Segmented Trading Markets”

Kerry Back Oguzhan Celebi ~ Ali Kakhbod  A. Max Reppen

Rice University Stanford University UC Berkeley Boston University

November 2023

Abstract

We study competition and endogenous fragmentation among heterogenous trad-
ing venues that differ in technology (fast vs. slow), where traders can dynamically
choose which venue to trade in. We show that technological improvements increase
trading speed, but may also heighten differentiation, which reduces competition,
leads to higher trading fees, and potentially reduces trading volume and welfare.
Improvements in the slower venue lead to increased trading speed, decreased differ-
entiation, and thus increased trading volume and welfare. Conversely, the effect of
improvements in the faster venue is generally ambiguous and depends on the extent
of traders” patience, the frequency of their preference shocks, and the competition
between venue owners. We further study the effect of technological improvement
in one of the venues when both initially have the same trading speed. We find that
if the trading speeds are initially slow enough, the technological improvement will
increase trading volume and trader welfare. Conversely, if the trading speeds are
initially fast, the increase in trading fees outweighs the speed advantage that comes
with technological improvement, leading to decreased trading volume and trader

welfare.
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1 Introduction

In the last decade, there has been a notable shift in trading landscapes. With significant
fragmentation and heterogeneity spanning trading venues, we have observed varying
market behaviors. Differences in execution speed, trading fees, and even asset prices
emerge across these venues (Biais, Hombert and Weill (2021); Chen and Duffie (2021);
Pagnotta and Philippon (2018)). As traders decide between fast and slow trading venues
over time, the decision is not just about the speed but also the associated costs. With
evolving technology, how do trading fees adjust? What implications do these technological
shifts have on trading volume? Does faster invariably equate to higher welfare? This
paper studies these questions. We probe the competition between trading venues that
strategically set their trading fees while differentiating based on technology. Our aim is
to decipher how such technological variances and strategic decisions shape disparities
across marketplaces. Notably, the exploration of a segmented market, especially one
where investors dynamically choose between technologically diverse vendors, is, to our
knowledge, new to the literature.

In this context, we study dynamic interactions between traders and trading venues us-
ing a model in which venues with different technologies compete on fees. The technology
of the venue is referred to and measured as speed. Speed is understood here in a general
sense to comprise not only trade execution latency but also convenience and reliability
properties such as user interfaces, data feeds, etc. In short, speed encompasses any factors
that impact the time between the decision to trade and when the asset changes hands.

Investors over time observe random shocks to their marginal utility of holding the
asset. Trading takes place in two venues: one slow and one fast. An investor with high
marginal holding utility is a natural buyer, whereas those with low marginal utility are
natural sellers. These diverse incentives give rise to different speed demands, and traders
choose whether to trade in the fast or slow market accordingly. Venues maximize their
profit from trading, which is generated by the demand of traders to maximize their utility
from holding the asset. The choice of venue is dynamic, and traders may update their
choice at any time.

We first characterize when: (i) no trading occurs, (ii) the market is segmented (frag-
mented), meaning that both venues are active, and (iii) traders lack a strong enough
preference for speed to engage in the fast venue. This result serves as our primary
building block to examine how speed differentiation influences fee competition, trading

volumes, and welfare, the central focus of our study.



How does speed differentiation affect fee competition? We allow venues to strategically
set their fees and characterize the equilibrium trading fees. In equilibrium, the slow
venue undercuts the faster venue, both venues are always active, and the market is always
segmented. Moreover, when the differentiation between the two venues decreases (i.e., the
slower venue becomes faster or the faster venue becomes slower), the trading fees in both
venues decrease. Conversely, when the differentiation between the two venues increases
(i.e., the slower venue becomes slower or the faster venue becomes faster), the trading
fees in both venues increase. The intuition is simple: with more speed differentiation,
venues generate their own market and move away from the zero-fee homogeneous case.

When venues compete by transaction fees, how does speed differentiation affect
trading volume? First, a change in the transaction speed of a venue directly affects the
instantaneous trading volume in that venue. Second, it affects the fees charged by the
venues in equilibrium and thus the market structure itself. Both effects are positive for
the increase in speed in the slower venue, and total trading volume increases with the
speed of the slower venue. However, the effect of an increase in the speed of the fast
venue is ambiguous. This is because faster trading speeds in the fast venue have two
effects: a direct effect that increases trading volume and an indirect effect that increases
differentiation, which in turn increases fees charged in equilibrium and decreases trading
volume. In fact, in this case, the outcome depends on the extent of traders” patience, the
frequency of their preference shocks, and the competition between the venues.

To understand the effect of the fast venue speed on trading volume, we consider
the special case of full competition, where the speed difference between the venues is
arbitrarily small. We find that the effect of this improvement depends on the rate of the
preference shock, the discount factor, and the initial trading speed. If the traders are
patient relative to the rate of the preference shock, the value created by trade is higher
for the traders, so the higher fees that come with differentiation cause less distortion,
and trading volume increases due to the improvement in transaction speed. Conversely,
if the traders are impatient, then the effect of the improvement depends on the initial
speed: trading volume increases after an improvement if and only if the initial trading
speed is low enough. Thus, if both venues are already fast enough, the negative effect of
competition dominates the positive effect of the speed improvement, while the converse
is true when both venues are initially slow.

Finally, we study how speed differentiation affects welfare. We focus on the full

competition benchmark and consider two different measures of welfare. First, we study



total welfare, which includes the profits of the venues as well as the utility of traders.
When profits are included in the calculation, higher fees caused by differentiation are
not an issue, and a speed improvement always increases welfare. Second, we consider
only the traders” welfare, without including the venue profits. As speed improvement
of a venue creates differentiation and increases fees paid by the traders, the effect of an
improvement is ambiguous and echoes our result on trading volume: trader welfare
increases after an improvement if and only if the initial trading speed is low enough.
These two results emphasize how the effect of a speed improvement on different statistics
may depend on the relative initial speeds of the venues.

A major twist in our model and a point of departure from the existing literature is that
we study competition and endogenous fragmentation in segmented and technologically
diverse venues where traders can dynamically choose between the venues at any time.
Our paper contributes to three major themes in the literature. First, it is related to the
literature on market fragmentation. This literature is vast (see, e.g., Mendelson (1987);
Pagano (1989); Malamud and Rostek (2017); Chen and Duffie (2021); Biais, Hombert
and Weill (2021))." For example, Mendelson (1987) studied the tradeoff between market
consolidation and fragmentation. Malamud and Rostek (2017) and Chen and Duffie (2021)
assume each exchange operates a double auction and focus on welfare and allocative
efficiency, respectively. Biais, Hombert and Weill (2021) obtain endogenous fragmentation
of asset markets with heterogeneous agents in a dynamic exchange economy. Based on
our model, we demonstrate how fragmentation can arise endogenously due to transaction
fees, competition, costs, and speeds in heterogeneous venues.

Second, our paper contributes to a growing body of literature on competition between
multiple venues, which has various focuses. For instance, Santos and Scheinkman (2001)
consider competition in margin requirements, while Parlour and Seppi (2003) model
competition for order flow between exchanges based on liquidity provision, and Foucault
and Parlour (2004) examine competition in IPO listings. Pagnotta and Philippon (2018)
consider a dynamic subscription model to study competition in heterogeneous venues
in which each trader initially chooses a venue and stays there forever. Based on our
model, we demonstrate that technological improvements increase trading speed but may
also increase differentiation, which reduces competition, leads to higher trading fees,
potentially reducing trading volume and welfare; in fact, the outcome depends on the

extent of traders’ patience, the frequency of their preference shocks, and the competition

1See Rostek and Yoon (2020) for an excellent review on market fragmentation.



between venue owners.

Third, the dynamic trading framework of our paper is related to the literature on
integrated (equity) markets (e.g., Kyle (1985a,b); Back (1992); Wang (1994); Back, Cao and
Willard (2000)). Similar to these works, we also present a fully dynamic trading model.
However, in contrast to these papers, we instead focus on the impacts of having multiple
venues with different technologies on competition, trading volume, transaction fees, and
welfare.

The rest of the paper is organized as follows. Section 2 presents the model. In
Section 3, we analyze the decision of the traders for a given market structure (taking the
trading speed and transaction fees as given) and characterize the trading equilibrium with
two venues. Section 4 characterizes the trading volume under this trading equilibrium.
Section 5 analyzes how venues with different trading speeds compete in transaction fees
to maximize their profit. In Section 6, we analyze the effect of differentiation on welfare.

The paper concludes with Section 7. All proofs are provided in the Appendix.

2 Model

We consider a continuous time model of a unit measure of traders with time-discount
factor p > 0 and a long-lived indivisible asset with supply Z € (0,1). Traders have unit
demand, and a trader who owns the asset is called an owner, whereas a trader who does
not is called a non-owner. Traders have an individual desire 7 € [, 7] to hold the asset,
which changes over time.

The instantaneous utility of an owner with value 7 is u(#) (which is increasing in 7),
while a non-owner gains zero instantaneous utility (regardless of their desire to hold).
The value 7 changes independently across traders at exponential inter-arrival times with
rate . Conditional on the arrival of a shock, the new desire to hold takes a value in [, 17;]
according to the cumulative distribution function F(-), with the probability distribution
function ().

At any given time, each owner decides whether to sell or keep holding the asset, and
each non-owner decides whether to buy the asset. If a trader decides to transact, she
must also decide in which venue to trade.

The two venues are indexed by v € s, f and are differentiated by their transaction
speeds o, and transaction fees c,. The speed is modeled by letting ¢, represent the rate

(of exponential random times) at which trades are executed. As the index suggests, we
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assume that venue f is faster, i.e., o = 0..2 In addition to transaction fees, traders may
incur a fixed cost 6 > 0 per trade. Unlike the venue-specific fees ¢; and ¢y, which venues
may strategically set (c.f. Section 5), 6 is an uncontrolled cost common to both venues.
We interpret 6§ > 0 as a fixed cost independent of venues, covering expenses such as
transaction costs (excluding the venue fees), regulatory taxes, gas fees on a crypto asset’s

blockchain network, and so on.

