
such evidence rare.?%

This setting generates the equilibrium probability of choosing action 1 displayed in
Figure 4 as a function of the value of b under the actual data generating process p* =
p. Because rare events are unlikely to be recalled, they are absent from most databases.
Consequently, actions with a given expected payoff tend to be chosen more often when they
deliver a good payoff with a high probability than when they deliver a very good payoff

more rarely.?” This is consistent with the evidence in Hertwig et al. [2004], which also shows

24The latter condition is trivially satisfied when the prior is symmetric, and either there are two aspects
as in the example above or each action has a unique strictly positive entry.

%Like Tversky [1972], we analyze a model with binary attributes but consider a multi-valued example.
Our results extend to Gul et al. [2014]’s axiomatization of nonbinary EBA when (i) a single attribute is
decision-relevant at a time and (ii) players observe noisy signals about attribute levels and their relevance.

26See Online Appendix B.5 for details.

2TEllison and Fudenberg [1993] makes this point in a model where each agent sees two signals. Conversely,
when a rare event is recalled, it tends to be overrepresented in the database, which typically triggers an
overreaction, but this cannot happen in our example due to its “perfect good news” structure. See Ba et al.
[2024] for a recent theoretical and empirical analysis of which information structures tend to induce under-
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Figure 4: Effect of memory size depends on skewness. Probability of choosing a = 1 when
Ey«[u(1,y)] =1, and k = 4 (blue), k = 8 (orange), k = 16 (green), and k = 32 (red).

that, as our model predicts, this effect is not obtained if agents are told the probabilities
instead of learning them from experience. Importantly, this occurs through the channel
that unrepresentative samples are used to form the decision maker beliefs, as pointed out
in Fox and Hadar [2006] and Wulff et al. [2018].

Figure 4 also illustrates that the effect decreases in the memory capacity k, and that
in the limit & — oo, the agent chooses optimally.?® In addition, the fact that limited
memory tends to favor actions that are negatively skewed suggests an advantage for a form
of selective memory that has been often observed: a higher probability of remembering
more extreme observations can offset the excessive reliance on frequent and less extreme
observations highlighted in Figure 4. Moreover, the benefit of selective memory depends
critically on limited total memory; without this constraint, selective memory would only
harm the agent (Fudenberg et al. [2024]).

4.3 The Effect of Reminders

Reminders are informational interventions that have a significant effect on behavior, for
example, by helping people recall the positive impact of actions such as attending the gym
or saving for the future.? Our model explains how reminders affect the agent’s actions
and why reminders about infrequent events have a greater effect than those about frequent

ones. Thus, although our memory model predicts choices consistent with the random

or over-reaction.
28Theorem 3 in the next section gives a more general form of this observation.
2See, e.g., Karlan et al. [2016].
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utility model in a fixed environment, its predictions about the effects of changes in the
informational environment can differ substantially.

We interpret a reminder as leading the agent to remember a single past experience. Sup-
pose the agent receives reminders about the activity as follows: First, the agent remembers
past experiences according to our baseline model. Second, with probability ¢ € (0,1), the
agent is reminded and remembers one experience where they took the action a = 1, which
is uniformly drawn at random (if such an experience exists).

For example, suppose that, in each period, the agent decides whether to go to the gym.
If the agent does not engage in the activity (a = 0), they know they receive a payoff of 0.
If they engage in the activity (a = 1), they pay an immediate cost ¢ € (0, 1) and, with some
unknown probability p;(1), receive a benefit of 1 (e.g., feeling good about themselves after
the workout). The agent’s prior belief is that p;(1) = p > 0 with probability = € (0,1) and
p1(1) = 0 with probability 1 — 7, and the true probability p* is equal to p. We assume that
mp < ¢ so that absent recall of a positive experience, the agent would not engage in the
activity, and that p > ¢ so it is beneficial to engage in the activity. This simple example can
be applied to any activity that yields uncertain benefits at certain costs. Another natural
example is saving for future financial hardships, where the remembered benefit corresponds
to past experiences in which savings helped the agent overcome an urgent financial need.

As we prove in Lemma B.1 in the Online Appendix, the stochastic memory equilibrium

with maximal engagement in the activity is given by:°

0 if o =0and kp <1
1+ kLpW (—e *kp(1 — p¢))  otherwise .
where W : [~1/e,0] — (—1,0] is the larger solution of W (z)e"®) = . Intuitively, for

kp < 1 if the agent takes action 1 with frequency o > 0, then without reminders, they will

agp(l) =

remember the good outcome 1 with frequency less than «, so this cannot be an equilibrium.
For pk > 1, the good outcome is sufficiently likely that if the agent takes the action a = 1
with some small probability a they remember the good outcome with probability greater

a, so a = 0 cannot be a fixed point that is robust to trembles.

30There is always an equilibrium where the agent does not engage in the activity. We select the equilib-
rium where the agent engages in the activity if such an equilibrium exists because if the agent “trembles”
and plays each action with at least a small probability €, the stochastic memory equilibrium is unique and
converges to the equilibrium where a(1) > 0 as € N\, 0. Thus, by Theorem 1, this equilibrium is the only
possible limit frequency for € N\, 0. See Lemma B.2 in the Online Appendix for details.
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We have the following Proposition:

Proposition 4 (The effect of reminders).
(1) The frequency ag,(1) is increasing in the frequency of reminders ¢.

(it) The effect of reminders cg,(1) — ap (1) is decreasing in o ,(1) if ap (1) > 0.

Figure 5 illustrates how the frequency of reminders increases the likelihood that the

agent engages in the activity. A natural question is who is more affected by reminders:
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Figure 5: Reminders increase activity frequency most for agents with low baseline recall.
Left: effect of reminders on activity frequency for £ = 7, p* = 0.15. Right: effect of
reminders by baseline activity frequency.

people who already frequently engage in the activity without reminders or those who do
not. Part (ii) of Proposition 4 speaks to that question by showing that an agent for whom
p = p* is smaller benefits more from a higher frequency of reminders. Figure 5 illustrates
that the more often a person engages in the activity without a reminder, the less their
behavior is affected by a reminder about it. Intuitively, agents who frequently undertake
the activity are likely to remember having benefited from it in the past, so when a single
good outcome is enough to induce them to take the action, the reminder is likely to have no
effect. This prediction aligns with the evidence presented in Calzolari and Nardotto [2017],
which finds that reminders increase gym attendance among individuals with below-median
attendance without reminders by 27%. In contrast, reminders have no measurable effect on

those with above-median attendance without reminders. It is also consistent with the effect
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of informational intervention documented in Augenblick et al. [2026], which shows that, for
the same person, informational interventions about one’s own spending (and thus the value
of saving) are more effective when they include reminders of atypical expenditures. Finally,
the effect of reminders in our model is driven by the finiteness of memory and vanishes as

the agent’s memory capacity k increases.

Remark. Instead of bringing to mind a random period when a = 1, reminders may bring
to mind an experience in which action 1 was taken and the outcome was good. This would
lead to the equilibrium ay,(1) = 1 + kipW (—e™*Pkp(1 — ¢)). An alternative is that the
agent observes the (potential) benefit of action 1 even if action 0 is taken. Our model allows

us to describe the effect of reminders in either case.

4.4 Adding Alternatives and Choice Overload

This section shows how adding an objectively worse alternative leads an agent with limited
memory to play the optimal action less frequently, even in settings where unlimited memory
would lead to convergence on the best action, with or without the new alternative. Suppose
Y = {0,1}, £ = 1, and u(a,y) = y. The agent believes that each action either always
generates the good outcome 1 or always generates the bad outcome 0, so that using an
action once perfectly reveals its data generating process. The agent’s prior is uniform over
© = {(d1,61),(d1,00), (d0,61), (dp,d0)}, so it is the product of independent distributions
(.5d1,.5dp). In reality, p* = (01, o), i-€., b is better than c¢. We suppose that the agent mixes
uniformly when they do not recall any past experiences.

As we show in Online Appendix B.6, when A = {b, ¢} the unique stochastic memory
equilibrium where the agent chooses with equal probability b and ¢ when they do not recall
any experience has « (b) ~ 0.82, i.e., the best action is chosen more frequently, but because
of limited memory, with probability % the agent does not recall any experience and then
randomizes uniformly over both actions.

Suppose now that the environment is the same, with the only difference that A =
{b,c, ¢}, and the belief is again the product of independent distributions (.5d1,.5dp), and
both ¢ and ¢ are objectively bad.3! In this case, in the unique stochastic memory equilibrium

new

o™ where the agent chooses with equal probability if the alternatives are indifferent, we

31Theref0re 0= {(613 611 61) ) (517 617 50) ) (511 603 51) ’ (617 507 60) ) (6Oa 517 61) ) (607 617 50) ) (607 607 61) ) (607 507 60)}7
the prior is uniform over those models, and p* = (81, g, do)-
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Figure 6: Limited vs unlimited memory: the prior mean return of each arm is normal with
mean 0 and variance 1, and the realized mean return for the first arm is 1 and —1 for all
others.

have o™ (b) ~ 0.694, and o™ (¢) = " (¢) = 0.153. That is, by adding an additional
dominated option, the cognitive overload due to tracking the performance of all the options
decreases the probability that the best option is taken, whereas the outcome under learning
with perfect memory would be convergence to play b almost surely under both cases.
Assuming there is conclusive evidence allows a closed-form solution, but it is not needed.
Figure 6 plots simulations of the probit of Section 4.1.2 as more bad actions are added. As
in our analytical example, it has a good arm with an objective mean payoff of 1 and
different numbers of bad alternatives, each with mean payoff of —1. Adding arms has
basically no effect under unlimited memory, with the agent discovering and almost surely
fully adopting the good arm. However, it significantly degrades long-run performance under
limited memory, since the decision maker’s limited cognitive resources must be devoted to

tracking the performance of an increasing number of actions.

4.5 Underreaction to Evidence

Benjamin [2019] reports that underreaction of beliefs and insensitivity to sample size are

among the most persistent departures from rationality in probabilistic reasoning. Underre-

22



action is often explained by the Phillips and Edwards [1966] underinference model. Limited
memory also predicts underreaction to the data because the agent sometimes recalls only
a small number of experiences. However, underinference predicts that a sufficiently long
sequence of observations always leads beliefs to concentrate around the observed frequency.
In contrast, our model predicts that the agent perceives uncertainty even in the limit,
in line with Kahneman and Tversky [1972]’s “universal distribution” conditional on large
samples. Also, our model suggests that underreaction will be more severe when people are
shown data sequentially without written records of past outcomes, a prediction that the

underinference model does not make.32

5 Almost Unlimited Memory

Since real-world memory has finite capacity, the perfect memory of standard models is, at
best, an approximation. Here, we examine how well the perfect memory model captures
the limits of stochastic memory equilibria as memory capacity k increases and the expected

number of recalled experiences grows without bound. For every action distribution «, let

O(a) := argmax <Z a(a) Y pi(y) 10gpa(y)>

PE® acA yeY
be the set of models that maximize the log-likelihood of the true data generating process,
where the weights depend on the frequency of each action. These are the models in the
support of the agent’s prior that exactly match the objective outcome distribution induced

by a.3? Consequently, when the outcome distribution identifies p*, it is the unique element

of O(a).

Definition 3. A (unitary-belief) self-confirming equilibrium is an o € A(A) such that there
is a v* € A(O(a)) such that a € A(BR(v*)).3

Unlike stochastic memory equilibrium, this concept only depends on the prior’s support

and not on the relative weights the prior assigns to various models.

32See Fudenberg and Peysakhovich [2016] and Esponda et al. [2024] for experimental evidence on the
effect of providing agents with records and/or summary statistics.

33There is at least one such model because the agent’s prior is correctly specified.

34This is called a unitary belief because a single belief is used to rationalize all of the actions in the
support of «; the heterogeneous-belief version allows each action to be rationalized by different beliefs. See
Section A.4 for more on heterogeneity.

23



Theorem 3. Suppose (a*)ren s a sequence of stochastic memory equilibria, each with

memory capacity k and that limy,_,., of = &. Then & is a self-confirming equilibrium.>®

* converges, the distribution of

The first step of the proof is to show that when «
databases converges as well. In particular, we show that the sizes of these databases have
a vanishing probability of being smaller than any constant M, and that they are represen-
tative of the true frequencies. A standard argument then shows that the agent’s beliefs
concentrate on O(&). The fact that & is a self-confirming equilibrium then follows since
each action a for which &(a) > 0 is a best reply to some belief concentrated on ©(&). The
last step is to show that because the agent is correctly specified, there is a single belief that
makes every a € supp(&) a best reply.

Theorem 3 exemplifies a broader principle: as memory capacity grows, agents gain
a sharper long-run understanding of the consequences of their actions, which tends to
improve their decisions. This is also illustrated by Figure 2 for the Binomial-Beta model,

and formally established for the probit model in Proposition 3.

6 Rehearsal and Recency

We now extend the model to incorporate two additional psychological forces: rehearsal and
recency. Here, rehearsal means that if an experience is recalled in one period, it is more
likely to be recalled in subsequent periods, as in Kandel et al. [2000] and the references
therein.®® Recency is the idea that the agent gives more weight to more recent outcomes.
There is an extensive psychology literature documenting various forms of the recency effect
and proposing explanations for it; see e.g., Davelaar et al. [2005]. As in Mullainathan [2002],
we study a very simple form of recency bias, where the previous period’s experience is more
likely to be remembered, while the periods before that do not receive an extra boost. To
model rehearsal, we assume that the experiences recalled in the last period are also more

likely to be recalled now.37

351f the agent is misspecified, they need not learn the path of play, so the limit outcome need not be
self-confirming. Moreover, it need not be supportable by unitary beliefs; see Appendix A.4.

36Conlon [2026] finds substantial rehearsal effects, with an estimated baseline probability of recalling an
instance of around 47% and an increase in the probability of being recalled due to rehearsal of 25%.

3"We could extend the analysis to allow both recency and rehearsal to depend on a finite number of past
periods, but allowing an unbounded number of past periods to matter would cause significant complications.
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Formally, we now assume that the agent’s memory at time ¢ + 1 is

k4 L y)di @ y)=1}0f(aw)} (@ Y)) } (©)
t M

where d; is the database recalled in period ¢t and r > 0 is the weight on rehearsal and

e (0, )l dey (ar, 1)) = min {1,

recency; r = 0 reduces to the baseline model.®® Thus the recalled periods at time t + 1

given the previous period’s database d; and experience (aq,y;) are distributed as

Plre = R | dy, (ar, 9)] = Hmtﬂ((ai,%)\dta (at, y1)) H (L=mur1((ai, yi)lde, (as ye))), VR < {1, ...t}
i€R ie{l,.. th\R

We continue to assume that, upon seeing a database, the agent updates their beliefs accord-

ing to equation (2). Thus, when updating, they are also naive about the effect of rehearsal,

which is consistent with the findings of Conlon [2026].

6.1 Ergodic Memory Equilibrium

Limit Distribution of Databases We next construct the relevant equilibrium notion
in a way that parallels our approach in the baseline model. All proofs for this section are in
Appendix A.5. When recent experiences or recently recalled memories are more memorable,
the limiting distribution of databases becomes path-dependent: what is recalled today de-
pends on what was recalled and happened yesterday. However, the Poisson approximation
still applies, now as a stationary Markov chain. As before, we will show that after a long
history with action frequency «, the limit distribution of databases is a product of Pois-
son distributions—but these distributions depend on the database recalled in the previous
period, in addition to the action frequency and outcome probabilities. The key insight is
that even with rehearsal and recency, the stationary distribution of the resulting Markov
chain over databases is determined solely by a and p*, which allows the same fixed-point

characterization to extend to this setting.

