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Abstract

We study the classic sequential social learning model when agents observe signals
of their predecessors’ outcomes, such as their payoffs or output, rather than directly
observing their actions. Two distinct forms of confounding—match confounding and
oppositional confounding—can prevent learning. In both cases, informative private
signals impede social learning by making other agents’ actions less predictable, which
makes it more difficult to draw unambiguous lessons from their outcomes. For this
reason, learning succeeds when private signals are very noisy, but fails when they are
very accurate. The model provides a rationale for why social learning may fail in

societies where individuals rely on accurate, private information sources.



1 Introduction

The sequential social learning model of Banerjee (1992) and Bikhchandani et al. (1992)
(“BHW?”) posits that individuals observe private signals concerning an unknown state of
the world and, in addition, learn from observing earlier agents’ actions. This is a natural
model of “herd behavior” (to use Banerjee’s term) or “fads, fashion, [or| custom,” (to use
BHW?’s), where, by definition, agents’ actions are publicly observed. However, in many social
learning settings, agents’ actions as well as their signals are private, and individuals observe
only imperfect signals of others’ outcomes, such as their payoffs or output. For example,
a farmer may observe her neighbor’s crop yield but not her planting technique; a parent
may observe whether his child’s friends get sick but not whether they were vaccinated; or
a pharmaceutical company CEO may observe the performance of a competitor’s drug but
not their research strategy. In all of these examples, the observed outcome (crop yield,
health status, drug efficacy) is a stochastic consequence of both an agent’s action and the
state. This feature can lead to confounding between agents’ actions and the state, which
can impede social learning in a different manner from the information cascades emphasized
by Banerjee and BHW. For instance, a parent who observes a certain disease prevalence in
his community may not know whether this is caused by a highly infectious disease together
with a high vaccination rate (in which case the parent should also vaccinate his own child),
or a less infectious disease together with a lower vaccination rate (in which case perhaps he
should not).!

This paper studies action-state confounding and the prospects for successful social learn-
ing in a variant of the classic sequential social learning model, where agents observe others’
outcomes rather than their actions. We focus on a simple and canonical setting with a binary
state 6 € {L, H}, binary actions a € {L, H}, and binary outcomes y € {0,1}. For example, a
disease can be highly infectious, or not; a child can get vaccinated, or not; and she can get
sick, or not. Agents observe private signals of the state as well as earlier agents’ outcomes
(but not actions). To focus on action-state confounding, we rule out infinite information
cascades by assuming that, conditional on each action, the outcome statistically identifies
the state. We ask when social learning succeeds, meaning that agents eventually take the
correct action, a = 0.

A preliminary result (Theorem 1) is that learning fails for some prior belief if and only
if there exists a confounding public belief such that an agent who starts with this belief and

then observes a private signal before choosing her action obtains each outcome with the same

'We will use vaccination as a running example of our social learning problem, but we hasten to add
that our model is one of pure social learning—i.e., there are only informational externalities, not directly
welfare-relevant externalities—whereas, of course, in reality vaccination also provides welfare externalities.



probability in both states, rendering her outcome uninformative for subsequent agents. This
result follows from standard arguments (e.g., Smith and Sgrensen, 2000).

Our first main result (Theorem 2) characterizes when a confounding belief exists. The
result has three parts.

First, a confounding belief always exists if the outcome probabilities P,g—the probability
of obtaining outcome 1 from action a in state 8—satisty match confounding, meaning that
Py > Prg and Pgy > Pyp. That is, under match confounding, the effect of the state 6 on
the probability P,4 of outcome 1 is determined by its match with the action a: for each action
a, outcome 1 is more likely if # = a, so the action is correct. For example, in agriculture,
the state can correspond to the suitability of the soil for different planting techniques, while
the action corresponds to the chosen technique, and the outcome corresponds to whether
the crop succeeds. In general, match confounding captures situations where the outcome
is a signal of the current agent’s payoff, so agents observe signals of others’ performance or
profit.

Second, a confounding belief exists under a condition on the private signal distribution
if the outcome probabilities satisfy oppositional confounding, meaning that Py, < Py <
Pr;, < Pry. That is, under oppositional confounding, the effect of the state and the action
on the probability of outcome 1 oppose each other—P,4 is increasing in 6 (for each a) but
decreasing in a (for each 0)—and the action “matters more,” in that Pyy < Prp. For
instance, in the vaccine example, the state can correspond to the infectiousness of a disease,
while the action is the decision to vaccinate (which is assumed to be individually optimal if
and only if the disease is highly infectious), and the outcome is whether the child gets sick.
In general, oppositional confounding describes settings where the action and the state have
opposite effects on the outcome, and the action has a larger effect than the state.

Moreover, under oppositional confounding, a confounding belief exists if and only if
private signals are sufficiently informative (in a particular sense). With informative private
signals, for a neutral public belief, agents take the correct action with high probability; so,
since Pyy < P, outcome 1 is more likely in state L. However, with an extreme public
belief, the action frequency is invariant to the true state; so, since P,;, < P,y for each
a € {L, H}, outcome 1 is more likely in state H. By continuity, there exists an intermediate
public belief where outcome 1 is equally likely in both states, and this is a confounding belief.
In contrast, with uninformative private signals, the action frequency is always invariant to
the true state, so outcome 1 is always more likely in state H, and confounding never occurs.

Third, up to relabeling states and actions, these are the only possibilities. In the absence
of match or oppositional confounding (or if there is oppositional confounding but private

signals are sufficiently uninformative), learning succeeds for any prior belief.



These results characterize when learning succeeds for any prior, but they admit the pos-
sibility that learning can fail only for non-generic priors. Our remaining results characterize
when learning succeeds for a generic set of priors, or, conversely, fails for an open and non-
empty set of priors. We first provide general conditions for these properties based on a
stability analysis of non-linear stochastic difference equations (Theorem 3), following Ellison
and Fudenberg (1995) and Smith and Sgrensen (2000). Building on these conditions, our
second main result (Theorem 4) shows that, under either match or oppositional confound-
ing (and assuming a regularity condition), learning generically succeeds if private signals
are sufficiently uninformative, and learning robustly fails if private signals are sufficiently
informative. Thus, informative private signals impede social learning, while uninformative
ones facilitate it. The intuition for this result goes to the heart of the obstacle to social
learning posed by action-state confounding. In sequential social learning with stochastic
outcomes but no private signals, each agent can perfectly infer her predecessors’ actions,
except in non-generic cases of indifference. As we assume that the outcome identifies the
state conditional on each action, this implies that social learning generically succeeds in the
absence of private signals. Similarly, social learning generically succeeds if private signals are
sufficiently uninformative that there is not enough uncertainty about predecessors’ actions to
confound learning from outcomes. Conversely, if private signals are very informative, there
is a great deal of uncertainty about predecessors’ actions, and we show that this leads learn-
ing to robustly fail under either match or oppositional confounding. In short, informative
private signals create uncertainty about predecessors’ actions, which makes it more difficult
to draw unambiguous lessons from their outcomes.

A subtlety underlying these results is that, while informative private signals impede social
learning under either match or oppositional confounding, they do so in a different manner
in each case. With match confounding, there is always a confounding public belief, but
it is unstable with uninformative private signals (and stable with informative ones). With
oppositional confounding, there is no confounding public belief with uninformative private
signals, but there is a stable confounding public belief with informative ones.? Thus, under
match confounding, informative private signals stabilize the confounding public belief; while
under oppositional confounding, they are also necessary for confounding. These points are
summarized in Table 1, which organizes our main results.

Our results provide a novel mechanism through which a societal shift from relying on
public information sources (e.g., broadcast media) to private ones (e.g., social media) can
impede social learning when individual decisions are private. Consider vaccination. In a

world where everyone receives the same public health information, it is relatively easy to

2With signals of intermediate informativeness, there can be an unstable confounding public belief.



Table 1: Summary of Results

Outcome configuration Noisy private signals Precise private signals
Match confounding Unstable confounding point Stable confounding point
Learning generically succeeds Learning robustly fails
Oppositional confounding No confounding point Stable confounding point
Learning succeeds Learning robustly fails
Neither Learning succeeds Learning succeeds

estimate what share of other parents vaccinate their children, which makes it possible to
draw inferences about the infectiousness of the disease or the efficacy of the vaccine from
observing how many children get sick. If instead everyone has their own information source, a
parent does not know what information other parents are getting and hence cannot infer the
vaccination rate, so he cannot draw useful inferences from the prevalence of the disease. More
generally, similar informational features may arise when individuals learn about the returns
to many other personal choices, such as health-related behaviors (e.g., contraception, weight
loss drugs, dietary supplements, diet or exercise regimes), or strategies for education (e.g.,
private tutoring or test prep), investment (e.g., leverage, cryptocurrency), or agriculture (e.g.,
planting technique, seed variety choice).®> Given this, we believe that further investigating
the relationship between the privacy of information sources and actions and the performance

of social learning is a promising direction for future theoretical and empirical research.

Related Literature

Among the large literature on social learning following Banerjee and BHW (surveyed by
Chamley, 2004 and Bikhchandani et al., 2024), the papers most related to the present one are
Smith and Sgrensen (2000) and Wolitzky (2018). Smith and Sgrensen (2000) study a general
sequential social learning model with observed actions and introduce the Markov-martingale
methods we rely on.? Substantively, they also introduce the possibility of confounded social
learning.® In their model, confounding occurs because agents have unobserved, heterogeneous

preferences. Viewing an agent’s choice as the cutoff preference type above which she takes

3Empirical evidence on the role of social learning in these settings includes Allen et al. (2024) on vac-
cination, Munshi and Myaux (2006) on contraception, Aral and Nicolaides (2017) on exercise, and large
literatures on agriculture and finance, surveyed by Foster and Rosenzweig (2010) and Kuchler and Stroebel
(2021), respectively.

4Like us, Smith and Sgrensen (2000) assume a binary state. Arieli and Mueller-Frank (2021) and Kartik
et al. (2024) study sequential social learning with observed actions and multiple states.

® Antecedents include McLennan (1984), Bala and Goyal (1995), and Piketty (1995).



action H, this is equivalent to allowing imperfectly observed choices, but where there are
more than two options and observation “noise” is independent of the state. In contrast, we
assume that, conditional on each action, outcomes identify the state. This makes our model
and substantive results very different from Smith and Sgrensen’s. For instance, the match
and oppositional confounding cases and the result that precise private signals hinder social
learning do not arise in their model.

Wolitzky (2018) introduces outcome-based learning in a model of technology adoption
similar to our oppositional confounding case. However, that paper assumes a continuum
population with random sampling and deterministic adoption dynamics, similar to Banerjee
and Fudenberg (2004), rather than sequential social learning as in Banerjee (1992) and
BHW. Thus, while the motivation of studying outcome-based learning is similar to the
current paper, the analysis and results are very different. In particular, our key mechanism
whereby informative private signals impede social learning relies on sequential social learning
and is therefore absent in Wolitzky (2018): indeed, in that paper, social learning succeeds
with informative private signals and fails with uninformative ones. We discuss this difference
between outcome-based learning in these two settings in Section 5.2.°

Our result that precise private signals impede learning under match or oppositional con-
founding may be reminiscent of the familiar idea that social learning can be facilitated by
“guinea pigs” or “sacrificial lambs” who lack social information and hence act only based
on their private signals (e.g., Sgroi, 2002, Acemoglu et al., 2011, Song, 2016, Kremer et al.,
2014, Che and Hoérner, 2018). However, the logic is almost the opposite. The “guinea pigs”
logic is that reducing an agent’s social information makes their action more responsive to
their private information, so others can learn from their action. Our logic is that reducing an
agent’s private information makes their action more responsive to social information—and

hence more predictable—so others can learn from their outcome.

2 Preliminaries

2.1 Model

We consider a sequential social learning model where agents observe not their predecessors’
actions, but their outcomes—noisy signals that depend on both the action and the state.
The state, actions, and outcomes are all binary, and are denoted, respectively, by 6 € {L, H},
ae{L,H}, and y € {0, 1}.

SFershtman (2024) studies sequential outcome-based social learning (where actions may or may not also
be observed), focusing on the question of when equilibrium is utilitarian optimal.



Payoffs are given by u (a, ) = 1 {a = 0}. Before choosing her action, each agent ¢ observes
the public history h;_1 = (y1,...,¥y:—1) of her predecessors’ outcomes and a private signal
of the state. The probability of outcome 1 when an agent takes action a and the state is
is denoted P,y and is independent across agents (conditional on actions and the state). We

maintain the following assumption on the outcome probabilities.
Assumption 1.

1. 0 <Py < 1 for all a,6.

2. Prp # Pry and Py < Pyy.

3. Pry # Pyy for at least one of the two states 6.

Assumption 1.1 says that the outcome distribution has full support. Assumption 1.2
says that the state non-trivially affects the outcome, conditional on either action, and then
without loss labels the actions and states so that, given action H, outcome 1 is more likely in
state H. Without this assumption, either the model would have state-independent observa-
tion noise, which is equivalent to the “crazy types” allowed by Smith and Sgrensen (2000); or
it would fall in a mixed case where the outcome probabilities depend on the state conditional
on one action but not the other.” Assumption 1.3 says that the action non-trivially affects
the outcome. Without this assumption, the model would be one of individual rather than
social learning.

As in Smith and Sgrensen (2000), we identify private signals with the beliefs they induce.
Agent t’s private belief that the state is H is denoted p; € (0,1) and is conditionally i.i.d.
with cdf F?. We assume that F© and F¥ admit continuous densities f* and f¥ supported
on a common interval [b,b] < [0,1], with b < b. Thus, private signals are continuously
distributed and informative, but do not perfectly reveal the state.® Private beliefs are bounded
if 0 <b < b <1 and unbounded if b = 0,b = 1. In addition, by the no-introspection property
(Smith and Sgrensen, 2000, Lemma A.1(a)), fZ(p)/f*(p) = (1 —p)/p for all p € (b, b).

