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1 Introduction
People typically remember only a limited number of their past experiences, and what they
remember is stochastic: they might recall some things one week and different things the
next. For example, when deciding whether to go to the gym, a person may recall only a
few past visits, and a manager deciding whom to promote may recall episodes in which
creativity or grit mattered. In both cases, different memories can lead the same per-
son to make different choices in the same decision problem, not because their preferences
have changed but because different memories surfaced. Moreover, past memories shape
choices, and choices generate future memories. We develop a tractable model of limited
and stochastic memory that enables us to analyze its long-run implications. The model
unifies established behavioral regularities: stochastic choice, reminders, skewness effects,
choice overload, underreaction to large samples, and some forms of the equity premium
puzzle.

In our model, agents are naive: they update their beliefs as if the experiences they
remember were the only ones that occurred and maximize their expected utility given these
beliefs. Because agents recall only a small subset of their experiences, their beliefs and
behavior remain stochastic as the number of their experiences grows large. We call an
action distribution a stochastic memory equilibrium if it is generated by best responses to
the distribution of remembered databases that the action distribution induces. We show
that such equilibria exist, and that whenever the empirical action frequencies converge,
they converge to a stochastic memory equilibrium.

Limited memory provides a learning foundation for stochastic choice. In the long run,
behavior is as if utility were redrawn each period, but the randomness comes from mem-
ory rather than taste shocks. Conversely, every stochastic choice generated by a random
utility model can be obtained as the long-run outcome of learning with limited memory.
This connection links random utility models to the objective environment: the distribution
of random utilities is constrained by the data-generating process and by the fixed-point
requirement that action frequencies be consistent with the memories they generate. In
binary-choice problems with affiliated signals, this implies payoff monotonicity: improving
an action’s objective payoff distribution increases its equilibrium choice frequency.

With normally distributed outcomes and a normal prior, stochastic memory equilibrium
yields a mixed probit model that preserves payoff monotonicity and diminishing sensitivity
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while adding frequency dependence: actions chosen less frequently are estimated with lower
precision. When actions are bundles of desirable features, the model yields elimination by
aspects [Tversky, 1972] with weights determined by the probability of recalling occasions
on which each aspect mattered.

Finally, limited memory affects how agents evaluate rare events. Because rare events are
often absent from finite remembered samples, agents underweight them when probabilities
are learned from experience rather than given, as in Hertwig et al. [2004], Fox and Hadar
[2006], and Wulff et al. [2018]. This underweighting biases choices toward actions with
more frequent moderate payoffs and against actions whose value depends on rare large
payoffs. Our model also explains why neutral reminders about past experiences increase
use of beneficial actions, such as going to the gym, with stronger effects for those who
take the action less frequently [Calzolari and Nardotto, 2017; Augenblick et al., 2026].
Limited memory further accounts for sample-size insensitivity and underreaction to signals,
phenomena usually attributed to “underinference” [Phillips and Edwards, 1966]. Our model
goes beyond underinference by also explaining why people perceive uncertainty even with
very large samples [Kahneman and Tversky, 1972].

Since real-world memory is limited, the perfect memory of standard models is, at best, an
approximation. We show that it is a good approximation to the form of limited memory we
analyze here: as the expected number of recalled experiences goes to infinity, the stochastic
memory equilibria converge to the self-confirming equilibria, which are the limit outcomes
with perfect memory.

We then extend the model to capture “rehearsal” and “recency” by allowing experiences
that occurred or were remembered in the previous period to be more likely to be recalled,
consistent with the evidence in Kandel et al. [2000], Davelaar et al. [2005], and Conlon
[2026]. A generalization of our fixed-point condition characterizes the limits of the action
distribution: beliefs conditional on the objective history are autocorrelated rather than i.i.d.,
and the limit action distribution must be consistent with the stationary distribution of the
Markov chain of beliefs it induces. We call such distributions ergodic memory equilibria.
They extend Mullainathan [2002]’s analysis of rehearsal in income forecasts to the long run
and more general functional forms.

Related Work Psychological evidence supports our assumptions that retrieval, rather
than storage, is the main memory bottleneck and that retrieval is limited and stochas-
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tic (Gershman et al. [2025], Kahana [2012], Shadlen and Shohamy [2016], and Sial et al.
[2025]). d’Acremont et al. [2013] provides fMRI evidence that the brain maintains a neural
representation of accumulated frequencies in memory-related regions, which are then com-
bined with prior knowledge when forming posterior beliefs. This motivates modeling belief
updating as operating on retrieved samples. Reder [2014] and Duncan and Shohamy [2020]
document partial or complete unawareness of memory limitations. Kaanders et al. [2022]
provides evidence of frequency dependence in active learning problems. This dependence is
a general implication of our model; we explicitly characterize its effect for normal-normal
and binomial-beta environments.

In a stochastic memory equilibrium, the agent’s actions are stochastic because they
are conditioned on a random sample of their (endogenous) experiences. Several classes of
models derive random choice from randomness in exogenous or endogenous signals. Per-
haps the oldest example of this is an optimal stopping problem in which the agent seeks to
match a binary action to a binary state while incurring a flow cost for observing a Brownian
signal. Fudenberg et al. [2018] extends the analysis of optimal stopping to settings where
the agent is uncertain about the payoff difference between the actions; Che and Mieren-
dorff [2019] further extends it to more general signal structures, and Hébert and Woodford
[2023] replaces specific signals with a bound on the rate of information flow. Matějka and
McKay [2015] and Ke and Villas-Boas [2019] also connect stochastic choice to the objective
environment in models in which agents first obtain information and then make a single
decision. Lu [2016] and Natenzon [2019] axiomatize stochastic choice arising from Bayesian
updating; in these models, the distribution and number of signals are exogenous.

Wilson [2014] and Jehiel and Steiner [2020] study the optimal use of a stochastic memory
by an agent who receives a stream of exogenous signals until they stop and take a single
action. Osborne and Rubinstein [1998] studies a notion of equilibrium in two-player games
where players receive a fixed number of samples of the payoffs of each of their actions against
the equilibrium mixed action of the other player and choose the action that maximizes the
expected payoff against these empirical distributions. Salant and Cherry [2020] extends
this prior-free approach to other statistical inference procedures, focusing on estimating
the frequency of other players taking a particular action, again with a fixed sample size.1

Danenberg and Spiegler [2026] study the equilibrium action distribution when the precision
1Koszegi et al. [2021] considers a different form of circularity in the memory process, allowing negative

memories to be recalled more frequently when holding more negative beliefs.
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of the signals about the payoff to each action depends on the probability the action is played,
but does not model the agent’s period-by-period decisions and information. Gonçalves
[2023] defines an equilibrium concept for agents who make a single decision based on optimal
sequential sampling from the equilibrium distribution. In these papers, aggregate behavior
is assumed to be described by a fixed-point condition; we instead prove that a specific
fixed-point condition characterizes the possible limit frequencies.

Our earlier paper Fudenberg et al. [2024] studies the long-run outcomes of an agent
with unlimited but “selective” memory, meaning that they are more likely to remember
some experiences than others; in this paper we abstract away from selectivity and let each
experience have the same probability of being recalled.2 Because the agent eventually has
an infinite sample, when memory is not selective, the long-run outcome in that model is
the same as if the agent had perfect memory. Gottlieb [2014] studies a model of deliberate
memory manipulation that induces regret-sensitive preferences and shows that behavior
converges to that predicted by expected utility when memory is perfect. Karlan et al.
[2016] models the effectiveness of reminders by assuming that agents always take into ac-
count their future need for ordinary consumption expenditures but only sometimes account
for infrequently-occurring future expenditures, even if they are perfectly deterministic, as
with car registration fees or school fees. The paper attributes the randomness to random
attention, but it can be viewed as stochastic memory.

The baseline version of our model, without rehearsal, can be interpreted as a social
learning model in which, at each period, different agents draw a subset of past agents’
experiences and make a decision. Under this interpretation, the closest paper is Banerjee
and Fudenberg [2004], but that paper differs in many ways. For example, there agents do
make inferences from the prevalence of each action in their database, and later agents do
not observe the private signals of their predecessors.

There is an extensive psychology literature documenting various forms of the recency
effect and proposing explanations for it, see, e.g., the summaries in Davelaar et al. [2005] and
Erev and Haruvy [2016]. There is also extensive evidence of the importance of rehearsal;
see, e.g., the textbook by Kandel et al. [2000]. Mullainathan [2002] analyzes the short-run
implications of rehearsal in a specific parametric context but does not study its long-run

2In particular, with or without selectivity, the unlimited memory of that paper cannot generate any
of the patterns of random utility, skewness and reminder effects, persistent uncertainty in the long run,
and choice overload we study in Section 4. Conversely, while selective memory is able to rationalize all the
outcomes of misspecified learning, limited memory is not.
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effects. Bordalo et al. [2023] links limited memory to recurrent errors in inference, while
Bordalo et al. [2025] shows how memory can impact choice through matching of the current
problems with a category of similar past experiences.

2 The Model
In each period t P N`, a single agent chooses an action a from the finite set A, generating
an outcome in the finite set Y according to the objective distribution p˚

a P ∆pY q. The agent
knows that the map from actions to probability distributions over outcomes is fixed, but is
uncertain about the outcome distributions each action induces. The agent has a prior µ0

over data generating processes p P ∆pY qA, where papyq denotes the probability of outcome
y P Y when action a is played under data generating process p.3 The support of µ0 is Θ; its
elements are the p that the agent initially thinks are possible. We maintain the following
assumption throughout:

Assumption 1. The agent is correctly specified, i.e., p˚ P Θ.

We assume correct specification to highlight the issues that arise solely from limited
memory, but our results generalize to the case where the agent is misspecified.

Histories, Memory, and Recalled Periods We call action-outcome pairs pa, yq P AˆY

experiences. A period t P N history is a sequence ht “ pA ˆ Y qt. We assume that the
probability the agent remembers any given past experience at the beginning of period t` 1

is mt`1 “ mint1, k{tu, with k ą 0. As we will see, k is the expected number of experiences
the agent recalls when their sample is large.

After history ht “ pai, yiq
t
i“1, the recalled periods rt are a random subset of t1, ..., tu. We

assume that each past experience has an independent probability of being recalled, so4

P rrt “ Rs “ m
|R|

t`1p1 ´ mt`1qt´|R| @R Ď t1, ..., tu. (1)

For every objective history ht and set of recalled periods R, the recalled history is the
subsequence of recalled experiences listed in the order in which they were realized.

3Many of our examples identify y with the agent’s realized utility, but the model allows different
realizations of y to have the same payoff, as when paying a fixed cost to obtain an informative signal.

4Section 6 lets experiences that happened or were recalled at t ´ 1 be more likely recalled at t.
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Beliefs We assume the agent recomputes their beliefs each period based on all of their
recalled experiences, as opposed to simply updating their period-t beliefs based on their
period-t observation,5 and that the agent is unaware of their limited memory and naively
updates their beliefs as if the experiences they remember are the only ones that have
occurred. Thus, the agent’s beliefs only depend on the number of times each pa, yq pair
is recalled, which we call the agent’s database. We let D “ NAˆY denote the set of these
databases, so that the posterior probability of any (measurable) C Ď Θ after database
d P D is6

µ
`

C | d
˘

“

ş

C

ś

pa,yqPAˆY ppapyqqdpa,yqdµ0ppq
ş

Θ

ś

pa,yqPAˆY ppapyqqdpa,yqdµ0ppq
. (2)

Optimal Policies The agent is myopic, with utility function u : Aˆ
ş

Θ

ř

yPY upa, yqpapyqdνppq

denote the actions that maximize the agent’s current period expected utility when their
belief is ν P ∆pΘq.7 A Markovian policy π : ∆pΘq Ñ A is a measurable function that
specifies a pure action for every belief.

The agent uses an optimal Markovian policy π, i.e., for every ν P ∆pΘq, πpνq P BRpνq.
Together, true data generating process p˚, prior µ0, and Markovian policy function π induce
a unique probability measure over histories, denoted as Pµ0, π

.

Limit Action Frequencies For every t, define the action frequency at time t by

αtpa
1q “

1

t

t
ÿ

τ“1

1ta1upaτ q @a1 P A.

We say that α P ∆pAq is a limit frequency if there exists an optimal Markovian policy
π such that for every ε ą 0

Pµ0, π

„

lim sup
tÑ8

||αt ´ α||8 ď ε

ȷ

ą 0 .

5As noted above, there is fMRI evidence that agents re-access memories of their experiences when
forming beliefs. Note that if the same data is relevant in many different decision problems, it is more
efficient to store the data than all of the potentially relevant posterior beliefs.

6If the agent believes their utility function is subject to very unlikely random shocks that can induce each
action as the best reply, and dogmatically believes they recall every experience, they attribute unexplained
behavior to the utility shock so Bayes rule coincides with equation (2). Heidhues et al. [2023] studies agents
who forget their preference shocks and tries to infer them from their own actions.

7For every X Ď Rn, ∆pXq denotes the set of Borel probability distributions on X endowed with the
topology of weak convergence.
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The definition of limit frequency requires that for every ε, there is a strictly positive prob-
ability that the empirical frequency remains within the ε-ball around α forever.8

3 Stochastic Memory Equilibrium
This section defines stochastic memory equilibrium, proves its existence, and characterizes
it as the limit of empirical action frequencies.

For every action distribution α, define ηα P ∆pDq by

ηαpdq “
ź

pa,yqPAˆY

rαpaqp˚
apyqksdpa,yq

dpa, yq!
e´kαpaqp˚

a pyq @d P D.

This is a product distribution where the marginal distribution for each action-outcome pair
pa, yq is Poisson with mean kαpaqp˚

apyq.
We will show that, for large t, ηαt well approximates the distribution of databases. Intu-

itively, because recall probability is diminishing in t, the remembered outcome distribution
for a given pa, yq is analogous to drawing from a binomial with shrinking weights, so it con-
verges to a Poisson distribution by the Poisson limit theorem. A law of large numbers shows
that the joint frequency of each action and outcome pair pa, yq converges to αtpaqp˚

apyq, so
the expected number of times a pair pa, yq is recalled is proportional to the frequency of
action a, the probability of the outcome given the action p˚

apyq, and the average memory
capacity k.

Lemma 1. For Pµ0, π
-almost every sequence of histories phtqtPN, the distance between the

distribution of databases at t ` 1 given ht and ηαt converges to 0 as t Ñ 8.9

Lemma 1 shows that the limiting database distribution ηα depends only on α and
the true outcome distribution p˚. There is no additional history-dependence or path-
dependence in the limit, which allows a tractable necessary condition for long-run outcomes.
We use this below to define stochastic memory equilibrium as action frequencies consistent
with the beliefs they induce.

8This covers convergence to α and also the case where no single α has strictly positive probability of
being the limit.

9Note that Lemma 1 implies that as the number of the agent’s observations grows to infinity, the
probability they recall nothing at all is bounded away from 0. This is not essential: every result extends
to the case where the agent remembers a fixed number C of “anchored memories” in addition to those
prescribed by our current memory process.
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Next, we associate each action distribution with the distribution of beliefs that it in-
duces. Let F µ0

α be the distribution of beliefs induced by the distribution ηα of databases
and prior µ0, i.e., for all measurable C Ď ∆pΘq,

F µ0
α pCq “ ηα ptd : µp¨|dq P Cuq . (3)

Let O denote the set of measurable selections from the (mixed) best reply correspon-
dence: i.e., ρ : ∆pΘq Ñ ∆pAq is in O if and only if ρ is measurable and ρpνq P ∆pBRpνqq

for all ν P ∆pΘq. For any ρ P O, let ψµ0
ρ be the function that maps α P ∆pAq to the

action distribution generated when the agent uses policy ρ and their beliefs are distributed
according to F µ0

α . Formally,

ψµ0
ρ pαq “

ż

∆pΘq

ρpνqdF µ0
α pνq. (4)

The operations leading to ψµ0
ρ pαq are visualized in Figure 1, if action distribution α

is played forever, it induces distribution αp˚ over histories, where αp˚pa, yq “ αpaqp˚
apyq

(see Lemma A.1 in the Appendix). This distribution and the memory function m together
induce a distribution of databases ηα, (Lemma 1) and Bayesian updating on each database
generates distribution F µ0

α over posterior beliefs. Assigning ρpνq to each posterior belief
ν generates action distribution ψµ0

ρ pαq. Stochastic memory equilibrium requires that the
composition of these operations maps back to α.

Figure 1: Illustration of ψµ0
ρ .

Action
Distribution

α

Distribution of
Action-Outcome

Pairs
αp˚

Distribution of
Databases

ηα

Distribution of
Beliefs
F µ0
α

Best Reply
Distribution
ψµ0
ρ pαq

Lemma A.1 Lemma 1

Bayesian
Updating

EF
µ0
α

rρpνqs
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Definition 1. A stochastic memory equilibrium is an α P ∆pAq for which there is ρ P O
such that α “ ψµ0

ρ pαq.

Note that the set of stochastic memory equilibria depends on the prior µ0 through its
effect on the posterior beliefs. Below, we discuss this dependence further and show that it
vanishes as k grows.

The notion of stochastic memory equilibrium and the ancillary functions used to define
it are justified by the following result, which shows that whenever the action frequency
converges the limit is a stochastic memory equilibrium.

Theorem 1. If α is a limit frequency, then α is a stochastic memory equilibrium.10

The first step of the proof is Lemma 1’s characterization of the limit distribution of
databases. The second step uses stochastic approximation to characterize the long-run
outcome of the empirical action process when beliefs are generated by the constant action
distribution α. To do this we apply the Benaim et al. [2005] extension of stochastic ap-
proximation to differential inclusions, which requires that the correspondence obtained by
averaging best replies under F µ0

α is well behaved, which Lemma A.3 verifies. Finally, if the
differential inclusion enters a sufficiently small neighborhood of an α that is not a stochastic
memory equilibrium, it leaves it within a bounded time, contradicting convergence to α.

The classic one-armed bandit problem provides an easy example in which the limit fre-
quency need not be a point mass, so the “stochastic” part of stochastic memory equilibrium
is needed. Suppose that the agent’s prior belief is that the risky arm is better than the
safe arm, but there is a sequence pai, yiq

t
i“1 that has (objectively) positive probability and

induces the agent to play the safe arm. The agent cannot converge to always play the
risky arm, because then they would sometimes only recall pai, yiq

t
i“1 and switch to the safe

arm. However, the agent will play the risky action whenever they don’t remember any past
outcomes or only recall successes with the risky arm, which occurs with positive probability.

The following theorem shows that a stochastic memory equilibrium exists even in the
absence of limit frequencies.11

Proposition 1. A stochastic memory equilibrium exists.
10Sections 4.3 and B.7 give examples with multiple stochastic memory equilibria; we do not know

whether there can be multiple limit frequencies.
11An analogy to Nash equilibrium and learning in games may be useful here: Nash equilibria exist in all

finite games, but unstable Nash equilibria cannot be limit points of stochastic fictitious play, and in some
finite games the only ω-limit of stochastic fictitious play is a cycle [Benaım and Hirsch, 1999].
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To prove this, we show that the correspondence that maps each α to the union over
ρ P O of ψµ0

ρ pαq satisfies the conditions of the Kakutani fixed-point theorem.

4 Applications

4.1 Random Utility and Stochastic Choice

This section relates limited memory to the random utility model, the most widely used
model of stochastic choice in single-agent settings. In a random utility model, the agent’s
utility vector is independently drawn from a fixed distribution each period. In a stochastic
memory equilibrium, by contrast, randomness in the perceived expected utilities of the
actions comes from the agent’s memories. This connection provides a learning foundation
for random utility and some of its common specifications. Block and Marschak [1960]
already emphasized that stochastic choice may reflect either random tastes or differences
in information, and suggested that a learning model could help distinguish the two.12

Let M be the collection of non-empty subsets of A. A stochastic choice function is a
map c : M Ñ ∆pAq such that

ř

aPM cpa,Mq “ 1 for all M P M. Let P be the linear orders
on A. A stochastic choice function c has a random utility representation ζ P ∆pPq if for all
M P M,13 cpa,Mq “ ζ ptP P P | @a1 P Mztau, aPa1uq “ : cζpa,Mq.

To relate our model of memory and learning to random utility and stochastic choice,
suppose that in addition to the sequential learning process of the basic model, an exper-
imenter elicits the agent’s choice distribution on each menu (i.e., subset of A) at some
single time t. During this elicitation process, no feedback is given to the subject, so that
no learning happens throughout that stage. As usual, this requires many observations of
choice from each menu. We say that the behavior is approaching a random utility model
ζ if, when such elicitation is conducted sufficiently late, the resulting stochastic choice rule
is arbitrarily close to cζ . We assume that when confronted with one of these menus, the
agent breaks ties deterministically in a menu-independent way.14

12Block and Marschak [1960]: “All the various definitions of utility given in this paper will be related to
the empirical entities [...] [that combine] information and desirability, in some unknown though presumably
not-too-changeable fashion. [...] If discrimination is learned, through experience, in some more or less-
determined manner, the model has to be modified, of course, but we have not attempted to bring in
learning.” Caplin [2025] discusses these issues.

13This is equivalent to a random utility representation that uses an additional probability space. See,
e.g., Proposition 1.9 in Strzalecki [2025].

14Formally, we require that for all M,M 1 P M if a, a1 P BRpν|MqXM 1 and πpν|Mq “ a, then πpν|M 1q ‰
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Definition 2. Behavior approaches a random utility representation ζ on a history sequence
phtqtPN if menu choices conditional at measurement time t converge to those of ζ, i.e.,

lim
tÑ8

Pµ0, π
rat`1 “ a|ht,M s “ cζpa,Mq @M P M.

The next result shows that when the distribution of the agent’s actions converges, the
agent’s menu choices converge to a limit that has a random utility representation. Moreover,
the limit empirical action distribution coincides with the choice distribution induced by that
random utility model on the complete action set. Together, Theorems 1 and 2 show how
the information structure induced by ηα determines the choice probabilities. Conversely,
they also show that any form of stochastic choice that can be rationalized by a random
utility model can be approximated as the result of learning with limited memory for some
true distribution p˚ and outcome space Y .

Theorem 2 (RUM Learning Foundation). 1. For every optimal Markovian policy π and
α˚ P ∆pAq, and on Pµ0,π-every sequence of histories such that limtÑ8 αt “ α˚, the
behavior converges to a RUM ζ. In particular, α˚paq “ cζpa,Aq for all a P A.

2. For every RUM ζ and ϵ, there is a pY, u, p˚, µ, kq such that under every optimal
Markovian policy the behavior converges to a RUM ζ 1 such that |cζpa,Mq´cζ1pa,Mq| ď

ϵ for all M P M and a P M .

The proof of the first part of Theorem 2 constructs the target random utility repre-
sentation. To do this, we associate to every database d a strict preference relation in P
where a is preferred to a1 if and only if a is chosen by π from ta, a1u conditional on µp¨|dq,
and assign each ranking the limiting probability of the databases that induce it.15 Lemma
A.2 guarantees that the distribution over databases converges and the set of menus is fi-
nite, this pushforward measure also converges. The construction also yields an information
representation in the sense of Lu [2016]: the agent maximizes a fixed utility function with
respect to a distribution of posteriors over states. The proof of the second part constructs
an environment in which outcomes are linear orders over actions and shows how to approx-
imate the target RUM arbitrarily well by varying the probability distribution over P as
the number of expected recalled experiences goes to infinity. (The proofs of this and the

a1, where for any M Ď A, BRpν|Mq “ argmaxaPM

ş

Θ

ř

yPY upa, yqpapyqdνppq.
15Using information for binary comparisons alone will turn out to be sufficient because the agent uses a

deterministic Markov policy to map beliefs to actions and a menu-independent tie-breaking rule.
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next proposition are in Appendix A.3; the proofs of Propositions 3 and 4 are in the Online
Appendix.)

