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Abstract

We study R&D competition when advancing the technology frontier raises the

risk of a disaster that permanently eliminates all firms’ payoffs. Firms choose when

to stop developing, stopping is irreversible, and risk disappears once all firms have

stopped. Under perfect monitoring and common knowledge of rationality, the equi-

librium frontier is bounded below by the stopping point of a monopolist, and above

by that of a firm that mistakenly evaluates further scaling as if its rival’s technology

will remain frozen at its current level. We then study two forces that push the frontier

past this ceiling and raise the risk of ruin. First, when stopping is observed with de-

lay, firms play a war of attrition: each would prefer that everyone stops but dislikes

being the first to concede. With slow monitoring, perpetual racing is self-enforcing;

with sufficiently fast monitoring, every equilibrium stops in finite time, and the ex-

pected overshoot beyond the perfect monitoring ceiling is the same order as that of

the expected detection lag. Second, when firms believe that a rival may never stop,

equilibrium behavior divides into low, intermediate, and high trust regions. The ef-

fect of delayed monitoring is double-edged: faster detection facilitates reciprocation

after a unilateral stop, but also makes it more attractive to wait for confirmation that

a rival has stopped.
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1 INTRODUCTION

In January 2026 at the World Economic Forum, Demis Hassabis, chief executive of Google

DeepMind, was asked whether he would advocate a pause if he knew that every other

competitor would pause too: “I think so.” Dario Amodei, chief executive of Anthropic,

concurred: “I would prefer that. I think that would be better for the world.” (Hashim

and Ford, 2026). This suggests that each firm would prefer to slow down, but only if its

rivals do the same. But Amodei went on to add: “it’s very hard to have an enforceable

agreement where they slow down and we slow down.” Why exactly is coordination

hard? And what would it take?

To answer these questions, we develop a simple model of R&D competition between

duopolists in the shadow of disaster:1 As frontier firms advance the technology, they

raise the hazard of an event that permanently drives all firms’ flow payoffs to zero. The

hazard is a known function of the firms’ technology levels, and it comes from develop-

ing the technology, not from using it. We model stopping as irreversible: a firm that

stops abandons further development, and rebuilding the teams, infrastructure, and or-

ganizational capacity needed to restart may be sufficiently costly that exit is effectively

irreversible over the horizon of interest. After it stops, the firm retains the flow profits

from the technology it has already built, though such profits may be eroded if its rival

continues development. Once all firms stop, the disaster hazard disappears, and firms

continue to receive flow profits from the technology already built; a unilateral stop does

not end the risk if another firm continues to advance the frontier. Thus the disaster can be

viewed as occurring when the technology frontier crosses an unknown threshold: only

the most advanced technology determines the current risk.

Each firm’s flow profit rises in its own technology and falls in that of its rival. When

risk is low relative to the profits from scaling, a firm prefers to keep developing regardless

of what its rival does: the competitive motive dominates. But when risk is high relative
1The model may also apply to players as nation states e.g., US-China competition.
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to the marginal profit from scaling, a firm prefers to stop if and only if its rival stops. In

this case the firms would like to stop together, but neither wants to be the first to stop, so

the problem is coordination, not competition.

We begin with the benchmark of perfect monitoring and common knowledge of ra-

tionality. Despite competition, every equilibrium carries the technology frontier only a

bounded distance. In particular, the equilibrium frontier lies between two simple stop-

ping benchmarks. The lower benchmark is the stopping point of a monopolist. The upper

benchmark, which we denote by τR, is the stopping point of a firm that persistently eval-

uates further scaling as if its rival’s technology were frozen at its current level. A firm

that expects its rival to stay frozen is maximally optimistic about its own competitive po-

sition, and stops only when even this overoptimism about profits does not outweigh the

marginal disaster risk. When firms observe each other’s behavior perfectly, τR is an upper

bound on the frontier firm’s technology is that at τR, a firm that is contemplating stopping

knows that if it stops, their rival will see the stop. At the other end, the frontier cannot

stop before the monopoly benchmark. Thus every equilibrium frontier lies between the

monopoly and frozen-rival stopping points.

The argument above relied on the assumptions that firms’ stopping decisions are per-

fectly and immediately observed and that it is common knowledge that firms are rational.

We relax each in turn. We first suppose that stopping is observed with delay: a firm learns

of its rival’s stop after a random detection lag distributed exponentially with rate ω, so

higher ω means that firms are informed more quickly. When news travels very slowly, a

unilateral stop is not attractive, so racing forever becomes self-enforcing: there are then

equilibria in which neither firm ever stops and disaster arrives with probability one, even

though no such equilibrium survives under perfect monitoring. We show that under a

regularity condition on the tail payoffs, sufficiently quick monitoring ensures every equi-

librium stops in finite time. However, a new temptation appears, however: each firm

would like to stop second, exiting only upon confirmation that the rival has stopped.
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This wait causes the frontier to overshoot τR, but by at most O(1/ω) in expectation.

We next suppose that, in addition to delayed monitoring, firms are unsure about the

rationality of their rival, believing it to be a “crazy type” that never stops in the spirit of

Kreps and Wilson (1982). To focus on the implications of concerns about the rival’s ratio-

nality, we assume that payoffs are exponential in own and rival technology and that the

disaster hazard is constant, which makes the game stationary. In this environment τR = 0,

so that at each technology state, firms would prefer to stop if and only if their rival also

does so. Our main result partitions “perceived rationality”—each player’s prior belief in

their rival’s rationality—into three zones. When perceived rationality is low , every equi-

librium races to ruin: the disaster arrives with probability one. At intermediate levels,

immediate stopping and racing to ruin are both equilibria. And when perceived rational-

ity is high, partial coordination is guaranteed: in every equilibrium, the probability that

two rational firms race forever vanishes quadratically in the prior odds ratio of rationality.

The effect of delayed monitoring is double-edged. On one hand, faster detection lowers

the cost of waiting to confirm a rival has stopped before stopping oneself, which makes

simultaneous stopping harder to sustain. On the other hand, faster detection also lowers

the cost of signaling to a rival that one has stopped, which works in the opposite direction,

making sequential stopping easier to sustain. Hence at intermediate levels of perceived

rationality, decreasing observation lags can first destroy the early-stopping equilibrium

(by making this free-riding deviation attractive) before restoring it as detection becomes

fast enough to make stopping self-enforcing.

Related Literature Our paper draws on several literatures: dynamic R&D and patent

races, wars of attrition and exit games, contests, and the recent economics of AI and exis-

tential risk.

R&D races and preemption. A large literature studies dynamic competition to develop

a new technology. The early models of Loury (1979), Lee and Wilde (1980), and Dasgupta
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and Stiglitz (1980) relate market structure to the intensity and speed of R&D through a sin-

gle investment choice; Reinganum (1982) introduces commitment to time-varying open-

loop strategies. Fudenberg et al. (1983), Harris and Vickers (1985) and Harris and Vickers

(1987) study preemption, leapfrogging, and the discouragement of laggards in models

where firms observe and respond to their rivals’ progress.2 Preemption also drives the

timing games of Fudenberg and Tirole (1985). Weeds (2002) and Hopenhayn and Squin-

tani (2011) study strategic delay and preemption when investment is a real option or

progress is privately observed. Our model shares the competitive force of these races—

flow profits rise in own technology and fall in rivals’—but because the frontier generates

a common disaster hazard, the object of interest is how far the frontier is carried before

firms stop.

Wars of attrition and exit. When disaster risk is high relative to profits, our firms would

prefer to stop if and only if their rivals stop, and under imperfect monitoring the equi-

librium becomes a war of attrition. The continuous-time war of attrition originates with

Maynard Smith (1974) and is developed by Hendricks et al. (1988), Bulow and Klemperer

(1999), and Krishna and Morgan (1997), which relate it to the all-pay auction; the exit

dynamics of declining industries in Fudenberg and Tirole (1986) are a close antecedent

to our stopping game. Our extension to imperfect monitoring of stopping time is related

to other work in which information about others’ behavior arrives with delay: Bonatti

and Hörner (2011) study collaborative R&D with unobserved effort and public break-

throughs, Fudenberg et al. (2014) studies repeated games with observation lags, and Da-

ley and Green (2012) analyzes dynamics driven by the stochastic arrival of news. And

our extension to “crazy” types builds on the predation model of Kreps and Wilson (1982).

2Fudenberg et al. (1983) introduced multistage patent races, and Aghion et al. (2001) embeds step-by-
step innovation in a growth setting.
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Contests. Our leading example casts flow payoffs as shares of a prize determined by

a logit contest success function, following Tullock (1980) and the axiomatic treatment of

Skaperdas (1996). We also draw on the broader theory of contests and all-pay auctions,

e.g. Baye et al. (1996), Moldovanu and Sela (2001), Siegel (2009), and Konrad (2009).

AI races, existential risk, and regulation. Our motivation comes from the economics of

transformative and potentially dangerous technologies. Jones (2024) and Trammell and

Aschenbrenner (2024) study the optimal growth–risk tradeoff when scaling raises exis-

tential risk, and Ord (2020) argues that a wiser society would proceed more cautiously;

our results identify a strategic source of excessive risk-taking that arises even with risk-

neutral, patient agents. Armstrong et al. (2016) studies a static race between AI devel-

opers who choose how much safety to sacrifice for speed, so the issues of observability

and dynamic coordination do not arise; Bueno de Mesquita et al. (2026) enrich this static

game with market structure. Koh and Sanguanmoo (2024) analyzes robust regulation of

multiple AI firms with differing risk aversion but does not model competition.

2 BASELINE MODEL

Time and Technology There are two firms N = {1, 2}. Each firm advances its technol-

ogy at unit speed until it stops, and stopping is irreversible. In the baseline model, firms

perfectly and immediately observe their rival’s past stopping behavior, and each has ac-

cess to private randomization. A strategy specifies a randomized stopping rule after ev-

ery history; a strategy profile and the private randomization devices induce R+-valued

stopping times τ = (τ1, τ2) adapted to the firms’ information. A firm’s time-t stopping

decision cannot depend on its rival’s simultaneous time-t decision. Since stopping is ir-

reversible, firm i’s technology at calendar date s is s ∧ τi, and its eventual technology is

τi.3

3Appendix B.1 shows that this formulation generates exactly the outcome distributions generated by
randomized stopping times in the sense of Touzi and Vieille (2002): adapted, right-continuous, nonde-
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Flow Payoffs For a technology profile t = (t1, t2), firm i receives flow payoff π(ti, tj),

where ti is firm i’s own technology state (= time spent in the race) and tj is its rival’s

technology state. Both firms have the same payoff function π We write Diπ(ti, tj) for the

derivative with respect to firm i’s own technology state and Djπ(ti, tj) for the derivative

with respect to firm j’s technology state.

Disaster risk The frontier technology scale of a technology profile t is T = maxi ti. There

is a risk of a market collapse that arrives at a rate λ : R+ → R+ where λ(x) is the hazard

rate when the frontier technology scale is x. Flow payoffs are zero after the collapse.

Our leading interpretation of the collapse is the extinction of the industry: after it occurs,

no firm is around to enjoy flow payoffs.4 This follows the analyses of growth under

existential risk in Jones (2024) and Trammell and Aschenbrenner (2024), and the value-of-

life literature (Rosen, 1988; Murphy and Topel, 2006; Hall and Jones, 2007), in which the

level of flow utility relative to death pins down how much mortality risk an agent will

accept in exchange for higher consumption.

Firms discount the future at a common discount rate of r > 0. For a realized stopping

profile τ ∈ R
2
+, define the instantaneous disaster risk at time s by

λs(τ) := λ(s) · 1
{

s ≤ max
j∈N

τj

}
.

Let Λs(τ) :=
∫ s

0 λu(τ)du be cumulative risk up to s. Hence, payoffs can be written as

Ui(τ) :=
∫ ∞

0
e−rs−Λs(τ)π

(
s ∧ τi, s ∧ τj

)
ds.

creasing [0, 1]-valued processes recording cumulative stopping probability. Because payoffs are continu-
ous in the stopping dates, the payoffs from stopping just before or just after one’s rival converge to the
simultaneous-stopping payoff as the gap between the stopping dates vanishes, so resolving an atom at a
common stopping date does not require the extended strategy space of Fudenberg and Tirole (1985).

4The starkest examples are ‘loss of control’ scenarios in which beyond an (unknown) technology thresh-
old, AI might be able to rapidly improve itself leading to extinction(Bostrom, 2014; Bengio et al., 2024). An
alternative example is if, beyond a threshold, AI systems unlock the capability for bad actors to build a
deadly synthetic pathogen.
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To ensure that payoffs are finite and stopping behavior is well-behaved, we will maintain

the following assumption on payoffs and risk.

Assumption 1. π and λ satisfy:

(i) Increasing hazard: λ is continuously differentiable and nondecreasing.

(ii) Regularity: π is twice continuously differentiable and strictly positive, strictly in-

creasing in own technology and strictly decreasing in the rival’s technology: Diπ >

0 and, for j ̸= i, Djπ < 0.

(iii) Log-supermodularity: Dij log π(ti, tj) ≥ 0.

(iv) Single-crossing: for each i, the map
(
ti, tj

)
7→ Di log π(ti, tj)− λ(ti) is continuous

and strictly decreasing in ti over [tj,+∞).

(v) Integrability: ∫ ∞

0
e−rs sup

t≤s

{
e−

∫ t
0 λ(u)du π(t, 0)

}
ds < ∞.

Assumption 1 (i)–(v) are fairly mild. The increasing hazard assumption is consistent

with λ constant, which fits the model where the unknown disaster threshold is exponen-

tially distributed. Regularity (ii) asks only that flow payoffs be smooth, strictly positive,

increasing in own technology and decreasing in each rival’s. Log-supermodularity (iii)

says that when a rival’s technology is higher, the marginal payoff from increasing one’s

own technology is weakly higher; this holds whenever payoffs are additively or multi-

plicatively separable. Single-crossing (iv) holds if log profits are concave in own tech-

nology while the hazard is nondecreasing, and at least one of these conditions is strict

because λ is nondecreasing. Integrability (v) guarantees that every strategy profile gen-

erates a finite expected payoff, uniformly (Lemma 7).

A frozen-rival upper bound Our upper bound on the stopping frontier asks how long

a firm would continue if its rival’s technology were frozen at its current level. Consider
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a history at which no disaster has arrived and both firms have continued until t. Fix a

generic firm i ∈ N , and compare stopping immediately with continuing alone to some

τ ≥ t, taking the other firm’s technology as frozen at t. The continuation payoff from

choosing τ is thus

Rt(τ) :=
∫ τ

t
e−

∫ s
t (r+λ(z))dzπ(s, t)ds︸ ︷︷ ︸

Incremental payoff from scaling
own tech from t to τ

+ e−
∫ τ

t (r+λ(z))dz π(τ, t)
r︸ ︷︷ ︸

Payoff from τ on

where we use the convention that Rt(+∞) := limτ→+∞ Rt(τ) for the payoff from never

stopping. We define

τR := inf

{
t ≥ 0 : Rt(t) = sup

τ≥t
Rt(τ)

}
.

as the solution to this problem; the following lemma establishes it has a unique solution.

The lemma’s proof is in Appendix A, along with other proofs omitted from the text.

Lemma 1. For each t ≥ 0, Rt has a unique maximizer χ(t) on [t,+∞) ∪ +∞ and χ is

continuous in t. Moreover, Rt(t) = supτ≥t Rt(τ) iff Di log π(t, t) ≤ λ(t). Thus, if τR <

+∞, then RτR(τR) = supτ≥τR RτR(τ) and if t < τR, then Di log π(t, t) > λ(t).

Lemma 1 reduces the stopping time problem to a race between two rates: continuing

for an instant scales all future flow profits up at the proportional rate Di log π(t, . . . , t),

while exposing the continuation value to catastrophe at rate λ(t). Single-crossing (As-

sumption 1(iv)) ensures that, holding the rival’s frozen, the former crosses the latter only

once from above so τR is well defined. The threshold τR is the first date at which im-

mediate stopping becomes optimal under the optimistic benchmark in which the rival’s

technology remains frozen. It will be our benchmark for how far competition scales the

technology frontier.
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3 PERFECT MONITORING

We start by analyzing the case in which firms’ actions (stopping decisions) are perfectly

and immediately observed. We study subgame perfect equilibria (henceforth just equi-

libria), and denote equilibrium outcomes with SPE(π, λ).

Upper bounds on the frontier We first bound the frontier from above, for every equi-

librium, by the representative threshold τR.

Proposition 1 (Upper bound). For every τ ∈ SPE(π, λ), maxi τi ≤ τR almost surely.

A sole survivor at τR prefers to stop even if its rival’s technology is frozen. Hence, if

one of the two active firms stops at τR, the remaining firm also stops then; anticipating

this, no firm continues past the threshold. More broadly, in the game after crossing τR

each player prefers to stop as long as the other player does so quickly enough. But because

actions are perfectly observed, the logic of backward induction ensures that coordination

to stop by τR succeeds.5 The proof is simple and instructive:

Proof of Proposition 1. If τR = +∞, the claim is immediate. Suppose τR < +∞. First note

that for every rival technology levelxj ≤ τR and every xi ≥ τR, Di log π(xi, xj)− λ(xi) ≤
Di log π(xi, τR)− λ(xi) ≤ 0, where the first inequality uses log-supermodularity and the

second uses Lemma 1 at τR together with Assumption 1(iv), fixing rivals at τR. The last

inequality is strict when xi > τR. Hence, after any history at time τR in which the rival’s

technology is weakly below τR, a firm’s frozen-rival payoff is uniquely maximized by

stopping immediately.

We claim that, after any history at time τR, no SPE continuation carries the frontier

above τR with positive probability. Consider first a history at τR at which only one firm

5The argument underpinning Proposition 1 is quite general and can be extended to n ≥ 2 firms: each
firm who stops at τR knows that its remaining n − 1 rivals would observe it, and each of these rivals
know that if they stop, then its remaining n − 2 rivals would observe their stop, and so on until a single
firm remains and prefers to stop. See also Gale (1995) who studies a dynamic coordination game with
irreversible investment.
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is active, its rival having stopped at some y ≤ τR. The active firm’s continuation payoff

from stopping at σ ≥ τR is its frozen-rival payoff, which by the preceding paragraph

is uniquely maximized by stopping immediately; sequential rationality therefore forces

it to stop at τR. Consider next a history at τR with both firms active, and suppose the

continuation carries the frontier above τR with positive probability; then some firm i re-

mains active past τR with positive probability. Let firm i deviate by stopping at τR. After

the deviation its rival is a sole survivor whose (frozen) opponent sits at τR; by the one-

active-firm step, the rival stops at τR immediately. The deviation therefore gives firm i

the payoff of stopping at τR with its rival frozen at τR. On the equilibrium path, firm i’s

payoff is no larger than the payoff from continuing while its rival is frozen at its time-τR

technology: the rival’s actual technology is weakly higher, and frontier risk lasts weakly

longer. By the preceding paragraph, that frozen-rival payoff is strictly below the payoff

from stopping at τR, contradicting sequential rationality. This proves the claim.

If an equilibrium had maxi∈N τi > τR on a positive-probability event, then conditional

on survival to time τR the public history at τR would have at least one active firm and

any stopped firm at technology weakly below τR. The claim rules out any continuation

from that history with frontier above τR, a contradiction.

Lower bounds on the frontier Note that the equilibrium is not necessarily unique and

the equilibrium set need not form a lattice. We will develop simple lower bounds on the

frontier technology across all equilibria.

Define

τ := inf
{

t : Di log π(t, 0)︸ ︷︷ ︸
Origin index

≤ λ(t)
}

where the origin index is the marginal payoff to a firm from pushing the technology at t

when its competitor’s technology are at 0 i.e., it is a monopolist. τ is the time at which a

monopolist finds it optimal to stop.
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Proposition 2 (Lower bound). For every τ ∈ SPE(π, λ), maxi τi ≥ τ almost surely.

Proposition 2 states that across all equilibria the technology will advance to at least

τ. This is because at the moment the last firm contemplates stopping, its rival is weakly

behind. Log-supermodularity (Assumption 1(iii)) says that rival technology raises the

marginal return to the firm’s own scaling. Hence the last active firm faces at least as

strong an incentive to push the technology as a monopolist would. To see why, let χ(t)

denote the optimal stopping time of the remaining firm once the other firm stops at t. As-

sumption 1(iii)) implies that χ(t) ≥ τ, so maxi τi < τ can occur with positive probability

only if there is positive probability that firms stop at some common date t < τ. But this

cannot be an equilibrium: at a history where both firms have strictly positive probability

of stopping, either would do strictly better by stopping later.

Propositions 1 and 2 show that the equilibrium frontier lies in the interval [τ, τR]. The

next lemma gives a simple characterization of when τ = τR so that the interval collapses

to a point.

Lemma 2 (Degenerate-bracket test). Suppose 0 < τR < +∞. Then Di log π(τR, 0) ≤
λ(τR) = Di log π(τR, τR), with equality on the left if and only if τ = τR; if the inequality

is strict, then τ < τR.

Proposition 3 (Pure priority). There exists a pure-strategy subgame perfect equilibrium.

The idea behind Proposition 3 is that we can fix one firm (say, 1) as the designated

first stopper. Along any history at which both firms are active, let firm 1 pick its favorite

stopping date, knowing that firm 2 will respond optimally. This is just one among many

equilibria; the following proposition develops a simple classification of all of them.

Proposition 4 (Spreading and bunching). For any τ ∈ SPE(π, λ), almost surely the real-

ized profile is one of:

(i) Spread: mini τi < maxi τi < τR; or
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(ii) Bunched: mini τi = maxi τi = τR.

Propositions 1 and 2 already rules out the frontier exceeding τR and falling short of τ.

As in the proof of Proposition 2, there cannot be positive probability that both firms stop

simultaneously at some t < τR: a sole survivor at t optimally continues to χ(t) > t, so

either firm would prefer to delay its stop. If instead one firm stops first at some t < τR

while its rival continues to τR, the early stopper would profitably delay. By waiting until

τR, it either induces its rival to stop before τR, giving the deviator a higher technology and

a weaker rival, or the two firms stop together at the ceiling. Hence equilibrium stopping

is either spread strictly below the ceiling or bunched at the ceiling.

Moreover, when τR is finite, we can characterize both when bunching equilibria ex-

ist and when they are the only equilibria. Define L(s) := U1
(
s, χ(s)

)
and F(s) :=

U1
(
χ(s), s

)
. L(s) is the first stopper’s payoff and F(s) is the second stopper’s payoff given

that the first firm has stopped at s.

Proposition 5 (Characterization of bunching). Suppose τR < +∞.

(i) A subgame-perfect equilibrium that bunches at τR exists if and only if

L(τR) ≥ L(s) for every s < τR.

(ii) Every subgame-perfect equilibrium bunches at τR if and only if

L(τR) > L(s) for every s < τR. (END)

Proposition 5 (i) gives the exact condition for bunching to be an equilibrium; part (ii)

gives the exact condition for bunching to obtain in every equilibrium. These condi-

tions compare stopping roles. Since F(τR) = L(τR), condition (END) is equivalent to

F(τR) > L(s) for every s < τR. Thus the payoff from bunching at the ceiling must ex-

ceed the payoff from stopping first at every earlier date. A large cost of falling behind
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helps because it lowers L(s) relative to F(s). But this can also change the response χ(s)

and hence the value of waiting. Thus, the tight condition requires comparison of payoffs

across dates.

The proof of Proposition 5 proceeds by turning any early stopping candidate into a

chain of later threats. Suppose an equilibrium has a positive chance of firm 1 stopping at

x0 < τR, as illustrated by the leftmost dot on the ‘L’ curve in Figure 2. This candidate can

only be optimal if firm 2 sometimes plans on being the first stopper at a later date x1 where

F(x1) ≤ L(x0): if not, firm 1 can do better by replacing x0 with stopping at τR. But this

requires firm 2 to find it optimal to sometimes stop first at x1, noting that L(x1) < F(x1),

which requires firm 1 to sometimes stop at x2 where F(x2) ≤ L(x1). We can iterate this

argument until we reach a date at which stopping first cannot be supported by any later

threat, which then establishes that no early stopping candidate can be sustained in the

first place.