3 Analysis

3.1 Traders’ Decisions

We first characterize the behavior of traders, given the speed and transaction fees of the
venues. Let m € {no,0} denote a trader’s position, where m = no represents a non-owner
and m = o an owner. At each time t, an owner either Sells (S) or Holds (H), and a
non-owner Buys (B) or does Nothing (N). The action set of a trader is thus {H, S5, S¢}
if m = o0, and {N, Bs, B f} if m = no, where the subscripts denote the venue choice for
trading.

We focus on the stationary equilibrium and let p, denote the equilibrium asset price in
venue v. Let V;,(17) denote the expected payoff of a trader with current trading position
m € {no, o0} and desire to hold # € [1;, ;]

To define the problem, consider three independent and exponential times: T, 75, and
T, which respectively denote the arrival of a preference shock (rate 7y) or the execution of

a trade on the slow or fast market (rates o5 and ¢y). Define

Ty if A=Hor A=N,
T =
Ty ATy if A=S,or A= By, forve s, f}.

2When transactions fees c, are endogenized, this has natural consequences for the equilibrium fees,
because the slower venue must undercut the faster in order to stay competitive.



The optimization problem for an asset owner is then

T

Vo(n) = max IE{J

Mh
—pt df +1,._ —pTJ V(7Y dE(#'
petiiisy By ¢ T At e 2(') dF ()

Ui
1)
+ Z 1{T:TV}e_pT<Vno(77) + pyv—Cy — 9)} ’
vels,f}

and, similarly, for a non-owner the problem is

T
V() =  max E{l{m}e“” f Vno<fz’>dF<v’>+Zl{r—m6_”<"o(’7)"””‘C”_(’)}'
Ae{N,By,B} ! m ve{s,f}

As there are only three available actions, we define the following auxiliary functions

for each of them, in order to write down the Hamilton-Jacobi-Bellman (H]JB) equations:

oVir(y) = u(n) Ty <1qu[Vo(17’)] - va)),
——
flow gain of holding the asset ~ -

net gain of the pref. shock

pVE () = () + (B [Vo(r)] = VE(D) ) + 0% (Vi) + ps — s =0 = VE(), ()

net gain of selling in the slow venue

oVL (1) = )+ (B [Vo(r)] = VL)) + o5 (Vo ) + pp = s = 0= VL))

. /

~
net gain of selling in the fast venue

For a trader who currently owns the asset, Vi (17) denotes the value of continuing to
hold for the next instant, and V¢(#), for v € {s, f}, denotes the value of intending to sell
the asset in venue v. Since each of equation in (2) represents (1) for a fixed action, it is

natural that

Vo(i7) = max{ Vi (17), VE(i), VL ()}



We similarly define

oV (1) = 7 (Ey [Vao ()] = Vie(n) )

/

-~

net gain of the pref. shock
oVi(n :ry( Vo (7")] — ) —i—as —ps—Cs — 0 — VB(’?))
net gain of buylng in the slow venue
oV (1) = v (By [Vao )] = V() ) + 0 ( —pr—cp—0-Vi(n)). ®)

~—
net gain of buying in the fast venue

For a trader who currently does not own the asset, Vi (77) is the value of doing nothing
and V¥ (), for v € {s, f} is the value of buying the asset in venue v. Like for V,, we have
that

Vio(17) = max{ Vi (1), Vi (1), Vi ()}

Finally, with some abuse of notation, let N, Bs, B r H, Ss, and S l denote the sets
of agents for whom these respective actions are optimal, i.e., # € N if and only if
Vio(n1) = Vn(1); n € Bs if and only if Vi, (17) = Vi5(n7), etc.

We next define the stationary equilibrium, for which we need to characterize the

stationary distribution of 77 of both owners and non-owners, whose densities we denote

as fo(n7) and fuo (7).

Definition 1. A stationary equilibrium consists of the sets N, B, B Iz H, Ss, and S I prices ps
and pg; and fo and fyo such that:

* fo(n) + fuo(n1) = f(n).

* Traders behave optimally.

o Asset market clears:

[ fnan = 2. @

Ui/



o Fast venue clears:
f fro(17)dn :f fo(m)dn. (5)
By Sf
e Slow venue clears:

st Fuoliy = | Fbn)dn ©)

For the rest of the paper, we make the following normalization:

Assumption 1. 17; = 0 and u(0) = 0.

We can now characterize the equilibrium. There are three main cases: no trade, where
no trader buys or sells the asset; market segmentation (fragmentation), where both venues
are active; and no segmentation, where only the slow (i.e., cheaper) venue is active.

Intuitively, the first case is obtained when the transaction fees, cs, c Iz and/or the fixed
cost, 0, are prohibitively high, so that trading is never profitable, and the third case
occurs when the speed advantage of the fast venue is small relative to the difference in
transaction fees. In Theorem 1, we derive conditions under which each of these three
cases occurs and characterize the resulting equilibria.

Let us define the following function, which parameterizes the relative advantage
the fast venue enjoys over the slow venue, as it will be useful in the following theorem

statement:

05(0s + 7 +p)(cs +6) —os(op + 7 +p)(cs +6)
g(of,05,¢5,c6,0) = A . (7)

The function g increases whenever the fast venue becomes better for traders (when oy
increases or ¢y decreases) and decreases whenever the slow venue becomes better for

traders (when o; increases or cs decreases).
Theorem 1. For any cs < Cr, 05 < 0f, 0, Z, v, p, and u, the following hold.

(i) No trade. If u(ny,) < 2(cs + 0)(y + p), then there is no equilibrium at which a positive

measure of traders trade.



(ii)

(iii)

Market segmentation (fragmentation). If u(y,) > 2¢(c¢, 05, ¢s, ¢, 0), then a positive
measure of traders trade in both venues. In particular, the traders” actions (depending on

their desire to hold 1) are uniquely characterized by the following intervals:

N = [, ml], Bs = [, 1m2], Bf = [2, 1),

Sf = [er 773]/ SS = [773/ 174]/ H = [774/ 17}1]/

where the equilibrium cutoffs 111,112, 113, and 1y satisfy n; < y3 < N4 <1 < 2 < 4y,

and are uniquely pinned down by the following equations:

(1=Z)F(m)+ZF(na) =1-Z2, (8)
(1-2Z)F(2) + ZF(p3) =1-Z, (9)
() —u(ns) =2(y +p)(cs +90), (10)
u(z) —u(ys) = 28(oy, 05, ¢, 5, 0). (11)

No segmentation. If u(1,) > 2(cs + 0)(y + p) and u(ny,) < 2g(0y,0s,¢s,¢5,0), then
there is no segmentation and traders only trade in the slow venue. The equilibrium is

characterized by cutoffs §; = 13 < 114 < 11 < 2 = 1y, where

N = [n,ml, Bs = [n1, 1), Ss = [ni, 14, H = (14,11,

and the cutoffs 11 and 14 are uniquely pinned down by

(1—Z)F(m)+ZF(ns) =1-Z, (12)
u(m) —u(ng)
= 2(cs +6). (13)

Theorem 1 characterizes the cutoffs in terms of u(7;,) and serves as the building block

9



Figure 1: Threshold values for 7 in Theorem 1. The symbols S¢ and Ss denote types that
will sell in the fast and slow venue, respectively; B £ and B are those who will buy in the
fast and slow venue, respectively. Types in N will not buy, and types in H will hold.

for our analysis. Before we proceed with the analysis, we discuss the conditions that give

rise to the three main cases, starting with the first case. We have the following equality:

u(y) = u(ny) — u(0) = (vah) - vH<o>) (v+p). 19)

This quantity corresponds to the value of a transaction between traders with holding
desires 77, and 0. Thus, u(7;) is a measure of the maximum value of a transaction,
obtained when a trader with the highest possible valuation 7, buys from a trader with
the lowest possible valuation 77; = 0. Intuitively, if the slow venue is too costly for traders
with types 7, and 0 to trade, then it is also the case for all other traders, and there is no
trade in any equilibria. In particular, whenever 2(y + p)(cs + 6) = u(#y,), the trading fee
is very high compared to the flow payoff of the asset, and no trader is willing to trade. It

is instructive to express the condition for no trade as:
2(¢cs +6) > Vu(11n) — Vu(0). (15)

In this form, the equation simply says that the cost 2(cs + 6) is higher than the value
of the most profitable transaction, so there exists no price that makes a positive measure
of traders on both sides of the market willing to trade.

In addition, whenever there is trade, the slow venue is always active. The reason
behind this observation is simple: whenever a trader is indifferent between trading fast
and holding (or doing nothing), she breaks even when the trade happens. However, as
the slow venue is cheaper than the fast venue, if that trader trades in the slow venue, she

pays a lower transaction fee and, thus, strictly prefers that outcome to trading in the fast
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venue or holding/doing nothing. Recall that there is positive trading in the fast venue

whenever the following condition holds:

(v +0)(Va(nn) — Vu(0)) > 2g(0f, 05, ¢5, ¢5,0). (16)

As cf > cs, the numerator of g(-) is always positive and bounded away from zero (see
Equation 7), while the denominator goes to zero as the speed difference between the
venues vanishes. Thus, the existence of trading in the fast venue depends on the speed
advantage of the fast venue and the difference in transaction fees. A segmented market is
illustrated in Figure 1.

Theorem 1 characterizes {7;};—1 4 in terms of 0, 05, ¢f, and ¢;. We suppress the
dependence of 77i(0f/ 05, Cf, cs) on these parameters to simplify the notation in the rest of

the paper.

3.2 How do fees and speeds affect market structure?

In this section, we discuss how the equilibrium market structure changes as a function
of the model parameters; here, the term “market structure” refers to the state of market
segmentation (i.e., one of the three cases in Theorem 1) and the corresponding cutoff

thresholds as defined in Theorem 1.