Given an outcome history hy, let ¢; denote the public belief that the state is H, i.e., the
posterior given history h; and a neutral private belief p = 1/2. Let r denote the posterior

belief of an agent with private belief p and public belief ¢, which by Bayes rule is given by

o) — pq
B = W

7Xu (2025) analyzes a general model of state-independent observation noise. Wolitzky (2018), discussed
below, considers the mixed case.
8We consider discrete signals, including the special case of completely uninformative signals, in Appendix

D.



Note that r < 1/2—so action L is optimal—iff p + ¢ < 1.

Finally, let [ = (1 — ¢)/q denote the public likelihood ratio that the state is L rather than
H. Let p(l) = 1/(1 +1), and note that r < 1/2 iff p < p(l). Denote the prior belief by
go = P(6 = H) and the prior likelihood ratio by ly = (1 — qo)/qo-

2.2 Belief Dynamics and Long-Run Learning

Since private beliefs are continuously distributed, agents almost surely have a strict pref-
erence for one action: the event {p = p(l)} has zero probability. The model thus has a
unique Nash equilibrium, up to tie-breaking on zero-probability events. In equilibrium, in
any period, the probability ¢ (y|0,[) that the outcome is y if the state is § and the public
likelihood ratio is [, and the next-period public likelihood ratio ¢(y, [) following signal y, are
given by

(110,1) = FP(p(1))Pro + (1 — F(p(1)))Ppy, V(010,1) = 1 —(1]6,1), and
L Y|L, ) (2)
D =gy

As in Smith and Sgrensen (2000), conditional on the state 6, the pair (y, ;) follows a time-
homogeneous Markov process on the state space {0,1} x Ry: given (y,[;), the next pair is
(Y141, @(Ye+1, 1)) with probability ¢ (yi11(0, ).

The following are standard observations (cf. Smith and Sgrensen, 2000, Lemma 3). Note
that it is without loss to condition on # = H; if instead # = L, the same analysis applies

with ;! in place of ;.

Lemma 1. The public likelihood ratio process (I;) is a martingale conditional on 0 = H.
Hence, conditional on 0 = H, (I;) converges almost surely to a random variable l, =

limy o, Iy, with supp(lye) < Ry

Still following Smith and Sgrensen (2000), define the cascade sets J;, = {l : supp(F) <
[0,p(D)]}, Jg = {l : supp(F) < [p(l),1]}. If the public likelihood ratio I; lies in the interior
of a cascade set J,, then agent t takes action a regardless of her private signal. However,
whereas in Smith and Sgrensen (2000) learning ceases if the public belief enters a cascade
set, the exact opposite is true in our model: if the public belief is in a cascade set J,, then
the probability of outcome 1 in state 6 is Py, which differs across the states by Assumption
1.2. This implies that ¢(0,1) # ¢(1,1) if [ is in a cascade set—so, in our model, learning can
only stop outside a cascade set.

We focus on the prospects for social learning in the long run. We say that learning



succeeds if the agents’ expected payoffs converge to the first best:
P (E[u(as1,0)|l;, 0] - 1) =1 for all 0 € {L, H}.

Conversely, learning fails if P (E[u(asy1,0)|l;,0] — 1) < 1 for at least one state 6. A conse-
quence of Lemma 1 is that learning succeeds if and only if the limit belief lies in the correct

cascade set.
Lemma 2. P(E[u(a;1, H)|l;, H] — 1) = 1 if and only if supp(ly,) < Jy.

Whether learning succeeds or fails may depend on the prior /5. Recall that a set is meagre
if it is a countable union of nowhere dense sets. We call a set generic if its complement is
meagre,” and robust if it is open and non-empty. Thus, learning generically succeeds if it
succeeds outside of a meagre set of priors, and learning robustly fails if it fails for an open

and non-empty set of priors.!°

3 Identification and Confounding

3.1 Uniform Identification

A key determinant of learning is whether the outcome y statistically identifies the state 6.
An important feature of our model is that this identification property depends endogenously
on the public belief and agents’ best responses.

To see this, let

Ay, 1) == (ylH, 1) — ¥(y|L, 1),

the difference in the probability of outcome y between the two states when the public likeli-
hood ratio is I. Note that A(y,l) = —A(1—y,1) so we can define A(l) := |A(1,1)| = |A(0,1)]

as the magnitude of the difference in outcome probabilities.

Definition 1 (Identification). The state is identified at public likelihood ratio [ if A(l) # 0,
and is confounded if A(l) = 0.
The state is uniformly identified (UI) if A(l) # 0 for all [ > 0.

Uniform identification (UI) says that the outcome is informative of the state for any
public likelihood ratio. By equation (2), this implies that ¢(0,1) # ¢(1,1) for all [, so

9The topological term for what we call a generic set is residual or comeagre.

10This terminology is similar to Smith and Sgrensen’s, but they call a set generic if it is open and dense,
so our notion of learning success is more permissive. For example, if learning succeeds for priors ¢ € [0, 1\Q
and fails for priors ¢y € Q, then we would say that learning generically succeeds, while Smith and Sgrensen
would remain silent.



social learning never stops. Conversely, if Ul fails, then there is some [-—a confounding
point, where A(l) = 0—such that if the public likelihood ratio reaches [ then social learning
ceases. Mathematically, the confounding points are the interior stationary points of the
public likelihood ratio process (I;).

By Assumption 1.2, a confounding point cannot lie in a cascade set. In other words,
the only source of confounding in our model is confounding between the randomness of the
current agent’s action and the randomness of her outcome conditional on her action.

So far, the question of when UI holds in our model is entirely obscure, and we will
investigate this momentarily. Nonetheless, a useful organizing result is that Ul characterizes

when learning succeeds for all priors.
Theorem 1. Learning succeeds for all priors if and only if UI holds.

The logic of Theorem 1 is standard. Clearly, if A(l) = 0 for some [, then learning
fails when the prior equals [, because the public likelihood ratio is then fixed at [ forever.
Conversely, if UI holds then learning succeeds for any prior. To see this, note that the
assumption that the signal distributions are continuous implies that 1 (y|0, 1) and ¢(y,!) are
continuous in [ for each y. In turn, this implies (by Smith and Sgrensen, 2000, Theorem B.2)
that any limit belief [ € supp(l,,) conditional on § = H is a stationary point of (I;). But Ul
implies that (I;) cannot have an interior stationary point, so the only stationary point—and

hence the only limit belief—is [ = 0, so learning succeeds.

3.2 Match and Oppositional Confounding

In light of Theorem 1, two questions determine the prospects for learning: When does
UI hold? And, when UI fails, does learning fail only for non-generic priors, or does it fail
robustly? This section addresses the first question; we turn to the second in the next section.

We start with some terminology.

Definition 2. There is match confounding if Prg < Ppr and Py < Pygy.

There is oppositional confounding if Py, < Pyg < Prp, < Pry.

Under match confounding, for each action a, outcome 1 is more likely if 6 = a, so the
action is correct. Match confounding thus captures situations where the outcome is a signal
of the current agent’s payoff, such as their performance or profit.!!

Under oppositional confounding, P, is increasing in 6 (for each a) but decreasing in a (for

each 0), and the action “matters more,” in that Pyy < Ppr. Oppositional confounding fits

" However, match confounding is broader than this, as it also covers the cases where Pry < Pr;, < Py <
Pyy or Pyr < Pyy <Pry <Prp, where Pr(y = 1) is non-monotone in the current agent’s payoff.



the vaccine example discussed in the introduction. For another example, suppose that the
outcome is a signal of an agent’s “output,” with outcome 1 indicating high output. Suppose
that high output is more likely when the state is H or the action is L, with the interpretation
that a is an inverse measure of the agent’s “effort”—for instance, because effort and 6 are
substitutes in producing output, so low effort (a = H) is optimal when § = H. Then, if
Py < Ppp, there is oppositional confounding.

Oppositional confounding is similar to the “cost-saving innovation” case in Wolitzky
(2018). There, action L is a high-cost, status-quo technology that successfully produces
output with a known probability, and action H is a cost-saving innovation that always
produces output with lower probability than the status-quo technology, but produces output
with a high enough probability to be cost-effective in the “good state” where # = H. In this
setting, letting P,4 be the probability of producing output with action a in state 8, we have
Pur < Pgyg < Prp = Pry, so the model fits the oppositional confounding case, with the
2

difference that the state only affects the outcome probability for one action.!

We illustrate the match and oppositional confounding cases with a pair of examples.

Example 1. Consider a symmetric instance of the match confounding case, where an agent
obtains “success” (y = 1) with probability 3/4 if she takes the correct action and with prob-
ability 1/4 if she takes the incorrect action: Pryp = Pyy = 3/4, Pry = Py = 1/4. Given a
parameter « € (0,2] indexing private signal informativeness, assume that the private belief

densities are given by:

4 . 1 a 1 «
£ (p) = 2 relz—$3+4]
0  otheruse,

4(1—p) . 1 a 1 a
fL<p):{ == ifrels -5+ 5]

0 otherwise.

Thus, private signals are uninformative if o ~ 0, but they become more informative as «
increases. However, regardless of o, the neutral public likelihood ratio I* = 1 is always a
confounding point: since the signal distribution is symmetric, the probability of the correct
action is the same in each state, and hence so is the probability of success.

While I* = 1 is a confounding point for any «, in the next section we will see that it is

stable if and only if a is above a certain cutoff, a® ~ 0.7964.

Example 2. Consider an instance of the oppositional confounding case with Py = 1/10,

12Tf Assumption 1.2 is relaxed to allow Py ; = Py x, this introduces another possible type of learning fail-
ure, namely an infinite cascade on action L. We exclude this type of learning failure to focus on confounding
between actions and state-dependent outcomes.

10



Pyy =1/5, Py = 4/5, Pry = 9/10, and the same private belief densities as in Example 1
(again parameterized by o € (0,2]).

Given a public belief q, denote the probability that the current agent takes action H in
each state by n(q) = Pr(a = H|0 = H) and A\(q) = Pr(a = H|0 = L). Suppressing q, we

then have
Pr(y=1/0=H)=(02)n+(09)(1-n), Pry=10=1L)=(0.1)A+(0.8)(1-1).
Confounding occurs at q if these two probabilities are equal, or equivalently if
1
—A=c.
1 7
Note that, if private signals are completely uninformative, then n—X\ = 0 (because Pr (a = H)
is the same in both states), and if private signals are perfectly informative, then n — X = 1
(because n = 1 and X\ = 0). Since, for any public belief q, n(q) and \(q) are continuous in
the private signal distribution, it is natural to expect that a confounding point exists if and
only if private signals are sufficiently informative.
Indeed, since an agent takes action H if and only if her private belief satisfies p > 1 —q,
we have (q) = 1 — F"(1 —q) and M(q) =1 — F*(1 —q) = F¥(q) (since f*(p) = f*(1 - p)

in this example), so

n(q) = A(g) =1-F"(q) = F"(1—q)
—1—§<q2+(1—q)2—2(%—%) ) —Z—é@q—m?.

Thus, confounding occurs at q if and only if (2q¢ —1)> = a2/4 — /7. The solutions are

Q

Tao — 4
g==+-0, where o= 04(3—8)7 (3)

N —
N —

if a = 4/7, and there is no solution if « < 4/7. When they exist, the corresponding con-
founding points are I* = (1 F 0)/(1 + o).

Moreover, in the next section, we will see that both confounding points are stable whenever
a>4/7.

The next theorem characterizes when UI holds.
Theorem 2. Ul fails if and only if one of the following holds:

1. Match confounding holds. In this case, there is a unique confounding point I*, which

11



satisfies A(1,1*) < 0.

2. Oppositional confounding holds, and, for p,, == (Prr—Pur)/(Prr—Pur+Pry —Puy),
Fr(pm)Pra + (1= FM(p))Pum — F*(pm)Prr — (1 = F*(p))Pur < 0. (4)

In this case, if (4) holds with equality then there is a unique confounding point I*, which
satisfies A((1,1*) = 0; and if (4) holds strictly then there are exactly two confounding
points IF < 15, which satisfy Aj(1,1F) <0 < Ay(1,13).

In particular, if there is neither match confounding nor oppositional confounding, then Ul

holds and learning succeeds for all priors.

Thus, under match confounding, a confounding point always exists, regardless of the
private signal distributions. This follows because if [ = oo then A(1,1) = Py — Py, < 0
(if the state is believed to be L, then outcome 1 is more likely when the true state is L),
while if [ = 0 then A(1,1) = Pyy — Py > 0 (if the state is believed to be H, then outcome
1 is more likely when the true state is H), so by continuity there is some [ € R, such that
A(1,1) = 0.

In contrast, under oppositional confounding, a confounding point exists iff (4) holds.
This condition says that, at public belief 1 — p,,, (where the corresponding threshold private
signal is p,), outcome 1 is more likely in state L. To see why this is the relevant condition,
note that if the public belief is close to 0 or 1-—so the current agent takes either a = 0
or a = 1 with high probability—then outcome 1 is more likely in state H, because Py is
increasing in 6 for each a. Thus, if there exists some interior public belief where outcome
1 is instead more likely in state L, then by continuity there must also exist a public belief
where outcome 1 is equally likely in each state—that is, a confounding point. The proof
of Theorem 2 shows that 1 — p,, is the public belief that maximizes the difference in the
probability of outcome 1 between states L and H. Thus, a confounding point exists if and
only if, at this belief, outcome 1 is more likely in state L.