The following sufficient condition for bunching separates the loss from falling behind

from the cost of waiting for a later rival stop.

Corollary 1 (Uniform loser disadvantage implies bunching). Suppose there are constants

C > K ≥ 0 such that, for every 0 ≤ s ≤ q ≤ τR,

F(s)− L(s) ≥ C(τR − s) and F(q) ≥ F(s)− K(q − s).

Then every subgame-perfect equilibrium satisfies τ1 = τ2 = τR almost surely.

Now we develop some simple comparative statics for how the ceiling τR moves with

the primitives. Write τR(π, λ) for the representative threshold associated with primitives

(π, λ). The key observation is an asymmetry in how π and λ enter τR (Lemma 1): the

payoff function matters only through the diagonal index t 7→ Di log π(t, t), whereas the

hazard enters only as the threshold this index must fall below.

Proposition 6 (Comparative statics). For (π, λ) and (π̃, λ̃) that satisfyAssumption 1:

13



s

co
nt

in
ua

ti
on

pa
yo

ff

(END): L(τR) > L(s) for every s < τR

F: payoff to stopping second

L: payoff to stopping first
· · ·

L(x0) ≥ F(p1)
F(p1) > L(x1)

F(τR) = L(τR)

x0 p1≈ x1 p2≈ x2 τR

Figure 1: Incentive to wait

Figure 2: Incentive to wait. Starting from x0 < τR, the incentive conditions generate
the blue staircase: horizontal steps satisfy F(pn+1) ≤ L(xn), while vertical steps satisfy
L(xn+1) < F(pn+1). The staircase cannot converge below τR, where F > L, nor to τR.

(i) If Di log π̃(t, t) ≥ Di log π(t, t) for every t ≥ 0, then τR(π̃, λ) ≥ τR(π, λ).

If Di log π̃(t, 0) ≥ Di log π(t, 0) for every t ≥ 0 then τ(π̃, λ) ≥ τ(π, λ).

(ii) If λ̃(t) ≥ λ(t) for every t ≥ 0, then τR(π, λ̃) ≤ τR(π, λ) and τ(π, λ̃) ≤ τ(π, λ).

Proposition 6 shows how the frontier’s ceiling and floor respond to the primitives.

The ceiling τR is set by the diagonal index Di log π(t, t), proportional returns to scaling

when firms are neck-and-neck: it strengthens with the sensitivity of payoffs to relative

position, pushing the ceiling out. The floor τ is set by the origin index Di log π(t, 0), the

marginal value of scaling for a firm whose rival is stuck at the origin, so it moves with the

technology’s standalone profitability rather than with rivalry. Raising the hazard (λ0, κ)

pulls both bounds in.

3.1 Illustrative Examples. We now illustrate how the upper- and lower-bounds behave

across a number of parametric examples. These examples specialize to an exponential

hazard rate, λ(t) = λ0eκt.
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Example 1 (Score contests). Firm i earns a share si(x) = eγxi /(eγx1 + eγx2), with γ ≥ 0,

of an own-technology prize A0eβxi , so its flow payoff is π(xi, xj) = A0eβxi si(x). At a

symmetric profile, the marginal log-payoff from scaling is Di log π(t, t) = β + γ
2 , while

with the rival at the origin it is Di log π(t, 0) = β + γ
eγt+1 . Suppose first that κ > 0. Then

τR =

[
1
κ

log
β + γ/2

λ0

]+
, τ = inf

{
t ≥ 0 : β +

γ

eγt + 1
≤ λ0eκt

}
.

If λ0 ≥ β + γ/2, both thresholds equal zero. If λ0 < β + γ/2, the ceiling is interior; the

two thresholds coincide when γ = 0, so that the prize is split evenly regardless of play,

and satisfy τ < τR when γ > 0. If instead κ = 0, the diagonal index is constant: the

ceiling is zero when β + γ/2 ≤ λ0 and infinite otherwise, and the 1/κ formula does not

apply.

Figure 3 plots both thresholds as the curvature of the prize and the level of the hazard

vary, together with the pure priority equilibrium at selected parameter values: it bunches

at the ceiling when the contest is shallow and spreads once the contest is steep. Figure 4

shows why: the left panel varies the share sensitivity γ. The bracket [τ, τR] collapses at

γ = 0, where the prize is split evenly, and widens with γ: the ceiling rises with rivalry,

while the floor first rises (encouragement) and then falls (discouragement: a laggard’s

share gain vanishes when the contest is steep). The right panel varies the hazard level

λ0. Both thresholds fall and reach zero together at λ0 = β + γ/2. Dots mark the pure

priority equilibrium at selected parameter values: it bunches at the ceiling for moderate

curvature, and the two stops separate strictly inside the bracket once the contest is steep

(γ ≳ 1.8).
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Figure 3: Score-contest thresholds; parameters: β = 0.3, κ = 0.4, r = 0.1; the left panel
fixes λ0 = 0.2, the right panel fixes γ = 1

Figure 4 illustrates both bunching and spreading regimes for the score contest. It

shows the follower’s reaction curve (red) and the first stopper’s isopayoff curve in the

plane of stopping dates. The first stopper’s payoff rises toward the lower right: delaying

its own stop raises its flow profit, while the follower’s delay erodes it and prolongs the

hazard. The priority equilibrium maximizes the first stopper’s payoff along the reaction

curve. At γ = 2 (right panel) the optimum is an interior tangency: the isopayoff curve

through the equilibrium touches the reaction curve at the dot and lies below it elsewhere.

At γ = 1 (left panel) the payoff rises along the entire reaction curve, so the optimum is

the corner (τR, τR) where the reaction curve meets the 45◦ line, and the firms bunch.

Example 2 (Log-separable payoffs). Next, suppose log-flow payoffs are additively sepa-

rable with one interaction term. Let ψ(t) := 1 − e−t and take

log π(ti, tj) = Aψ(ti)− Cψ(tj) + Bψ(ti)ψ(tj),

with A > 0, C ≥ B ≥ 0, and C > 0. The parameter B controls the complementarity

between own and rival technology; C governs how much the rival’s progress erodes a

firm’s profits. The origin index and its diagonal counterpart are Di log π(t, 0) = Aψ′(t),
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Figure 4: Follower’s reaction curve; parameters: β = 0.1, λ0 = 0.2, κ = 0.4, r = 0.1

and Di log π(t, t) = ψ′(t)
(

A + Bψ(t)
)
, with gap Bψ′(t)ψ(t), so the two indices coin-

cide when B = 0. The hazard-free parts of Assumption 1 are immediate: Di log π =

ψ′(ti)
[
A + Bψ(tj)

]
> 0; Dj log π = ψ′(tj)

[
B ψ(ti) − C

]
< 0, since ψ < 1 and C ≥ B;

Dij log π = B ψ′(ti)ψ′(tj) ≥ 0; and since π(t, t) is bounded above the integrability con-

dition (v) holds. The slope of the follower’s response to a first stop is governed by

Dij log π, so under strong complementarity a marginal delay of the first stop drags the

follower’s stop outward by a comparable amount, which can pull the first stopper’s op-

timum strictly below the ceiling.

Finally, the Online Appendix gives a Cournot application in which technological progress

lowers marginal cost. The monopoly and neck-and-neck thresholds are again character-

ized by the corresponding marginal log-profit indices. Except when both firms optimally

stop immediately, the monopoly threshold lies strictly below the neck-and-neck thresh-

old. The example also shows that faster growth of the disaster hazard and a larger market

both move the two thresholds inward.

Propositions 1 and 2 bracket the equilibrium frontier T := maxi τi within [τ, τR] in

every equilibrium, so competition carries the frontier all the way to the representative
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Figure 5: Separable bracket; parameters: A = 2, B = 1
2 , r = 0.1, C = 1

threshold precisely when the bracket is degenerate: τ = τR. By Lemma 2, τ < τR when

the origin index falls strictly below the hazard at τR; here the origin index differs from

the diagonal index by the gap, so for 0 < τR < +∞,

τ < τR ⇐⇒ B ψ′(τR)ψ(τR) > 0 ⇐⇒ B > 0,

using ψ′ > 0 and ψ(τR) > 0: the bracket is degenerate iff B = 0, and the magnitude of the

complementarity is irrelevant. With an exponential hazard both thresholds are explicit.

We have ∂i log π(t, t) = e−t[A + B(1 − e−t)
]

and ∂i log π(t, 0) = Ae−t, so for λ0 ∈ (0, A)

the floor solves Ae−t = λ0eκt, giving τ = log(A/λ0)/(1 + κ), while the ceiling solves

e−t[A + B(1 − e−t)] = λ0eκt; for a constant hazard (κ = 0) the latter is a quadratic in

e−t, and for κ > 0 it is computed numerically. Figure 5 plots both thresholds. The left

panel keeps the hazard constant and varies the risk level λ0. Both thresholds fall as the

technology becomes more dangerous, with τ = log(A/λ0), and the bracket narrows from

width log(1 + B/A) as λ0 ↓ 0 to zero as λ0 ↑ A. The right panel considers exponential

hazard with λ0 = 1, varying the growth rate κ; both thresholds fall as risk accelerates.

Dots mark the pure priority equilibrium at selected parameter values.
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4 DELAYED MONITORING

We now relax perfect observability. If firm i stops at τi, its rival receives a conclusive

signal after an independent delay Ei ∼ Exp(ω), so Yi
t jumps from zero to one at τi + Ei.

A signal reveals that the firm has stopped but not when; silence is therefore ambiguous.

With detection rate ω, the mean detection lag is 1/ω; the perfectly observed benchmark

is the limit ω → ∞.

Under perfect monitoring, a firm stopping at τR knew its rival would observe the

stop immediately and respond. With delayed detection, that response arrives only after

a lag during which the frontier advances and the stopper’s payoff is eroded, so delayed

detection changes the incentive to stop first. Thus a firm may prefer to keep racing even

at technology levels where it would stop if it knew its rivals would immediately observe

this and reciprocate by stopping at the same time.

As before, a firm’s strategy specifies a randomized stopping rule after every history,

where now the decision on whether to stop depends only on whether the conclusive

signal about a rival’s stop has arrived as well as the private randomization device. This

induces R+-valued stopping times τ = (τ1, τ2).

We study perfect Bayesian equilibria and write PBE(ω) for the set of equilibrium out-

comes. Beliefs are largely pinned down by Bayes’ rule: on no-signal histories, the poste-

rior over whether and when the rival has stopped is determined by the rival’s strategy

and the absence of a signal; on detection histories, the signal is conclusive, so firm i as-

signs probability one to firm j having stopped in the past. The only residual freedom is

the posterior over the exact stopping date of a rival detected off path. Before τR, these

beliefs may affect the optimal response because they determine the rival’s frozen tech-

nology, but after it Assumption 2 implies that immediate stopping is optimal for every

feasible stopping-date belief.

We henceforth maintain the following condition that guarantees that after τR, a firm
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that discovers that its rival has already stopped also prefers to stop.

Assumption 2 (Diagonal single-crossing). The map t 7→ Di log π(t, t)− λ(t) crosses zero

at most once, from above; equivalently, if Di log π(t, t) ≤ λ(t) then Di log π(s, s) ≤ λ(s)

for every s ≥ t.

Proposition 7 (Existence under imperfect monitoring). Suppose that τR < +∞. Then for

every detection rate ω > 0, PBE(ω) ̸= ∅.

Let α(s) := e−rs−
∫ s

0 λ(u)du be the discount–survival kernel, so α′(s)/α(s) = −(r+λ(s))

and α is continuously differentiable, strictly positive, strictly decreasing, with α(s) ↓ 0.

Definition 1 (Race and stop values). Fix a symmetric no-news history at which both firms

are active at technology t. The race value is the payoff from both racing forever,

VR(t) :=
1

α(t)

∫ ∞

t
α(s)π(s, s) ds =

∫ ∞

t
e−

∫ s
t (r+λ(u))du π(s, s) ds.

The stop value VS(t, ω) is the payoff from stopping at t while the rival continues until it

detects the stop and then chooses its optimal stopping date against a rival frozen at t.

With detection date a := t + D̃ and the rival’s frozen-rival optimum σ⋆(a) := inf{u ≥ a :

Di log π(u, t) ≤ λ(u)},

VS(t, ω) := ED̃

[∫ σ⋆(a)

t

α(s)
α(t)

π(t, s) ds +
α(σ⋆(a))

α(t)
π(t, σ⋆(a))

r

]
.

Write ∆(t, ω) := VS(t, ω)− VR(t) for the difference between these values.

The race and stop values capture stopping incentives. Unlike the case with perfect

observability, a firm that contemplates stopping knows that it will only be observed at a

mean lag 1/ω. In the interim, its technology is frozen while its rival keeps scaling and

catastrophic risks continue to accrue.
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Figure 6: Stopping first under delayed detection.

For a stop at t ≥ τR, Assumption 2 implies that the rival stops immediately upon

detection (σ⋆(a) = a); Figure 6 illustrates this post-ceiling case: firm i stops at t and its

technology freezes; firm j, seeing no signal, races on. During the detection lag (middle

band) firm i is doubly exposed: its flow π(t, s) is eroded by the rival’s still-rising tech-

nology, and the disaster hazard remains alive because the frontier is still moving. Upon

detection at a = t + X the rival stops, the hazard dies, and firm i collects the safe per-

petuity π(t, a)/r. The race value VR(t) is the counterfactual in which both firms ride the

diagonal forever (dotted extension). As ω → ∞ it collapses and VS(t, ω) → π(t, t)/r

(Lemma 5).

Lemma 3 (Single-agent optimum). Fix a rival frozen at c and a detection date a ≥ c. The

value of stopping at σ ≥ a,

∫ σ

a

α(s)
α(a)

π(s, c) ds +
α(σ)

α(a)
π(σ, c)

r
,

has σ-derivative α(σ)
α(a)

π(σ,c)
r

[
Di log π(σ, c)− λ(σ)

]
; by single-crossing (Assumption 1(iv))

on [c, ∞) it is single-peaked, with unique maximizer the first crossing inf{σ ≥ a : Di log π(σ, c) ≤
λ(σ)}.
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Proof. Differentiate: the flow term contributes α(σ)
α(a) π(σ, c) and the terminal term α(σ)

α(a) [−(r+

λ(σ))π(σ,c)
r + Diπ(σ,c)

r ]; collecting gives the derivative. Its sign is that of Di log π(σ, c) −
λ(σ), strictly decreasing on [c, ∞) by (iv), so the value is single-peaked. The argument

lives entirely on {x1 ≥ x2 = c}, the native domain of (iii).

Lemma 4 (Closed form past the ceiling). For t ≥ τR the rival stops immediately on detec-

tion (σ⋆(a) = a), so

VS(t, ω) =
∫ ∞

0
ωe−ωx

[∫ t+x

t

α(s)
α(t)

π(t, s) ds +
α(t + x)

α(t)
π(t, t + x)

r

]
dx.

Proof. At detection a = t + x ≥ τR, log-supermodularity (t ≤ a) and Assumption 2 give

Di log π(a, t) ≤ Di log π(a, a) ≤ λ(a), so σ⋆(a) = a by Lemma 3.

Lemma 5 (Monotonicity and endpoints). For every t ≥ 0:

(a) ω 7→ VS(t, ω) is nondecreasing, and strictly increasing when τR < ∞;

(b) VS(t, 0) := limω↓0 VS(t, ω) =
∫ ∞

t
α(s)
α(t)π(t, s) ds < VR(t);

(c) for t ≥ τR, limω→∞ VS(t, ω) = π(t, t)/r ≥ VR(t) with strict inequality for t > τR.

Cooperation threshold. ∆(t, ω) captures the value of stopping now versus racing for-

ever, conditional on no news at t. Define

ω̄ := sup
{

ω ≥ 0 : ∆(t, ω) ≤ 0 for all t ≥ 0
}

.

Because ∆(t, ω) is nondecreasing in ω for every t (Lemma 5(a)), the set inside the supre-

mum is downward closed. Hence ω < ω̄ implies ∆(t, ω) ≤ 0 for every t, while every

ω > ω̄ admits some date t with ∆(t, ω) > 0. If τR < ∞, then Lemma 5(c), applied at

any t > τR, implies ω̄ < ∞. Detection rate level ω̄ is the boundary below which no date

offers a profitable unilateral stop against a rival that races until detection. Hence, both
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firms prefer to race on; this is the sense in which observation lags hinder coordination.

The following lemma gives an expression for the payoff from continuing until σ ≥ t then

stopping.

Lemma 6 (Recursive identity). Against a rival who continues until news arrives, the pay-

off to “continue to σ ≥ t, then stop” is

Wt(σ) =
∫ σ

t

α(s)
α(t)

π(s, s) ds +
α(σ)

α(t)
VS(σ, ω)

= VR(t) +
α(σ)

α(t)
∆(σ, ω)

and Wt(∞) = VR(t).

Proof. On [t, σ) both race (flow π(s, s)); after σ the continuation is VS(σ, ω) by defini-

tion. Subtract the splitting identity VR(t) =
∫ σ

t
α(s)
α(t)π(s, s)ds + α(σ)

α(t) VR(σ). As σ → ∞,∫ σ
t

α(s)
α(t)π(s, s)ds → VR(t). It remains to show the tail term vanishes: α(σ)

α(t) VS(σ, ω) → 0. By

Lemma 5, 0 ≤ VS(σ, ω) ≤ π(σ, σ)/r for σ ≥ τR, so it suffices that α(σ)π(σ, σ) → 0. For

σ ≥ τR,
d

dσ
log π(σ, σ) = Di log π(σ, σ) + Dj log π(σ, σ) ≤ λ(σ),

using Di log π(σ, σ) ≤ λ(σ) (Assumption 2) and Dj log π < 0. Integrating from τR gives

π(σ, σ) ≤ π(τR, τR) exp
( ∫ σ

τR λ(u) du
)

; since α(σ) = e−rσ−
∫ σ

0 λ(u) du,

α(σ)π(σ, σ) ≤ π(τR, τR) e−
∫ τR

0 λ(u) du e−rσ → 0.

Hence Wt(∞) = VR(t).

Proposition 8 (Catastrophe under noisy monitoring). Suppose ω < ω̄. Then there exists

τ ∈ PBE(ω) such that τ1 = τ2 = +∞ almost surely.

Proposition 8 states that imperfect observation can generate equilibria in which both
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firms scale forever even when no such equilibrium exists under perfect monitoring.6

For ω > ω̄, some date offers a strictly profitable unilateral stop against a rival that

races until detection. Even so, each firm would rather that their rival be the one to first

stop, so the game after τR resembles a war of attrition. It remains to quantify how much

equilibrium delay pushes the frontier far beyond τR. The force that limits this delay is

simple. Once both firms are near τR, the private gain from being the frontier firm is small

when detection is fast, while the joint loss from letting both firms keep racing is first order.

To measure this joint loss, fix a no-signal history at which both firms have continued

until t, and ask what payoff a firm would get if the two firms could commit to a common

cap σ ≥ t: both race until σ and then both stop. This benchmark is

gt(σ) :=
∫ σ

t

α(s)
α(t)

π(s, s) ds +
α(σ)

α(t)
π(σ, σ)

r
(JOINT)

gt(σ) is the value of a coordinated stop at σ when both firms are active at time t. Differ-

entiating gives

−g′t(σ) =
α(σ)

α(t)
π(σ, σ)

r

[
λ(σ)− Di log π(σ, σ)− Dj log π(σ, σ)

]
.

At σ = τR, the frozen-rival stopping condition gives λ(τR) = Di log π(τR, τR) whenever

0 < τR < +∞, so the term in brackets above reduces to −Dj log π(τR, τR) > 0.7 Thus,

although stopping is weakly optimal at τR when the rival’s technology is held fixed, con-

tinued joint scaling is strictly costly: each firm’s progress erodes the other’s flow payoff.

Hence coordinated delay past τR burns payoff at a rate bounded away from zero.

Fast detection makes the prize from holding out small. If one firm concedes, the other

learns this after an exponential delay with mean 1/ω, so it cannot be optimal to hold out

6Note, however, that this is a statement about the “worst” equilibrium; others in which both firms stop
in finite time still survive.

7When τR = 0, the frozen-rival stopping condition gives λ(0) ≥ Di log π(0, 0), so the bracketed term is
at least −Dj log π(0, 0) > 0.
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for an O(1/ω) prize while the common frontier loses value at a first-order rate. We will

show that this implies that the frontier can overshoot τR by at most order 1/ω. Before we

show this, ruling out an infinite frontier requires the profitable stop to survive into the

tail. This is guaranteed by the following condition on primitives.

Definition 2 (Tail condition). Suppose τR < ∞, and define

κ0 := inf
t≥τR

[
− Dj log π(t, t)

]
, Λ∞ := sup

t≥τR
sup
u≥t

{
λ(u) +

∣∣Dj log π(t, u)
∣∣} .

If κ0 > 0 and Λ∞ < ∞ we say that the tail condition is fulfilled.

The lower bound κ0 > 0 says that the competitive loss from a racing rival does not

disappear in the tail. The upper bound Λ∞ < ∞ limits both the hazard and the ero-

sion suffered while a stopper waits to be detected. Both conditions are satisfied by the

exponential example below. Under the tail condition, define

ωcap :=
eΛ∞(r + Λ∞)

κ0
noting that ωcap ≥ ω̄.

Proposition 9 (Fast monitoring uniformly caps the frontier). Suppose the tail condition

holds. If ω > ωcap, then

sup
τ∈PBE(ω)

E
[
(max

i
τi − τR)+

]
≤ 1

ω
+

eΛ∞

κ0
(
ω − ωcap

) .

In particular, every equilibrium stops in finite time almost surely, and (maxi τi − τR)+ →
0 in probability as ω → ∞.

Proposition 9 shows how cooperation partially succeeds when news arrives suffi-

ciently quickly (ω > ωcap). If so, then for the equilibrium in which the technology is

pushed past τR, outlasting one’s rival is worth only the extra flow earned during the ri-

val’s detection lag (of order 1/ω) while joint delay burns value at a rate bounded away
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from zero. Since it cannot be rational to hold out for a long time to gain a vanishing

prize, the expected delay until concession is order 1/ω, so the frontier overshoots τR by

O(1/ω) in expectation where this bound is uniform across all equilibria.8 As ω → ∞, the

overshoot vanishes in probability so the perfect-observability ceiling is recovered in the

limit.

Proposition 9 is stated for the monitoring regime ω > ωcap ≥ ω̄ in order to discipline

stopping incentives in the tail. However, for stationary environments such as those ana-

lyzed in the exponential below as well as in Section 5, the threshold is tight: when ω < ω̄

there exists an equilibrium in which firms race forever; when ω > ω̄ in every equilibrium

maxi τ < +∞ almost surely; we show this in Online Appendix IV.

Example 3 (Exponential race with imperfect monitoring). Let flow payoffs be exponen-

tial, π(ti, tj) = eαti−βtj , α, β > 0. Both indices of the previous section are then constant and

equal: Di log π(t, t) = Di log π(t, 0) = α and Dij log π = 0, so with an increasing hazard

λ(t) = λ0eκt (κ > 0, λ0 < α) the bracket is degenerate: τ = τR = 1
κ log α

λ0
, so under

perfect monitoring, firms stop at τR in every equilibrium. This makes the exponential

race a natural setting to isolate the effect of imperfect monitoring: any departure from

τR is attributable to monitoring frictions alone. We take the hazard constant at a level

exceeding the index: λ(t) ≡ λ > α, with r > α − β, so that τR = 0.9 The environment

is then stationary: at a symmetric no-signal history at technology t, every continuation

payoff scales with the current flow π(t, t) = e(α−β)t, so values per unit of current flow are

date-independent, and ∆(t, ω) has the same sign at every date. Direct computation gives

8The proof gives a geometric block-tail bound and an O(1/ω) bound on the expected frontier overshoot
which does not require equilibrium stopping distributions to have densities. In the smooth symmetric
equilibrium considered below, the short delay is implemented by a concession hazard proportional to ω.