3.2.1 Illustration of the market structure

For an example set of parameters, the typical thresholds behave as in Figure 2, where
we plot the four thresholds as a function of the fixed cost, 6. With ; = 0 and #;, = 1,
the types 77 € [0, 73] U [172,1] trade in the fast venue. In other words, when #3 > 0 and
72 < 1, the market is segmented. This is the case in Figure 2 when the fixed cost 0 is less
than 1 (approximately). Once 0 is sufficiently high, the market is no longer segmented:
all traders use only the slow venue. Therefore, we obtain a “corner solution” for the
thresholds: #3 = 0 and 7 = 1, and the fast venue disappears. When the 0 is even higher,
the no-trade condition in Theorem 1 is satisfied, and thus no trader engages in any
trading. In Figure 2, we see that even the slow venue thresholds hit their corner solutions

(i.e., when 0 > 2.3 in the figure). Thus, the figure showcases all three cases of Theorem 1.
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Figure 2: Type thresholds 74, ..., %4 as in Theorem 1 as a function of the fixed cost 6. Here
1 is uniformly distributed on [0, 1] and the utility function u(#) = 7 is linear. The other
parameters are Z = %; p=7=01¢c=01and os =1;and cp =03 and or = 10.

3.2.2 Comparative statics of the market structure

In Figure 2, we illustrated how the market structure changes as the fixed cost 8 increases.
In general, the relevant exogenous parameters in Theorem 1 are (in addition to 0) the
transaction fees ¢; and ¢y and the speeds o5 and 0. Figure 3 illustrates the type thresholds
as a function of these parameters. The behavior of the market structure with respect to
each of the parameters is intuitive. Take, for example, the slow-venue transaction fee
cs; as it increases (and holding all other parameters constant), the slow venue becomes
less attractive and the fast venue more attractive. When c¢; is low enough, there is no
segmentation because the fast venue is simply too expensive compared to the slow venue.

The behavior of the thresholds as the fast-venue transaction fee ¢, changes is also

intuitive; as cs increases, fewer types trade in the fast venue (i.e., #3 decreases and 1,
f % i i
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Figure 3: Comparative statics for Theorem 1. The type thresholds (y-axis) are plotted as
a function of changing a single parameter at a time (x-axis); the parameters of interest
are the transaction fees and speed offered by the slow and fast venues. As usual, the
thresholds are ordered: 3 < 174 < 11 < #2. Thresholds for the fast venue are in blue, and
those for the slow venue are in red.

increases). When the fee is sufficiently high, all traders use the slow venue, and the
market no longer exhibits segmentation. In contrast to changing cs, changing ¢y does not
affect the cutoffs for types of traders who engage in the slow venue. This is because the
traders who are on the cutoff are actually indifferent between trading in the slow venue
versus not trading at all: the alternative option of trading in the fast venue is not being
considered since transaction fee concerns dominate speed concerns. Therefore, these
traders remain marginal even as the conditions in the fast venue change. On the other
hand, there are no marginal traders who are not affected by a change in the slow venue
transaction fee: if ¢; increases, the scale is tipped in favor of the fast venue for marginal
traders between the fast and slow venues. Similarly, the scale is tipped in favor of not
trading for marginal traders between trading slowly and not trading.

Finally, increasing the slow-venue speed has a similar effect as increasing the fast-
venue transaction fee in that the fast venue becomes less attractive. Interestingly, the
thresholds for marginal traders using the slow venue do not change: They care only about

the cost of trading, as explained above. Increasing the speed of the fast venue has the
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opposite effect, though we see that it exhibits diminishing returns in that even an infinite

speed advantage will not allow the fast venue to capture certain types of traders.

4 Trading Volume

In this section, we characterize the trading volume for a given market structure. The

measure of traders in each venue is given by the following equations:

3 M
m(0s,0¢,¢s,¢7,0) = fo(m)dn + | fuo(17)dn
m 2 ’Y(l - Z) (17)
= F<173>’Y+Uf +(1- F(’?z)),YTUff
and
N4 2
ms(0s, 07, s, Cf,0) = fo(n)dn+ | fuo(17)dn
UK m (1 - Z) (18)
= (F(ps) = (1))~ -+ (FOm2) = EOn) =

The trading volume in the slow and fast venues is given by TV = osm, and TV, =
osmy, respectively. We define the total trading volume as TV = TV, + TV . The following

proposition shows how trading volume in venues depends on fees and speeds.’

Proposition 1. The trading volume in the fast venue is increasing in cs, 0y and is decreasing in
cf,0s,0. The trading volume in the slow venue is increasing in ¢y, 0s and is decreasing in cs, oy.
The total trading volume is decreasing in 6.

As expected, the trading volume in a venue is increasing in the trading speed of that
venue and the transaction fee of the other venue, while it is decreasing in the trading
speed of the other venue and the transaction fee of that venue.

Increasing the transaction fee reduces the trading volume while increasing the fee
charged per transaction, which is the main trade-off for the firms when they compete on
fees. We later allow firms to compete by setting ¢; and ¢y to maximize their revenues and

analyze the effect that competition has on trading volume.

3A full set of comparative statics of cutoffs and measures of traders is provided in the appendix.
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Figure 4: Trading volume in the two venues as a function of transaction fees ¢s and ¢y
with 77 ~ Unif[0,1] and u(#) = 5. The gray regions indicate cost regimes in which only
the slow venue is active. The primary driver of the trading volume in either venue is
whether the fees exceed the threshold values needed for segmentation.

Before endogenizing the transaction fees ¢; and ¢y with competition between venue
owners, we illustrate the results of Proposition 1 in Figures 4 and 5. Figure 4 plots the
trading volumes in the two venues as the transaction fees in the venues change. In the
left pane, we observe that the fast venue is initially inactive due to the low fees in the
slow venue, but eventually becomes active when the slow venue fees are high enough.
Similarly, in the right pane, we observe that the fast venue is active whenever ¢y is low
enough compared to c;. Figure 5 plots the trading volumes in the two venues as the
venue speed changes and illustrates that for given transaction fees, the trading volume
in each venue is increasing in its speed. In the next section, we introduce competition

among the venues and characterize this behavior in greater detail.

5 How does fee competition affect market structure?

Having characterized the trading volume, we next analyze the competition between the

two venues by setting transaction fees. The revenues of the fast and slow venues for a
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Figure 5: Trading volume as a function of venue speed with # ~ Unif[0, 1] and u(y) = 7.
The gray region indicates the thresholds beyond which only the slow venue is active.

specific transaction fee are given by the following expressions:

Rf(O'f,Cf,O’s,CS) :O'fo((Ts,O'f,CS,Cf)Cf, (19)

Rs(of,cf,05,¢5) = 0sms (05,07, ¢s,Cf)Cs. (20)

For the rest of the paper, we make the following assumptions to keep the analysis

tractable.
Assumption 2. u(rn) = an.

Assumption 3. F is uniform over [0, 1].

We also make the following assumption to guarantee that the fixed cost 6 is not so
high as to prohibit trading a priori.
Assumption 4. a > 26(y + p).

An equilibrium is a set of fees c;“,c}‘é such that ¢} e argmax, Rs(cy, c}‘;, 0s,¢s) and
cj”; € arg maxc, R f(af, Cf, 05, c). The following proposition characterizes the equilibrium

fees of two competing venues.
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Proposition 2. There exists a unique equilibrium. The fees charged by the fast and slow markets

are given by

o-f - 0‘5
4o —05) (v +p) + 30405

C;(Uflo-s) = (11—29(’)’—|—p))( (21)

F
ci(of,05) = 5 (22)

Proposition 2 characterizes how the venues compete to attract traders. The slower
venue always undercuts the fast venue as otherwise, no trader would trade in it and the
venue would make zero revenue. The slow venue attracts speed-insensitive traders, while
the fast venue sets a higher transaction fee and attracts speed-sensitive traders.

More precisely, for any fixed set of exogenous parameters Z, <y, p, and 0, the fees c;
and c}‘é induced by any pair of speeds 0 < 05 < 0y will lead to a segmented market. In
other words, the segmentation condition in Theorem 1 is satisfied a posteriori when the
costs are optimally chosen given the other parameters. This captures the obvious fact that
when costs are endogenous, the venues would never set uncompetitive fees. Hence, both

venues are active in equilibrium.

Corollary 1. Fix parameters Z € (0,1), v > 0, p > 0, and 6 > 0. For any pairs of venue speeds

satisfying 0 < 05 < 0y, the segmentation condition
a=u(ny) = u(l) > 2g(0y, 05,5, 5, 0) (23)

is satisfied, where c5 and c are given by Proposition 2.

Moreover, as the differentiation between the venues becomes smaller, the competition

between them disappears.

Corollary 2. limy;, |0 cZ(0f,05) = limyg, g0 C}(0f,05) = 0.

The following proposition shows how competition is affected by the speed of each

venue.

Proposition 3. Transaction fees c; and c}‘; are increasing in oy and decreasing in 0s.
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Figure 6: Optimal transaction fees (cost) as a function of venue speeds.

These results show the importance of differentiation. When the fast venue becomes
faster, the level of differentiation between the venues increases and the effect of com-
petition decreases. This results in higher fees across venues. Conversely, when the
slow venue becomes faster, the differentiation between the venues decreases and the
effect of competition increases, which results in lower fees. As o5 — o, ie., the venues
become similar, the effect of Bertrand competition drives down the transaction fees; hence,
revenues go to zero. A similar insight is also found in Pagnotta and Philippon (2018),
which considers competition between venues in a subscription model.

The results above are illustrated in Figure 6, where c; and c}i are plotted as functions
of 05 and 0y. The left panel uses 05 = 1 and moves 0y to a very large value to visualize
the behavior when 0y — <. As in Proposition 2, the transaction fees are driven to zero
as s approaches oy. Moreover, the function Ct (and hence c7) is concave in 0y: increasing
¢ has diminishing effects on the optimal fee. The intuitive explanation is that oy itself

has diminishing effects on the market structure as oy — 0, giving us

_a—20(y+p)

lim cg(oy,00=1) = 4(y+p)+3

A, (24)
For the same reason, fees are convex and decreasing with respect to the slow venue speed
Cs.