Remark. The conclusion of Theorem 2 is false if we fix vector pY, u, p˚, µq and vary only the
memory strength k: as the examples and applications throughout the paper illustrate, only
a strict subset of ∆pAq can arise as stochastic memory equilibria. And if a choice frequency
ζ cannot be matched in the complete menu A, it cannot be matched in the stronger sense
of convergence to a RUM. See Example 1 in the Online Appendix for an illustration.

4.1.1 Monotonicity

For the next result, suppose that Y Ď R, and thus the prior belief of the agent induces a
(subjective) joint distribution µ̃a

0 over pairs pEparys, yq.16 The next result shows that when
there are only two actions, the action with higher payoffs is played more frequently if the
joint distributions are affiliated.17 For simplicity, we also make the (generically satisfied)
assumption that two actions are never indifferent after any observable database.

Proposition 2 (Monotonicity). Suppose that A “ ta, a1u, µ0 “ µa
0 ˆµa1

0 , that for all â P A,
the random variables Epârys and y are affiliated under µ̃â

0 and that upâ, yq “ y. If p˚
a

increases in the sense of first-order stochastic dominance keeping p˚
a1 fixed, the frequency

of a in the stochastic memory equilibria with the highest and lowest values of αpaq both
increase.18

Proposition 2 lets us connect the stochastic choice rule with the quality of the decisions,
enabling predictions on how the agent’s choices vary with the objective environment they
face. Previous decision-theoretic models, such as Matějka and McKay [2015], have obtained
the monotonicity in Proposition 2 from optimization of the signal structure by an agent
who makes a one-time choice. In contrast, in our setting the agent repeatedly makes
consumption decisions under a given information structure.

16Formally, for every measurable C Ď R and c P Y , µ̃a
0pC, cq “

ş

tp:Epa rysPCu
papcqdµppq.

17The expected and realized outcomes are affiliated with respect to the prior probability measure if for
all c, c1 P R and a P A µ̃a

0rEpa
rys ě c, y ě c1s ě µ̃a

0rEpa
rys ě csµ̃a

0ry ě c1s.
18Section B.7 in the Online Appendix shows there can be multiple equilibria here.
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4.1.2 Specific Payoff Structures

For some specifications the fixed-point condition defining stochastic memory equilibrium
admits an explicit solution, and the equilibria correspond to important stochastic choice
models. This section gives two tractable examples, the normal and binomial cases. The
section also connects stochastic memory equilibria with the Probit model (also in the normal
environment) and the Elimination by Aspects model (Tversky [1972]).

Probit Probit (Thurstone [1927]) has two desirable features: payoff monotonicity and
diminishing sensitivity.19 With normally distributed payoffs our learning model delivers
the related mixed probit (Hausman and Wise [1978], Greene [2000]) specification, which
also has these two properties.20 Moreover, the mixed probit we obtain also implies that
the agent has more precise estimates of the values of actions they take more frequently,
as found by Frydman and Jin [2022]. As Strzalecki [2025] (Example 1.15) points out, this
frequency dependence is not accommodated by baseline probit.

In a normal environment, upa, yq “ y, and the payoffs of each action a are i.i.d. normally
distributed with means ȳa and variance σ2. The agent knows σ2, and their prior belief is
that that pȳ1, . . . , ȳ|A|q are independently normally distributed with means py01, . . . , y

0
|A|q and

common variance σ2
0.21

Proposition 3. In a normal environment, for every optimal Markovian policy π and every
α˚ P ∆pAq, on Pµ0, π

-every sequence of histories such that limtÑ8 αt “ α˚, the observed
distribution of actions approaches a mixed probit distribution with mean parameter vector
´

y0a{σ2
0`naȳa{σ2

1{σ2
0`na{σ2

¯

aPA
and a diagonal covariance matrix with entries

´

na{σ2

p1{σ2
0`na{σ2q2

¯

aPA
, where

na has a Poisson distribution with parameter α˚paqk.

In the mixed probit specification generated by our model, the variance of the payoff
to a is stochastically decreasing (in the sense of first-order stochastic dominance) in αpaq.

19Payoff monotonicity means that more preferable alternatives are more likely to be chosen. Probit
satisfies payoff monotonicity when what is subject to the normal shock is the payoff of the alternatives;
Thurstone [1927]’s original formulation was a bit different and doesn’t necessarily satisfy payoff monotonic-
ity. Diminishing sensitivity requires that, for a given difference between the alternatives, the better one is
more likely to be chosen when the absolute desirability of both alternatives is lower. See Gescheider [2013]
for empirical evidence about payoff monotonicity, diminishing sensitivity, and frequency dependence.

20Mixed probit is a hierarchical stochastic choice rule: First, the probit parameters (mean and covariance
matrix) are drawn with some mixing probabilities, and the choice probabilities are determined as in probit.

21Here we allow infinitely many outcomes. Online Appendix B.8 extends our definitions and results to
cover this.
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Figure 2: Binomial Beta vs. Probit. Left: Probability of choosing a1 when A “ ta1, a2u,
Y “ t0, 1u, a symmetric beta prior with β “ γ “ 1, k “ 2 (blue), k “ 4 (orange), k “ 8
(green), and a2 is known to give outcome 1 with probability .3. Right: Probit

Hence, the payoffs of more frequently chosen alternatives are more precisely estimated.22

Binomial Beta Model Another particularly tractable special case of our model is the
combination of binary outcomes with a Beta prior. Suppose there are two outcomes Y “

t0, 1u, that for each action a the the agent’s prior belief about each success probability
pap1q is independently and identically beta distributed with parameters γ, β P R``, so the
posterior mean the agent assigns to action a given database d is

rapdq “
γ ` dpa, 1q

γ ` β ` dpa, 1q ` dpa, 0q
. (5)

Assume also that upa, yq “ y. We assume that the agent uniformly randomizes over actions
when they are indifferent. Then, given a database d the probability of choosing a is given
as

Pra is chosen | ds “
1trapdq “ maxa1PA ra1pdqu

| argmaxa1PA ra1pdq|
.

As the distribution over databases given the long-run distribution over actions equals ηα a
stochastic memory equilibrium is then a solution α to the fixed point equation

αpaq “ Ed„ηα

„

1trapdq “ maxa1 ra1pdqu

| argmaxa1 ra1pdq|

ȷ

.

22Danenberg and Spiegler [2026] makes a similar point about the relation between frequency and preci-
sion in a setting with exogenous normally distributed signals and no memory limitations.
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Figure 3: Belief dynamics in the binomial-beta model. Empirical frequency of action 1
across simulated histories. Parameters: p˚

1 “ 0.6, p˚
2 “ 0.3, γ “ β “ 1{2, and k “ 5.

With endogenous data, the agent has more precise estimates of the payoff of actions
that are more frequently chosen. This effect can be seen in Figure 2. Its left panel shows
three values of k that mimic the probit model’s behavior at three precision levels. The
effect can also be directly observed from equation (5), which can be rearranged as

ra “
γ{na ` dpa, 1q{na

pγ ` βq{na ` 1
.

Because dpa, 1q{na is the average payoff produced by action a, the agent’s beliefs are less
biased about actions they have taken (and thus recall) more often. Similarly, beliefs for
actions the agent has taken more often will be more concentrated.

Despite the concentration, the distribution of posterior means remains diffuse, with
substantial overlap in the 90% confidence bands for r1 and r2 even at long horizons. This
highlights that behavior remains stochastic because the agent recalls only a finite number of
experiences. To illustrate convergence to stochastic memory equilibrium, Figure 3 reports
a Monte Carlo simulation of the binomial-beta environment with two actions, objective
success probabilities p˚

1 “ 0.6 and p˚
2 “ 0.3, prior parameters γ “ β “ 1{2, and memory

capacity k “ 5. In each period, the agent recalls each past experience independently with
probability mint1, k{tu, computes the posterior means r1 and r2 from the recalled sample,
and chooses the action with the higher posterior mean. Because action 1 is objectively
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better, favorable recalled experiences with that action become more common, so, as the
figure shows, the realized frequency of taking the optimal action αtp1q tends to converge
relatively quickly to the equilibrium.

Elimination by Aspects Tversky [1972] In Tversky [1972]’s elimination by aspects
(EBA) model, the agent randomly orders attributes, successively eliminates alternatives
that are not maximal on the current attribute, and continues until one alternative remains.
EBA was designed to capture the following observed violation of IIA: Starting from a
situation with two alternatives ta, a1u, the addition of a third alternative that is closer to
a, without dominating or being dominated by a (i.e., not a “decoy” in the sense of Huber
et al. [1982]) draws relatively more probability away from a than from a1. To fix ideas,
consider an example from Tversky [1972]: suppose a manager needs to decide whether to
hire a worker based on their intelligence and motivation scores. Adding a worker with
(intelligence, motivation) scores p78, 25q to a choice between p75, 35q and p60, 90q has been
shown to remove significantly more choice probability from p75, 35q.

Although EBA lacks an axiomatic foundation, it can be derived from limited memory.
To see how this works in the example above, suppose that outcomes are tasks in which
either intelligence or motivation is the key feature driving the hired worker’s performance.
The manager’s payoff depends on whether intelligence or motivation is relevant that period.
The manager assigns a 50/50 prior that either motivation is relevant 90% of the time, or
intelligence is. At the end of the period, the manager observes which factor was relevant
for this period’s task. Then, in every limit frequency, the probability that p75, 35q is chosen
over p60, 90q equals the probability that the manager recalls more past periods in which
intelligence was important. And, as predicted by EBA, the addition of p78, 25q will reduce
the probability of p75, 35q but not that of p60, 90q.23

Our model predicts that more frequently relevant aspects are more likely to be used
to determine choice, unlike Tversky [1972], where these probabilities are unrestricted. To
see the general link between our model and EBA, define an aspects environment as one
where A Ď t0, 1uA for some finite set of aspects A, Y “ A, upa, yq “ ay, pa “ pa1 for all
p P Θ, a, a1 P A, and such that the prior is responsive: for every database

ř

aPA dpa, yq ą

23Let nI and nM be the number of recalled intelligence and motivation tasks, respectively, and observe
that the posterior likelihood ratio between p0.9, 0.1q and p0.1, 0.9q is 9nI´nM . When nM ą nI , the posterior
probability of DGP p0.9, 0.1q is no more than 0.1, and p60, 90q is the unique best reply. And when nI ą nM

the posterior probability of DGP p0.9, 0.1q is at least 0.9, so p78, 25q is the unique best reply.
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ř

aPA dpa, y1q and ay ą a1
y implies that

ş

Θ
Eprupa, ¨qsdµpp|dq ą

ş

Θ
Eprupa1, ¨qsdµpp|dq.24 The

interpretation is that actions with more 1’s have more desirable features, and the outcome
is the period’s most important feature.25

Corollary 1. In an aspects environment, every limit frequency coincides with that of an
EBA stochastic choice rule with aspects A.

4.2 The Effect of Skewness

Our next example illustrates how limited memory leads agents to overlook rare events, so
that the probability of choosing an action is not determined by its expected payoff and
can depend on higher-order moments of the utility function, such as variance and skewness.
Suppose that the agent chooses between two actions. Action 0 always produces the outcome
c P p0, 1q, e.g., µptp : p0pcq “ 1uq “ 1. The agent is uncertain whether action 1 follows
process p (with prior probability q) or p1. Under p, action 1 yields 1{b with probability
b P p0, 1q and 0 otherwise; under p1, it always yields 0.

The agent’s payoff function is upa, yq “ y. Suppose qp1´bq

qp1´bq`p1´qq
ă c ă q. The agent

chooses action 1 if a success (1{b) is recalled or if no outcomes are recalled (since the prior
expected payoff is q ą c), and chooses action 0 if only failures (0) are recalled. The first
success reveals the true expected payoff of action 1 is 1 ą c, but limited memory makes
such evidence rare.26

This setting generates the equilibrium probability of choosing action 1 displayed in
Figure 4 as a function of the value of b under the actual data generating process p˚ “

p. Because rare events are unlikely to be recalled, they are absent from most databases.
Consequently, actions with a given expected payoff tend to be chosen more often when they
deliver a good payoff with a high probability than when they deliver a very good payoff
more rarely.27 This is consistent with the evidence in Hertwig et al. [2004], which also shows

24The latter condition is trivially satisfied when the prior is symmetric, and either there are two aspects
as in the example above or each action has a unique strictly positive entry.

25Like Tversky [1972], we analyze a model with binary attributes but consider a multi-valued example.
Our results extend to Gul et al. [2014]’s axiomatization of nonbinary EBA when (i) a single attribute is
decision-relevant at a time and (ii) players observe noisy signals about attribute levels and their relevance.

26See Online Appendix B.5 for details.
27Ellison and Fudenberg [1993] makes this point in a model where each agent sees two signals. Conversely,

when a rare event is recalled, it tends to be overrepresented in the database, which typically triggers an
overreaction, but this cannot happen in our example due to its “perfect good news” structure. See Ba et al.
[2024] for a recent theoretical and empirical analysis of which information structures tend to induce under-
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Figure 4: Effect of memory size depends on skewness. Probability of choosing a “ 1 when
Ep˚rup1, yqs “ 1, and k “ 4 (blue), k “ 8 (orange), k “ 16 (green), and k “ 32 (red).

that, as our model predicts, this effect is not obtained if agents are told the probabilities
instead of learning them from experience. Importantly, this occurs through the channel
that unrepresentative samples are used to form the decision maker beliefs, as pointed out
in Fox and Hadar [2006] and Wulff et al. [2018].

Figure 4 also illustrates that the effect decreases in the memory capacity k, and that
in the limit k Ñ 8, the agent chooses optimally.28 In addition, the fact that limited
memory tends to favor actions that are negatively skewed suggests an advantage for a form
of selective memory that has been often observed: a higher probability of remembering
more extreme observations can offset the excessive reliance on frequent and less extreme
observations highlighted in Figure 4. Moreover, the benefit of selective memory depends
critically on limited total memory; without this constraint, selective memory would only
harm the agent (Fudenberg et al. [2024]).

4.3 The Effect of Reminders

Reminders are informational interventions that have a significant effect on behavior, for
example, by helping people recall the positive impact of actions such as attending the gym
or saving for the future.29 Our model explains how reminders affect the agent’s actions
and why reminders about infrequent events have a greater effect than those about frequent
ones. Thus, although our memory model predicts choices consistent with the random

or over-reaction.
28Theorem 3 in the next section gives a more general form of this observation.
29See, e.g., Karlan et al. [2016].
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utility model in a fixed environment, its predictions about the effects of changes in the
informational environment can differ substantially.

We interpret a reminder as leading the agent to remember a single past experience. Sup-
pose the agent receives reminders about the activity as follows: First, the agent remembers
past experiences according to our baseline model. Second, with probability ϕ P p0, 1q, the
agent is reminded and remembers one experience where they took the action a “ 1, which
is uniformly drawn at random (if such an experience exists).

For example, suppose that, in each period, the agent decides whether to go to the gym.
If the agent does not engage in the activity (a “ 0), they know they receive a payoff of 0.
If they engage in the activity (a “ 1), they pay an immediate cost c P p0, 1q and, with some
unknown probability p1p1q, receive a benefit of 1 (e.g., feeling good about themselves after
the workout). The agent’s prior belief is that p1p1q “ p ą 0 with probability π P p0, 1q and
p1p1q “ 0 with probability 1´ π, and the true probability p˚ is equal to p. We assume that
πp ă c so that absent recall of a positive experience, the agent would not engage in the
activity, and that p ą c so it is beneficial to engage in the activity. This simple example can
be applied to any activity that yields uncertain benefits at certain costs. Another natural
example is saving for future financial hardships, where the remembered benefit corresponds
to past experiences in which savings helped the agent overcome an urgent financial need.

As we prove in Lemma B.1 in the Online Appendix, the stochastic memory equilibrium
with maximal engagement in the activity is given by:30

αϕ,pp1q “

$

&

%

0 if ϕ “ 0 and kp ď 1

1 ` 1
kp
W

`

´e´kpkpp1 ´ pϕq
˘

otherwise
.

where W : r´1{e, 0s Ñ p´1, 0s is the larger solution of W pxqeW pxq “ x. Intuitively, for
kp ď 1 if the agent takes action 1 with frequency α ą 0, then without reminders, they will
remember the good outcome 1 with frequency less than α, so this cannot be an equilibrium.
For pk ą 1, the good outcome is sufficiently likely that if the agent takes the action a “ 1

with some small probability α they remember the good outcome with probability greater
α, so a “ 0 cannot be a fixed point that is robust to trembles.

30There is always an equilibrium where the agent does not engage in the activity. We select the equilib-
rium where the agent engages in the activity if such an equilibrium exists because if the agent “trembles”
and plays each action with at least a small probability ϵ, the stochastic memory equilibrium is unique and
converges to the equilibrium where αp1q ą 0 as ϵ Œ 0. Thus, by Theorem 1, this equilibrium is the only
possible limit frequency for ϵ Œ 0. See Lemma B.2 in the Online Appendix for details.
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We have the following Proposition:

Proposition 4 (The effect of reminders).
(i) The frequency αϕ,pp1q is increasing in the frequency of reminders ϕ.

(ii) The effect of reminders αϕ,pp1q ´ α0,pp1q is decreasing in α0,pp1q if α0,pp1q ą 0.

Figure 5 illustrates how the frequency of reminders increases the likelihood that the
agent engages in the activity. A natural question is who is more affected by reminders:
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Figure 5: Reminders increase activity frequency most for agents with low baseline recall.
Left: effect of reminders on activity frequency for k “ 7, p˚ “ 0.15. Right: effect of
reminders by baseline activity frequency.

people who already frequently engage in the activity without reminders or those who do
not. Part (ii) of Proposition 4 speaks to that question by showing that an agent for whom
p “ p˚ is smaller benefits more from a higher frequency of reminders. Figure 5 illustrates
that the more often a person engages in the activity without a reminder, the less their
behavior is affected by a reminder about it. Intuitively, agents who frequently undertake
the activity are likely to remember having benefited from it in the past, so when a single
good outcome is enough to induce them to take the action, the reminder is likely to have no
effect. This prediction aligns with the evidence presented in Calzolari and Nardotto [2017],
which finds that reminders increase gym attendance among individuals with below-median
attendance without reminders by 27%. In contrast, reminders have no measurable effect on
those with above-median attendance without reminders. It is also consistent with the effect
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of informational intervention documented in Augenblick et al. [2026], which shows that, for
the same person, informational interventions about one’s own spending (and thus the value
of saving) are more effective when they include reminders of atypical expenditures. Finally,
the effect of reminders in our model is driven by the finiteness of memory and vanishes as
the agent’s memory capacity k increases.

Remark. Instead of bringing to mind a random period when a “ 1, reminders may bring
to mind an experience in which action 1 was taken and the outcome was good. This would
lead to the equilibrium αϕ,pp1q “ 1 ` 1

kp
W

`

´e´kpkpp1 ´ ϕq
˘

. An alternative is that the
agent observes the (potential) benefit of action 1 even if action 0 is taken. Our model allows
us to describe the effect of reminders in either case.

4.4 Adding Alternatives and Choice Overload

This section shows how adding an objectively worse alternative leads an agent with limited
memory to play the optimal action less frequently, even in settings where unlimited memory
would lead to convergence on the best action, with or without the new alternative. Suppose
Y “ t0, 1u, k “ 1, and u pa, yq “ y. The agent believes that each action either always
generates the good outcome 1 or always generates the bad outcome 0, so that using an
action once perfectly reveals its data generating process. The agent’s prior is uniform over
Θ “ tpδ1, δ1q , pδ1, δ0q , pδ0, δ1q , pδ0, δ0qu, so it is the product of independent distributions
p.5δ1, .5δ0q. In reality, p˚ “ pδ1, δ0q, i.e., b is better than c. We suppose that the agent mixes
uniformly when they do not recall any past experiences.

As we show in Online Appendix B.6, when A “ tb, cu the unique stochastic memory
equilibrium where the agent chooses with equal probability b and c when they do not recall
any experience has α pbq „ 0.82, i.e., the best action is chosen more frequently, but because
of limited memory, with probability 1

e
the agent does not recall any experience and then

randomizes uniformly over both actions.
Suppose now that the environment is the same, with the only difference that A “

tb, c, ĉu, and the belief is again the product of independent distributions p.5δ1, .5δ0q, and
both c and ĉ are objectively bad.31 In this case, in the unique stochastic memory equilibrium
αnew where the agent chooses with equal probability if the alternatives are indifferent, we

31Therefore Θ “ tpδ1, δ1, δ1q , pδ1, δ1, δ0q , pδ1, δ0, δ1q , pδ1, δ0, δ0q , pδ0, δ1, δ1q , pδ0, δ1, δ0q , pδ0, δ0, δ1q , pδ0, δ0, δ0qu,
the prior is uniform over those models, and p˚ “ pδ1, δ0, δ0q.
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Figure 6: Limited vs unlimited memory: the prior mean return of each arm is normal with
mean 0 and variance 1, and the realized mean return for the first arm is 1 and ´1 for all
others.

have αnew pbq „ 0.694, and αnew pcq “ αnew pĉq “ 0.153. That is, by adding an additional
dominated option, the cognitive overload due to tracking the performance of all the options
decreases the probability that the best option is taken, whereas the outcome under learning
with perfect memory would be convergence to play b almost surely under both cases.

Assuming there is conclusive evidence allows a closed-form solution, but it is not needed.
Figure 6 plots simulations of the probit of Section 4.1.2 as more bad actions are added. As
in our analytical example, it has a good arm with an objective mean payoff of 1 and
different numbers of bad alternatives, each with mean payoff of ´1. Adding arms has
basically no effect under unlimited memory, with the agent discovering and almost surely
fully adopting the good arm. However, it significantly degrades long-run performance under
limited memory, since the decision maker’s limited cognitive resources must be devoted to
tracking the performance of an increasing number of actions.

4.5 Underreaction to Evidence

Benjamin [2019] reports that underreaction of beliefs and insensitivity to sample size are
among the most persistent departures from rationality in probabilistic reasoning. Underre-
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action is often explained by the Phillips and Edwards [1966] underinference model. Limited
memory also predicts underreaction to the data because the agent sometimes recalls only
a small number of experiences. However, underinference predicts that a sufficiently long
sequence of observations always leads beliefs to concentrate around the observed frequency.
In contrast, our model predicts that the agent perceives uncertainty even in the limit,
in line with Kahneman and Tversky [1972]’s “universal distribution” conditional on large
samples. Also, our model suggests that underreaction will be more severe when people are
shown data sequentially without written records of past outcomes, a prediction that the
underinference model does not make.32

5 Almost Unlimited Memory
Since real-world memory has finite capacity, the perfect memory of standard models is, at
best, an approximation. Here, we examine how well the perfect memory model captures
the limits of stochastic memory equilibria as memory capacity k increases and the expected
number of recalled experiences grows without bound. For every action distribution α, let

Θpαq :“ argmax
pPΘ

˜

ÿ

aPA

αpaq
ÿ

yPY

p˚
apyq log papyq

¸

be the set of models that maximize the log-likelihood of the true data generating process,
where the weights depend on the frequency of each action. These are the models in the
support of the agent’s prior that exactly match the objective outcome distribution induced
by α.33 Consequently, when the outcome distribution identifies p˚, it is the unique element
of Θpαq.