Definition 4. For every o € A (A) the Markov chain 7, has state space D and Markov
kernel (na,a)gep = <Zy/€y pfr(u(.w))(y')ng,d)d e A(D)?P where ngd is the product of inde-
9’ ED bl

380Qur model implies that more recent experience are more likely to be recalled, but are not more precisely
recalled. This is consistent with the evidence surveyed in Section 4.1 of Gershman et al. [2025].
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pendent Poisson distributions with parameter for (a,y) € A x Y equal to*

ala)p;(y) [k + 7] if d(a,y) =1 or (a,y) = (7(u(-|d)),y)
ala)p;(y) k otherwise.

Intuitively, conditional on the previous database d, the expected number of recalls of
experience (a,y) is proportional to a(a)p’(y). The proportionality factor is k + r if the ex-
perience either occurred last period or appeared in d, and k otherwise. Lemma 2 shows that
this Markov chain has a unique stationary distribution, and Corollary 2 in the Appendix
shows it is the limiting time-average distribution of databases whenever action frequencies
converge to a.

To see why uniqueness holds, note that any sub-database of the current recalled set can
be recalled next with positive probability. In particular, the null database can be recalled
in every period, so the chain is irreducible on the class of databases reachable from the

empty database. A calculation also shows positive recurrence, giving the following lemma.
Lemma 2. 7, admits a unique stationary distribution H, € A(D).

Exactly as in the baseline model, the distribution over databases 7, 4 induces, through
Bayesian updating a distribution over beliefs F ;‘%; the only difference is that here both of
them will depend on the database recalled in the previous period. For each d € D and all
measurable C € A(O),

Fa(C) = naa ({d": p(-|d) € C}). (7)

Definition 5. An ergodic memory equilibrium is an « € A(A) such that there exists p e O
with o = By, [Bpan (0]

Like stochastic memory equilibria, ergodic memory equilibria are fixed points, but here
the relevant correspondence has an additional step that averages with respect to the sta-
tionary distribution of databases. For every database d, any mixed action a determines
a probability distribution over what is recalled in the next period, and thus over the next
period’s beliefs. The agent’s policy applied to those beliefs determines a mixed action
Qg = IEFC;:% [p(v)]; ergodic memory equilibrium requires that the expectation of ay with

respect to the induced stationary distribution over databases is «.

Proposition 5. An ergodic memory equilibrium exists.

39That is, the probability of a transition from d to d’ is 14, 4(d’).
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The proof extends that of Proposition 1 by showing that the average of the best reply
correspondence over the database with weights H () has the properties needed to appeal to

a fixed-point theorem.
Theorem 4. If « is a limit frequency, then « is an ergodic memory equilibrium.

The proof of this theorem has three main steps. We first show that the transition matri-
ces of the inhomogeneous Markov chain over databases converge as t — o and characterize
their limit, and that the limiting chain is ergodic because the empty database is reachable
in one step from any state. The second step generalizes Lemma A.2 on the convergence of
beliefs conditional on the databases, with the key difference that the limit belief distribution
is now database-dependent. The final step repeats the stochastic approximation argument

from the proof of Theorem 1.

Effect of Rehearsal and Recency on Action Correlation Both rehearsal and recency
bias can affect the correlation of actions. Consider first the effect of introducing a small
amount of rehearsal in a setting with binary outcomes (e.g., success and failure). Rehearsal
makes it such that if for a given action a at least one success is remembered today all past
successes become more likely to be remembered tomorrow. If the likelihood of taking the
action a increases in the number of remembered successes this implies that the action a
becomes more likely both today and tomorrow when at least one success is remembered
today which induces positive correlation of actions.

Under recency there are two competing effects. If an action a was taken today and led
to a success the action becomes more likely tomorrow. If the action was taken today and let
to a failure it becomes less likely tomorrow. As a consequence a small amount of recency
bias leads to positive correlation if and only if the first effect dominates the latter. We
illustrate the two effects in Figure 7 and prove the aforementioned result for the Binomial

Beta model in the Online Appendix.

6.2 Applications of Memory Rehearsal to Finance

Our model of finite expected memory and rehearsal lets us generalize the findings of Mul-
lainathan [2002] about income forecasts beyond the specific parametric structure it assumes.
It also lets us provide a novel memory-based explanation of the equity-premium puzzle. In

this subsection, we specialize to an exogenous forecasting problem: each period the agent

27



Action Autocorrelation Forecast Error Autocorrelation
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Figure 7: Autocorrelation of actions in the Binomial beta case with two actions, k = 5,
v = = 0.5, and expected payoffs of E [y|a = 1] = 0.6 and E [y|a = 2] = 0.3.

observes a public outcome y;, independent of their action, and y; = 6 + ¢;, where # € R and

the ¢, are mean-0 i.i.d. shocks.*?

Correlated Prediction Errors The rehearsal memory function (6) generates the same
predictions about one-period correlations as Mullainathan [2002], without assuming a spe-
cific functional form. First, under recency a high outcome in the last period makes that
particular high outcome more likely to be recalled next period, so the forecasting error will

41 Second, when the baseline

be negatively correlated with the most recent information.
probability of remembering an event is low, and the rehearsal effect is strong, the forecast
errors in successive periods are positively correlated for the same reason as in Mullainathan

[2002]: memories that are remembered are more likely to be remembered again.

Asset Pricing Suppose that each of a continuum of risk-neutral agents indexed by x €
[0,1] has a constant per-period amount w to invest. Each period, each agent decides
whether to buy, sell, or not trade a unit of a representative equity portfolio and to invest

the wealth net of the expenditure/revenues from the risky asset in the risk-free asset.*?> The

40Both Mullainathan [2002] and Weitzman [2007] assume that outcomes follow an AR1 process. Our
assumption of finite expected memory has the same implication even in an i.i.d. setting.

4Mullainathan [2002] supposes that y has a positive density on the real line so that some form of
associativeness is needed for rehearsal to have any effect.

42Under our assumption of risk neutrality, the agent can do no better than invest all income in a single
asset. We restrict to this case to directly apply our results, which assume finite actions.
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safe asset has net return ¢ € [—1,00) per period, while the risky asset provides per-period
net return i + 07 4 &,, where from the point of view of the agents 67 is a random variable @
with unknown distribution and € is a symmetric, zero-mean, and period-specific shock. The
risky asset is in net-zero supply and prices py and p; are determined by market clearing:
p1 — po = Median[E,[6]]. The agents’ actions impact their payoffs, but all agents observe
the sequence of realized prices and returns.

In this setting, the equity premium puzzle is that the observed price of the risky asset
is much lower than predicted by the above equation if the distribution of # were known
and equal to that observed in the data. Reconciling this gap requires implausibly large
risk aversion. Weitzman [2007] explains it with the combination of an overly pessimistic
prior and the assumption that the agent believes 6 changes over time, so they discard old
observations. Ergodic memory equilibrium predicts the same effect even with a perceived
constant § and with risk neutrality.*3

The proof of Theorem 4 shows that if the action distribution converges to a the dis-
tribution of recalled experiences converges to H,. In particular, even in the long run, the
agents will rely on a limited number of observations. Any Dirichlet prior with predictive
mean @ < 07 can sustain the premium: the distribution of experiences H, centered around
67 combined with the prior centered around @ yields a median posterior expected value of
0 strictly below #7. This explanation is consistent with empirical evidence that investors
hold systematically overpessimistic beliefs about stock returns, rather than correct beliefs
with extreme risk aversion (see, e.g., Dominitz and Manski [2007] for a systematic analysis).
It is also consistent with the observation that investors tend not to use available historical
return sequences but rather rely on their lived experience (see Malmendier and Nagel [2016]

and the references therein).

7 Conclusion

This paper provides a simple and general model of limited memory that can be applied to
many economic problems. In particular, the role of memory in belief formation is important
for behavioral economics and macroeconomics, so our work will be useful there. The paper

shows how limited memory can serve as a foundation for several well-known stochastic

43 A memory function that is more likely to recall negative stock performance would create an additional
force towards the equity premium puzzle.
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choice models. It characterizes how asymptotic outcomes with limited memory relate to
those with unlimited memory capacity.

Our model was designed to highlight the effects of limited and stochastic memory, so
it left out many other important aspects of how memories are formed and used. However,
our analysis can be extended in several interesting directions. Figure 1 provides a blueprint
for how to do this, namely by modifying one or more of the maps in the composition of
functions that define ¥£°(ar). Proceeding counterclockwise from the final step, relaxing
subjective expected utility amounts to replacing BR with another correspondence in the
definition of the admissible policies p, and allowing non-Bayesian updating permits other
maps from the distribution of databases to the distribution of beliefs.

One important class of generalizations is to other forms of imperfect memory, corre-
sponding to different maps from histories to databases than those considered in Lemma 1.
Section 6 demonstrates one way of doing this, namely, making the map into a Markov chain
whose state variable is what was recalled in the previous period. Other ways to generalize
the map from histories to databases include introducing selective memory, as in Fudenberg
et al. [2024], and allowing the probability of recalling an experience to depend on the num-
ber of prior occurrences. More speculatively, if one modifies the objective data-generating
process from a conditionally (on actions) i.i.d. process to a Markov process over outcomes,
what ultimately changes is the distribution of databases, as characterized by Lemma A.1.
Our framework enables these generalizations, provided that the correspondences involved
in the various steps remain well-behaved.

It is easy to generalize the model to allow memory to be cued by an exogenous signal
s € S that the agent observes before choosing an action, as in Fudenberg et al. [2024]. The
data-generating process becomes pZ, € A(Y'), an experience is a triple (s,a,y), and the
constant recall probability m;.; = min{1, k/t} is replaced by a signal-dependent memory
function where kmg (s, a,y)/t is the probability that experience (s,a,y) is recalled when
the t + 1 period signal is s’. Independence across periods is preserved, so the recalled
database dy € N**4*Y remains a sufficient statistic for beliefs and, by the same Poisson-
limit argument as Lemma 1, has limit distribution with mean E[dy(s,a,y)] = k{(s) a(a |
s) pi o(y) mg(s,a,y), where ( is the signal distribution and af(- | s) is the action frequency
conditional on s. This formulation accommodates two natural interpretations of “con-
text”: the signal can encode the set of available actions , and it can represent the widely

documented associativeness effect (see, e.g., Kahana, 2012) with exogenous cues such as
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macroeconomic regime or location that makes some past experiences more or less likely
to be recalled. Although associativeness does not change the set of limit points with un-
bounded memory (Fudenberg et al. [2024]), we conjecture that under limited memory it

might lead the agent to behave as if they were using a kernel estimator.*

A Appendix

A.1 Preliminaries

Let (vi)en € A(A x Y)Y be a sequence of empirical joint distributions over actions and
outcomes. The next lemma shows that almost surely, if the action frequency converges to
some «*, then the joint empirical distribution of actions and outcomes converges to the
distribution where each pair (a,y) has frequency a*(a)p*(y). Let d; denote the random
variable describing the database recalled at time ¢, and p; denote the random (beginning
of) period-t belief induced by d;.

Lemma A.1. We have

IP) i ].' , . £ O _ 0
L“?X im sup |vi(a,y) — au(a)pa(y)] # }

and in particular for any o* € A(A),

Plﬁoﬂr |:thjg> ap = a* and (avir)leaxxyhrtlisogp |Ut(a, y) _ CE* (a)p:x;(y)‘ % 0:| - 0.

Lemma A.2. For Puo,w almost every sequence of histories (hy)wen of limy_,o oy = o*, the

distribution of p; given hy—y weakly converges to F, and F(”)O is continuous in «.

The proofs of Proposition 1 and Theorem 1 use the correspondence U : A(A) 3 A(A)
defined by ¥ (a) = {¢h°(r) : p € O}.

Lemma A.3.

WHo 4s non-empty valued,
WHo 4s closed valued;

WHo 4s upper hemicontinuous;

WHo 4s convex valued;

AT ERSCIEE SCI

o' € A(A) is a stochastic memory equilibrium if and only if o/ € WHo(a/).

4 Relatedly, Tlut and Valchev [2023] studies the learning traps that can arise under associative reasoning.
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A.2 Proofs for Section 3

Proof of Lemma 1. By Lemma A.1, P, . assigns probability 0 to the sequences of his-
tories (h¢)ien in which limsup,_,, |vi(a, y) — ax(a)pi(y)| # 0 for at least one (a,y) € A x Y.
We prove that the stated convergence holds on every sequence of histories (h;);eny that is
outside of that null set.

The database at time ¢ > k is distributed as a product of binomial distributions. If
d(a,y) > vi(a,y)t for some (a,y) € AxY, then P, [d; = d] = 0. Otherwise, P, [d; = d] =
[Tiayeaxy (" Zg;t) (k/t)4@v)((t — k) /t)velavit=day) where for every z =y = 0, (;3) denotes
the binomial coefficient between x and y. Set E := A x Y, and, for z = (a,y) € E, define
Ni(2) := tvy(a,y), and ¢(z) := ay(a)pi(y). Conditional on h,, the coordinates of d;.; are

independent and

t

di41(z) ~ Bin (Nt(z), E) :
Let
M = () Pois(kvy(z2)).

zeE
Le Cam’s inequality and the product inequality for total variation give

Bin (Nt(z), §> ~ Pois <k’N;(z)> <23 () @ W

TV zell
where the last equality uses ), _p Ni(z) = t.

|L(desr | he) = el <D

zeF

By definition,

Nae = &) Pois(kg(z)).

z=(a,y)eE
For Poisson random variables,

|Pois(\) — Pois(N) ||y < 1—e P < x = V).
Applying this inequality coordinatewise and again using the product inequality yields

17 = ol < D [kon(2) = ka(2) =k > Jula,y) — anla)pi(y)]-

zeFE (a,y)EAXY
Consequently,
2k .
£(es | h) =ty < = +E Y Jla,y) - a@)pi(o)]. 0
(a,y)EAXY

On every history outside the null set identified at the beginning of the proof, the right-hand
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side converges to zero by Lemma A.1. Hence

|£(dis1 | he) = o llpy — 0.

In particular, for every bounded f : D — R,

L FAL(yyr | he) — L  dne,

This proves the lemma. O]

< 2| flloo 1€ | Be) = N,y — O

Lemma A.4. For P n almost every sequence of histories (hy)wen, the distribution of actions

given hy converges to Y (ay).

The proofs of Theorems 1 and 4 use a continuous-time approximation of the process of
empirical frequencies. Set ag: = a1, 79: =0, and 7,: = 25:1% for all t € N. Following
Benaim et al. [2005], define the continuous-time interpolation of (ay)wen to be the function
w: Ry — A(A)

w(T + ¢) zat—kcw, Vte N,Vce [O,L] : (9)

Ter1 — Tt t+1

Proof of Theorem 1. We want to show that if « is not a stochastic memory equilibrium,

it is not a limit frequency. To do this, we extend Esponda et al. [2021a)’s application

of Benaim et al. [2005]’s stochastic approximation techniques for differential inclusion to

settings where beliefs remain stochastic in the limit. In particular, we will show that (9)
converges to a solution of

a(t) e U (a(t)) — aft). (10)

A solution to (10) with initial point a* € A(A) is a mapping = : R, — A(A) that is
absolutely continuous over compact intervals, with z(0) = o*, and (10) satisfied for almost
every t. For every T € N and o € A(A), let XT, be the set of solutions to (10) over [0,T]
with initial conditions a*, and let X7 = Uaye AA) XZ..