Another interesting implication is that traders with different valuations are affected
differently by the changes in speeds. For example, an increase in ¢; reduces transaction
fees, making all traders better off. On the other hand, an increase in of increases

transaction fees and makes all traders, except those with the most extreme valuations,
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worse off.
Lastly, we analyze the effect of speed on trading volume. The next proposition shows

the effect of the speed of the slow venue.

Proposition 4. The trading volume in both venues is increasing in cs.

Increasing o; has two effects. First, it increases the trading speed at the slow venue,
which, in turn, increases the trading volume (the improvement channel). Second, it makes
the slow venue more competitive. This competition reduces trading fees, which also
increases the trading volume (the differentiation channel). A speed increase for the slow
venue positively affects both channels by decreasing differentiation and improving the
overall trading speed in the market, leading to higher trading volume.

Figure 7 plots the trading volumes in each venue as a function of cs. Note that trading
volume is not only increasing but also a concave function of o5, indicating that increasing

0s has a diminishing effect.

Fast Venue Trading Volume Slow Venue Trading Volume
0.031 |
0.03 7 0.014
© 0.029 © 1
g ] £ 0.012-
S : S ‘
o 0.028 o
£ 1 £ 1
B ] B 0.011
F 0.0271 = ]
] 0.008
0.026 ]
T R I B B L B
0 0.5 1 1.5 2 25 0 0.5 1 1.5 2 25

Slow Venue Speed (o)
Figure 7: Trading volumes in both venues increase as o increases.

In fact, the two components of the competition channel that drive up the trading
volume exhibit diminishing returns. We have already seen in the right panel of Figure 6
that increasing ¢ has diminishing effects on lowering costs. Moreover, Figure 8 shows
that the impact of competition—namely, inducing former nontraders to trade in the slow

venue and formerly slow venue traders to trade in the fast venue—is also diminishing.
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The diminishing effect is captured by the thresholds 7, ..., 74 being concave; 3 and 74
are decreasing, while #; and #; are increasing. Recall that exogenously, os has no effect on
slow-venue thresholds 111 and n4 (see Figure 3); it is the effect of o5 on ¢s and cy that induces the

change in market structure.

0.8

0.7—% S~

Thresholds
— Slow Venue (n4 and ny)

/ —— Fast Venue (n3 and ny)

Type Thresholds
o
()1
|

0.3-; /

0 0.5 1 1.5 2 2.5
Slow Venue Speed (o)

Figure 8: Increasing s has a diminishing impact on type thresholds.

The effect of speed in the fast venue is more complicated. On the one hand, a speed
improvement in the fast venue increases the transaction rate there, which boosts trading
volume. However, such a speed improvement also increases differentiation, thus raising
the transaction fees charged in equilibrium. Increased transaction fees reduce traders’
incentives to pay the fee and execute a trade, which lowers trading volume. Thus, the
improvement and differentiation channels are working in opposite directions. In general,
the effect of 0y on trading volume is ambiguous. To better understand this, we consider
an instructive special case, which we call the full competition benchmark. We compare the
trading volume when there is no differentiation (0; = 0y = ¢) and when the fast venue

exhibits a local speed improvement (0; = 0 and 0y = ¢ + ¢, for small € > 0).

Proposition 5. Let 05 = 0 and 0y = 0 + €, with € > 0. Then lime_,o % has the sign of

Y2 + y0 + o(y — o). In particular,

o Ify > p, then lim._, 6(%2/ >0,
o Ify < p, then lime_g 2¥ > 0 if and only if ¢ < vi)ervv)
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Proposition 5 shows that the rate of the preference shock (7y), the patience of the
traders (p) and the initial trading speed () are important determinants of the effect of
differention on the trading volume. First, when vy > p, the trading volume increases
after a local speed improvement. This is because when p is low, traders are patient
and the value created by a trade is greater for them, so the higher fees associated with
differentiation cause less distortion. Similarly, when < is high, we observe the same effect,
but this time because traders want to trade quickly to realize the value of having the asset
until the preference shock occurs and, therefore, are less affected by the higher fees. In
these cases, traders continue to trade even with increased fees, allowing the venues to
extract more revenue from them.

When 7y < p, the effect on trading volume depends on o, the initial speed of the venues.
In this case, a speed increase boosts trading volume if and only if the initial trading speed
is low enough. This is intuitive as when trade is already fast enough initially, the benefit
of faster trading speed is less significant and is dominated by the higher fees caused

by differentiation. Moreover, the condition ¢ < 1047 j5 more easily satisfied when the

=Y
preference shock is more frequent and traders are more patient, echoing the intuition for
the first condition.* Thus, for a given o, differentiation increases trading volume when 7y

is high and p is low.

6 Welfare Analysis

In this section, we study the relationship between venue characteristics and welfare. We
assume the fixed cost 8 = 0, which causes the financial transactions in this model to
preserve the financial value within the system.” As a result, they are purely distributional
and do not affect total welfare. More precisely, from Theorem 1, we can characterize the

venue welfare, which equals the total trading fees:

3 Mh 4 12
Wvyenue = J orcsfo(n)dn + J ofcsfo(17)dn + J 0scsfo(n7)dn + J 0sCs o (17)d1]
m 2 UKl m
4 : 6% 02 =12 +207 . .. 6% 292 .
To see this, observe that o Cary A positive whenever p > 7, and —% P = pp 1

negative.
5In other words, when 6 = 0, there is no cost in the model that would cause financial value to be lost in
transactions.
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and the trader welfare, which is the value of holding the asset minus fees:

1 173 Mh
Wirader = fo anfo(n)dn — | opcefoln)dn — f TrCrfuo(1)dn
m M2

14 2
_J oscsfo(n)dn — 0sCs fno(17)dn
3 m

1
= Jo an fo(1)d1n — Wyenue-

Therefore, the total (equally weighted) welfare becomes:

W = Wtrader + Wyenue

1
= fo at fo(17)dy.

We now focus on the effect that differentiation has on welfare and extend Proposition

5 to welfare analysis. First, we concentrate on total welfare.

Proposition 6. Let 05 = 0 and 0y = 0 + €, with € > 0. Then lim¢_,9 %—V! > 0.

Thus, when venue profits are included in the welfare calculation, the improvement
channel dominates the differentiation channel, and increased trading speed enhances
welfare. This is intuitive, as any fees that venues extract from traders due to differentiation
are counted in the welfare calculation. However, the effect on trader welfare remains

ambiguous.

Proposition 7. Let 05 = 0 and 0y = 0 + €, with € > 0. Then lim,_,o % > 0 if and only if
o <4p—1.

The intuition behind Proposition 7 is similar to the one behind Proposition 5. The
importance of a local speed improvement is decreasing in the initial speed of the venues
and such an improvement increases trader welfare if and only if the venues are initially
slow enough.

However, the effect that the preference shock and the discount factor have on the
threshold is the opposite. In Proposition 5, we show that the trading volume increases
with speed differentiation when traders are patient and the preference shock is frequent.

In such cases, venues can extract more fees from traders due to both the increasing trading
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volume and the higher fees associated with differentiation. This lowers traders welfare.
Conversely, in cases with impatient traders and infrequent preference shocks, venues

cannot extract those rents, and a speed increase results in an increase in trader welfare.

25
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Figure 9: Behavior of trading volume (TV) and trader welfare (TW) as a function of v
(x-axis) and p (y-axis) under a local increase in trading speeds. We set ¢ = 1.

Propositions 5 and 7 illustrate how the effect of a local speed increase on trading
volume and trader welfare depends on the initial speed, discount factor, and rate of
preference shock. In Figure 9, we plot the regions where this effect (i) is positive for both
the trading volume and trader welfare, (ii) is negative for both, (iii) is positive for the
trading volume and negative for trader welfare, and (iv) is positive for trader welfare
and negative for the trading volume. The red region with high values of ¢y and low
values of p corresponds to patient traders and frequent preference shocks; in this region,
trading volume increases while trader welfare decreases. Conversely, the blue region with
low values of o and high values of p corresponds to impatient traders and infrequent
preference shocks, yielding the opposite effect. In the purple region, characterized by
impatient traders and frequent preference shocks, both trading volume and trader welfare
increase following a speed improvement. In contrast, in the white region, both values

decline after such an improvement. Moreover, the qualitative features of the figure do not
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depend on the value that ¢ takes. For each o, the point where all four regions intersect
corresponds to the v*(¢) and p*(0) values that jointly solve the conditions given in

Propositions 5 and 7, and (y*(¢), p*(0)) are increasing in o.

7 Conclusion

We developed a dynamic model to study the strategic interactions between trading venues
and the dynamic choices of traders when venues differ in technology (fast vs. slow)
and clear trades separately (e.g., exchange vs. OTC, core vs. periphery dealers in OTC
markets, crypto exchanges). We characterize the equilibrium in terms of the trading
speeds and fees of the venues and demonstrate when it exhibits fragmentation. We then
examine the equilibrium of fee competition among trading venues. In this equilibrium,
both venues are active, leading to market segmentation (fragmentation).

We demonstrate that the equilibrium trading fees increase when the venues are
technologically differentiated. We then explore trading volume and trader welfare.
Improvements in the slow venue’s technology correlate with increased trading volumes
and enhanced trader welfare. In contrast, the impact of improvements in the fast venue’s
speed is ambiguous and hinges on the trading speed, the rate of preference shock, and
the traders” patience. Specifically, an improvement in the fast venue’s speed positively
affects trading volume and trader welfare if and only if the initial trading speeds are
relatively low compared to the rate of preference shock and the traders” discount factor.