Definition 3. A (unitary-belief) self-confirming equilibrium is an α P ∆pAq such that there
is a να P ∆pΘpαqq such that α P ∆pBRpναqq.34

Unlike stochastic memory equilibrium, this concept only depends on the prior’s support
and not on the relative weights the prior assigns to various models.

32See Fudenberg and Peysakhovich [2016] and Esponda et al. [2024] for experimental evidence on the
effect of providing agents with records and/or summary statistics.

33There is at least one such model because the agent’s prior is correctly specified.
34This is called a unitary belief because a single belief is used to rationalize all of the actions in the

support of α; the heterogeneous-belief version allows each action to be rationalized by different beliefs. See
Section A.4 for more on heterogeneity.
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Theorem 3. Suppose pαkqkPN is a sequence of stochastic memory equilibria, each with
memory capacity k and that limkÑ8 α

k “ α̂. Then α̂ is a self-confirming equilibrium.35

The first step of the proof is to show that when αk converges, the distribution of
databases converges as well. In particular, we show that the sizes of these databases have
a vanishing probability of being smaller than any constant M , and that they are represen-
tative of the true frequencies. A standard argument then shows that the agent’s beliefs
concentrate on Θpα̂q. The fact that α̂ is a self-confirming equilibrium then follows since
each action ã for which α̂pãq ą 0 is a best reply to some belief concentrated on Θpα̂q. The
last step is to show that because the agent is correctly specified, there is a single belief that
makes every a P supppα̂q a best reply.

Theorem 3 exemplifies a broader principle: as memory capacity grows, agents gain
a sharper long-run understanding of the consequences of their actions, which tends to
improve their decisions. This is also illustrated by Figure 2 for the Binomial-Beta model,
and formally established for the probit model in Proposition 3.

6 Rehearsal and Recency
We now extend the model to incorporate two additional psychological forces: rehearsal and
recency. Here, rehearsal means that if an experience is recalled in one period, it is more
likely to be recalled in subsequent periods, as in Kandel et al. [2000] and the references
therein.36 Recency is the idea that the agent gives more weight to more recent outcomes.
There is an extensive psychology literature documenting various forms of the recency effect
and proposing explanations for it; see e.g., Davelaar et al. [2005]. As in Mullainathan [2002],
we study a very simple form of recency bias, where the previous period’s experience is more
likely to be remembered, while the periods before that do not receive an extra boost. To
model rehearsal, we assume that the experiences recalled in the last period are also more
likely to be recalled now.37

35If the agent is misspecified, they need not learn the path of play, so the limit outcome need not be
self-confirming. Moreover, it need not be supportable by unitary beliefs; see Appendix A.4.

36Conlon [2026] finds substantial rehearsal effects, with an estimated baseline probability of recalling an
instance of around 47% and an increase in the probability of being recalled due to rehearsal of 25%.

37We could extend the analysis to allow both recency and rehearsal to depend on a finite number of past
periods, but allowing an unbounded number of past periods to matter would cause significant complications.
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Formally, we now assume that the agent’s memory at time t ` 1 is

mt`1ppa, yq|dt, pat, ytqq “ min

"

1,
k ` r1tpa1,y1q:dtpa1,y1qě1uYtpat,ytqupa, yqq

t

*

, (6)

where dt is the database recalled in period t and r ě 0 is the weight on rehearsal and
recency; r “ 0 reduces to the baseline model.38 Thus the recalled periods at time t ` 1

given the previous period’s database dt and experience pat, ytq are distributed as

P rrt “ R | dt, pat, ytqs “
ź

iPR

mt`1ppai, yiq|dt, pat, ytqq
ź

iPt1,...,tuzR

p1´mt`1ppai, yiq|dt, pat, ytqqq, @R Ď t1, ..., tu.

We continue to assume that, upon seeing a database, the agent updates their beliefs accord-
ing to equation (2). Thus, when updating, they are also naive about the effect of rehearsal,
which is consistent with the findings of Conlon [2026].

6.1 Ergodic Memory Equilibrium

Limit Distribution of Databases We next construct the relevant equilibrium notion
in a way that parallels our approach in the baseline model. All proofs for this section are in
Appendix A.5. When recent experiences or recently recalled memories are more memorable,
the limiting distribution of databases becomes path-dependent: what is recalled today de-
pends on what was recalled and happened yesterday. However, the Poisson approximation
still applies, now as a stationary Markov chain. As before, we will show that after a long
history with action frequency α, the limit distribution of databases is a product of Pois-
son distributions—but these distributions depend on the database recalled in the previous
period, in addition to the action frequency and outcome probabilities. The key insight is
that even with rehearsal and recency, the stationary distribution of the resulting Markov
chain over databases is determined solely by α and p˚, which allows the same fixed-point
characterization to extend to this setting.

Definition 4. For every α P ∆ pAq the Markov chain ηα has state space D and Markov
kernel pηα,dqdPD “

´

ř

y1PY p
˚
πpµp¨|dqqpy

1qηy
1

α,d

¯

dPD
P ∆pDqD where ηy

1

α,d is the product of inde-

38Our model implies that more recent experience are more likely to be recalled, but are not more precisely
recalled. This is consistent with the evidence surveyed in Section 4.1 of Gershman et al. [2025].
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pendent Poisson distributions with parameter for pa, yq P A ˆ Y equal to39

αpaqp˚
apyq rk ` rs if dpa, yq ě 1 or pa, yq “ pπpµp¨|dqq, y1q

αpaqp˚
apyq k otherwise.

Intuitively, conditional on the previous database d, the expected number of recalls of
experience pa, yq is proportional to αpaqp˚

apyq. The proportionality factor is k` r if the ex-
perience either occurred last period or appeared in d, and k otherwise. Lemma 2 shows that
this Markov chain has a unique stationary distribution, and Corollary 2 in the Appendix
shows it is the limiting time-average distribution of databases whenever action frequencies
converge to α.

To see why uniqueness holds, note that any sub-database of the current recalled set can
be recalled next with positive probability. In particular, the null database can be recalled
in every period, so the chain is irreducible on the class of databases reachable from the
empty database. A calculation also shows positive recurrence, giving the following lemma.

Lemma 2. ηα admits a unique stationary distribution Hα P ∆pDq.

Exactly as in the baseline model, the distribution over databases ηα,d induces, through
Bayesian updating a distribution over beliefs F µ0

α,d; the only difference is that here both of
them will depend on the database recalled in the previous period. For each d P D and all
measurable C Ď ∆pΘq,

F µ0

α,dpCq “ ηα,d ptd1 : µp¨|d1q P Cuq . (7)

Definition 5. An ergodic memory equilibrium is an α P ∆pAq such that there exists ρ P O
with α “ EHαrEF

µ0
α,d

rρpνqss.

Like stochastic memory equilibria, ergodic memory equilibria are fixed points, but here
the relevant correspondence has an additional step that averages with respect to the sta-
tionary distribution of databases. For every database d, any mixed action α determines
a probability distribution over what is recalled in the next period, and thus over the next
period’s beliefs. The agent’s policy applied to those beliefs determines a mixed action
αd “ EF

µ0
α,d

rρpνqs; ergodic memory equilibrium requires that the expectation of αd with
respect to the induced stationary distribution over databases is α.

Proposition 5. An ergodic memory equilibrium exists.
39That is, the probability of a transition from d to d1 is ηα,dpd1q.
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The proof extends that of Proposition 1 by showing that the average of the best reply
correspondence over the database with weights Hp¨q has the properties needed to appeal to
a fixed-point theorem.

Theorem 4. If α is a limit frequency, then α is an ergodic memory equilibrium.

The proof of this theorem has three main steps. We first show that the transition matri-
ces of the inhomogeneous Markov chain over databases converge as t Ñ 8 and characterize
their limit, and that the limiting chain is ergodic because the empty database is reachable
in one step from any state. The second step generalizes Lemma A.2 on the convergence of
beliefs conditional on the databases, with the key difference that the limit belief distribution
is now database-dependent. The final step repeats the stochastic approximation argument
from the proof of Theorem 1.

Effect of Rehearsal and Recency on Action Correlation Both rehearsal and recency
bias can affect the correlation of actions. Consider first the effect of introducing a small
amount of rehearsal in a setting with binary outcomes (e.g., success and failure). Rehearsal
makes it such that if for a given action a at least one success is remembered today all past
successes become more likely to be remembered tomorrow. If the likelihood of taking the
action a increases in the number of remembered successes this implies that the action a

becomes more likely both today and tomorrow when at least one success is remembered
today which induces positive correlation of actions.

Under recency there are two competing effects. If an action a was taken today and led
to a success the action becomes more likely tomorrow. If the action was taken today and let
to a failure it becomes less likely tomorrow. As a consequence a small amount of recency
bias leads to positive correlation if and only if the first effect dominates the latter. We
illustrate the two effects in Figure 7 and prove the aforementioned result for the Binomial
Beta model in the Online Appendix.

6.2 Applications of Memory Rehearsal to Finance

Our model of finite expected memory and rehearsal lets us generalize the findings of Mul-
lainathan [2002] about income forecasts beyond the specific parametric structure it assumes.
It also lets us provide a novel memory-based explanation of the equity-premium puzzle. In
this subsection, we specialize to an exogenous forecasting problem: each period the agent
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Figure 7: Autocorrelation of actions in the Binomial beta case with two actions, k “ 5,
γ “ β “ 0.5, and expected payoffs of E ry|a “ 1s “ 0.6 and E ry|a “ 2s “ 0.3.

observes a public outcome yt, independent of their action, and yt “ θ` ϵt, where θ P R and
the ϵt are mean-0 i.i.d. shocks.40

Correlated Prediction Errors The rehearsal memory function (6) generates the same
predictions about one-period correlations as Mullainathan [2002], without assuming a spe-
cific functional form. First, under recency a high outcome in the last period makes that
particular high outcome more likely to be recalled next period, so the forecasting error will
be negatively correlated with the most recent information.41 Second, when the baseline
probability of remembering an event is low, and the rehearsal effect is strong, the forecast
errors in successive periods are positively correlated for the same reason as in Mullainathan
[2002]: memories that are remembered are more likely to be remembered again.

Asset Pricing Suppose that each of a continuum of risk-neutral agents indexed by x P

r0, 1s has a constant per-period amount w to invest. Each period, each agent decides
whether to buy, sell, or not trade a unit of a representative equity portfolio and to invest
the wealth net of the expenditure/revenues from the risky asset in the risk-free asset.42 The

40Both Mullainathan [2002] and Weitzman [2007] assume that outcomes follow an AR1 process. Our
assumption of finite expected memory has the same implication even in an i.i.d. setting.

41Mullainathan [2002] supposes that y has a positive density on the real line so that some form of
associativeness is needed for rehearsal to have any effect.

42Under our assumption of risk neutrality, the agent can do no better than invest all income in a single
asset. We restrict to this case to directly apply our results, which assume finite actions.
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safe asset has net return i P r´1,8q per period, while the risky asset provides per-period
net return i` θT ` εt, where from the point of view of the agents θT is a random variable θ
with unknown distribution and ε is a symmetric, zero-mean, and period-specific shock. The
risky asset is in net-zero supply and prices p0 and p1 are determined by market clearing:
p1 ´ p0 “ MedianrExrθss. The agents’ actions impact their payoffs, but all agents observe
the sequence of realized prices and returns.

In this setting, the equity premium puzzle is that the observed price of the risky asset
is much lower than predicted by the above equation if the distribution of θ were known
and equal to that observed in the data. Reconciling this gap requires implausibly large
risk aversion. Weitzman [2007] explains it with the combination of an overly pessimistic
prior and the assumption that the agent believes θ changes over time, so they discard old
observations. Ergodic memory equilibrium predicts the same effect even with a perceived
constant θ and with risk neutrality.43

The proof of Theorem 4 shows that if the action distribution converges to α the dis-
tribution of recalled experiences converges to Hα. In particular, even in the long run, the
agents will rely on a limited number of observations. Any Dirichlet prior with predictive
mean θ ă θT can sustain the premium: the distribution of experiences Hα centered around
θT combined with the prior centered around θ yields a median posterior expected value of
θ strictly below θT . This explanation is consistent with empirical evidence that investors
hold systematically overpessimistic beliefs about stock returns, rather than correct beliefs
with extreme risk aversion (see, e.g., Dominitz and Manski [2007] for a systematic analysis).
It is also consistent with the observation that investors tend not to use available historical
return sequences but rather rely on their lived experience (see Malmendier and Nagel [2016]
and the references therein).

7 Conclusion
This paper provides a simple and general model of limited memory that can be applied to
many economic problems. In particular, the role of memory in belief formation is important
for behavioral economics and macroeconomics, so our work will be useful there. The paper
shows how limited memory can serve as a foundation for several well-known stochastic

43A memory function that is more likely to recall negative stock performance would create an additional
force towards the equity premium puzzle.
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choice models. It characterizes how asymptotic outcomes with limited memory relate to
those with unlimited memory capacity.

Our model was designed to highlight the effects of limited and stochastic memory, so
it left out many other important aspects of how memories are formed and used. However,
our analysis can be extended in several interesting directions. Figure 1 provides a blueprint
for how to do this, namely by modifying one or more of the maps in the composition of
functions that define ψµ0

ρ pαq. Proceeding counterclockwise from the final step, relaxing
subjective expected utility amounts to replacing BR with another correspondence in the
definition of the admissible policies ρ, and allowing non-Bayesian updating permits other
maps from the distribution of databases to the distribution of beliefs.

One important class of generalizations is to other forms of imperfect memory, corre-
sponding to different maps from histories to databases than those considered in Lemma 1.
Section 6 demonstrates one way of doing this, namely, making the map into a Markov chain
whose state variable is what was recalled in the previous period. Other ways to generalize
the map from histories to databases include introducing selective memory, as in Fudenberg
et al. [2024], and allowing the probability of recalling an experience to depend on the num-
ber of prior occurrences. More speculatively, if one modifies the objective data-generating
process from a conditionally (on actions) i.i.d. process to a Markov process over outcomes,
what ultimately changes is the distribution of databases, as characterized by Lemma A.1.
Our framework enables these generalizations, provided that the correspondences involved
in the various steps remain well-behaved.

It is easy to generalize the model to allow memory to be cued by an exogenous signal
s P S that the agent observes before choosing an action, as in Fudenberg et al. [2024]. The
data-generating process becomes p˚

s,a P ∆pY q, an experience is a triple ps, a, yq, and the
constant recall probability mt`1 “ mint1, k{tu is replaced by a signal-dependent memory
function where kms1ps, a, yq{t is the probability that experience ps, a, yq is recalled when
the t ` 1 period signal is s1. Independence across periods is preserved, so the recalled
database ds1 P NSˆAˆY remains a sufficient statistic for beliefs and, by the same Poisson-
limit argument as Lemma 1, has limit distribution with mean Erds1ps, a, yqs “ k ζpsqαpa |

sq p˚
s,apyqms1ps, a, yq, where ζ is the signal distribution and αp¨ | sq is the action frequency

conditional on s. This formulation accommodates two natural interpretations of “con-
text”: the signal can encode the set of available actions , and it can represent the widely
documented associativeness effect (see, e.g., Kahana, 2012) with exogenous cues such as
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macroeconomic regime or location that makes some past experiences more or less likely
to be recalled. Although associativeness does not change the set of limit points with un-
bounded memory (Fudenberg et al. [2024]), we conjecture that under limited memory it
might lead the agent to behave as if they were using a kernel estimator.44

A Appendix

A.1 Preliminaries

Let pυtqtPN P ∆pA ˆ Y qN be a sequence of empirical joint distributions over actions and
outcomes. The next lemma shows that almost surely, if the action frequency converges to
some α˚, then the joint empirical distribution of actions and outcomes converges to the
distribution where each pair pa, yq has frequency α˚paqp˚

apyq. Let dt denote the random
variable describing the database recalled at time t, and µt denote the random (beginning
of) period-t belief induced by dt.

Lemma A.1. We have

Pµ0, π

„

max
pa,yqPAˆY

lim sup
tÑ8

|υtpa, yq ´ αtpaqp˚
apyq| ‰ 0

ȷ

“ 0

and in particular for any α˚ P ∆pAq,

Pµ0, π

„

lim
tÑ8

αt “ α˚ and max
pa,yqPAˆY

lim sup
tÑ8

|υtpa, yq ´ α˚paqp˚
apyq| ‰ 0

ȷ

“ 0.

Lemma A.2. For Pµ0, π
almost every sequence of histories phtqtPN if limtÑ8 αt “ α˚, the

distribution of µt given ht´1 weakly converges to F µ0

α˚ , and F µ0

p¨q
is continuous in α.

The proofs of Proposition 1 and Theorem 1 use the correspondence Ψµ0 : ∆pAq Ñ ∆pAq

defined by Ψµ0pαq “ tψµ0
ρ pαq : ρ P Ou.

Lemma A.3.
1. Ψµ0 is non-empty valued;
2. Ψµ0 is closed valued;
3. Ψµ0 is upper hemicontinuous;
4. Ψµ0 is convex valued;
5. α1 P ∆pAq is a stochastic memory equilibrium if and only if α1 P Ψµ0pα1q.

44Relatedly, Ilut and Valchev [2023] studies the learning traps that can arise under associative reasoning.
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A.2 Proofs for Section 3

Proof of Lemma 1. By Lemma A.1, Pµ0, π
assigns probability 0 to the sequences of his-

tories phtqtPN in which lim suptÑ8 |υtpa, yq ´ αtpaqp˚
apyq| ‰ 0 for at least one pa, yq P Aˆ Y .

We prove that the stated convergence holds on every sequence of histories phtqtPN that is
outside of that null set.

The database at time t ě k is distributed as a product of binomial distributions. If
dpa, yq ą υtpa, yqt for some pa, yq P AˆY , then Pµ0, π

rdt “ ds “ 0. Otherwise, Pµ0, π
rdt “ ds “

ś

pa,yqPAˆY

`

υtpa,yqt
dpa,yq

˘

pk{tqdpa,yqppt ´ kq{tqυtpa,yqt´dpa,yq, where for every x ě y ě 0,
`

x
y

˘

denotes
the binomial coefficient between x and y. Set E :“ A ˆ Y , and, for z “ pa, yq P E, define
Ntpzq :“ tυtpa, yq, and qtpzq :“ αtpaqp˚

apyq. Conditional on ht, the coordinates of dt`1 are
independent and

dt`1pzq „ Bin

ˆ

Ntpzq,
k

t

˙

.

Let

rηt :“
â

zPE

Pois
`

kυtpzq
˘

.

Le Cam’s inequality and the product inequality for total variation give

}Lpdt`1 | htq ´ rηt}TV ď
ÿ

zPE

›

›

›

›

Bin

ˆ

Ntpzq,
k

t

˙

´ Pois

ˆ

kNtpzq

t

˙›

›

›

›

TV

ď 2
ÿ

zPE

Ntpzq

ˆ

k

t

˙2

“
2k2

t
,

where the last equality uses
ř

zPE Ntpzq “ t.
By definition,

ηαt “
â

z“pa,yqPE

Pois
`

kqtpzq
˘

.

For Poisson random variables,

}Poispλq ´ Poispλ1q}TV ď 1 ´ e´|λ´λ1| ď |λ ´ λ1|.

Applying this inequality coordinatewise and again using the product inequality yields

}rηt ´ ηαt}TV ď
ÿ

zPE

|kυtpzq ´ kqtpzq| “ k
ÿ

pa,yqPAˆY

|υtpa, yq ´ αtpaqp˚
apyq| .

Consequently,

}Lpdt`1 | htq ´ ηαt}TV ď
2k2

t
` k

ÿ

pa,yqPAˆY

|υtpa, yq ´ αtpaqp˚
apyq| . (8)

On every history outside the null set identified at the beginning of the proof, the right-hand
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side converges to zero by Lemma A.1. Hence

}Lpdt`1 | htq ´ ηαt}TV ÝÑ 0.

In particular, for every bounded f : D Ñ R,
ˇ

ˇ

ˇ

ˇ

ż

D
f dLpdt`1 | htq ´

ż

D
f dηαt

ˇ

ˇ

ˇ

ˇ

ď 2}f}8 }Lpdt`1 | htq ´ ηαt}TV ÝÑ 0.

This proves the lemma.

Lemma A.4. For Pµ0, π
almost every sequence of histories phtqtPN, the distribution of actions

given ht converges to ψµ0
π pαtq.

The proofs of Theorems 1 and 4 use a continuous-time approximation of the process of
empirical frequencies. Set α0 : “ α1, τ0 : “ 0, and τt : “

řt
i“1

1
i

for all t P N. Following
Benaim et al. [2005], define the continuous-time interpolation of pαtqtPN to be the function
w : R` Ñ ∆pAq

wpτt ` cq “ αt ` c
αt`1 ´ αt

τt`1 ´ τt
, @t P N, @c P

„

0,
1

t ` 1

ȷ

. (9)

Proof of Theorem 1. We want to show that if α is not a stochastic memory equilibrium,
it is not a limit frequency. To do this, we extend Esponda et al. [2021a]’s application
of Benaim et al. [2005]’s stochastic approximation techniques for differential inclusion to
settings where beliefs remain stochastic in the limit. In particular, we will show that (9)
converges to a solution of

9αptq P Ψµ0pαptqq ´ αptq. (10)

A solution to (10) with initial point α˚ P ∆pAq is a mapping x : R` Ñ ∆pAq that is
absolutely continuous over compact intervals, with xp0q “ α˚, and (10) satisfied for almost
every t. For every T P N and α0 P ∆pAq, let XT

α˚ be the set of solutions to (10) over r0, T s

with initial conditions α˚, and let XT “
Ť

α0P∆pAq X
T
α˚ .

Now we show that the continuous-time interpolation of α defined in (9) can, in the long
run, be approximated arbitrarily well by a solution to (10). Recall that π is the optimal
Markovian policy employed by the agent, and that for any measurable selection ρ from the
best response correspondence, ψµ0

ρ pαq “
ş

∆pΘq
ρpνqdF µ0

α pνq. Define the stochastic process
Ũt “ tpαt ´ t´1

t
αt´1q ´ ψµ0

π pαt´1q “ δat ´ ψµ0
π pαt´1q and let bt “ ErŨt|ht´1s, Ut “ Ũt ´ bt.