Intuitively, (4) says that private signals are sufficiently informative, in a certain sense.
When Py, < Pyyg < Prrp < Pry, outcome 1 can be more likely in state L only if the
current agent takes action L with considerably higher probability in state L than in state
H, conditional on the public belief. This holds if and only if private signals are sufficiently
informative. This point can be formalized as follows, where we say that private signal
distributions (F'Z, F'fT) are more precise evaluated at p,, than (F*, F7Y) if FE(p,,) > FX(pp,)
and FH(p,,) < F"(p,,); we say that sequences of private signal distributions (FF, F/)

converge to perfect information if F¥ — Fs and Ff — Fs; and we say that (FEF, FH)
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converge to no information if FX, FH — F51/2:13

Corollary 1. Suppose that oppositional confounding holds. If UI holds for some signal
distributions (F*, F™), it also holds for any signal distributions (', F™) that are less precise
evaluated at p,,. Conversely, if UI fails for some signal distributions (FL, F), it also fails
for any signal distributions (FL, FH) that are more precise evaluated at p,,. Moreover, for
any sequence (FL FH) that converges to no information, for all sufficiently large n, (4) fails,
so Ul holds; and, for any sequence (FLX, FH) that converges to perfect information, for all
sufficiently large n, (4) holds strictly, so Ul fails.

To see the logic of the oppositional confounding case more concretely, recall the vaccine
example from the introduction. If the public belief is either very confident that a disease is
not infectious or that it is infectious, then everyone knows that parents who are currently
deciding whether to vaccinate their children are either not vaccinating (in the first case)
or vaccinating (in the second). Either way, the observed infection rate will be higher if
the disease is actually infectious. In contrast, if the public belief is uncertain and parents
obtain informative private signals, then parents will vaccinate much more when the disease
is infectious, leading to a lower infection rate. Thus, when private signals are informative,
there is some public belief that leads to the same infection rate whether or not the disease
is infectious; whereas, when private signals are uninformative, the infection rate is always
higher when the disease is infectious, for any public belief.

Finally, if there is neither match confounding nor oppositional confounding, then UI
holds, and hence learning succeeds. This is easy to see in the case where the P,’s are all
distinct. In this case, if there is neither match confounding nor oppositional confounding
(and Pyy < Pgp, by Assumption 1), then either max{P..,Pyr} < min{Pry,Pyp} or
Prr, < Prg < Pyp < Pypy. In the first case, outcome 1 is more likely in state H for any
strategy profile. In the second case, outcome 1 is more likely in state H in any equilibrium,
because in any equilibrium action H is played with higher probability in state H than in
state L.

4 Stability and Generic Learning

Whether the existence of confounding points implies that learning robustly fails depends on
whether these points are stable. We thus investigate the stability of confounding points,

which will let us draw our main conclusions regarding the prospects for successful social

13Here, 6, and F, denote the Dirac measure and the corresponding cdf on p € [0, 1], and convergence of
distributions is weak convergence.
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learning. We first derive general conditions for confounding points to be stable; then draw
implications for the limits where private signal precision is either very high or very low; and,
finally, illustrate these results in the case where private signals are drawn from a location-

scale family.

4.1 General Conditions for Stability

We extend a result of Ellison and Fudenberg (1995) and Smith and Sgrensen (2000) to obtain
a general stability result for discrete Markov processes, and then apply it to the likelihood

ratio process (I;).

Lemma 3. Let (z;) be a Markov process over R, , with

¢(0,2¢)  with probability p(x:),
Ti41 =
o(1,x4)  with probability 1 — p(xy).

Let z* € Ry satisfy p(z*) € (0,1) and ¢(0,2%) = ¢(1,2*) = z*, and suppose that there
is a neighborhood of x* on which p(x) is continuous and ¢(0,x) and ¢(1,z) are C*, with
derivatives ¢,(0,x), ¢, (1,x). Let D < R, be the set of initial points xo from which there is

positive probability of reaching x* in finite time.

(a) If
020, 2) P - |6, (1, 2%)| 7P > 1,

then, starting from any xo ¢ D, P(z; — x*) = 0.

(b) If
|¢$(O,{L‘*)|p($*) . |¢x(1,x*)|1‘p($*) <1,

then there exists 6 > 0 such that, starting from any xg € (z*—6,2*+6), P(xy — z*) > 0.

Lemma 3 extends Lemma 1 of Ellison and Fudenberg (1995) to state-dependent transition
probabilities and a more general process (x;). Their lemma is the special case of Lemma 3
where p(z) is constant in x, z* = 0, and (x;) is a process over (0,1). As in their lemma,
the logic of Lemma 3 is that (z;) is approximately log-linear around z* (as log(|x; — x*|) is
approximately a random walk with increments log(|¢, (0, z*)|) and log(|¢.(1,z*)])), so =* is

unstable if
p(z*)log (|¢x(0,z%)]) + (1 — p(z™)) log (|¢2(1, z")[) > 0,

and is stable if the opposite inequality holds. The extension of their lemma in part (b)—which

shows that the process has positive probability of converging to a stable steady state—was
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already established by Smith and Sgrensen (2000, Theorem C.1). We build on arguments
from these papers to extend part (a), showing that the process has zero probability of
converging to an unstable steady state. A caveat (which was ruled out by the assumptions
of Ellison and Fudenberg, 1995) is that this result only applies to initial points from which
the process cannot reach the unstable steady state in finite time.

We will focus on the implications of the instability condition in Lemma 3.a and the
stability condition in Lemma 3.b for the public-belief process ¢ defined in (2). We wish to
exclude the non-generic possibility that the confounding point is reached in finite time: i.e.,
that [y lies in the set D in Lemma 3. The following two lemmas verify that this possibility
is indeed non-generic: for generic (Py) € [0,1]* and a generic prior Iy € R, there is zero

probability of reaching a confounding point in finite time.

Lemma 4. There is a generic set P < [0,1]* such that, for any (Pu) € P, there is no

nonempty open interval I < Ry over which ¢(0,1) or ¢(1,1) is constant in .

Intuitively, ¢(y,[) is locally constant in [ only if perturbing [ shifts the cutoff private
signal p(l) exactly so that the public posterior belief ¢(y,[) remains constant. Lemma 4
shows that this cannot happen for generic outcome probabilities.

Henceforth, we maintain the conclusion of Lemma 4 as an assumption. In addition to
holding for generic outcome probabilities (P,4) (by Lemma 4), this assumption also holds

for arbitrary outcome probabilities and generic private signal distributions.'*

Assumption 2. There is no nonempty open interval I < R, over which ¢(0,1) or ¢(1,1) is

constant.

Lemma 5. Under Assumption 2, for any point [*, the set of priors ly from which there is a

positive probability of reaching I* in finite time is meagre.

We now translate the stability conditions in Lemma 3 into the public belief process
defined in (2). For this, we first introduce two objects: the outcome likelihood ratio R and
its elasticity e.

For each outcome y € {0, 1} and public likelihood ratio [ > 0, define

Y(ylL, 1)

Rl = Sy

as the likelihood ratio for state L versus H derived from outcome y at belief [. This function

is well defined and strictly positive by Assumption 1.1. The public belief dynamics in (2)

4 However, formalizing this last claim requires topologizing the space of signal distributions, which we
omit,.
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are then given by

and a confounding point I* is characterized by R(1,0*) = 1 (equivalently, R(0,*) = 1). The
elasticity of R at (y,1) is

_UR(y,l)  dlog R(y,1)
 R(y,l)  dlogl

e(y, 1) :

From (5)7 ¢l(ya l) = R<ya l) +1- Rl(y7 l) = R(y7 l) (1 + 5(y7 l))
Let I* be a confounding point—so there exists * such that ¢ (1|L,*) = ¢ (1| H,1*) = ¢*.
Then R(y,l*) = 1, so ¢(y,*) = 1 + e(y,l*). Applying Lemma 3 to the process (l;), the

confounding point [* is unstable if

11+ (1,19 |1+ (0, 1%) %" > 1, (Instability)
and it is stable if

11+ e(1, %)Y |1 4 (0, 1)) < 1. (Stability)

The following theorem is now a consequence of Lemmas 3 and 5.
Theorem 3.
1. Learning generically succeeds if (Instability) holds at all confounding points.
2. Learning robustly fails if there exists a confounding point where (Stability) holds.

Theorem 3 characterizes when learning generically succeeds (outside the knife-edge case
where a confounding point lies on the boundary of the (in)stability condition). Its conditions
are easy to check: there are at most two confounding points (* (by Theorem 2), which are
characterized by the equation A(I*) = 0, and the (in)stability condition is a simple inequality
that depends on the belief elasticities at a confounding point, £(y,*). In particular, a
confounding point is stable if and only if these elasticities are small in absolute value, as the

next result shows.!?

Proposition 1. Let I* be a confounding point with e(1,1*) # 0. Definey := argmin, e(y, [*) €
{0,1} and ¢ = Y(y|H,1*) € (0,1). There exists a unique threshold c(¢) € (—2,—1.278),

15This result applies more generally to any model of learning from a binary outcome where the public
likelihood ratio follows a Markov martingale and outcome probabilities have full support. The constant
—1.278 approximates —1 — W (1/e), where W is the principal branch of the Lambert W-function.
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Figure 1: A(1,]) in Example 1 for three values of «, with [ on a log scale. The confounding
point is [* = 1 for any «, and it is stable—so learning robustly fails—if o > o* ~ 0.7964.

characterized by
1-¢
(-1 —c¢)¥ 1—Lc> T =1, (6)

such that (Stability) holds iff e(y,1*) > c¢(v) and (Instability) holds iff e(y,*) < c(¢).

Intuitively, a confounding point [* is stable if the information content of outcomes (which
is zero at [*, by definition) is insensitive to shifts in the public belief around I*. In this case,
at a public belief near [*, outcomes provide little information, so the public belief stays close
to [*. If instead the information content of outcomes is elastic, then perturbing the public
belief away from [* quickly makes outcomes more informative, precluding convergence to [*.

We illustrate Theorem 3 in the context of Examples 1 and 2. In these examples, we use
the formula o oo

g 0= (7)

e(1,0%) = — = 1_—¢*,

where 6* := Aj(1,1%) # 0.1¢

Example 3 (Example 1 cont.). In Example 1, I* = 1 is always a confounding point. The
corresponding public belief is ¢ = 1/2, and it is straightforward to calculate that n =1— X =
1/2+a/8, v* =1/2+a/16, and 6* = —1/(2a). Since 6* < 0, we have €(0,1*) < 0 < e(1,1*),
soy=0,v¢=1-¢* =1/2—-a/16, and e(y,l*) = 1*6*/(1 — ¢*) = =8/(a(8 — «0)). By
Proposition 1, the point is stable iff e(y,l*) > c(¢), which holds iff & > o* ~ 0.7964. Thus

16To derive this, apply the quotient rule to R(1,1) = ¢ (1|L,1)/¢(1|H,l) at I* (where 9 (1|L,1*)
YA H,I*) = ¥*) to get Ry(1,1*) = (i(1|L,1*) — (1| H,1*)) /% = —A(1,1*)/*. Similarly R;(0,1*)
A(1,1%)/(1 — ¢*). Since R(y,l*) = 1, the formulas follow from the definition of .
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Figure 2: A(1,1) in Example 2 for three values of o, with [ on a log scale. The confounding
points are the zeros of A(1,-); they exist if a = 4/7 and are stable if o > 4/7.

the confounding point is stable (so learning robustly fails) if the range of private beliefs is
larger than (approximately) [0.3,0.7], and it is unstable (so learning generically succeeds) if
the range is smaller than this. Figure 1 illustrates. On the log axis, the slope of A(1,-) at
the confounding point is I*6*, the numerator of e(y,1*).'" As o grows, the crossing flattens,

which raises €(y,*) until it clears the cutoff c(v) at o.

Example 4 (Example 2 cont.). In Ezample 2, the confounding points I* = (1 + 0)/(1 F o)
exist if and only if a = 4/7 (with o defined in (3)). Consider the point I* = (1 — 0)/(1 + o).
It is straightforward to calculate that n = 4/7 + o/a, X = 3/7 + o/, ¥* = 1/2 — T0/10a,
and 1*0* = —To(1 — ¢*)/10a.. Since 1*6* < 0, we have €(0,1*) < 0 < &(1,1*), soy = 0 and
e(y,1*) = 1*0* /(1 —4*). As —1*6* < 1—=9* for any o > 4/7, this gives e(y,1*) > =1 > c(¢),
so (Stability) holds by Proposition 1. The other point, I* = (1 + 0)/(1 — o), is obtained
by replacing o with —o, which swaps ¥* with 1 — ¢¥* and £(1,1*) with £(0,1*), leaving the
left-hand side of (Stability) unchanged. Hence both confounding points are stable. In total,
learning robustly fails if the range of private beliefs is larger than [5/14,9/14], and learning

succeeds for any prior if the range is smaller than this. Figure 2 illustrates.

17«Slope on the log axis” means the derivative with respect to Inl, which at a confounding point equals
[*0*. The figures use a base-2 log scale for readability. This multiplies every slope by the constant In2 and
so preserves all comparisons of steepness.
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4.2 The (Un)Informative Private Signal Limit

Our last set of results show that the (in)stability condition in Theorem 3 can be pinned
down in the limits where private signals are either very informative or very noisy. This
subsection considers general signal distributions that satisfy some regularity conditions; the
next subsection shows that these conditions hold when signals come from a location-scale
family with a strictly log-concave density and unbounded signal precision, such as a Gaussian
distribution.