Now we show that the continuous-time interpolation of « defined in (9) can, in the long
run, be approximated arbitrarily well by a solution to (10). Recall that 7 is the optimal
Markovian policy employed by the agent, and that for any measurable selection p from the
best response correspondence, ¥4 (a) = § A©) p(v)dF#o(v). Define the stochastic process
U = tloy — Fray1) — 8o (ay_y) = 0o, — V2 (y—y) and let b, = E[Uy|hy—1], Uy = U, — by

Then
U1 + b _ VEO (o) —

t+1 t+1

(11)

Qpy1 — O —
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Since both ¥ (ay) and 441 are uniformly bounded, U; is a uniformly bounded martingale
difference process. Moreover, by Lemma A.4, by converges to 0 on P, . almost every
sequence of histories (h;)eny where limy; .o o = «, so condition (i) of Proposition 1.3 in
Benaim et al. [2005] is satisfied (setting v, = 1/n in their formula) by Remark 4.5 in
Benaim and Hirsch [1999]. Condition (ii) is also satisfied because ||oyi1 — au|]oo < 1/(t+ 1),
w is Lipschitz continuous of order 1, and «; is uniformly bounded because it takes values in
A(A). Therefore, since w is the interpolated process for the stochastic process in equation
(11), it is a perturbed solution of (10). Thus, by Theorem 4.2 in Benaim et al. [2005], on

]P’NOJr almost every sequence of histories (h;)en where lim;_,o oy = a®®

lim inf sup ||w(t+s)—a(s)|] =0 VT e N. (12)

t=% &eXT 50,7
If « is not a stochastic memory equilibrium, then parts 1,2, and 4 of Lemma A.3 and
the separating hyperplane theorem (see, e.g., Section 14.5 of Royden and Fitzpatrick [2010]
for the version used here) guarantee that there exists f € R4 with a - f > supscquo Q- f.
By part 4 of Lemma A.3, a - f > maXsegno(a) @ - f. Let K = a - f — maXsegno(a) @ - f. By
part 3 of Lemma A.3, there exists € € R, such that for all o € B.(«), maxgegro(o) @ - f <
MaXgewro(a) @ - [ + K/4 and o - f > o - f — K/4. Therefore, for every initial condition
ap € B.(a) and every solution in X2, «(t) - f decreases at rate at least K/2 until the
solution leaves B.(«). So there exists T' € N such that for every initial condition ag € B.(«)
every solution & in X7, leaves B.(«) by time T, that is,*
sup inf{t:a(t) ¢ B-(a)} <T Yoy € Be(a). (13)
acXT,
To conclude the proof, we will show that «; does not asymptotically lie in an £/2 ball
around « on any path (h¢)eny where (12) applies. Since the set of samples where (12) does

not apply has 0 probability under P this implies that « is not a limit frequency. If

Ko, T

there is no 7' € N such that w(c) € B.jy(av) for all ¢ > T, (ay)ien does not converge to av.
So let T € N be such that on the chosen path (h)en, w(c) € B.js(a) for all ¢ > T and

45The proof of Theorem 4.2 in Benaim et al. [2005] invokes an implication of their Theorem 4.1 that
is not correct. However, the weaker statement we are invoking is correct, as shown by equation (3) in
Esponda et al. [2021b].

0To see that T' can be taken to be the same for every ag € Be let C = maxyrep, (o) @ f —Minyep, (o) o' f
and take T = 2C/K + 1.
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inf g x7 SUPgesar ||W(T + 5) — &(s)]| < £/4, and take & € X7 with
sup |[w(T + s) — &(s)|| < /4. (14)
0<s<T
Then (13) implies that every solution to differential inclusion leaves B.(«) at least once
between 7' and 7'+ T, and by (14), ay must leave B, () at least once between T and
T + T. This proves Theorem 1. O

Proof of Proposition 1. By point 5 of Lemma A.3, every fixed point of U is a stochastic
memory equilibrium. By points 2 and 3 of Lemma A.3 and the closed-graph theorem (e.g.,
Theorem 17.11 in Aliprantis and Border [2013]), ¥#° has a closed graph. The Lemma
also shows it is non-empty valued (Point 1) and convex valued (Point 4), so, since A(A)
is a non-empty, closed, convex and bounded subset of RI4! it admits a fixed point by the

Kakutani fixed point theorem (see, e.g., page 283 in Franklin [2002]). Il

A.3 Proofs for Section 4.1

Proof of Theorem 2. 1) Suppose that «; converges to some a*. We first construct the
target random utility representation ¢ and then prove that oy approaches it. Consider the
map G : D — P such that aG(d)d’ if and only if @ = 7(u(-|d) | {a,a’}). The map is
well-defined because the binary relation is total by definition, and it is transitive because
of the assumption that ties are broken in a menu-independent way.*”

Define ¢ by ((P) = 14+ (G~1(P)), and let ¢, be the associated stochastic choice. Because
the sets of menus and actions are finite, the proposition can be established by showing
that the probabilities that any given action a is chosen from any given menu M converge
to those of ¢;. Fix M € M and a € M. Lemma 1 shows that for P, . almost any
sequence of histories such that PMO,W[limt_,oo a; = a*] > 0, the probability that the number
of recalled (a,y) experiences is equal to ¢ for every ¢ € N converges to its probability
under a Poisson random variable with parameter o*(a)p’(y)k, and these distributions are
independent across (a,y) pairs. Therefore, as 7 — o0, the probability distribution 5"~ over
databases recalled at period 7 + 1 given h, converges to 7,x.

To link this with the convergence of the stochastic choice rule, let Dy(a) = {d € D :

Va' € M,aG(d)a’}. Because the agent’s tiebreaking is menu-independent, the difference

47If for some d € D we have a,a’,a” € A such that aG(d)a’, a’G(d)a”, and a”G(d)a, and (without loss
of generality) a € w(u(-|d) | {a,a’,a”}). Then a”,a € BR (pu(-|d)|{a,d’,a"}) n {a’,a"}, by optimality of ,
a€nw(u(-|d) | {a,a’,a"}) by dG(d)a”, and a € w(u(-|d) | {a,a”}), a contradiction.
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between c¢(a, M) and P, «[a-+1 = alh;, M] is bounded by |ne+(Dar(a)) — 0" (Das(a))|.
For every [ € N, this is less than

Nax | d € Dy(a) : Z d(a,y) > 1| —n" | de Dyla): Z d(a,y) > 1

(a,y)EAXY (a,y)EAXY

+ Nax | d € Dys(a) Z d(a,y) <l |—n"" | de Dyla): Z d(a,y) <1

(a,y)EAXY (a,y)EAXY
Both addends can be made arbitrarily small by taking [ and 7 large.

This establishes the random utility representation.

To see that this stochastic choice rule admits an information representation in the sense
of Lu [2016] with posterior distribution Fy, identify the state space with ©, acts with A,
and outcomes with Z = {u(a,y) : (a,y) € A x Y}; map each action a to the Anscombe-
Aumann act assigning state p the lottery with mass p,({y : u(a,y) = u}) on each u € Z.
Finally, a*(a) = c¢c(a, A) follows by the martingale SLLN (see, e.g., Theorem 2.7 of Hall
and Heyde [2014]).

2) Consider an arbitrary RUM ( on the set of alternatives A. Since we only need to
approximate it to an € term, we can assume it assigns strictly positive probability to every
linear order in P. We start by defining the learning environment. Let outcomes and utility
be given by Y = {y.}. ., and u(a,y.) = |{a’ € A:a > a'}|. Moreover, for every >€ P,
and ¢ € (0,1) define the (action-independent) DGP

l—e y=vy-
p. (y) = . .
PT otherwise

and let the prior be uniform over those models:

Sy L

so that © = {p™}. _». Observe that given these utility functions and DGPs, there exists
g€ (0,1) such that for all v € A(©) and for all >¢€ P

’ 2
v(p”) l-¢
T > g e o = By > EEL@y]).  (5)
Consider a database d € N4*Y gsuch that for > € P

Dld(ay)| > lday)|  VyeY\{y.}. (16)

agA acA

V>eP
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We have

d a,y> a,
ILL (p>’d) _ |71)‘ (]_ —_ S)ZGEA| ( Y )| 82y€Y\{y>}Za€A |d( y)‘
1= p(p=ld) )| Zyer [y} Zaea 4@
| Drepyi>y o1 (1= g)Zoea ldlaw-nl Zvenio i}
d 'd> a,
ﬁ (1 _ 8)2¢1€A| (ay )‘ EZyGY\{y>}ZaeA ‘d( y)| 1 .

WV

>
d a,y> a, =
Srepyioy oy (1 — €)2eea M0 eXaerin) Zaealdlenll e o ™ e[ P).
Therefore, Equation (16) implies that

@ = a' = By [By [0, 0)]] > By [By [u (@ )]

i.e., if the agent recalls database d they choose accordingly to > from every menu. Call D’
the set of databases for which (16) holds for some >.

Given this (Y, u, p19) we now shows that there is a sequence of DGPs such that for every
> € P the probability of recalling a database that satisfies Equation (16) converges to ¢ (>).
We can do this by directly taking a sequence of Poisson parameters (()\>,n)> eP)neN where
As 1 is the Poisson parameter describing the distribution of )., _, d(a,y.). By Lemma A 4,

taking
A

n

ko= > A and pl, (y.) = Vae A, >€eP

>eP

these will be the relevant Poisson parameters for 17 for every o € A (A).

Let A\, = n + c./n for all >€ P and n €N, where (c.)
vector that we will later determine. Since ), _,d(a,y.) ~ Poisson(A. ,) and A, ,/n =
1+ ¢./y/n — 1, the Poisson CLT and Slutsky’s theorem yield

d — d - A >n
ZaeA (\C/L%y>) n — <ZGGA (a;\y>) >,n> )\n, + Cs i) N(C>7 1) (]‘7)
>n

7) . .
. ep € R” is an arbitrary

Therefore,

= IP)[X> +c. > X>/ + c>/,V >'e P\{>}]

7}1—{1010]?773 [Zd(a7y>) > Zd(a7y>’)7v >/€P

acA acA
where (X.). p areiid. N (0,1). The remaining task is to prove the existence of a vector

(¢+)s op such that

P[X. +c. > X0 +co,V>'eP]l=((>) V>eP. (18)
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To do so, define the function f : R” — R as

F((er)nep) = B |max X e | = 3 ¢ (>

>eP

Differentiating with respect to ¢, and applying the dominated convergence theorem we get

% =P [X>/ +eor > Xon +con,V >"e P\{>/}] —C (>/) .

Therefore, points (c.), ., where the gradient of f((c.). .p) is 0 satisfies equation (18).

>€ePpP

Restrict f to the hyperplane

H= {(c>)>ep P e = 0}.

>eP

Observe first that

> - E| X, + >e73 e~ Z>’6P i
f(e-)..ep) R 2O
‘ D ] ( S ep o
— E|maxX. +c. — La>'ep &> C _ &>'eP >
2 P ZP P
= E maXX +C>:| Z C (( >)>e’P)
>€ePpP
where

~ _Z>’GPC>' V>ecP

ST

Therefore, a minimum on H is a global minimum of the function, and thus needs to have
a gradient equal to 0.
Moreover, f is coercive on H. To see this, let M((c.), .p) = max,epc,, and let
>*= argmax. ¢p ¢». By definition, max, ep(X. + ) = Xow + o = Xow + M((¢5)ocp)-
Taking the expectation on both sides, and noting that E[X .| = 0:

E|max(X. + )| = M((e.). o) (19)
On the other hand, let (i = min. ¢p ¢ (>) > 0. By equation (19) we have

>e7> 2 C(> )>e7>) — o)

>'eP

By definition of M, every term in the summation is non-negative. Replacing each ((>')
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with (i, yields:

f(<c>)>e73) = gmin (|,P’M((C>)>e73) B Z C>’>

>'eP
Because c€ H,the Y, ,.pcor = 0,50 f((¢x)s cp) = Guin| P M ((¢>). op). Since Y cp o,
M((c>), cp) = 0. For any coordinate >'e P, we have: —cor = X sep nny ¢ < ([P —

DM ((c>),ep)-
This bounds the absolute value of every component:

e~ | < (IP] = DM ((e>), ep) = [ (ex)sep o < (1P| = DM ((c>), p)

Using the equivalence of norms in R™, we know | (¢.). p 2 < A/|P|[| (¢=) s cp [o0- Com-

bining these inequalities yields:

| (e)sep o < VIPIIPl = DM (), cp) = M((c2),.cp) > :

\/W(|P| — 1) H (C>)>e7> HQ

Substituting this back into our lower bound for f((c.). .p):

gmin‘lp|
f((c>)>e7?) = \/W(|P| B 1) H <C>>>GP ”2

As | (¢+). ep [l2 = oo within H, the right-hand side goes to infinity, meaning f((c.). .p) —

o0. Thus, f is coercive on H.
Claim 1. f is strictly convex on H.

Thus because f is coercive it admits a minimum. This establishes that for every e > 0
there is a n € N such that with (Y, u, p}, u, k,) and under every optimal Markovian policy
the behavior converges to a RUM (’ such that |c.(a, M) — c¢(a, M)| < €/2 for all M € M
and a € M.

To conclude, observe that we can make (Y, w, p%, u, k,,) correctly specified (and so satisfy
Assumption 1) by modifying u to ¢’ by assigning probability €” > 0 to p’. Indeed, for every
K > 0 there is an €”(K) > 0 sufficiently small that only databases d € D" with at least
K entries can generate different behaviors under u(-|d) and p/'(-|d). However, given the
memory capacity k,, by taking a sufficiently large K the probability of recalling at least K
experiences can be made arbitrarily small. Therefore, with a sufficiently small &” probability
assigned to p}, under every optimal Markovian policy the behavior converges to a RUM ¢”
such that |cer(a, M) —ce(a, M)| < €/2 for all M € M and a € M. By the triangle inequality
this ¢” such that |cer(a, M) — cc(a, M)| < e for all M e M and ae M. O
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Proof of Proposition 2. With only two actions, ¥#° can be seen as a correspondence
from [0, 1] to [0,1] where these real numbers represent the probability assigned to the
action a whose distribution has been FOSD increased. Moreover, the assumption that two
actions are never indifferent after any observable database implies that W#0 is a function,
and it is continuous by Lemma A.3. By Theorem 5 in Milgrom and Weber [1982], this
function is pointwise larger when p? increases in the FOSD order. The result then follows
by Theorem 1 of Villas-Boas [1997]. O

A.4 Proofs for Section 5

As a first step towards proving Theorem 3, we establish a concentration inequality for ratios
of random variables whose distributions converge to Poisson distributions. In this proof we

let k grow, so we explicitly index the distributions 7.+ by k, i.e., as nik.

Lemma A.5. Suppose that limy_,, of = &. For every ¢ > 0 and (a,d’,y,y’) € A% x Y?

gL A : d(ay) 6(a)pi (y)

with &(a’) > 0 and p¥(y') > 0, limg_o ]P)WZIC Hd(a’,z’) - d(a/)ﬁ;k/(:l;/)
a(a)p¥, (v )k

limy o ]Pn];k [d(a’, y) — et < 5] =0.

> 5] = 0. Moreover,

Definition 6. A unitary-data self-confirming equilibrium is an o € A(A) such that for all
a € supp(a) there is v* € A(O(«)) such that a € BR(v*).

Unitary-data self-confirming equilibrium allows each action in the support of a to be
rationalized by a different belief but requires that all beliefs are supported over the likelihood
maximizers given the same data. This is more restrictive than heterogeneous-belief self-
confirming equilibrium (Fudenberg and Levine [1993]), which only requires that each action
a in the support of « is a best response to a belief over the maximizers corresponding to
data about the consequences of the particular pure action a. This difference is due to the
different origins of heterogeneity in the two equilibrium concepts.*’

The next lemma shows that this distinction is irrelevant if the agent is correctly specified.