Then

αt`1 ´ αt ´
Ut`1 ` bt`1

t ` 1
“
ψµ0
π pαtq ´ αt

t ` 1
. (11)
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Since both ψµ0
π pαtq and αt`1 are uniformly bounded, Ut is a uniformly bounded martingale

difference process. Moreover, by Lemma A.4, bt`1 converges to 0 on Pµ0, π
almost every

sequence of histories phtqtPN where limtÑ8 αt “ α, so condition (i) of Proposition 1.3 in
Benaim et al. [2005] is satisfied (setting γn “ 1{n in their formula) by Remark 4.5 in
Benaım and Hirsch [1999]. Condition (ii) is also satisfied because ||αt`1 ´αt||8 ă 1{pt` 1q,
w is Lipschitz continuous of order 1, and αt is uniformly bounded because it takes values in
∆pAq. Therefore, since w is the interpolated process for the stochastic process in equation
(11), it is a perturbed solution of (10). Thus, by Theorem 4.2 in Benaim et al. [2005], on
Pµ0, π

almost every sequence of histories phtqtPN where limtÑ8 αt “ α45

lim
tÑ8

inf
α̃PXT

sup
sPr0,T s

||wpt ` sq ´ α̃psq|| “ 0 @T P N. (12)

If α is not a stochastic memory equilibrium, then parts 1,2, and 4 of Lemma A.3 and
the separating hyperplane theorem (see, e.g., Section 14.5 of Royden and Fitzpatrick [2010]
for the version used here) guarantee that there exists f P RA with α ¨ f ą supᾱPΨµ0 pαq ᾱ ¨ f .
By part 4 of Lemma A.3, α ¨ f ą maxᾱPΨµ0 pαq ᾱ ¨ f . Let K “ α ¨ f ´ maxᾱPΨµ0 pαq ᾱ ¨ f . By
part 3 of Lemma A.3, there exists ε P R`` such that for all α1 P Bεpαq, maxᾱPΨµ0 pα1q ᾱ ¨ f ă

maxᾱPΨµ0 pαq ᾱ ¨ f ` K{4 and α1 ¨ f ą α ¨ f ´ K{4. Therefore, for every initial condition
α0 P Bεpαq and every solution in XT

α˚ , αptq ¨ f decreases at rate at least K{2 until the
solution leaves Bεpαq. So there exists T P N such that for every initial condition α0 P Bεpαq

every solution α̃ in XT
α˚ leaves Bεpαq by time T , that is,46

sup
α̃PXT

α˚

inftt : α̃ptq R Bεpαqu ď T @α0 P Bεpαq. (13)

To conclude the proof, we will show that αt does not asymptotically lie in an ε{2 ball
around α on any path phtqtPN where p12q applies. Since the set of samples where p12q does
not apply has 0 probability under Pµ0, π

, this implies that α is not a limit frequency. If
there is no T̂ P N such that wpcq P Bε{2pαq for all c ą T̂ , pαtqtPN does not converge to α.
So let T̂ P N be such that on the chosen path phtqtPN, wpcq P Bε{2pαq for all c ą T̂ and

45The proof of Theorem 4.2 in Benaim et al. [2005] invokes an implication of their Theorem 4.1 that
is not correct. However, the weaker statement we are invoking is correct, as shown by equation (3) in
Esponda et al. [2021b].

46To see that T can be taken to be the same for every α0 P Bε let C “ maxα1PBεpαq α
1f ´minα1PBεpαq α

1f
and take T “ 2C{K ` 1.
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infα̃PXT sup0ďsďT ||wpT̂ ` sq ´ α̃psq|| ă ε{4, and take α̃ P XT with

sup
0ďsďT

||wpT̂ ` sq ´ α̃psq|| ă ε{4. (14)

Then (13) implies that every solution to differential inclusion leaves Bεpαq at least once
between T̂ and T̂ ` T , and by (14), αt must leave Bε{2pαq at least once between T̂ and
T̂ ` T . This proves Theorem 1.

Proof of Proposition 1. By point 5 of Lemma A.3, every fixed point of Ψµ0 is a stochastic
memory equilibrium. By points 2 and 3 of Lemma A.3 and the closed-graph theorem (e.g.,
Theorem 17.11 in Aliprantis and Border [2013]), Ψµ0 has a closed graph. The Lemma
also shows it is non-empty valued (Point 1) and convex valued (Point 4), so, since ∆pAq

is a non-empty, closed, convex and bounded subset of R|A|, it admits a fixed point by the
Kakutani fixed point theorem (see, e.g., page 283 in Franklin [2002]).

A.3 Proofs for Section 4.1

Proof of Theorem 2. 1) Suppose that αt converges to some α˚. We first construct the
target random utility representation ζ and then prove that αt approaches it. Consider the
map G : D Ñ P such that aGpdqa1 if and only if a “ πpµp¨|dq | ta, a1uq. The map is
well-defined because the binary relation is total by definition, and it is transitive because
of the assumption that ties are broken in a menu-independent way.47

Define ζ by ζpP q “ ηα˚pG´1pP qq, and let cη be the associated stochastic choice. Because
the sets of menus and actions are finite, the proposition can be established by showing
that the probabilities that any given action a is chosen from any given menu M converge
to those of cζ . Fix M P M and a P M . Lemma 1 shows that for Pµ0, π

almost any
sequence of histories such that Pµ0, π

rlimtÑ8 αt “ α˚s ą 0, the probability that the number
of recalled pa, yq experiences is equal to c for every c P N converges to its probability
under a Poisson random variable with parameter α˚paqp˚

apyqk, and these distributions are
independent across pa, yq pairs. Therefore, as τ Ñ 8, the probability distribution ηhτ over
databases recalled at period τ ` 1 given hτ converges to ηα˚ .

To link this with the convergence of the stochastic choice rule, let DMpaq “ td P D :

@a1 P M,aGpdqa1u. Because the agent’s tiebreaking is menu-independent, the difference
47If for some d P D we have a, a1, a2 P A such that aGpdqa1, a1Gpdqa2, and a2Gpdqa, and (without loss

of generality) a P πpµp¨|dq | ta, a1, a2uq. Then a2, a P BR pµp¨|dq|ta, a1, a2uq X ta1, a2u, by optimality of π,
a P πpµp¨|dq | ta, a1, a2uq by a1Gpdqa2, and a P πpµp¨|dq | ta, a2uq, a contradiction.
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between cζpa,Mq and Pµ0, π
raτ`1 “ a|hτ ,M s is bounded by |ηα˚pDMpaqq ´ ηhτ pDMpaqq|.

For every l P N, this is less than
ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ηα˚

¨

˝d P DMpaq :
ÿ

pa,yqPAˆY

dpa, yq ą l

˛

‚´ ηhτ

¨

˝d P DMpaq :
ÿ

pa,yqPAˆY

dpa, yq ą l

˛

‚

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

`

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ηα˚

¨

˝d P DMpaq :
ÿ

pa,yqPAˆY

dpa, yq ď l

˛

‚´ ηhτ

¨

˝d P DMpaq :
ÿ

pa,yqPAˆY

dpa, yq ď l

˛

‚

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

.

Both addends can be made arbitrarily small by taking l and τ large.
This establishes the random utility representation.
To see that this stochastic choice rule admits an information representation in the sense

of Lu [2016] with posterior distribution F µ0

α˚ , identify the state space with Θ, acts with A,
and outcomes with Z “ tupa, yq : pa, yq P A ˆ Y u; map each action a to the Anscombe-
Aumann act assigning state p the lottery with mass papty : upa, yq “ uuq on each u P Z.
Finally, α˚paq “ cζpa,Aq follows by the martingale SLLN (see, e.g., Theorem 2.7 of Hall
and Heyde [2014]).

2) Consider an arbitrary RUM ζ on the set of alternatives A. Since we only need to
approximate it to an ε term, we can assume it assigns strictly positive probability to every
linear order in P . We start by defining the learning environment. Let outcomes and utility
be given by Y “ tyąuą PP and u pa, yąq “ | ta1 P A : a ą a1u |. Moreover, for every ą P P ,
and ε P p0, 1q define the (action-independent) DGP

pą
a pyq “

#

1 ´ ε y “ yą

ε
|P|´1

otherwise

and let the prior be uniform over those models:

µ0 ptpąuq “
1

|P |
@ ą P P

so that Θ “ tpąuą PP . Observe that given these utility functions and DGPs, there exists
ε P

`

0, 1
2

˘

such that for all ν P ∆ pΘq and for all ą P P
ν ppąq

1 ´ ν ppąq
ą

1 ´ ε

ε|P |
and a ą a1 ùñ Eν rEp ru pa, yqss ą Eν rEp ru pa1, yqss . (15)

Consider a database d P NAˆY such that for ą P P
ÿ

aPA

|d pa, yąq | ą
ÿ

aPA

|d pa, yq | @y P Y z tyąu . (16)
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We have

µ ppą|dq

1 ´ µ ppą|dq
“

1
|P|

p1 ´ εq
ř

aPA |dpa,yąq| ε
ř

yPY ztyąu

ř

aPA |dpa,yq|

ř

ą1PPztąu
1

|P|
p1 ´ εq

ř

aPA |dpa,yą1 q| ε

ř

yPY zty
ą1u

ř

aPA |dpa,yq|

ě

1
|P|

p1 ´ εq
ř

aPA |dpa,yąq| ε
ř

yPY ztyąu

ř

aPA |dpa,yq|

ř

ą1PPztąu
1

|P|
p1 ´ εq

ř

aPA |dpa,yąq| ε
ř

yPY ztyąu

ř

aPA |dpa,yq| ε
p1´εq

ě
1 ´ ε

ε|P |.

Therefore, Equation (16) implies that

a ą a1 ùñ Eµp¨|dq rEp ru pa, yqss ą Eµp¨|dq rEp ru pa1, yqss ,

i.e., if the agent recalls database d they choose accordingly to ą from every menu. Call D1

the set of databases for which (16) holds for some ą.
Given this pY, u, µ0q we now shows that there is a sequence of DGPs such that for every

ą P P the probability of recalling a database that satisfies Equation (16) converges to ζ pąq.
We can do this by directly taking a sequence of Poisson parameters

`

pλą,nq
ą PP

˘

nPN where
λą,n is the Poisson parameter describing the distribution of

ř

aPA d pa, yąq. By Lemma A.4,
taking

kn “
ÿ

ą PP
λą,n and p˚

a,n pyąq “
λą,n

kn
@a P A,ą P P

these will be the relevant Poisson parameters for ηnα for every α P ∆ pAq.
Let λą,n “ n ` cą

?
n for all ą P P and n PN, where pcąqą PP P RP is an arbitrary

vector that we will later determine. Since
ř

aPA dpa, yąq „ Poissonpλą,nq and λą,n{n “

1 ` cą{
?
n Ñ 1, the Poisson CLT and Slutsky’s theorem yield
ř

aPA d pa, yąq ´ n
?
n

“

˜

ř

aPA d pa, yąq ´ λą,n
a

λą,n

¸

c

λą,n

n
` cą

d
ÝÑ N pcą, 1q . (17)

Therefore,

lim
nÑ8

Pηnα

«

ÿ

aPA

d pa, yąq ą
ÿ

aPA

d pa, yą1q , @ ą1P P

ff

“ P rXą ` cą ą Xą1 ` cą1 , @ ą1P Pz tąus

where pXąqą PP are i.i.d. N p0, 1q. The remaining task is to prove the existence of a vector
pcąqą PP such that

P rXą ` cą ą Xą1 ` cą1 , @ ą1P Ps “ ζ pąq @ ą P P . (18)
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To do so, define the function f : RP Ñ R as

f ppcąqą PPq “ E
”

max
ą PP

Xą ` cą

ı

´
ÿ

ąPP
ζ pąq cą.

Differentiating with respect to cą1 and applying the dominated convergence theorem we get
Bf ppcąqą PPq

Bcą1

“ P rXą1 ` cą1 ą Xą2 ` cą2 , @ ą2P Pz tą1us ´ ζ pą1q .

Therefore, points pcąqą PP where the gradient of f ppcąqą PPq is 0 satisfies equation (18).
Restrict f to the hyperplane

H “

#

pcąqą PP :
ÿ

ą PP
cą “ 0

+

.

Observe first that

f ppcąqą PPq “ E
”

max
ą PP

Xą ` cą

ı

´

ř

ą1PP cą1

|P |
´

ÿ

ą PP
ζ pąq cą `

ř

ą1PP cą1

|P |

“ E
„

max
ą PP

Xą ` cą ´

ř

ą1PP cą1

|P |

ȷ

´
ÿ

ą PP
ζ pąq

ˆ

cą ´

ř

ą1PP cą1

|P |

˙

“ E
”

max
ą PP

Xą ` c̃ą

ı

´
ÿ

ą PP
ζ pąq c̃ą “ f ppc̃ąqą PPq

where

c̃ą “ cą ´

ř

ą1PP cą1

|P |
@ ą P P .

Therefore, a minimum on H is a global minimum of the function, and thus needs to have
a gradient equal to 0.

Moreover, f is coercive on H. To see this, let Mppcąqą PPq “ maxą PP cą, and let
ą˚“ argmaxą PP cą. By definition, maxą PPpXą ` cąq ě Xą˚ ` cą˚ “ Xą˚ `MppcąqąPPq.

Taking the expectation on both sides, and noting that ErXą˚s “ 0:

E
”

max
ą PP

pXą ` cąq

ı

ě Mppcąqą PPq. (19)

On the other hand, let ζmin “ miną PP ζ pąq ą 0. By equation (19) we have

fppcąqą PPq ě
ÿ

ą1PP
ζpą1qpMppcąqą PPq ´ cą1q

By definition of M, every term in the summation is non-negative. Replacing each ζpą1q
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with ζmin yields:

fppcąqą PPq ě ζmin

˜

|P |Mppcąqą PPq ´
ÿ

ą1PP
cą1

¸

Because c P H, the
ř

ą1PP cą1 “ 0, so fppcąqą PPq ě ζmin|P |Mppcąqą PPq. Since
ř

ą1PP cą1 ,
Mppcąqą PPq ě 0. For any coordinate ą1P P , we have: ´cą1 “

ř

ą2PPztą1u cą2 ď p|P | ´

1qMppcąqąPPq.

This bounds the absolute value of every component:

|cą1 | ď p|P | ´ 1qMppcąqą PPq ùñ } pcąqą PP }8 ď p|P | ´ 1qMppcąqą PPq

Using the equivalence of norms in Rn, we know } pcąqą PP }2 ď
a

|P |} pcąqą PP }8. Com-
bining these inequalities yields:

} pcąqą PP }2 ď
a

|P |p|P | ´ 1qMppcąqą PPq ùñ Mppcąqą PPq ě
1

a

|P |p|P | ´ 1q
} pcąqą PP }2

Substituting this back into our lower bound for fppcąqą PPq:

fppcąqą PPq ě
ζmin|P |

a

|P |p|P | ´ 1q
} pcąqą PP }2

As } pcąqą PP }2 Ñ 8 withinH, the right-hand side goes to infinity, meaning fppcąqą PPq Ñ

8. Thus, f is coercive on H.

Claim 1. f is strictly convex on H.

Thus because f is coercive it admits a minimum. This establishes that for every ϵ ą 0

there is a n P N such that with pY, u, p˚
n, µ, knq and under every optimal Markovian policy

the behavior converges to a RUM ζ 1 such that |cζpa,Mq ´ cζ1pa,Mq| ď ϵ{2 for all M P M
and a P M .

To conclude, observe that we can make pY, u, p˚
n, µ, knq correctly specified (and so satisfy

Assumption 1) by modifying µ to µ1 by assigning probability ε2 ą 0 to p˚
n. Indeed, for every

K ą 0 there is an ε2pKq ą 0 sufficiently small that only databases d P D1 with at least
K entries can generate different behaviors under µp¨|dq and µ1p¨|dq. However, given the
memory capacity kn, by taking a sufficiently large K the probability of recalling at least K
experiences can be made arbitrarily small. Therefore, with a sufficiently small ε2 probability
assigned to p˚

n, under every optimal Markovian policy the behavior converges to a RUM ζ2

such that |cζ2pa,Mq´cζ1pa,Mq| ď ϵ{2 for all M P M and a P M . By the triangle inequality
this ζ2 such that |cζ2pa,Mq ´ cζpa,Mq| ď ϵ for all M P M and a P M .
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Proof of Proposition 2. With only two actions, Ψµ0 can be seen as a correspondence
from r0, 1s to r0, 1s where these real numbers represent the probability assigned to the
action a whose distribution has been FOSD increased. Moreover, the assumption that two
actions are never indifferent after any observable database implies that Ψµ0 is a function,
and it is continuous by Lemma A.3. By Theorem 5 in Milgrom and Weber [1982], this
function is pointwise larger when p˚

a increases in the FOSD order. The result then follows
by Theorem 1 of Villas-Boas [1997].

A.4 Proofs for Section 5

As a first step towards proving Theorem 3, we establish a concentration inequality for ratios
of random variables whose distributions converge to Poisson distributions. In this proof we
let k grow, so we explicitly index the distributions ηαk by k, i.e., as ηk

αk .

Lemma A.5. Suppose that limkÑ8 α
k “ α̂. For every ε ą 0 and pa, a1, y, y1q P A2 ˆ Y 2

with α̂pa1q ą 0 and p˚
a1py1q ą 0, limkÑ8 Pηk

αk

”ˇ

ˇ

ˇ

dpa,yq

dpa1,y1q
´

α̂paqp˚
a pyq

α̂pa1qp˚
a1 py1q

ˇ

ˇ

ˇ
ą ε

ı

“ 0.48 Moreover,

limkÑ8 Pηk
αk

”

dpa1, y1q ´
α̂pa1qp˚

a1 py1qk

2
ă ε

ı

“ 0.

Definition 6. A unitary-data self-confirming equilibrium is an α P ∆pAq such that for all
a P supppαq there is νa P ∆pΘpαqq such that a P BRpνaq.

Unitary-data self-confirming equilibrium allows each action in the support of α to be
rationalized by a different belief but requires that all beliefs are supported over the likelihood
maximizers given the same data. This is more restrictive than heterogeneous-belief self-
confirming equilibrium (Fudenberg and Levine [1993]), which only requires that each action
a in the support of α is a best response to a belief over the maximizers corresponding to
data about the consequences of the particular pure action a. This difference is due to the
different origins of heterogeneity in the two equilibrium concepts.49

The next lemma shows that this distinction is irrelevant if the agent is correctly specified.
Lemma A.6. When p˚ P Θ (as we have assumed here), every unitary-data self-confirming
equilibrium is a unitary-belief self-confirming equilibrium.50

48We adopt the convention that 0{0 “ 8.
49Heterogeneous-belief self-confirming equilibria are steady states of models with many agents in each

player role, and heterogeneity comes from the fact that different agents in the same role may behave
differently and thus find that different models best fit their data.

50Our working paper gives an example where p˚ R Θ and the limit as k Ñ 8 of the stochastic memory
equilibria is a unitary-data self-confirming equilibrium that unitary beliefs cannot support.
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Proof of Theorem 3. Let fpdq P ∆pA ˆ Y q denote the empirical joint distribution over
action-outcome pairs corresponding to d P D. By Lemma A.5, for every M P N and ε ą 0,
limkÑ8 Pηk

αk

”

d :
ř

aPA,yPY dpa, yq ą M,maxaPA,yPY |fpdqpa, yq ´ α̂paqp˚
apyq| ă ε

ı

is equal to
1. That is, with probability approaching 1, the database is large, and the recalled frequency
of pair pa, yq is approximately proportional to α̂paqp˚

apyq.
Let ε ą 0. By Assumption 1, p P Θpα̂q if and only if pa “ p˚

a for all a P supp α̂.
Therefore, there exist ε1 ă ε and K ą 0 such that

´

ř

aPA α̂paq
ř

yPY p
˚
apyq log papyq

¯

´
´

ř

aPA α̂paq
ř

yPY p
˚
apyq log p1

apyq

¯

ą K for all p P Bε1pΘpα̂qq, p1 R BεpΘpα̂qq. Thus, there is
a set of databases d that has Pηk

α̂k
probability going to 1, whose length

ř

aPA,yPY dpa, yq is
growing to 8 and such that

µpBεpΘpα̂qq|dq

1 ´ µpBεpΘpα̂qq|dq
ě

ş

Bε1 pΘpα̂qq

ś

pa,yqPAˆY ppapyqqdpa,yqdµ0ppq
ş

ΘzBεpΘpα̂qq

ś

pa,yqPAˆY ppapyqqdpa,yqdµ0ppq
ě µ0pBε1pΘpα̂qqq exp

˜

K{2
ÿ

aPA,yPY

dpa, yq

¸

.

As k grows the RHS goes to 8, so since ε can be arbitrarily small, the agent’s beliefs
concentrate on Θpα̂q. Now fix any action a P supppα̂q. Since limkÑ8 α

kpaq “ α̂paq ą 0, the
posterior probability of drawing a belief under which a is optimal is at least αkpaq. Because
beliefs asymptotically concentrate on ∆pΘpα̂qq, there must exist a sequence of beliefs νk
and a limit ν˚ P ∆pΘpα̂qq such that νk Ñ ν˚ and a P BRpνkq for all large k. Because best
reply correspondence has closed graph, a P BRpν˚q. Since this holds for every a P supppα̂q,
α̂ satisfies the definition of a unitary-data self-confirming equilibrium. Finally, by Lemma
A.6 and Assumption 1, every unitary-data self-confirming equilibrium is a self-confirming
equilibrium.

A.5 Proofs for Section 6

Proof of Lemma 2. Let D1 Ď D denote the set of databases that under ηα have a positive
probability of being reached with a finite number of transitions from the empty database.
At any d P D1, the probability of a transition to the empty history is bounded below by
Q :“ expp´rk ` rs|A ˆ Y |q ą 0, so D1 is a closed irreducible class.

Moreover, for any d1 P D1, there is a simple path of length τ P N connecting the empty
database and d1, i.e., a finite sequence of distinct databases pd̃0, ..., d̃τ q with d̃0 the empty
database, d̃τ “ d1, and ηα,d̃ipd̃i`1q ą 0 for all i P t0, ..., τ ´ 1u. Let M “

śτ´1
i“0 ηα,d̃ipd̃i`1q.
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Thus the expected return time to d1 is bounded from above by
8
ÿ

i“1

p1 ´ P preturn time ď iqq ď τ `

8
ÿ

i“1

p1 ´ P preturn time ď τ ` iqq

ďτ `

8
ÿ

i“1

i
ź

j“1

p1 ´ P pdj`l “ d̃l, @l P t0, ..., τuqq ď τ `

8
ÿ

i“1

p1 ´ QMqi ă 8,

so d1 is positive recurrent. It remains to rule out invariant mass outside D1. For every d P D,
the probability of transitioning to the empty database is bounded below by Q ą 0. Since the
empty database belongs to D1, and D1 is closed, the hitting time τD1 :“ inftt ě 0 : dt P D1u

satisfies PdpτD1 ą nq ď p1 ´ Qqn for all d P D, @n P N. Thus no invariant distribution can
assign positive mass to DzD1. Since there is zero probability of leaving D1 and all the states
in D1 are positive recurrent, ηα has a unique invariant distribution (see Theorem 6.5.3 in
Durrett [2019]).

To state the next lemma, we introduce the following notation. Let bpdq :“ πpµp¨ | dqq.
Also, let Gt be the beginning-of-period filtration after dt has been drawn but before yt is
realized, so that at “ bpdtq and αt are Gt-measurable. but yt has not yet been realized. For
each d P D, let Qtpd, ¨q be the transition law generated from the history through period
t ´ 1 if the current database is d, and put

αd
t :“

t ´ 1

t
αt´1 `

1

t
δbpdq.

Thus Qtpdt, ¨q “ Lpdt`1 | Gtq and αdt
t “ αt. Write Pαpd, ¨q :“ ηα,d and set

φpdq :“ δbpdq,

Gpα, dq :“ Pαφpdq “

ż

∆pΘq

δπpνq dF
µ0

α,dpνq,

Gpαq :“

ż

D
Gpα, dq dHαpdq.