In conclusion, our model highlights how technological differences impact trading
strategies and market welfare. From a policy perspective, this underscores the need for
regulatory considerations around technology disparities in trading venues. Policymakers
should be cognizant of the potential market segmentation and varied trader welfare

outcomes arising from technological advancement in this sector.
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Appendix

Throughout the appendix, we use the more compact notation V; , for the quantity V(7).

Proof of Theorem 1

The proof will proceed as follows: First, we show in Lemma 1 that in any equilibrium with
positive trade, selling in the slow venue leaves the seller with higher revenue than selling
in the fast venue and that buying in the slow venue is cheaper for the buyer compared
to buying in the fast venue. Using these facts, Lemmas 2 and 3 characterize actions of
traders after a trade and show that buyers hold the asset after buying and sellers do
nothing after selling. Given these actions, Lemma 4 characterizes the value functions
after any decision (selling, holding, buying or doing nothing) by a trader. Lemmas 5, 6,
and 7 characterize the structure of traders’ venue choices using a simple cutoff structure.
Lemma 8 gives the sufficient (which we later show to be necessary) condition for no trade
in both venues, proving part (i) of Theorem 1. This condition requires the present value
of the gains from the most profitable trade (between a trader with valuation 7, and a
trader with valuation 0) to be larger than total fees and fixed costs paid by the traders
for the trade. Lemma 9 gives an analogous condition for existence of trade in the fast
venue, which simply requires the value of most profitable (thus most speed sensitive)
trade to be larger than some measure of differentiation among the venues. Lemma 10
characterizes the equilibrium type distributions of asset owners and non-owners using
inflow and outflow equations. Using the distributions characterized in Lemma 10 and
the venue clearing conditions, in Lemma 11 we arrive at two of the four main conditions
in part (ii) of Theorem 1. Assuming both venues are active (i.e. the condition given in
Lemma 9 holds), Lemma 12 finishes the the characterization of cutoffs structure when
the market is segmented. Lemma 13 then finishes the proof of part (ii) of Theorem 1
by showing the existence and uniqueness of prices. Lastly, we prove part (iii) by using
Lemmas 10 and 11 and showing the existence of prices where there is only demand for

the slow venue whenever the condition in Lemma 9 does not hold.
Lemma 1. In any equilibrium with positive trading, the following are satisfied:
1. ps—cs = pr—cy,
2. ps+cs < pgtcy

Proof. Assume for a contradiction that ps —c¢s > ps — ¢y is not satisfied. Then we have

ps —Cs < ps — cg. For a contradiction, assume that there exists # such that V¢(n) > Vy(7)
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and V¢(n) = st(ﬂ). The former implies that V;,o, + ps —cs — 0 — V(1) > 0. Note that
the values for VZ(7) and Vg (17) are given by following equations:

oVi(n) = u(n) + 7 (By[Voy ] = VE0D)) + 05 (Vaoy + s —cs—0-VE(n)),  (25)
oVL (1) = u(n) + 7 (By Vol = VEn)) + 05 (Voo +pp —cs =0 - V() . 6)

We compare these expressions term by term: Using that V¢(17) > Vg (17), we have
¥ (By Vo] = VL)) = 7 (B Vo] = Vi) ) -

Moreover, Vi(17) = st(iy), 0f > Os, Vioy + ps — ¢s — 0 — VE(11) > 0 together with ps —cs <
pr — ¢y implies that

of (V,w,,7 +pf—cr—0— Vg(q)> > 05 (Vmw +ps—cs— 0 — VSS(17)> :

Thus, we have V¢(7) < VS{ (17), which is a contradiction. As a result, there is no 7
such that V¢(n7) > Vi(y) and VE(y) = Vg (7). This means that there is measure 0 of
traders who prefer to sell slow. As we assumed there is positive trade, then there must be
non-zero measure of traders who prefer to sell fast.

Next, we will show that under p; —cs < py — ¢y, there positive demand in selling slow,
which is a contradiction as slow venue clearing condition cannot hold in that case. Note
that ps —cs < py —cr and ¢s < ¢y implies ps +¢5 < py +cy.

In any equilibrium with positive trade, there is a type 7 that prefers buying fast or
slow to doing nothing. If type 77 prefers buying slow, i.e., V(1) > max{Vi(n), Vn (1)},
the continuity of Vy, V¢ and Vg in # implies that there is a positive measure of types
around 7 that prefer to buy slow.® However, this will be a contradiction to the slow venue
clearing condition and cannot happen under any equilibrium.

Next, assume for a contradiction there are no types that prefer to buy slow. Then

each type either prefers doing nothing or buying fast. Let 7* denote the type that is

®The continuity of Viy and Vy in 5 follows directly from continuity of u(#). The continuity of V¢, Vg ,

Vp and VEJ; follows from continuity of u(1), V,, and Vy,,. To show the continuity of V; ;, and V;,, in any
equilibrium, let # and 1’ = 1 + € with € > 0 denote two different types. First, note that the equilibrium
strategy of 1 is available to #” and u(#") > u(1), thus 5’ can guarantee herself a payoff of at least V,, when
she owns the asset and V), when she does not by playing the same strategy. Thus we have V, ,» >V,
and Vyor > Vioy- Next, if 77 plays the equilibrium strategy of ', then V,, ,» — V, 4 and Vo v — Vo, is
bounded above by the expected utility derived from owning the asset until the preference shock strikes. As
u is continuous, this bound converges to 0 as € goes to 0, yielding the desired continuity.
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indifferent between buying fast and doing nothing, i.e. Vy(r*) = Vl{ (7*). This means
that Vi« —pr—cf—0 — Vg(n*) = 0. Butas ps +¢s < ps+cyand Vi < v/ we have
Vot — Ps —Cs — 0 — V{(?]*) > 0. This implies that V;(1*) > Vé((n*). But then, there is a
positive measure of traders that prefer to buy slowly. As we have shown there are no
traders that prefer to sell slowly, slow venue clearing condition cannot hold and this is a
contradiction to the assertion that that we have an equilibrium.

The proof of the second part is analogous. Assume for a contradiction that ps + ¢ <
ps+ ¢y is not satisfied. Then we have ps + ¢s > ps+cy. Fora contradiction, assume
that there exists # such that V(1) = V() and V3(17) > Véc (17). The former implies that
Vo —Ps —cs —8 —V3(n) > 0. Note that the values for Vj(17) and Vg(q) are given by
following equations:

V(1) = (B [Vaoy] = Vi) + 05 (Vo = ps — s = 0= Vi(n)), 27)

and
oVE(n) =7 (EyWVaou] = VE(n)) + 05 (Vo = pp —cr = 0= Vi (1)) (28)
Looking at term by term, as V(1) > Vg (17), we have
Y (By WVaoy] = VE (1)) = 7 (Byp Vo] = Vi) -

Moreover, V(1) > Vg(ﬂ), 0f > 05, Vo — ps — ¢s — 0 — V(1) > 0 together with ps + ¢s >
pr + ¢y implies that

of (V(),,7 —pf—cF—0— Véi(iy)> > 0% <V0,,7 —ps—Cs—0— V§(q)> :

Thus, we have V(1) < VEJ; (17), which is a contradiction. As a result, There is no 7 such
that V(1) = Vn(n7) and Vi(n7) > be (17). This means that there is measure 0 of traders
who prefer to buy slow. As we assumed there is positive trade, then there must be
non-zero measure of traders who prefer to buy fast.

Next, we will show that under p;s + ¢s > ps + ¢y, there is positive demand in buying
slow, which is a contradiction as the slow venue clearing condition cannot hold in that
case. Note that ps + ¢s > py+ ¢ and ¢s < ¢y implies ps —cs > pr —cy.

In any equilibrium with positive trade, there is a type 7 that prefers selling fast or slow
to holding. If type 77 prefers selling slow, i.e., V5 (17) > max{V§(y7), Vn(17)}, the continuity
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of Vy, V¢ and Vg in 77 implies that there is a positive measure of types around 7 that
prefer to buy slow. However, this will be a contradiction to the slow venue clearing
condition and cannot happen under any equilibrium.

Next, assume for a contradiction there are no types that prefer to sell slowly. Then each
type either prefers holding or selling fast. Let #* denote the type that is indifferent between
selling fast and holding, i.e. Vy(n*) = Vg(;y*). This means that Vy,» + pf—cy—0 —
Vg(n*) = 0. Butas ps —¢s > pr—crand V¢ < Vg we have Vo i+ + ps —cs — 0 — be(q*) >
0. This implies that V¢(1*) > Vg (7). But then, there is a positive measure of traders that
prefer to sell slowly. As we have shown there are no traders that prefer to buy slowly, the
slow venue clearing condition cannot hold and this is a contradiction to the assertion that

that we have an equilibrium.
O

We start by proving some lemmas:
Lemma 2. (i)Ss € N v By, (ii)) Sy € N u By, (iii) Bs € H U Sy, (iv) By € Hu S5

Proof. To prove (i) and (iii), assume for a contradiction there exist #7 € Ss N Bs. Then we
have V;, , = VZ(17) and Vy,; = V3(17). Then by substituting for RHS and summing:

(v +0)Voy + Vo) = u(nn) + v (Ey [Vo,r] + Eyr [V 1)) — 205(cs + 0). (29)
From the optimality of selling slow, we have:
(os+y+p) (v +0)[Vi(n) = Vu] = —os(u(y) + VB, [Voy]) +05(v +0) (Vioy + ps —cs —0) =0
Rearranging implies:
(Y +0) Voo = u(n) + YEy [Viy] — (v +p)(ps — s — 0). (30)
From the optimality of buying slow, using V3;(#) — Viy(#7) > 0 we obtain:
(v +0)Voy = YEy Vo] + (7 +p)(ps + s +0). (31)
Summing equations 30 and 31, we obtain:
(v +0) Vo + Viy) = u(y) + 7By [Viy] + VEy Vo] +2(7 + p) (cs +6).

Which contradicts equation 29. Replacing s with f in the above proof proves (ii) and (iv).
O]
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Next Lemma shows that fast sellers do nothing after selling and slow buyers hold
after buying.