Lemma A.6. When p* € © (as we have assumed here), every unitary-data self-confirming

equilibrium is a unitary-belief self-confirming equilibrium.>°

48We adopt the convention that 0/0 = 0.

49Heterogeneous-belief self-confirming equilibria are steady states of models with many agents in each
player role, and heterogeneity comes from the fact that different agents in the same role may behave
differently and thus find that different models best fit their data.

500ur working paper gives an example where p* ¢ © and the limit as k¥ — o0 of the stochastic memory
equilibria is a unitary-data self-confirming equilibrium that unitary beliefs cannot support.
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Proof of Theorem 3. Let f(d) € A(A x Y') denote the empirical joint distribution over
action-outcome pairs corresponding to d € D. By Lemma A.5, for every M € N and € > 0,
limy o P”Zk [d P Dacayey A(a,y) > M maxeea yey | f(d)(a,y) — ala)p;(y)| < e] is equal to
1. That is, with probability approaching 1, the database is large, and the recalled frequency
of pair (a,y) is approximately proportional to &(a)p*(y).

Let ¢ > 0. By Assumption 1, p € O(&) if and only if p, = p* for all a € suppa.
Therefore, there exist ¢ < ¢ and K > 0 such that <Za€A a(a) X ey Pa(y) logpa(y)> -

<Za€Ad(a) Zyey pE(y) logpQ(y)) > K for all p e B.(0(&)), p' ¢ B(0(&)). Thus, there is

a set of databases d that has ]P’nzk probability going to 1, whose length >}, oy d(a,y) is

growing to o0 and such that

pB(O(a))ld) $5.00) [Tiayeaxy Pa(®) ¥ dpo(p)
1= p(B-(8(a))ld) ~ 56\35(6(02)) H(a,y)eAxY(pa<y>>d(a’y)d,u0(p)

As k grows the RHS goes to oo, so since € can be arbitrarily small, the agent’s beliefs

> 10(Bo (6(@))) exp (K/z Y d(a,m).

acA,yey

concentrate on O(a). Now fix any action a € supp(&). Since limg_,, o*(a) = é&(a) > 0, the
posterior probability of drawing a belief under which a is optimal is at least o*(a). Because
beliefs asymptotically concentrate on A(©(&)), there must exist a sequence of beliefs vy,
and a limit v* € A(©(&)) such that v, — v* and a € BR(v) for all large k. Because best
reply correspondence has closed graph, a € BR(v*). Since this holds for every a € supp(&),
& satisfies the definition of a unitary-data self-confirming equilibrium. Finally, by Lemma
A.6 and Assumption 1, every unitary-data self-confirming equilibrium is a self-confirming

equilibrium. 0

A.5 Proofs for Section 6

Proof of Lemma 2. Let D’ € D denote the set of databases that under 7, have a positive
probability of being reached with a finite number of transitions from the empty database.
At any d € D', the probability of a transition to the empty history is bounded below by
Q =exp(—[k+7]|AxY]|) > 0,s0 D is a closed irreducible class.

Moreover, for any d’ € D', there is a simple path of length 7 € N connecting the empty
database and d’, i.e., a finite sequence of distinct databases (cio, e JT) with d, the empty
database, d, = d’, and nadi(cﬂﬂ) > 0 for all i € {0,....,7 — 1}. Let M =[], na,gi(dm).
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Thus the expected return time to d’ is bounded from above by

©¢] 0

2(1 — P(return time < 2 P(return time < 7 + 1))

i=1 im1

SED) P(dj = d, V1€ {0,..,7}) <7+ > (1- QM) <
=1 j=1 =1

so d' is positive recurrent. It remains to rule out invariant mass outside D’. For every d € D,
the probability of transitioning to the empty database is bounded below by () > 0. Since the
empty database belongs to D', and D’ is closed, the hitting time 7p := inf{t > 0: d, € D'}
satisfies Py(tp > n) < (1 — Q)" for all d € D, ¥n € N. Thus no invariant distribution can
assign positive mass to D\D'. Since there is zero probability of leaving D’ and all the states
in D' are positive recurrent, 7, has a unique invariant distribution (see Theorem 6.5.3 in

Durrett [2019]). O

To state the next lemma, we introduce the following notation. Let b(d) := 7(u(- | d)).
Also, let G; be the beginning-of-period filtration after d; has been drawn but before y; is
realized, so that a; = b(d;) and oy are G;-measurable. but y; has not yet been realized. For
each d € D, let Q(d,-) be the transition law generated from the history through period
t — 1 if the current database is d, and put

t—1 1
Oéf = ; o1 + ;51)(@
Thus Q(dy,-) = L(di41 | G¢) and o = ay. Write P,(d,-) := nsq and set
@(d) : 5b(d),

Gl d) = Pap(d) — f ooy AEP (1),
A(©)

G(a) = JD G(o,d) dH(d).

Also write ga(a,y) := a(a)p;(y).

Lemma A.7 (Controlled Markov averaging). Then the following statements hold.
1. On every path for which |vi_1 — qa,_, |1 — 0,

sup HQt(d, )~ Poald, )H —0.

deD TV
Moreover, the conditional belief law converges uniformly to F:ﬁ}d on the same set of
9

histories. In particular, the conclusion holds P, ~-a.s.
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2. The family (Pa)aea(a) is uniformly geometrically ergodic and Lipschitz in o in the uni-
form total-variation norm. The maps o — H, and a — Fg% are Lipschitz in total

variation, the latter uniformly in d.
The proofs of the lemmas and corollaries of this section are in Online Appendix B.2.

Corollary 2. Consider any sequence of histories for which
[ve = Gas 1 — 0 and o — o

Let QQ; be the actual transition kernel of the recalled database at time t + 1 given the current
database at time t, and let \; be the law of the recalled database d; generated by the sequence
of kernels Q1,Qs,...,Qi_1. Then

1At = Halrv — 0.

Let ¥ (a) denote the distributions over actions induced by an optimal Markovian mixed
policy p and random beliefs v: WHo (o, d') = {SA(G) p(V)dEL (V) : pe O}

Lemma A.8.

1. §, ko (- d")dHy(d) is non-empty valued.

2. ko (-, d)dHy(d') is closed valued;

3. W (-, d)dHy(d') is upper hemicontinuous;
4 )
53 c

C§ U (- d)dH,.

. o' is an ergodic memory equilibrium if and only if o/ € {, W (o/, d')dHq(d').

d') is convex valued;

Proof of Proposition 5. Lemma A.8 shows that every fixed point of ¥: = §$p WHo (-, d)dH .y (d)
is an ergodic memory equilibrium, and that ¥ is non-empty valued and convex valued. To-
gether with the closed-graph theorem, the lemma also shows W has a closed graph, so it

has a fixed point by the Kakutani fixed point theorem. O

Proof of Theorem 4. The proof has four steps. Lemma A.7 gives the limit of the transi-
tion matrices over databases and its uniform continuity in «. The second step of the proof
establishes that the accumulated deviation of the recalled database from its theoretical

average vanishes: for all T' > 0,

i Gl ds) — Clon)) /(¢ + 1)

~0. (20)

lim sup
=0 mzn: 3 1/(t+1)<
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The third step of the proof uses stochastic approximation to show that the long-run
behavior of (9) can be approximated by c(t) € Ey, [V (a(t),d)] — e(t). The last step
parallels the last step of the proof of Theorem 1 with §, W#0(«a,d")dHq in place of UH(a)
after observing that SD WHo (v, d')dH o inherits the key properties of W#° as shown by Lemma
A.8. The details of the second and third step are given in Online Appendix B.3; we omit

the remaining details. O
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B Online Appendix

B.1 Proofs of Propositions Stated in the Text.

Proof of Proposition 3. Because the agent is risk neutral, it is optimal for them to
choose the action with the highest posterior mean. Let g, be the average outcome over
the n, recalled experiences where action a was used. When the agent recalls n, experi-
ences for action a, each is normally distributed with mean 7, and variance o2, so 9, is
normally distributed with mean g, and variance ¢2/n,. Thus the posterior mean of y, is

0 2, 2
%—%, and the induced choice probabilities are those of a Probit model with means
0 a

yg/angnaga/o'z . . . . . Na /o 2
Zal Q- oo and a diagonal covariance matrix with entries ﬂ
1/og+na/o acA (1/o5+na/0?)

To derive the distribution over the number of recalled experiences, let t > k and a € A.
We first consider infinite sequences of experiences (ay, ¥ )ieo Such that lim,_, Zj—:l Lia (a,) =
. By equation (1), the probability that d;1(a,Y) = n, € N conditional on the history
(a',y') is (to‘t N (k/t)m ((t—Fk)/t)*(@=na Because a occurs infinitely often, lim,_o, tay(a) (£)
a(a)k, so the Poisson limit theorem (e.g., page 15 of Loeve [1977]) implies the probability
ala)k (a(a)k)"a

ng!

that dyy1(a,Y) = n, € N converges to e~

Now suppose that for the pair (a, (at, Yt )iew), My o Ztr:1 Liay(a;) # co. Then the
distribution over recalled experiences given (a',") is eventually first-order stochastically
dominated by the one given (a’*, y"), where each (a"*)y is an arbitrary action sequence with
the properties that limy,_,o, Lig)(a;) = o0 and limy_,o Ligy(a;)/t = 0. Since this dominating
distribution converges to a Dirac at 0 by the previous part of the proof, so does the dis-
tribution associated with (a’,y"). Thus the number of recalled experiences of action n, is

Poisson distributed with parameter a(a)k. O
The next proof requires the following lemma:

Lemma B.1. The choice probabilities of the agent are

0 ifo=0and kp <1
agp(l) = L L )
1+ 5W (—e *kp(1 — pp))  otherwise

Furthermore, ag (1) is increasing in p.

Proof of Proposition 4. Part (i) holds because W is an increasing function so ay, ), is
increasing in ¢. By Lemma B.1, there is an equilibrium where the agent engages in the

activity with strictly positive probability absent reminders if and only if pk > 1, and thus



we can assume pk > 1 when establishing part (7). The marginal effect of reminders is

dag (1 —W(—e *Pkp(1—p¢) . . . _
%’2( ) — k(lip@ X Hw((fe,kp,;(lf;@)) . To simplify notation define 1(p) = —e *kp(1 — po).

Taking logarithms and differentiating with respect to p yields
0 Oy (1 ) 1
) " W) ()

op 06 ) 1-po L+ WEENW W)
As ' (p) = e ™ [(kp — 1)k(1 — po) + kpo], we get that
@ hog (5%,;0(1)) _ ¢ 1 (kp — k(1 — po) + kp¢
op 0¢ L—po  (L+W((p)? kp(1 — pg) ‘
As kp > 1 and W € [—1,0] we obtain that %log <6a¢5£(1)) < —% < 0. Thus, ag,(1) is
sub-modular in (¢, p). This and Lemma B.1 imply (7). O

B.2 Proofs of Ancillary Lemmas and Claims

Proof of Lemma A.1. Let hy = (a1,y1,...,a,y:) denote the period-t history and let
{Fi}i=0 be the filtration F; = o(h;). Consider the {F;}-adapted stochastic processes
(X" gpcaxvaen defined by X{™ = (L (y) — pi() Ly () for all (,9) € A x Y,
and for all t € N.

For each (a,9), ng’g) is 0 if action a is not played in period t. If a is played, XE&’Q)
reports the difference between the indicator for y, = y minus its expected value given a,

pi(y). They are not i.i.d., but for each (a,y) € A x Y,

E[X{*" | Fios] = Py alae = a | Fa]BIXSY | Fioroar = a] + By alar # a | FoJEIXCY | Fityaq # d
= P#O,W[at =a ’ ‘Ft—l]o + Puo,w[at #a | ft_1]0 = 0.

Thus (Xga’y))teN is a martingale difference sequence, so from the strong law of large numbers

(see Theorem 2.7 in Hall and Heyde [2014]), lim,,_oo = >3, X — 0, P, =a.s.
Note that

1 | ) — pr(y)1
lim _ZXlEa,y) = lim Z {a,y}(at yt) pa(y) {a}(at)

n—ao0 N

= lim v,(a,y) — a,(a)pi(y)
port n—00 — n e

whenever the limits exist. Taking the maximum over the finite set A x Y yields the uniform

statement. The “in particular” clause follows immediately when a; — o*. [

Proof of Lemma A.2. Let

TMO :D— A(@)7 T,uo(d) = :u(' | d)a



denote the map from a database to the corresponding posterior. By definition,

F = (Tuo)#nm

where (7),,) 47, denotes the pushforward of 7, under 7),,.
We first establish continuity in a. Recall that

No = ® Pois(ka(a)pi(y)).

(a,y)EAXY

For any A\, \ > 0, a coupling of Poisson random variables gives
|Pois(\) — Pois(N)|lpy < 1—e P < X =N
Consequently, the product inequality for total variation implies that, for every a, 8 € A(A),

10 = nallpy < ) lke(a)pl(y) — kB(a)pi(y)]

(a,y)eAXY
=k ) la(a) = B(a)l Y piy)
acA yeYy
= ko = Blls- (21)

Total variation cannot increase under a measurable pushforward. Therefore,

HF50 - FéLOHTV < H77a - 775HTV < k”oz - B”l (22)

Thus a — F}¥0 is Lipschitz in total variation and, in particular, weakly continuous. Indeed,

if v, — a*, then for every bounded measurable f: A(0) — R,
deFgfj - deFo‘j,S
It remains to prove the asserted convergence of conditional beliefs. Since

L(pe [ hee1) = (Tho)#L(dy | hu—r),
the contraction of total variation under pushforwards, Lemma 1, and (21) give

1L (e | Py1) — FMOHTV IL(dy | hy—1) — Nax HTV

H (de | Tu-1) 77047:71HTV + H%tq = N HTV
< |L(dy | he—r)

< 2| Sl |FR = F22| 1y < 20 f o]l — o1 —> 0.

N

77047:—1HT\/ + kHat—l - O'/*Hl —0

on every history on which a; — «* and the conclusion of Lemma 1 holds. This occurs

P, r-almost surely. Total-variation convergence implies the claimed weak convergence.
]



Proof of Lemma A.3.

1. Since the set of actions is finite, there is at least one measurable selection from the best
reply correspondence.

2. A(A) is finite-dimensional and bounded, U,cpp(v) is closed for every v € A(©), and
UHo (@) is the Aumann integral Aumann [1965] of the (mixed) best reply correspondence
with respect to the distribution of beliefs F#°. Therefore, it satisfies the assumptions of
case (i) of Theorem 2.1.37 of Molchanov [2017], so it is closed.

3. By Lemma A.2, F (‘f )0 is continuous in «, and so by Artstein and Wets [1988], Theorem
4.2, UM is upper hemicontinuous.

4. This follows immediately from the definition of W#o.

5. This follows immediately from the definition of stochastic memory equilibrium.

]

Proof of Lemma A.4. Since A is finite, it is enough that for every a € A the probability
that a is used at period ¢+ 1 given h; converges to ¥*°(cy). By definition of ¥, a sufficient
condition for this is that the distribution of databases given h; converges to n,,. The result

thus follows by Lemma 1. ]

Proof of Lemma B.1. Suppose the agent takes action 1 with frequency «. If there is a
reminder, the agent takes action 0 only if they do not get a reminder and they do not recall
a good outcome, which has probability exp~®*?(1—¢), or they do not recall a good outcome
and are given a reminder, but the reminder is about a bad outcome, which has probability
exp~(@*P) (1 — p). Thus, the equilibrium probability that the agent takes action 1 is given
by the fixed-point equation g, (1) = 1 — e~ Pe»(M (1 — ¢ + ¢(1 — p)). First, observe that

for ¢ > 0 any solution to the equation

agp(l) =1 — e FerP(1— ¢+ ¢(1 - p)) (23)

must satisfy a,,(1) > 0 as the right-hand side is strictly positive. For ¢ = 0 the function
& & — (1 — e %) has derivative 1 — kpe ™% and is convex. As for kp < 1, the function
crosses 0 from below at & = 0; this is the unique solution to (23).