9This is the boundary case of Assumption 1(iv): the index α never crosses the hazard from above because
it starts below it, and Assumption 2 holds trivially. Interpret (π, λ) as the continuation environment once
the race has reached the threshold; the next section adopts the same specification.

26



the normalized values

VR =
1

r + λ − α + β
, VS(0) =

1
r + λ + β

, VS(ω) = VS(0) +
ω
[
1/r − VS(0)

]
ω + r + λ + β

:

racing forever discounts at r + λ while the diagonal flow grows at α − β; stopping first

freezes one’s own flow, which then decays at the erosion rate β under a still-live hazard

until the detection date, whose expected discount factor ω/(ω + r + λ + β) weights the

upgrade to the joint-stop perpetuity 1/r. Setting VS(ω) = VR and solving, ω̄ = rα
λ−α+β .

Every parameter moves ω̄ in the intuitive direction. The news rate needed for cooperation

rises with the scaling gain α, which pays only while racing, and with impatience r, which

discounts the reciprocation upgrade. It falls with the hazard λ and the erosion β: both

depress the race value faster than the stop value (the race lasts forever; the exposure

window ends at detection), so more dangerous technologies and stronger competitive

erosion make cooperation easier to sustain.

By stationarity, ∆(·, ω) has the same sign at every date. Hence, when ω > ω̄ so that

∆ > 0 everywhere, a unilateral stop is profitable at every date and Proposition 13 in

Online Appendix IV shows that every equilibrium stops in finite time. Figure 7 displays

the threshold at which VS crosses VR, and the vanishing prize. Panel (a) illustrates how

the stop value VS(ω) rises from VS(0) = 1/(r + λ + β) toward 1/r as news speeds up,

crossing the race value VR = 1/(r + λ − α + β) at ω̄ = rα/(λ − α + β) = 1/15: below the

threshold racing forever is self-enforcing (Proposition 8), and above it all equilibria are

finite, conceding quickly in expectation when monitoring is fast (Proposition 9).
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Figure 7: Exponential under imperfect monitoring (r = 0.1, λ = 1, α = 0.5, β = 0.25,
values per unit of current flow)

To see why concession speeds up as monitoring becomes more precise, note that

the (normalized10) value upon detection that one’s rival has stopped instead of first is:

VW(ω)− VS(ω) ≃
α + β

rω
, where VW(ω) is the expected payoff from racing against an op-

ponent who has stopped and stopping only upon detection. This is illustrated by panel

(b). By contrast, joint delay burns value at the (normalized) constant rate (λ − α + β)/r

per unit of time. Hence, equilibrium indifference requires concession at a hazard of order

ω, leaving expected delay of order 1/ω.

5 PERCEIVED RATIONALITY

We are interested in firms’ ability to coordinate when they fear their opponent might irra-

tionally never stop. Continue with the stationary exponential environment of Example 3,

imposing in addition 0 < β < α and ω ≥ β. Thus π(ti, tj) = eαti−βtj , λ > α, and r > α − β,

and the representative threshold is τR = 0. We now suppose that each firm is indepen-

dently either a rational type with these payoffs or a crazy type that never stops. Each firm

is rational with probability p, and we write ℓ := p/(1− p) for the prior odds of rationality.

10We normalize this by the flow profits π(t, t).
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As in Example 3, we normalize continuation payoffs by current flow and write

VR =
1

r + λ − α + β
, VS(0) =

1
r + λ + β

and VS(ω) = VS(0) +
ω
[
1/r − VS(0)

]
ω + r + λ + β

.

Recall that VS(ω) > VR if and only if ω > ω̄ := rα
λ−α+β .

We additionally define the verification value

VW(ω) :=
r + ω

r (ω + r + λ − α)

as the normalized payoff from racing beside a rival that has already stopped at the same

technology, and exiting upon detection; this is the value of waiting for confirmation that

a firm’s rival is not crazy. Note VR < VW(ω) < 1/r: verifying beats racing forever but

falls short of joining, by the lag cost 1/r − VW(ω) .

Two kinds of coordination. We now identify two distinct coordination modes and the

conditions under which each is incentive-compatible. When a firm stops without know-

ing if their rival has stopped, they gamble on both their rival’s type and on news arriving

quickly: if their rival is rational, it stops upon receiving the news of their stop, and never

stops otherwise:

ℓ

1 + ℓ
VS(ω) +

1
1 + ℓ

VS(0) ≥ VR ⇐⇒ ℓ ≥ ℓ̄ :=


VR − VS(0)

VS(ω)− VR
if ω > ω̄

+∞ otherwise

Alternatively, rational firms might stop at a common date. In this case, we have a new

deviation that was not present when firms were commonly known to be rational—firms

are tempted to wait and verify: hold out for news that their rival has, in fact, stopped.

If the rival is rational, this delivers VW(ω) instead of 1/r. If the rival is crazy, then the

deviator obtains VR (rival never stops) instead of VS(0). Hence, stopping at a known date
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is optimal if and only if

ℓ
[
1/r − VW(ω)

]
≥ VR − VS(0) ⇐⇒ ℓ ≥ ℓ :=

VR − VS(0)
1/r − VW(ω)

.

We assume that ℓ < ℓ̄ which implies that simultaneous coordination is less demanding

than sequential coordination.11 Because ω ≥ β, waiting indefinitely for verification that

their rival has stopped is the binding deviation. The two thresholds have the same numer-

ator VR − VS(0), the cost of stopping unreciprocated, and differ in the denominator: the

prize of reciprocation VS(ω)− VR for sequential stopping and the lag cost 1/r − VW(ω) for

simultaneous stopping. Figure 8 (a) shows VS(ω) and VW(ω) rising toward 1/r: the prize

of reciprocation grows while the lag cost shrinks, so faster news makes both stopping first

and waiting to verify more attractive.

ω

normalized payoff

1 2

1/r

VRVS(0)

VS(ω)

VW(ω)

prize

lag cost

ℓ

normalized payoff

VS(0)

race (VR)

stop together

ω ↑

ω ↑

wait & verify

stop first

ℓ ℓ̄ℓ′ ℓ̄′

Figure 8: Stationary environment: (r, λ, α, β) = (0.1, 1, 0.5, 0.25).

Panel (b) plots the trust-weighted values of the four candidate strategies at ω = 0.5.

11Each of VR, VS(0), VS(ω), VW(ω), and 1/r is the payoff of a fixed course of play and does not depend
on equilibrium except for the fact that a sole survivor who learns their rival has stopped also stops imme-
diately, which is implied by dominance (α < λ). If ℓ > ℓ̄, the middle zone disappears. Never stopping
remains equilibrium for ℓ ≤ ℓ̄ and is ruled out for ℓ > ℓ̄ when stopping first is strictly profitable.
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Lighter curves repeat the exercise at ω′ = 0.8. Racing and stopping together are unaf-

fected by ω; stopping first and waiting to verify shift. Faster news pulls ℓ̄ down and

pushes ℓ up, squeezing the medium zone until it closes at ω†.

As shown in Figure 8, ω moves the two thresholds in opposite directions. Faster mon-

itoring speeds up reciprocation, so ℓ̄ falls from +∞ at ω̄ toward the strictly positive limit
VR−VS(0)
1/r−VR

. But faster monitoring also makes it less costly to wait for confirmation that one’s

rival has, indeed, stopped which makes simultaneous stopping more difficult to sustain

and ℓ rises without bound. This partitions perceived rationality into three intervals: (Fig-

ure 9): low (ℓ < ℓ), medium (ℓ ≤ ℓ < ℓ̄), and high (ℓ ≥ ℓ̄).

Figure 9 illustrates the thresholds ℓ and ℓ. The threshold ℓ rises with ω (cheaper

verification invites free-riding on the signal; below ω = β it is constant at its ω = β

value—the vertical segment), while the threshold ℓ̄ falls (faster reciprocation), with hor-

izontal asymptote ω̄ = 1/15 and vertical asymptote ℓ̄(∞) ≈ 0.049: the high-trust zone

lies entirely above the main text’s cooperation threshold, and no transparency pushes its

boundary below ℓ̄(∞). The curves cross once, at (ℓ†, ω†) ≈ (0.132, 0.914). The dotted

vertical, at trust ℓ = 0.09, shows the double-edged effect of transparency: raising ω first

destroys simultaneous coordination (M→L at ω ≈ 0.43) and only later makes sequential

coordination viable (L→H at ω ≈ 1.79).
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Figure 9: Parameters: (r, λ, α, β) = (0.1, 1, 0.5, 0.25).

Perceived rationality and detection rate interact very differently across the two modes

of coordination. Sequential coordination asks a firm to stop first, gambling that a ra-

tional rival will reciprocate once the news lands. Hence, faster news raises the prize of

reciprocation VS(ω)− VR, so transparency helps. Conversely, simultaneous coordination

requires that a firm not be tempted to keep racing, and stop only after seeing that the ri-

val really did stop. But faster news shrinks the lag cost 1/r − VW(ω) of that deviation, so

transparency hurts. This is Figure 9, raising ω at at ℓ = 0.10 can destroy the simultaneous

mode (M → L) long before it makes the sequential mode viable (L → H).

Extending the notation of Section 4, write PBE(ω, ℓ) for the set of perfect Bayesian

equilibrium outcomes—profiles of stopping times τ = (τ1, τ2)—when the detection rate is

ω and the prior odds of rationality are ℓ.

Proposition 10. The following characterizes equilibrium outcomes across trust zones:

(i) Low trust. If ℓ < ℓ, then every τ ∈ PBE(ω, ℓ) has τ1 = τ2 = +∞ almost surely: no

firm ever stops, and the disaster arrives with probability one.

(ii) Medium trust. If ℓ ≤ ℓ ≤ ℓ̄, then PBE(ω, ℓ) contains both (a) the outcome in which
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rational firms stop immediately, so that the risk survives only through crazy types,

and (b) the never-stopping outcome.

(iii) High trust. If ℓ > ℓ̄, then every τ ∈ PBE(ω, ℓ) satisfies

P
(
τ1 = τ2 = +∞

∣∣ both firms rational
)
≤

(
ℓ̄/ℓ

)2,

and stopping at zero remains PBE(ω, ℓ).

Low trust makes any unilateral stop too likely to go unreciprocated, so every equi-

librium races forever. At intermediate trust, simultaneous stopping becomes sustainable,

but neither firm is willing to stop first, leaving both stopping and racing equilibria. At

high trust, stopping first becomes profitable whenever the rival’s holdout probability is

too large, yielding the quadratic bound.

Although Proposition 10 was stated for the case in which ℓ < ℓ̄, similar results hold in

the opposite case. There, Part (i) survives verbatim with ℓ̄ (now the smaller threshold) as

the boundary of the low zone. There is no middle region. Part (iii) survives for ℓ > ℓ̄ and

the (ℓ̄/ℓ)2 bound holds unchanged.

6 CONCLUSION

We have shown that competition and coordination play distinct roles in determining how

far a dangerous technology advances. Under perfect monitoring, competition places the

frontier between monopoly and representative-firm thresholds. Delayed observation can

sustain racing forever or generate a short war of attrition beyond the perfect-monitoring

ceiling. Doubts about the rival’s rationality are s more damaging, as it allows racing to

ruin to occur in every equilibrium. Detection rate and perceived rationality are therefore

complements in some regions but substitutes in others. Table 1 summarizes.
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perfect observability (ω = ∞) imperfect observability (ω < ∞)

no crazy

types

(ℓ = +∞)

Coordination is easy: in every equi-

librium, both firms stop at τR.

Single threshold ω̄: below it, never-

stopping is an equilibrium alongside

the joint stop; above it, every equilib-

rium coordinates, with expected over-

shoot ≃ 1/ω.

crazy types

(ℓ < +∞)

Single threshold: below it, every

equilibrium races to ruin; above it,

ruin ≤ (ℓ̄(∞)/ℓ)2, with zero at-

tained only by leader–follower out-

comes.

Two thresholds ℓ(ω) rising and ℓ̄(ω)

falling: ℓ < ℓ(ω), all equilibria race

forever; ℓ(ω) < ℓ < ℓ̄(ω), both rac-

ing forever and stopping are equilib-

ria; ℓ > ℓ̄(ω), ruin ≤ (ℓ̄(ω)/ℓ)2.

Table 1: Equilibria in the stationary case.

The broader message is that increased detection speed alone need not solve the coor-

dination problem. When firms are sufficiently confident that their rivals will reciprocate,

faster dectection facilitates coordination; when that confidence is weaker, faster detection

can instead strengthen the incentive to wait for the other firm to move first.

Our baseline isolates these forces by assuming that disaster risk comes from continued

development and disappears once development stops, and that stopping is irreversible.

Online Appendix III considers alternative specifications in which risk is additive with

more firms at the frontier, or persists after stopping. Allowing firms to restart after stop-

ping would introduce a different problem of sustaining restraint over time, which we

leave for future work.
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APPENDIX

A OMITTED PROOFS

Technical lemmas We first record a few useful lemmas we will reference throughout

the proofs. For stopping dates (τi, τj) ∈ R
2
+, define

Ui(τi, τj) :=
∫ ∞

0
e−rs−

∫ s
0 λ(u)1{u≤τi∨τj}du π(s ∧ τi, s ∧ τj) ds.

For a date s ≥ 0, interpret a stopping date below s as a technology frozen in the past and

a stopping date in [s,+∞] as the plan of a firm that remains active. The date-s continuation

payoff is

Us
i (τi, τj) :=

∫ ∞

s
exp

{
− r(u − s)−

∫ u

s
λ(v) 1{v ≤ τi ∨ τj} dv

}
π(u ∧ τi, u ∧ τj) du,

so that U0
i = Ui.

Lemma 7 (Payoff continuity). Write R+ = [0, ∞] and measure the distance between two

dates by d(x, y) = |e−x − e−y|. Under Assumption 1 Us
i (τi, τj) is finite, continuous in the

two stopping dates, and bounded uniformly over those dates. In particular, Ui is finite

and continuous, and for every rival stopping date τj and every finite t ≥ 0, ε ↓ 0 Ui(t +

ε, τj) = Ui(t, τj). Thus the payoff from stopping immediately after t converges to the

payoff from stopping at t, whether or not the rival stops at t.

Proof. Let (τk
i , τk

j ) → (τi, τj) in R
2
+ and write Tk := τk

i ∨ τk
j and T := τi ∨ τj. Fix u ≥ s.

Both capped stopping dates converge, and

∫ u

s
λ(v) 1{v ≤ Tk} dv −→

∫ u

s
λ(v) 1{v ≤ T} dv,

because the integrands converge at every v ̸= T and λ is integrable on [s, u]. Since π is

continuous, the integrand of Us
i converges pointwise in u.
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Monotonicity of π gives π(u ∧ τk
i , u ∧ τk

j ) ≤ π(u ∧ Tk, 0), while, since λ ≥ 0 and

u ∧ Tk ≤ u,

exp
{
−

∫ u

s
λ(v) 1{v ≤ Tk} dv

}
≤ exp

{ ∫ s

0
λ(v) dv −

∫ u∧Tk

0
λ(v) dv

}
.

Hence the integrand is bounded by

ers+
∫ s

0 λ(z)dz e−ru sup
v≤u

{
e−

∫ v
0 λ(z)dz π(v, 0)

}
,

which is integrable on [s, ∞) by Assumption 1(v), uniformly over stopping pairs. Domi-

nated convergence delivers finiteness, the uniform bound, and continuity.

Lemma 8 (Earliest optimal plans). Let f (t, s) be continuous on {(t, s) ∈ R+×R+ : t ≤ s}.

Then a(t) := min argmaxs∈[t,+∞] f (t, s) is well defined, lower semicontinuous, and hence

Borel measurable. If the maximizer is unique for every t, then a is continuous.

Proof. The feasible tails [t,+∞] are compact and vary continuously with t, so Berge’s max-

imum theorem gives a nonempty, compact-valued, upper-hemicontinuous maximizer

correspondence. Given tm → t, choose a subsequence along which a(tm) converges to its

limit inferior, say q. Upper hemicontinuity implies that q is a maximizer at t, so q ≥ a(t).

Thus a is lower semicontinuous and therefore Borel measurable. If every maximizer is

unique, every convergent subsequence of a(tm) has limit a(t), which gives continuity.

Proof of Lemma 1. For τ ≥ t, split the date-zero payoff when the rival stops at t into the

flow earned before t and the continuation payoff from t onward:

Ui(τ, t) =
∫ t

0
e−ru−

∫ u
0 λ(z)dzπ(u, u) du + e−rt−

∫ t
0 λ(z)dzRt(τ).
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Equivalently,

Rt(τ) = ert+
∫ t

0 λ(z)dz
[

Ui(τ, t)−
∫ t

0
e−ru−

∫ u
0 λ(z)dzπ(u, u) du

]
.

The same identity holds at τ = +∞ by taking limits. Hence Lemma 7 makes (t, τ) 7→
Rt(τ) continuous on the feasible set with compactified stopping-date coordinate. Apply-

ing Lemma 8 to f (t, τ) = Rt(τ) shows that a maximizer exists for every t.

For τ ≥ t, differentiating the frozen-rival payoff gives

∂Rt(τ)

∂τ
=

e−
∫ τ

t (r+λ(z))dzπ(τ, t)
r

[
Di log π(τ, t)− λ(τ)

]
.

The prefactor is strictly positive. By Assumption 1(iv), the bracket is strictly decreasing

in τ when the rival is fixed at t. Hence Rt is single-peaked on [t,+∞], with a unique

maximizer. The unique-maximizer part of Lemma 8 therefore makes the maximizer χ(t)

continuous in t. Since χ(t) ≥ t, setting χ(+∞) := +∞ extends the continuity of χ to

[0,+∞].

Stopping immediately is optimal exactly when the right derivative at t is nonpositive,

which gives the displayed equivalence. That equivalence and continuity of the two rates

make the set defining τR closed, so finite τR belongs to it. If t < τR, then t does not belong

to that set, so the displayed equivalence gives the strict inequality.

Proof of Proposition 2. If τ = 0, the claim is immediate. For a date t ≥ 0 at which a firm

stopped, define the sole survivor’s crossing date χ(t) := inf {s ≥ t : Di log π(s, t) ≤
λ(s)}. By Lemma 1, at every date in [t, χ(t)] a firm whose rival stopped at t has unique

optimal stopping time χ(t). Moreover, χ(t) ≥ τ for every t ≥ 0: for every s < τ, log-

supermodularity and the definition of τ give Di log π(s, t) ≥ Di log π(s, 0) > λ(s), so

no crossing occurs before τ. Finally, χ is continuous because the remaining firm’s payoff

is jointly continuous in its stopping date and in the rival’s stopping date t on the com-
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pactified stopping-time space (Lemma 7), and its maximizer is unique; continuity follows

by Berge’s maximum theorem: every subsequential limit of χ(tm) is optimal against the

limit t and hence equals χ(t).

Before either firm has stopped, let Xi denote firm i’s candidate stopping date; X1 and

X2 are independent because the firms’ randomization devices are. By the preceding para-

graph, the realized profile is (X1, χ(X1)) if X1 < X2, (χ(X2), X2) if X2 < X1, and (X1, X1)

if X1 = X2. On {X1 ̸= X2} the frontier equals χ(mini Xi) ≥ τ. Hence, up to null events,

{maxj τj < τ} ⊆ {X1 = X2 < τ}, and by independence a positive-probability tie requires

a common atom: some t < τ with P(X1 = t) > 0 and P(X2 = t) > 0.

Suppose such an atom exists. On the device event {X1 = t}, consider the deviation

in which firm 1 replaces its candidate t by t + ϵ, where 0 < ϵ < τ − t, and responds

at χ(t′) if firm 2 stops first at some date t′; leave the strategy unchanged on {X1 ̸= t}.

Because {X1 = t} is measurable with respect to firm 1’s private randomization device

and the response depends only on subsequent public records, this deviation is admis-

sible. Conditional on X1 = t: if X2 < t, the outcome is unchanged. If X2 = t, the

profile changes from (t, t) to (χ(t), t), a strict gain U1(χ(t), t) − U1(t, t) > 0, since

χ(t) ≥ τ > t and the frozen-rival payoff strictly increases up to its unique maximizer

χ(t). The event {t < X2 ≤ t + ϵ} has probability converging to zero as ϵ ↓ 0, and

payoffs are uniformly bounded (Lemma 7). If X2 > t + ϵ, the profile changes from

(t, χ(t)) to (t + ϵ, χ(t + ϵ)), whose payoff effect vanishes as ϵ ↓ 0 by continuity of χ

and of U1. The conditional expected gain from the deviation therefore converges to

P(X2 = t)[U1(χ(t), t) − U1(t, t)] > 0, so the deviation is strictly profitable for all suffi-

ciently small ϵ, contradicting subgame perfection. Hence P(maxj τj < τ) = 0.

Proof of Lemma 2. Continuity of both indices and of λ gives Di log π(τR, τR) = λ(τR) at

the first crossing, and log-supermodularity then gives Di log π(τR, 0) ≤ λ(τR), whence

τ ≤ τR. Since t 7→ Di log π(t, 0)− λ(t) is continuous and strictly decreasing (Assump-

tion 1(iv), the rival’s technology fixed at zero), its first crossing τ falls strictly below τR
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when its value at τR is strictly negative. The final claim combines T ≤ τR (Proposition 1)

with T ≥ τ (Proposition 2).

Proof of Proposition 3. We construct an equilibrium in which firm 1 is the designated first

stopper. By Lemma 1, once one firm stops at s, its rival’s unique sequentially rational

response is χ(s). Fix a no-stop history at date t. If firm 1 stops first at s ≥ t, write

Lt(s) := Ut
1(s, χ(s)), s ∈ [t,+∞] for firm 1’s continuation payoff from that choice.

For t ≤ t′ ≤ s, splitting the continuation payoff from racing to s as evaluated at t at the

intermediate time t′ gives

Lt(s) =
∫ t′

t
e−r(u−t)−

∫ u
t λ(z)dzπ(u, u) du + e−r(t′−t)−

∫ t′
t λ(z)dzLt′(s).

The identity also holds at s = +∞ by taking limits. Take the first date to be 0 and solve

for Lt′(s). The function L0(s) = U1(s, χ(s)) is continuous by Lemma 7 and continu-

ity of χ, while the prefix and the positive coefficient vary continuously with t′. Hence

(t′, s) 7→ Lt′(s) is jointly continuous on the feasible set with compactified stopping-date

coordinate. Applying Lemma 8 to f (t, s) = Lt(s) shows that the earliest maximizer

a(t) := min argmaxs∈[t,+∞] Lt(s) is well defined and Borel measurable. The same iden-

tity verifies that the selected plan does not change as time passes. Its first term and the

positive coefficient on Lt′(s) do not depend on s.

Prescribe the following profile: at every no-stop history at date t, firm 1 plans to stop

at a(t) and firm 2 waits; after a first stop at s, the remaining firm, active at date t′, stops

at χ(s) ∨ t′. If, off path, both firms remain active beyond firm 1’s previously prescribed

stopping date, restart the same construction from the current date: the designated firm

stops at a(t), and firm 2 continues. These prescriptions define a valid pure strategy profile.

Before firm 1 stops, a(t′) = a(t), so its planned stopping date remains unchanged. After

a stop at s, the survivor continues to target χ(s), stopping immediately if that date has

already passed.
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We verify sequential rationality at an arbitrary two-active history at date t. Write a :=

a(t). Since firm 2 waits until a stop occurs, any deviation by firm 1 reduces to a first

stopping date s ≥ t, with payoff Lt(s); since a(t) maximizes Lt,Lt(s) ≤ Lt(a). Thus the

designated firm has no profitable deviation.