We rely on the following regularity conditions, which apply to sequences of signal distri-
butions (FLX, FH) that converge to either perfect information (FL — Fj, F — Fs ) or no

information (F\, F)' — F, ).

Definition 3. Signal distributions (FX, F) that converge to perfect information are tail-

reqular if, for any sequence (p,,), the following hold:
1. If lim, o FE(p,) € (0,1), then lim, . f7(p,) = 0.
2. If lim,, o, 7 (p,) € (0,1), then lim,, ., fX(p,) = 0.

Definition 4. Signal distributions (F¥, F¥) that converge to no information are center-
regular if, for any sequence (p,) satisfying lim,, .., F¥(p,) € (0,1), we have lim,, o fX(p,) =

OO.18

Tail-regularity and center-regularity appear to be very mild conditions. Tail regularity
is a weak kind of uniformity, which says that, as (F'X, F1) — (Fj,, Fs,), it is impossible to
find a sequence (p,) — 0 where FX(p,) remains bounded between 0 and 1, but fZ(p,) - 0
(or an analogous sequence (p,) — 1). Center regularity says that, as F' — Fj, ,, it is
impossible to find a sequence (p,) — 1/2 where FL(p,) remains bounded between 0 and 1,
but fH(p,) » oo. As we will see, these conditions hold whenever signals are drawn from a
location-scale family with a strictly log-concave density and unbounded signal precision.

The following result also excludes the knife-edge case where Py, = Pyy. As we will see,
the same conclusion applies in this case, under a stronger regularity condition (which also
holds when signals are drawn from a location-scale family with a strictly log-concave density

and unbounded signal precision).

Theorem 4. Assume that there is either match confounding or oppositional confounding

(otherwise, learning succeeds by Theorem 2), and that Pry # Pyy. Then:

8By the no-introspection property, an equivalent condition is lim, ., FZ(p,) € (0,1) =
limy, 0 frIL{(pn) = .
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1. If the signal distributions (FL, F1) converge to perfect information and are tail-reqular,

then there exists N > 0 such that learning robustly fails for alln > N.

2. If the signal distributions (FX, FH) converge to no information and are center-regular,

then there exists N > 0 such that learning generically succeeds for all n > N.

The key observation behind Theorem 4 is that if private signals are very precise then
the information content elasticities (y,(*) are small, because perturbing the public belief
away from a confounding point [* has little effect on the action distribution, and hence has
little effect on the outcomes’ information content. By Proposition 1, this implies that the
confounding point is stable. Conversely, if private signals are very noisy then the information
content elasticities are large, so any confounding point is unstable.

Theorem 4 follows from combining this stability analysis with the characterization of
confounding points in Theorem 2. By Theorem 2, there is always a unique confounding point
under match confounding; and under oppositional confounding there are no confounding
points if private signals are very noisy, and there are two confounding points if private signals
are very precise. Since confounding points are stable with precise private signals and unstable
with noisy ones, it follows that, for either form of confounding, learning robustly fails with
precise signals (because a robust confounding point exists), and learning generically succeeds
with noisy signals (because the confounding point under match confounding is unstable, and

there is no confounding point under oppositional confounding).

Remark 1. The assumption Py, # Pyy in Theorem 4 is needed only for Part 1 and only
under match confounding (under oppositional confounding, Pr;, # Py g holds by definition).
In Appendix B we show that, under a stronger regularity condition on the private signal
densities (strong tail reqularity), Part 1 holds even when P = Pyy. Moreover, strong tail
regularity is also satisfied by location-scale families with unbounded scores.'?

The reason for this complication is that the Py, # Pyy and Pr;, = Pyy cases behave
differently with precise private signals. When P, # Pgg, the sequence of confounding
points [*(n) converges to either 0 or oo as signals become perfect. In the limit, in one state
agents always take the correct action, and in the other state both actions are taken with
positive probability. For example, if [*(n) — 0, public information at the confounding point
increasingly points to state H, and in the limit agents take the correct action in state H with
probability 1, while both actions are taken with positive probability in state L.2° Instead,

when P;;, = Pyy under match confounding, the confounding belief threshold p(i*(n)) can lie

19Tn particular, Proposition 2 in the next subsection holds as stated, without requiring that Py # Pgp.
20This is possible because the rate at which the confounding public belief moves toward H exactly offsets
the increasingly accurate private information that the state is L.
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above the region where private beliefs concentrate in state L and below the region where they
concentrate in state H.2! In the limit, agents effectively disregard the public information
and take the correct action with probability converging to 1 in both states—which is why
Py; = Pypy is necessary for confounding. Strong tail regularity is the required regularity

condition in this regime.

4.3 Location-Scale Signal Distributions

Especially clean results are available when private signals are drawn from a location-scale
family with a strictly log-concave density. In this case, center-regularity holds, and tail-
regularity also holds if in addition private beliefs are unbounded.

Specifically, in this subsection we assume that in state 6 € {L, H}, private signals are
given by s = 1{# = H} + o,¢, where 0, > 0 and ¢ is distributed according to a cdf G with
a continuously differentiable, strictly positive, and strictly log-concave density g on R. For
each o > 0, let p,(s) := g((s—1)/0)/[9((s —1)/o) + g(s/o)] denote the posterior belief that
the state is H given signal s. Strict positivity and log-concavity of g ensure that p,(s) is
strictly increasing in s, and is therefore invertible (see Footnote 30 in Appendix A). Letting

s, (p) denote the inverse function, the signal distributions are given by

Fi) - 6 (=) R -6 (). )

On On

Let r := ¢'/g denote the corresponding score function. The score function is decreasing by
log-concavity, and is unbounded if lim, , o r(z) = oo and lim, ,, r(x) = —o0. The score

function is unbounded if and only if private beliefs are unbounded.

Proposition 2. If 0, — o, then (FL, F) converge to no information and are center-
reqular, and hence learning generically succeeds by Theorem 4.2. If the score function is
unbounded and o, — 0, then (FL, FH) converge to perfect information and are tail-reqular,

and hence learning robustly fails under match or oppositional confounding by Theorem J.1.

An unbounded score is sufficient for tail-regularity and hence for Theorem 4.1, but neither
an unbounded score nor tail-regularity is necessary for the conclusion of Theorem 4.1 to hold.
For example, in Appendix C, we show that if G is logistic (the best-known strictly log-concave
distribution with a bounded score), then (FL, ) do not satisfy tail-regularity as o,, — 0,
yet the conclusion of Theorem 4.1 still holds.

Proposition 2 contrasts starkly with Smith and Sgrensen’s (2000) result that learning

succeeds if and only if private beliefs are unbounded: in our model, for fixed outcome

2IThis can occur if either [*(n) — I* € (0,0) or [*(n) converges to 0 or oo sufficiently slowly.
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probabilities P9, learning can succeed with bounded private beliefs but fail with unbounded
ones. The logic is that precise private signals break incorrect cascades in Smith and Sgrensen
(2000), but cause (or stabilize) confounding in our model.

Finally, Theorem 4 and Proposition 2 pin down the two extreme cases—learning robustly
fails when private signals are very precise and generically succeeds when they are very noisy—
but these results do not establish that the impact of private signal precision is monotone,
in that a single threshold o* separates the two regimes. Numerical results suggest that this
monotonicity holds in the strictly log-concave location-scale model with an unbounded score.
We have not been able to prove this result at this level of generality, because the calculations
involved in verifying that there is a unique transition from (Stability) to (Instability) as the
noise level ¢ increases, accounting for the dependence of the confounding point [* on o, are
too complicated. However, the following result establishes monotonicity in a simpler special
case: Gaussian noise and symmetric match confounding, where [* is fixed independent of o

(as in Example 1).%

Proposition 3. Consider the location-scale model with Gaussian noise: g = ¢, G = .
Assume symmetric match confounding: Pry = Pyr < Prp, = Pyy. Then there exists

o* > 0 such that learning robustly fails if o < o* and generically succeeds if o > o*.

5 Discussion

We conclude by discussing possible extensions beyond binary states, actions, and outcomes,

and by relating our model to variants with unordered or random observations.

5.1 Beyond the Binary Setting

We have focused on a canonical setting with binary states, actions, and outcomes. This
simple setting accommodates a variety of distinct noise structures—no confounding, match
confounding, and oppositional confounding—and yields sharp predictions about long-run
learning. We briefly discuss the prospects for extending the analysis beyond this binary
setting.

With binary states and outcomes but more than two actions, our analysis mostly gen-
eralizes: the public belief remains a single likelihood ratio, and the A(l) function retains
a similar structure. We expect the main conclusions of Theorems 2 and 4 to extend to

this setting, possibly under additional regularity assumptions on the outcome probabilities

220ur proof involves a numerical calculation of the standard normal cdf, so strictly speaking it is not fully
rigorous.
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and the private signal distributions (e.g., an appropriate strengthening of tail and center
regularity).?

When outcomes can take M > 2 values, learning generically succeeds, because uniform
identification generically holds: the system of equations characterizing confounding requires
that all M outcomes arise with equal probability in both states, which yields an overdeter-
mined system with M — 1 independent equations (the outcome probabilities) and 1 unknown
(the public belief), so for generic outcome probabilities it has no solution.?* However, an
example of a (non-generic) information structure with multiple outcomes where learning fails
under similar conditions as in the binary case arises when a binary “underlying outcome”
z € {0, 1} is a stochastic function of (a, @), and the observed outcome y (which can take any
number of values) depends on (a, #) only through z. For instance, perhaps the infectiousness
of a strain of measles and whether a child is vaccinated determine whether the child contracts
measles, but a child with (or without) measles can display a range of symptoms.

With more than two states, in general, the analysis becomes substantially more involved.
The public belief becomes a vector of likelihood ratios; private signals induce distributions on
a higher-dimensional simplex; and confounding becomes a condition at a point in a higher-
dimensional space. One tractable case arises when © = [0, 1], the outcome probability P,g
and the signal distribution F¥ are both linear in @ (identifying state L with 0 and state H with
1), and there are either no private signals (so n = \) or the effect of the action and the state
on the probability of outcome 1 are additively separable (so P, + Py — Pry — Pyp = 0).
In this case, the probability of outcome 1 is linear in # for any public belief, so confounding
occurs for all states if and only if it occurs for states L and H, and hence Theorem 2 continues
to characterize when UI holds. More generally, we leave the multiple states case as an open
area for investigation, noting that, even with observed actions, the multiple states case has
been studied only recently by Arieli and Mueller-Frank (2021) and Kartik et al. (2024).

In general, our point that informative private signals impede outcome-based learning by
making actions less predictable does not seem specific to the binary setting, but the model
does become considerably more complicated outside this setting, and there are many open

questions about precisely how our results do or do not generalize.

5.2 Comparison to Unordered Observations

An important feature of our model is that, absent private signals, agents could perfectly

infer each of their predecessor’s actions. This feature stems from the assumption that agents

23Similarly, Smith and Sgrensen’s (2000) analysis applies with multiple actions.
24Gimilarly, Smith and Sgrensen (2000) observe that confounding outcomes where rational agents take
more than two actions with positive probability are non-generic in their model.
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move in sequence and observe the complete history of outcomes. It is therefore natural to
compare our model with variants where agents observe incomplete or unordered samples of
earlier agents’ outcomes (as studied by Acemoglu et al. (2011), Smith and Sgrensen (2020),
and Callander and Hérner (2009) with observed actions), as well as a version of this model
where a continuum of agents act each period, so the population dynamic is deterministic (as
studied by Banerjee and Fudenberg (2004) with observed actions, and by Wolitzky (2018)
with observed outcomes).

A version of our model with sequential (one-at-a-time) actions and observations of incom-
plete or unordered samples of outcomes seems difficult to analyze. The Markov-martingale
structure of Smith and Sgrensen (2000) and the current paper breaks down, because the
sequence of beliefs conditional on social information is not a martingale. At the same time,
the “improvement principle” of Banerjee and Fudenberg (2004), Acemoglu et al. (2011), and
Smith and Sgrensen (2020) also break down, because actions are not observed. It is thus
unclear how to analyze this model, and, in particular, how to assess the impact of private
signal precision.

A model similar to ours but with a continuum of agents acting each period and ob-
servations of unordered samples of outcomes was studied by Wolitzky (2018). That paper
interprets the model as one of technology adoption and shows that social learning fails with
a “cost-saving innovation” —which is similar to oppositional confounding—whenever private
signals are sufficiently uninformative.?® Thus, informative private signals facilitate social
learning in Wolitzky (2018), but impede it in the present model.