Also write qαpa, yq :“ αpaqp˚
apyq.

Lemma A.7 (Controlled Markov averaging). Then the following statements hold.
1. On every path for which }υt´1 ´ qαt´1}1 Ñ 0,

sup
dPD

›

›

›
Qtpd, ¨q ´ Pαd

t
pd, ¨q

›

›

›

TV
ÝÑ 0.

Moreover, the conditional belief law converges uniformly to F µ0

αd
t ,d

on the same set of
histories. In particular, the conclusion holds Pµ0,π-a.s.
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2. The family pPαqαP∆pAq is uniformly geometrically ergodic and Lipschitz in α in the uni-
form total-variation norm. The maps α ÞÑ Hα and α ÞÑ F µ0

α,d are Lipschitz in total
variation, the latter uniformly in d.

The proofs of the lemmas and corollaries of this section are in Online Appendix B.2.

Corollary 2. Consider any sequence of histories for which

}υt ´ qαt}1 Ñ 0 and αt Ñ α.

Let Qt be the actual transition kernel of the recalled database at time t`1 given the current
database at time t, and let λt be the law of the recalled database dt generated by the sequence
of kernels Q1, Q2, . . . , Qt´1. Then

}λt ´ Hα}TV Ñ 0.

Let Ψd1pαq denote the distributions over actions induced by an optimal Markovian mixed
policy ρ and random beliefs ν: Ψµ0pα, d1q “ t

ş

∆pΘq
ρpνqdF µ0

α,d1pνq : ρ P Ou.

Lemma A.8.
1.

ş

D Ψµ0p¨, d1qdHp¨qpd
1q is non-empty valued.

2.
ş

D Ψµ0p¨, d1qdHp¨qpd
1q is closed valued;

3.
ş

D Ψµ0p¨, d1qdHp¨qpd
1q is upper hemicontinuous;

4.
ş

D Ψµ0p¨, d1qdHp¨qpd
1q is convex valued;

5. α1 is an ergodic memory equilibrium if and only if α1 P
ş

D Ψµ0pα1, d1qdHα1pd1q.

Proof of Proposition 5. Lemma A.8 shows that every fixed point of Ψ̄ : “
ş

D Ψµ0p¨, d1qdHp¨qpd
1q

is an ergodic memory equilibrium, and that Ψ̄ is non-empty valued and convex valued. To-
gether with the closed-graph theorem, the lemma also shows Ψ̄ has a closed graph, so it
has a fixed point by the Kakutani fixed point theorem.

Proof of Theorem 4. The proof has four steps. Lemma A.7 gives the limit of the transi-
tion matrices over databases and its uniform continuity in α. The second step of the proof
establishes that the accumulated deviation of the recalled database from its theoretical
average vanishes: for all T ą 0,

lim
nÑ8

sup
měn:

řm
t“n 1{pt`1qďT

›

›

›

›

›

m
ÿ

t“n

`

Gpαt, dtq ´ Gpαtq
˘

{pt ` 1q

›

›

›

›

›

“ 0. (20)
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The third step of the proof uses stochastic approximation to show that the long-run
behavior of (9) can be approximated by 9αptq P EHαt

rΨµ0pαptq, dqs ´ αptq. The last step
parallels the last step of the proof of Theorem 1 with

ş

D Ψµ0pα, d1qdHα in place of Ψµ0pαq

after observing that
ş

D Ψµ0pα, d1qdHα inherits the key properties of Ψµ0 , as shown by Lemma
A.8. The details of the second and third step are given in Online Appendix B.3; we omit
the remaining details.
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B Online Appendix

B.1 Proofs of Propositions Stated in the Text.

Proof of Proposition 3. Because the agent is risk neutral, it is optimal for them to
choose the action with the highest posterior mean. Let ŷa be the average outcome over
the na recalled experiences where action a was used. When the agent recalls na experi-
ences for action a, each is normally distributed with mean ȳa and variance σ2, so ŷa is
normally distributed with mean ȳa and variance σ2{na. Thus the posterior mean of ya is
y0a{σ2

0`ŷana{σ2

1{σ2
0`na{σ2 , and the induced choice probabilities are those of a Probit model with means

´

y0a{σ2
0`naȳa{σ2

1{σ2
0`na{σ2

¯

aPA
and a diagonal covariance matrix with entries na{σ2

p1{σ2
0`na{σ2q2

.
To derive the distribution over the number of recalled experiences, let t ě k and a P A.

We first consider infinite sequences of experiences pat, ytqtP8 such that limtÑ8

řt
τ“1 1taupaτ q “

8. By equation (1), the probability that dt`1pa, Y q “ na P N conditional on the history
pat, ytq is

`

tαtpaq

na

˘

pk{tqnappt´kq{tqtαtpaq´na . Because a occurs infinitely often, limtÑ8 tαtpaq
`

k
t

˘

“

αpaqk, so the Poisson limit theorem (e.g., page 15 of Loève [1977]) implies the probability
that dt`1pa, Y q “ na P N converges to e´αpaqk pαpaqkqna

na!
.

Now suppose that for the pair pa, pat, ytqtP8q, limtÑ8

řt
τ“1 1taupaτ q ‰ 8. Then the

distribution over recalled experiences given pat, ytq is eventually first-order stochastically
dominated by the one given pa1t, ytq, where each pa1tqtPN is an arbitrary action sequence with
the properties that limtÑ8 1taupa1

tq “ 8 and limtÑ8 1taupa1
tq{t “ 0. Since this dominating

distribution converges to a Dirac at 0 by the previous part of the proof, so does the dis-
tribution associated with pat, ytq. Thus the number of recalled experiences of action na is
Poisson distributed with parameter αpaqk.

The next proof requires the following lemma:

Lemma B.1. The choice probabilities of the agent are

αϕ,pp1q “

$

&

%

0 if ϕ “ 0 and kp ď 1

1 ` 1
kp
W

`

´e´kpkpp1 ´ pϕq
˘

otherwise
.

Furthermore, α0,pp1q is increasing in p.

Proof of Proposition 4. Part piq holds because W is an increasing function so αϕ,p is
increasing in ϕ. By Lemma B.1, there is an equilibrium where the agent engages in the
activity with strictly positive probability absent reminders if and only if pk ą 1, and thus

1



we can assume pk ą 1 when establishing part piiq. The marginal effect of reminders is
Bαϕ,pp1q

Bϕ
“ 1

kp1´pϕq
ˆ

´Wp´e´kpkpp1´pϕqq
1`W p´e´kpkpp1´pϕqq

. To simplify notation define ψppq “ ´e´kpkpp1´ pϕq.
Taking logarithms and differentiating with respect to p yields

B

Bp
log

ˆ

Bαϕ,pp1q

Bϕ

˙

“
ϕ

1 ´ pϕ
`

1

p1 ` W pψppqqqW pψppqq
W 1pψppqqψ1ppq.

As ψ1ppq “ e´kp rpkp ´ 1qkp1 ´ pϕq ` kpϕs , we get that
B

Bp
log

ˆ

Bαϕ,pp1q

Bϕ

˙

“
ϕ

1 ´ pϕ
´

1

p1 ` W pψppqqq2
pkp ´ 1qkp1 ´ pϕq ` kpϕ

kpp1 ´ pϕq
.

As kp ą 1 and W P r´1, 0s we obtain that B
Bp
log

´

Bαϕ,pp1q

Bϕ

¯

ď ´
kp´1
p

ă 0 . Thus, αϕ,pp1q is
sub-modular in pϕ, pq. This and Lemma B.1 imply piiq.

B.2 Proofs of Ancillary Lemmas and Claims

Proof of Lemma A.1. Let ht “ pa1, y1, . . . , at, ytq denote the period-t history and let
tFtutě0 be the filtration Ft “ σphtq. Consider the tFtu–adapted stochastic processes
pX

pâ,ŷq
t qpâ,ŷqPAˆY,tPN defined by X

pâ,ŷq
t “ p1tŷupytq ´ p˚

âpŷqq1tâupatq for all pâ, ŷq P A ˆ Y,

and for all t P N.
For each pâ, ŷq, Xpâ,ŷq

t is 0 if action â is not played in period t. If â is played, Xpâ,ŷq
t

reports the difference between the indicator for yt “ ŷ minus its expected value given â,
p˚
âpŷq. They are not i.i.d., but for each pa, yq P A ˆ Y ,

ErX
pa,yq
t | Ft´1s “ Pµ0, π

rat “ a | Ft´1sErX
pa,yq
t | Ft´1, at “ as ` Pµ0, π

rat ‰ a | Ft´1sErX
pa,yq
t | Ft´1, at ‰ as

“ Pµ0, π
rat “ a | Ft´1s0 ` Pµ0, π

rat ‰ a | Ft´1s0 “ 0.

Thus pX
pa,yq
t qtPN is a martingale difference sequence, so from the strong law of large numbers

(see Theorem 2.7 in Hall and Heyde [2014]), limnÑ8
1
n

řn
t“1 X

pa,yq
t “ 0, Pµ0, π

-a.s.
Note that

lim
nÑ8

1

n

n
ÿ

t“1

X
pa,yq
t “ lim

nÑ8

n
ÿ

t“1

1ta,yupat, ytq ´ p˚
apyq1taupatq

n
“ lim

nÑ8
υnpa, yq ´ αnpaqp˚

apyq

whenever the limits exist. Taking the maximum over the finite set AˆY yields the uniform
statement. The “in particular” clause follows immediately when αt Ñ α˚.

Proof of Lemma A.2. Let

Tµ0 : D Ñ ∆pΘq, Tµ0pdq :“ µp¨ | dq,

2



denote the map from a database to the corresponding posterior. By definition,

F µ0
α “ pTµ0q#ηα,

where pTµ0q#ηα denotes the pushforward of ηα under Tµ0 .
We first establish continuity in α. Recall that

ηα “
â

pa,yqPAˆY

Pois
`

kαpaqp˚
apyq

˘

.

For any λ, λ1 ě 0, a coupling of Poisson random variables gives

}Poispλq ´ Poispλ1q}TV ď 1 ´ e´|λ´λ1| ď |λ ´ λ1|.

Consequently, the product inequality for total variation implies that, for every α, β P ∆pAq,

}ηα ´ ηβ}TV ď
ÿ

pa,yqPAˆY

|kαpaqp˚
apyq ´ kβpaqp˚

apyq|

“ k
ÿ

aPA

|αpaq ´ βpaq|
ÿ

yPY

p˚
apyq

“ k}α ´ β}1. (21)

Total variation cannot increase under a measurable pushforward. Therefore,
›

›F µ0
α ´ F µ0

β

›

›

TV
ď }ηα ´ ηβ}TV ď k}α ´ β}1. (22)

Thus α ÞÑ F µ0
α is Lipschitz in total variation and, in particular, weakly continuous. Indeed,

if αn Ñ α˚, then for every bounded measurable f : ∆pΘq Ñ R,
ˇ

ˇ

ˇ

ˇ

ż

f dF µ0
αn

´

ż

f dF µ0

α˚

ˇ

ˇ

ˇ

ˇ

ď 2}f}8

›

›F µ0
αn

´ F µ0

α˚

›

›

TV
ď 2k}f}8}αn ´ α˚}1 ÝÑ 0.

It remains to prove the asserted convergence of conditional beliefs. Since

Lpµt | ht´1q “ pTµ0q#Lpdt | ht´1q,

the contraction of total variation under pushforwards, Lemma 1, and (21) give

}Lpµt | ht´1q ´ F µ0

α˚}TV ď }Lpdt | ht´1q ´ ηα˚}TV

ď
›

›Lpdt | ht´1q ´ ηαt´1

›

›

TV
`
›

›ηαt´1 ´ ηα˚

›

›

TV

ď
›

›Lpdt | ht´1q ´ ηαt´1

›

›

TV
` k}αt´1 ´ α˚}1 ÝÑ 0

on every history on which αt Ñ α˚ and the conclusion of Lemma 1 holds. This occurs
Pµ0,π-almost surely. Total-variation convergence implies the claimed weak convergence.

3



Proof of Lemma A.3.
1. Since the set of actions is finite, there is at least one measurable selection from the best

reply correspondence.
2. ∆pAq is finite-dimensional and bounded, YρPOρpνq is closed for every ν P ∆pΘq, and

Ψµ0pαq is the Aumann integral Aumann [1965] of the (mixed) best reply correspondence
with respect to the distribution of beliefs F µ0

α . Therefore, it satisfies the assumptions of
case (i) of Theorem 2.1.37 of Molchanov [2017], so it is closed.

3. By Lemma A.2, F µ0

p¨q
is continuous in α, and so by Artstein and Wets [1988], Theorem

4.2, Ψµ0 is upper hemicontinuous.
4. This follows immediately from the definition of Ψµ0 .
5. This follows immediately from the definition of stochastic memory equilibrium.

Proof of Lemma A.4. Since A is finite, it is enough that for every a P A the probability
that a is used at period t`1 given ht converges to ψµ0

π pαtq. By definition of ψµ0
π , a sufficient

condition for this is that the distribution of databases given ht converges to ηαt . The result
thus follows by Lemma 1.

Proof of Lemma B.1. Suppose the agent takes action 1 with frequency α. If there is a
reminder, the agent takes action 0 only if they do not get a reminder and they do not recall
a good outcome, which has probability exp´αkpp1´ϕq, or they do not recall a good outcome
and are given a reminder, but the reminder is about a bad outcome, which has probability
exp´pαkpq ϕp1 ´ pq. Thus, the equilibrium probability that the agent takes action 1 is given
by the fixed-point equation αϕ,pp1q “ 1 ´ e´kpαϕ,pp1qp1 ´ ϕ ` ϕp1 ´ pqq. First, observe that
for ϕ ą 0 any solution to the equation

αϕ,pp1q “ 1 ´ e´kαϕ,pp1qpp1 ´ ϕ ` ϕp1 ´ pqq (23)

must satisfy αϕ,pp1q ą 0 as the right-hand side is strictly positive. For ϕ “ 0 the function
α̂ ÞÑ α̂´

`

1 ´ e´kp α̂
˘

has derivative 1´ kp e´kp α̂ and is convex. As for kp ď 1, the function
crosses 0 from below at α̂ “ 0; this is the unique solution to (23).

For kp ą 1 or ϕ ą 0 a positive solution exists, namely αϕ,pp1q “ 1` 1
kp
W

`

´e´kpkpp1 ´ pϕq
˘

,

which we select by assumption. The function α̂ ÞÑ α̂ ´
`

1 ´ e´kp α̂
˘

has positive derivative
at α0,pp1q, so 0 ď 1´ kp e´kpα0,pp1q “ 1´ kpp1´α0,pp1qq . To show that α0,pp1q is increasing
in p, observe that by equation (23) it is the solution to α0,pp1q “ 1 ´ e´kpα0,pp1q . By the

4



implicit function theorem
Bα0,pp1q

Bp
“

„

kα0,pp1q ` kp
Bα0,pp1q

Bp

ȷ

e´kpα0,pp1q

ñ
Bα0,pp1q

Bp
r1 ´ kpp1 ´ α0,pp1qqs “ kα0,pp1qp1 ´ α0,pp1qq .

Since 1 ´ kpp1 ´ α0,pp1qq ě 0, Bα0,pp1q

Bp
ą 0 for kp ą 0.

Lemma B.2. Suppose ϕ “ 0 and there are multiple equilibria when ϵ “ 0. Then for any
ϵ P p0, 1q, there is a unique equilibrium, and it has αp1q ą 0. Moreover, this equilibrium
converges to the equilibrium with αp1q ą 0 as ϵ Œ 0.

Proof. There are multiple equilibria for ϵ “ 0 if and only if pk ą 1. To see that the
equilibrium is unique if with probability ϵ ą 0 the agent takes the action a “ 1, observe
that the frequency with which the agent takes the action a “ 1 must solve αpp1q “ ϵ `

p1 ´ ϵqr1 ´ e´kαpp1qps. Any solution of this equation must satisfy α ą ϵ. The function
α ÞÑ ϵ` p1 ´ ϵqr1 ´ e´kαps ´ α is concave, so it has at most 2 roots. At α “ 0 it is positive
and has derivative p1´ ϵqkp´ 1, which as kp ą 1, is also positive for ϵ small enough. Thus,
this equation can only have the single positive solution αp1q “ 1 ` 1

kp
W

`

´e´kpkpp1 ´ ϵq
˘

,

which converges to the equilibrium where αp1q ą 0 as ϵ Ñ 0 because W is continuous.

Proof of Lemma A.5. Let µk :“ kαkpaqp˚
apyq and νk :“ kαkpa1qp˚

a1py1q. Since α̂pa1q ą 0

and p˚
a1py1q ą 0, we have limkÑ8 νk “ 8. If p˚

apyq “ 0, then µk “ 0 for all k P N and
dpa, yq “ 0 almost surely under ηkα. Hence dpa,yq

dpa1,y1q
“ 0 whenever dpa1, y1q ą 0, and since

limkÑ8 νk “ 8, limkÑ8 Pηk
αk

rdpa1, y1q “ 0s “ 0. Thus the first claim holds because both the
ratio and its limit are equal to 0 with probability converging to 1. The second claim concerns
only dpa1, y1q and is unaffected by p˚

apyq, so it follows from the argument below. Therefore,
in what follows, suppose p˚

apyq ą 0. Similarly, if pa, yq “ pa1, y1q the first claim trivially
holds, and since the second claim concerns only dpa1, y1q, it follows from the argument below.
Therefore, in what follows, suppose pa, yq ‰ pa1, y1q.
Case 1: α̂paq ą 0. Then also limkÑ8 µk “ 8. For any β P p0, 1q, Chernoff’s theorem (see,
e.g., Theorem 1.3.12 in Stroock [2010]) applied to the Poisson moment generating function
Mptq “ eµkpet´1q yields Pηk

αk
rdpa, yq ě p1 ` βqµks ď exp

`

´µk

“

p1 ` βq logp1 ` βq ´ β
‰˘

and
Pηk

αk
rdpa, yq ď p1 ´ βqµks ď exp

`

´µk

“

β ` p1 ´ βq logp1 ´ βq
‰˘

with analogous bounds for
dpa1, y1q. For any β P p0, 1q, the Chernoff bounds above imply that

Pηk
αk

r|dpa, yq ´ µk| ą βµks ď 2 exp
`

´cpβqµk

˘

and Pηk
αk

r|dpa1, y1q ´ νk| ą βνks ď 2 exp
`

´cpβqνk
˘

,

5



where cpβq :“ mintp1 ` βq logp1 ` βq ´ β, β ` p1 ´ βq logp1 ´ βqu ą 0.
Using a union bound (and independence under ηk

αk), we obtain

Pηk
αk

r|dpa, yq ´ µk| ą βµk or |dpa1, y1q ´ νk| ą βνks ď 2e´cpβqµk `2e´cpβqνk ď 4e´cpβqmintµk,νku.

Since limkÑ8 mintµk, νku “ 8, the right-hand side converges to 0. Now set rk :“ µk

νk
“

αkpaqp˚
a pyq

αkpa1qp˚
a1 py1q

and r :“ α̂paqp˚
a pyq

α̂pa1qp˚
a1 py1q

.
Since limkÑ8 rk “ r P p0,8q, there exists M ą 0 and K P N such that rk ď M

for all k ě K. Choose β P p0, 1q small enough that M 2β

1 ´ β
ă ε. On the event Ek :“

!

|dpa, yq ´ µk| ď βµk and |dpa1, y1q ´ νk| ď βνk

)

, we have

1 ´ β

1 ` β
rk ď

dpa, yq

dpa1, y1q
ď

1 ` β

1 ´ β
rk,

so for all k ě K
ˇ

ˇ

ˇ

ˇ

dpa, yq

dpa1, y1q
´ rk

ˇ

ˇ

ˇ

ˇ

ď rk
2β

1 ´ β
ď M

2β

1 ´ β
ă ε.

Therefore,

lim
kÑ8

Pηk
αk

„ˇ

ˇ

ˇ

ˇ

dpa, yq

dpa1, y1q
´

αkpaqp˚
apyq

αkpa1qp˚
a1py1q

ˇ

ˇ

ˇ

ˇ

ą ε

ȷ

ď lim
kÑ8

Pηk
αk

rEc
ks “ 0.

Case 2: α̂paq “ 0. Then limkÑ8 rk “ 0. Fix ε ą 0. For all sufficiently large k,
ˇ

ˇ

ˇ

ˇ

dpa, yq

dpa1, y1q
´ rk

ˇ

ˇ

ˇ

ˇ

ą ε ñ
dpa, yq

dpa1, y1q
ą ε{2.

Hence, for all sufficiently large k,

Pηk
αk

„ˇ

ˇ

ˇ

ˇ

dpa, yq

dpa1, y1q
´ rk

ˇ

ˇ

ˇ

ˇ

ą ε

ȷ

ď Pηk
αk

„

dpa, yq

dpa1, y1q
ą ε{2

ȷ

.

Now

Pηk
αk

„

dpa, yq

dpa1, y1q
ą ε{2

ȷ

ď Pηk
αk

„

dpa, yq

dpa1, y1q
ą ε{2

ˇ

ˇ

ˇ
dpa1, y1q ě

1

2
νk

ȷ

` Pηk
αk

„

dpa1, y1q ă
1

2
νk

ȷ

(24)

ď Pηk
αk

”

dpa, yq ą
ε

4
νk

ı

` Pηk
αk

„

dpa1, y1q ă
1

2
νk

ȷ

.

(25)

The first term is bounded by Markov’s inequality: Pηk
αk

“

dpa, yq ą ε
4
νk
‰

ď
4µk

ενk
Ñ 0 since

limkÑ8 rk “ limkÑ8 µk{νk “ 0. The second term goes to 0 by the lower-tail Chernoff
bound above (with β “ 1{2), because limkÑ8 νk “ 8. This establishes the second claim of

6



the lemma and also implies that

lim
kÑ8

Pηk
αk

„ˇ

ˇ

ˇ

ˇ

dpa, yq

dpa1, y1q
´

αkpaqp˚
apyq

αkpa1qp˚
a1py1q

ˇ

ˇ

ˇ

ˇ

ą ε

ȷ

“ 0.

Proof of Lemma A.6. If α̂ is a unitary-data self-confirming equilibrium then for all a1 P

supppα̂q there is νa1

P ∆pΘpα̂qq such that a1 P BRpνa
1

q. Moreover, because the agent is
correctly specified for all a1, a2 P supppαq and for every p P supp νa

1 , pa2 “ p˚
a2 , so the agent

has a single and correct belief ûa1 about the expected payoff of every a1 P supppαq. And since
α̂ is a unitary-data self-confirming equilibrium, ûa2 “ ûa1 ě

ş

Θ

ř

yPY papyqupa, yqdνa
1

ppq for
all a2, a1 P supppαq and a P A. Thus, α̂ is a unitary-belief self-confirming equilibrium.

Proof of Lemma A.7. Put E :“ A ˆ Y , let Nt´1pa, yq be the number of occurrences of
pa, yq through period t ´ 1, and, for z “ pa, yq P E, set

czpd, y1q :“ k ` r1tdpzqą0 or z“pbpdq,y1qu.

For fixed d and y1, abbreviate

nt,zpd, y1q :“ Nt´1pzq ` 1tz“pbpdq,y1qu,

λt,zpd, y1q :“
czpd, y1q

t
nt,zpd, y1q,

λt,zpd, y1q :“ czpd, y1qqαd
t
pzq.