Along the prescribed path, firm 2 receives Ft(a) := Ut
2(a, χ(a)). Before a the two

firms have identical technologies; after a, firm 2’s own technology is weakly higher than

firm 1’s, while its rival’s technology is weakly lower, and both firms face the same sur-

vival kernel. Because flow profit rises in own technology and falls in rival technology,

Ft(a) ≥ Lt(a). Consider any deviation by the waiting firm. If it stops first at s < a, firm

1 responds at χ(s); symmetry implies that the deviator’s payoff is Lt(s), and therefore

Lt(s) ≤ Lt(a) ≤ Ft(a)by the two preceding displays. If it stops at s = a, the firms stop

together and its payoff is Ut
2(a, a); once firm 1 stops at a, immediate stopping is feasible

for firm 2 whereas χ(a) is its unique optimal response, so Ut
2(a, a) ≤ Ft(a). If its candidate

is later than a, firm 1 stops first; for every successor choice τ ≥ a, optimality of χ(a) gives

Ut
2(a, τ) ≤ Ut

2(a, χ(a)) = Ft(a). These cases cover every deviation by firm 2. (If a = +∞,

every finite s belongs to the first case and s = +∞ gives the equilibrium tie.)

The same arguments apply at every history at which both firms are active, and the

single-peakedness established at the start of the proof gives optimality at every history at

which one firm has stopped.

Proof of Proposition 4. Fix τ ∈ SPE(π, λ). By Proposition 1, maxi τi ≤ τR almost surely.

It thus suffices to rule out two cases: both firms stop at the same date strictly below τR,

or the firms stop at different dates and the later date is τR. First suppose that one firm

stops at time t while its rival remains active. By Lemma 1, the sole survivor’s unique

optimal stopping date is χ(t), the function χ is continuous, χ(t) > t for every t < τR, and

χ(τR) = τR. Moreover, χ(t) ≤ τR for every t ≤ τR: if u > τR, then

Di log π(u, t) ≤ Di log π(u, τR) < λ(u),
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where the first inequality follows from log-supermodularity and the second from Lemma 1

and single-crossing, with the rival’s technology fixed at τR. Hence continuing beyond τR

cannot be optimal. Subgame perfection therefore requires a sole survivor to stop at χ(t)

almost surely after its rival stops at t.

Before either firm has stopped, let Xi denote firm i’s candidate stopping date. The

candidates X1 and X2 are independent because the firms’ randomization devices are in-

dependent. The realized profile is

(τ1, τ2) =



(X1, χ(X1)), X1 < X2,

(χ(X2), X2), X2 < X1,

(X1, X1), X1 = X2.

We now rule out the two cases.

Case 1: bunching below τR. Since χ(t) > t for every t < τR, bunching below τR can

occur only when X1 = X2 < τR. Independence then implies that a positive-probability

bunching event requires a common atom: there must be some t < τR such that P(X1 =

t) > 0 and P(X2 = t) > 0. On the event {X1 = t}, consider the deviation in which

firm 1 replaces its candidate stopping date t with t + ϵ, where ϵ > 0 is small enough that

t + ϵ < τR. If firm 2 stops first at some date s, firm 1 responds at χ(s). Leave the strategy

unchanged on {X1 ̸= t}. Because {X1 = t} is measurable with respect to firm 1’s private

randomization device and the response depends only on subsequent public records, this

deviation is admissible.

Conditional on X1 = t, the outcome is unchanged when X2 < t. When X2 = t,

it changes from (t, t) to (χ(t), t), yielding the strict gain U1(χ(t), t) − U1(t, t) > 0. The

event {t < X2 ≤ t + ϵ} has probability converging to zero, and payoffs are bounded by

Lemma 7. On {X2 > t + ϵ}, the outcome changes from (t, χ(t)) to (t + ϵ, χ(t + ϵ)), whose

payoff effect converges to zero by continuity of χ and U1. Hence the conditional expected
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gain converges to P(X2 = t) [U1(χ(t), t)− U1(t, t)] > 0. For all sufficiently small ϵ, the

deviation is strictly profitable, contradicting subgame perfection. Hence P(τ1 = τ2 <

τR) = 0.

Case 2: spread profile reaching τR. Suppose, toward a contradiction, that P(τ1 < τR = τ2) >

0; where we assume that firm 1 is the laggard without loss since payoffs are symmetric.

This implies that this event is contained in {X1 < X2, X1 < τR, χ(X1) = τR}.

On the event {X1 < τR, χ(X1) = τR}, consider the deviation in which firm 1 replaces

its candidate stopping date X1 with τR. If firm 2 stops first at y, firm 1 responds at χ(y).

Leave the strategy unchanged on the complement of this event. Continuity of χ makes

the event measurable with respect to firm 1’s private randomization device, so this is

an admissible deviation. Fix a realization X1 = x on this event and write y = X2. If

y < x, the outcome is unchanged. If y = x, it changes from (x, x) to (χ(x), x) = (τR, x),

which is strictly better because χ(x) is the unique optimum against a rival frozen at x. If

x < y < τR, the original profile is (x, τR), whereas the deviating profile is (χ(y), y). Since

x < y < χ(y) ≤ τR, the deviation weakly raises firm 1’s technology, weakly lowers its

rival’s technology, and weakly lowers the frontier at every date, with a strict comparison

on a positive-length interval. Firm 1 therefore gains strictly.

If y ≥ τR, the deviating profile is (τR, τR) when τR < +∞, and both firms race forever

when τR = +∞. In either case, relative to (x, τR), firm 1’s technology rises while its rival’s

technology and the frontier are unchanged.

Finally, suppose X2 ≥ τR. If τR < +∞, the deviating profile is (τR, τR): either the

firms stop together at τR, or firm 1 stops there and firm 2 responds immediately because

χ(τR) = τR. If τR = +∞, this case is simply X2 = +∞, and both firms race forever

under the deviation. In either case, relative to (x, τR), firm 1’s technology rises while its

rival’s technology and the frontier remain unchanged. The deviation is therefore weakly

profitable for every realization and hence strictly profitable on the positive probability

event above. This contradicts subgame perfection. Hence P(τ1 < τR = τ2) = P(τ2 <
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τR = τ1) = 0. Combining the two exclusions with Proposition 1 yields the result.

Proof of Proposition 5. Write T := τR and B(s) := U1(s, s). If T = 0, Proposition 1 forces

both firms to stop at zero, so both statements are immediate. Suppose henceforth that

T > 0.

By Lemma 1, χ(s) > s for s < T and χ(T) = T. Continuity of U1 and χ implies conti-

nuity of L and F. Moreover, (s, χ(s)) and (χ(s), s) generate the same frontier and collapse

risk, while in the latter profile firm 1 has strictly better technologies after s. Hence, for

every s < T,

F(s) > L(s) and F(s) > B(s). (1)

(i) Existence of a bunching equilibrium. Necessity is immediate: if an equilibrium bunches

at T but L(s) > L(T) for some s < T, a firm can stop first at s, induce the response χ(s),

and raise its payoff from L(T) to L(s).

Conversely, suppose

L(T) ≥ L(s) for every s < T. (2)

At every two-active history t ≤ T, prescribe that both firms stop at T. Following a first

stop at s, prescribe that the survivor stop at χ(s), or immediately if χ(s) has passed. At

two-active histories after T, use the pure-priority equilibrium from Proposition 3.

At a two-active history t ≤ T, a candidate s ∈ [t, T) yields L(s) ≤ L(T), a candidate at

T leaves the outcome unchanged, and a candidate after T makes the rival stop first at T, to

which the unique response is χ(T) = T. Thus no pure candidate, and hence no mixture,

is profitable. Survivor behavior is optimal by Lemma 1, and continuation play after T is

an equilibrium by Proposition 3. The resulting subgame-perfect equilibrium bunches at

T.
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(ii) When every equilibrium bunches. First suppose

L(T) > L(s) for every s < T. (3)

In any two-active subgame, call a candidate x < T T-stable if replacing it by T, while

retaining the prescribed response χ(y) to any earlier rival stop y < T, is not profitable.

Sequential rationality implies that almost every candidate below T is T-stable; otherwise,

a firm could replace exactly those candidates for which the gain is positive.

Claim. Suppose that, in a no-stop subgame at y < T, some candidate distribution has

support infimum y. Then:

(a) For every ε > 0, some firm has a T-stable candidate x ∈ [y, y+ ε) whose rival assigns

positive probability to (x,+∞].

(b) Every such x admits a y′ ∈ (x, T) such that

L(x) ≥ F(y′) > L(y′),

and some candidate distribution in the no-stop subgame at y′ has support infimum

y′.

Proof of the claim. For (a), the distribution with support infimum y assigns positive prob-

ability to every interval [y, y + δ), and almost every candidate is T-stable. Choose stable

candidates xn → y. If the rival assigns positive probability above some xn, the result fol-

lows. Otherwise the rival’s distribution is δy. If the first distribution has mass above y,

use the rival’s stable candidate y; if not, both distributions equal δy, which cannot be an

equilibrium because either firm can become the second stopper and raise its payoff from

B(y) to F(y) by (1).
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For (b), let G be the rival’s candidate law. Replacing x by T yields the expected gain

∆(x, T) = G({x})[F(x)− B(x)] +
∫
(x,T)

[F(z)− L(x)] G(dz)

+ G([T,+∞])[L(T)− L(x)].

Because x is T-stable, ∆(x, T) ≤ 0. By (1) and (3), the first and last terms are strictly

positive whenever they carry mass. Since G((x,+∞]) > 0, the set

Ax := {z ∈ (x, T) : F(z) ≤ L(x)}

has positive G-measure. Continuity, together with F(x) > L(x) and F(T) = L(T) > L(x),

bounds Ax away from both x and T. Let y′ be the smallest support point of G ↾Ax . Then

x < y′ < T and

L(x) ≥ F(y′) > L(y′),

where the strict inequality follows from (1). Conditional on reaching y′ without a stop, G

is truncated to [y′,+∞], so its support infimum is y′. This proves the claim. □

Suppose, toward a contradiction, that an equilibrium has a first stop below T with

positive probability. Let y0 < T be the smaller support infimum of the initial candidate

laws and consider the no-stop subgame at y0.

Given yn, continuity and F(yn) > L(yn) allow part (a) of the claim to select a T-stable

xn ≥ yn, sufficiently close to yn, such that F(yn) > L(xn) and the rival has positive

probability above xn. Part (b) then yields yn+1 ∈ (xn, T) with L(xn) ≥ F(yn+1) > L(yn+1).

Thus

yn ≤ xn < yn+1 ≤ xn+1 < T, L(xn) ≥ F(yn+1) > L(xn+1). (4)

The increasing sequences (yn) and (xn) have a common limit b ≤ T. If b < T, conti-

nuity and (4) imply L(b) ≥ F(b), contradicting (1). If b = T, then L(xn) → L(T), while (4)

makes (L(xn)) strictly decreasing. Hence L(x0) > L(T), contradicting (3). Therefore no
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equilibrium has a first stop below T, and Proposition 1 then forces both firms to stop at T.

For necessity, suppose (3) fails, so L(s) ≥ L(T) for some s < T. For every q > T,

L(q) = U1(q, χ(q)) < U1(q, T) < U1(T, T) = L(T). (5)

The first inequality follows because χ(q) ≥ q > T: moving the rival’s stop to T weakly

reduces collapse risk and strictly improves firm 1’s competitive position. The second

follows because T = χ(T) is the unique optimal stopping date against a rival frozen at T.

By continuity, define

a := min argmax
q∈[0,T]

L(q).

The failure of (3) gives a < T, and (5) makes a a global maximizer of L. Apply the pure-

priority construction from Proposition 3, assigning firm 1 priority and having it stop at a,

while firm 2 responds at χ(a). Since a < T, Lemma 1 gives χ(a) > a, so this equilibrium

is spread rather than bunched. Thus not every equilibrium bunches at T.

Proof of Proposition 6. By Lemma 1 and the definition of τ, both thresholds are first-crossing

times of an index with the hazard: τR(π, λ) = inf{t ≥ 0 : ∂i log π(t, t) ≤ λ(t)}; and

τ(π, λ) = inf{t ≥ 0 : ∂i log π(t, 0) ≤ λ(t)}. All four claims follow from the same set in-

clusion. If an index is replaced by a pointwise weakly larger one, any t in the new crossing

set belongs a fortiori to the old one, so the crossing set shrinks and its infimum weakly

rises; this gives both statements in (i), with the diagonal index for τR and the origin index

for τ. If instead the hazard is replaced by a pointwise weakly larger one, any t in the old

crossing set belongs to the new one, so the crossing set grows and its infimum weakly

falls; this gives both statements in (ii).

Proof of Lemma 5. Fix t ≥ 0. For each detection date a ≥ t, let σ⋆(a) := inf{u ≥ a :
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Di log π(u, t) ≤ λ(u)}, and define

Φt(a) :=
∫ σ⋆(a)

t

α(s)
α(t)

π(t, s) ds +
α(σ⋆(a))

α(t)
π(t, σ⋆(a))

r
.

Thus, if Eω ∼ Exp(ω), then VS(t, ω) = E[Φt(t + Eω)].

Let qt := inf{u ≥ t : Di log π(u, t) ≤ λ(u)}. By Assumption 1(iv), Di log π(u, t) −
λ(u) is strictly decreasing in u, so σ⋆(a) = max{a, qt}. Hence Φt is constant for a ≤ qt. For

a > qt, we have σ⋆(a) = a, and differentiation gives Φ′
t(a) = α(a)

α(t)
π(t,a)

r
[
Dj log π(t, a)− λ(a)

]
<

0, because Djπ < 0 and λ ≥ 0. Therefore Φt is weakly decreasing in the detection date.

Let Z ∼ Exp(1) and couple the detection delays by Eω = Z/ω. If ω2 > ω1, then

t + Z/ω2 < t + Z/ω1 almost surely. Since Φt is weakly decreasing, Φt

(
t + Z

ω2

)
≥

Φt

(
t + Z

ω1

)
. Taking expectations shows that VS(t, ω) is nondecreasing in ω.

If τR < ∞, then qt < ∞. Indeed, for every u ≥ max{t, τR}, log-supermodularity

and Assumption 2 give Di log π(u, t) ≤ Di log π(u, u) ≤ λ(u). Moreover, Φt is strictly

decreasing above qt. The coupled inequality is therefore strict on an event of positive

probability, so VS(t, ω) is strictly increasing in ω. This proves part (a).

As ω ↓ 0, the coupling gives Eω → ∞ almost surely. Since σ⋆(a) ≥ a, it follows

that σ⋆(a) → ∞ as a → ∞. Hence
∫ σ⋆(a)

t
α(s)
α(t)π(t, s) ds −→

∫ ∞
t

α(s)
α(t)π(t, s) ds. Because

π(t, ·) is decreasing, 0 ≤ α(σ⋆(a))
α(t)

π(t,σ⋆(a))
r ≤ α(σ⋆(a))

α(t)
π(t,t)

r −→ 0. Therefore Φt(a) −→∫ ∞
t

α(s)
α(t)π(t, s) ds. Since Φt is nonnegative and weakly decreasing, it is bounded by Φt(t) <

∞. Bounded convergence therefore gives VS(t, 0) := limω↓0 VS(t, ω) =
∫ ∞

t
α(s)
α(t)π(t, s) ds.

For every s > t, strict monotonicity in own technology gives π(t, s) < π(s, s). Therefore

VS(t, 0) =
∫ ∞

t

α(s)
α(t)

π(t, s) ds <
∫ ∞

t

α(s)
α(t)

π(s, s) ds = VR(t),

which proves part (b).

Finally, suppose t ≥ τR. For every a ≥ t, log-supermodularity and Assumption 2
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imply Di log π(a, t) ≤ Di log π(a, a) ≤ λ(a). Thus σ⋆(a) = a, and

Φt(a) =
∫ a

t

α(s)
α(t)

π(t, s) ds +
α(a)
α(t)

π(t, a)
r

.

As ω → ∞, the coupling gives Eω → 0 almost surely. Since 0 ≤ Φt(t + Eω) ≤ Φt(t) =

π(t, t)/r, bounded convergence yields limω→∞ VS(t, ω) = π(t,t)
r .

It remains to compare this limit with VR(t). Since Djπ < 0, we have π(s, s) < π(s, t)

for every s > t, and hence VR(t) ≤
∫ ∞

t
α(s)
α(t)π(s, t) ds. For s ≥ t ≥ τR, log-supermodularity

and Assumption 2 give Di log π(s, t) ≤ λ(s). Consequently,

− d
ds

[
α(s)
α(t)

π(s, t)
r

]
=

α(s)
α(t)

π(s, t)
r

[r + λ(s)− Di log π(s, t)] ≥ α(s)
α(t)

π(s, t).

Moreover, α(s)
α(t)π(s, t) ≤ π(t, t)e−r(s−t) −→ 0, where the inequality follows from Di log π(s, t) ≤

λ(s). Integrating the preceding derivative inequality from t to infinity therefore gives∫ ∞
t

α(s)
α(t)π(s, t) ds ≤ π(t,t)

r . It follows that VR(t) ≤ π(t,t)
r = limω→∞ VS(t, ω). The first

inequality is strict for t > τR, proving part (c).

Proof of Proposition 8. Strategies and beliefs. Consider the following strategy profile: At any

no-signal history neither firm stops. After a first signal at date a, each firm stops at

σ⋆(a) := inf{u ≥ a : Di log π(u, a) ≤ λ(u)},

racing forever if the set is empty. At off-path signal histories, assign the point belief δa

(rival stopped at a); on the equilibrium path no signal ever arrives, so no-signal beliefs

are simply the prior.

Belief consistency. On path, no signal arrives. At off-path signal histories the assigned

belief δa is admissible, since any belief concentrated on [0, a] is allowed.

Sequential rationality. At signal histories, σ⋆(a) is the unique optimum under δa by

Lemma 3. At a no-signal history at t, continuing is worth VR(t) since the rival races
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forever on path. For any deviation to a finite stop at σ ≥ t, the rival detects the stop at

some a ≥ σ and responds at σ⋆(a). Since a ≥ σ, log-supermodularity implies σ⋆(a) is

weakly later than the rival’s true optimal response to a stop at σ; by Lemma 12 a later

rival stop hurts the stopper, so the deviation payoff is at most VS(σ, ω). By Lemma 6,

∫ σ

t

α(s)
α(t)

π(s, s) ds +
α(σ)

α(t)
VS(σ, ω) = VR(t) +

α(σ)

α(t)
∆(σ, ω) ≤ VR(t),

since ω < ω̄ and Lemma 5(a) give ∆(σ, ω) ≤ 0 at every date. Deviating to σ = +∞ also

yields VR(t), and randomized deviations are convex combinations, so racing forever is

optimal.

Proof of Proposition 9. Let P(t) := π(t, t)/r, h := 1/(r + Λ∞), and ρ := ωcap/ω < 1.

The tail condition and Assumption 2 give κ0 ≤ ϕ(t) ≤ Λ∞ for t ≥ τR, where ϕ(t) :=

λ(t)− Di log π(t, t)− Dj log π(t, t).

Two scalar bounds. For t ≥ τR, define ψt(x) := P(t)− [
∫ t+x

t
α(s)
α(t)π(t, s) ds+ α(t+x)

α(t)
π(t,t+x)

r ].

Then ψt(0) = 0 and 0 ≤ ψ′
t(x) ≤ P(t)Λ∞ (since λ + |Dj log π| ≤ Λ∞). Since P(t) −

VS(t, ω) =
∫ ∞

0 ωe−ωxψt(x) dx by Lemma 4,

VS(t, ω) ≥ P(t)
(

1 − Λ∞

ω

)
. (STOP)

For the joint-stop value gt from (JOINT), differentiating gives

−g′t(t + x)
P(t)

= e−rx−
∫ t+x

t ϕ ϕ(t + x) ≥ κ0e−(r+Λ∞)x ≥ κ0

e
for x ∈ [0, h].

Since gt is decreasing, integrating over [0, (s − t) ∧ h] gives

gt(s) ≤ P(t)
[
1 − κ0

e
((s − t) ∧ h)

]
(s ≥ t ≥ τR). (DELAY)

Letting s → ∞ and using gt(∞) = VR(t) gives VR(t) ≤ P(t)(1 − κ0h/e). Together with
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(STOP), VS(t, ω) > VR(t) for all t ≥ τR when ω > ωcap, confirming ω̄ ≤ ωcap. Block

bound. Fix t ≥ τR with P (mini τi ≥ t) > 0. At a no-news history at t, sequential

rationality requires the expected continuation payoff to weakly exceed the payoff from

stopping immediately. Because immediate stopping is weakly optimal if the rival has

already stopped undetected (Assumption 2, Lemma 3), this sequential rationality bound

must also hold strictly conditional on the rival still being active. On that active-rival

event, stopping immediately yields at least VS(t, ω) since VS uses the worst-case rival

response. Therefore, conditional on mini τi ≥ t, the expected equilibrium continuation

is ≥ VS(t, ω). For the upper bound, conditional on mini τi ≥ t, both firms earn diago-

nal flow until mini τi; thereafter each firm’s continuation is at most P (mini τi),12 so the

expected equilibrium continuation is ≤ E [gt (mini τi) | mini τi ≥ t]. Chaining these con-

ditional inequalities with (STOP) and (DELAY) and canceling P(t),

E

[
(min

i
τi − t)+ ∧ h

∣∣∣∣ min
i

τi ≥ t
]

≤ ρh. (BLOCK)

Since the random variable equals h on {mini τi ≥ t + h}, this gives P(mini τi ≥ t + h |
mini τi ≥ t) ≤ ρ.

Iteration and conclusion. Iterating at t = τR, τR + h, . . . gives P(mini τi ≥ τR + kh |
mini τi ≥ τR) ≤ ρk. Applying (BLOCK) at t = τR + kh and using the tail bound,

E

[(
min

i
τi − τR − kh

)+ ∧ h
]
≤ hρk+1.

Since (mini τi − τR)+ = ∑∞
k=0[(mini τi − τR − kh)+ ∧ h], monotone convergence gives

E

[(
min

i
τi − τR)+] ≤ hρ

1 − ρ
=

eΛ∞

κ0(ω − ωcap)
.

After the first stop at mini τi, the follower detects it after D̃ ∼ Exp(ω) and stops no later

12The leader’s best case is for the follower to stop immediately, giving P(mini τi); the follower’s best
response upon learning the leader stopped at mini τi ≥ τR is also to stop immediately, also giving P(mini τi)
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than max{τR, mini τi + D̃} (Assumption 2, Lemma 3). Since (maxi τi − τR)+ ≤ (mini τi −
τR)+ + D̃ pathwise, taking expectations and using E[D̃] = 1/ω yields the stated bound.

The bound is finite and uniform over equilibria; convergence to zero as ω → ∞ gives

convergence in probability by Markov’s inequality.

Proof of Proposition 10. Throughout the proof, abbreviate the two effective discount rates

δ := r + λ − α + β = 1/VR (along the race path) and ρ := r + λ + β = 1/VS(0) (stopped

beside a racing rival).

Part (i) Crazy firms never stop, and a signal can arrive only if some firm has already

stopped, so the first stop in any equilibrium (if there is one) -must occur at a quiet history

(active, no signal received). It therefore suffices to show that no rational firm ever stops

at a quiet history: then no stop ever occurs, no signal is ever sent, and no responsive

stop ever follows. Fix an equilibrium and let Fj be the (sub-)distribution of rational firm

j’s stopping time along its quiet histories, Sj := 1 − Fj. Since an active firm i has sent

no signal, its rival’s behavior is governed by Fj, and a stop at c remains undetected with

probability e−ω(t−c); firm i’s posterior at a quiet history at date t therefore puts weights

proportional to

1 − p︸ ︷︷ ︸
crazy

, p Sj(t)︸ ︷︷ ︸
rational, active

, p e−ω(t−c) dFj(c)︸ ︷︷ ︸
rational, stopped at c, undetected

.