Lemma 3. (i) Sy n Bs = &, (ii) Ss n By = &

Proof. To prove (i), assume for a contradiction 7 € S £ Bs. Then as 77 € Bs, we have:

Va(11) = Vn(n) >0
(v +p)os(Viy —ps —cs = 0) + (v +0)YEy [Vo,] —v(0s + v+ 0)Ey Vo] >0
(v + p)aS(Vl,q —ps—cs—0) — US7IEU’[VO,ﬂ’] >0,

which implies:

(s +7+0)(Viy—ps—cs =0) > 0s(Viy — ps — ¢s = 0) + VB [Vo ]
V1,,7 —ps—cs—0>Vi(y) = Vo
Viy > Vo, + ps + s + 6. (32)

This is intuitive as the individual prefers the continuation value while holding the asset
and paying ps to the value of not holding the asset. From 7 € S¢, we have:

VL (1) = V() > 0.
Similar calculations as above yield:
Vl,’i < V0,17 + Pf—¢f— 6. (33)

Equations 32 and 33 imply py — ¢y > ps + ¢s + 20. Subtracting 2¢; — 20 from the left-hand
side, we obtain py — ¢y > ps — ¢s which is a contradiction. Switching s with f in the above
proof proves (ii). O

The following lemma is immediate given the previous ones:
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U(T]) ‘|‘Uf(VN + pPf—cCf— 9) + ’Y]EU/[VL’?/]

f
V 7
5(77) (Uf+’y+p)
VS( ) - M(T]) + Us(VN + Ps — Cs — 9) -+ rﬂEﬁl[VLﬂ/]
S n (0_S+,)/+p) ’
Vf(n) _ af(VH(U) —Pr—CF— 0) + ’YIEW’[VO,W’]
P (or+7+p) ’
V() = os(Vu(17) = ps —cs — 0) + v E [ Vo ]
BuI (05 +7+p) '

The following lemma helps us prove the structure of the speed choices.

v
L1 >Oand#>0.

Proof. As u(y) is strictly increasing, we have the following: aVNU( 1) — 0, and aVHU( 1 0.

Next, assume 4 € B;. Take any ' > 7. We have:

Vor 2 V(') > V(1) = Vo,

where the first inequality follows from the optimality of V},, ;, the second follows from
the fact u(#) is strictly increasing, and the third equality follows from 7 € B. Similarly,
assume 1 € Bf. Take any 51" > 7. With the exact same reasoning, we obtain:

Vour = V(') > V() = Vo

A

Wy
Hence, 617 > 0, which proves the second claim. Given this, it is immediate to conclude
Vi (1), Vé(n7) and Vg (n7) are all strictly increasing in # as u(n) is strictly increasing. Thus,
V1, which is their maximum, is strictly increasing, a‘a/% > 0, which proves the first

claim. O
Lemma 6. There exist cutoffs 171 and 1 such that N = [1;,11], Bs = [1, 2] and By = [12,13]

Proof. Let 1 = sup N and 7, = inf By. Notice that given Lemma 5, the differences:
Vg(n) —Vi(n), Vi(n) — Vn(y) and Vg(n) — Vn() are all strictly increasing in 7. Then,
if 7 € B, we have Vg (n) > Vi(n) and V]ér (7) > Vn(n7). Then as above differences are
increasing in 7, ' > 1 implies Vg(ﬁl) > Vi(n') and Vg(ﬁ/) > Vn(1'). Hence, 1’ € By,
which proves that B = [112, 17p].

Similarly, if 7 € N, then V(1) > V3(17) and V(1) > Vér (17). Then as above differences
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are increasing in 77, ' < 17 implies V(1) > V3(1') and Vn(7') > Vg(ﬂl). Hence, ' € N,
which proves that N = [r;,771]. The fact that Bs = [11, 172] follows immediately.
]

Lemma 7. There exists cutoffs nz and 14 such that Sg = [111,113], Ss = [113,174] and H = [n4, 3]

Proof. Let 13 = sup{n € S¢} and 74 = inf{y € H}. Notice that the differences V(1) —
Vi), Vu(n) — Vg(ﬂ), Vi(n) — st(ry) are all strictly increasing in 7. Then, if 7 € H, we
have V(1) > Vi(y7) and Vy(y) > Vg (17). Then as above differences are increasing in 7,
7' > 1 implies Vy (') > V¢(') and V(') > Vg(i/l). Hence, ' € H, which proves that
H = [n4,n;]. Similarly, if 57 € s/, then st(iy) > V() and st(iy) > V¢(n7). Then, as above
differences are increasing in 1, ' < 1 implies Vg (") > Vy(n') and Vg (n") > Ve(n').
Hence, " € S, which proves that Sy = [i7;, 173]. The fact that S; = [173,774] then follows.

U

The structure follows from Lemmas 6 and 7. The fact that 771 < 74 follows from
S 0 Bs = @ and Ss n Bs = J. The following lemma proves part (i) of the proposition.

Lemma 8. If u(n,) > 2(cs + 0)(y + p), then there is no trade.

Proof. See that the following two conditions are necessary for any trader to prefer trade

in any equilibrium:

Vg(’?h) > VN/ (34)
VE(0) > V(0). (35)

From 34 we have:

0s(Voy, = ps —¢s = 0) + ')’]EU’[VO,W’] - 'Y]EU’[VOJ]’]
(05 +7+p) (v +p)

4

which reduces to (7 +0)0s(Voy, — ps — ¢s — 0) > 0s7E,/ [V ;] Therefore,

(v +0)(Vu(itn) — ps —¢s = 0) > (v + p) V. (36)
From 35, using #(0) = 0, we have US(V”O'O+pZ;i;?;7E”/ V] > M?Z;K)lj”/]. Hence,
(v +0) (Vw4 ps —cs —6) > (v + p) Vu(0). (37)
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Summing 36 and 37:

VH(ﬂh) + VN — Z(CS -+ 9) >V + VH(O),
Vi (i) — Vi (0) > 2(cs +6),
u(mn) > 2(cs +0) (v +p).

]

The following lemma characterizes the condition under which the fast venue is active

in any equilibrium:

Lemma 9. There is positive trade in fast venue only if

05(0s + v +p)(cs +6) —os(op + 7 +p)(cs +6)

u(ny) > 2 s )

Proof. Given the structure of cutoffs, one necessary condition for positive trade in the fast
venue is V¢ (0) < Vg (0). As u(0) = 0, this is equivalent to:

os(VN +ps —cs —0) + vE [V, _ or(VN +pf—cr—0) +7vE,[Vi,]
(o5 +7+p) (er +7+p)

After some algebra, we obtain:

or(os +9+p)(ps—cf—8) —os(or+7+p)(ps —cs — 0)

Vi = Vul(0) > - (0o )

(38)

Another necessary condition is V(1) < Vg (17,). Doing similar algebra as above, we

obtain:

or(0s +7+p)(ps+cs+0) —0os(of+7+p)(ps +cs +6)
(of—0s)(r+p) .

Vu () — VN > (39)

Summing equations 38 and 39, we obtain

o5(0s + v +p)(cp +0) —os(ap + 7 +p)(cs +6)

(i) > 2 oo, /

which, after observing that the conditions are together sufficient, completes the proof. [

First, we find the distributions for f, and f,, (we leave the values undefined at the

cutoffs {#;};—1 .4 as values in individual points do not matter):
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Lemma 10.

(N if e (n13) fats  ifne (nms)
FOn)EEIZET iy e (3, m) FE5 e (n3ma)

fuo(n) = f)A1=2)  ifye(qam), foln)=1Ffn)Z if 1€ (a,m)
fln) 2 if n € (m,72) FNZEE ifpe (m, )
FoSEr ifne Gnom) )G e Grm)

Proof. Let 17 € (13,113). The outflow of asset owners with valuation 17 is v fo(17) + ¢ fo(17),
while the inflow is vZf (1), hence we have:

vz

vo(11) +pfo(n) =vZf(y) = folin) = Uf+,yf(f7)-
As fo(17) + fno(n) = f(17), we have:
_OF+ (1-2)y
fno(17) o+ f(n).
Let 7 € (73,74). Inflow-outflow balance requires:
VRO o) = 1Zn) = ful) = 2= )

As fo(n) + fno(n) = f(n7), we have

o+ (1-2Z)y
fuo(n) = Wﬂﬂ)'

Let 7 € (74,71). The inflow-outflow balance for owners with valuation # requires:
vho(n) =2Zf(n) = foln) = Zf(n).

Therefore, fuo(n7) = (1= Z)f(n). Let 1 € (1, 712). The inflow-outflow balance requires:

(1-2Z)y

Yfno(11) + 0sfuo(i7) = (L= Z)vf(n) = fuo(n) = f(11) Ttos

As fo(1) + fuo(n) = f(n), we have f,() = f(n)vfjais_ Let 17 € (172, 17,). The inflow-outflow
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balance requires

Vfuo(n) + ‘Tfan(’?) =1 =2)vf(n) = fuo(n) = f(1

As fo(i1) + fuo() = f(17), we have f,(17) = f<'7>vvz++a?-

We first need to find the market clearing conditions.

Lemma 11. In any equilibrium, asset market clearing conditions imply:

)(1_2)7
Yo

(40)
(41)

Proof. We have two market clearing conditions: one for the slow venue and one for the

fast venue. Fast venue clearing condition:

M 13
fuo(n)dn = | fo(n)dy
12 m

1(1-2) vz
(1 —F(Uz))m = F<173)af+7
1-Z _ F(y3)
z 1—F(n2)

ZF(13) + (1= Z2)F(2) = (1 - 2).

From slow market clearing condition:

M2 M4
fro(m)dn = | fo(n)dn
m 13

(PO~ Flm) ) 2 — (B~ PO ) 22

1-Z _ F(ya) = F(1s)
Z F(12) — F(m)
(1= 2Z)F(m) + ZF(na) = (1 - 2),

where the last line is obtained by plugging in fast market clearing equality.