The reason for this difference is as follows. In Wolitzky (2018), agents essentially observe
the share of earlier agents obtaining outcome 1. The obstacle to social learning is that a
greater frequency of outcome 1 can indicate that the state is either H or L, depending on the
frequency of each action in each state; and the equilibrium population dynamic cannot pass
from the region of state-contingent action frequencies where a greater frequency of outcome
1is “good news” to the region where it is “bad news,” because the locus of action frequencies
where the outcome frequency is uninformative forms a reflecting barrier for the population
dynamic. In this model, informative private signals facilitate social learning by ensuring that
the action frequencies in the absence of social information are already close to efficient, so the
population dynamic does not need to cross the reflecting barrier to converge to the efficient
point. Specifically, if Py, < Pyy < Prp < Pry (a generalization of both oppositional

confounding and the “cost-saving innovation” case), then the arguments in Wolitzky (2018)

25 As discussed in Section 3.2, the cost-saving innovation case corresponds to Py < Pyy < Prr = Pry.
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imply that social learning succeeds if and only if
(1- FH(l —qo))Pun + FH(l —qo)Pry < (1 - FL(l —q0))Pur + FL(l —qo)Prr,

so that outcome 1 is more likely in state L at the prior public belief gg. This condition holds
if private signals are very informative (as the LHS converges to Pyy and the RHS converges
to Prr), and it fails if private signals are very noisy and gy # 1/2 (as, if g9 < 1/2, the LHS
converges to Pry and the RHS converges to Prp; and, if ¢ > 1/2, the LHS converges to
Py and the RHS converges to Pyp).2

The distinction between the two models is easiest to appreciate in the case where private
signals are entirely absent. In the current model, learning generically succeeds for any
(P,g) satisfying Assumption 1, because agents can perfectly infer each of their predecessor’s
actions, and the outcome identifies the state, conditional on either action. In Wolitzky (2018),
learning fails if Py, < Pyy < P, < Prg, because, in the absence of social information,
n = A, and hence outcome 1 is more likely in state H; whereas successful learning requires
n =1 and A = 0, implying that outcome 1 is more likely in state L; and the equilibrium
population dynamic cannot converge from an (7, A)-pair where outcome 1 is more likely
in state H to one where it is more likely in state L. Sufficiently informative private signals
overcome the obstacle to social learning in Wolitzky (2018), whereas they are the very source
of the obstacle in the present paper.

The impact of private signal precision is thus very different in deterministic, continuum
agent settings and in stochastic, sequential-move ones. This should not be too surprising, as
the models are quite different: e.g., Smith and Sgrensen (2020) describe the former class of
models as capturing information transmission rather than social learning, because in principle
“society” has enough information to take the correct action after a single period. In our view,
these results call for care in matching models to applications, as well as further research on

the role of private information and imperfect observation in different social learning settings.

26Wolitzky (2018) does not consider match confounding. In that model, match confounding would lead
to a failure of social learning for some private signal distributions, but the set of such distributions would
shrink to a non-generic set as agents’ samples grow large, unlike in the oppositional confounding case.
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Appendix

A  Proofs

Proof of Lemma 1. We have

B Y(y|ly, L)
Ellelt H = 3, vl H)leo s

y s.t. P(y|le, H)>0

=1 Z V(ylle, L) = 1.

y s.t. P (ylle, H)>0

The last equality follows from mutual absolute continuity of the Py and of F'*, F#  which im-
plies that ¢ (y[l;, L) > 0 <= (y[l;, H) > 0 for any y, l;, and hence 3, Sylle, HY=0 »(ylly, L)

1. Hence, (I;) is a nonnegative martingale, which converges by Doob’s theorem. [ ]

Proof of Lemma 2. By Lemma 1, it suffices to consider convergent sequences of likelihood

ratios ;. If [y — [* ¢ Jy then p(I*) > b, so by continuity of F* and p,
P(ar1 = Lily, H) = F¥(p(l)) — F™ (p(I*)) > 0,

and hence lim; o, E[u(a¢y1,0)|l;, H] < 1. Similarly, if I, — [* € Jy then P(a;q = L|l;, H) —
0, so limy_,o E[u(asi1,0)|l;, H] = 1. Thus, learning succeeds iff I, € Jy almost surely, or

equivalently (since supp(ly) and Jg are closed) supp(ly) < Jp. |

Proof of Theorem 1. We show that UI implies that learning succeeds for any prior
(the converse being immediate). Assume w.l.o.g. that # = H. Continuity of the signal
distributions F’ implies that 1 (y|6,!) and ¢(y,[) are continuous in [, for each y. Hence,
Theorem B.2 in Smith and Sgrensen (2000) implies that any [* € supp(ly) is stationary: i.e.,
o(y,1*) = 1* for all y such that ¢(y|H,*) > 0. By definition of ¢, [* satisfies this condition
only if (i) I* = 0 or (ii) [* > 0 and Y (y|L,1*) = ¥ (y|H,*) for all y such that i (y|H,*) > 0.
But the second scenario is ruled out by UI, so we have supp(l,) = {0} € Jy, and thus

learning succeeds by Lemma 2. ]

Proof of Theorem 2. Let g(p) := A(1,p *(p)). Since p is a strictly increasing bi-

jection from (0,00) onto (0, 1), confounding points correspond to roots of ¢ in (0,1), and
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sign Ay(1,1*) = sign ¢'(p(1*)). Expanding,
9(p) = F'(0)Pryy + (1L = F"(p))Prrr — F*(p)Prs — (1 = F*(p))Prre.

Note that g(b) = Pyy — Py > 0 and g(b) = Pry — Prp # 0. Outside [b,b], g is constant

and nonzero, so any zero of g lies in (b, ), where

g ) = () (Pry —Pru) — f*(p)(Prr — Pur).

By the no-introspection property f2(p)/f%(p) = p/(1 — p). Thus, sign ¢'(p) equals the sign
of a monotone function of p, so g has at most one critical point on (b,b). Finally, simple
algebra shows that when one exists it equals p,,.

If match confounding holds, then g(b) > 0 > g(b), so by continuity ¢ has a root p*. This
root is unique since g has at most one critical point, and ¢'(p*) < 0 since g transitions from
positive to negative at p*.

Now assume match confounding fails. Then g(b), g(b) > 0, so Ul fails iff g attains a
nonpositive value on (b,b). We show that this occurs iff there is oppositional confounding
and (4) holds.

If oppositional confounding also fails, then Pgy > Prr. Since F'H first-order stochasti-
cally dominates F'*, for every p € (b, b) we can use a standard monotone coupling to construct
coupled random variables (actions) Apy, Ay taking values in {L, H} such that Ay > Aj al-
most surely and Pr(4y = L) = F%(p). For any realization, P,y = P4, 1: if Ay = Ay, this
follows from P, > P, (by the absence of match confounding for a = L; by Assumption 1.2
for a = H); if Ay = H and Ay, = L, it follows from Py > Pp;. Moreover, since p € (b, b),
the event {Ay = A} has positive probability, so the inequality is strict in expectation,
giving g(p) = E[Pa,,u — Pa, ] > 0. Hence, UI holds.

If oppositional confounding holds, both P,y — Pyy and Pr;, — Py, are strictly positive,
SO pm € (0, 1) is well-defined. Since p,, is the only candidate critical point of g, g attains a
nonpositive value on (b, b) iff (4) holds (noting that if (4) holds then p,, € (b,b)). When (4)
holds with equality, p,, is the unique root of g and ¢'(p,,) = 0; when it holds strictly, ¢ has
exactly two roots pf < p,, < p5, with ¢'(pf) <0 < ¢'(p3). [ ]

Proof of Corollary 1. Under oppositional confounding, dj := Py, — Pgyr, > 0 and
dy :=Prg — Py > 0, 50 py, = dr/(dr, + di) € (0,1). Collecting terms, the left-hand side
of (4) equals

Pun —Prr + duaF™ () — deF* (pm), (9)
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which is strictly increasing in F¥(p,,) and strictly decreasing in F%(p,,). By Theorem 2,
under oppositional confounding UI fails if and only if (4) holds: that is, if and only if (9) is
nonpositive.

The first two claims are immediate. If UI holds for (FZ, F#) then (9) is positive, and
any (F', FM) that is less precise at p,, has FX(pn) < FX(pm) and F7 (p,,) > F¥(p,,), which
only raises (9), so UI still holds. If Ul fails for (F*, F#) then (9) is nonpositive, and any
(F'L, FT) that is more precise at p,, has F*(py) > F%(pm) and F¥(p,) < F7(p,,), which
only lowers (9), so Ul still fails.

For the limiting claims we evaluate (9) along each limit, using p,, € (0,1). If (FF, FH)
converges to perfect information, then p,, is a continuity point of both Fj, and Fjy,, so
FL(p,) — 1 and Ff(p,) — 0, and (9) converges to Pyy — Py — dy = Pyy — Prp < 0.
Hence, (4) holds strictly for all sufficiently large n, and UT fails.

If (FL, FI) converges to no information and p,, # 1/2, then p,, is a continuity point of
F5, 5, 50 FY(pm) and F (p,,) both tend to 0 when p,, < 1/2, and both to 1 when p,, > 1/2.
In the former case (9) tends to Py — Pyy > 0, in the latter to Pyy — Py + dy — dp, =
Pry —Prr > 0. If instead p,, = 1/2, then dy, = dy, so (9) equals Pyy —Pyp +dg(F7(1/2) —
FL(1/2)). By the no-introspection property,

R - Fi ) - |

p

f#(p)_ Ho\ 1-2p  _p
)= [ e, o

which tends to 0 as FnL, Ff — 51/2,27 so (9) again tends to Pyy — Py > 0. In every case

(9) tends to a strictly positive limit, so (4) fails for all sufficiently large n, and UT holds. =

Proof of Lemma 3. We prove part (a). Part (b) is implied by Theorem C.1 of Smith and
Sgrensen (2000).

Define the shifted process (z;) by z; := z; — x*. Assume towards contradiction that
starting from some initial condition xy ¢ D, there is positive probability that x; — =* and
therefore z; — 0. We proceed in three steps. First, we use a coupling argument and a
Taylor approximation to approximate (|z;]) by a nonnegative linear process (w;). Second,
we show that once z; is sufficiently close to 0, we have w; < |z/|. Thus, if z; — 0 then so does
wy. Finally, we use the strong law of large numbers to show that P(w;, — 0) = 0, yielding a
contradiction. This structure follows Ellison and Fudenberg (1995), but each step is adjusted

to allow more general continuation functions and state-dependent transition probabilities.

2"By no-introspection %de(p) = ﬁdFrf(p), and % < 1% with ﬁ < 2 for p < 1/2, so for any
7 € (0,1/2) the integral in (10) over (0,1/2—~] is at most 2F>(1/2—+), while on (1/2—+, 1/2] the integrand
is at most 2v/(1/2 — 7). Letting n — oo then v — 0 gives the claim.
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In particular, the definition of the coupled process is more involved and resembles the one
used by Smith and Sgrensen (2000) to extend part (b) of the lemma.

Step 1. Define v; := ¢,(i,2*). Assume w.l.o.g that || = |y1| (relabeling otherwise). By
hypothesis, |o[P@)|y1['"7®*) > 1, so we must also have |y;| > 0. Since ¢(i,z) are C! in z

in a neighborhood of z*, a Taylor approximation of ¢(i, x) around x* implies that
o(i,xy) — % = vi(zp — %) + oy — ¥]).

Let ¢(i,2) and p(z) be the continuation functions and transition probabilities for (z),
respectively. These satisfy (i, %) = viz + o(|z]) for i = 0,1 and p(z) = p(z + =*) for all 2.
Denote p* := p(z*) = p(0).

For any w > 0 and any & > 0 such that ¢ < min{|y|, p*}, define ¢.(i,w) = (|| — &)w,
and choose ¢ > 0 such that both of the following hold:

(1) ¢.(i,w) < min{|(i,w)], |p(i, —w)|} for all w € [0,4),
(ii) p(z) = p* —e for all z € (—6,0).

(11)

Since there is positive probability that z; — 0, there exists 7" € N such that the event
A:={z — 0 and |z| < for all ¢t > T} also has positive probability. We define a stochastic
process (w;) coupled to (z;) using the standard monotone coupling construction. Let ((;) be
a sequence of i.i.d uniform-(0,1) random variables, and recast (z;) by setting y; = 0 if and

only if ¢; < p(z,-1) and y; = 1 otherwise, and defining z; = ¢(y4, 2;—1). Then, define (w;) on
[0,90) by

Wy = gge(oth—l) if t > T and gt < p* - &
és(l,wt,l) if t > T and (; > p* —¢.

Step 2. We claim that if event A has positive probability then so does the event B := {w; —
0}. It suffices to show that A — B, which we establish by proving inductively that on the
event A, for every nonnegative integer s we have wrys < |2r45|. The base case s = 0 holds by
definition of (w;), since on event A we have wy = |z7|. Assume that the induction hypothesis
holds for s = 0 and consider s+ 1. Since ¢.(i,w) are increasing in w and ¢.(0,w) = ¢-(1,w)

for all w > 0, it follows that on the event A,

Wris+1 S Gga(yT+s+1,wT+s) < Qgs(yT-&-s—&-l’ |ZT+5|) < |§Z~5(yT+s+1, ZT+s)| = |ZT+5+1 .
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The first inequality holds because |27, 5| < § and condition (ii) in (11) imply p(zr,) = p*—e,
which implies that the process (w;) takes the larger O-transition only if yr,s.1 = 0. The
second inequality follows from the induction hypothesis and the monotonicity of és in its
second argument. The third inequality follows from |z7,4| < 0 and condition (i) in (11).

Step 3: We complete the proof by showing that Pr (w; — 0) = 0. If w, — 0, then the process
(log(w;)) must converge to —co. Moreover, we have log(wrs) = log(wy) + >°_, u,, where
the u, are i.i.d Bernoulli random variables taking values log(|vo| — ¢) and log(|y:1| — €) with
probabilities p* — ¢ and 1 — p* + ¢, respectively.?® Thus, the strong law of large numbers

implies that the probability that log(w;) converges to —oo must be 0 if E[u.]| > 0, i.e., if

(p* —e)log(|vo] —¢€) + (1 — p* + ) log(|11| — ) > 0.

This inequality holds for all sufficiently small € > 0 by continuity and the hypothesis that
170[”*|71|*=7" > 1, completing the proof. -

Proof of Lemma 4. Fix y € {0,1}. By (2), for any [ # ', we have ¢(y, ) = ¢(y, ') iff

l¢(y|La l)?/)(y|Ha l/) - l/¢(y’Lv l/)¢<y|H7l) = 0.