For kp > 1 or ¢ > 0 a positive solution exists, namely o, (1) = 1+kLpW (—e*kpk:p(l — pgb)) ,
which we select by assumption. The function & — & — (1 — e"“pd) has positive derivative
at app(1), 80 0 < 1 —kpe  Paor() =1 — kp(1—aqg,(1)). To show that ag,(1) is increasing
in p, observe that by equation (23) it is the solution to ag,(1) = 1 — e *P20»() | By the



implicit function theorem

504()7 (1) aaO, (1) —kpag
&—; = [kapp(1) + k:p# e~hpaor(l)
Oa (1
= 22020 11— (1~ a0y ()] = Ry (1)(1 = a0,(1).
Since 1 — kp(1 — ap,(1)) = 0, aaoa,_;(n > ( for kp > 0. O

Lemma B.2. Suppose ¢ = 0 and there are multiple equilibria when € = 0. Then for any
e € (0,1), there is a unique equilibrium, and it has a(1) > 0. Moreover, this equilibrium

converges to the equilibrium with a(1) > 0 as € \, 0.

Proof. There are multiple equilibria for ¢ = 0 if and only if pk > 1. To see that the
equilibrium is unique if with probability € > 0 the agent takes the action a = 1, observe
that the frequency with which the agent takes the action a = 1 must solve a,(1) = € +
(1 — e)[1 — e~*»WP] Any solution of this equation must satisfy a > e. The function
a— e+ (1 —€)[1 — e *P] — o is concave, so it has at most 2 roots. At a = 0 it is positive
and has derivative (1 — €)kp — 1, which as kp > 1, is also positive for € small enough. Thus,
this equation can only have the single positive solution «(1) =1 + k—IPW (—e *kp(1 —¢)),

which converges to the equilibrium where (1) > 0 as € — 0 because W is continuous. [

Proof of Lemma A.5. Let i := ka*(a)pi(y) and vy, := ka*(a’)p¥ (). Since a(a’) > 0
and p’ (y') > 0, we have limy_,, v = 00. If p¥(y) = 0, then p = 0 for all £ € N and
d(a,y) = 0 almost surely under n*. Hence dﬁ’f:% = 0 whenever d(a’,y") > 0, and since
limy, o v = 00, limy_,o ]P)n’;k [d(d’,y") = 0] = 0. Thus the first claim holds because both the

ratio and its limit are equal to 0 with probability converging to 1. The second claim concerns

only d(a,y') and is unaffected by p*(y), so it follows from the argument below. Therefore,
in what follows, suppose p*(y) > 0. Similarly, if (a,y) = (d/,y’) the first claim trivially
holds, and since the second claim concerns only d(a’, y'), it follows from the argument below.
Therefore, in what follows, suppose (a,y) # (a’,y').

Case 1: a(a) > 0. Then also limg_,q, pp = 0. For any € (0,1), Chernoff’s theorem (see,
e.g., Theorem 1.3.12 in Stroock [2010]) applied to the Poisson moment generating function
M(t) = et (=1 yields Pﬂﬁk [d(a,y) = (1 + B)ur] < exp(—px[(1+ B)log(l + B) — B]) and
T [d(a,y) < (1= B)ux]) < exp(—ux[B+ (1= B)log(l — 3)]) with analogous bounds for
(a',y'). For any /5 € (0,1), the Chernoff bounds above imply that

Pnzkﬂd(a,y) — el > B < 2€XP(—C(5)M) and Pnikﬂd(a/vy/) — vl > Brg] < 26XP(—C(5)Vk),

QU
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where ¢(f) := min{(1 + 8)log(1 + B) — 5, B+ (1 — B)log(l — B)} > 0.

Using a union bound (and independence under 7%,), we obtain
Pﬂik [ld(a,y) — pux| > Bux or |d(a’,y) — vi| > Bri] < 207 Bk 26~ < gemelB)minfurri}

Since limy_, min{pug, vy} = o0, the right-hand side converges to 0. Now set ry := £ =

Vg
ok (a)p¥ (y) a(a)p(y)
R (@)t () ) ()
Since limy 1y = 7 € (0,00), there exists M > 0 and K € N such that r, < M

2
for all £ = K. Choose 8 € (0,1) small enough that Ml—ﬁ < €. On the event Ej :=

and r :=

{\d(a,y) — | < By and |d(a,y') — vi| < 5uk}, we have

< < ,
1+8 S day) S1-8"

soforall k> K

Therefore,

d(a,y)  o*(a)pi(y)

d(a',y')  o*(a)pi(y')

Case 2: a(a) = 0. Then limy_,,, 7 = 0. Fix € > 0. For all sufficiently large k,

lim P«
k—o0 nak

I

> 6] < kh—{{olo ]P)”ik [Eg] = 0.

d(a,y) d(a,y)
— 2.
daw) M7 T )T
Hence, for all sufficiently large k,
| d(a,y) d(a,y)
| e B R v R

Now

d(a, y) d(a, y) . )
Pnﬁk ld(a’,y’) > 6/2] < Pnﬁk {d(a’,y’) >e/2|d(a,y) = zvp | + Pﬁﬁk d(d',y") < zuy

i € 1
<P« 7d(a,y) > Zyk] + Pﬂik [d(a’,y/) < _yk] :

Mok

(25)

The first term is bounded by Markov’s inequality: P, [d(a,y) > 2vy] < %’: — (0 since

limy o 7 = limg o pix/vx = 0. The second term goes to 0 by the lower-tail Chernoff

bound above (with § = 1/2), because limy_,,, 4, = 00. This establishes the second claim of



the lemma and also implies that

dla,y) o (a)pi(y) <o =
R R R

lim Pnk
k—o0 ock

]

Proof of Lemma A.6. If & is a unitary-data self-confirming equilibrium then for all a’ €
supp(@) there is 1% € A(O(&)) such that o’ € BR(v™). Moreover, because the agent is
correctly specified for all o/, a” € supp(a) and for every p € supp 1%, pa» = p’u, so the agent
has a single and correct belief 4, about the expected payoff of every a’ € supp(«). And since
& is a unitary-data self-confirming equilibrium, g = @y > { ey Pa(y)ula, y)dv® (p) for

all a”,a’ € supp(«r) and a € A. Thus, & is a unitary-belief self-confirming equilibrium. [

Proof of Lemma A.7. Put F := A x Y, let N;_1(a,y) be the number of occurrences of
(a,y) through period ¢t — 1, and, for z = (a,y) € E, set

c:(d,y') =k + 1 1id()>0 or 2=(b())}-
For fixed d and 3/, abbreviate

ez (dyy') == Neea(2) + Lo @,y

Mol ) = EOT i),

A(dyy') o= e2(d ) qae(2).

For all sufficiently large t, conditional on G;, d; = d, and y; = v/, the coordinates of d;;

are independent and their joint law is

/ z da !
B - @), 81

zeE !
Let
13td7y’ — ® Pois (/\t,z(d> y/)) ’
zeE
and write
Pséy/ = ® Pois (Xt,z(d7 y/)) :
zeE
Thus

Qi(d,") = X BB, Pagld) = ) vy () Pa

y'eY y'eY



Convexity of total variation and the triangle inequality give
o0 - g,

d, / Nd, / Nd, / d, /
< ZPZ(d)(y/) <HBty _PtyH P _Pady
y'eY

t

‘ ) . (26)

We bound the two terms separately. Le Cam’s inequality and the product inequality

|

TV

for total variation imply

0t <2 Spntan (A0
' t [ N zeFE b t
2(k +1r)? 2(k +1r)?
< S in(dy') = = (27)
zeE

where the last equality uses >, n,.(d,y’) = t. Next, Poisson random variables with means
A and )\ can be coupled so that their mismatch probability is at most 1 —e~ =T < A= V|,

Coupling the coordinates independently and using the product inequality therefore gives

/ By /
) ™ <)ZEE‘)\?%Z(CZ??J)_)\t,z<day)|

nt,z(da y/)
t

Sd.y’ d,y’
&

<(k’+r)2

zelE

— Gag(2)] - (28)

For z = (a,y), the difference in the last line is exactly

Nt (a) (d, Y') t—1 .
SRS~ guglay) = = (e (ay) — o (a)pl(v)
1 %
+ ~Ta=siay (Liy=vy = Piay(¥))
Consequently,
n.(d,y') t—1 1
2 f - QQ;’l(’Z) < n Hvtfl - QOzt71H1 + ; Z |:ﬂ-{y=y’} _pZ(d)(y>’
zeE yeyY
t—1
< ; |vt1 = o, |, + e (29)
uniformly in d and y'. Substituting (27)—(29) into (26) yields
g 1= sup HQt(d, ) — Poald, )H
20k + 1) +2(k+7) t—1
< ; + (k+7r) V-1 = Gy | -

Along the realized state, d = d; and af = «;. If one does not combine the current-



observation term with the definition of o, the same calculation gives directly

”Qt<dt> ) - Pat (dt7 ')”TV

2(k + 1)’ N1 (2) + Le=pan)
<k Y g,
— + H);E . oy (%)
20k +r)* + (k+r N1 (a, .
B iy 3 | i),
(a,9)eE

uniformly in the current-outcome component 3. Averaging over 3’ preserves this bound.
This is the realized-path form of (30). In particular this has the stated form C'/t+ C|lv;—1 —
Qoy_, |1, with a constant independent of the current database. Consequently, Lemma A.1
implies

g — 0 P, =a.s. (31)
This proves part 1. The belief-law conclusion follows because measurable pushforwards
contract total variation.

For part 2, let 0 be the empty database. For every a and d,

(A {0}) = D" Py (W) expd = D clay(d.y)ala)pi(y)

y'ey (a,y)eE
> exp{—(k+71)} =1 ¢ > 0.
Thus
P.(d,-) = €0 + (1 — €9)Ra(d, -)
for a Markov kernel R,. Its Dobrushin coefficient is at most 1 — ¢y, and hence

sup | P2(d, ) — Halpy <2(1 =€) Vj=0, VaeA(A). (32)
deD

A coupling argument gives the required uniform Lipschitz bound. For fixed d € D and
y ey, let
= @ o (M), M = edy)alap ),

(a,y)EE
so that
Z pb P o
y'eY
The mixture weights pj, (y') do not depend on .

. . . . / d.y
For each coordinate z, Poisson random variables with means \%¥ and NG5 can be



coupled as follows. Let
Z, ~ Pois <min{)\iyz : )\dy }) :
and independently let
R ~ Pois (XY = X§Y).)
RY ~ Pois(()\g’g - )\‘i’,yz,)Jr) .
Then X, == Z, + R} and Y, := Z, + Rf have the desired Poisson marginal distributions.

Taking these couplings independently across z € E, the coupling inequality gives

‘ < P[(Xz>zeE # <YZ>Z€E]

/ d.a’
_ Pﬁ’y
TV

’ d, ’
<1-—- exp<— 2 oy — N5 >
zeE
<

day/ d’yl
)\a,z - >\,6’,z

zeE

Because c,(d,y’) < k + r, the last expression satisfies

> S NG = D0 D Caw ([ yPE () ala) — Bla)]
z=(a,y)eE acA yeY
< (k+7) ), lala) = Ba)] Y, pi(y)
acA yeY
= (k+r)la— 5l
Finally, convexity of total variation under mixtures with common weights implies
HPa(d7 ) HTV Z pb Pﬁd’y TV
y'eY
< (k+7)la—pl.
The bound is independent of d, and therefore
Sup [Pa(d. ) = Pod. )y < (k + 1)l = Bl (33)
€
Using invariance and the preceding contraction,
kE+r
[Ho = Hpll gy < la = Bl (34)

Finally, % is the pushforward of P,(d,-) under d’ — (- | d'), so

sup | FYG — Fol ., < (k4 7)o — Bl
deD
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This proves part 2. O]
Proof of Corollary 2. By Lemma A.7, along the specified history sequence,

sup HQt(d7 ) - Pozf(da ')HTV — 0,

deD

where

+ 15

Qi1+ =On(u(1d))-
t t—1 t (p(|d))
Since a; — «, we also have

sup Haf —all; — 0.
deD

Lemma A.7 also gives Lipschitz continuity of o — P, in the uniform total-variation norm.

Hence

€y 1= Sup HQt(da ) - Pa(d7 ')HTV — 0.

deD
The proof of Lemma A.7 shows that P, satisfies the uniform minorization

P.(d,") = €ydo + (1 — €0)Ra(d, ), €= e K+ > 0,
for some Markov kernel R,,. Therefore, for any two probability measures A, \’ on D,
APy = N Palrv < (1 = €o)|lA = N rv-.
Using the invariance H, P, = H,, we get
[Aer1 = Hallrv = [MQe — HaPalrv
< [IMQy — MPalrv + | ANePo — HoPal v
<er+ (1 —e)l|h — Halrv-
Since ¢, — 0 and 1 — ¢y < 1, this recursion implies
1A = Halrv — 0.
[

Proof of Lemma A.8. Observe that for every a € A(A), {, ¥ (a,d)dH,(d') is the Au-
mann [1965] integral of the mixed best reply correspondence with respect to the measure
§p FL0dHa(d'). Then 1) follows from the finiteness of A and 2) follows from the finite di-
mensionality of A(A) and Theorem 2.1.37, case (i) of Molchanov [2017]. From Lemma A.7,
F (“ )0 is continuous in a. Moreover, part 2 of Lemma A.7 shows that oo — H,, is Lipschitz in

total variation and that o — F* is Lipschitz in total variation uniformly in d. Therefore,

11



by Artstein and Wets [1988], Theorem 4.2, W#° is upper hemicontinuous, which proves 3).
Finally, 4) is immediate from the definition of {, W (-, d")dH(d'), and 5) is immediate

from the definition of ergodic memory equilibrium and W#o. ]

Proof of Claim 1. For every >'#>"

af<<c>)>e7>) - +OO _ _ 1)) _ dr = —
T deden ¢(x—cor) @z — o) H (z —c.)daw = —goron ((¢2). ep) <O.
> vesr -0 >eP\{>',>"}
and thU_S, since Z>*ep IP’[X>/+C>/>X>a//C+C>//,V>//eP\{>/}] — O, we have
0f (e~

>1eP
Now, evaluate the quadratic form of the Hessian for an arbitrary non-zero vector v € R”:
UTHf((C>)>eP>U - Z>’e79 vZ (Z>”;ﬁ>’ q>'>”((c>)>e77>) _Z>’e73 Z>”;é>’ q>’>”((c>)> eP)U>’U>"‘

Since ¢,/ n((c+)s ep) = Qons ’((C>)>e7>) this simplifies to:

THf Z Z q. >” C> >e73)( >/ _U>”)2
>'eP >M£>!

Because ¢,/ ,((¢s). .p) > 0 for all >"#>', the quadratic form equals zero (v7 Hy(c)v =
0) if and only if v is constant. This means the null space of the Hessian is exactly the
one-dimensional subspace spanned by the all-ones vector: ker(H(c)) = span(1,1,...,1)~.

By definition, the hyperplane H is the orthogonal complement to this null space (H =
span(l)i). Consequently, for any non-zero tangent vector v € H, it cannot be a uniform
vector, so vT Hy(c)v > 0 for all v e H\{0}.