Compare stopping now (denoted STOP) with the feasible plan WAIT: continue, and stop

immediately when a signal arrives. Cell by cell, per unit of current flow:

Crazy. Stopping yields VS(0); WAIT races forever, worth VR: the deviation gains VR −
VS(0).

Stopped at c. STOP ends the risk at once, worth eβ(t−c)/r (the factor is the flow advantage

over a rival frozen at c); WAIT yields eβ(t−c)VW(ω), so the deviation loses eβ(t−c)[1/r −
VW(ω)

]
.

Rational, active. Let τ be the rival’s residual quiet-path stopping time and X ∼ Exp(ω) the
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detection lag. STOP ends the risk at X ∧ τ, worth VS(0) +
[
1/r − VS(0)

]
E[e−ρ(X∧τ)]; WAIT

races until τ and then exits upon detection, yielding VR +
[
VW(ω) − VR

]
E[e−δτ] (recall

that VW(ω) > VR). Using EX[e−ρ(X∧τ)] = ω
ω+ρ + ρ

ω+ρ e−(ω+ρ)τ, the gap (STOP minus

WAIT) on this cell is E[φ(τ)] where

φ(τ) = VS(0)− VR +
[
1/r − VS(0)

][
ω

ω+ρ +
ρ

ω+ρ e−(ω+ρ)τ
]
−

[
VW(ω)− VR

]
e−δτ.

Evaluating φ′ shows that it is quasi-convex, so for every (random) τ,

E[φ(τ)] ≤ max{φ(0), φ(∞)} = max
{

1/r − VW(ω), VS(ω)− VR
}

.

Finally, on the stopped cell the weight carries the damping e−ω(t−c) ≤ e−β(t−c) (here

ω ≥ β), so its weighted gap is at most
[
1/r − VW(ω)

]
p
∫

dFj. Summing the cells and

using Sj(t) +
∫ t

0 dFj ≤ 1 and p = ℓ (1 − p),

(
stop

)
−

(
WAIT

)
∝ −(1 − p)

[
VR − VS(0)

]
+ p · max

{
1/r − VW(ω), VS(ω)− VR

}
= (1 − p)

[
ℓ

ℓ∧ℓ̄ − 1
][

VR − VS(0)
]
< 0,

since min{ℓ, ℓ̄} =
[
VR − VS(0)

]
/ max{1/r − VW(ω), VS(ω)− VR} and ℓ < ℓ < ℓ̄. So at

every quiet history stopping is strictly dominated by WAIT: rational firms never stop at

quiet histories, under any pure or mixed rule, and by the reduction above no stop ever

occurs.

Part (ii) For (b), consider the profile in which no firm ever stops at a quiet history, and any

active firm stops immediately upon a signal. On path no signal arrives, so quiet histories

carry the prior odds ℓ and no undetected-stop weight. A deviation is a plan “stop at σ

unless a signal arrives first”; no signal ever comes, so its value is

(1 − e−δσ)VR + e−δσ ℓVS(ω) + VS(0)
1 + ℓ

,
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since a stop at σ is reciprocated upon detection by a rational rival (worth VS(ω); the

response is forced by α < λ) and never by a crazy one (worth VS(0)). For ℓ < ℓ̄ the gamble

is strictly below VR, so every σ < ∞ is strictly worse than racing forever, and mixtures are

averages of such plans; at ℓ = ℓ̄ every finite plan is weakly worse—payoff-equivalent at

the optimum—so the profile remains an equilibrium.

For (a), consider the bunched profile: rational firms stop at t = 0, crazy firms never,

and any active firm stops immediately upon a signal. A rational firm’s deviations are

again plans σ ∈ [0, ∞] (continue until σ or the first signal, whichever is first). With X ∼
Exp(ω) the date at which the deviator would detect a rational rival’s stop at 0, the plan’s

value is

W(σ) = p E
[

1−e−(r+λ−α)(X∧σ)

r+λ−α + e−(r+λ−α)(X∧σ)

r

]
︸ ︷︷ ︸

rational rival: race alone, stop at X∧σ

+(1 − p)
[
VR −

(
VR − VS(0)

)
e−δσ

]
︸ ︷︷ ︸

crazy rival: race, stop at σ

.

Then W(0) = p/r + (1− p)VS(0) is the bunching payoff, W(∞) = p VW(ω) + (1− p)VR,

and

W ′(σ) = − p λ−α
r e−(ω+r+λ−α)σ + (1 − p) VR−VS(0)

VR
e−δσ.

For ω ≥ β the negative term decays faster, so W ′ changes sign at most once, from − to +:

W is maximized at an endpoint. And W(0) ≥ W(∞) iff p [1/r − VW(ω)] ≥ (1 − p) [VR −
VS(0)], i.e. ℓ ≥ ℓ. So no plan improves on stopping at once.13

Part (iii) Since (ℓ̄/ℓ)2 < 1, the bound already excludes the never-stopping outcome. To see

this, conjecture that neither firm ever stops. After every quiet history, each firm continues

to believe that their rival is rational with odds ℓ since the conjectured profile assigns zero

probability to its rival stopping. Stopping immediately yields

ℓVS(ω) + VS(0)
1 + ℓ

> VR,

13Off the bunched path, a deviator continues optimally against its updated posterior, which affects no
on-path incentive. The same computation at any common date T shows delayed bunching is also an equi-
librium: the environment is stationary and nothing is learned before T.
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and is therefore a profitable deviation. Note here that our assumption that α < λ ensures

that a rational rival finds it dominant to stop after receiving news. For the bound, fix an

equilibrium and, with Fj, Sj as in part (i), let sj := limt→∞ Sj(t). Conditional on both firms

rational, the risk never dies only if neither firm ever stops spontaneously (responsive

stops require a prior stop), an event of probability s1s2. If sj ≤ ℓ̄/ℓ for both firms, then

s1s2 ≤ (ℓ̄/ℓ)2 and we are done. Otherwise, say s1 > ℓ̄/ℓ; we claim s2 = 0, so ruin has

probability zero. On firm 2’s quiet path, the odds on “rational and active” are ℓS1(t) ≥
ℓs1 > ℓ̄, so the immediate-stop gamble

u(t) :=
ℓS1(t)VS(ω) + VS(0)

1 + ℓS1(t)
≥ VR + η for some η > 0

(the gamble increases in the odds because VS(ω) > VR, which holds whenever ℓ̄ < ∞; the

undetected-stop cell only raises the stop value further). Consider any continuation plan

of firm 2 at a late quiet history t. Relative to the deterministic benchmark “race to σ, then

stop,” worth

(1 − e−δσ)VR + e−δσu(t + σ) ≤ u(t)− (1 − e−δσ) η

(using that u decreases along the quiet path), the plan can gain only through two channels

that vanish as t → ∞: the rival’s residual spontaneous concession of conditional proba-

bility (S1(t)− s1)/S1(t) → 0, since S1 ↓ s1 > 0, and the undetected-stop weight, which

converges to zero; each contributes at most 1/r per unit of weight. Hence for t large, any

plan that delays stopping beyond t + w with positive probability is strictly dominated by

stopping at once, and sequential rationality forces firm 2 to stop by t + w almost surely

on its quiet path—contradicting s2 > 0.

Finally, zero is attained: since ℓ > ℓ̄ > ℓ, the bunched profile of part (ii)(a) remains an

equilibrium here, and conditional on both firms rational it ends the risk immediately.
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B TECHNICAL DETAILS ON STRATEGIES

This appendix defines strategies and equilibria. Appendix B.1 defines the extensive form.

It then shows that a firm’s stopping date uses only information the firm has observed.

Appendix B.2 gives the corresponding definition when firms observe delayed signals and

defines perfect Bayesian equilibrium for Section 4 and Online Appendix II. We omit “al-

most surely” when it is clear from context.

B.1 The extensive form under perfect observability. At any public history, each active

firm uses its current private draw to choose a candidate stopping date. When a rival

stops, the firm observes a new public history, makes a fresh draw, and uses its response

plan. This construction follows Riedel and Steg (2017) and Laraki et al. (2005). Here public

information changes only when a firm stops, so at most two such events occur.

A record is either empty, p = ∅, or a pair p = (j, tj) stating that firm j stopped at tj.

Set t(∅) := 0 and t(j, tj) := tj. Under perfect observability the record is public. A plan for

an active firm i is a Borel-measurable map σi(p, z) ∈ [t(p),+∞], where z ∈ [0, 1]. When

record p begins, the firm’s candidate date is σi(p, Z(p)
i ), unless the record changes first.

Write Zi,1 := Z(∅)
i and Zi,2 := Z

(j,tj)

i for the two draws.

At a history (t, p), date t has arrived, record p has not changed, and the firm remains

active. A strategy also specifies a distribution Gi( · | t, p) for its candidate date at ev-

ery such history. This distribution assigns probability one to [t,+∞], and its probability

of every Borel set varies measurably with (t, p). When record p begins, the draw Z(p)
i

generates distribution Gi(B | t(p), p) =
∫ 1

0 1{σi(p, z) ∈ B} dz. We impose the follow-

ing dynamic-consistency condition: for every t ≤ s and every Borel set B, whenever

Gi([s,+∞] | t, p) > 0,

Gi(B | s, p) =
Gi(B ∩ [s,+∞] | t, p)

Gi([s,+∞] | t, p)
. (DC)

Equation (DC) says that the firm does not redraw its candidate merely because time has
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passed. If it reaches s, its candidate is the old candidate conditional on being at least s. If

the denominator is zero, the earlier plan would never reach s, but the strategy must still

say what the firm does there. A fresh private uniform draw then selects a new candidate

from Gi( · | s, p); Lemma 9 shows that one draw can generate this distribution. The

firm observes the draw, so its later choices may depend on it. After selecting the new

candidate, the firm again keeps it as time passes according to (DC). These extra draws are

used only at histories that the firm’s earlier plan would never reach. Play from the initial

history uses only Zi,1 and, after the rival stops, Zi,2.

More generally, a mixed plan is any distribution over [t(p),+∞]; Lemma 9 shows a

single uniform draw always suffices to implement one. The firm observes its candidate

date; its rival observes only its eventual stopping action.

Within a fixed record, the firm’s draw fixes its candidate date. The firm therefore

cannot wait to see whether its rival also stops at date t before choosing its own date-t

action. If the rival stops at t, a new record begins and activates a new plan, which may

also prescribe stopping at t. By Lemma 7, this response has the same payoff as stopping

at t + ε in the limit as lim ε ↓ 0, holding terminal stopping dates fixed. A strategy specifies

a plan even for records that equilibrium play never reaches, so subgame perfection can

test behavior after deviations.

Lemma 9 (Implementing a stopping-date distribution). Let R be the set of records, and let

the earliest feasible date b(ρ) vary measurably with the record ρ. Suppose that G(ρ, ·) is

a distribution on [b(ρ),+∞] and that, for every Borel set B, its probability G(ρ, B) varies

measurably with ρ. Then there is a Borel-measurable map Q : R× [0, 1] −→ R+ such

that Q(ρ, Z) has distribution G(ρ, ·) whenever Z is uniform and independent of the infor-

mation available when record ρ begins. Conversely, every such map defines a family of

distributions with these measurability properties.

Proof. This is the usual inverse-distribution construction. We first map all possible dates,

including +∞, into the unit interval. We then apply the inverse distribution function
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there and map the result back. Map R+ to [0, 1] by ψ(x) = x/(1 + x) and ψ(+∞) = 1.

Let Fρ be the distribution function of the image of G(ρ, ·) under ψ, and define

Q(ρ, z) := ψ−1(inf{y ∈ [ψ(b(ρ)), 1] : Fρ(y) ≥ z}
)

, z ∈ [0, 1].

For every finite x, {(ρ, z) : Q(ρ, z) ≤ x} = {(ρ, z) : b(ρ) ≤ x, z ≤ G(ρ, [0, x])}, so

Q is Borel-measurable. It lies in [b(ρ),+∞] and has the required distribution. Con-

versely, G(ρ, B) =
∫ 1

0 1{Q(ρ, z) ∈ B} dz has the required measurability for every Borel-

measurable Q.

We now connect strategies to stopping times. Each firm i ∈ N has access to a private

randomization device: a vector Zi of 2 iid Uniform[0, 1] draws. The first draw is realized

at date 0 and governs the firm’s plan—a distribution over stopping times as long as its

rival has not yet stopped—and the second is drawn after its rival stops and governs play

thereafter. Writing Z∗
i (t) := (Zi,1, 1(τi ≤ t} · Zi,2), firm i’s information at date t is

F i
t = σ

(
Z∗

i , (1{τj ≤ s})s≤t

)
.

Lemma 10 (Outcomes). Every strategy profile σ determines a unique pair of stopping

dates τ(σ) = (τ1, τ2). Each firm’s stopping date uses only information that the firm has

observed: τi(σ) is an (F i
t )t-stopping time.

Proof. Construction. Call σi(p, Z(p)
i ) firm i’s candidate date at record p. At the empty record,

compare the two candidates. If both are +∞, both firms race forever. If the candidates tie

at a finite date, both firms stop there. Otherwise, the firm with the earlier candidate stops

first. Its rival observes that stop, activates the record (j, tj), and uses its second draw to

select a new candidate. The rival stops at that date or races forever if the candidate is +∞.

These cases give a unique stopping pair.

The stopping date uses only observed information. Fix i and t. Firm i first computes its
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candidate at the empty record. If its rival does not stop strictly before that date, the

candidate is its stopping date, with a tie producing a simultaneous stop. Otherwise, when

the rival stops first at τj, firm i activates record (j, τj), uses Zi,2 to compute its second

candidate, and stops at that date. This reproduces the construction above. On {τj > t}
the computation uses only Zi,1, so Zi,2 enters only after the rival’s stop, as the filtration

requires. Hence {τi ≤ t} ∈ σ
(
Zi,1, (1{τj ≤ s})s≤t, 1{τj ≤ t}Zi,2

)
= F i

t .

Subgames and equilibrium. For a record p and a date t ≥ t(p), the subgame after (t, p)

is the continuation game in which no new stop has occurred since record p began. At the

empty record both firms remain active. At a record (j, tj), firm j is frozen at tj and only

firm i remains active. An active firm’s strategy includes its current plan and, at the empty

record, its plan after a later rival stop. Given terminal stopping dates (τi, τj), where a firm

that has already stopped keeps its recorded date, firm i’s continuation payoff is Ut
i (τi, τj).

On the equilibrium path the rival’s candidate has distribution Gj(· | t, p)—its original

candidate conditioned on [t,+∞]—and any draw reserved for a later rival stop has not

yet been made. Off the equilibrium path, behavior is governed by the fresh draws and

condition (DC).

Definition 3 (Subgame-perfect equilibrium). A strategy profile σ is a subgame-perfect equi-

librium if, after every history (t, p) and for every active firm i, no replacement of firm i’s

plans from that history onward raises its expected continuation payoff given its informa-

tion at (t, p). The replacement must leave firm i’s earlier play unchanged, but may depend

on every private draw the firm has already observed and may specify its response to ev-

ery later observed stop. The expectation is over the rival’s unobserved candidate and

all future draws. Let SPE(π, λ) denote the set of outcomes τ(σ) generated by subgame-

perfect equilibria.

B.2 Strategies under imperfect observability. Under imperfect observability, a firm sees

delayed signals rather than its rival’s stopping date. The first private draw governs play
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before any signal, and a fresh second draw is made after the first detection. This subsec-

tion defines these plans and the perfect Bayesian equilibrium used in Section 4 and Online

Appendix II.

Primitives. The game uses independent private Uniform[0, 1] draws to mix and inde-

pendent detection clocks E1, E2 ∼ Exp(ω). The draw Zi,1 governs firm i’s initial plan, and

Zi,2 is drawn after its first detection. All private draws and detection clocks are mutually

independent. The clock Ej is attached to firm j’s stop: if firm j stops at τj < ∞, the signal

process Y j
t := 1{τj + Ej ≤ t} jumps at the detection date τj + Ej, at which point its rival

learns, conclusively, that firm j has stopped; if τj = +∞, then Y j ≡ 0. A jump of Y j reveals

the event that firm j has stopped but not the date τj at which it did so.

Signal records, plans, and strategies. A signal record for firm i is either empty, q = ∅, or

a pair q = (j, a) stating that firm i detected firm j at date a. Set a(∅) := 0 and a(j, a) := a.

Signals are private and list the detection date, not the rival’s stopping date. A plan is a

Borel-measurable map (q, z) 7→ σi(q, z) ∈ [a(q),+∞]. When record q begins, σi(q, Z(q)
i )

is firm i’s candidate date; the firm stops there unless a signal changes its record first.

A strategy specifies the initial plan and a response plan for every possible signal date.

A plan cannot condition on an event at the same instant: a detection at a activates the

response plan, which may itself prescribe stopping at a. By Lemma 7, the payoff from

stopping immediately after a converges to the payoff from this response.

At a history (t, q), a strategy also specifies a distribution Gi( · | t, q) for the firm’s cur-

rent candidate date. This distribution assigns probability one to [t,+∞], and its probabil-

ity of every Borel set varies measurably with (t, q). When record q begins, the draw Z(q)
i

generates distribution Gi(B | a(q), q) =
∫ 1

0 1{σi(q, z) ∈ B} dz. If the history is reached

with positive probability, this is simply the original candidate date conditioned on that

candidate date being at least t, so it satisfies (DC) with q in place of p. If the firm deviates

by continuing past that candidate, or if its earlier plan would never reach the history, a
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fresh private uniform draw selects a new candidate from the distribution specified there,

as in Lemma 9. The firm observes this draw, and equilibrium requires that the new plan

be optimal. After selecting the new candidate, the firm again keeps it as time passes

according to (DC).

Now we connect outcomes induced by strategies τ(σ) to firms’ information. Firm i’s

filtration is, as before, generated by its private randomization device Z∗
i

14 and the signals

about its rival: F i
t = σ(Z∗

i , (Y j
s)s≤t, j ̸=i).

Lemma 11 (Outcomes under imperfect observability). Together with the detection clocks,

every strategy profile determines a unique stopping pair up to a probability-zero event.

Each firm’s stopping date uses only information that the firm has observed. Formally,

τi(σ) is an (F i
t )t-stopping time for F i

t = σ
(
Z∗

i (t), (Y
j
s)s≤t

)
.

Proof. Starting from date zero, list each scheduled stop and each pending detection. Exe-

cute the earliest event. A stop starts that firm’s detection clock; a detection activates the

rival’s second plan if the rival is still active. Continue until both firms have stopped or no

finite event remains, in which case every active firm races forever. At most two stops and

two detections can occur. Tied candidate dates produce a simultaneous stop. A pending

detection almost surely does not tie a stop that was already scheduled because exponen-

tial delays have continuous distributions. If the response plan chooses the detection date

itself, execute that stop immediately after the detection. Thus the stopping outcome is

unique except on a probability-zero event.

Each firm i can compute its stopping date from its two private draws and the path

Y j of its rival’s signal. It first evaluates the plan at the empty record. If Y j does not

jump strictly before the resulting candidate, that candidate is τi. If the signal arrives first,

the firm evaluates its second plan at the signal record and follows that candidate. This

reproduces the construction above, so {τi ≤ t} ∈ F i
t .

14This consists of two iid uniform random variables. The first is drawn at time 0, and the second is drawn
upon detection of the rival’s stop.

63



Histories, beliefs, and equilibrium. An observable history for an active firm i at date t is

the date together with its signal record: h = (t, q). The firm also knows its own draws and

current candidate date, and optimality is tested using all this information. Beliefs can be

written as a function of h alone because the firm’s draws are independent of whether its

rival has stopped. The rival may have stopped at some date y ≤ t, leaving its technology

frozen while its signal remains pending, or it may still be active. A belief µi assigns

probabilities to these possibilities at every observable history. To evaluate a continuation

plan, firm i averages over them and over any pending detection delay. If the rival is

active, its signal record is empty, so its current candidate has distribution Gj( · | t,∅).

Definition 4 (Perfect Bayesian equilibrium). A perfect Bayesian equilibrium is a strategy

profile σ together with beliefs (µ1, µ2) such that:

(i) Sequential rationality: after every observable history and every realization of the

firm’s private information, the firm cannot gain by changing its plans from that

point onward while leaving its earlier play unchanged;

(ii) Consistent beliefs: at every no-signal history reached with positive probability, beliefs

follow Bayes’ rule. After a detection at date a, if the Bayes denominator implied by

the rival’s strategy is positive, the posterior is pinned down by Bayes’ rule. If the

denominator is zero such that detection at a is impossible under the rival’s strategy,

the only restriction is that the belief assigns probability one to stopping dates y ≤
a.(The construction in Online Appendix II assigns δa there.)
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ONLINE APPENDIX TO ‘RACING TO RUIN’

DREW FUDENBERG* ANDREW KOH†

FOR ONLINE PUBLICATION ONLY

I PERFECT MONITORING

Example 4 (Cournot competition). Let inverse demand be P = a − b(q1 + q2), and let

capability lower marginal cost, c(x) = c0e−δx. Assume a > 2c0; since c(x) ∈ (0, c0], every

technology profile then has Mi = a − 2c(xi) + c(xj) ≥ a − 2c0 > 0, so the static Cournot

quantities are interior and the log-profit index below is defined globally. In the interior

Cournot equilibrium,

πi(x) =
M2

i
9b

, Mi := a − 2c(xi) + c(xj),

so

Di log πi(x) =
4δc(xi)

a − 2c(xi) + c(xj)
.

The ceiling and the floor are therefore

τR = inf
{

t ≥ 0 :
4δc0e−δt

a − c0e−δt ≤ λ0eκt
}

, τ = inf
{

t ≥ 0 :
4δc0e−δt

a + c0 − 2c0e−δt ≤ λ0eκt
}

.

For c0 > 0, the two thresholds coincide when 4δc0 ≤ λ0(a − c0), in which case both equal

zero; when 4δc0 > λ0(a − c0), both crossings are positive and τ < τR. When c0 = 0,

the first-crossing definitions give τ = τR = 0, with the logarithmic formulas interpreted

by continuity. Figure 10 illustrates these numerically. The left panel varies the hazard

growth κ: at κ = 0, τ = 0.511 and τR = 0.588. As κ rises, both crossings move earlier and

the bracket tightens. A larger market size a also moves both bounds earlier: with high

baseline demand, firms earn substantial margins, so the proportional gain from further

*Department of Economics, MIT, drewf@mit.edu
†Department of Economics, Columbia University, andrew.koh@columbia.edu
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cost reduction is smaller. The right panel varies the market size a; both thresholds reach

zero together at a = c0(4δ + λ0)/λ0. Dots mark the pure priority equilibrium at selected

parameter values: at this calibration it bunches at the ceiling, so the two dots coincide on

τR.
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Figure 10: Cournot bracket; parameters: c0 = 1, δ = 1, λ0 = 0.5; the left panel fixes a = 5,
the right panel fixes κ = 0

II EQUILIBRIUM EXISTENCE UNDER IMPERFECT MONITORING

This appendix proves Proposition 7. Set α(s) = e−rs−
∫ s

0 λ(u)du. For a realized stopping

pair (τ1, τ2) ∈ R
2
+, write firm 1’s realized payoff as

U(τ1, τ2) := U1(τ1, τ2) =
∫ ∞

0
e−rs−

∫ s
0 λ(u)1{u≤τ1∨τ2}du π

(
s ∧ τ1, s ∧ τ2

)
ds,

firm 2’s realized payoff being U(τ2, τ1) by symmetry. Write Ū := sup |U|, and let ηU

denote a modulus of continuity for U.

Overview of proof. Figure 11 gives a roadmap. If ω < ω̄, the never-stopping equi-

librium from Proposition 8 proves existence. The argument below covers all remaining

detection rates, including ω = ω̄. It proceeds in two steps. First, we solve a smaller

2



game in which each firm chooses a distribution of initial concession dates and a response

rule after a signal (Appendices II.1 to II.3). Second, we complete that strategy at histo-

ries that occur with probability zero and verify optimality after every possible history

(Appendices II.4 to II.6).