(05 +7+0) (c£+6) ~03 (0 +7-+p) (¢s+6)
(Tf—(Ts

Lemma 12. If u(1,) > 2%

35

(42)

(43)

(44)

(45)

(46)

(47)

(48)

(49)

]

, then in any equilibrium there is



positive trade in both venues. The equilibrium cutoffs are given by:

u(n) —u(na) _

——VI?——_2@y+m, (50)

u@ﬂ—w&m):2%@f+®0%+7+p)—%@v+®wy+v+p) 51)
Y+p (of—05)(v +p) '

Proof. It observes that

0s(Va(m) — ps —cs = 0) + YEy[Vo,n/]

Vi(m) =

(os+v+p) '
_ 0s(Vu(m) —ps—cs=0) + (v +0)Vn
(‘75+'Y+P) ’
US(VH(Wl) - VN — Ps — Cs _0)
= + Vy.
((TS+’)’+.0) N

In addition, as #; is the cutoff type for buying slowly and doing nothing, we have
V§(71) = Vy’. Combining these:

VH(1]1) = VN+PS+CS+9. (52)

Similarly, as 74 is the cutoff type for selling slowly and holding the asset, we have
Vi (11a) = VE(n4). Hence,

M( 4)+U VN—|— —C —0)+’YIE /[V,/]
VH(774): ;7 S( pS S Ui 117 ,

(os+7+p)
Cu(a) FYEy [Vl os(Vn+ ps —cs — 6)
(0s +7+p) (s +v+p)
_ (r+p)Vu(a) | os(Vn+ps —cs —0)
(os+7+p) (s +7+p)
T last equality implies
VH(774) =VN+ps—cs—0. (53)

Using equations 52 and 53, we get Vi(171) — Vy(14) = 2(cs + 0). Therefore,

Vialm) — Via() = "0 o, 1),

"Notice that V(1) = Vy for any 5
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Now we use Vi(173) = Vg(ﬂg,), SO

u(n3) +0s(Vn +ps —cs — 0) +vE, [Vi ] _ u(ns) + U'f(VN +pr—cr— 0) + 'y]E,?/[VLU/] 54)
(o5 +7+p) (of+7+p) '

Rearranging implies

<‘7f —05)(u(nz) + 'YIEU’[VLU/]) = (‘Tf —0s)(y+p)WN

+op(os+v+p)(pr—cf—0) —0os(or+v+p)(ps —cs — 0).
(55)

Dividing by (cf —0s) (7 + p):

vy = ) | Yy Wiyl oples ot p)(py—cp = 8) —os(oy + o+ p)(ps — s —6)
Y+p Y+p (o —035)(7 +p)

B Uf(o's+'Y+P)(Pf_cf_9)_US(Uf+'Y+P)(Ps_CS_9)

= Vu(ns) — :

(o —05) (v +p)

(56)

Similarly, using Vé[ (12) = V;3(112), we obtain:

or(Vu(nz) —pr—cr = 0) +vEy Vo] 0s(Vu(112) — ps — cs — 0) + vy [Vo /]

(of+7+p) (s +7v+p)

Rearranging and dividing by (c¢ — 05)(7y + p):

or(os+7+p)(pstcp+0) —os(op+7+p)(ps+cs+0)
VH(772) - (O.f _O'S)(’)’_'_p) - VN- (57)

Solving 56 and 57 gives

u(m2) —u(13) _ Z‘Tf(cf +0)(0s + v +p) —0s(cs +9)(‘7f +7+p)
vT+p (o7 —0s) (7 +p)

(os+7+p)(c+0)—0s(0f+7+p)(cs+0)
(Tf*O’s

Note that if u (i) > 22
such that equation above holds. Moreover, any type # < 3 and n > 1, strictly prefers

, then there exists 77, < 17, and 173 > 0

fast venue to slow venue and there is positive trade in the fast venue. O
Next, note that u(7,) > ZUf(USHJFP)(Cf+g):gz(0fﬂ+p)(CS+9) implies u (1) > 2(cs +6) (v +

p) whenever ¢ F > Cs, which is assumed. Thus, whenever the former inequality holds,
11,12, 113 and 14 that solves equations 40, 41, 50 and 51 constitutes equilibrium cutoffs
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where both venues are active. To finish the proof of part (ii) of theorem 1 we characterize

the equilibrium prices in case (ii). From equation 53, we obtain the characterization of p:

ps = Vi(na) — Vn+cs + 6,

_ u(774)+7]E17’[V1,77’] L +6_')’]E17’[V0,17’]
T+ ’ Y+po
u(7) 0 ( )
i — 9 — ]E/V / —]E/V ! . 58
’Y+p+cs+ +')’+P 17[1,;7] 17[0,17] ( )

From equation 56:

or(os +v+p)(pr—cr—0) —0os(or +7+p)(ps —cs — 0) _ ”(’73)+ i
(of —0os)(v +p) Y+p v+p

(IE,]/ [Vi,y] =y [VW]> .
(59)

The following lemma shows that 58 and 59 yields a unique price vector and completes
the characterization of equilibrium.

Lemma 13. Equations 58 and 59 characterize a unique price vector.

Proof. We only need to show that (58) and (59) lead to unique solutions for ps and py. In
particular, we will show that the quantity I,/ [V, ] —E,/[V,,, /] does not depend on either
ps nOr py; once this is done, p; is directly pinned down by (58), and after substituting into
(59), py is also uniquely determined. To finish up, we will need to show that the numbers
ps and p recovered this way are positive: this is done in the last step of the proof.

To begin, in the following two steps we establish that |E,/[V, /] — [V, /] only
depends on the endogenous thresholds 71,772, 3 and #4. First recall that

u(n) +or(Vw +ps—cr—0) +vEp[V,,]

froy
Vi (n) = R ,
s _ u(n) +os(Vw +ps —cs —0) + ’)’]Eﬂ/[VOIW/]
Vs(’?) = oot ,
V&ﬂ):UﬂVﬁW)—Pf—q—ﬁ)+7EWW%W]
’ Of+p+7 ’
s s (Vi (1) — ps — ¢s — ) + VB, [Vio ]
V() = Gt Pt 1 1 ,
u(n) + vE, [V, ]
Vu(n) = 7+Z T,
’)’]E,?/[Vnonl]
Un = — 60
N Y+p (60)
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Next we derive IE,/[V,, /] and [E,/[V, /] in closed forms.
e Computing E,/[V,,,]. Using (60) we have
Vinoyy o5t (1) il V)

dy = Yetmm)y * 0+ Lyelpml) (s +p+7)(0+7) T Lielmmy cr+op+Me+7)
(61)

Integrating (61) implies

Vo = 1{'76[171,771]}VN + Linelp )y

1 osu'(G)
I L1 (o +p+7)(p+7)d€]

2 os1t' (&) L o' (§)
VN+L1 (as+p+7)(p+7)d§+ n (T +po+7)(e+7) C]'

(62)

+ el mly

Finally, taking an expectation from (62) gives

B 2 Ui O—Su’(é’) N
Br Vo] = Vvt Ll (Ll (05 +0+7)p+7) dg) )

T osu'(G) B
i <L1 (as+p+v)(p+7)dé> <1 FWZ))

e (7 o' (§) N
. L 2 ( [ )dg) 4F (7). (63)

n (o +7)(0+7
Thus, (63) shows that [, [Vnm,] only depends on the endogenous thresholds 7; and
2.

e Computing EE, [V, ,/]. Using (60) we have

AVoy _ u'(y) u'(n) u'(y)

dy 1{’76[’71"73”0]: +0+7 T 1{716[173,174]}(7S To+7 + 1{’76[’74/’7h]}p +q (64)
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Then, integrating gives

_wE)
Vo = Linelmna)) J or o+

73 /
1
+ {nelnsnal} (Jl Uf"‘P"")’ J +P‘|")’ )

1 13 / T u (C)d
+ {nelnaml} Jl 0'f+p+r)/ f +P+')’ ;74’)’+P (:

(65)

Therefore, taking an expectation from (65) gives

Ey [Voy] = L 73 ( Z ﬂ%dé) dF(7f) + ( L ’f Ufi(%dg) (1 —P(173))
[ ([ a1 (| 2672)

Mh Ui u (g) B
+L4 Jm de@) dF (7). (66)

[ S—

Thus, (66) shows that [E, [V, /] only depends on the endogenous thresholds 73 and
114- Together, (63) and (66) finish the proof that the difference |,/ [V, ,/] — E,/[V,;o,]
does not depend on p; nor py.

To finish the proof of the lemma, note that equations (58) and (59) yield unique solutions
for ps and py. Since E,/[V, /] — E,/[V,0,/] > 0, all terms in (58) are positive, and hence
ps > 0. Since we have assumed that u(-) > 0, it follows that py is also positive, which
finishes the lemma. [

To prove part (iii), assume u(17,) > 2(cs + 0)(y + p) and

2af(as+7+p)(cf+9) —0os(of +7+p)(cs +6)
U-ffa-s '

u(iy) <

From Lemma 9, we know that there cannot be any trade in the fast venue, i.e. 773 = 0 and
2 = 1. Lemmas 10 and 11 still hold, and given u(#;,) > 2(cs + 60)(y + p), following the
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same steps in lemma 12, we see that the cut-offs #; and 74 are uniquely pinned down by:

(1-2Z)F(n4) +ZF(m) =1-Z, (67)
u(i) —u(ys)
e 2(cs +6). (68)

As in the earlier case, the equilibrium price in the slow venue is given by:
u(n4) 0 )
:—+C+6+—IE/V/—]E/V/ .
Ps T o s ,Y+p(17[1,17] 77[0,17]

To show that this is indeed an equilibrium, we need to find a price ps such that there is
no demand for trade in the fast venue (otherwise, the fast venue clearing condition cannot
hold.). To see that, there is no demand for selling in the fast venue if V& (0) — VSf (0) = 0.
This corresponds to:

(VH(0) = Vn)(of —05) (7 +p) +0s(of +7+p0)(ps —cs —0) — (pf—cg—0)or(os +7+p) = 0
which is equivalent to:

L= (Vy(0) = Vn)(of —05) (v + ) + 0s(0f + 7+ p)(ps —cs = 0) + (¢ + 0)of (05 + v+ p)
= pr(op(os + v +p)) (69)

Similarly, there is no demand for buying in the fast venue if V;(1;,) — Vg () = 0. This is
equivalent to:

U= (Vu(n) — Vn)(of —0s) (v +p) +os(or + 7 +p)(ps +¢s +6) — (cp +0)or(05 + 7+ p)
< pslop(os + 7 +p))- (70)

Note that there exists a ps such that there is no demand in selling or buying fast if L > U.
The following condition is sufficient to have L > U:

of(0s+ v +p)(cs+0) —os(of +v+p)(cs +60)

u(ny) <2 R i

This condition holds under the assumptions of (iii), thus L > U. Hence, under any
pr € (U, L), there is no demand for fast venue and py fast venue clearing condition is
satisfied, finishing the characterization of the equilibrium and Theorem 1.
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Proof of Proposition 1
First, we prove a short lemma:

Lemma 14. Let x be any variable. Then if M > (<)0, then % > (<)0 and

%5 < (>)0. Similarly, if W) - ()0, then T2 > (<)0 and P4 < (>)0.