This establishes that the Hessian restricted to H is strictly positive definite, proving f

is strictly convex on H. ]

B.3 Missing Steps of the Proofs of Theorem 4

We maintain the notation of Lemma A.7. For a bounded function f : D — R4, let

osc(f) == sup ||f(d) — f(d)],
d,d'eD
and let B,s denote the space of bounded functions modulo constant functions, equipped
with the oscillation norm. Write [ f] for the equivalence class of f. Since Markov operators

preserve constants, P, induces an operator P, on B..

12



Recall from the proof of Lemma A.7 that
Po(d,-) = €do + (1 — €0) Ru(d, ), o = e FF7)
for a Markov kernel R,. Consequently, for every bounded f,
osc(Paf) < (1 —€) osc(f).

Indeed, the contribution of the common atom is independent of d, whereas the difference

between two averages of f under probability measures is bounded by osc(f). Hence
HPa”osc <1l- €o

uniformly in «. It follows that I — 13@ is invertible and that

~ NN 1
Rei= (I = Fu) —ZO B Ralee < — (35)
Set
ho(d) := G(a,d) — G(a).
By the definition of G(a),
L h(d) dH..(d) — 0. (36)

Moreover, the boundedness of G, together with (33) and (34), gives constants My, L, < «©
such that

suCll) |ha(d)| < My, osc(hy — hg) < Lp|a — B|1. (37)
For example, the second assertion follows by writing

Gla) —G(B) = L(G(a, d) — G(B.d)) dHa(d) + | G(B,d) d(Ha — Hs)(d)

D
and applying the uniform Lipschitz bound for G and (34).

Define the equivalence class of the corrector by
[Ua] = Ralhal,

and select its unique representative satisfying U, (0) = 0. Equivalently,

Ua(d) = Y (Piha(d) — Piha(0)). (38)

7=0

13



The series converges uniformly because
|P2ha(d) — PLha(0)] < (1 — )’ osc(hy).
The quotient-space identity
(I = Bo)[Ua] = [ha]
initially implies that, for some constant vector c,,
Uy — P,Uy = hy + ca.
Integrating this equality against the invariant distribution #,, using invariance and (36),
gives
0= f (Uy — PuUy) dHy = ¢4

Thus ¢, = 0, and U, solves )

Uy — P,Uy = ha, U,(0) = 0. (39)

We next establish the uniform and Lipschitz bounds. Since U, (0) = 0,

2M,
sup [ Un(d)]| < osc(Uy) < Sta)  2Mn
d €0 €0

Thus one may take Cy = 2M},/¢.
To obtain the Lipschitz bound, first observe that (33) implies, for some Cp < 0,

1(Ps = Bo)[lose < Crlla = Bl lose- (40)

For instance, under the convention |p — v||ry = supg |u(B) — v(B)|, one may take Cp =
4(k + r): subtract a constant from f, apply the total-variation integration inequality, and
then take the oscillation over the initial database.

The resolvent identity gives

A~ A~

Ro —Rp = Ra(Ps — P3)Rp.
Therefore,

H[Ua] - [Uﬁ]HOSC < HRaHOSC ”[ha] - [hﬁ]”osc
+ ”RaHosc HPa - PB”OSC HRﬁnosc ”[hﬂ]HOSC

L 20 M,
<(—h+ e ) o= Bl
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Finally, U,(0) = Uz(0) = 0, so
Slclzp |Ua(d) — Us(d)| < osc(Uy — Us).

Consequently, with

L 2CpM
-LU F='—£‘+ F; h,
€ €0
we obtain
sup |Ua(d)| < Cu, sup |Ua(d) = Us(d)|| < Ly — Bl (41)
For a bounded f, write Q.f(d;) := Sf (d)Q(dy,dd’), and put Uy := U,,. Part 1 of

Lemma A.7 gives

= |Qu(de, ) = Po,(de, ) |rv — 0 Py r-as.
The Poisson equation gives the pathwise decomposition
ha,(di) = [Ui(de) = Up(des1)] + Mysr + praa,
Myyr i= Up(ds1) — Q:Ue(dy), (42)
prr1 = (Qr — Po,)Ui(dy).

The sequence (M;1) is a uniformly bounded martingale-difference sequence. Since >, 72, <

o0, where 7441 = 1/(t+1), the martingale series ), v;11M;41 converges almost surely. More-

over,
|ptr1]l < Cey — 0 P, ~-a.5.

Writing A; := 41, summation by parts and (41) give, uniformly over m > n,

2 Me|Ui(dy) — Up(dyiq)]

(7 (An +'Aﬂ1)-% Ch] :E] |At'—'At_1|—¥<LLI :E] At_lﬂog-— O%—l”l
t=n+1 t=n+1

C 1
v Z_z 0,

where [a; — ay_1]1 < 2/t. On a window for which >7* A\ < T

Z AtPr+1
t=n

Together with convergence of the martingale series, these estimates prove that, equation

< CTsupeg; — 0.

t=zn
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(20) holds almost surely for every 7" > 0. It remains to insert this estimate into the
empirical-frequency recursion. Because ayy1 = b(dii1), 1 — ¢ = Yepa (gp(dtﬂ) — ozt).
Define &1 = @(di11) — Qup(dy) and 141 = (Qr — Pa,)¢(dy). Then (&41) is a bounded

martingale-difference sequence and |r;;|| < Ce; — 0 almost surely. Hence

Q1 — O = Vg1 F(Oét) — oy + &1+ 11+ Glayg, dy) — E(Oét)] . (43)

The accumulated contribution of the last three terms vanishes uniformly over every bounded
stochastic-approximation time window: for &,; by martingale convergence, for r;,; by
e — 0, and for the controlled Markov term by (20).

Lemma A.8 shows that ¥ is nonempty, compact- and convex-valued, and upper hemi-
continuous. Because 7 is an optimal Markovian policy, G(a, d) € U («, d) for every (a, d).

Hence
Gla) L Gla, d) dHo(d) € T(a).

The usual perturbed-solution criterion for stochastic approximation with differential in-

clusions therefore applies to (43). Thus the interpolation in (9) is a perturbed solution

of

a(s) e U(a(s)) — afs). (44)
By Theorem 4.2 of Benaim et al. [2005], in the same tracking form used in the proof of
Theorem 1, its sufficiently late shifts are uniformly approximated on every bounded interval
by solutions of (44).

The rest is the separating-hyperplane and exit-time argument in the proof of Theo-
rem 1, with W in place of U#0. If o ¢ U(a), a separating linear functional decreases at a
uniform positive rate along every solution of (44) while the solution remains in a sufficiently
small neighborhood of «. Every such solution therefore leaves that neighborhood within
a common finite time. The tracking property then implies that the interpolated empirical
frequencies cannot remain forever in a smaller neighborhood of a. Hence « is not a limit
frequency. The contrapositive, together with part 5 of Lemma A.8, proves that every limit

frequency is an ergodic memory equilibrium.

B.4 Additional Examples

Example 1. Let A = {b,c},Y = {y,b,¢}, and u(a,y) = 1 if a = y and 0 otherwise.
Suppose p* = d,,p" = 0.9, + 0.16,,, p” = 0.9, + 0.16, and p = %(51,/ + %ﬁpu + %5,,*. For
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any k, the unique stochastic memory equilibrium is o* = &, because the only outcome that
happens with positive probability is y, and conditional on remembering any database d with

only outcomes y, p(p'|d) > p(p”|d) and so the best reply is b.

B.5 Computations for Section 4.2

If the agent recalls ny = 1 outcomes equal to 0 from action 1 and no occurrences of 1/b,
the posterior probability of DGP p is
g(L—b)™
g(L=b)™ +(1-q)
Since under p action 1 has expected payoff 1 and under p’ it has expected payoff 0, the

Pr(p | no failures) =

1—0b)o
posterior expected payoff of action 1 is 4 ) . Because 0 < 1—5b < 1 and the
q(1 —=b)mo + (1 - qb)
1—
map r +— m is increasing, this is at most a( ) . Thus, if d% <ec,

q(1 =b)+ (1 —q)
then after recalling at least one failure and no successes, the posterior expected payoff of

action 1 is strictly below the sure payoff ¢ from action 0, so the agent optimally chooses

action 0.

B.6 Computations for Section 4.4

The equilibrium with two actions is computed by solving the fixed point

Q™ (b) = (1 — e_amw(b)) + (1 — e_(l_anew(b))) e "0 4 %.

The equilibrium with three actions is computed by solving the fixed point

—(1—aew 2 _(1—gnew _(1—aqnew
O[new (b) _ (1 B e_anew(b))+<1 . 6M> e_anew(b)+€_anew(b) (1 e (1 . (b))> e (1 . (b)) n

B.7 Multiplicity and Convergence in the Normal Environment

The normal-environment application in Proposition 3 does not imply uniqueness of stochas-

tic memory equilibrium. The next proposition shows that multiplicity can arise.

Proposition 6. There exist parameter values in the normal environment for which there

are at least 3 stochastic memory equilibria.
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Proof. Restrict attention to two actions, A = {1,2}. Let the payoff variance be o2 = 1,

the prior variance be o7 = %, and the memory parameter be k£ = 3. For every candidate

frequency of action 1 a € [0,1], Lemma 1 implies that the recalled sample sizes satisfy
N; ~ Poisson(3a) and Ny ~ Poisson(3(1 — «)), independently, where N; (resp. Ns) is the
recalled number of periods where 1 (resp. 2) was chosen. Conditional on (N1, Na) = (n1,n2),

the posterior mean of action a is normally distributed with mean

ma(ng) = Ya/ 06 + Na¥a/0% _ 2y + NaTa
YT 1o + ngfo? 2+n,

and variance

Va(ng) = /0" = Mo
e (1/02 + ny/o?)? (24 n,)?

Hence, conditional on (n,ny) # (0,0), the probability that action 1 is chosen is

ml(nl) — mg(ng) ) .
\/vl(nl) + va(n2)

Q(n1,n2; 91,72, 47, 45) = ‘b(

At (ny,n9) = (0,0), we adopt the convention
Loif g > b,
Q0,0 71,72, 5, 93) = {0 if ¢ < 9,

if y7 = 5.

N =

Define

0 0
o a0 (B)™ g (3(1 =)™ o
W (s 91, 52,41, 43) = Z Z e —1)|€ 5 )MQ(nhW;yhyz,y?ayg)-

|
n1=0no=0 n na:

Now fix the parameter vector (i1, 72, ¥V, v9) = (1.75,1.75,0,0).
For this parameter vector, the map a — W(a;1.75,1.75,0,0) is continuous on [0, 1].

Indeed, for each (n1,n2) the corresponding summand is continuous in «, and since
0 < Q(nq,m2;1.75,1.75,0,0) < 1,

the absolute value of the summand is bounded by
ni _ na n1 QN2
B Gy
n1! ng! n1! 7’L2!
and the latter is summable over (ni,ny) € N2. Therefore the dominated convergence theo-
rem implies continuity of W(-;1.75,1.75,0,0).
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Direct computation of the above series gives

U(0.2:1.75,1.75,0,0) — 0.2 ~ 0.001657 > 0,  ¥(0.25;1.75,1.75,0,0) — 0.25 ~ —0.001098 < 0,
W(0.45;1.75,1.75,0,0) — 0.45 ~ —0.001283 < 0,  W(0.55;1.75,1.75,0,0) — 0.55 ~ 0.001283 > 0,
U(0.75;1.75,1.75,0,0) — 0.75 ~ 0.001098 > 0,  ¥(0.8;1.75,1.75,0,0) — 0.8 ~ —0.001657 < 0.

Hence the continuous function a — ¥(«; 1.75,1.75,0,0) — o« changes sign on each of the
intervals (0.2,0.25), (0.45,0.55), and (0.75,0.8).

By the intermediate value theorem, it has at least one zero in each of these three disjoint
intervals. Therefore the fixed-point equation defining stochastic memory equilibrium has

at least three solutions for these parameter values. O

Proposition 7. Consider a normal environment with A = {1,2} and y? = y3 = 0. Then
the empirical frequency oy (1) converges P, »-almost surely to a random variable X, € [0,1],

so a limit frequency exists.

Proof. Write z; := ay(1) € [0, 1], so that a;(2) = 1—x;. We first define the one-dimensional
map that gives the probability of choosing action 1 when the current frequency is x.

Fix x € [0,1]. By Lemma 1, if the action frequency is x, then the numbers of recalled
observations of the two actions are independent Poisson random variables Ny ~ Poisson(kz)
and Ny ~ Poisson(k(1—x)). Conditional on (N1, No) = (n1,n2), the posterior means of the
two actions are independent normal random variables. By the normal-normal conjugacy
calculation in Proposition 3, the posterior mean of action a € {1,2} is normal with mean
_ Ng/0?

Ma(Na) 1= yam
and variance

N0
1/02 4+ ng/o?)?

Hence, conditional on (nj,ns), the probability that action 1 is chosen is

m1<n1) — mg(ng) )
\/vl(nl) +va(ng) )

with the obvious interpretation that vy(ny) + v2(n2) = 0, which only occurs at (ny,ny) =

Va(ng) = (

Q(ny,ng) = <I><

(0,0), is resolved by the deterministic tie-breaking rule.
Define

q(z) = Z Z e‘kx—(ksl)!m e‘k(l_x)—(k(l —o)” Q(n1,n2).

|
n1=0n2=0 na:
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Thus g(x) is the probability that action 1 is chosen when the current empirical frequency
is x. Since the summand is bounded by

e—kzm o k(1-2) (k(1 —=))"
n! no! '
and Poisson probabilities are continuous in their means, the dominated convergence theorem
implies that ¢ : [0,1] — [0, 1] is continuous and admits a fixed point by Brouwer’s fixed-
point theorem.
We next write the empirical frequency process as a stochastic approximation. Let
I := 1qy(agsq). Then

t 1
+ I = + —— (L — .
t+1$t P t+1 = T¢ t—l—l( t+1 l’t)

By Lemma A.4, in the normal environment the conditional distribution of the next action

Tt1 =

given h; converges to the distribution induced by the recalled Poisson sample associated
with x;. Therefore, P, (a1 = 1 | h] = q(x;) + B, where 5, — 0 P, ~-almost surely.

Hence
1

t+1
where &1 := I;;1 — E[I;11 | h¢] is a bounded martingale-difference sequence.

Tip1 = X¢ + ’Yt+1((](33t) —xp+ §y1 + 5t>7 Vi1 =
Let z denote the affine interpolation of (x;), namely

t

B S

(4 8) = + —(T441 — 1), 0 < s <741, Tt = Z'Yj-
Ve+1 j=1

Since the noise is a bounded martingale-difference sequence and 7, = 1/t, we have, for
every q > 2, sup, E[[&41]7] < o0, and Y~ L >, 7492 < o0, Hence, by Benaim
[2006] Propositions 4.1 and 4.2, the interpolated process Z is almost surely an asymptotic
pseudo-trajectory of the flow generated by @ = q(z) — x. Define V(z) := {;(u — q(u)) du.
Then V is continuously differentiable and V'(x) = x — ¢(x) so along every solution z(-) of
the ODE;,

d

ZV(@(®) = V'(2(0)a(t) = (2(t) = g(=(0)))(q(x (1)) = 2(1)) = =(a(x(t)) — 2(1))* <0,

with equality if and only if ¢(z(t)) = x(t), so V is a strict Lyapunov function for the ODE.
Since [0,1] is compact, if the set E := {z € [0,1] : ¢(z) = x} is infinite it admits an
accumulation point. Therefore, since x — ¢(z) — z is analytic, we would have E = [0, 1]
a contradiction with ¢(0) > 0. Therefore Corollary 6.6 of Benaim [2006] implies that

z(t) —» X, P,y »-a.s., for some random variable X, taking values in E. Since z; = (1),
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it follows that x; — X, P, -a.s.