Step 1: solve the reduced game. A two-firm strategy has two economically relevant parts:

an initial concession date if no signal arrives, and a response date after detecting the rival’s

stop. Appendix II.1 shows that, after a signal at a, every optimal response lies between

a and χ(a). The rule K assigns a distribution over that interval for each a, while G is

the distribution of the initial concession date. These pairs (G, K) form a compact convex

set. Payoffs vary continuously because stops are not observed immediately and detection

dates have continuous distributions. A fixed-point theorem therefore gives a symmetric

reduced equilibrium (G∗, K∗): G∗ assigns probability only to optimal concession dates,

and K∗ chooses an optimal response at almost every detection date that can occur.
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payoffs have

a common

integrable bound

Lemma 13

every optimal response lies

in T (a) = [a, χ(a)]; response

payoffs vary continuously

Lemma 16

reduced payoffs

vary continuously,

including at ties

Lemma 15

optimal responses

can be chosen

measurably

Lemma 14

Bayes’ rule after

delayed signals

Lemma 12

a rival’s later

stop hurts a

stopped firm

Lemma 17

a fixed-point theorem

gives a reduced

equilibrium (G∗, K∗)

Lemma 18

fill in responses

at probability-

zero dates

Lemma 19

initial optimality

implies optimality

after no signal

Lemma 20

after the latest

possible concession,

beliefs stop changing
Proposition 7

combine the plans and

beliefs, then verify opti-

mality after every history

Figure 11: Logical structure of the existence proof. Each arrow points from an input to
the result that uses it.

Step 2: complete the dynamic strategy. The reduced equilibrium specifies behavior only at

histories that matter with positive probability. Perfect Bayesian equilibrium also requires

a plan and a belief at probability-zero histories. At such detection dates, we prescribe

the latest potentially optimal response χ(a) and the belief that the rival stopped at a. This

change does not disturb the optimality of G∗ (Lemma 18). We then show that a concession

date that is optimal initially remains optimal after any history with no signal (Lemma 19).
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After the latest date at which the rival might concede, the firm’s belief no longer changes

and its stopping problem is time-consistent (Lemma 20). Appendix II.6 combines these

pieces and checks every class of history.

II.1 The response problem. Note that

α(y)π(y, 0) ≤ e−ry sup
v≤y

{
e−

∫ v
0 λ(z)dz π(v, 0)

}
−−−→
y→∞

0, (6)

where the limit holds because the running supremum is nondecreasing in y. If the right

side were at least ε > 0 along ym ↑ ∞, we could pass to a subsequence with ym+1 > ym + 1.

Monotonicity of the supremum would then give

∫ ym+1

ym
e−rs sup

v≤s

{
e−

∫ v
0 λ(z)dz π(v, 0)

}
ds ≥ εe−r

on each of these disjoint intervals, contradicting the integrability in Assumption 1(v). Be-

cause flow profits decrease in the rival’s technology, π(a, b) ≤ π(a, 0) for every b ≥ 0.

Thus (6), which bounds discounted profits against a rival fixed at 0, also bounds dis-

counted profits along every stopping history considered below.

Lemma 12 (Rival’s delay hurts). Fix x ∈ R+. The map y 7→ U(x, y) is continuous on

[x,+∞] and strictly decreasing: for every x ≤ y < y′ ≤ +∞, U(x, y′) < U(x, y).

Proof. Continuity is Lemma 7. For y ∈ (x, ∞) we have τ1 ∨ τ2 = y, so Λs =
∫ s∧y

0 λ and

U(x, y) =
∫ y

0
α(s)π(s ∧ x, s) ds +

α(y)π(x, y)
r

.

Differentiating and using α′(y) = −(r + λ(y))α(y),

∂

∂y
U(x, y) = α(y)π(x, y) +

α′(y)π(x, y) + α(y) Djπ(x, y)
r

=
α(y)

r

[
Djπ(x, y)− λ(y)π(x, y)

]
< 0,

5



since Djπ < 0, λ ≥ 0, and π > 0. Strict monotonicity on (x, ∞) follows; continuity

extends the strict comparison to the endpoints y = x and y′ = +∞.

After a detection the game is a single-agent stopping problem against a frozen rival

whose technology may be unknown. For c ≥ 0 define the crossing date

χ(c) := inf
{

y ≥ c : Di log π(y, c) ≤ λ(y)
}

.

If a signal arrives at a and reveals a rival frozen at t, the optimal response is a ∨ χ(t). For a

detection date a > 0 and a belief ν ∈ ∆([0, a]) over the rival’s frozen technology, the value

of stopping at y ∈ [a,+∞] is

w(y; a, ν) :=
∫
[0,a]

[∫ y

a

α(s)
α(a)

π(s, c) ds +
α(y)
α(a)

π(y, c)
r

]
ν(dc),

with the terminal term absent at y = +∞, and the response window is T (a) :=
[

a, χ(a)
]
.

From the definition of w, for every a ≤ a′ ≤ y (note ∆([0, a]) ⊆ ∆([0, a′])),

w(y; a, ν) =
∫ a′

a

α(s)
α(a)

( ∫
π(s, c) ν(dc)

)
ds +

α(a′)
α(a)

w(y; a′, ν); (7)

the first term does not depend on y, so the two continuation values differ only by an

additive constant and a positive scale factor. They therefore rank every stopping date in

[a′,+∞] in the same way. The next lemma collects the properties of χ, w, and T that we

use.

Lemma 13 (The response problem). Fix a > 0 and ν ∈ ∆([0, a]). Then:

(i) χ is nondecreasing and continuous on R+. For c ≤ τR, c ≤ χ(c) ≤ τR, with χ(c) > c

if c < τR. For c ≥ τR, χ(c) = c. Consequently, T (a) = {a} for a ≥ τR and

T (a) ⊆ [a, τR] for a ≤ τR.
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(ii) For a ≤ τR and every y ∈ [a,+∞],

0 ≤ w(y; a, ν) ≤ w̄ :=
1

α(τR)

[∫ ∞

0
α(s)π(s, 0) ds +

1
r

sup
v≥0

α(v)π(v, 0)

]
< ∞.

(8)

(iii) w(· ; a, ν) is continuous on [a,+∞] and strictly decreasing on [χ(a),+∞]; hence

argmax
y∈[a,+∞]

w(y; a, ν)

is a nonempty compact subset of T (a), and any response outside T (a) is strictly

suboptimal under every belief in ∆([0, a]).

(iv) For the point belief δc with c ≤ a, the unique maximizer is a ∨ χ(c). In particular

χ(a) is the unique optimal response under δa, and it is the latest response that is

optimal under any belief in ∆([0, a]).

(v) w is jointly continuous in (y, a, ν), where beliefs with supports in varying inter-

vals are compared as elements of ∆(R+) with the weak topology, on the domain

{(y, a, ν) : a > 0, y ∈ [a,+∞], ν([0, a]) = 1}; consequently, by Berge’s maximum

theorem, (a, ν) 7→ maxy w(y; a, ν) is continuous and (a, ν) 7→ argmaxy w(y; a, ν) is

upper hemicontinuous with compact values.

Proof. Part (i). For c ≤ τR, log-supermodularity (Assumption 1(iii)) and the definition of

τR give Di log π(τR, c) ≤ Di log π(τR, τR) ≤ λ(τR), so the defining set is nonempty and

χ(c) ≤ τR. For c ≥ τR, Assumption 2 gives Di log π(c, c) ≤ λ(c), so χ(c) = c; for c < τR,

Di log π(c, c) > λ(c) and continuity give χ(c) > c. Monotonicity: for c ≤ c′, continuity

at the crossing and log-supermodularity give Di log π(χ(c′), c) ≤ Di log π(χ(c′), c′) ≤
λ(χ(c′)), and χ(c′) ≥ c′ ≥ c, so χ(c) ≤ χ(c′). Continuity: write g(y, c) := Di log π(y, c)−
λ(y), which is continuous, and strictly decreasing in y on [c, ∞) by Assumption 1(iv). If

χ(c) > c, fix 0 < ε < (χ(c) − c)/2. Then g(χ(c) − ε, c) > 0 > g(χ(c) + ε, c). For c′
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sufficiently close to c, we have c′ < χ(c)− ε and both strict inequalities persist, so χ(c′) ∈
(χ(c) − ε, χ(c) + ε). If χ(c) = c then c ≥ τR; on [τR, ∞) the map χ coincides with the

identity, and continuity at the junction c = τR follows from the squeeze c′ ≤ χ(c′) ≤ τR

for c′ < τR, which forces χ(c′) → τR = χ(τR) as c′ ↑ τR. The consequences for T are

immediate.

Part (ii). Use π(·, c) ≤ π(·, 0) and 1/α(a) ≤ 1/α(τR) for a ≤ τR: the integral is finite by

Assumption 1(v), whose integrand dominates α(s)π(s, 0), and the supremum by (6).

Part (iii). For a fixed rival technology c ≤ a, the contribution to the derivative of w from

that technology is
α(y)

r α(a)
π(y, c)

[
Di log π(y, c)− λ(y)

]
.

For y ≥ χ(a), log-supermodularity and the definition of χ(a) give

Di log π(y, c) ≤ Di log π(y, a) ≤ λ(y),

with the second inequality strict for y > χ(a). Integrating against ν, the derivative of w is

strictly negative on (χ(a), ∞), which yields the strict decrease and the inclusion argmax ⊆
T (a). Continuity of w up to y = +∞ follows from dominated convergence: the flow

is dominated using (6) and the terminal term satisfies α(y)π(y, c) ≤ α(y)π(y, 0) → 0.

Nonemptiness and compactness of the argmax follow from continuity on the compact

[a,+∞] and closedness of the argmax.

Part (iv). Under the point belief δc, the derivative displayed in Part (iii) has the sign of

Di log π(y, c) − λ(y), which is strictly decreasing in y by Assumption 1(iv). The point-

belief payoff is therefore single-peaked with unique maximizer a ∨ χ(c). Part (iii) shows

that no response later than χ(a) is optimal under any belief, while χ(a) is uniquely opti-

mal under δa. Hence χ(a) is the latest response that can be optimal.
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Part (v). Let b(y, a, c) denote the payoff term inside the integral defining w(y; a, ν):

b(y, a, c) :=
∫ y

a

α(s)
α(a)

π(s, c) ds +
α(y)
α(a)

π(y, c)
r

,

with the terminal term omitted when y = +∞. The function b is jointly continuous in

(y, a, c) and dominated by an integrable envelope via (6), so w is jointly continuous in

(y, a) uniformly over c in compact sets and affine-continuous in ν. Joint continuity fol-

lows: let (ym, am, νm) → (y, a, ν) with νm([0, am]) = 1 and set A := supm am < ∞. Extend

b beyond the relevant supports by replacing it with b(y, a, c ∧ A), a bounded function that

is continuous in c on R+. Then

∣∣w(ym; am, νm)− w(y; a, ν)
∣∣ ≤ sup

c≤A

∣∣b(ym, am, c)− b(y, a, c)
∣∣

+
∣∣∣ ∫ b(y, a, c ∧ A) d(νm − ν)(c)

∣∣∣,
where the first term vanishes by the uniform convergence just noted and the second by

weak convergence. The domain correspondence a 7→ [a,+∞] is continuous: upper hemi-

continuity is closedness of {(a, y) : y ≥ a} in the compact R
2
+, and lower hemicontinuity

holds because any y ∈ [a,+∞] is the limit of y ∨ am ∈ [am,+∞] along am → a. Berge’s

maximum theorem (Aliprantis and Border, 2006, Theorem 17.31) therefore applies.

Response rules. We describe every date in the response interval [a, χ(a)] by a number

θ ∈ [0, 1]: χθ(a) := (1 − θ) a + θ χ(a). Thus θ = 0 means stop when the signal arrives,

while θ = 1 means wait until χ(a), the latest potentially optimal response. For a ≥ τR,

both dates equal a. A response kernel K is simply a measurable rule that assigns a proba-

bility distribution over θ to each detection date a. In the terminology of Aliprantis and

Border (2006, Theorem 19.7 and Definition 19.8), it is a measurable transition from detec-

tion dates to probability distributions over responses. Upon detection, the firm draws θ

from K(a, ·) and stops at χθ(a). By Lemma 13(iii), no optimal response lies outside this
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interval.

To define convergence of response rules, we associate each kernel K with a joint dis-

tribution over detection dates and responses. If τR = 0, the response parameter is im-

material at every date, so we take the response-rule space to be a singleton. Suppose

τR > 0, let A := [0, τR], and associate with each kernel K the probability measure

QK(da, dθ) := da K(a,dθ)
τR onA × [0, 1]. The first marginal of QK is the uniform distribu-

tion on A. Conversely, disintegration recovers from every joint law with this marginal

a measurable kernel K(a, dθ), unique for almost every a. We therefore treat two kernels

as the same when they agree almost everywhere and let K denote the resulting set. We

say that Km → K when QKm → QK weakly. The set K is nonempty and convex. It is

also compact and metrizable. Fix a bounded Borel function f on A × [0, 1] that is contin-

uous except on a null set D ⊆ A. Note that since QK has the uniform distribution on A,

it assigns zero probability to D × [0, 1]. Hence if QKm converges weakly to QK then the

Portmaneau lemma gives:

∫
A

∫ 1

0
f (a, θ)Km(a, dθ) da = τR

∫
f dQKm −→ τR

∫
f dQK =

∫
A

∫ 1

0
f (a, θ)K(a, dθ) da

(J)

II.2 The reduced game. Let G := ∆(R+) be the set of probability distributions over

concession dates, including the possibility +∞. We use weak convergence on this set,

which makes G compact, convex, and metrizable. A reduced strategy is a pair (G, K): draw

the no-signal concession date from G, and use response rule K after the first detection.

By Lemma 9 and Appendix B.2, fresh independent uniform draws implement every such

pair in the dynamic game.

We first record the beliefs that Bayes’ rule assigns against a rival playing a reduced

strategy. For G ∈ G set

NG(a) :=
∫
[0,a]

eωy G(dy), νG
a (dy) :=

eωy 1{y ≤ a} G(dy)
NG(a)

whenever NG(a) > 0.
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Lemma 14 (Beliefs). Fix {i, j} = {1, 2} and a profile in which firm j plays the reduced

strategy (G, K), and let Xj ∼ G denote its no-signal concession date. Consider firm i at a

history at which it is active and has received no signal by t. Then:

(i) any stop by firm j so far occurred at Xj; the conditional law of Xj given the history

assigns mass proportional to e−ω(t−y)G(dy) on [0, t] and to G(dy) on (t,+∞];

(ii) the finite part of the date a of firm i’s first signal has the possibly defective density

a 7→ ωe−ωaNG(a) on (0, ∞), and the signal date has an atom of size G({+∞}) at

+∞ (this law does not depend on firm i’s own concession plan, so long as firm i is

active); given a finite first signal at a with NG(a) > 0, the conditional law of Xj is νG
a ;

(iii) both conditional laws are unaffected by conditioning on survival of the disaster, and

they do not depend on firm i’s own (past or planned) concession behavior.

Proof. Part (i). Because firm i has not stopped, firm j has received no signal and therefore

stops, if at all, at its no-signal concession date Xj. Given Xj = y, the probability that

firm i receives no signal by t is e−ω(t−y) when y ≤ t and is one when y > t. While

firm i is active, its technology at each date s equals s, so a rival stop at y ≤ s leaves the

frontier at max(s, y) = s. The survival probability through t is therefore the common

factor e−
∫ t

0 λ(s)ds for every realization of Xj. Bayes’ rule gives the conditional law in (i).

Part (ii). Given Xj = y < +∞, the finite first-signal date has density a 7−→ ωe−ω(a−y)1{a >

y}. Integrating this density over y ∈ [0, a] gives ωe−ωaNG(a). If Xj = +∞, no signal ar-

rives, which gives the atom of size G({+∞}) at +∞. At a finite signal date a, Bayes’ rule

assigns weight proportional to eωyG(dy) on [0, a], yielding νG
a .

Part (iii). The common survival factor calculated in Part (i) proves that conditioning on

survival does not change either posterior. Moreover, Xj and its detection clock are in-

dependent of firm i’s private draws and concession plan. Hence firm i’s own past or

planned behavior does not change either conditional law.
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The fixed-point proof must choose an optimal response as a measurable function of

the detection date. The next lemma proves that this is possible. For a with NG(a) > 0

define

Θ∗(a, G) :=
{

θ ∈ [0, 1] : χθ(a) ∈ argmax
y∈[a,+∞]

w
(
y; a, νG

a
)}

.

Lemma 15 (Measurability in the detection date). Fix G ∈ G. Then:

(i) NG is nondecreasing and right-continuous, and on {NG > 0} the map a 7→ νG
a is

Borel for the weak topology on ∆(R+);

(ii) on
(
{NG > 0} ∩ (0, τR)

)
× [0, 1], the map (a, θ) 7→ w

(
χθ(a); a, νG

a
)

is Borel in a and

continuous in θ (a Carathéodory integrand), and a 7→ maxy∈[a,+∞] w
(
y; a, νG

a
)

=

maxθ∈[0,1] w
(
χθ(a); a, νG

a
)

is Borel;

(iii) Θ∗(·, G) is nonempty- and compact-valued, and one can choose an optimal θ∗(a) as

a Borel function of a.

Proof. Part (i). Monotonicity is clear, and right-continuity is dominated convergence: as

am ↓ a, eωy1{y ≤ am} ↓ eωy1{y ≤ a} pointwise, dominated by eω supm am . For bounded

continuous f , a 7→
∫

f dνG
a = NG(a)−1

∫
[0,a] f (y) eωy G(dy) is then a ratio of Borel func-

tions of a, hence Borel; and Borel measurability against every bounded continuous f is

Borel measurability for the weak topology.

Part (ii). The map a 7→ (a, νG
a ) is Borel by (i), and (a, θ) 7→ χθ(a) is jointly continu-

ous (Lemma 13(i)); composing with the jointly continuous w (Lemma 13(v)) gives the

Carathéodory property. The displayed identity holds because argmaxy w ⊆ T (a) =

{χθ(a) : θ ∈ [0, 1]} (Lemma 13(iii)), and the maximum is then Borel as the value function

of a maximization of a Carathéodory function over the fixed compact [0, 1] (Aliprantis

and Border, 2006, Measurable Maximum Theorem 18.19).

Part (iii). By the displayed identity, Θ∗(a, G) = argmaxθ∈[0,1] w(χθ(a); a, νG
a ). The same

theorem shows that this set is nonempty, compact, and measurable in a, and that an opti-

mal θ∗(a) can be chosen as a Borel function.
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Outcomes and payoffs. Fix concession dates x for firm 1 and y for firm 2. Use the de-

tection clocks E1, E2 from Appendix B.2, where Ei is attached to firm i’s stop, and let θ1, θ2

be the response draws. For a detection at a ≥ τR, the response parameter is immate-

rial because χθ(a) = a for every θ. The following three cases compare which firm plans

to concede first and whether the resulting signal arrives before the other firm’s planned

concession. The realized stopping pair is:

• if x < y: τ1 = x; with a2 := x + E1, τ2 = y if y < a2, and τ2 = χθ2(a2) if a2 ≤ y;

• if y < x: τ2 = y; with a1 := y + E2, τ1 = x if x < a1, and τ1 = χθ1(a1) if a1 ≤ x;

• if x = y: τ1 = τ2 = x.

The first stopper concedes without receiving a signal—its rival stops strictly later, so no

signal precedes its concession—and the later firm either concedes on schedule or, if the

signal arrives first, responds optimally. Note that the law QK determines K(a, dθ) for

almost every date a, and we can choose its values arbitrarily at remaining dates. Firm 1’s

reduced payoff against a rival playing (G, K), when firm 1 concedes at x and responds

per the same kernel K, is

UK(x, y) := E
[
U(τ1, τ2)

]
, U(x; G, K) :=

∫
R+

UK(x, y) G(dy),

the expectation running over (E1, E2, θ1, θ2) with θi ∼ K(ai, ·). Note that θ1 enters only on

{y < x} and θ2 only on {x < y}, so UK(x, y) is affine in K: averaging two response rules

averages their payoffs. Since all concession draws, response draws, and detection clocks

are independent, U(x; G, K) equals firm 1’s expected payoff in the dynamic game under

the corresponding plans (Lemmas 7 and 9).

The reduced game treats concession and response choices separately. A response rule

that is optimal at almost every detection date remains optimal after any concession devia-

tion: detection dates have atomless laws, and their posteriors do not depend on the firm’s
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concession plan (Lemma 14(ii)–(iii)). Thus U(x; G, K) can hold the response rule K fixed

while varying the concession date x. Correlating the response draw with the concession

draw also cannot help: after a detection, the abandoned concession draw no longer affects

payoffs, and a fresh response draw attains the pointwise optimum.

Lemma 16 (Continuity of reduced payoffs). (i) The family {UK : K ∈ K} is uniformly

bounded by Ū and uniformly equicontinuous on R
2
+.

(ii) For each fixed (x, y), the map K 7→ UK(x, y) is continuous on K.

(iii) U is jointly continuous on R+ × G ×K.

Proof. Part (i). Boundedness is immediate. For equicontinuity, fix K and consider the

branch y < x (the branch x < y is symmetric; the diagonal is treated at the end). Substi-

tuting a = y + E2,

UK(x, y)
∣∣
y<x = e−ω(x−y) U(x, y)︸ ︷︷ ︸

clock rings after x

+
∫ x

y

[ ∫ 1

0
U
(
χθ1(a), y

)
K(a, dθ1)

]
ωe−ω(a−y) da,

using χθ(a) = a on [τR, ∞). Perturbing x to x′ > x changes the first term by at most

ηU(d(x, x′)) + Ū
(
e−ω(x−y) − e−ω(x′−y)) and adds to the integral a piece over (x, x′) of

mass e−ω(x−y) − e−ω(x′−y); since

e−ω(x−y) − e−ω(x′−y) ≤ 1 − e−ω(x′−x) and e−ω(x−y) − e−ω(x′−y) ≤ e−ω(x−y),

the change is bounded by ηU(d(x, x′)) + 2Ū min{1− e−ω(x′−x), e−ω(x−y)}. The minimum

is small uniformly: if x ≤ L then x′ − x ≤ eL+1d(x, x′) for d(x, x′) small, making the first

entry small, while if x > L and y ≤ x −
√

L the second entry is at most e−ω
√

L; and if

x > L, y > x −
√

L, then all realized coordinates under either concession date exceed

L −
√

L, so the two payoffs lie within 2ηU
(
2e−(L−

√
L)) of one another. Choosing L large

and then d(x, x′) small yields a modulus independent of (y, K).
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Now we compare the two integrals at the same detection date. For z < x, write

pz(a) := ωe−ω(a−z). The inner expectation is bounded by Ū and, uniformly in (a, K),

∣∣∣∣∫ 1

0
U
(
χθ(a), y′

)
K(a, dθ)−

∫ 1

0
U
(
χθ(a), y

)
K(a, dθ)

∣∣∣∣ ≤ ηU
(
d(y, y′)

)
.

Let y′ = y + δ < x. On the common interval [y′, x] we have py′(a) = eωδ py(a). The

probability removed from [y, y′] is 1 − e−ωδ, and
∫ x

y′
(

py′(a) − py(a)
)

da ≤ 1 − e−ωδ. It

follows that the detection terms differ by at most ηU
(
d(y, y′)

)
+ 2Ū

(
1 − e−ωδ

)
. The no-

detection terms differ by at most ηU
(
d(y, y′)

)
+ Ū

(
1 − e−ωδ

)
. Hence, whenever y < y′ <

x, ∣∣UK(x, y′)− UK(x, y)
∣∣ ≤ 2ηU

(
d(y, y′)

)
+ 3Ū

(
1 − e−ωδ

)
,

and the case y′ < y < x follows by interchanging y and y′.