For all sufficiently large t, conditional on Gt, dt “ d, and yt “ y1, the coordinates of dt`1

are independent and their joint law is

Bd,y1

t :“
â

zPE

Bin

ˆ

nt,zpd, y1q,
czpd, y1q

t

˙

.

Let
rP d,y1

t :“
â

zPE

Pois
`

λt,zpd, y1q
˘

,

and write

P d,y1

αd
t

:“
â

zPE

Pois
`

λt,zpd, y1q
˘

.

Thus

Qtpd, ¨q “
ÿ

y1PY

p˚
bpdqpy

1qBd,y1

t , Pαd
t
pd, ¨q “

ÿ

y1PY

p˚
bpdqpy

1qP d,y1

αd
t
.

7



Convexity of total variation and the triangle inequality give
›

›

›
Qtpd, ¨q ´ Pαd

t
pd, ¨q

›

›

›

TV

ď
ÿ

y1PY

p˚
bpdqpy

1q

´›

›

›
Bd,y1

t ´ rP d,y1

t

›

›

›

TV
`

›

›

›

rP d,y1

t ´ P d,y1

αd
t

›

›

›

TV

¯

.
(26)

We bound the two terms separately. Le Cam’s inequality and the product inequality
for total variation imply

›

›

›
Bd,y1

t ´ rP d,y1

t

›

›

›

TV
ď 2

ÿ

zPE

nt,zpd, y1q

ˆ

czpd, y1q

t

˙2

ď
2pk ` rq2

t2

ÿ

zPE

nt,zpd, y1q “
2pk ` rq2

t
, (27)

where the last equality uses
ř

z nt,zpd, y1q “ t. Next, Poisson random variables with means
λ and λ1 can be coupled so that their mismatch probability is at most 1´e´|λ´λ1| ď |λ´λ1|.
Coupling the coordinates independently and using the product inequality therefore gives

›

›

›

rP d,y1

t ´ P d,y1

αd
t

›

›

›

TV
ď

ÿ

zPE

ˇ

ˇλt,zpd, y1q ´ λt,zpd, y1q
ˇ

ˇ

ď pk ` rq
ÿ

zPE

ˇ

ˇ

ˇ

ˇ

nt,zpd, y1q

t
´ qαd

t
pzq

ˇ

ˇ

ˇ

ˇ

. (28)

For z “ pa, yq, the difference in the last line is exactly
nt,pa,yqpd, y

1q

t
´ qαd

t
pa, yq “

t ´ 1

t
pυt´1pa, yq ´ αt´1paqp˚

apyqq

`
1

t
1ta“bpdqu

`

1ty“y1u ´ p˚
bpdqpyq

˘

.

Consequently,
ÿ

zPE

ˇ

ˇ

ˇ

ˇ

nt,zpd, y1q

t
´ qαd

t
pzq

ˇ

ˇ

ˇ

ˇ

ď
t ´ 1

t

›

›υt´1 ´ qαt´1

›

›

1
`

1

t

ÿ

yPY

ˇ

ˇ1ty“y1u ´ p˚
bpdqpyq

ˇ

ˇ

ď
t ´ 1

t

›

›υt´1 ´ qαt´1

›

›

1
`

2

t
, (29)

uniformly in d and y1. Substituting (27)–(29) into (26) yields

εt :“ sup
dPD

›

›

›
Qtpd, ¨q ´ Pαd

t
pd, ¨q

›

›

›

TV

ď
2pk ` rq2 ` 2pk ` rq

t
` pk ` rq

t ´ 1

t

›

›υt´1 ´ qαt´1

›

›

1
.

(30)

Along the realized state, d “ dt and αd
t “ αt. If one does not combine the current-

8



observation term with the definition of αd
t , the same calculation gives directly

}Qtpdt, ¨q ´ Pαtpdt, ¨q}TV

ď
2pk ` rq2

t
` pk ` rq

ÿ

zPE

ˇ

ˇ

ˇ

ˇ

Nt´1pzq ` 1tz“pbpdtq,y1qu

t
´ qαtpzq

ˇ

ˇ

ˇ

ˇ

ď
2pk ` rq2 ` pk ` rq

t
` pk ` rq

ÿ

pa,yqPE

ˇ

ˇ

ˇ

ˇ

Nt´1pa, yq

t
´ αtpaqp˚

apyq

ˇ

ˇ

ˇ

ˇ

,

uniformly in the current-outcome component y1. Averaging over y1 preserves this bound.
This is the realized-path form of (30). In particular this has the stated form C{t`C}υt´1 ´

qαt´1}1, with a constant independent of the current database. Consequently, Lemma A.1
implies

εt ÝÑ 0 Pµ0,π-a.s. (31)

This proves part 1. The belief-law conclusion follows because measurable pushforwards
contract total variation.

For part 2, let 0 be the empty database. For every α and d,

Pαpd, t0uq “
ÿ

y1PY

p˚
bpdqpy

1q exp

$

&

%

´
ÿ

pa,yqPE

cpa,yqpd, y
1qαpaqp˚

apyq

,

.

-

ě expt´pk ` rqu “: ϵ0 ą 0.

Thus

Pαpd, ¨q “ ϵ0δ0 ` p1 ´ ϵ0qRαpd, ¨q

for a Markov kernel Rα. Its Dobrushin coefficient is at most 1 ´ ϵ0, and hence

sup
dPD

}P j
αpd, ¨q ´ Hα}TV ď 2p1 ´ ϵ0q

j @j ě 0, @α P ∆pAq. (32)

A coupling argument gives the required uniform Lipschitz bound. For fixed d P D and
y1 P Y , let

P d,y1

α :“
â

z“pa,yqPE

Pois
´

λd,y
1

α,z

¯

, λd,y
1

α,z :“ czpd, y1qαpaqp˚
apyq,

so that

Pαpd, ¨q “
ÿ

y1PY

p˚
bpdqpy

1qP d,y1

α .

The mixture weights p˚
bpdqpy

1q do not depend on α.
For each coordinate z, Poisson random variables with means λd,y1

α,z and λd,y
1

β,z can be

9



coupled as follows. Let

Zz „ Pois
´

mintλd,y
1

α,z , λ
d,y1

β,z u

¯

,

and independently let

Rα
z „ Pois

´

pλd,y
1

α,z ´ λd,y
1

β,z q`

¯

,

Rβ
z „ Pois

´

pλd,y
1

β,z ´ λd,y
1

α,z q`

¯

.

Then Xz :“ Zz ` Rα
z and Yz :“ Zz ` Rβ

z have the desired Poisson marginal distributions.
Taking these couplings independently across z P E, the coupling inequality gives

›

›

›
P d,y1

α ´ P d,y1

β

›

›

›

TV
ď PrpXzqzPE ‰ pYzqzPEs

ď 1 ´ exp

˜

´
ÿ

zPE

ˇ

ˇ

ˇ
λd,y

1

α,z ´ λd,y
1

β,z

ˇ

ˇ

ˇ

¸

ď
ÿ

zPE

ˇ

ˇ

ˇ
λd,y

1

α,z ´ λd,y
1

β,z

ˇ

ˇ

ˇ
.

Because czpd, y1q ď k ` r, the last expression satisfies
ÿ

z“pa,yqPE

ˇ

ˇ

ˇ
λd,y

1

α,z ´ λd,y
1

β,z

ˇ

ˇ

ˇ
“

ÿ

aPA

ÿ

yPY

cpa,yqpd, y
1qp˚

apyq|αpaq ´ βpaq|

ď pk ` rq
ÿ

aPA

|αpaq ´ βpaq|
ÿ

yPY

p˚
apyq

“ pk ` rq}α ´ β}1.

Finally, convexity of total variation under mixtures with common weights implies

}Pαpd, ¨q ´ Pβpd, ¨q}TV ď
ÿ

y1PY

p˚
bpdqpy

1q

›

›

›
P d,y1

α ´ P d,y1

β

›

›

›

TV

ď pk ` rq}α ´ β}1.

The bound is independent of d, and therefore

sup
dPD

}Pαpd, ¨q ´ Pβpd, ¨q}TV ď pk ` rq}α ´ β}1. (33)

Using invariance and the preceding contraction,

}Hα ´ Hβ}TV ď
k ` r

ϵ0
}α ´ β}1. (34)

Finally, F µ0

α,d is the pushforward of Pαpd, ¨q under d1 ÞÑ µp¨ | d1q, so

sup
dPD

}F µ0

α,d ´ F µ0

β,d}
TV

ď pk ` rq}α ´ β}1.
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This proves part 2.

Proof of Corollary 2. By Lemma A.7, along the specified history sequence,

sup
dPD

}Qtpd, ¨q ´ Pαd
t
pd, ¨q}TV Ñ 0,

where

αd
t “

t ´ 1

t
αt´1 `

1

t
δπpµp¨|dqq.

Since αt Ñ α, we also have

sup
dPD

}αd
t ´ α}1 Ñ 0.

Lemma A.7 also gives Lipschitz continuity of α ÞÑ Pα in the uniform total-variation norm.
Hence

εt :“ sup
dPD

}Qtpd, ¨q ´ Pαpd, ¨q}TV Ñ 0.

The proof of Lemma A.7 shows that Pα satisfies the uniform minorization

Pαpd, ¨q “ ϵ0δ0 ` p1 ´ ϵ0qRαpd, ¨q, ϵ0 :“ e´pk`rq ą 0,

for some Markov kernel Rα. Therefore, for any two probability measures λ, λ1 on D,

}λPα ´ λ1Pα}TV ď p1 ´ ϵ0q}λ ´ λ1}TV .

Using the invariance HαPα “ Hα, we get

}λt`1 ´ Hα}TV “ }λtQt ´ HαPα}TV

ď }λtQt ´ λtPα}TV ` }λtPα ´ HαPα}TV

ď εt ` p1 ´ ϵ0q}λt ´ Hα}TV .

Since εt Ñ 0 and 1 ´ ϵ0 ă 1, this recursion implies

}λt ´ Hα}TV Ñ 0.

Proof of Lemma A.8. Observe that for every α P ∆pAq,
ş

D Ψµ0pα, d1qdHαpd1q is the Au-
mann [1965] integral of the mixed best reply correspondence with respect to the measure
ş

D F
µ0

α,d1dHαpd1q. Then 1) follows from the finiteness of A and 2) follows from the finite di-
mensionality of ∆pAq and Theorem 2.1.37, case (i) of Molchanov [2017]. From Lemma A.7,
F µ0

p¨q
is continuous in α. Moreover, part 2 of Lemma A.7 shows that α ÞÑ Hα is Lipschitz in

total variation and that α ÞÑ F µ0

α,d is Lipschitz in total variation uniformly in d. Therefore,
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by Artstein and Wets [1988], Theorem 4.2, Ψµ0 is upper hemicontinuous, which proves 3).
Finally, 4) is immediate from the definition of

ş

D Ψµ0p¨, d1qdHp¨qpd
1q, and 5) is immediate

from the definition of ergodic memory equilibrium and Ψµ0 .

Proof of Claim 1. For every ą1‰ą2

Bf ppcąqą PPq

Bcą1Bcą2

“ ´

ż `8

´8

ϕ px ´ cą1qϕ px ´ cą2q
ź

ą PPztą1,ą2u

Φ px ´ cąq dx :“ ´qą1ą2 ppcąqą PPq ă 0.

and thus, since
ř

ą˚PP
PrXą1 `cą1 ąXą2 `cą2 ,@ą2PPztą1us

Bcą˚
“ 0, we have

Bf ppcąqą PPq

B2cą1

“
ÿ

ą2PP
qą1ą2 ppcąqą PPq .

Now, evaluate the quadratic form of the Hessian for an arbitrary non-zero vector v P RP :
vTHf ppcąqą PPqv “

ř

ą1PP v
2
ą

`
ř

ą2‰ą1 qą
1
ą2ppcąqą PPq

˘

´
ř

ą1PP
ř

ą2‰ą1 qą
1
ą2ppcąqą PPqvą1vą2 .

Since qą
1
ą2ppcąqą PPq “ qą2ą

1 ppcąqą PPq, this simplifies to:

vTHf pcqv “
1

2

ÿ

ą1PP

ÿ

ą2‰ą1

qą
1
ą2ppcąqą PPqpvą1 ´ vą2q2

Because qą
1
ą2ppcąqą PPq ą 0 for all ą2‰ą1, the quadratic form equals zero (vTHf pcqv “

0) if and only if v is constant. This means the null space of the Hessian is exactly the
one-dimensional subspace spanned by the all-ones vector: kerpHf pcqq “ spanp1, 1, . . . , 1qT .

By definition, the hyperplane H is the orthogonal complement to this null space (H “

spanp1qK). Consequently, for any non-zero tangent vector v P H, it cannot be a uniform
vector, so vTHf pcqv ą 0 for all v P Hzt0u.

This establishes that the Hessian restricted to H is strictly positive definite, proving f
is strictly convex on H.

B.3 Missing Steps of the Proofs of Theorem 4

We maintain the notation of Lemma A.7. For a bounded function f : D Ñ RA, let

oscpfq :“ sup
d,d1PD

}fpdq ´ fpd1q},

and let Bosc denote the space of bounded functions modulo constant functions, equipped
with the oscillation norm. Write rf s for the equivalence class of f . Since Markov operators
preserve constants, Pα induces an operator pPα on Bosc.

12



Recall from the proof of Lemma A.7 that

Pαpd, ¨q “ ϵ0δ0 ` p1 ´ ϵ0qRαpd, ¨q, ϵ0 “ e´pk`rq,

for a Markov kernel Rα. Consequently, for every bounded f ,

oscpPαfq ď p1 ´ ϵ0q oscpfq.

Indeed, the contribution of the common atom is independent of d, whereas the difference
between two averages of f under probability measures is bounded by oscpfq. Hence

} pPα}osc ď 1 ´ ϵ0

uniformly in α. It follows that I ´ pPα is invertible and that

Rα :“ pI ´ pPαq´1 “

8
ÿ

j“0

pP j
α , }Rα}osc ď

1

ϵ0
. (35)

Set

hαpdq :“ Gpα, dq ´ Gpαq.

By the definition of Gpαq,
ż

D
hαpdq dHαpdq “ 0. (36)

Moreover, the boundedness of G, together with (33) and (34), gives constants Mh, Lh ă 8

such that

sup
α,d

}hαpdq} ď Mh, oscphα ´ hβq ď Lh}α ´ β}1. (37)

For example, the second assertion follows by writing

Gpαq ´ Gpβq “

ż

D

`

Gpα, dq ´ Gpβ, dq
˘

dHαpdq `

ż

D
Gpβ, dq dpHα ´ Hβqpdq

and applying the uniform Lipschitz bound for G and (34).
Define the equivalence class of the corrector by

rUαs :“ Rαrhαs,

and select its unique representative satisfying Uαp0q “ 0. Equivalently,

Uαpdq “

8
ÿ

j“0

`

P j
αhαpdq ´ P j

αhαp0q
˘

. (38)
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The series converges uniformly because
›

›P j
αhαpdq ´ P j

αhαp0q
›

› ď p1 ´ ϵ0q
j oscphαq.

The quotient-space identity

pI ´ pPαqrUαs “ rhαs

initially implies that, for some constant vector cα,

Uα ´ PαUα “ hα ` cα.

Integrating this equality against the invariant distribution Hα, using invariance and (36),
gives

0 “

ż

D
pUα ´ PαUαq dHα “ cα.

Thus cα “ 0, and Uα solves

Uα ´ PαUα “ hα, Uαp0q “ 0. (39)

We next establish the uniform and Lipschitz bounds. Since Uαp0q “ 0,

sup
d

}Uαpdq} ď oscpUαq ď
oscphαq

ϵ0
ď

2Mh

ϵ0
.

Thus one may take CU “ 2Mh{ϵ0.
To obtain the Lipschitz bound, first observe that (33) implies, for some CP ă 8,

}p pPα ´ pPβqrf s}osc ď CP }α ´ β}1}rf s}osc. (40)

For instance, under the convention }µ ´ ν}TV “ supB |µpBq ´ νpBq|, one may take CP “

4pk ` rq: subtract a constant from f , apply the total-variation integration inequality, and
then take the oscillation over the initial database.

The resolvent identity gives

Rα ´ Rβ “ Rαp pPα ´ pPβqRβ.

Therefore,

}rUαs ´ rUβs}osc ď }Rα}osc }rhαs ´ rhβs}osc

` }Rα}osc } pPα ´ pPβ}osc }Rβ}osc }rhβs}osc

ď

ˆ

Lh

ϵ0
`

2CPMh

ϵ20

˙

}α ´ β}1.
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Finally, Uαp0q “ Uβp0q “ 0, so

sup
d

}Uαpdq ´ Uβpdq} ď oscpUα ´ Uβq.

Consequently, with

LU :“
Lh

ϵ0
`

2CPMh

ϵ20
,

we obtain

sup
α,d

}Uαpdq} ď CU , sup
d

}Uαpdq ´ Uβpdq} ď LU}α ´ β}1. (41)

For a bounded f , write Qtfpdtq :“
ş

fpd1qQtpdt, dd
1q, and put Ut :“ Uαt . Part 1 of

Lemma A.7 gives

εt :“ }Qtpdt, ¨q ´ Pαtpdt, ¨q}TV ÝÑ 0 Pµ0,π-a.s.

The Poisson equation gives the pathwise decomposition

hαtpdtq “ rUtpdtq ´ Utpdt`1qs ` Mt`1 ` ρt`1,

Mt`1 :“ Utpdt`1q ´ QtUtpdtq,

ρt`1 :“ pQt ´ PαtqUtpdtq.

(42)

The sequence pMt`1q is a uniformly bounded martingale-difference sequence. Since
ř

t γ
2
t`1 ă

8, where γt`1 “ 1{pt`1q, the martingale series
ř

t γt`1Mt`1 converges almost surely. More-
over,

}ρt`1} ď Cεt ÝÑ 0 Pµ0,π-a.s.

Writing λt :“ γt`1, summation by parts and (41) give, uniformly over m ě n,
›

›

›

›

›

m
ÿ

t“n

λtrUtpdtq ´ Utpdt`1qs

›

›

›

›

›

ď CUpλn ` λmq ` CU

m
ÿ

t“n`1

|λt ´ λt´1| ` LU

m
ÿ

t“n`1

λt´1}αt ´ αt´1}1

ď
C

n
` C

8
ÿ

t“n

1

t2
ÝÑ 0,

where }αt ´ αt´1}1 ď 2{t. On a window for which
řm

t“n λt ď T ,
›

›

›

›

›

m
ÿ

t“n

λtρt`1

›

›

›

›

›

ď CT sup
těn

εt ÝÑ 0.

Together with convergence of the martingale series, these estimates prove that, equation
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(20) holds almost surely for every T ą 0. It remains to insert this estimate into the
empirical-frequency recursion. Because at`1 “ bpdt`1q, αt`1 ´ αt “ γt`1

`

φpdt`1q ´ αt

˘

.

Define ξt`1 :“ φpdt`1q ´ Qtφpdtq and rt`1 :“ pQt ´ Pαtqφpdtq. Then pξt`1q is a bounded
martingale-difference sequence and }rt`1} ď Cεt Ñ 0 almost surely. Hence

αt`1 ´ αt “ γt`1

“

Gpαtq ´ αt ` ξt`1 ` rt`1 ` Gpαt, dtq ´ Gpαtq
‰

. (43)

The accumulated contribution of the last three terms vanishes uniformly over every bounded
stochastic-approximation time window: for ξt`1 by martingale convergence, for rt`1 by
εt Ñ 0, and for the controlled Markov term by (20).

Lemma A.8 shows that Ψ is nonempty, compact- and convex-valued, and upper hemi-
continuous. Because π is an optimal Markovian policy, Gpα, dq P Ψµ0pα, dq for every pα, dq.
Hence

Gpαq “

ż

D
Gpα, dq dHαpdq P Ψpαq.

The usual perturbed-solution criterion for stochastic approximation with differential in-
clusions therefore applies to (43). Thus the interpolation in (9) is a perturbed solution
of

9αpsq P Ψpαpsqq ´ αpsq. (44)

By Theorem 4.2 of Benaim et al. [2005], in the same tracking form used in the proof of
Theorem 1, its sufficiently late shifts are uniformly approximated on every bounded interval
by solutions of (44).

The rest is the separating-hyperplane and exit-time argument in the proof of Theo-
rem 1, with Ψ in place of Ψµ0 . If α R Ψpαq, a separating linear functional decreases at a
uniform positive rate along every solution of (44) while the solution remains in a sufficiently
small neighborhood of α. Every such solution therefore leaves that neighborhood within
a common finite time. The tracking property then implies that the interpolated empirical
frequencies cannot remain forever in a smaller neighborhood of α. Hence α is not a limit
frequency. The contrapositive, together with part 5 of Lemma A.8, proves that every limit
frequency is an ergodic memory equilibrium.

B.4 Additional Examples

Example 1. Let A “ tb, cu , Y “ ty, b, cu , and u pa, yq “ 1 if a “ y and 0 otherwise.
Suppose p˚ “ δy, p

1 “ 0.9δb ` 0.1δy,, p2 “ 0.9δc ` 0.1δy and µ “ 1
2
δp1 ` 1

4
δp2 ` 1

4
δp˚ . For
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any k, the unique stochastic memory equilibrium is α˚ “ δb because the only outcome that
happens with positive probability is y, and conditional on remembering any database d with
only outcomes y, µpp1|dq ą µpp2|dq and so the best reply is b.

B.5 Computations for Section 4.2

If the agent recalls n0 ě 1 outcomes equal to 0 from action 1 and no occurrences of 1{b,
the posterior probability of DGP p is

Prpp | n0 failuresq “
qp1 ´ bqn0

qp1 ´ bqn0 ` p1 ´ qq
.

Since under p action 1 has expected payoff 1 and under p1 it has expected payoff 0, the
posterior expected payoff of action 1 is qp1 ´ bqn0

qp1 ´ bqn0 ` p1 ´ qq
. Because 0 ă 1´ b ă 1 and the

map x ÞÑ
qx

qx`p1´qq
is increasing, this is at most qp1 ´ bq

qp1 ´ bq ` p1 ´ qq
. Thus, if d qp1´bq

qp1´bq`p1´qq
ă c,

then after recalling at least one failure and no successes, the posterior expected payoff of
action 1 is strictly below the sure payoff c from action 0, so the agent optimally chooses
action 0.

B.6 Computations for Section 4.4

The equilibrium with two actions is computed by solving the fixed point

αnew pbq “
`

1 ´ e´αnewpbq
˘

`
`

1 ´ e´p1´αnewpbqq
˘

e´αnewpbq `
1

2e
.

The equilibrium with three actions is computed by solving the fixed point

αnew pbq “
`

1 ´ e´αnewpbq
˘

`

´

1 ´ e
´p1´αnewpbqq

2

¯2

e´αnewpbq`e´αnewpbq
´

1 ´ e
´p1´αnewpbqq

2

¯

e
´p1´αnewpbqq

2 `
1

3e
.

B.7 Multiplicity and Convergence in the Normal Environment

The normal-environment application in Proposition 3 does not imply uniqueness of stochas-
tic memory equilibrium. The next proposition shows that multiplicity can arise.