It remains to be verified that the statement about limit frequencies holds. Let x belong
to the support of the law of X,. Then for every ¢ > 0, Py, [| X — 2| < €] > 0. Since
x; — Xo almost surely, Py, [limsup,_, . |2, — 2| < €] = Py [|Xoo — 2| <] > 0. Thus z is

a limit frequency in the sense of the definition in Section 3. [

B.8 A Continuum of Outcomes

The extensions of Theorem 1 and Proposition 1 to a continuum of outcomes require three
main changes. First, databases will be modeled as locally finite integer-valued Borel mea-
sures on ¥ = A x Y. Second, the coordinatewise law of large numbers and Poisson limit
arguments must be replaced by weak convergence of empirical action-outcome measures
and Poisson point process approximations. Third, one must show that Bayesian updat-
ing remains continuous with respect to the induced law of random databases, so that the
fixed-point correspondence WHo retains the compactness and upper-hemicontinuity proper-
ties needed for Kakutani’s theorem and for the limit-frequency argument. This last step
is the most delicate, because once databases become random point measures, the induced
posterior is a nonlinear function of an infinite-dimensional random object.

We assume Y is a locally compact Polish space with Borel sigma-algebra B(Y), that
for each a € A and p € ©, the outcome distribution p, is dominated by a common o-finite

Borel measure \ on Y, with density

ulw 1) = e(y)

that is jointly continuous and strictly positive on Y x ©, and that © is compact or that
the densities f,(y|p) are uniformly bounded.’! We also assume that for each a € A, the

expected utility

ma(p) := L u(a, y) pa(dy)

is well defined for every p € ©, and the map m, : © — R is bounded and continuous.

The argument has six steps: (i) empirical action—outcome measures converge to gq
(Lemma B.3); (ii) the recalled database is close in total variation to a Poisson point pro-
cess, hence converges to 7, (Lemma B.4); (iii) the posterior map, and so the induced

belief law, is continuous, giving convergence of the conditional belief law along histories

51The normal example satisfies this uniform boundedness condition
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(Lemmas B.5-B.6 and Corollary 3); (iv) ¥*° is nonempty, convex-, and compact-valued
and upper hemicontinuous, which yields existence via Kakutani (Lemmas B.7-B.8, Theo-
rem 5); (v) any subsequential limit of the conditional action distribution gy, lies in W0 («)
when oy, — « (Lemma B.9); and (vi) a separating-hyperplane and drift argument, as in
the proof of Theorem 1, shows every limit frequency is a stochastic memory equilibrium
(Theorem 6).

Let £ := Ax Y. For a € A(A) define ¢, € A(E) by

¢o({a} x B) = a(a)pi(B) Vae A, VB e B(Y).

Let N (F) denote the space of locally finite integer-valued Borel measures on E, endowed
with the vague topology, and let D := {d € N(F) : d(F) < o} be the subset of such
measures that are finite. Equivalently, each d € D can be written in the form d = 7" | d(4; 1)
for some finite collection of points (a;,y;) € E. We identify databases with elements of D.
For notational convenience, for (a,y) € E, we write d(a,y) := d({(a,y)}). When Y is finite,
this is equivalent to representing databases as vectors in N4*Y as in Section 3. Since each
intensity measure considered below has finite total mass, the relevant point processes are
almost surely in D.

For each database d € D, write d = Y | 0,4, for some finite collection of points

(a;,y;) € E, and define the posterior

Sc T ayen(falylp)) " dpuo(p)
So o yer(falylp)) ") duo(p)

Observe that (- | d) depends only on the counting measure d, not on the order in which

w(Cld) = VC < © Borel.

the points are listed.

For any v € A(FE), let 1, denote the law of the Poisson point process on E with intensity
measure kv, and define F° € A(A(O)) by F(C) :== n,({d € D : pu(- | d) € C}) for all
C < A(©) Borel.

Since the intensity measure kv has finite total mass, 7,(D) = 1, this is exactly the
distribution of posterior beliefs induced by the Poisson point process; if Y is finite, it reduces
to the product Poisson distribution defined in Section 3. Because a Poisson point process
with intensity kv can be generated by first drawing N ~ Poisson(k) and then drawing N
i.i.d. points with law v, this is exactly the distribution of posterior beliefs induced by 7,.
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For o € A(A), write 7, := 1, and F4° := F}°. Finally, for m € A(A(©)) define

I'(m) := {jA(@) p(v)dm(v) :pe (’)} < A(A),
so that
UHo () = I'(FH°) Vae A(A).

Lemma B.3 (Empirical convergence of action-outcome measures). For each t > 1, let

UVt =

~ | =

t
Z 5(a7'7y7') € A(‘E)
T=1

denote the empirical measure of action-outcome pairs. Then for every bounded continuous

function g : E — R,
J gduvy — f gdga, — 0 P« almost surely.
E E

FEquivalently, %Zizl 9(ar, yr) = Dpen (@) §, gla, y) dpi(y) — 0, P, » almost surely, so

tlirg ap = a = v weakly converges to g, P« almost surely.

Moreover, there exists an event Qg with P, (o) = 1 such that for every sample path in

Qo and every subsequence t,, with a;, — a, vy, weakly converges to q,.

Proof. Fix a bounded continuous function g : £ — R. For each a € A, define

3(a) = fygm) dpt ().

Since A is finite and g is bounded, g : A — R is bounded.
Let {F;}i=0 be the filtration generated by histories, F; := o(ay,y1,...,a,y:), and set
X = g(ag, y1) — glay). Then (X;)i= is adapted to {F;}, and

E[X; | Fi1] = E[E[X; | Fi1, ar] | Fia]
= E[E[g(as, y¢) — gar) | Fi1,a] | Fea] -

Conditional on (F;_1,a;), the outcome 3, is drawn according to p},, so

Elg(as, yi) | Fio1,a:] = Lg(at, y) dp;,(y) = glas).

Hence E[ X | Fi—1] = 0, so (X;);>1 is a martingale difference sequence with respect to {F;}.
Since g is bounded, there exists M < oo such that |g(a,y)] < M for all (a,y) € A x Y,
and therefore | X;| < 2M vt > 1.
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Hence

0 2
X
el (7)
t=1 ¢
Thus Y ;" | X;/t converges almost surely (see, e.g., Theorem 2.15 in Hall and Heyde [2014]),

and Kronecker’s lemma implies lim;_, %Zizl X; =0, P, ~ almost surely, so that

0]
1
.7'}1] < 4M> Z m < 0 P, .~ almost surely.
t=1

S

t
Z g(a‘myT) = J gdvt'
E

T=1

This proves the first claim.
If lim;_,, oy = «, then

> ozt(a)f g(a,y) dpi(y) = O ala) Lg(a, y) dp,(y) = Lgdqa-

lim | gdgq,, = lim
t—00 t—00
E aceA Y acA

Hence lim;_,o § gdv; = §gdg, for every bounded continuous g, so v; weakly converges to
Qo

For the final claim, let {g,,}men be a sequence of bounded and continuous functions on
FE which form a convergence-determining class for weak convergence, which exists by the
separability of E (see, e.g., Theorem 6.2 in Parthasarathy [2005]). For each m there is
an event (), with P, () = 1 on which lim;_, SE G dvy — SE Im dqa, = 0. Set Qp =
ﬂmeN Qp, so Py 2(€) = 1. Fix a sample path in Qy and a subsequence t,, such that

lim,, o o, = . Then for every m,

lim gm dvy, — f 9m dqq,, =0,
E E

n—0o0

and since lim,, o, oy, = «,

lim | gmdqa,, = J Jm dqq.
E E

n—0o0

Hence

lim | gmnduvy, = f Im dqq Vm e N,
E E

n—ao0
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which implies lim,, 4 vy, = ¢a. O

Lemma B.4 (Poisson approximation around the empirical measure). Fiz a history h; =
(a1, 1), - (ae, ye)) with t >k, and let vy := 230 0(ayys)- Let dypr € D be the recalled
database obtained by retaining each past experience independently with probability k/t. Then
12
e
In particular, if limy_, vy = qo along a sequence (hy)wen, then n,, weakly converges to 1,

1L(dys1 | he) = 1oy <

and L(dyy1 | h) weakly converges to 1.

Proof. Let z',..., 2™ be the distinct points in the support of v, and let n; be the multi-
plicity of 27 among the first ¢ experiences, so Z;’Ll n; = t. Conditional on h;, the number of
recalled copies of 27 is distributed as Binomial(n;, k/t), and these counts are independent
across j. Under n,,, the point process has intensity measure kv, so the counts at the atoms
x!, ..., 2™ are independent and the count at 27 is distributed as Poisson(kn;/t).

For each j, let P; denote the law of Binomial(n;, k/t) and let @); denote the law of
Poisson(kn;/t). A standard form of Le Cam’s inequality (see, e.g., Steele [1994]) states
that if S = Zé\;l & with independent Bernoulli(p,) summands and A\ = Zévzl pe, then
| £(S) — Poisson(\)|zv < 3., p?. Applying this with N = n; and p, = k/t for all £ yields

i\ 2
|P; — Qjlrv < ny (;) .

Now let PP := ., Pjand Q := K-, @;. These are the laws of the count vectors under
L(dyy1 | he) and n,,, respectively. Using the telescoping identity for product measures,

P-Q=>QP|0F-0)o @]
j=1 \{<j >3
Each term in the telescoping sum differs only in one coordinate. The other coordinates are

probability measures, so they do not affect the total variation norm of that term. Hence,

by the triangle inequality,

m m k 2 k?
|P = Qlrv < D18 = Qsllrv < X my (;) =
j=1 j=1

Define ® : N™ — D by ®(ci,...,¢n) = 27°, ¢;dy;. Then the laws of the recalled

database and the Poisson approximation respectively are L(di; | hy) = P o &' and

52We use the convention |P — Q| v := supg |P(B) — Q(B).
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Ny, = Qo ® 1. Since taking pushforwards cannot increase total variation distance, the
bound on |P — Q|7y implies
L2
[£0des [ he) = o lzv < P = Qv < —
This proves the first claim.
Now suppose lim;_,, v; = q,. For every nonnegative and continuous function g on F
with compact support, by the formula of the Laplace functional of Poisson random variables

(see, e.g., Kallenberg, 2002, Lemma 12.2), we have

| e emmttenoten ay, (d) - exp(““ | a—eom dvt<x>>
N(E) E

Moreover,

tim exp (< [ (1= ) o)) = exp( < [ (1= ) ana(o))

which by Kallenberg [2002], Lemma 12.2 is the Laplace functional of 7,. By the charac-
terization of vague convergence in distribution of random measures through convergence of
Laplace functionals (Kallenberg [2017], Theorem 4.11), n,, weakly converges to 7,. Since
limy_, k%/t = 0, the total variation bound implies that for every bounded continuous

p: N(E) =R,

Tim Usodﬁ(dm | i) = Jsodmt < lim 2l | £(derr [ he) = o]y = 0.

Thus 7,, = 1, implies L(d;11 | hy) = Na.
[l

Lemma B.5 (Continuity of the posterior map on ordered samples). For each n € N, the

map z — (- | z) from E™ to A(O) is continuous for the weak topology.

Proof. Fix n € N. If n = 0, the map is constant, hence continuous. So suppose n > 1.
Since E™ and A(©) are metrizable, it is enough to prove sequential continuity.

Let z = ((a7,y7"),...,(a,ym) — z = ((a1,y1),...,(an,¥n)) in E™, and fix h €
Cy(O). Write

Ly (p) = Hfa;n(yf |p),  L(p):= Hfai(yi | p).

Since A is finite and each f, is jointly continuous in (y, p), we have L,,(p) — L(p) for every

peEO.
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It remains to justify dominated convergence. Let K := {z} u {z™ : m € N} € E™. Since
z™ — z, the set K is compact. If © is compact, then continuity of (w,p) — [\, fa (¥ | p)
on K x © implies a uniform bound. If instead the densities are uniformly bounded, then
[Ty fam (¥ | p) is uniformly bounded by M™, where M := maxaea Sup(, yeyxe fa(y | p) <
0. Thus in either case there is C' < o such that L,,(p) < C for all m and p.

Therefore h(p)L,(p) — h(p)L(p) pointwise and |h(p)L,(p)| < |h/C, so dominated

convergence gives

Jh(p)Lm(p) duo(p) — | h(p)L(p) duo(p) and JL ) dpo(p —>J p) dpto(p
(€] JO

Because the densities are strictly positive, the denominators are strictly positive, so

-
h(p) du(p | 2" —>J p) du(p | 2).

JO

Since this holds for every h € Cy(0), we conclude that p(- | 2™) = u(- | z). O

r

Lemma B.6 (Continuity of the induced belief law). If v,, = v in A(E), then F}° = F}o,
s0 the map a — Fi° = FI from A(A) to A(A(O)) is weakly continuous.

Proof. Fix a bounded continuous function ® : A(©) — R. For each n € N, define 1, :
E™ — R and v, (z) := ®(u(- | z)). By Lemma B.5, 1, is continuous, and it is bounded by
|®] . By definition of F/o,

[y XD = S0 | vt ()

n=0
If v, = v, then for each fixed n, v&" = v®" € A(E"), so §, ¥, V8" — (., 1, dv®". Since

[Un] < |®] and 37 ¢, = 1, dominated convergence yields
J QdF) — O dFle.
A(©) A(©)
Thus F/° = F}°. The continuity of a — F2° follows because o +— ¢, is continuous. [

Corollary 3 (Conditional belief law along convergent subsequences). Fiz a deterministic
history sequence hy = ((a1,v1),- .., (ar, yt)), and let p1 denote the posterior belief at the
beginning of period t + 1. Then for each t >k,

k’2

Hﬁ(ﬂtﬂ | hy) — FMOHTV S

Consequently, if t,, — o0 is a subsequence such that vy, = qq, then Ly, 41 | he,) = FFo.

In particular, by Lemma B.3, on every history sequence in the event €y of that lemma and
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along every subsequence with oy, — «, we have Lz, 1 | hy, ) = FH.

Proof. Fix t > k and the history h;. Let 2',..., 2™ be the distinct points in the support
of vy;. Every database recalled at time ¢ + 1 can be identified with a count vector ¢ =
(c1,...,¢m) € N™ where ¢; is the number of recalled copies of 27. Let R, : N™ — A(©) be
the posterior map that assigns to each count vector the posterior belief generated by the
corresponding database.

Under the actual recall process, let P; denote the law of the count vector. Under the
Poisson point process with intensity kv, let Q); denote the law of the count vector. By
the first part of Lemma B.4, || P, — Q4/rv < E The conditional law of p;41 given h; is the
pushforward P o Rt , while F° is the pushforward Qo R;*. Since pushforwards do not

(Mt+1 | he) — F&OHTV < 7. This proves the first claim.

Now suppose vy, = ¢o. By Lemma B.6, Fij® = FJ'0 = FJ°. Combining this with the
total-variation bound gives L£(uy,+1 | hy,) = FH0. The last claim follows from the last part
of Lemma B.3. []

For f € R* and v € A(O) define my(v) := maX,eprw) fa-

Lemma B.7 (Support function of I'(m)). For every f € R?, the function m; is bounded
and upper semicontinuous on A(©), and for every m € A(A(O)),
sup [ f = my(v) dm(v).

Bel'(m) A(©)

Proof. Because each m, : © — R is bounded and continuous, the expected payoft of action
a under belief v is { m,(p) dv(p), which is continuous in v. Since A is finite, the best-reply
correspondence BR is nonempty-valued and upper hemicontinuous.

To prove that m is upper semicontinuous, let v,, — v. For each n, choose a,, € BR(v,)
such that f,, = ms(v,). By passing to a subsequence, we may assume a,, = a for all n.
Upper hemicontinuity of BR implies a € BR(v), so limsup,,_,,, m¢(v,) = limsup,,_,, fa, =
fo < my(v). Thus my is upper semicontinuous. It is bounded because A is finite.