Uniformity in d(y, y′) follows by considering two cases: if y ≤ L, then δ ≤ eL+1d(y, y′)

for d(y, y′) small, making every δ-dependent term above small; if y > L, then every re-

alized coordinate under either concession date exceeds L, so the two payoffs lie within

2ηU
(
2e−L) of one another. Choosing L large and then d(y, y′) small yields a modulus

independent of (x, K). Perturbations across the diagonal x = y compose the two branch

moduli with the observation that, as x → y from either side, both branch formulas con-

verge to U(y, y) at rate ηU(d(x, y))+ 2Ū
(
1− e−ω|x−y|), again uniformized by the two-case

split: from below, the integral term has vanishing mass and the first term tends to U(y, y);

from above, symmetrically.

Part (ii). In the displayed formula the kernel appears only through

∫ τR

0

∫ 1

0
f (a, θ)K(a, dθ) da and f (a, θ) = U(χθ(a), y)ωe−ω(a−y) 1{y < a < x},

a bounded measurable function continuous in θ; recall (a, θ) 7→ χθ(a) and U are continu-
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ous. If x < y, the kernel-dependent term instead has integrand

U
(
x, χθ(a)

)
ωe−ω(a−x) 1{x < a < y}

which is also bounded and continuous except possibly at the boundary dates a = x and

a = y. Since these dates form a Lebesgue-null set, (J) implies that the kernel-dependent

integral varies continuously with K. The remaining no-detection term does not depend

on K. If x = y, the firms stop simultaneously and the payoff is independent of K. Thus

K 7→ UK(x, y) is continuous for every fixed (x, y).

Part (iii). Let (xm, Gm, Km) → (x, G, K) and estimate

∣∣U(xm; Gm, Km)− U(x; G, K)
∣∣ ≤ sup

y

∣∣UKm(xm, y)− UKm(x, y)
∣∣︸ ︷︷ ︸

→ 0 by (i)

+
∣∣∣∫ UKm(x, y) d(Gm − G)

∣∣∣+ ∣∣∣∫ [
UKm − UK

]
(x, y) G(dy)

∣∣∣︸ ︷︷ ︸
→ 0 by (ii) and domination

.

For the middle term, suppose along a subsequence it stays above ε > 0; by (i) and Arzelà–

Ascoli we may pass to a further subsequence with UKm(x, ·) → h uniformly on R+. Then

∣∣∣ ∫ UKm(x, y) d(Gm − G)(y)
∣∣∣ ≤ 2

∥∥UKm(x, ·)− h
∥∥

∞ +
∣∣∣ ∫ h d(Gm − G)

∣∣∣ −→ 0,

a contradiction.

II.3 A symmetric equilibrium of the reduced game.

Lemma 17 (Reduced equilibrium). There exists (G∗, K∗) ∈ G ×K such that

(i) G∗( argmaxx∈R+
U(x; G∗, K∗)

)
= 1; equivalently, the support of G∗ is contained in

argmaxx U(x; G∗, K∗);
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(ii) for Lebesgue-almost every a ∈ (0, τR) with NG∗(a) > 0,

K∗
(

a,
{

θ ∈ [0, 1] : χθ(a) ∈ argmax
y∈[a,+∞]

w
(
y; a, νG∗

a
)})

= 1.

Proof. Define, for (G, K) ∈ G ×K,

BRG(G, K) :=
{

G′ ∈ G : G′( argmax
x

U(x; G, K)
)
= 1

}
,

BRK(G) :=
{

K′ ∈ K : K′(a, Θ∗(a, G)
)
= 1 for a.e. a ∈ (0, τR) with NG(a) > 0

}
,

with Θ∗(a, G) as defined before Lemma 15. We verify the hypotheses of the Kakutani–

Fan–Glicksberg theorem (Aliprantis and Border, 2006, Corollary 17.55) on the nonempty,

compact, convex set G ×K (a subset of the product of two locally convex spaces).

The fixed-point theorem requires four properties: best replies must exist; each set of

best replies must be convex and compact; and best replies must vary continuously in the

closed-graph sense. We check these properties in turn.

Best replies exist. argmaxx U(·; G, K) is nonempty and closed by Lemma 16(iii) and

compactness of R+, so BRG ̸= ∅. For BRK, Lemma 15(iii) lets us choose an optimal re-

sponse θ∗(a) as a Borel function of the detection date. The rule K′(a, ·) = δθ∗(a) (extended

arbitrarily where NG(a) = 0) therefore lies in BRK(G).

Best-reply sets are convex and compact. Both sets require a distribution to put full proba-

bility on a fixed set of optimal choices. This condition is linear in the distribution, so each

best-reply set is convex. The surrounding strategy spaces are compact. The closed-graph

arguments below imply that each best-reply set is closed and hence compact.

Concession best replies vary continuously. G′ ∈ BRG(G, K) iff
∫

U(x; G, K)G′(dx) ≥
maxx U(x; G, K). Both sides are continuous in (G′, G, K): the left side because (G′, G, K) 7→∫

U dG′ inherits continuity from Lemma 16(iii) (uniform equicontinuity in x makes the

integrand vary continuously in the sup norm, so the same Arzelà–Ascoli argument as
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in the proof of Lemma 16(iii) applies), the right side by Berge. The inequality therefore

defines a closed set.

Response best replies vary continuously. If τR = 0 then K is a singleton and there is

nothing to prove. Suppose τR > 0. Define the optimality gap—the average payoff loss

from using K′ instead of an optimal response—by

Γ(G, K′) :=
∫ τR

0

(
NG(a) ∧ 1

)[
max

y∈[a,+∞]
w
(
y; a, νG

a
)
−

∫ 1

0
w
(
χθ(a); a, νG

a
)
K′(a, dθ)

]
e−a da.

Where NG(a) = 0, set the payoff-loss term inside the integral—the best-response payoff

minus the payoff under K′—equal to 0. This payoff loss is nonnegative, so Γ ≥ 0, and K′ ∈
BRK(G) iff Γ(G, K′) = 0. Let (Gm, Km) → (G, K) with Km ∈ BRK(Gm); we show Γ(G, K) =

0. First, for all but countably many a (the atoms of G), NGm(a) → NG(a), and where

NG(a) > 0 also νGm
a → νG

a weakly (the integrand y 7→ eωy1{y ≤ a} is bounded and G-

a.s. continuous at non-atoms a). Hence, writing I(a, θ; G′) := (NG′(a)∧ 1)w(χθ(a); a, νG′
a )

and W(a; G′) := (NG′(a) ∧ 1)maxy w(y; a, νG′
a ) (both 0 where NG′(a) = 0), Lemma 13(v)

gives, for a.e. a, W(a; Gm) → W(a; G) and supθ∈[0,1]

∣∣I(a, θ; Gm)− I(a, θ; G)
∣∣ → 0 (where

NG(a) = 0, the factor NGm(a) ∧ 1 → 0 forces both convergences because the underlying

response payoffs are bounded by w̄ from (8)). Since the θ-suprema bound the kernel

integrals uniformly over Km, all terms lying in [0, w̄], dominated convergence yields

Γ(Gm, Km) = Γ̃m + o(1),

Γ̃m :=
∫ τR

0

[
W(a; G)−

∫ 1

0
I(a, θ; G)Km(a, dθ)

]
e−a da.

To apply (J), we verify that the integrand is continuous outside atoms of G. At any non-

atom a with NG(a) > 0, both NG(a) and the posterior νG
a vary continuously with a, so

I(a, θ; G)e−a is continuous in (a, θ). If NG(a) = 0, then NG(a′) ∧ 1 → 0 as a′ → a; because

response payoffs are uniformly bounded, I(a′, θ; G)e−a′ → 0 uniformly in θ. Thus the

only possible discontinuities occur at atoms of G. These atoms are countable so the dis-
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continuity set has QK-measure zero. Since QKm → QK weakly, (J) gives Γ̃m −→ Γ(G, K)

so Γ(G, K) = limm Γ(Gm, Km) = 0. Kakutani–Fan–Glicksberg now delivers a fixed point

(G∗, K∗) ∈ BRG(G∗, K∗) × BRK(G∗), and since argmaxx U is closed, (i) is equivalent to

the support inclusion.

II.4 Completing behavior at probability-zero histories. Fix (G∗, K∗) from Lemma 17.

When evaluating firm 1’s payoff, let X2 ∼ G∗ denote firm 2’s concession date. Let t0 :=

inf suppG∗ ∈ [0,+∞], so that NG∗(a) > 0 for every a > t0 and NG∗(a) = 0 for every a < t0.

Let Z ⊆ (0, τR) denote the (Lebesgue-null, measurable) set of dates a with NG∗(a) > 0

at which the optimality property of Lemma 17(ii) fails. By Lemma 15(iii), we can choose

a Borel function θ∗(a) ∈ Θ∗(a, G∗) at every date with NG∗(a) > 0. Define the modified

kernel

K̂(a, ·) :=



K∗(a, ·) if NG∗(a) > 0 and a /∈ Z,

δθ∗(a) if NG∗(a) > 0 and a ∈ Z,

δ1 if NG∗(a) = 0.

At every feasible date in Z, the new response is optimal under the Bayes posterior νG∗
a .

When NG∗(a) = 0, the detection history is impossible; there the response is χ1(a) = χ(a),

which is uniquely optimal under the belief δa that the rival stopped at a (Lemma 13(iv)).

Lemma 18 (Responses at probability-zero dates). (i) U(x; G∗, K̂) = U(x; G∗, K∗) for ev-

ery x ∈ R+ with x ≥ t0;

(ii) U(x; G∗, K̂) ≤ U(x; G∗, K∗) for every x < t0.

Consequently

max
x

U(x; G∗, K̂) = max
x

U(x; G∗, K∗) and suppG∗ ⊆ argmax
x

U(x; G∗, K̂).

Proof. The kernels K̂ and K∗ differ only on the exceptional set Z ∪ {a : NG∗(a) = 0}, and

{a : NG∗(a) = 0} ⊆ (0, t0].
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Part (i). Fix x ≥ t0. If x = X2, both firms stop at x and no response kernel is used; this

is the only branch when t0 = +∞. In the branch x < X2 the rival’s response draw is

taken at a2 = x + E1, whose conditional law is absolutely continuous and supported on

(x, ∞) ⊆ (t0, ∞), on which NG∗ > 0; in the branch X2 < x firm 1’s own response draw

is taken at a1 = X2 + E2, with X2 ≥ t0 almost surely, so a1 > t0 almost surely. In both

strict branches the detection date avoids the Lebesgue-null set Z and the point t0 almost

surely, so the realized responses under K̂ and K∗ coincide almost surely, and the payoffs

are equal.

Part (ii). Fix x < t0. Since X2 ≥ t0 > x almost surely, only the branch x < X2 occurs: firm

1 concedes at τ1 = x, and firm 1’s own responses are never triggered. The rival stops at

τ2 = X2 ≥ t0 > x or at τ2 = χθ2(a2) ≥ a2 > x. The detection date a2 = x + E1 has an

absolutely continuous distribution, so it belongs to the null set Z with probability zero.

A modification on Z therefore has no effect on the expected payoff. At any remaining

date where the kernels differ, NG∗(a2) = 0 and the response under K̂ is χ1(a2) = χ(a2) ≥
χθ(a2) for every θ. Holding all other randomness fixed, the rival therefore never stops

earlier under K̂ than under K∗ on this event. By Lemma 12, a later rival stop lowers

the payoff of a firm that has already stopped, so taking expectations gives U(x; G∗, K̂) ≤
U(x; G∗, K∗). By (i), U(·; G∗, K̂) and U(·; G∗, K∗) agree on [t0,+∞], a set that contains

suppG∗ and on which the latter function attains its global maximum (Lemma 17(i), with

suppG∗ ̸= ∅); by (ii) the modification does not raise the value anywhere below t0. Hence

the maximum is unchanged and is still attained on suppG∗.

II.5 Dynamic consistency. The next lemma asks whether an initially optimal concession

date remains optimal after the firm reaches date t without a signal. It does. The reason is

that the initial payoff equals a term already determined before t plus a positive multiple of

the continuation payoff at t. Thus the two problems rank every future concession date in

the same way. Fix a rival reduced strategy (G, K), let firm 1 respond per the same kernel
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K, and for σ ∈ [t,+∞] let U(σ; G, K) be as above. Let Nt denote the event that firm 1 has

received no signal by t (under any concession plan σ ≥ t, this event does not depend on

the plan), and let Ũt(σ) denote firm 1’s expected continuation payoff, discounted to t, at

the no-signal history at t, under the plan “concede at σ absent a signal, respond per K.”

Lemma 19 (Conditional optimality at no-signal histories). For every t ≥ 0: m(t) :=

P(Nt) > 0, and there is a constant At, independent of the plan, such that

U(σ; G, K) = At + α(t)m(t) Ũt(σ) for every σ ∈ [t,+∞].

Consequently argmaxσ∈[t,+∞] Ũt(σ) = argmaxσ∈[t,+∞] U(σ; G, K), and the same identity

extends to plans that mix over σ ≥ t, by linearity.

Proof. Since firm 1 has not stopped before t under any plan σ ≥ t, firm 2 is unsignalled

and stops, if at all, at its concession date X2 ∼ G; the first signal to firm 1 arrives at

X2 + E2. Thus Nt = {X2 > t} ∪ {X2 ≤ t, X2 + E2 > t}, with

m(t) = G
(
(t,+∞]

)
+

∫
[0,t]

e−ω(t−y) G(dy) > 0,

the two terms not both null. Decompose U(σ; G, K) = E[U 1Nc
t
] + E[U 1Nt ]. On Nc

t the

first signal arrives at some a ≤ t and firm 1 stops at χθ1(a) while firm 2 stopped at X2:

the realized pair, hence the payoff, does not depend on σ. On Nt, firm 1 is active at t, so

τ1 ≥ t and the frontier equals s for all s ≤ t; splitting the payoff integral at t,

U(τ1, τ2) 1Nt = 1Nt

∫ t

0
α(s)π

(
s, s ∧ X2

)
ds︸ ︷︷ ︸

independent of σ

+ 1Nt α(t)×
(
continuation flows discounted to t

)
.

Collecting the σ-independent pieces into At and conditioning the last term on Nt gives

the display: the conditional law of (X2, E1, E2, θ1, θ2) given Nt is the distribution of the

21



primitives at the no-signal history at t, so the conditional expectation of the continuation

flows is Ũt(σ) by definition.

The final lemma treats no-signal histories after the latest date at which the rival might

concede. Such histories can occur only after the firm has itself deviated from its plan.

Lemma 20 (After the latest possible concession date). Let G ∈ G with TG := sup suppG <

∞, and fix a history at which firm 1 is active at some t > TG against a rival playing (G, K),

and at which firm 1 has either received no signal, or received its first signal at a date

a > TG. The conclusions below also hold at t = TG whenever G({TG}) = 0. Under this

no-atom condition, they also hold when the first signal arrives at TG, because the rival

stopped strictly before TG with probability one. Then:

(i) the rival has stopped, and the Bayes posterior over its (frozen) stopping date is

µ̂(dy) ∝ eωy G(dy) on [0, TG],

at every such history, independently of t and of the signal date, if any;

(ii) in particular, signal arrivals after TG carry no information: νG
a = µ̂ for every a > TG;

the same equality holds at a = TG under the endpoint condition G({TG}) = 0;

(iii) the continuation problem is the deterministic stopping problem with objective w(· ; t, µ̂).

This objective is well defined because µ̂ is supported on [0, TG] ⊆ [0, t]. Its maximum

is attained on T (t) ⊆ [t, t ∨ τR]. Let y∗(t) be the earliest maximizing date. This rule

is time-consistent: if the firm plans at t to stop at y∗(t) and reaches an intermediate

date t′ ≤ y∗(t), it still chooses the same stopping date. Ignoring later signals and

following this rule is optimal at every such history. When t ≥ τR, y∗(t) = t, so the

firm stops immediately.

Proof. Parts (i)–(ii). Let X2 ∼ G denote firm 2’s concession date. Since TG < ∞, we have

X2 ≤ TG < t almost surely, so the rival has stopped. By Lemma 14(i), the no-signal
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posterior on [0, t] is proportional to e−ω(t−y)G(dy) ∝ eωyG(dy), and by Lemma 14(ii) the

posterior upon a first signal at a > TG is νG
a ∝ eωy1{y ≤ a}G(dy) = eωyG(dy): both equal

µ̂ after normalization, for every t, a > TG. (As recorded in Lemma 14(iii), firm 1’s own

past behavior does not enter this inference.)

Part (iii). Since the rival is frozen at c ∼ µ̂ with c ≤ TG < t and no future observa-

tion changes µ̂, the continuation payoff of any (possibly signal-contingent) plan is that

of some distribution over stopping dates y ≥ t evaluated through w(· ; t, µ̂); it there-

fore suffices to maximize the latter. By Lemma 13(i),(iii), the maximum is attained on

T (t) = [t, χ(t)] ⊆ [t, t ∨ τR], and for t ≥ τR we have T (t) = {t}, so y∗(t) = t. Time-

consistency is the splitting identity (7): w(· ; t, µ̂) and w(· ; t′, µ̂) share their maximizers on

[t′,+∞], so if y∗(t) ≥ t′ then y∗(t′) = y∗(t). Optimality at every such history follows

since the prescription attains the maximum there.

Endpoint. If t = TG and G({TG}) = 0, the rival stopped strictly before t almost surely. The

no-signal belief on [0, TG] is again µ̂(dy) ∝ eωyG(dy), and the same formula holds after

any signal at a ≥ TG. When a = TG, every possible rival stopping date already lies below

a, so the signal formula removes no possible date. The continuation objective is therefore

w(· ; t, µ̂), and parts (i)–(iii) follow by the arguments just given.

II.6 Proof of Proposition 7.

Proof of Proposition 7. Fix (G∗, K∗) from Lemma 17, let K̂, t0, Z be as in Appendix II.4, and

write T∗ := sup suppG∗ ∈ [0,+∞]. Define the following symmetric profile for both firms:

(a) No-signal plan. Draw a concession date Xi from G∗ (Lemma 9). If the firm reaches

date t without a signal and Xi is still in the future, it keeps that candidate. Con-

ditional on reaching t without a signal while following this plan, its candidate has

distribution G∗ conditional on [t,+∞]. If the firm deviated by continuing past Xi, it

uses a fresh draw from this same conditional distribution whenever G∗([t,+∞]) >

0. If that probability is zero, all possible rival concession dates have passed, and the
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firm stops at y∗(t) from Lemma 20(iii). Keeping a surviving candidate, or drawing

once and then keeping the new candidate, gives condition (DC).

(b) Response plan. Upon a first signal at a, stop immediately if a ≥ τR. If 0 < a <

τR, draw θ from K̂(a, ·) and stop at χθ(a). At the impossible history a = 0, stop

at χ(0). Let Ha denote the resulting distribution of response dates and let µa ∈
∆([0, a]) be the belief held after the signal. The firm keeps its realized response

date while that date remains in the future. If it deviates by continuing past that

date to some s, it uses a fresh draw from Ha conditional on [s,+∞] whenever this

event has positive probability. If no candidate in Ha lies at or after s, it stops at

min argmaxy∈[s,+∞] w(y; s, µa). Lemma 13(iii) guarantees that this set of optimal dates

is nonempty and compact. Equation (7) shows that a surviving candidate remains

optimal and that the earliest optimal fallback remains unchanged as time passes.

Thus the response plan also satisfies (DC).

All these rules vary measurably with the observed history. The conditional distributions

are Borel, and the measurable maximum theorem used in Lemma 15 implies that the earli-

est optimal dates above can also be chosen as Borel functions. Lemma 9 then implements

each required distribution with a uniform draw.

Beliefs. At every no-signal history at date t, use the posterior in Lemma 14(i), treating

Xj ≤ t as a past stop and Xj > t as an active rival. By Lemma 14(iii), the same posterior

applies after histories created by the firm’s own deviations.

At every detection date a with NG∗(a) > 0, use the Bayes posterior νG∗
a , including

dates in the null set Z. The fixed-point condition already makes K∗ optimal outside Z,

while the measurable selection θ∗(a) makes K̂ optimal on Z. If NG∗(a) = 0, a signal at a is

impossible under G∗, so Bayes’ rule is undefined there. We then assign δa, under which

the prescribed response χ(a) is optimal. At the impossible history a = 0, we likewise

assign δ0 and prescribe χ(0).

We now verify that no firm can gain after any history. As usual, it is enough to con-
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sider deviations that use no new random draw. By Lemma 13(iii), we need consider only

response dates in T (·), because every date outside that interval is strictly worse at the

history where it is chosen.

Signal histories. At a ≥ τR: by Lemma 13(iii), T (a) = {a} and w(·; a, ν) is strictly

decreasing beyond a for every belief ν ∈ ∆([0, a]), so immediate stopping is optimal re-

gardless of the belief held. At a < τR with NG∗(a) > 0 and a /∈ Z: the prescribed response

mixes over argmaxy w(y; a, νG∗
a ) by Lemma 17(ii) and the definition of Z, hence is opti-

mal under the (Bayes) belief. At a < τR with NG∗(a) > 0 and a ∈ Z, the prescribed

response χθ∗(a)(a) is optimal under the same Bayes belief by the definition of θ∗(a). If

NG∗(a) = 0, the assigned belief is δa and the prescribed response χ(a) is uniquely op-

timal (Lemma 13(iv)). Finally, at histories strictly between a signal at a and the pre-

scribed stop y: no further signals arrive (the rival has already stopped) and survival is

uninformative (Lemma 14(iii)), so the belief is unchanged. By (7), moving from a to an

intermediate date s only adds a constant and multiplies later payoffs by a positive num-

ber. It does not change which remaining stopping date is best, so continuing to y stays

optimal. At histories at some s strictly past the prescribed stop—reached only by the

firm’s own deviations—the belief is still unchanged: no signal has intervened (the rival

is stopped), survival is uninformative, and the firm’s own play is uninformative about its

rival (Lemma 14(iii)). If Ha assigns positive probability to dates at or after s, draw a new

response date from that part of Ha. Every date selected this way was optimal at a and

remains optimal at s by (7). If Ha assigns no probability to such dates, choose the earliest

date that maximizes w(· ; s, µa). This choice is optimal, and the same equation shows that

both rules remain optimal as time passes.

No-signal histories with G∗([t,+∞]) > 0. A continuation deviation consists of a

(possibly mixed) concession date σ ≥ t on the no-signal history, together with responses

at any future signal histories that may arise.

We treat responses first. Whenever a finite first signal arrives, its date satisfies a1 =
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X2 +E2 > t0 and its law is absolutely continuous; if X2 = +∞, no signal arrives (Lemma 14(ii)).

Every such finite signal date satisfies NG∗(a1) > 0, so the posterior at a1 is νG∗
a1

by Lemma 14(iii),

irrespective of the deviator’s own behavior. The prescribed response is optimal at every

such date: K∗ is optimal outside Z, and θ∗(a1) is optimal on Z. Response deviations

therefore cannot raise the continuation value.

It remains to compare the payoffs of the concession dates. By Lemma 19, applied with

the rival’s strategy (G∗, K̂) and own responses K̂, we have

Ũt(σ) =
U(σ; G∗, K̂)− At

α(t)m(t)
for all σ ∈ [t,+∞],

so maximizing the continuation value over σ ≥ t is equivalent to maximizing U( · ; G∗, K̂)

over [t,+∞]. The prescribed rule continues according to G∗( · | [t,+∞]), whose support

is contained in

suppG∗ ∩ [t,+∞] ⊆ argmax
x∈R+

U(x; G∗, K̂) ∩ [t,+∞],

by Lemma 18. Every date selected by the prescription therefore attains the global maxi-

mum of U( · ; G∗, K̂), and hence also the maximum restricted to dates no earlier than t, so

the specified dates are optinmal

No-signal histories with G∗([t,+∞]) = 0. Here T∗ < ∞ and either t > T∗, or t = T∗ with

G∗({T∗}) = 0. By Lemma 20, the rival has already stopped, the belief is µ̂ both before and

after any later signal, and stopping at y∗(t) is optimal. At every later feasible detection

date for which Bayes’ rule is defined, the posterior equals µ̂. The response plan is optimal

under this belief: the fixed-point kernel supplies an optimal response outside Z, and the

measurable selection supplies one on Z. The time-consistency result in Lemma 20(iii)

then completes the strategy. No deviation improves on it.