Since 9(y|0,1) is an affine function of Py and Py, this is a polynomial equation in (P,g).
Moreover, the equation is not an identity: for example, it fails if all four P.y’s are equal.
Therefore, the set of solutions Z; < [0,1]* has empty interior by the identity theorem for
analytic functions, and is therefore nowhere dense as a closed set with empty interior. Now,
if ¢(y,l) is constant over a nonempty open interval then (P,) must lie in Z;; for some
distinct [,I’ € Q, and hence (Py) € Z := Ul,l,eQ#l, Z,p. Finally, Z is meagre as a countable

union of nowhere dense sets, so its complement is generic. [

Proof of Lemma 5. Let ¢ *(I*) be the set of priors [y from which there is a positive
probability of reaching [* in ¢ periods: this can be defined inductively by ¢~1(I*) = {l : [* €
(6(0,0), 6(LDH, 674(%) = {1+ {6(0,1), 6(L, )} 1 6~0-D(1%) £ G5}, We show that 64(1°) is
closed and has empty interior, and hence is nowhere dense. This implies that | J,., ¢~*(I*),
the set of priors from which there is a positive probability of reaching [* in finite time, is
meagre.

First, ¢~1(I*) is closed, because {I*} is closed and ¢(y,[) is continuous. Inductively,
¢t (1*) is closed.

28Here we use o ¢ D, which ensures that z; # 0 for all £, and therefore w; # 0.
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Second, ¢~ *(I*) has empty interior. Suppose for contradiction it contained a nonempty
open interval I. Then I = Ay u Ay, where A, = {l € I : ¢(y,l) = [*} is closed in [ as
the preimage of {{*} under the continuous map ¢(y,-). Since I cannot be written as the
union of two closed sets both with empty interior (such a union is nowhere dense in ),
some A, contains a nonempty open sub-interval I’, on which ¢(y, -) is constant (equal to [*),
contradicting Assumption 2.

Finally, suppose for contradiction that ¢~(¢=1(I*) has empty interior, but ¢—*(I*) con-
tains a nonempty open interval I. By definition of ¢~ *(I*), for each [ € I at least one of
$(0,1), 6(1,1) lies in ¢~ V(1*), so I = By U By where B, = {l € I : ¢(y,1) € ¢~ =D (I*)}.
Each B, is closed in I, as the preimage of the closed set ¢~ (1*) under the continuous
map ¢(y,-). Since I cannot be written as the union of two closed sets both with empty
interior, some B, contains a nonempty open sub-interval I’. Then ¢(y, I') < ¢~(=D(1*) is
the continuous image of an interval, hence an interval (possibly degenerate). If ¢(y, I’) is a
single point, then ¢(y,-) is constant on I’, contradicting Assumption 2. Otherwise, ¢(y, )
contains a nonempty open interval, contradicting the hypothesis that ¢~(*=1(I*) has empty

interior. ]

Proof of Theorem 3. In each state 6, the process (I;) is a Markov process over R, with

#(0,1;) with probability ¥(016,1;),
o(1,1;) with probability 1 — (0|6, ;).

leyr =

Lemma 3 applies to this process at any confounding point [*. First, ¢(y|6,[) is continuous
in [ and satisfies ¥ (y|0,1) € (0,1), since it is a convex combination of Pry and Pgy and
P, € (0,1) by Assumption 1.1. Second, since a confounding point cannot lie in a cascade
set, p(I*) € (b,b), and F* and F¥ are C' on (b,b) because f* and f# are continuous there.
Hence ¢(0,-) and ¢(1,-) are C! in a neighborhood of I*. Moreover, for any confounding
point [*, the set D« of initial points ly from which there is positive probability of reaching
[* in finite time is meagre, by Lemma 5. Since there are at most two confounding points by
Theorem 2, the union of the sets D« over all confounding points is also meagre. Hence, if
the instability condition holds at all confounding points, then learning generically succeeds.
Conversely, if the stability condition holds at a confounding point [*, then learning fails from

any prior in a neighborhood of [*. ]

Proof of Proposition 1. By (7), ¢(1,1*) and £(0,1*) have opposite signs, so £(1,1*) # 0
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implies that exactly one of them is negative, namely e(y,[*). Let u := e(y,l*) < 0. By (7),
)

e(l—y,l*) = — Ly 0, so we can write the left hand side of (Stability) and (Instability)

1=
as,

1-¢
11+ ul? (1— u> =: T(u, 1)),

(8
1-9
where the second factor is positive since u < 0. It remains to study the sign of T'(u, ) —
on u < 0.

For u € (—1,0), both factors of T" are positive. By the weighted AM-GM inequality,

Tud) < w0+ 1-v) (1= o) -1

with equality iff 1 +u =1— % i.e., u = 0. Hence T'(u,7) < 1on (—1,0), and T(—1,7) =
0<1. _

For u < —1, T(u,) = (—(1 +u))*(1 - 125u)""Y, and
dlog T'(u,v) B (0 B (0
du 14w 1 — iu

Since 1+u < 0 and 1— ?wu > 0, both terms on the right-hand side are negative. Thus T'(-, )
is strictly decreasing on (—o0, —1). Since T'(—17,¢) = 0 and T'(u,v) — o0 as u — —o0, there
is a unique c¢(¢) € (—o0, —1) with T'(c¢(+),¥) = 1; moreover " < 1 on (c¢(¢)), —1) and 7" > 1 on
(—0,¢c(1)). Combined with the previous paragraph, this proves the cutoff characterization.

Finally, at u = —2 the first factor of 7" is 1 and the second is (1 z) Y > 1,80 T(—2,9) >
1 and c(y)) > =2. At u = —1 — W(l/e) ~ —1.278 a short computation gives T(—1 —

W(l/e), ) <1,s0c(y) < —1—W(1/e).? u

Proof of Theorem 4. Let dy, := P;p — Py and dy := Pry — Pyy. If (FL, F) converges
to perfect information and n is sufficiently large, we say signals are near perfect. If (FL, FIT)

converges to no information and n is sufficiently large, we say signals are near noise.

Step 1 (characterization of confounding points). By Theorem 2.1, under match confounding
there is always a unique confounding point [*, which satisfies A;(1,1*) < 0. By Corollary 1,

under oppositional confounding with near-noise signals UI holds, so there is no confounding

1+pw 1 1—1

2Write w := W(1/e), so logw = —(1 + w). At u = —1 — w the factors of T" are w? and (5—— =5 ) 7Y, so

logz <2 —1 for x # 1 gives log T (=1 —w, ) = =y (14+w) + (1 w)log1+ww< (1 +w)+yY(1+w)=0.

Hence T'(—1 —w, ) < 1.
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point, and with near-perfect signals (4) holds strictly, so by Theorem 2.2 there are two
confounding points I < 15 with A;(1,F) < 0 < A(1,13). In sum, with near-perfect signals
there is, under either form of confounding, exactly one confounding point with A;(1,7*) < 0,
and with near-noise signals there is a unique confounding point under match confounding

and none under oppositional confounding.

Step 2 (sufficient conditions for (in)stability). Fix a confounding point [* where 0* :=
A(1,1%) < 0. Let p* = p(I*) and ¢* = (1|L,1*) = ¥(1|H,l*). We derive sufficient
conditions for [* to satisfy (Stability) and (Instability). Since ¢(1|6,1) = F?(p(1))Pre + (1 —
FO(p(1)))Pgg for 0 € {L, H}, and p(l) = 1/(1 + 1), we have

Di(116,1%) = fO(p(*)p'(1*)do = fe(p*)(lf—el*y-
Thus, |
0% = Wy (1[H, I") — (1| L, I%) = aTre (f7 ") — fH(p*)dr) -

Multiplying by {* and using the identity ﬁ = p*(1 — p*), we get

0% = p* (1= p*) (" (0")du — f*(p")dr) -

Because 6* < 0, the term 1 — l:;i* in (Stability) is strictly greater than 1. For the term
inside the other absolute value, if —[*6* < 1 — ¢*, then 1 + 2% > 0. In this case, we can

1—y*
drop the absolute values and apply the weighted AM-GM inequality:

(” 1l—5w*> <1_ lwi ) <=7 (“ 1l—5w*) i (1_ lz/»i ) - b

On the other hand, if —[*§* > 2(1 — ¢*), then 1 + % < —1, meaning its absolute value is
*6*

strictly greater than 1. Since ‘1 — lqﬁ—*‘ > 1 as well, their product is strictly greater than 1.
In sum, for a confounding point I* where A;(1,1*) < 0, a sufficient condition for stability is
—1*§* <1 —1*, and a sufficient condition for instability is —{*0* > 2(1 — ¢*).

We will apply these conditions to sequences of confounding points [*(n) such that A;(1,7*(n)) <
0. For such a sequence, let p*(n) = p(I*(n)), ¥v*(n) = ¥(1|L,1*(n)), and 6*(n) = Ay(1,1*(n)),

and define the sequence h(n) as the value of —[*(n)d*(n) at these points:

h(n) = =p*(n)(1 = p*(n)) (fa' (" (n))drr — f (" (n))dr) (12)

Since ¥*(n) is bounded away from 0 and 1 (by Assumption 1.1), to establish part 1 of the
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theorem, it suffices to show that h(n) — 0 with near-perfect signals. Conversely, to establish
part 2 of the theorem, it suffices to show that h(n) — oo with near-noise signals and match

confounding (as, by Step 1, UI holds with near-noise signals and oppositional confounding).

Step 3 (possible limits of private belief cdfs at confounding points). Let (FL FM) be a se-
quence of private belief distributions, and suppose that for all sufficiently large n there exists
a confounding point [*(n), with associated private belief threshold p*(n) = p(i*(n)). Further
assume that the sequence (FZ(p*(n)), F(p*(n))) converges to some limit (FL, F) e [0, 1]%
Since A(1,1*(n)) = 0, we have

El(p*(n))(Pun — Prr) — Fy (p*(n))(Pur — Prr) = Puy — Prr. (13)

We claim that at least one of F£, F lies in (0,1). Suppose for contradiction that both are
in {0,1}. By stochastic dominance, FX' > FH (Smith and Sgrensen (2000) Lemma A.1(c)),
so FL > FH. This leaves three possible cases: (0,0), (1,0), and (1,1). We show that none
of these are possible.

If FL = F# =0, then the left-hand side of (13) converges to 0, while the right-hand side
is Pgg — Py > 0 by Assumption 1.2.

If FZ = FH = 1, then the left-hand side of (13) converges to Pyg—Pry—Pgr+Prr, while
the right-hand side is Py — Py. This is equal to the right-hand side only if Py, = Pry,
which is ruled out by Assumption 1.2.

If FL =1 and FX = 0, then the left-hand side of (13) converges to Pr; — Pgz. This is

equal to the right-hand side only if Py, = Pyy, which is ruled out by assumption.

Step 4 (proof of part 1). By Step 1, for either type of confounding, with near-perfect signals
there is a unique confounding point [*(n) such that A;(1,7*(n)) < 0. We show that h(n) — 0,
which implies that learning robustly fails by Step 2 and Theorem 3.

By the no-introspection property, fZ(p)/fH(p) = (1 — p)/p for all p € (b,b). Noting that

p*(n) € (b,b), we can rewrite (12) as

h(n) = (1= p* () f; (" (n)) [(1 = p*(n))dr, — p*(n)dn]

(14)
= p*(n)fy (0" (n) [(1 = p*(n))d, — p* (n)dn].

Since p*(n) € [0, 1] for all n, and the expression in square brackets is bounded, to prove that
h(n) — 0 it suffices to prove that along every subsequence as n — oo, there exists a sub-
subsequence where either fZ(p*(n)) — 0 or fE(p*(n)) — 0. Given an arbitrary subsequence

n — o0, we can choose a sub-subsequence for which (FL(p*(n)), F¥(p*(n))) — (FL, FH). By
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Step 3, either FL € (0,1) or FX € (0,1). In the first case, tail-regularity (Condition 1) implies
fH(p*(n)) — 0; in the second, tail-regularity (Condition 2) implies fZ(p*(n)) — 0 (noting

in both cases that tail-regularity of (F'X, F) implies tail-regularity of any subsequence).

Step 5 (proof of part 2). It suffices to show that h(n) — oo with near-noise signals and
match confounding. As in Step 4, it suffices to prove this for a sub-subsequence along which
(FE(p*(n)), FE(p*(n))) — (FL, FH). By Step 3, at least one of FL, FX lies in (0,1). This
implies that p*(n) — 1/2, as otherwise FX, F — §, /5 implies that FX(p*(n)), EZ(p*(n))
both converge to either 0 or 1. Applying the no-introspection property as in the proof
of Corollary 1, convergence to complete noise further implies that FZ = F. By center

regularity (of the subsequence), this implies that fZ(p*(n)), f(p*(n)) — oo. Since

(1= 5 () [(1 = " (1)) — p*(n)d] = § (Bre — Brin + sy — Praz) = 0,

this implies that

completing the proof. [

Proof of Proposition 2. Consider the probability space (2, F,P) = (R, B(R),G), and
let € : 2 — R denote the identity map, so that € ~ G. Define the random variables

g(e —1/on)
e—1/o,) +g(e)’
g(¢€)
g(e) +g(e + 1/on)

PL(e) = p,, (0ne) = ol

PA(e) := p,. (1 + o) =
Then P has cdf FL and P has cdf F. Since g is a log-concave density on R, we have
g(z) — 0 as |z| — o0. Hence for every fixed € € R, if 5, — 0 then lim, .., P*(¢) = 0 and
lim, . P7(e) = 1. And if 0, — o0 then lim,,_,o, PX(e) = lim,, o, P¥(g) = 1/2. Since almost
sure convergence implies weak convergence, this gives FX' — Fj5 and FH — Fj as o, — 0,
and FF FH — Fs,,, as 0, — 00. Thus, (FL FH) converges to perfect information if o,, — 0

and to no information if o, — 0.
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Turning to the regularity conditions, note that*’

Apo(5) _ pols) (1= pos)) [ ( - 1) L (i)] |

ds o o o

By the inverse function theorem, s’ (p) = 1/p. (s,(p)), so by (8) private belief densities are
given by

S ) (=]

Center regularity: Assume o, — o0, and consider a sequence (p,,) with lim,, .., F(p,) =
q € (0,1). Since F' — Fj, ,, it must be the case that p, — 1/2. For each n, let s, := 55, (pn)
denote the signal that induces belief p,, and define z,, := (s, — 1)/o,. By (8), Ff(p,) =
G(x,), so G(x,) — ¢, which implies z,, — G~*(¢q) € R. Furthermore, s,/0, = =, + 1/0, —
G7(q).