Proof. We prove this for the first case, rest is similar. From equation 9, we see that if

—a(u(’“é;”(%)) > 0, this is only possible under —6”6(;72) > (0 and —6”6(23) < 0.5 Then % > (0 and
% < 0 follows from the fact that u is strictly increasing. ]

The following lemma shows all the comparative statics of the model:

Lemma 15. We have the following comparative statics:

on _ e o 92 o3
2 Y _ g dn _ g %2 g 9B

an 4 aO'f D aO'f 4 aaf

3. 8>0%<0,%2>0%L<0

om ar o2 13
4, —>0,a—p<0,%>0,a—p<0

o n oz o3
5. —<0,a—cs>0,a—cs<0,a—cs>0

om _n M _ 92 on3
6. a—Cf—O,a—Cf—O,E>0,E<O

omn an o a3
7. W<0’W>O’W>O’W<O

Proof. Part 1.

The first two equations are trivial as s does not appear in equations that determine 7;

Aulp)—uls) _ o (er=¢)p(or+tp)

dos (0702 > 0, the result follows from

and 74. For the last two:

lemma 14.

Part 2.

The first two equations are trivial as s does not appear in equations that determine 7;

and 77;. We have; 202)-ulm)) _ GG () the result follows from lemma
14.

dof (Uf_‘TS)z

81t is clear that one of these must hold. To see why both are necessary, see that equation 9 requires
cut-offs to move in opposite direction.
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Parts 3 and 4.

Oulip) —uli3)) _ 6% =% _

oy Of — 0 ’
Aulm) —ulys) _ .
5’)/ S 7

the result follows from lemma 14. Proof for p is exactly the same.

Part 5.
Pl — () _, ooyt te)
ocs (o —os)(vy+p)
O(u() —ulna) _ 2y +p) >0,

0cs

the result follows from lemma 14.
Part 6.

o(u(ipp) —u(ps)) _ oplos+7+p)

R e I e R
u(m) —u(ys) _
aCf !

the result follows from lemma 14.
Part 7.

Auln2) —ul)) _ 5 _
20 '
(ulm) —uln)) _,_
00 .

Note that aicf < 0and (2_23 > 0 implies my is increasing in ¢s. Then TV; is increasing in

on

¢s. The proof for oy is exactly the same. aT; > 0 and g—Z; < 0 implies my is decreasing in

c¢r. Then TVy is decreasing in c¢y. The proof for o5 and 6 is exactly the same. Note that

2717; < 0and g—zj‘f > 0 implies m; is increasing in ¢ £ Then TV; is increasing in ¢ Iz The proof

for o is exactly the same. g—z: > 0 and g—z;‘ < 0 implies m; is decreasing in ¢;. Then TV is
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decreasing in ¢;. The proof for 0y is exactly the same. Part 7 of the above Lemma implies
that increasing 6 results in some types switching from fast venue to slow venue and some
types switching from slow venue to no trade. Thus, trading volume is decreasing in
6. O

Proof of Proposition 2

Derivatives of the revenue in fast and slow venues are:

ORs  4vosos(y +os+p)(1-2)Z
dcs a(y +os)(of —03)

(cr —2cs), (71)
and

oR; 2v0¢(Z-1)Z <a((75 —0f) — 20505 (7 + 05 +p) +4cpos(y + 05 +p) +2(0F —05) (7 + p)9>

acy a(y + op) (05 — 05)
(72)

PR, _ Byopos(vtoste)Z o, PRy 8707 (vtos+p)Z B
2 = Tl (4 1) <0and S = Ty (2 1) <

0, so the fee competition game has unique interior optimum. Moreover, the derivative of

First, we see that

Ry evaluated at ¢ = 0:

ORy _ 2v0¢(a—2(y+p)0)(1-2)Z
acf cs=0,c,=0 a(r)/ + Uf)

7

which is positive by Assumption 4. Thus, whenever ¢; =0, c 7> 0. But %f; >0atcs =0

and ¢ F>0,s0 there cannot be any equilibrium where ¢; = 0, and ¢; must be interior in
any equilibrium. Setting (71) to zero, we find

c;(cr) = %f (73)

Solving for the root of (72) and using (73) yields

Uf_as
40’f —0'5)(’)’—|—P> +30'f0'5'

C;(U’f,Us) = (a—20(y +p)) (

Because the revenues converge to zero when prices are high, the unique equilibrium

44



is given by ¢ and c}':.

Proof of Proposition 3

Taking the derivative of equilibrium fee with respect to oy:

0 _ 3ol trtp)a—21r+p)8) _

oor  ((v+p—30f)os —4(y + p)os)?

* c¥
%% > 0as ¢t = 4. To prove the second part:

an

by Assumption 4. Clearly,

o _ doplogtoytp)a—2(r+p)6)

oos — ((v+p _3‘Tf)‘75 —4(y +P)‘7f)2

oc* ck
= <0asci=+4.

00

again by Assumption 4. And also again

Proof of Proposition 4

Directly differentiating,

oTV, 2y0(a—2(y+p)0)(1-2)Z

00s a7y +05)2(—30s0s + y(—40y + 05) — 4opp + 0sp)?

x (4730f +020(0y + p) + 89205 (05 + p) + 7 (020 + doy (0 + p)z)) -

Assumption 4 guarantees that a —2(y + p)6 > 0, so the first term is positive. The second

term is also positive, so %T—‘Xs > 0. Similarly, by Assumption 4,

oTV; _4rof(v+p) (v +op+p)(a—2(y +p)0)(1-2)Z

P 5 > 0.
° a(7+af)<(’y+p)(4af—as) +3(7f(75)
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Proof of Proposition 5

TV (ytatp)a—2y+p)0)(1-2)2
a(y 4 op)2(y +0s) (v + p)z((4af —05) + 3afas>2

X (72(7 +0)(—80F + 40405 + 02) + 76005207 + 05)
+ 307020 — 30505 (2050 + 04 (05 + 2p))> :

The fraction is positive, so

sign (8TV) = —sign ('yz('y + p)(—SO'J% + 4005 + o2) + ’)’260’f0's(—20f + 05)

8<7f

+ 3(7%052,0 — 370¢0s(—2050 + 0 (05 + 2p))> :
Let 0y = 0 + € and 05 = 0. Simplifying and factoring out constants, yields
oTrv orv
sign ( e ) = sign (%> = sign (’)/2 +y0+p(y—0)+ O(e)).

Letting € — 0 and rearranging, we get

ign limaTV = sign limaT—V =sign | y(y+0)+p(y—0))
) e—0 O€ - 58 e—0 (3c7f — 58 A PLY ’

If v > o, then clearly lim,_,o %T—EV > 0. If ¥ < o, then

Im—— >0 < o<

TV (e +7)
e—0 O€ — )
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Proof of Proposition 6

oW (y+os+p)(1-2)Z

oor (v +0p)2(7 + 05) (dyos — Y05 + 30705 + dopp — 03p)3
X <’y4(240§’ — 18(7?(75 + 50507 +02) + 3(7%(752(—@: + 0%)0?
+29%(02p + 050 (405 + 5p) + 30?(905 +8p) — Uj%(fs(l&fs +18p))
+ 20705 (302p* — of0sp(0s + 7p) + (Tj%(6(752 + 13050 + 100?))

+ 72 (020" + o0 p(140s + 5p) — 0705 (507 + 4003 + 180%) + 07 (4107 + 740o5p + 24p2))> .
Let 0y = 0 + € and 05 = 0. Simplifying and factoring out constants, yields

W (4(1-2Z)Zy

Letting € — 0 and rearranging, we see that lim,_, 27“; > 0.

Proof of Proposition 7

aI/v’crader o (’)’+0’S +p)(1_Z)Z

dos (v +0f)2 (7 + 05) (4o — Y05 + 30505 + 4opp — 05p)3

x <'y('yaf('y + 05) (4yof — (57 + 0f)0s) (Bofos + (20 + 05))
+ 7(32720? + 270]%(—127 + 2507 )05 + 4(7]%(—9’)/ +405)0Z + (v + 4oy — 7(7]%)053),0

+ (24720? + 270}(—97 + 10040 + (77 — 304) 05 (57 + 07) 07 + (v* + 6705 + 30}%)(7;9’);)2) .

Let 0y = 0 + € and 05 = 0. Simplifying and factoring out constants, yields

aI/v’crader o (1 - Z)Z’y(4p -7 U)
ooy (9('y+0)2(’y+as +p) +O(€))' )

Letting € — 0 and rearranging, we see that lim,_, av\étf;j[der > 0 if and only if o < 4p — 7.
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