Histories at which the firm has already stopped involve no further decisions. Thus

this profile, together with the specified beliefs, is a perfect Bayesian equilibrium of the
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game with detection rate ω, and PBE(ω) ̸= ∅.

III EXTENSIONS

This appendix formalizes the two risk extensions discussed in the conclusion. We re-

tain perfect monitoring and common knowledge of rationality. The results bound every

subgame-perfect equilibrium, including mixed equilibria. The statements and proofs are

written for an arbitrary finite set of firms and specialize to the two-firm model of the main

text.

III.1 Additive Risk . Keep the baseline technology law, but let risk depend on the num-

ber of firms that remain active. For a stopping profile τ, let

ks(τ) := #{j : τj > s}.

When ks(τ) ≥ 1, every active firm is at the frontier s, and the date-s hazard is λ(s, ks(τ));

when ks(τ) = 0, the hazard is zero. Whether a firm that stops at s enters the count

is immaterial because a single date has measure zero. Payoffs are otherwise as in the

baseline model, using this hazard process.

Assumption 3 (additive risk regularity). For each k ∈ {1, . . . , n}, the hazard λ(·, k) is

continuous and nondecreasing in technology. It is also nondecreasing in the number of

active firms, so in particular

λ(t, k) ≥ λ(t, 1) for every t ≥ 0 and k ≥ 1.

Flow payoffs satisfy Assumption 1(ii)–(iii). We will also impose the analog of Assump-

tion 1 (iv): for every firm i and fixed rival technology vector c, the map

x 7−→ Di log π(x, c)− λ(x, 1)
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is continuous and strictly decreasing on [maxj cj,+∞). Finally, the solo-hazard analogue

of Assumption 1 (v) holds:

∫ ∞

0
e−rs sup

0≤x≤s

{
e−

∫ x
0 λ(u,1)duπ(x, 0, . . . , 0)

}
ds < +∞.

Say we are in the additive risk environment when the above assumptions hold and there

is perfect monitoring and common knowledge of rationality.

Proposition 11 (The solo hazard bounds a additive risk). Suppose that we are in the ad-

ditive risk environment. Then every subgame-perfect equilibrium satisfies:

max
i∈N

τi ≤ inf {t ≥ 0 : Di log π(t, . . . , t) ≤ λ(t, 1)} almost surely.

Proof. We first solve the last-active firm’s problem, then induct on the number of active

firms. Let τC denote the infimum in the statement. If τC = +∞, the claim is immediate.

Suppose τC < +∞. Continuity implies

Di log π(τC, . . . , τC) ≤ λ(τC, 1).

Fix a public history at date t, and suppose that firm i scales alone while its rivals

remain frozen at c ≤ (t, . . . , t). Conditional on survival to t, its payoff from stopping at

σ ≥ t is

RC
t,c(σ) :=

∫ σ

t
e−

∫ s
t [r+λ(u,1)]duπ(s, c)ds + e−

∫ σ
t [r+λ(u,1)]du π(σ, c)

r
,

with the terminal term absent when σ = +∞. At every finite σ > t,

∂

∂σ
RC

t,c(σ) = e−
∫ σ

t [r+λ(u,1)]du π(σ, c)
r

[Di log π(σ, c)− λ(σ, 1)] .
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At t = τC, log-supermodularity and Assumption 3 give, for every x ≥ τC,

Di log π(x, c)− λ(x, 1) ≤ Di log π(x, τC, . . . , τC)− λ(x, 1)

≤ Di log π(τC, . . . , τC)− λ(τC, 1) ≤ 0,

where the second inequality is strict when x > τC. Hence

RC
τC,c(σ) < RC

τC,c(τ
C) =

π(τC, c)
r

for every σ > τC,

including σ = +∞, because the integrability condition makes the terminal term vanish

and the objective continuous there. Thus a last active firm uniquely prefers to stop at τC.

The additive risk payoff is continuous in the stopping profile. Indeed, along any con-

vergent sequence of stopping profiles, the active-firm count converges at every date other

than the finitely many limiting stopping dates, so cumulative hazards converge on every

bounded interval. The solo-hazard integrability condition supplies the same dominating

envelope as in Lemma 7. Dominated convergence therefore applies. In particular, stop-

ping immediately after an observed stop is payoff-equivalent to stopping simultaneously.

We now claim that no equilibrium continuation from a public history at τC carries the

frontier above τC. We prove the claim by induction on the number of active firms. The

preceding calculation proves the case of one active firm. Suppose the claim holds with

fewer than m active firms, and consider a history with m active firms. If an equilibrium

continuation carries the frontier above τC with positive probability, then, because m is

finite, some active firm i satisfies

P(τi > τC) > 0.

Let c be its rivals’ technologies at this history. If firm i stops at τC, the successor subgame

has m − 1 active firms. Subgame perfection and the induction hypothesis make every
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remaining active firm stop immediately, so the deviation gives firm i the payoff RC
τC,c(τ

C).

For comparison, fix any realized equilibrium continuation and write σ for firm i’s

stopping date. Rival technologies are weakly above c, which weakly lowers firm i’s flow

payoff. While firm i remains active, the actual hazard is at least λ(s, 1); after it stops, any

remaining hazard can only lower its payoff further. Hence, path by path, its continuation

payoff is no greater than RC
τC,c(σ), which is strictly below RC

τC,c(τ
C) whenever σ > τC. The

comparison holds before averaging over equilibrium randomization. Since firm i delays

with positive probability, stopping at τC strictly raises its expected payoff, contradicting

sequential rationality. This proves the induction claim.

If an equilibrium frontier exceeded τC with positive probability, its public continua-

tion at the finite date τC, conditional on survival, would contradict the claim. Therefore

the frontier is at most τC almost surely.

III.2 Accumulative risk. Keep the baseline hazard λ, but suppose that risk persists at

the peak technology. For a stopping profile τ, let

T(τ) := max
j∈N

τj.

The date-s hazard is now λ(s ∧ T(τ)). Thus firm i’s payoff is

∫ ∞

0
exp

{
−rs −

∫ s

0
λ(u ∧ T(τ))du

}
π
(

s ∧ τi, (s ∧ τj)j ̸=i

)
ds.

If T(τ) < +∞, the hazard remains equal to λ(T(τ)) after the last stop. Its survival factor

is no larger than the baseline survival factor, so Assumption 1(v) keeps payoffs finite.

The marginal condition below need not be single-crossing under Assumption 1. We

therefore impose the analogue of 1 (iv):

Assumption 4 (Persistent-risk single-crossing). In addition to Assumption 1, for every
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firm i and fixed rival technology vector c, the map

x 7−→ Di log π(x, c)− λ′(x)
r + λ(x)

is strictly decreasing on [maxj cj,+∞).

Say we are in the accumulative risk environment when the above assumptions hold and

there is perfect monitoring and common knowledge of rationality.

Proposition 12 (Marginal persistent risk bounds the frontier). Suppose we are in the ac-

cumulative risk environment. Then every subgame-perfect equilibrium satisfies

max
i∈N

τi ≤ inf
{

t ≥ 0 : Di log π(t, . . . , t) ≤ λ′(t)
r + λ(t)

}
almost surely.

Proof. Again, we solve the last-active firm’s problem, then induct. Let τA denote the

infimum in the statement. If τA = +∞, the claim is immediate. Suppose τA < +∞.

Continuity implies that the defining inequality holds at τA.

Fix a history at date t, and suppose that firm i scales alone while its rivals remain

frozen at c ≤ (t, . . . , t). Conditional on survival to t, its payoff from stopping at σ ≥ t is

RA
t,c(σ) :=

∫ σ

t
e−

∫ s
t [r+λ(z)]dzπ(s, c)ds + e−

∫ σ
t [r+λ(z)]dz π(σ, c)

r + λ(σ)
,

with the terminal term absent when σ = +∞. At every finite σ > t,

∂

∂σ
RA

t,c(σ) = e−
∫ σ

t [r+λ(z)]dz π(σ, c)
r + λ(σ)

[
Di log π(σ, c)− λ′(σ)

r + λ(σ)

]
.

At t = τA, log-supermodularity and Assumption 4 give, for every x ≥ τA,

Di log π(x, c)− λ′(x)
r + λ(x)

≤ Di log π(x, τA, . . . , τA)− λ′(x)
r + λ(x)

≤ Di log π(τA, . . . , τA)− λ′(τA)

r + λ(τA)
≤ 0,
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where the second inequality is strict when x > τA. Therefore

RA
τA,c(σ) < RA

τA,c(τ
A) =

π(τA, c)
r + λ(τA)

for every σ > τA,

including σ = +∞ by Assumption 1(v). Thus a last active firm uniquely prefers to stop

at τA.

The accumulative-risk payoff is continuous in the stopping profile. Along any conver-

gent sequence, the peak path s 7→ s ∧ T(τ) and its cumulative hazard converge on every

bounded interval. The persistent survival factor is bounded above by the baseline one, so

Assumption 1(v) supplies an integrable envelope. Dominated convergence applies, and

immediate successor stopping is payoff-equivalent to simultaneous stopping.

We claim that no equilibrium continuation from a public history at τA carries the fron-

tier above τA. Induct on the number of active firms. The last-active calculation proves

the base case. Suppose the claim holds with fewer than m active firms, and consider a

history with m active firms. If the equilibrium continuation carries the frontier beyond

τA with positive probability, some active firm i satisfies P(τi > τA) > 0. Let c be its

rivals’ current technologies. If firm i stops at τA, the successor subgame has m − 1 active

firms; by subgame perfection and the induction hypothesis, every remaining active firm

stops immediately. The deviation therefore gives firm i the payoff RA
τA,c(τ

A).

Fix any realized equilibrium continuation and write σ for firm i’s stopping date. Rival

technologies are weakly above c, which weakly lowers firm i’s flow payoff. Moreover,

the realized peak is always weakly above the path s 7→ s ∧ σ generated when firm i

scales alone, so the actual persistent hazard is weakly higher than the hazard in RA
τA,c(σ).

Firm i’s realized continuation payoff is thus no greater than this frozen-rival benchmark,

which is strictly below RA
τA,c(τ

A) whenever σ > τA, including σ = +∞. This comparison

is pathwise and therefore covers mixed strategies. Because firm i delays with positive

probability, immediate stopping is a profitable deviation, a contradiction. This proves the
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induction claim.

If an equilibrium frontier exceeded τA with positive probability, its public continua-

tion at the finite date τA, conditional on survival, would contradict the claim. Hence the

frontier is at most τA almost surely.

IV FURTHER RESULTS

IV.1 Tight monitoring thresholds under stationarity. We now formalize the claim in the

main text that the threshold ω̄ is exact in the stationary environment we saw in Example 3

and Section 5. To recap, flow payoffs and the hazard are

π(ti, tj) = eαti−βtj , λ(t) ≡ λ,

where α, β > 0, λ > α, and r > α − β. We maintain common knowledge of rationality.

The inequality λ > α places the game in the coordination phase: once a firm knows that

its rival has stopped, it strictly prefers to stop immediately.

We call this environment stationary because a common translation of both technology

paths multiplies every continuation payoff by the current diagonal flow π(t, t) = e(α−β)t.

Values per unit of current flow therefore do not depend on the date or technology level.

At a symmetric quiet history, the normalized value of racing forever is

VR =
1

r + λ − α + β
.

The normalized value of stopping first is

VS(ω) = VS(0) +
ω
[
1/r − VS(0)

]
ω + r + λ + β

, VS(0) =
1

r + λ + β
.

Thus

∆(t, ω) = π(t, t)
[
VS(ω)− VR

]
,
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and the bracketed difference is positive exactly when

ω > ω̄ :=
rα

λ − α + β
.

Proposition 13 (Exact racing-to-ruin threshold in the stationary environment). In the sta-

tionary environment:

(i) If ω ≤ ω̄, there is an equilibrium in which both firms race forever, so ruin occurs

with probability one.

(ii) If ω > ω̄, every τ ∈ PBE(ω) satisfies maxi τi < +∞ almost surely.

Proof. We construct a ruin equilibrium at and below the threshold, then rule out ruin

above it.

Part (i). Consider the assessment used in Proposition 8: each firm races forever at

every quiet history and stops immediately after detecting its rival’s stop. Against a ri-

val that races until detection, any finite stop at σ yields, by Lemma 6, the payoff from

racing forever plus a strictly positive multiple of ∆(σ, ω). Stationarity and ω ≤ ω̄ give

∆(σ, ω) ≤ 0 at every date, so no finite stop is profitable. Immediate stopping after a sig-

nal is uniquely optimal because λ > α. The assessment is therefore a perfect Bayesian

equilibrium, including at ω = ω̄, where the stopping deviation is payoff-equivalent to

racing forever.

Part (ii). Fix an equilibrium with outcome (τ1, τ2) and let E := {τ1 = τ2 = +∞}.

Step 1: reduce an infinite frontier to joint racing. Because λ > α, a sole survivor’s payoff

against any frozen rival is strictly decreasing in its stopping date. Immediate stopping is

therefore uniquely optimal at every signal history under every admissible belief. If one

firm stops in finite time, its rival detects the stop in finite time almost surely and then

stops immediately. Hence {maxi τi = +∞} = E up to a null event.

Step 2: show that joint racing has zero probability. Suppose instead that P(E) > 0. Fix

firm i and its quiet history Ht at date t, meaning that it is active and has received no signal.
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Since E ⊆ Ht, we have P(Ht) ≥ P(E) > 0. Conditional on Ht, its rival is in one of three

states: it has stopped but remains undetected; it is active and will stop at a finite date; or

it is active and never stops. The conditional probability of the second state is at most

P(t < τj < +∞)

P(E)
−→ 0.

The joint conditional probability that both firms’ residual plans never stop is at least P(E |
Ht) ≥ P(E).

On the last two states, the rival’s technology remains weakly above t. Thus, at every

future date s ≥ t, the discounted, survival-weighted flow from firm i’s never-stopping

plan is bounded by

π(t, t)e−(r+λ−α)(s−t).

Its continuation payoff is consequently at most π(t, t)/(r + λ − α).

Now modify firm i’s plan at Ht only on the device realizations for which it would

never stop: stop at t on those realizations and leave every other plan unchanged. If the

rival has already stopped, the change is a weak gain. If both residual plans never stop, it

replaces VRπ(t, t) with VS(ω)π(t, t), a gain of [VS(ω)− VR]π(t, t) > 0. This gain receives

conditional weight at least P(E). The only possible loss comes when the rival is active

but will stop at a finite date; its conditional probability tends to zero, and its magnitude

is bounded by π(t, t)/(r + λ − α). The conditional expected gain is therefore positive for

all sufficiently large t, contradicting sequential rationality at Ht. Hence P(E) = 0. Step 1

now gives maxi τi < +∞ almost surely.

Trust for the case ω < β We now consider the other case Section 5 excluded there: news

that is slow relative to payoff erosion: ω < β. The setup is otherwise identical to that of
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Section 5. Define

ℓβ :=
VR − VS(0)

1/r − VW(β)
, noting

1
r
− VW(β) =

λ − α

r(r + λ − α + β)
=

(λ − α)VR

r
:

this is the verification threshold ℓ of Section 5 evaluated at detection rate β, and it does

not depend on ω.

Proposition 14 (Trust with slow news). In the stationary coordination environment with

types as above, suppose 0 < ω < β and maintain ℓβ < ℓ̄. Then Proposition 10 holds with

ℓ replaced by ℓβ:

(i) Low trust. If ℓ < ℓβ, then every τ ∈ PBE(ω, ℓ) has τ1 = τ2 = +∞ almost surely.

(ii) Medium trust. If ℓβ ≤ ℓ ≤ ℓ̄, then PBE(ω, ℓ) contains both the outcome in which

rational firms stop immediately and the never-stopping outcome.

(iii) High trust. If ℓ > ℓ̄, then every τ ∈ PBE(ω, ℓ) satisfies P
(
τ1 = τ2 = +∞ |

both firms rational
)
≤

(
ℓ̄/ℓ

)2, and stopping at zero remains an equilibrium out-

come.

Moreover, rational firms stopping at a common date is an equilibrium if and only if

ℓ ≥ ℓβ, and the binding deviation is a marginal delay rather than indefinite verifica-

tion: for ℓ < ℓβ, the most profitable plan against the bunched profile is to delay by

σ∗ = log
(
ℓβ/ℓ

)
/(β − ω).

Proof. As in the proof of Proposition 10, abbreviate δ := r + λ − α + β = 1/VR and

ρ := r + λ + β = 1/VS(0), and write N := VR − VS(0); the displayed identity for

1/r − VW(β) is a direct computation. That proof used ω ≥ β in two places: in part (i), to

damp the undetected-stop cell, and in part (ii)(a), to conclude that the deviation payoff W

is maximized at an endpoint of [0, ∞]. Both steps are replaced by an analysis of marginal

delay.
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The marginal-delay deviation. Fix a quiet history of firm i at date t and, for h > 0, let DE-

LAY(h) denote the plan: continue until t + h, stopping immediately upon a signal, and

stop at t + h if none has arrived. Per unit of current flow, we compute the derivative at

h = 0 of its payoff, net of stopping at once, against each rival state in the posterior de-

composition of part (i) of the proof of Proposition 10.

Crazy. DELAY(h) yields (1 − e−δh)VR + e−δhVS(0): postponing an unreciprocated stop

gains at rate δN > 0.

Rational, stopped at c ≤ t, undetected. The delaying firm races beside a frozen rival under

the live hazard, and α < λ makes stopping at once optimal on this cell: the deviation

loses at rate eβ(t−c)(λ − α)/r = eβ(t−c) δ
[
1/r − VW(β)

]
.

Rational, active, with residual quiet-path stopping time τ. Stopping now ends the risk at X ∧ τ,

where X ∼ Exp(ω) is the detection lag, and is worth VS(0)+
[
1/r−VS(0)

]
E[e−ρ(X∧τ)]; on

{τ > h}, delaying replaces this by (1− e−δh)VR + e−δh{VS(0)+
[
1/r−VS(0)

]
E[e−ρ(X∧(τ−h))]

}
.

Differentiating at h = 0 and using E[e−ρ(X∧τ)] = ω
ω+ρ +

ρ
ω+ρ e−(ω+ρ)τ, the deviation gains

at rate −δ ψ(τ), where

ψ(τ) :=
[1

r
− VS(0)

][ ω

ω + ρ
+ ρ

( 1
ω + ρ

− 1
δ

)
e−(ω+ρ)τ

]
− N for τ ∈ (0, ∞],

and ψ(0) := 1/r − VW(β) at an atom at zero, where the rival stops at t itself and the

previous cell applies with c = t. (A residual stop at t + u with u ∈ (0, h] contributes

αu/r − (λ− α)(h− u)/r + o(h) ≥ −δ ψ(0) h+ o(h), so such mass is covered by the bound

below.) Since ω + ρ − δ = ω + α > 0, the coefficient of e−(ω+ρ)τ is negative: ψ is strictly

increasing on (0, ∞), from ψ(0+) = −N − α
[
1/r − VS(0)

]
/δ < 0 to ψ(∞) = VS(ω)− VR.
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Hence, using the maintained ℓβ < ℓ̄,

sup
[0,∞]

ψ = max
{1

r
− VW(β), VS(ω)− VR

}
=

N
min{ℓβ, ℓ̄} =

N
ℓβ

.

A marginal delay is thus costly only against a rival that has just stopped—the slight-delay

exposure that defines ℓβ—or against one that will never stop spontaneously, forgoing the

prize VS(ω)− VR of stopping first.

Part (i). Suppose, for contradiction, that some rational firm stops at a quiet history with

positive probability. With Fj and Sj as in part (i) of the proof of Proposition 10, let t0 :=

inf{t ≥ 0 : F1(t) + F2(t) > 0} < ∞, and fix ε > 0 with e(β−ω)ε < ℓβ/ℓ. At a quiet history

of firm i at any date t ≤ t0 + ε, every undetected stop has age t − c ≤ ε. Weighting the

three cells in proportion to 1, ℓSj(t), and ℓe−ω(t−c) dFj(c), the net gain rate of DELAY is

proportional to

δ
{

N − ℓ
(

Sj(t)E[ψ(τ)] +
[1

r
− VW(β)

] ∫
[t0,t]

e(β−ω)(t−c) dFj(c)
)}

≥ δN
[
1 − ℓ

ℓβ
e(β−ω)ε

]
> 0,

by E[ψ(τ)] ≤ N/ℓβ, e(β−ω)(t−c) ≤ e(β−ω)ε, and Sj(t) +
∫
[t0,t] dFj ≤ 1. A small delay there-

fore strictly improves on stopping at every quiet history at dates t ≤ t0 + ε, so no rational

firm stops there, under any pure or mixed rule—contradicting the definition of t0. Hence

no rational firm ever stops at a quiet history; since the first stop in any equilibrium must

occur at a quiet history, no stop ever occurs and τ1 = τ2 = +∞ almost surely.

Part (ii). The never-stopping profile is an equilibrium for ℓ ≤ ℓ̄ by part (ii)(b) of the

proof of Proposition 10, which nowhere compares ω with β. For the bunched profile, the
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deviation payoff W(σ) is as computed in part (ii)(a) there, and

eδσW ′(σ) = −p
λ − α

r
e(β−ω)σ + (1 − p) δN.

For ω < β the right side is strictly decreasing in σ, so W ′ changes sign at most once, from

+ to −, and W is maximized at σ = 0 if and only if W ′(0) ≤ 0, i.e.

p
λ − α

r
≥ (1 − p) δN ⇐⇒ ℓ ≥ N

(λ − α)VR/r
= ℓβ.

Hence for ℓ ≥ ℓβ no plan improves on stopping at once, and immediate bunching is an

equilibrium; sationarity extends this to any common date. Conversely, for ℓ < ℓβ the

unique maximizer of W is the interior delay σ∗ = log(ℓβ/ℓ)/(β − ω) > 0, a strictly prof-

itable deviation—so no equilibrium has rational firms stopping at a common date. This

proves part (ii) and the final claim.

Part (iii). The exclusion of never-stopping for ℓ > ℓ̄ uses only the immediate-stop gamble,

and zero ruin is attained by the bunched profile, an equilibrium since ℓ > ℓ̄ > ℓβ; both

are as in Proposition 10. For the
(
ℓ̄/ℓ

)2 bound, the proof there lets a delaying plan gain

at most 1/r per unit of the vanishing undetected-stop weight; when ω < β this bound

fails, since payoffs on that cell grow like eβ(t−c) while its weight decays only like e−ω(t−c).

But no bound is needed: because α < λ, stopping at once attains the cell-maximum

eβ(t−c)/r on the undetected cell, so, relative to stopping at once, a continuation plan gains

nothing there and can profit only on the crazy and active cells, where the argument of

Proposition 10 applies verbatim. The conclusion follows unchanged.

Together with Proposition 10, the simultaneous-coordination threshold at every detec-

tion rate is
[
VR −VS(0)

]
/
[
1/r−VW(ω ∨ β)

]
: constant in ω below β—the vertical segment

in Figure 9—and rising thereafter. The two regimes fit together continuously: as ω ↑ β

the binding delay σ∗ lengthens without bound, deforming into the indefinite-verification
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deviation that binds when ω ≥ β. Changes in ω . If instead ℓβ > ℓ̄, the remarks following

Proposition 10 apply with ℓβ in place of ℓ.
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