By continuity of the score function r = ¢'/g, lim,, [ (z,) — r(z, + 1/0,)] = 0. Then by
(15),

g9(zn) 3 49(G~'(q))

) = T = Pl ) — 1(om + Vow)] Tt () — P+ )]

Tail regularity: Assume that the score function is unbounded above and below and that
o, — 0. We verify the two conditions for tail-regularity. First, consider a sequence (p,)
such that lim, . FL(p,) = ¢ € (0,1). Since Ff¥ — F5, and F¥ — F5, q¢ < 1 implies
pn — 0, and hence lim,, ., F(p,) = 0. As before, let s, = s,, (p,) and z,, = (s, — 1)/0,,.
Then FH(p,) = G(x,) — 0 implies x, — —0, and FX(p,) = G(x, + 1/5,) — q implies

T, + 1/0, — G71(q) € R. Using the identity p,(1 — p,) = (gélw(:)nis;((a;v;ill//?;)))% We can rewrite
f(p,) from (15) as:

H _ (9(zn) + g(@, + 1/0n>)2
S pn) = e T ) = 1(n + o) (16)

Asn — o, g(x,) — 0 and g(z, + 1/0,) — g(G7'(q)) > 0. Thus, the numerator converges

30Since g is log concave, r(z) = (logg)’(r) is decreasing so the expression in square brackets is positive,
and therefore p,(s) is strictly increasing as claimed in Remark 4.3.
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to g(G7'(¢))? and the g(-) term in the denominator converges to g(G~'(g)). Because the
score function is unbounded above, r(x,) — o as z,, — —o0. Meanwhile, r(x, + 1/0,) —
r(G71(q)), a finite constant. Therefore, the term in brackets diverges to oo, which yields
lim, oo £ (pa) = 0.

Second, consider a sequence (p,) such that lim, ., FH(p,) = g€ (0,1). Since FI — Fj,
and FL' — Fj, ¢ > 0 implies p, — 1, and hence lim, ., F'X(p,) = 1. Here, F(p,) =
G(z,) — qimplies ¥, —» G71(q) € R, and FX(p,) = G(x,+1/0,) — 1 implies x,+1/0,, — 0.

Similarly rewriting fZ(p,) gives:

(9(zn) + g(x, + 1/0n))2
9(@n)[r(@n) — r(zn + 1/0n)]

fr(pn) = (17)
As n — o, g(z, + 1/0,) — 0 and g(x,) — g(G7'(q)) > 0. Because the score function is
unbounded below, r(z,, + 1/0,) - —0 as z,, + 1/0,, — o0, while r(z,) converges to a finite

constant. The term in brackets therefore diverges to oo, yielding lim, . fZ(p,) = 0. ]

Proof of Proposition 3. Write P :=P;; = Pyy, P:=Pry = Pyp,and d:= P— P > 0.
Note that in the notation of the proof of Theorem 4, d = d;, = —dy. For convenience,
reparametrize the scale by w := 1/(20) € (0, o).

By symmetry, the confounding point for any w is {* = 1, which is unique by Theorem 2.
Thus, the private-belief threshold is p* := p(I*) = 1/2, and, again by symmetry, the signal
that induces it is s* = 1/2 for every w. By (8), F#(p*) = ®(—w) and F*(p*) = ®(w).

For private signal distributions with scale w let ¥*(w) := ¥ (1|L,*) = ¥(1|H,l*) and
h(w) := —1*A;(1,1*) (the quantity h(n) of (12) taking w rather than n as an argument).
Explicitly,

Y (w)=P+d- d(w) and h(w) =d- p(w)/w > 0. (18)

The first formula follows from (2). For the second, since p* = 1/2 the bracketed term
in (14) equals d, so h = fH(p*)d/2, while (15) with the Gaussian score 7(u) = —u gives
FRp) = 20(w) o

Using (7), define

b h
mai= L) =1+ e(LI) =1+ 2> 1 moi= a0, = 1+e(0,1%) = 1 = 3—7.

By Theorem 3 (which applies with Gaussian noise, as ¢(y, -) is real-analytic and non-constant,
so Assumption 2 holds), [* is stable, hence learning robustly fails, when the stability index

S(w) = ¢Y*logmy + (1 — ¥*)log|myg| is negative, and unstable, hence learning generically
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succeeds, when S(w) > 0. Note that S is C'! around any w for which mg # 0.

Since £(1,1*) = h/Y* > 0 > —h/(1 —¢*) = £(0,1*), the smaller elasticity is at y = 0,
with 1) = 1 —4*. Proposition 1 then implies that S(w) > 0 whenever h/(1 — ¥*) > 2 and
S(w) < 0 whenever h/(1 —¢*) < 1.278. Asw — 0, h — oo while 1 —¢* > 1 — P —d/2 > 0;
as w — 0, h — 0 while 1 —¢* — 1 — P > 0. Hence S > 0 for sufficiently small w and S < 0
for sufficiently large w, so S has a zero (though undefined where my = 0, S tends to —oo
there, so the intermediate value theorem still yields a zero).

We now establish that this zero is unique by proving that every crossing is a down-
crossing, i.e., S(w) = 0 implies S’(w) < 0. This implies that there exists w* such that S > 0
for all w < w* and S < 0 for all w > w*, completing the proof.

Let wp be a zero of S. Since wy lies on the boundary between (Stability) and (Instability),
Proposition 1 gives (0,1*) = ¢(1 — ¢*) < —1, so mgy(wo) < 0. By continuity, mo < 0 on an

open neighborhood of wy, on which

The definitions of m; and mg give ¥*m; = ¥*+h and (1—¢*)my = 1—1¢*—h. Differentiating

these identities and dividing by my and my, respectively, gives

/ */ / / */ /
*ﬂ:w +h_w*/ and )mo %ZJ +h

mi my mo mo

—~
—
|
<

*
Il

+ ",

so S" = ¢*log(ma/|mo|) + (¥* + 1')(1/my + 1/|mg|), using —1/my = 1/|my|. From (18),
¥ (w) = d-p(w) = h(w)w and, since @' (W) = —wp(w), V' (W) = —h(w)(W?+1)/w, so P*' +h' =
—h/w. Moreover, S(wy) = 0 gives ¥*logm; = (1 — *)log(1/|mol|), so log(my/|mo|) =
(1/1*)log(1/|mg]) at wy. Substituting, we have

5'(wo) = w%((wg/w*) log(1/[mo) —1/m1 = 1/[mo])

h

< w—0<w3/<ew*\mo|> = 1/my = 1/]mo|)
h 5 N h 2 *
< 2 fewmol) = Ulmol) = —"— (i /(ev?) = 1) <.

The first inequality applies zlog(1/z) < 1/e, valid for every x > 0, at = |mg|. The second
drops the term —1/m; < 0. The final inequality is implied by the following claim, which
completes the proof. This last step relies on a numerical calculation involving ®.

Claim. wi < e*(w).

Proof. Throughout, ¢* and h are evaluated at wy. As established above, the smaller
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elasticity is £(0,1*) = ¢(1 — ¢*), where ¢(1) is the cutoff in Proposition 1. As ¢(¢)) < —1 —

W (1/e) for every 1, writing po := 1+ W (1/e) ~ 1.278, the ratio p := h/(1 —9*) = —(0,1*)
satisfies p > po.

We wish to relate wy to ¥*. To this end, note that (18) splits each outcome probability
into a belief-independent term plus a belief-dependent term: ¢* = P+d-®(wp) and 1 —¢* =
(1—P)+d-®(—wp). By Assumption 1, P > 0 and 1 — P > 0, so each outcome probability
strictly exceeds its belief-dependent term, i.e., d - ®(—wy) < 1 — ¢* and d - ®(wy) < ¥*.
Substituting d = p(1 — ¥*)wo/p(wp), which follows from h = d - ¢(wy)/wy, and using p > py,

we obtain

Mag) = 02C@0) 11 1-07 (e

¢(wo) P Po P* powo®(wo)
Step 1: wy < ws, where w, ~ 1.549 is the unique solution of M (w,) = 1/py. The map M is

(19)

strictly increasing on (0, c0): its derivative equals (1+w?)®(—w)/¢(w)—w, which is positive by
the Mills bound ®(—w) > we(w)/(1+w?). Rewriting the Mills bound as M (w) > w?/(1+w?),
we get M(w) > 1/py whenever w?/(1 + w?) = 1/py, i.e., whenever w? > 1/(py — 1). Since
M(0) = 0, the solution w, exists, is unique, and satisfies w? < 1/(py — 1) < 4, a bound we
use in Step 2. The inequality M (wy) < 1/po then gives wy < w.

Step 2: po®(w)(e — w?) = wep(w) for every w € (0,w,). Write v(w) := ®(w)(e — w?). On
(0,2), v is concave: v"(w) = —2®(w) —wp(w)(e + 4 —w?), and both terms are negative there
since w? <4 < e+4. Asw, <2 by Step 1, v is concave on (0,w,), so it is bounded below
on this interval by the smaller of its endpoint values v(0) = e¢/2 and v(w,). Thus, for every
w e (0,w,), pov(w) = min{poe/2, pov(w,)}. Both values exceed (2me)™/2 ~ 0.242: indeed
poe/2 > 1, while pov(w,) ~ 0.382. Finally, wp(w) < (1) = (27e)~Y/2 for every w > 0, as the
derivative of wp(w) equals p(w)(1 — w?).

Step 3: wi < ey*. By the second inequality of (19) and then Step 2, applicable since
wo < ws by Step 1,

2 *
W 1-— Wop W
0 ("g ("'(2). Q/):ﬁ < (2) : ( 0>

B Allowing P;; = Py in Theorem 4

We introduce an additional regularity condition that allows P;; = Pgzy in Theorem 4.
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Definition 5. Signal distributions (FX, F1) that converge to perfect information are strongly
tail-regular if they are tail-regular, and, for every sequence (p,,) with lim, ., F*(p,) = 1 and
lim,, o, F(p,) =0,

lim (1 _pn>frf[(pn) = 0. (20)

n—0o0

By the no-introspection property fZ(p)/f2(p) = (1—p)/p, (20) is equivalent to lim,, . p, f£(pn) =
0. Strong tail-regularity still appears to be a mild condition. It says that, if FZ(p) is small,
then f2(p) is much smaller than 1/(1 — p).

Corollary 2. In Theorem 4, the condition Pr; # Pgyy can be dropped if tail-regularity is

strengthened to strong tail regularity.

Proof. In the notation of the proof of Theorem 4, the assumption P;; # Pgygy is used
only in Step 3, and only to rule out the limit (FZ, F) = (1,0). Under convergence to no
information, Step 5 shows that FZ = FI so (FL, FH) = (1,0) is impossible regardless, and
Part 2 follows from Step 5 unchanged.

For Part 1, Steps 1 and 2 go through unchanged, and it suffices to show that h(n) — 0
along any sub-subsequence where (FL(p*(n)), F(p*(n))) — (FL, FI). If at least one of
FL FH lies in (0,1), Step 4 gives h(n) — 0 via tail-regularity. In the remaining case,
(FL FH) = (1,0), strong tail-regularity gives (1 — p*(n))f#(p*(n)) — 0, and substituting
into (14) yields h(n) — 0 since the bracketed term is bounded. n

We now verify that strong tail-regularity holds for location-scale families with strictly

log-concave densities and unbounded score. We retain the notation of Section 4.3.

Proposition 4. Assume the score function is unbounded and o, — 0. Then (FL F7) are

strongly tail-reqular.

Proof. Convergence to perfect information and tail-regularity were established in Proposi-
tion 2. We verify (20).