Now fix m € A(A(O)). For any pe O,

Updm) f;pa V) fadm(v fmf ) dm(v

sup B-f < | mpdm.
Bel'(m)

SO
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Conversely, define a¢(v) to be the smallest-index action in BR(v) that attains the maximum
in my(v), and let ps(v) := 64,(). Then py e O and (§pydm) - f = {m(v) dm(v). O

Lemma B.8 (Properties of I' and U#0). The correspondence I' : A(A(O)) = A(A)
is nonempty, convex-valued, compact-valued, and upper hemicontinuous. Consequently,

UHo (o) = T'(FH) is nonempty, conver-valued, compact-valued, and upper hemicontinuous

on A(A).

Proof. Fix m € A(A(©)). We first prove that I'(m) is compact. For each a € A, let
B, := {v € A(©) : a ¢ BR(v)}. These sets are Borel measurable because the expected
payoff of every action is continuous in v and A is finite.

Consider the following subset of L%(m;R%):

pa =0 me-a.e. for every a,

K i=1p: Z Po =1 m-a.e.,
ageA

po =0 m-a.e. on B, foreverya

Thus KC,, is the set, modulo m-null sets, of measurable mixed best replies. It is nonempty
because BR admits a measurable selection. It is also convex and norm closed in L?(m; R4).
Moreover, every p € K,, satisfies 0 < p, < 1 almost everywhere, and hence K., is bounded.

Since L?(m;R*) is reflexive, every closed, bounded, convex subset is weakly compact.
It follows that KC,, is weakly compact. The linear map T, : L*(m;R4) — R4 T, (p) :=
SA(@) p(v)dm(v), is continuous from the weak topology of L? to the ordinary topology of
R4, since each coordinate of T}, is a continuous linear functional.

We claim that

['(m) = T (Kpn). (45)
One inclusion is immediate: every p € O determines an element of K,,. Conversely, let
p € K,,, and choose a measurable representative of its L2-equivalence class. The conditions

defining KC,,, may fail only on an m-null set N. Let p° € O be any fixed measurable best-reply

selection and define
pv), véN,
P°(v), veN.
Then pe O and {pdm = { pdm. This proves (45).

Because T, is weakly continuous and K, is weakly compact, I'(m) = T,,,(KC,;,) is com-

) =

pact. Its convexity follows either from (45) or directly by taking pointwise mixtures of
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policies. Nonemptiness was established above.

We may now use the support-function result without a closure gap. A nonempty closed
convex subset C' € R4 satisfies C' = {ﬁ eRA: B f< Sup.ecv-f VfE ]RA} ; the reverse
inclusion follows from the separating-hyperplane theorem. Applying this characterization

to the compact convex set I'(m), and then applying Lemma B.7, gives
I'(m) = {6GA(A) ﬂféf mys(v)dm(v) erRA}. (46)
A(©)

We next prove upper hemicontinuity. Let m,, = m, and suppose that 5, € I'(m,,), 5, —
B. For every f € R*, Lemma B.7 gives £, - f < sup,crgn7-f = SA(@) my(v) dm,(v). Since
my is bounded and upper semicontinuous, the portmanteau theorem implies

lim supf mys(v)dm,(v) < f mys(v)dm(v).
n—wo  JA@©) A(©)

Therefore, §- f < SA(@) ms(v)dm(v) for all f € RA. The characterization (46) implies that
B €T'(m). Hence I" has a closed graph.

Because the values of I are compact subsets of the compact metric space A(A), the
closed-graph property implies that I' is upper hemicontinuous. Finally, Lemma B.6 shows
that « — F#° is continuous, so W#°(a) = T'(F#°) is nonempty, convex-valued, compact-

valued, and upper hemicontinuous. O

Theorem 5 (Continuum-outcome extension of Proposition 1). Under the assumptions of

this section, a stochastic memory equilibrium exists.

Proof. By Lemma B.8, the correspondence U : A(A) = A(A) is nonempty, convex-
valued, compact-valued, and upper hemicontinuous. Since A(A) is a nonempty compact
convex subset of a finite-dimensional Euclidean space, Kakutani’s fixed point theorem im-
plies that WHo has a fixed point. By definition, every fixed point of W#° is a stochastic

memory equilibrium. ]

Fix an optimal Markovian policy . For each ¢, let 8, := P, r[ai11 € - | hi] € A(A)

denote the conditional distribution of the next action given the history through period t.

Lemma B.9 (Subsequence bound for conditional action distributions). Let (h;) be a history
sequence belonging to the almost-sure event Qg of Lemma B.3. If t, — o0 is a subsequence

such that oy, — «, then for every f € R4, limsup,, ., B, - f < SUDgegro(a) B+ -
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Proof. For each t > k, define 3, := SA(@) Oy dFF0(v) € T(F*0). By Corollary 3,

/f2
|£0eer [ he) = Py < =

Pushing forward by the measurable map v — 7(v) yields ||8; — @HTV < kt—Q, so By - f —
Bt - f — 0. Since Bt e I'(FF0), Lemma B.7 gives Bt < SUD gep (0 B-f=S§mpdFt. By
Lemma B.3, v, = ¢a, so Lemma B.6 implies that F/° = F/°. Since my is bounded upper
semicontinuous,
limsupjmf dF} < fmf dF!* = sup fS-f,
n—00 " BeWHO ()
where the last equality follows again from Lemma B.7. Combining the last three displays

proves the claim. O

Theorem 6 (Continuum-outcome extension of Theorem 1). Under the assumptions of this

section, every limit frequency is a stochastic memory equilibrium.

Proof. The proof parallels that of Theorem 1. Suppose o € A(A) is not a stochastic
memory equilibrium, i.e. a ¢ U" (). Since U"(«) is nonempty, compact, and convex, the
separating hyperplane theorem yields f € R4 and ¢ > 0 such that a- f > SUP gewro (o) B+ f +3c.
By upper hemicontinuity of W0, after shrinking to a neighborhood U of « if necessary, we
may assume that for every o/ € U,
o-f= sup B-f+2c (47)
Bewho ()

Fix an optimal Markovian policy 7, and let €2y be the almost-sure event of Lemma B.3.
We claim that on every sample path in 2y there exists T' < oo such that whenever ¢t > T
and oy € U,

Bi-f<a-f—c (48)
Suppose not. Then on some path in €y there exists a subsequence ¢, — oo such that
ay, € U for all mand Gy, - f > oy, - f —c. By compactness of A(A), after passing to a further
subsequence we may assume «;, — &' € U. Lemma B.9 then implies limsup,, ,, 5, - f <
SUDgewno (o) B+ [ < o'+ f —2¢, where the last inequality is (47). But oy, - f — o f, so the
strict inequality 8y, - f > «y, - f — ¢ yields liminf,, ., 8;, - f = o - f — ¢, a contradiction.
This proves (48).
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Now define

. t>1.

L - f(aerl) _Bs f
Mt'_le s+ 1

Since f(as+1) — Bs - f is a bounded martingale difference sequence and Y (s + 1)72 < o,

there exists an event
Q= {w : (My(w))=1 converges}
such that
Puo(Qn) = 1.
Define
Q= Qo N Qyy.
Since both €2y and €2, have probability one,
Puy~(Q) = 1. (49)
Let
Ey = {w: aq(w) € U for all sufficiently large ¢} .
We claim that
QnEy=0.

Suppose, to the contrary, that w € 0 n Ey. Because w € )y, the pathwise drift estimate
(48) provides a time Ty = Tp(w) such that

fiw) f<au(w) f—c
whenever t > T, and oy (w) € U. Because w € Ey, there also exists Ty = Ty (w) such that
ay(w)e U Vi = Ty.

Set T := max{Ty, Ty}. Then, for every t > T,

(W) - f = ar(w) -

<ar(w)-f—c Z o1 M1 (w) — Mrp(w).

t 1

=T 531 — T The right-hand

Since w € yy, the sequence M;(w) converges, whereas )|

side therefore tends to —oo. This is impossible because oy, 1(w) € A(A) and the continu-
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ous function v — 7 - f is bounded below on the compact set A(A). Hence Q n Ey = @.
Using (49), we conclude that P, .(Ey) = Pu-(Ey n Q) = 0. Equivalently, P, [c; €
U eventually] = 0. Since U is an open neighborhood of « in A(A), there exists r > 0 such
that B,(a) :== {o/ € A(A) : |o/ — alo <7} S U. Set € :=r/2. If limsup,_,, |ox — afls < e,
then, since € < r, there exists T' < o0 such that |a; — e < r, for all t = T. Thus «; €
B.(a) € U eventually. Consequently, {limsup,_,, |a; — a|o < e} € {ay € U eventually}.
The event on the right has probability zero, and therefore P, » [limsup,_, ., |ou — o < €] =
0. Since the definition of a limit frequency requires this probability to be strictly positive

for every € > 0, « is not a limit frequency. endproof

B.9 The Binomial-Beta Example Extended to Rehearsal and Recency

Suppose action a = 0 has known deterministic payoff ¢ € R, while action a = 1 results in a
random payoff in Y = {0, 1} with unknown success probability 6 := pf(1). The agent has
a Beta(y, ) prior over §. Let p = pi(1) be the true success probability, and let o be the

frequency with which action a = 1 is chosen in an interior ergodic memory equilibrium for

r = 0. For a database d = (d(0),d(1)), define R(d) = #ﬁ)ﬂd(l) as the posterior mean
of action a = 1, where d(0) and d(1) are the recalled numbers of failures and successes of

action a = 1. Assume that the known payoff ¢ is such that the agent is never indifferent.>3

Consider the two polar cases in which only the rehearsal term or only the recency term is
present. Let a*(d) = 1(400)(R(d)). For any A = (A(0), A(1)) € R, let E, denote expectation
when D(0) and D(1) are independent Poisson random variables with means A(0) and A(1).
Define mp(A) = %E,\[a*(D +e9) —a*(D)],mg(\) = %E,\[a*(D + e1) —a*(D)]. Here ¢,
is the unit database with one additional recalled outcome y. The term E,[a*(D + e,) —
a*(D)] is the average effect of one additional remembered outcome y on the probability of
choosing action a = 1. The factor A(y)/k is the marginal increase in the expected number
of remembered y outcomes caused by recency at r = 0. Define the recency imbalance
Ar(A) = (1 — p)(—mp(X)) — pmg(A). This is the failure-probability-weighted marginal
effect of a recent failure minus the success-probability-weighted marginal effect of a recent

success. The next result formalizes the local effect on corr(a;_1, a;).

Proposition 8. Let a(r) be a selection of ergodic memory equilibria defined in a neigh-

53That is, there is no finite database d = (d(0),d(1)) such that ¢ = R(d). This removes payoff ties, so
the chosen action is locally well defined for every recalled database.
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borhood of r = 0 and continuous at v = 0. Suppose «(0) € (0,1), and write \g =
(ka(0)(1 — p), ka(0)p). Then for all sufficiently small r > 0:

(i) Under pure rehearsal, corr(a;—q1,a;) > 0
(ii) Under pure recency, if Ar(No) # 0, then Agr(\o) corr(a;—1,a;) <0.

Proof of Proposition 8. The choice rule a*(d) is increasing in d(1) and decreasing in
d(0). For a candidate action frequency a, write A\, = (ka(l — p), kap) and let 7, be the
corresponding product-Poisson distribution over databases. Since recalled successes make
the uncertain action more attractive and recalled failures make it less attractive, mg(A,) = 0
and mp(A,) < 0.

Fix one of the two polar mechanisms and suppress its label. In the notation of the main
text, let 17, 4 be the transition law of the next database conditional on the current database
d, and let H!, be its stationary distribution where the superscript tracks dependence on r.
Under the stationary chain, set a; = a*(D;). At r = 0 the transition law is independent
of the current database, so ngd = 1, for every d, H? = n,, and corr,o(as, a;41) = 0, where
the subscript on corr identifies the candidate frequency and recency /rehearsal parameter.

We first record how the change in the stationary distribution enters the derivative. By
stationarity, Eqpr [a*(D)] = Eqr []En;'
stant in D and equal to E,_ [a*(D)]’. Thus, when the last display is differentiated, the
change in the stationary distribution has no effect on the expectation of this constant, and
2By, [a*(D)]],_, = Ey. [%EWE’D[CL*(D')]L_O] . Similarly, E[ayaps1] = gy [a*(D)]E,,;D[a*(D’)]} .

Differentiating this expression and Subtract;ng the derivative of the square of the stationary

D[a*(D’)]] . At r = 0, the inner expectation is con-

mean shows that the terms generated by the changing stationary marginal cancel, leaving

£ Cov(ay, at+1>’7~:0 = Cov,, (a*(D) ﬁEngyD[a*(D’)]’ 0) . Since the covariance is zero at

> or _
r = 0, differentiation of the correlation gives
- s Cov,, (*(D), ZBy [a* (D) (50)
— corty . (ag, a =————Cov,, (a , —E, [a
or AT T —o Var, (a*(D)) e or e —0

whenever Var, (a*(D)) > 0.

The conditional Poisson probabilities are continuously differentiable in («, 7). Moreover,
in a neighborhood of («y, 0), the probability of an empty database is bounded away from zero
in every period. The stationary process therefore regenerates uniformly, so its stationary

distribution and stationary correlation inherit the required local differentiability, uniformly
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in a. Hence, whenever a(r) — ay,

COoITy g, @
a(r)ﬂ“( t Hl) — —corrao,r(at,atﬂ) ’ (51)
r (91” r=0

]

Rehearsal Under pure rehearsal, conditional on D; = d, the coordinates of D;, | are
independent Poisson random variables with means A, (y) + r’\“T(y)l{d(y) > 0}, for all y €
{0, 1}. Differentiating the conditional probability of choosing the uncertain action tomorrow
gives %En&d[a*(D’)]L_o = 1¢d(0) > 0}mp(Aa)+1¢d(1) > 0}mgs(As). By (50), the derivative
of the stationary correlation is
1
Var,, (a*(D))

The first covariance is nonpositive: a*(D) decreases in failures, while 1;D(0) > 0} increases

| Cov,, (a*(D),1(D(0) > 0})mp(Aa) + Covy, (a*(D),1(D(1) > 0})ms(As)].

in failures. The second covariance is nonnegative because both terms are increasing in suc-
cesses. Combining these covariance signs with mp(A,) < 0 and mg(A,) = 0, the correlation
derivative is nonnegative. It is in fact strictly positive: at a = ayq, the equilibrium condition
gives ap = K, [a*(D)]. Since ag € (0,1), a*(D) is not almost surely constant, so at least
one coordinate has a strict marginal effect and the corresponding covariance above is strict.
Since Vary, (a*(D)) = ag(1 — ag) > 0, equation (50) implies a—icorraw(at,atﬂ)b:o > 0.
Taking &(r) = a(r) in (51) proves part (i).

Recency Under pure recency, the boost matters only after the uncertain action was
chosen. Conditional on that action, the current outcome is a success with probability
p and a failure with probability 1 — p. Hence the derivative of tomorrow’s probability
of choosing the uncertain action after choosing it today is pmg(Aa) + (1 — p)mp(Aa)-
If the known action was chosen today, the recency boost is payoff-irrelevant. Therefore
LB, [o(D)]| = a* (@ (pmsOha) + (1= pmr(A)).

Equation (50) now gives 2 corr,,(az, atﬂ){T:O =pms(Aa)+(1=p)mp(Ay) = —Agr(Aa)-
Taking &(r) = a(r) in equation (51) shows that w —> —ARr(A). Since Ag(\g) #
0, the product in part (ii) is therefore strictly negative for all sufficiently small r > 0. [
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