Proposition 6. There exist parameter values in the normal environment for which there
are at least 3 stochastic memory equilibria.
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Proof. Restrict attention to two actions, A “ t1, 2u. Let the payoff variance be σ2 “ 1,
the prior variance be σ2

0 “ 1
2
, and the memory parameter be k “ 3. For every candidate

frequency of action 1 α P r0, 1s, Lemma 1 implies that the recalled sample sizes satisfy
N1 „ Poissonp3αq and N2 „ Poissonp3p1 ´ αqq, independently, where N1 (resp. N2) is the
recalled number of periods where 1 (resp. 2) was chosen. Conditional on pN1, N2q “ pn1, n2q,
the posterior mean of action a is normally distributed with mean

mapnaq :“
y0a{σ2

0 ` naȳa{σ2

1{σ2
0 ` na{σ2

“
2y0a ` naȳa
2 ` na

and variance

vapnaq :“
na{σ2

p1{σ2
0 ` na{σ2q2

“
na

p2 ` naq2
.

Hence, conditional on pn1, n2q ‰ p0, 0q, the probability that action 1 is chosen is

Qpn1, n2; ȳ1, ȳ2, y
0
1, y

0
2q “ Φ

˜

m1pn1q ´ m2pn2q
a

v1pn1q ` v2pn2q

¸

.

At pn1, n2q “ p0, 0q, we adopt the convention

Qp0, 0; ȳ1, ȳ2, y
0
1, y

0
2q “

$

’

’

’

’

&

’

’

’

’

%

1 if y01 ą y02,

0 if y01 ă y02,

1
2

if y01 “ y02.

Define

Ψpα; ȳ1, ȳ2, y
0
1, y

0
2q “

8
ÿ

n1“0

8
ÿ

n2“0

e´3α p3αqn1

n1!
e´3p1´αq p3p1 ´ αqqn2

n2!
Qpn1, n2; ȳ1, ȳ2, y

0
1, y

0
2q.

Now fix the parameter vector pȳ1, ȳ2, y
0
1, y

0
2q “ p1.75, 1.75, 0, 0q.

For this parameter vector, the map α ÞÑ Ψpα; 1.75, 1.75, 0, 0q is continuous on r0, 1s.
Indeed, for each pn1, n2q the corresponding summand is continuous in α, and since

0 ď Qpn1, n2; 1.75, 1.75, 0, 0q ď 1,

the absolute value of the summand is bounded by

e´3α p3αqn1

n1!
e´3p1´αq p3p1 ´ αqqn2

n2!
ď

3n1

n1!

3n2

n2!
,

and the latter is summable over pn1, n2q P N2. Therefore the dominated convergence theo-
rem implies continuity of Ψp¨; 1.75, 1.75, 0, 0q.
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Direct computation of the above series gives

Ψp0.2; 1.75, 1.75, 0, 0q ´ 0.2 « 0.001657 ą 0, Ψp0.25; 1.75, 1.75, 0, 0q ´ 0.25 « ´0.001098 ă 0,

Ψp0.45; 1.75, 1.75, 0, 0q ´ 0.45 « ´0.001283 ă 0, Ψp0.55; 1.75, 1.75, 0, 0q ´ 0.55 « 0.001283 ą 0,

Ψp0.75; 1.75, 1.75, 0, 0q ´ 0.75 « 0.001098 ą 0, Ψp0.8; 1.75, 1.75, 0, 0q ´ 0.8 « ´0.001657 ă 0.

Hence the continuous function α ÞÑ Ψpα; 1.75, 1.75, 0, 0q ´α changes sign on each of the
intervals p0.2, 0.25q, p0.45, 0.55q, and p0.75, 0.8q.

By the intermediate value theorem, it has at least one zero in each of these three disjoint
intervals. Therefore the fixed-point equation defining stochastic memory equilibrium has
at least three solutions for these parameter values.

Proposition 7. Consider a normal environment with A “ t1, 2u and y01 “ y02 “ 0. Then
the empirical frequency αtp1q converges Pµ0,π-almost surely to a random variable X8 P r0, 1s,
so a limit frequency exists.

Proof. Write xt :“ αtp1q P r0, 1s, so that αtp2q “ 1´xt. We first define the one-dimensional
map that gives the probability of choosing action 1 when the current frequency is x.

Fix x P r0, 1s. By Lemma 1, if the action frequency is x, then the numbers of recalled
observations of the two actions are independent Poisson random variables N1 „ Poissonpkxq

and N2 „ Poissonpkp1´xqq. Conditional on pN1, N2q “ pn1, n2q, the posterior means of the
two actions are independent normal random variables. By the normal-normal conjugacy
calculation in Proposition 3, the posterior mean of action a P t1, 2u is normal with mean

mapnaq :“ ȳa
na{σ2

1{σ2
0 ` na{σ2

and variance

vapnaq :“
na{σ2

p1{σ2
0 ` na{σ2q2

.

Hence, conditional on pn1, n2q, the probability that action 1 is chosen is

Qpn1, n2q :“ Φ

˜

m1pn1q ´ m2pn2q
a

v1pn1q ` v2pn2q

¸

,

with the obvious interpretation that v1pn1q ` v2pn2q “ 0, which only occurs at pn1, n2q “

p0, 0q, is resolved by the deterministic tie-breaking rule.
Define

qpxq :“
8
ÿ

n1“0

8
ÿ

n2“0

e´kx pkxqn1

n1!
e´kp1´xq pkp1 ´ xqqn2

n2!
Qpn1, n2q.
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Thus qpxq is the probability that action 1 is chosen when the current empirical frequency
is x. Since the summand is bounded by

e´kx pkxqn1

n1!
e´kp1´xq pkp1 ´ xqqn2

n2!
,

and Poisson probabilities are continuous in their means, the dominated convergence theorem
implies that q : r0, 1s Ñ r0, 1s is continuous and admits a fixed point by Brouwer’s fixed-
point theorem.

We next write the empirical frequency process as a stochastic approximation. Let
It`1 :“ 1t1upat`1q. Then

xt`1 “
t

t ` 1
xt `

1

t ` 1
It`1 “ xt `

1

t ` 1
pIt`1 ´ xtq.

By Lemma A.4, in the normal environment the conditional distribution of the next action
given ht converges to the distribution induced by the recalled Poisson sample associated
with xt. Therefore, Pµ0,πrat`1 “ 1 | hts “ qpxtq ` βt, where βt Ñ 0 Pµ0,π-almost surely.
Hence

xt`1 “ xt ` γt`1

`

qpxtq ´ xt ` ξt`1 ` βt
˘

, γt`1 :“
1

t ` 1
,

where ξt`1 :“ It`1 ´ ErIt`1 | hts is a bounded martingale-difference sequence.
Let x̄ denote the affine interpolation of pxtq, namely

x̄pτt ` sq :“ xt `
s

γt`1

pxt`1 ´ xtq, 0 ď s ď γt`1, τt :“
t
ÿ

j“1

γj.

Since the noise is a bounded martingale-difference sequence and γt “ 1{t, we have, for
every q ą 2, supt Er}ξt`1}

qs ă 8, and
ř8

t“1 γ
1`q{2
t “

ř8

t“1 t
´p1`q{2q ă 8. Hence, by Benaı̈m

[2006] Propositions 4.1 and 4.2, the interpolated process x̄ is almost surely an asymptotic
pseudo-trajectory of the flow generated by 9x “ qpxq ´ x. Define V pxq :“

şx

0
pu ´ qpuqq du.

Then V is continuously differentiable and V 1pxq “ x ´ qpxq so along every solution xp¨q of
the ODE,

d

dt
V pxptqq “ V 1pxptqq 9xptq “ pxptq ´ qpxptqqqpqpxptqq ´ xptqq “ ´pqpxptqq ´ xptqq2 ď 0,

with equality if and only if qpxptqq “ xptq, so V is a strict Lyapunov function for the ODE.
Since r0, 1s is compact, if the set E :“ tx P r0, 1s : qpxq “ xu is infinite it admits an
accumulation point. Therefore, since x ÞÑ qpxq ´ x is analytic, we would have E “ r0, 1s

a contradiction with qp0q ą 0. Therefore Corollary 6.6 of Benaı̈m [2006] implies that
x̄ptq Ñ X8, Pµ0,π-a.s., for some random variable X8 taking values in E. Since xt “ x̄pτtq,
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it follows that xt Ñ X8 Pµ0,π-a.s.
It remains to be verified that the statement about limit frequencies holds. Let x belong

to the support of the law of X8. Then for every ε ą 0, Pµ0,πr|X8 ´ x| ď εs ą 0. Since
xt Ñ X8 almost surely, Pµ0,πrlim suptÑ8 |xt ´ x| ď εs ě Pµ0,πr|X8 ´ x| ď εs ą 0. Thus x is
a limit frequency in the sense of the definition in Section 3.

B.8 A Continuum of Outcomes

The extensions of Theorem 1 and Proposition 1 to a continuum of outcomes require three
main changes. First, databases will be modeled as locally finite integer-valued Borel mea-
sures on E “ A ˆ Y . Second, the coordinatewise law of large numbers and Poisson limit
arguments must be replaced by weak convergence of empirical action-outcome measures
and Poisson point process approximations. Third, one must show that Bayesian updat-
ing remains continuous with respect to the induced law of random databases, so that the
fixed-point correspondence Ψµ0 retains the compactness and upper-hemicontinuity proper-
ties needed for Kakutani’s theorem and for the limit-frequency argument. This last step
is the most delicate, because once databases become random point measures, the induced
posterior is a nonlinear function of an infinite-dimensional random object.

We assume Y is a locally compact Polish space with Borel sigma-algebra BpY q, that
for each a P A and p P Θ, the outcome distribution pa is dominated by a common σ-finite
Borel measure λ on Y , with density

fapy | pq :“
dpa
dλ

pyq

that is jointly continuous and strictly positive on Y ˆ Θ, and that Θ is compact or that
the densities fapy|pq are uniformly bounded.51 We also assume that for each a P A, the
expected utility

mappq :“

ż

Y

upa, yq papdyq

is well defined for every p P Θ, and the map ma : Θ Ñ R is bounded and continuous.
The argument has six steps: (i) empirical action–outcome measures converge to qα

(Lemma B.3); (ii) the recalled database is close in total variation to a Poisson point pro-
cess, hence converges to ηα (Lemma B.4); (iii) the posterior map, and so the induced
belief law, is continuous, giving convergence of the conditional belief law along histories

51The normal example satisfies this uniform boundedness condition
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(Lemmas B.5–B.6 and Corollary 3); (iv) Ψµ0 is nonempty, convex-, and compact-valued
and upper hemicontinuous, which yields existence via Kakutani (Lemmas B.7–B.8, Theo-
rem 5); (v) any subsequential limit of the conditional action distribution βtn lies in Ψµ0pαq

when αtn Ñ α (Lemma B.9); and (vi) a separating-hyperplane and drift argument, as in
the proof of Theorem 1, shows every limit frequency is a stochastic memory equilibrium
(Theorem 6).

Let E :“ A ˆ Y . For α P ∆pAq define qα P ∆pEq by

qαptau ˆ Bq “ αpaqp˚
apBq @a P A, @B P BpY q.

Let N pEq denote the space of locally finite integer-valued Borel measures on E, endowed
with the vague topology, and let D :“ td P N pEq : dpEq ă 8u be the subset of such
measures that are finite. Equivalently, each d P D can be written in the form d “

řn
i“1 δpai,yiq

for some finite collection of points pai, yiq P E. We identify databases with elements of D.
For notational convenience, for pa, yq P E, we write dpa, yq :“ dptpa, yquq. When Y is finite,
this is equivalent to representing databases as vectors in NAˆY as in Section 3. Since each
intensity measure considered below has finite total mass, the relevant point processes are
almost surely in D.

For each database d P D, write d “
řn

i“1 δpai,yiq for some finite collection of points
pai, yiq P E, and define the posterior

µ
`

C | d
˘

“

ş

C

ś

pa,yqPEpfapy|pqqdpa,yqdµ0ppq
ş

Θ

ś

pa,yqPEpfapy|pqqdpa,yqdµ0ppq
. @C Ď Θ Borel.

Observe that µp¨ | dq depends only on the counting measure d, not on the order in which
the points are listed.

For any ν P ∆pEq, let ην denote the law of the Poisson point process on E with intensity
measure kν, and define F µ0

ν P ∆p∆pΘqq by F µ0
ν pCq :“ ην

`

td P D : µp¨ | dq P Cu
˘

for all
C Ď ∆pΘq Borel.

Since the intensity measure kν has finite total mass, ηνpDq “ 1, this is exactly the
distribution of posterior beliefs induced by the Poisson point process; if Y is finite, it reduces
to the product Poisson distribution defined in Section 3. Because a Poisson point process
with intensity kν can be generated by first drawing N „ Poissonpkq and then drawing N
i.i.d. points with law ν, this is exactly the distribution of posterior beliefs induced by ην .
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For α P ∆pAq, write ηα :“ ηqα and F µ0
α :“ F µ0

qα . Finally, for m P ∆p∆pΘqq define

Γpmq :“

"
ż

∆pΘq

ρpνq dmpνq : ρ P O
*

Ď ∆pAq,

so that

Ψµ0pαq “ ΓpF µ0
α q @α P ∆pAq.

Lemma B.3 (Empirical convergence of action-outcome measures). For each t ě 1, let

υt :“
1

t

t
ÿ

τ“1

δpaτ ,yτ q P ∆pEq

denote the empirical measure of action-outcome pairs. Then for every bounded continuous
function g : E Ñ R,

ż

E

g dυt ´

ż

E

g dqαt Ñ 0 Pµ0, π
almost surely.

Equivalently, 1
t

řt
τ“1 gpaτ , yτ q ´

ř

aPA αtpaq
ş

Y
gpa, yq dp˚

apyq Ñ 0, Pµ0, π
almost surely, so

lim
tÑ8

αt “ α ùñ υt weakly converges to qα Pµ0, π
almost surely.

Moreover, there exists an event Ω0 with Pµ0,πpΩ0q “ 1 such that for every sample path in
Ω0 and every subsequence tn with αtn Ñ α, υtn weakly converges to qα.

Proof. Fix a bounded continuous function g : E Ñ R. For each a P A, define

ḡpaq :“

ż

Y

gpa, yq dp˚
apyq.

Since A is finite and g is bounded, ḡ : A Ñ R is bounded.
Let tFtutě0 be the filtration generated by histories, Ft :“ σpa1, y1, . . . , at, ytq, and set

Xt :“ gpat, ytq ´ ḡpatq. Then pXtqtě1 is adapted to tFtu, and

ErXt | Ft´1s “ ErErXt | Ft´1, ats |Ft´1s

“ ErErgpat, ytq ´ ḡpatq | Ft´1, ats |Ft´1s .

Conditional on pFt´1, atq, the outcome yt is drawn according to p˚
at , so

Ergpat, ytq | Ft´1, ats “

ż

Y

gpat, yq dp˚
atpyq “ ḡpatq.

Hence ErXt | Ft´1s “ 0, so pXtqtě1 is a martingale difference sequence with respect to tFtu.
Since g is bounded, there exists M ă 8 such that |gpa, yq| ď M for all pa, yq P A ˆ Y ,

and therefore |Xt| ď 2M @t ě 1.
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Hence
8
ÿ

t“1

E

«

ˆ

Xt

t

˙2
ˇ

ˇ

ˇ

ˇ

ˇ

Ft´1

ff

ď 4M2
8
ÿ

t“1

1

t2
ă 8 Pµ0, π

almost surely.

Thus
řn

t“1Xt{t converges almost surely (see, e.g., Theorem 2.15 in Hall and Heyde [2014]),
and Kronecker’s lemma implies limtÑ8

1
t

řt
τ“1Xτ “ 0, Pµ0, π

almost surely, so that

lim
tÑ8

1

t

t
ÿ

τ“1

gpaτ , yτ q ´
1

t

t
ÿ

τ“1

ḡpaτ q “ 0 Pµ0, π
almost surely.

Now
1

t

t
ÿ

τ“1

ḡpaτ q “
ÿ

aPA

˜

1

t

t
ÿ

τ“1

1taupaτ q

¸

ḡpaq “
ÿ

aPA

αtpaq

ż

Y

gpa, yq dp˚
apyq “

ż

E

g dqαt ,

while
1

t

t
ÿ

τ“1

gpaτ , yτ q “

ż

E

g dυt.

This proves the first claim.
If limtÑ8 αt “ α, then

lim
tÑ8

ż

E

g dqαt “ lim
tÑ8

ÿ

aPA

αtpaq

ż

Y

gpa, yq dp˚
apyq “

ÿ

aPA

αpaq

ż

Y

gpa, yq dp˚
apyq “

ż

E

g dqα.

Hence limtÑ8

ş

g dυt “
ş

g dqα for every bounded continuous g, so υt weakly converges to
qα.

For the final claim, let tgmumPN be a sequence of bounded and continuous functions on
E which form a convergence-determining class for weak convergence, which exists by the
separability of E (see, e.g., Theorem 6.2 in Parthasarathy [2005]). For each m there is
an event Ωm with Pµ0, π

pΩmq “ 1 on which limtÑ8

ş

E
gm dυt ´

ş

E
gm dqαt “ 0. Set Ω0 :“

Ş

mPN Ωm, so Pµ0,πpΩ0q “ 1. Fix a sample path in Ω0 and a subsequence tn such that
limnÑ8 αtn “ α. Then for every m,

lim
nÑ8

ż

E

gm dυtn ´

ż

E

gm dqαtn
“ 0,

and since limnÑ8 αtn “ α,

lim
nÑ8

ż

E

gm dqαtn
“

ż

E

gm dqα.

Hence

lim
nÑ8

ż

E

gm dυtn “

ż

E

gm dqα @m P N,
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which implies limnÑ8 υtn “ qα.

Lemma B.4 (Poisson approximation around the empirical measure). Fix a history ht “

ppa1, y1q, . . . , pat, ytqq with t ě k, and let υt :“ 1
t

řt
i“1 δpai,yiq. Let dt`1 P D be the recalled

database obtained by retaining each past experience independently with probability k{t. Then

}Lpdt`1 | htq ´ ηυt}TV ď
k2

t
.

In particular, if limtÑ8 υt “ qα along a sequence phtqtPN, then ηυt weakly converges to ηα

and Lpdt`1 | htq weakly converges to ηα.52

Proof. Let x1, . . . , xm be the distinct points in the support of υt, and let nj be the multi-
plicity of xj among the first t experiences, so

řm
j“1 nj “ t. Conditional on ht, the number of

recalled copies of xj is distributed as Binomialpnj, k{tq, and these counts are independent
across j. Under ηυt , the point process has intensity measure kυt, so the counts at the atoms
x1, . . . , xm are independent and the count at xj is distributed as Poissonpknj{tq.

For each j, let Pj denote the law of Binomialpnj, k{tq and let Qj denote the law of
Poissonpknj{tq. A standard form of Le Cam’s inequality (see, e.g., Steele [1994]) states
that if S “

řN
ℓ“1 ξℓ with independent Bernoullippℓq summands and λ “

řN
ℓ“1 pℓ, then

}LpSq ´ Poissonpλq}TV ď
řN

ℓ“1 p
2
ℓ . Applying this with N “ nj and pℓ “ k{t for all ℓ yields

}Pj ´ Qj}TV ď nj

ˆ

k

t

˙2

.

Now let P :“
Âm

j“1 Pj and Q :“
Âm

j“1Qj. These are the laws of the count vectors under
Lpdt`1 | htq and ηυt , respectively. Using the telescoping identity for product measures,

P ´ Q “

m
ÿ

j“1

˜

â

ℓăj

Pℓ

¸

b pPj ´ Qjq b

˜

â

ℓąj

Qℓ

¸

.

Each term in the telescoping sum differs only in one coordinate. The other coordinates are
probability measures, so they do not affect the total variation norm of that term. Hence,
by the triangle inequality,

}P ´ Q}TV ď

m
ÿ

j“1

}Pj ´ Qj}TV ď

m
ÿ

j“1

nj

ˆ

k

t

˙2

“
k2

t
.

Define Φ : Nm Ñ D by Φpc1, . . . , cmq “
řm

j“1 cjδxj
. Then the laws of the recalled

database and the Poisson approximation respectively are Lpdt`1 | htq “ P ˝ Φ´1 and
52We use the convention }P ´ Q}TV :“ supB |P pBq ´ QpBq|.
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ηυt “ Q ˝ Φ´1. Since taking pushforwards cannot increase total variation distance, the
bound on }P ´ Q}TV implies

}Lpdt`1 | htq ´ ηυt}TV ď }P ´ Q}TV ď
k2

t
.

This proves the first claim.
Now suppose limtÑ8 υt “ qα. For every nonnegative and continuous function g on E

with compact support, by the formula of the Laplace functional of Poisson random variables
(see, e.g., Kallenberg, 2002, Lemma 12.2), we have

ż

N pEq

e´
ř

pa,yqPsupp d dpa,yqgpa,yq dηυtpdq “ exp

ˆ

´k

ż

E

p1 ´ e´gpxqq dυtpxq

˙

Moreover,

lim
tÑ8

exp

ˆ

´k

ż

E

p1 ´ e´gpxqq dυtpxq

˙

“ exp

ˆ

´k

ż

E

p1 ´ e´gpxqq dqαpxq

˙

,

which by Kallenberg [2002], Lemma 12.2 is the Laplace functional of ηα. By the charac-
terization of vague convergence in distribution of random measures through convergence of
Laplace functionals (Kallenberg [2017], Theorem 4.11), ηυt weakly converges to ηα. Since
limtÑ8 k

2{t “ 0, the total variation bound implies that for every bounded continuous
φ : N pEq Ñ R,

lim
tÑ8

ˇ

ˇ

ˇ

ˇ

ż

φdLpdt`1 | htq ´

ż

φdηυt

ˇ

ˇ

ˇ

ˇ

ď lim
tÑ8

2}φ}8}Lpdt`1 | htq ´ ηυt}TV “ 0.

Thus ηυt ñ ηα implies Lpdt`1 | htq ñ ηα.

Lemma B.5 (Continuity of the posterior map on ordered samples). For each n P N, the
map z ÞÑ µp¨ | zq from En to ∆pΘq is continuous for the weak topology.

Proof. Fix n P N. If n “ 0, the map is constant, hence continuous. So suppose n ě 1.
Since En and ∆pΘq are metrizable, it is enough to prove sequential continuity.

Let zm “ ppam1 , y
m
1 q, . . . , pamn , y

m
n qq Ñ z “ ppa1, y1q, . . . , pan, ynqq in En, and fix h P

CbpΘq. Write

Lmppq :“
n
ź

i“1

fami pymi | pq, Lppq :“
n
ź

i“1

faipyi | pq.

Since A is finite and each fa is jointly continuous in py, pq, we have Lmppq Ñ Lppq for every
p P Θ.
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It remains to justify dominated convergence. Let K :“ tzu Y tzm : m P Nu Ď En. Since
zm Ñ z, the set K is compact. If Θ is compact, then continuity of pw, pq ÞÑ

śn
i“1 fãipỹi | pq

on K ˆ Θ implies a uniform bound. If instead the densities are uniformly bounded, then
śn

i“1 fami pymi | pq is uniformly bounded by Mn, where M :“ maxaPA suppy,pqPY ˆΘ fapy | pq ă

8. Thus in either case there is C ă 8 such that Lmppq ď C for all m and p.
Therefore hppqLmppq Ñ hppqLppq pointwise and |hppqLmppq| ď }h}8C, so dominated

convergence gives
ż

Θ

hppqLmppq dµ0ppq Ñ

ż

Θ

hppqLppq dµ0ppq and
ż

Θ

Lmppq dµ0ppq Ñ

ż

Θ

Lppq dµ0ppq.