Let (p,) satisfy FX(p,) — 1 and FH(p,) — 0. Set s, := Sy, (pn), Tn := ($n — 1)/00n,
and y, := $,/0n, so that y,, — z, = 1/0,,. From (8), FX(p,) = G(y,) and F(p,) = G(z,).
Since G is a continuous cdf that is strictly increasing on R, G(y,) — 1 and G(z,) — 0
imply y, — o and x, — —o0. As in the proof of Proposition 2, the identity p,(1 — p,) =
9(20)9(yn)/(g(z) + g(yn))? combined with (15) yields

(1 _pn>frf](pn) = (21)
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Since ¢ is a log-concave density on R, we have g(u) — 0 as |u| — o0. Hence g(z,) — 0 and
9(yn) — 0, so the numerator of (21) tends to 0. Since the score is unbounded above and
below, r(x,) — w0 and r(y,) — —o0, so the denominator tends to +c0. Therefore (21) tends
to 0, establishing (20). |

C Logistic Noise

This appendix shows that the location-scale model with logistic noise is an example where
private beliefs are bounded and tail-regularity fails, but the conclusion of Theorem 4 still
holds. Thus, within the location scale model, unbounded beliefs and tail-regularity are
sufficient for the conclusion of Theorem 4, but not necessary.
Consider the location-scale model and assume that noise is standard logistic,
e * 1

g(x) = ma G(x) =

The score is r(z) := ¢'(x)/g(z) = 1 — 2G(x), so 7' (x) = —2¢g(x) < 0 and g is strictly log-
concave. The score is bounded: r(x) € (—1,1) for all z € R. Since g is symmetric around 0
and satisfies g(z) = G(z)(1 — G(z)), we have, for any s € R and o > 0,

—(s—1)/0\ 2
g(S/O') _ 6—1/0 L+e c (6_1/07 61/0),
g((s—1)/0) 14 es/o

where the bounds follow from taking the limits s — +o0. Hence

Po(s) = (1 + %) ) € <1 :61/0’ =9 +161/U> ‘

That is, private beliefs are bounded for every o > 0, though the support converges to [0, 1]

as 0 — 0. In addition, tail-regularity also fails, as can be seen via the sequence p*(n) in

Case A in the subsequent proof.

Proposition 5. Assume that there is either match confounding or oppositional confounding.
In the location-scale model with standard logistic noise, there exist 0 < o1 < o9 such that

learning robustly fails if o < o1 and learning generically succeeds if o > .

Proof. That learning generically succeeds for large o follows from Proposition 2: the

standard logistic density is strictly log-concave, so (F'L, i) are center-regular when o,, — o0.
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We focus on the small-o direction, following the structure of the proof of Theorem 4.1 but
replacing the appeal to tail-regularity by a direct computation in the logistic model. As
there, write dy, := Pr;, — Py and dy := Pryg — Py

Let (0,) be any sequence with o, — 0. We show that learning robustly fails for n
sufficiently large. By Theorem 3 and Step 2 of the proof of Theorem 4, it suffices to exhibit
a confounding point [*(n) with 6*(n) := A;(1,1*(n)) < 0 satisfying the sufficient condition
for stability h(n) < 1 —¢*(n), where h(n) := —I*(n)d*(n) and ¥*(n) := (1|H,[*(n)).

Step 1 (existence of a confounding point with §* < 0). By the argument in the proof of
Proposition 2, (FX, FH) converges to perfect information. Step 1 of the proof of Theorem 4
relies only on convergence to perfect information, not on tail-regularity, and hence applies:
under match confounding, for every n there is a unique confounding point, which satisfies
d*(n) < 0; under oppositional confounding, for n large (4) holds strictly, so there are two
confounding points, exactly one of which satisfies §*(n) < 0. In either case, fix a confounding
point [*(n) with 0*(n) < 0 and let p*(n) = p(I*(n)).

Step 2 (the possible limits). Since (FX(p*(n)), X (p*(n))) € [0,1]* for every n, any subse-
quence admits a sub-subsequence along which this pair converges to some (F£, FX) e [0, 1]°.
Passing to a further sub-subsequence if necessary, assume also that p*(n) converges. As in
Step 4 of the proof of Theorem 4, it suffices to verify h(n) < 1 — ¢*(n) along every such
sub-subsequence.

Note that (FL, F) cannot have both coordinates in (0, 1), as this would simultaneously
imply both p*(n) — 0 and p*(n) — 1. Combined with FZ > FX (stochastic dominance) and
Step 3 of the proof of Theorem 4—where excluding (0,0) and (1,1) uses only Assumption

1—this leaves three cases:
e Case A: FL e (0,1), FZ =0, and p*(n) — 0.
e Case B: F- =1, F1 € (0,1), and p*(n) — 1.
e Case C: (FL FH) = (1,0). By Step 3 of the proof of Theorem 4, this case arises only

if P, = Pypy, and hence only under match confounding.

Step 3 (computing the limits of h(n) and ¥*(n)). Let s, := s,, (p*(n)) and z,, := (s, —1) /0y,
so FA(p*(n)) = G(z,) and FE(p*(n)) = G(x, + 1/0,). Throughout, we use the logistic
identities g(u) = G(u)(1 — G(u)) and r(u) = 1 — 2G(u).

Case A. Here FH(p*(n)) — 0 and FE(p*(n)) — FL € (0,1), so ¥, — —0 and z,, + 1/0,, —
4 = GTYFL) e R. Thus, g(z,) — 0, g(z, + 1/0,) — g(€a) > 0, r(z,) — 1, and
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r(z, + 1/0,) — r(€a), so by (16),

ff(p*( )) (g(IL‘n) + g(‘rn + 1/0n)> . g<£A) _ 1— Fé

g(xp + 1/on)[r(x,) — r(x, + 1/0,)] 1—r(&a) 2

where the last equality uses the logistic identities g(£4) = FL(1 — F£) and 1 —r(€4) = 2FL.
Passing to the limit in (13) and using FZ = 0 pins down FLd; = Pyy — Pyr. Then, by
(14) and using p*(n) — 0,

1—FO€' ]PLL_PHH

h(n) = (1= p*(n) i (p*(n)) [(1 = p*(n))dr, — p*(n)du] —
where the last equality uses (1 — FL)dy, = d, — (Pyy — Pyr) = Prp — Py, Also,
V¥ (n) = Fy (0" (0)Prr + (1 — Fy (p*(n)))Pur — Pur + Frdy = Paa.

Therefore

Prr, —P P P
lim [1 — ¢*(n) — h(n)] = 1 — Py — L _THH _ g _ Ter® Fum

>0
n—o0 2 2 ’

since Prr,Pyy < 1 by Assumption 1.1.

Case B. Here FL(p*(n)) — 1 and FH(p*(n)) — FI € (0,1), so z, + 1/o, — o0 and
T, — &g = GYFH) e R. Thus, g(z,) — g(ég) > 0, g(x, + 1/0,) — 0, r(x,) — r(£p), and
r(z, + 1/0,) — —1, so by (17),

(9(z0) + g(wn +1/0,))? g(ép)  FH

@) = e @) —rn o) res) 1 2

where the last equality uses the logistic identities g(£g) = FH(1 — FX) and r(ép) + 1 =
2(1 — FH). Passing to the limit in (13) and using F£ = 1 pins down FZdy = Pr; — Pyy.
Then, by the second line of (14) and using p*(n) — 1,
* * * * 1 P —P
() = (n) 4 () [(L = 9 () — " ()] — 22 - (=) = Z2 = Fre
Also,
*(n) = FY (p*(n))Pry + (1 — FY (p*(n)))Pur — Puu + Fildy = Pry.

Therefore

Py — P P+ P
lim [1— o*(n) — h(n)] = 1 — Py, — A — 0L g Ter & Fun

> 0.
n—>00 2 2
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Case C. Here FE(p*(n)) — 1 and F¥(p*(n)) — 0, so z, > —©, z, + 1/0,, — 0, r(z,) — 1,
and r(z, + 1/0,) — —1. Under Py = Pyy, the right-hand side of (13) equals dr, so (13)
rearranges to (1 — FE(p*(n)))d, = —FH(p*(n))dy, i.e., 1 — G(x, + 1/0,) = kG (z,), where
Kk = —dy/dy. Recall that Case C can only arise under match confounding, which together
with Py, = Pyy gives di, > 0, dg < 0, and hence x > 0.

Set a,, := g(z,,) and b, := g(z,, + 1/0,); both tend to 0. Using g(u) = G(u)(1 — G(u)),

an G(z,)(1 — G(zy))  G(r,)(1 = G(z,)) 1—G(xy) 1

by Gz, +1/0,)(1 = G(zn +1/0,))  G(an +1/0,)kG(2,)  KG(zn +1/0,) K
Hence by (16),

Hip#(n)) = (an +bn)* _ bn (/b +1)* —
[ (p*(n)) bolr(x,) —r(z, + 1/0,)]  r(zn) —r(x, + 1/0,) 0,

since b, — 0 while (a, /b, + 1)*> - (1/k + 1) and 7(x,) — 7(x, + 1/0,) — 2. Then by (14),
h(n) — 0 since f(p*(n)) — 0 and the other factors are bounded. Also,

W*(n) = Fr(p*(n)Prp + (1 — Fy(p*(n)Pur — PLL.

Therefore 1 — ¢*(n) — h(n) —» 1 — Py > 0.3 |

D Discrete Signals

In this appendix, we replace the assumption that private beliefs are continuously distributed
with the assumption that they take finitely many values. We show that learning generically
succeeds in this discrete signal setting.

Let K > 1 and assume that private beliefs are supported on {pi,...,px} with 0 < p; <
.-+ < pg < 1 and state-contingent signal probabilities 72 = P(p = pi|6). Since each py, is the
posterior probability that the state is H given the corresponding signal, identifying signals
with these beliefs implies the no-introspection property: i /7t = Iy := pi/(1 — pi) for each
k. We maintain Assumption 1.

In contrast to the continuous signal case, with discrete signals there are public beliefs
where agents are indifferent between actions with positive probability: an agent facing public

likelihood ratio [ is indifferent with positive probability whenever | = [, for some k. Let

31Since Pr;, = Py g, the limit equals 1 — (Pr + Py g)/2, matching Cases A and B. This is because in all
three cases ¥*(n) » min{Prr,Pyy} and h(n) —» |Puyy — Prr|/2, so ¥*(n) + h(n) —» (Prr + Pum)/2.
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T = {l;}5, denote the set of likelihood ratios where agents are indifferent with positive
probability. There can now be multiple equilibria, depending on how agents break ties on
T. However, ¢ (y|0,1) and ¢(y,!) are still uniquely defined as in (2), for all [ ¢ T..

Theorem 5. There exists an open and dense set S < [0,1]* such that, for any (Pu) € S,

there is a generic set of priors from which learning succeeds in any equilibrium.

Proof. We first define the set S. Any public likelihood ratio [ ¢ T induces a strict best
response, where signal p; leads to action L iff [ <. Since p; < --- < pg implies [ < --- <
lk, the signals leading to L are py,...,p;q), for j(I) = max{k : 1 >} (or j(I) = 0if [ <Iy).

Hence,

P(10,0) = > 7P+ Z i Pro,

i<j(l) i>j(l

and the confounding condition A(l) = 0 is

ZW,LH]P)LH—FZWZHPHHZZWiLPLL"‘ZWiLPHL; (22)
i<j i>j i<j i>j
with j = j(I). (For j = 0, (22) reduces to Pyy = Py, and for j = K it reduces to
Pry = P, both of which are ruled out by Assumption 1.) This is a linear equation in
(P4g). Define S < [0, 1]* as the set of (Pyg) for which (22) fails for every j € {1,..., K — 1}.
The complement of S is a finite union of hyperplanes in [0, 1], so S is open and dense.

Now fix any (P,9) € S. We show that, for a generic set of priors, the public likelihood ratio
l; cannot hit T in finite time in any equilibrium. To see this, on the set R, \T where ¢ and ¢
are well-defined independent of the choice of equilibrium, 1 (y|#, 1) is piecewise constant in [,
so o(y,l) = 1-(y|L,1)/v(y|H,1) is piecewise linear and strictly increasing in [ on each piece.
In particular, for each y € {0,1} and each I’ € R, the set {l € R,\T : ¢(y,l) = I'} is finite,
and hence so is the set T'u {l € R,\T : ¢(y,l) = ' for some y € {0,1}}, which contains all
likelihood ratios from which I’ can be reached in one period in any equilibrium. Now, define
the sets T, € R, by Ty = T and, inductively, T, = Tu{l € R.\T : ¢(y,l) € T;_; for some y €
{0,1}}. Clearly, T; contains all likelihood ratios from which 7" can be reached in ¢ periods in
any equilibrium. Moreover, since T is finite, each 7T} is finite as a finite union of finite sets,
so | J, Ti is countable. Hence, its complement is a generic set of priors from which [/, cannot
hit 7" in finite time in any equilibrium.

Finally, learning succeeds in any equilibrium for any such prior, by a standard argument.
Indeed, fix a prior [, € Ry \ | J, T}, assume without loss that # = H, and let L < R \T be the
countable set of public likelihood ratios that can be reached in finite time starting from [.
Then | J,.; {A(1)} is a finite set of strictly positive numbers (since A(l) takes at most K + 1
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possible values on R,\T © L, which are all strictly positive since (P,9) € S), so there exists
m > 0 such that A(l) = m for all [ € L. Now fix any [* > 0 and let 6 = [*/2. For any
le(l*—0,1*+0)n L and any y € {0, 1},

A(l)

Py, 1) — 1 ZZ'W

> (I"/2) - m.

Moreover, ¥ (y|H, 1) € (0, 1) also takes finitely many values on L, so it is bounded away from
0 and from 1. Hence, the argument in Theorem B.1 in Smith and Sgrensen (2000) applies
with I = (I* — 6,1* + §), giving I* ¢ supp(l,).*? Since [* > 0 was arbitrary, supp(l,) = {0},

so [y — 0 almost surely and learning succeeds. [

Remark 2. A special case of discrete signals arises when private signals are completely
uninformative. This is the case K = 1, where the no-introspection property combined with
ol = 7k = 1 forces p; = 1/2, so the single signal is uninformative. Theorem 5 applies,
and in this case requires no further restriction on (Py): as the proof shows, S is defined as
the complement of a finite union of hyperplanes indexed by {1,..., K — 1}, which is empty
when K = 1, so S = [0,1]*. Hence learning generically succeeds in any equilibrium. This
is consistent with Theorem 4.2, which shows that learning generically succeeds as private
signals become uninformative; the same holds in the limiting case where private signals carry

no information at all.
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