Because the densities are strictly positive, the denominators are strictly positive, so
ż

Θ

hppq dµpp | zmq Ñ

ż

Θ

hppq dµpp | zq.

Since this holds for every h P CbpΘq, we conclude that µp¨ | zmq ñ µp¨ | zq.

Lemma B.6 (Continuity of the induced belief law). If νm ñ ν in ∆pEq, then F µ0
νm ñ F µ0

ν ,
so the map α ÞÑ F µ0

α “ F µ0
qα from ∆pAq to ∆p∆pΘqq is weakly continuous.

Proof. Fix a bounded continuous function Φ : ∆pΘq Ñ R. For each n P N, define ψn :

En Ñ R and ψnpzq :“ Φpµp¨ | zqq. By Lemma B.5, ψn is continuous, and it is bounded by
}Φ}8. By definition of F µ0

ν ,
ż

∆pΘq

Φpβq dF µ0
ν pβq “

8
ÿ

n“0

ιn

ż

En

ψnpzq dνbnpzq.

If νm ñ ν, then for each fixed n, νbn
m ñ νbn P ∆pEnq, so

ş

En ψn dν
bn
m Ñ

ş

En ψn dν
bn. Since

|ψn| ď }Φ}8 and
ř8

n“0 ιn “ 1, dominated convergence yields
ż

∆pΘq

Φ dF µ0
νm Ñ

ż

∆pΘq

Φ dF µ0
ν .

Thus F µ0
νm ñ F µ0

ν . The continuity of α ÞÑ F µ0
α follows because α ÞÑ qα is continuous.

Corollary 3 (Conditional belief law along convergent subsequences). Fix a deterministic
history sequence ht “ ppa1, y1q, . . . , pat, ytqq, and let µt`1 denote the posterior belief at the
beginning of period t ` 1. Then for each t ě k,

›

›Lpµt`1 | htq ´ F µ0
υt

›

›

TV
ď
k2

t
.

Consequently, if tn Ñ 8 is a subsequence such that υtn ñ qα, then Lpµtn`1 | htnq ñ F µ0
α .

In particular, by Lemma B.3, on every history sequence in the event Ω0 of that lemma and
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along every subsequence with αtn Ñ α, we have Lpµtn`1 | htnq ñ F µ0
α .

Proof. Fix t ě k and the history ht. Let x1, . . . , xm be the distinct points in the support
of υt. Every database recalled at time t ` 1 can be identified with a count vector c “

pc1, . . . , cmq P Nm, where cj is the number of recalled copies of xj. Let Rt : Nm Ñ ∆pΘq be
the posterior map that assigns to each count vector the posterior belief generated by the
corresponding database.

Under the actual recall process, let Pt denote the law of the count vector. Under the
Poisson point process with intensity kυt, let Qt denote the law of the count vector. By
the first part of Lemma B.4, }Pt ´ Qt}TV ď k2

t
. The conditional law of µt`1 given ht is the

pushforward Pt ˝ R´1
t , while F µ0

υt is the pushforward Qt ˝ R´1
t . Since pushforwards do not

increase total variation,
›

›Lpµt`1 | htq ´ F µ0
υt

›

›

TV
ď k2

t
. This proves the first claim.

Now suppose υtn ñ qα. By Lemma B.6, F µ0
υtn

ñ F µ0
qα “ F µ0

α . Combining this with the
total-variation bound gives Lpµtn`1 | htnq ñ F µ0

α . The last claim follows from the last part
of Lemma B.3.

For f P RA and ν P ∆pΘq define mf pνq :“ maxaPBRpνq fa.

Lemma B.7 (Support function of Γpmq). For every f P RA, the function mf is bounded
and upper semicontinuous on ∆pΘq, and for every m P ∆p∆pΘqq,

sup
βPΓpmq

β ¨ f “

ż

∆pΘq

mf pνq dmpνq.

Proof. Because each ma : Θ Ñ R is bounded and continuous, the expected payoff of action
a under belief ν is

ş

Θ
mappq dνppq, which is continuous in ν. Since A is finite, the best-reply

correspondence BR is nonempty-valued and upper hemicontinuous.
To prove that mf is upper semicontinuous, let νn Ñ ν. For each n, choose an P BRpνnq

such that fan “ mf pνnq. By passing to a subsequence, we may assume an “ a for all n.
Upper hemicontinuity of BR implies a P BRpνq, so lim supnÑ8 mf pνnq “ lim supnÑ8 fan “

fa ď mf pνq. Thus mf is upper semicontinuous. It is bounded because A is finite.
Now fix m P ∆p∆pΘqq. For any ρ P O,

ˆ
ż

ρ dm

˙

¨ f “

ż

ÿ

aPA

ρapνqfa dmpνq ď

ż

mf pνq dmpνq,

so

sup
βPΓpmq

β ¨ f ď

ż

mf dm.
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Conversely, define af pνq to be the smallest-index action in BRpνq that attains the maximum
in mf pνq, and let ρf pνq :“ δaf pνq. Then ρf P O and

`ş

ρf dm
˘

¨ f “
ş

mf pνq dmpνq.

Lemma B.8 (Properties of Γ and Ψµ0). The correspondence Γ : ∆p∆pΘqq Ñ ∆pAq

is nonempty, convex-valued, compact-valued, and upper hemicontinuous. Consequently,
Ψµ0pαq “ ΓpF µ0

α q is nonempty, convex-valued, compact-valued, and upper hemicontinuous
on ∆pAq.

Proof. Fix m P ∆p∆pΘqq. We first prove that Γpmq is compact. For each a P A, let
Ba :“ tν P ∆pΘq : a R BRpνqu. These sets are Borel measurable because the expected
payoff of every action is continuous in ν and A is finite.

Consider the following subset of L2pm;RAq:

Km :“

$

’

’

’

&

’

’

’

%

ρ :

ρa ě 0 m-a.e. for every a,
ÿ

aPA

ρa “ 1 m-a.e.,

ρa “ 0 m-a.e. on Ba for every a

,

/

/

/

.

/

/

/

-

.

Thus Km is the set, modulo m-null sets, of measurable mixed best replies. It is nonempty
because BR admits a measurable selection. It is also convex and norm closed in L2pm;RAq.
Moreover, every ρ P Km satisfies 0 ď ρa ď 1 almost everywhere, and hence Km is bounded.

Since L2pm;RAq is reflexive, every closed, bounded, convex subset is weakly compact.
It follows that Km is weakly compact. The linear map Tm : L2pm;RAq Ñ RA, Tmpρq :“
ş

∆pΘq
ρpνq dmpνq, is continuous from the weak topology of L2 to the ordinary topology of

RA, since each coordinate of Tm is a continuous linear functional.
We claim that

Γpmq “ TmpKmq. (45)

One inclusion is immediate: every ρ P O determines an element of Km. Conversely, let
ρ P Km, and choose a measurable representative of its L2-equivalence class. The conditions
defining Km may fail only on an m-null set N . Let ρ0 P O be any fixed measurable best-reply
selection and define

rρpνq :“

$

&

%

ρpνq, ν R N,

ρ0pνq, ν P N.

Then rρ P O and
ş

rρ dm “
ş

ρ dm. This proves (45).
Because Tm is weakly continuous and Km is weakly compact, Γpmq “ TmpKmq is com-

pact. Its convexity follows either from (45) or directly by taking pointwise mixtures of
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policies. Nonemptiness was established above.
We may now use the support-function result without a closure gap. A nonempty closed

convex subset C Ď RA satisfies C “
␣

β P RA : β ¨ f ď supγPC γ ¨ f @f P RA
(

; the reverse
inclusion follows from the separating-hyperplane theorem. Applying this characterization
to the compact convex set Γpmq, and then applying Lemma B.7, gives

Γpmq “

"

β P ∆pAq : β ¨ f ď

ż

∆pΘq

mf pνq dmpνq @f P RA

*

. (46)

We next prove upper hemicontinuity. Let mn ñ m, and suppose that βn P Γpmnq, βn Ñ

β. For every f P RA, Lemma B.7 gives βn ¨ f ď supγPΓpmnq γ ¨ f “
ş

∆pΘq
mf pνq dmnpνq. Since

mf is bounded and upper semicontinuous, the portmanteau theorem implies

lim sup
nÑ8

ż

∆pΘq

mf pνq dmnpνq ď

ż

∆pΘq

mf pνq dmpνq.

Therefore, β ¨ f ď
ş

∆pΘq
mf pνq dmpνq for all f P RA. The characterization (46) implies that

β P Γpmq. Hence Γ has a closed graph.
Because the values of Γ are compact subsets of the compact metric space ∆pAq, the

closed-graph property implies that Γ is upper hemicontinuous. Finally, Lemma B.6 shows
that α ÞÑ F µ0

α is continuous, so Ψµ0pαq “ ΓpF µ0
α q is nonempty, convex-valued, compact-

valued, and upper hemicontinuous.

Theorem 5 (Continuum-outcome extension of Proposition 1). Under the assumptions of
this section, a stochastic memory equilibrium exists.

Proof. By Lemma B.8, the correspondence Ψµ0 : ∆pAq Ñ ∆pAq is nonempty, convex-
valued, compact-valued, and upper hemicontinuous. Since ∆pAq is a nonempty compact
convex subset of a finite-dimensional Euclidean space, Kakutani’s fixed point theorem im-
plies that Ψµ0 has a fixed point. By definition, every fixed point of Ψµ0 is a stochastic
memory equilibrium.

Fix an optimal Markovian policy π. For each t, let βt :“ Pµ0,πrat`1 P ¨ | hts P ∆pAq

denote the conditional distribution of the next action given the history through period t.

Lemma B.9 (Subsequence bound for conditional action distributions). Let phtq be a history
sequence belonging to the almost-sure event Ω0 of Lemma B.3. If tn Ñ 8 is a subsequence
such that αtn Ñ α, then for every f P RA, lim supnÑ8 βtn ¨ f ď supβPΨµ0 pαq β ¨ f.
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Proof. For each t ě k, define pβt :“
ş

∆pΘq
δπpνq dF

µ0
υt pνq P ΓpF µ0

υt q. By Corollary 3,
›

›Lpµt`1 | htq ´ F µ0
υt

›

›

TV
ď
k2

t
.

Pushing forward by the measurable map ν ÞÑ πpνq yields }βt ´ pβt}TV ď k2

t
, so βt ¨ f ´

pβt ¨ f Ñ 0. Since pβt P ΓpF µ0
υt q, Lemma B.7 gives pβt ¨ f ď supβPΓpF

µ0
υt q β ¨ f “

ş

mf dF
µ0
υt . By

Lemma B.3, υtn ñ qα, so Lemma B.6 implies that F µ0
υtn

ñ F µ0
α . Since mf is bounded upper

semicontinuous,

lim sup
nÑ8

ż

mf dF
µ0
υtn

ď

ż

mf dF
µ0
α “ sup

βPΨµ0 pαq

β ¨ f,

where the last equality follows again from Lemma B.7. Combining the last three displays
proves the claim.

Theorem 6 (Continuum-outcome extension of Theorem 1). Under the assumptions of this
section, every limit frequency is a stochastic memory equilibrium.

Proof. The proof parallels that of Theorem 1. Suppose α P ∆pAq is not a stochastic
memory equilibrium, i.e. α R Ψµ0pαq. Since Ψµ0pαq is nonempty, compact, and convex, the
separating hyperplane theorem yields f P RA and c ą 0 such that α¨f ě supβPΨµ0 pαq β¨f`3c.

By upper hemicontinuity of Ψµ0 , after shrinking to a neighborhood U of α if necessary, we
may assume that for every α1 P U ,

α1 ¨ f ě sup
βPΨµ0 pα1q

β ¨ f ` 2c. (47)

Fix an optimal Markovian policy π, and let Ω0 be the almost-sure event of Lemma B.3.
We claim that on every sample path in Ω0 there exists T ă 8 such that whenever t ě T

and αt P U ,

βt ¨ f ď αt ¨ f ´ c. (48)

Suppose not. Then on some path in Ω0 there exists a subsequence tn Ñ 8 such that
αtn P U for all n and βtn ¨f ą αtn ¨f ´c. By compactness of ∆pAq, after passing to a further
subsequence we may assume αtn Ñ α1 P U . Lemma B.9 then implies lim supnÑ8 βtn ¨ f ď

supβPΨµ0 pα1q β ¨ f ď α1 ¨ f ´ 2c, where the last inequality is (47). But αtn ¨ f Ñ α1 ¨ f , so the
strict inequality βtn ¨ f ą αtn ¨ f ´ c yields lim infnÑ8 βtn ¨ f ě α1 ¨ f ´ c, a contradiction.
This proves (48).
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Now define

Mt :“
t´1
ÿ

s“1

fpas`1q ´ βs ¨ f

s ` 1
, t ě 1.

Since fpas`1q ´ βs ¨ f is a bounded martingale difference sequence and
ř

sps ` 1q´2 ă 8,
there exists an event

ΩM :“ tω : pMtpωqqtě1 convergesu

such that

Pµ0,πpΩMq “ 1.

Define

Ω :“ Ω0 X ΩM .

Since both Ω0 and ΩM have probability one,

Pµ0,πpΩq “ 1. (49)

Let

EU :“ tω : αtpωq P U for all sufficiently large tu .

We claim that

Ω X EU “ ∅.

Suppose, to the contrary, that ω P Ω X EU . Because ω P Ω0, the pathwise drift estimate
(48) provides a time T0 “ T0pωq such that

βtpωq ¨ f ď αtpωq ¨ f ´ c

whenever t ě T0 and αtpωq P U . Because ω P EU , there also exists TU “ TUpωq such that

αtpωq P U @t ě TU .

Set T :“ maxtT0, TUu. Then, for every t ě T ,

αt`1pωq ¨ f “ αT pωq ¨ f `

t
ÿ

s“T

βspωq ¨ f ´ αspωq ¨ f

s ` 1
` Mt`1pωq ´ MT pωq

ď αT pωq ¨ f ´ c
t
ÿ

s“T

1

s ` 1
` Mt`1pωq ´ MT pωq.

Since ω P ΩM , the sequence Mtpωq converges, whereas
řt

s“T
1

s`1
ÝÑ `8. The right-hand

side therefore tends to ´8. This is impossible because αt`1pωq P ∆pAq and the continu-
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ous function γ ÞÑ γ ¨ f is bounded below on the compact set ∆pAq. Hence Ω X EU “ ∅.
Using (49), we conclude that Pµ0,πpEUq “ Pµ0,πpEU X Ωq “ 0. Equivalently, Pµ0,πrαt P

U eventuallys “ 0. Since U is an open neighborhood of α in ∆pAq, there exists r ą 0 such
that Brpαq :“ tα1 P ∆pAq : }α1 ´ α}8 ă ru Ď U. Set ε :“ r{2. If lim suptÑ8 }αt ´ α}8 ď ε,

then, since ε ă r, there exists T ă 8 such that }αt ´ α}8 ă r, for all t ě T. Thus αt P

Brpαq Ď U eventually. Consequently, tlim suptÑ8 }αt ´ α}8 ď εu Ď tαt P U eventuallyu.

The event on the right has probability zero, and therefore Pµ0,π rlim suptÑ8 }αt ´ α}8 ď εs “

0. Since the definition of a limit frequency requires this probability to be strictly positive
for every ε ą 0, α is not a limit frequency. endproof

B.9 The Binomial-Beta Example Extended to Rehearsal and Recency

Suppose action a “ 0 has known deterministic payoff q P R, while action a “ 1 results in a
random payoff in Y “ t0, 1u with unknown success probability θ :“ p˚

1p1q. The agent has
a Betapγ, βq prior over θ. Let p “ p˚

1p1q be the true success probability, and let α be the
frequency with which action a “ 1 is chosen in an interior ergodic memory equilibrium for
r “ 0. For a database d “ pdp0q, dp1qq, define Rpdq “

γ`dp1q

γ`β`dp0q`dp1q
as the posterior mean

of action a “ 1, where dp0q and dp1q are the recalled numbers of failures and successes of
action a “ 1. Assume that the known payoff q is such that the agent is never indifferent.53

Consider the two polar cases in which only the rehearsal term or only the recency term is
present. Let a˚pdq “ 1pq,8qpRpdqq. For any λ “ pλp0q, λp1qq P R2

`, let Eλ denote expectation
when Dp0q and Dp1q are independent Poisson random variables with means λp0q and λp1q.
Define mF pλq “

λp0q

k
Eλra˚pD ` e0q ´ a˚pDqs,mSpλq “

λp1q

k
Eλra˚pD ` e1q ´ a˚pDqs. Here ey

is the unit database with one additional recalled outcome y. The term Eλra˚pD ` eyq ´

a˚pDqs is the average effect of one additional remembered outcome y on the probability of
choosing action a “ 1. The factor λpyq{k is the marginal increase in the expected number
of remembered y outcomes caused by recency at r “ 0. Define the recency imbalance
∆Rpλq “ p1 ´ pqp´mF pλqq ´ pmSpλq. This is the failure-probability-weighted marginal
effect of a recent failure minus the success-probability-weighted marginal effect of a recent
success. The next result formalizes the local effect on corrpat´1, atq.

Proposition 8. Let αprq be a selection of ergodic memory equilibria defined in a neigh-
53That is, there is no finite database d “ pdp0q, dp1qq such that q “ Rpdq. This removes payoff ties, so

the chosen action is locally well defined for every recalled database.
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borhood of r “ 0 and continuous at r “ 0. Suppose αp0q P p0, 1q, and write λ0 “

pkαp0qp1 ´ pq, kαp0qpq. Then for all sufficiently small r ą 0:

(i) Under pure rehearsal, corrpat´1, atq ą 0

(ii) Under pure recency, if ∆Rpλ0q ‰ 0, then ∆Rpλ0q corrpat´1, atq ă 0 .

Proof of Proposition 8. The choice rule a˚pdq is increasing in dp1q and decreasing in
dp0q. For a candidate action frequency α, write λα “ pkαp1 ´ pq, kαpq and let ηα be the
corresponding product-Poisson distribution over databases. Since recalled successes make
the uncertain action more attractive and recalled failures make it less attractive, mSpλαq ě 0

and mF pλαq ď 0.

Fix one of the two polar mechanisms and suppress its label. In the notation of the main
text, let ηrα,d be the transition law of the next database conditional on the current database
d, and let Hr

α be its stationary distribution where the superscript tracks dependence on r.
Under the stationary chain, set at “ a˚pDtq. At r “ 0 the transition law is independent
of the current database, so η0α,d “ ηα for every d,H0

α “ ηα, and corrα,0pat, at`1q “ 0, where
the subscript on corr identifies the candidate frequency and recency/rehearsal parameter.

We first record how the change in the stationary distribution enters the derivative. By
stationarity, EHr

α
ra˚pDqs “ EHr

α

”

Eηrα,D
ra˚pD1qs

ı

. At r “ 0, the inner expectation is con-
stant in D and equal to Eηαra˚pDqs. Thus, when the last display is differentiated, the
change in the stationary distribution has no effect on the expectation of this constant, and

B
Br
EHr

α
ra˚pDqs

ˇ

ˇ

r“0
“ Eηα

”

B
Br
Eηrα,D

ra˚pD1qs

ˇ

ˇ

ˇ

r“0

ı

. Similarly, Eratat`1s “ EHr
α

”

a˚pDqEηrα,D
ra˚pD1qs

ı

.

Differentiating this expression and subtracting the derivative of the square of the stationary
mean shows that the terms generated by the changing stationary marginal cancel, leaving

B
Br
Covpat, at`1q

ˇ

ˇ

r“0
“ Covηα

´

a˚pDq, B
Br
Eηrα,D

ra˚pD1qs

ˇ

ˇ

ˇ

r“0

¯

. Since the covariance is zero at
r “ 0, differentiation of the correlation gives

B

Br
corrα,rpat, at`1q

ˇ

ˇ

ˇ

ˇ

r“0

“
1

Varηαpa˚pDqq
Covηα

ˆ

a˚pDq,
B

Br
Eηrα,D

ra˚pD1qs

ˇ

ˇ

ˇ

ˇ

r“0

˙

(50)

whenever Varηαpa˚pDqq ą 0.
The conditional Poisson probabilities are continuously differentiable in pα, rq. Moreover,

in a neighborhood of pα0, 0q, the probability of an empty database is bounded away from zero
in every period. The stationary process therefore regenerates uniformly, so its stationary
distribution and stationary correlation inherit the required local differentiability, uniformly
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in α. Hence, whenever rαprq Ñ α0,
corr

rαprq,rpat, at`1q

r
ÝÑ

B

Br
corrα0,rpat, at`1q

ˇ

ˇ

ˇ

ˇ

r“0

. (51)

Rehearsal Under pure rehearsal, conditional on Dt “ d, the coordinates of Dt`1 are
independent Poisson random variables with means λαpyq ` r λαpyq

k
1tdpyq ą 0u, for all y P

t0, 1u. Differentiating the conditional probability of choosing the uncertain action tomorrow
gives B

Br
Eηrα,d

ra˚pD1qs

ˇ

ˇ

ˇ

r“0
“ 1tdp0q ą 0umF pλαq`1tdp1q ą 0umSpλαq. By (50), the derivative

of the stationary correlation is
1

Varηαpa˚pDqq

“

Covηαpa˚pDq,1tDp0q ą 0uqmF pλαq ` Covηαpa˚pDq,1tDp1q ą 0uqmSpλαq
‰

.

The first covariance is nonpositive: a˚pDq decreases in failures, while 1tDp0q ą 0u increases
in failures. The second covariance is nonnegative because both terms are increasing in suc-
cesses. Combining these covariance signs with mF pλαq ď 0 and mSpλαq ě 0, the correlation
derivative is nonnegative. It is in fact strictly positive: at α “ α0, the equilibrium condition
gives α0 “ Eηα0

ra˚pDqs. Since α0 P p0, 1q, a˚pDq is not almost surely constant, so at least
one coordinate has a strict marginal effect and the corresponding covariance above is strict.
Since Varηα0

pa˚pDqq “ α0p1 ´ α0q ą 0, equation (50) implies B
Br
corrα0,rpat, at`1q

ˇ

ˇ

r“0
ą 0.

Taking rαprq “ αprq in (51) proves part (i).

Recency Under pure recency, the boost matters only after the uncertain action was
chosen. Conditional on that action, the current outcome is a success with probability
p and a failure with probability 1 ´ p. Hence the derivative of tomorrow’s probability
of choosing the uncertain action after choosing it today is pmSpλαq ` p1 ´ pqmF pλαq.

If the known action was chosen today, the recency boost is payoff-irrelevant. Therefore
B

Br
Eηrα,d

ra˚pD1qs

ˇ

ˇ

ˇ

r“0
“ a˚pdq

`

pmSpλαq ` p1 ´ pqmF pλαq
˘

.

Equation (50) now gives B
Br
corrα,rpat, at`1q

ˇ

ˇ

r“0
“ pmSpλαq`p1´pqmF pλαq “ ´∆Rpλαq.

Taking rαprq “ αprq in equation (51) shows that corrαprq,rpat,at`1q

r
ÝÑ ´∆Rpλ0q. Since ∆Rpλ0q ‰

0, the product in part (ii) is therefore strictly negative for all sufficiently small r ą 0.
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