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Abstract

We prove the folk theorem for discounted repeated games with anonymous ran-
dom matching. We allow non-uniform matching, include asymmetric payoffs, and
place no restrictions on the stage game other than full dimensionality. No record-
keeping or communication devices—including cheap talk communication and public

randomization—are necessary.
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1 Introduction

In a repeated game with anonymous random matching, a finite population of players re-
peatedly breaks into pairs to play 2-player games. Each period, a player observes only her
partner’s action—mnot his identity, and not any other player’s action. We prove the folk
theorem in this environment. In particular, when the players are sufficiently patient, they
can sustain the same payoffs as if everyone’s identity and actions were publicly observed at
the end of each period.

Because players receive so little information under anonymous random matching, this
environment has long been used as a benchmark against which to measure the value of
various record-keeping devices and institutions, such as fiat money, merchant coalitions and
guilds, credit bureaus, online rating systems, “standing” and “image scoring” in evolutionary
biology, and in-group monitoring within ethnic groups.! The main implication of our result is
that, even in this information-poor benchmark environment, patient players can obtain any
feasible and individually rational payoffs without any record-keeping devices or institutions
beyond their individual memories and the ability to count periods. Thus, any role for such
institutions must result from impatience of the players, or perhaps from the possibility of

” “more robust,” or “more realistic” equilibria when more information

constructing “simpler,
is available.?

Our folk theorem thus admits both positive and negative interpretations. The positive
interpretation is that a very wide range of cooperative behaviors are possible despite minimal
information. The negative interpretation is that, in a finite population of patient long-run
players, it is difficult to justify the value of information-sharing institutions on efficiency
grounds alone. In particular, in these environments the assumptions that monitoring is

decentralized and players are anonymous—which might have been expected to restrict the

set of attainable payoffs in some games—turn out to be completely payoff-irrelevant.

!On money, see Kiyotaki and Wright (1989, 1993), Kocherlakota (1998), Wallace (2001), Araujo (2004),
Aliprantis, Camera, and Puzzello (2007). On merchants, see Greif (1993), Greif, Milgrom, and Weingast
(1994), Milgrom, North, and Weingast (1990). On credit bureaus, see Klein (1992), Padilla and Pagano
(2000). On online rating systems, see Friedman and Resnick (2001). On standing and image scoring, see
Sugden (1986), Nowak and Sigmund, (1998). On ethnic conflict, see Fearon and Laitin (1996).

20f course, our result first fixes the population size N and then takes § — 1. If the population is very
large, the required discount factor is very close to 1.



Our approach is to view the repeated random matching game as a single repeated game
with imperfect private monitoring and apply techniques from the literature on the folk the-
orem with private monitoring. The main obstacle to this approach is that, when viewed as
a single repeated game, the random matching game fails standard statistical identifiability
conditions (e.g., Fudenberg, Levine, and Maskin’s (1994) pairwise identifiability) and full
support conditions. To overcome this obstacle, we show that players can be given incen-
tives to truthfully share their observations—despite communicating only via payoff-relevant
actions—and that the aggregated observations of a player’s opponents always identify her
action. Our paper thus connects three literatures: repeated games with random matching,
repeated games with private monitoring, and secure communication in repeated games.

Random matching Kandori (1992), Ellison (1994), and Harrington (1995) show that
cooperation can be sustained in the repeated prisoners’ dilemma with anonymous random
matching via “contagion strategies,” where a single defection triggers the breakdown of coop-
eration throughout the population. This approach does not generalize beyond the prisoners’
dilemma. Even within the prisoners’ dilemma, it cannot be used to support asymmetric
equilibria, where for example a subset of players are allowed to defect while others must
cooperate. In contrast, our theorem covers all games (subject to a mild full dimensionality
condition) and all feasible and individually rational payoffs.

Deb (2017) proves the folk theorem for asymmetric games where players from distinct
communities fill different player-roles, cheap talk communication between partners is allowed,
and all players from the same community receive the same payoff. We instead consider
random matching within a single population (though our approach readily generalizes to
multiple communities), allow asymmetric payoffs, and—most importantly—disallow cheap
talk.> Deb and Gonzélez-Diaz (2017) also disallow cheap talk in the 2-community model,
but they impose some conditions on the stage game, restrict attention to symmetric payoffs
that Pareto dominate a Nash equilibrium (thus obtaining a “Nash threat” folk theorem), and
require the population to be sufficiently large. Their proof is completely different from ours,

as they generalize the contagion strategy approach, while we build on the block belief-free

3Ruling out cheap talk seems essential, as the point of our analysis is to see what outcomes are possible
in the absence of record-keeping and communication devices.



approach introduced by Horner and Olszewski (2006) to study repeated games with almost-
perfect monitoring—we compare these two approaches below. Deb, Gonzélez-Diaz, and
Renault (2017) prove a general folk theorem for N-community games without discounting.
Another difference from all of these papers is that we allow matching to be non-uniform, and
even non-i.i.d..

Other random matching models assume players directly observe some information about
their partners’ past play. Okuno-Fujiwara and Postlewaite (1995) and Dal B6 (2007) con-
sider finite population models; notably, the latter paper allows asymmetric payoffs. Rosen-
thal (1979), Takahashi (2010), Heller and Mohlin (2017), and Bhaskar and Thomas (2018)
consider continuum models.

Private monitoring The literature on repeated games with imperfect private moni-
toring is too large to survey here. The folk theorem with public cheap talk communication
is proved by Compte (1998) and Kandori and Matsushima (1998). Piccione (2002), Ely
and Véliméki (2002), Matsushima (2004), Ely, Horner and Olszewski (2005), Horner and
Olszewski (2006), and Yamamoto (2012) develop belief-free techniques that we build on.
Sugaya (2017) proves a general folk theorem under identifiability and full support condi-
tions. These conditions are violated with anonymous random matching, but some ideas
from Sugaya’s proof are nonetheless useful. We explain the connection to this literature in
Section 3.5.

Secure communication The most challenging part of our proof is providing incentives
for secure communication with anonymous random matching, when communication can be
executed only through payoff-relevant actions. As far as we know, ours is the first paper
to address this problem. Incentives for secure communication have however been studied in
the related setting of repeated games played on fixed networks (Ben-Porath and Kahneman,
1996; Renault and Tomala, 1998; Lippert and Spagnolo, 2011; Laclau, 2012, 2014; Nava and
Piccione, 2014; Wolitzky, 2015). While the technical overlap with this literature is slight,
our non-uniform matching model can approximate a fixed network, as we allow the case
where a player “almost always” interacts with the same partners. As will be seen, in this
setting we construct general-purpose communication protocols that are “fast,” “accurate,”

)

“secure,” and “error-proof.”



2 Model and Folk Theorem

There is a finite set of players I = {1,..., N}, with N > 4 even. In every period t = 1,2,.. .,
players match in pairs to play a finite, symmetric 2-player game with action set A and payoff
function v : A x A — R, with |A| > 2. Let a°, a' € A denote two arbitrary, distinct actions.

Pairs are formed as follows: (i) a matching u is a partition of the population into pairs,
(ii) there is an exogenous distribution p over matchings, and (iii) the period-t matching p, is
drawn from p i.i.d. across periods.* We assume p has full support and let £ > 0 denote the
minimum of p(x) over all matchings. As there are at least 3 possible matchings when N > 4,
we have £ < 1. Let (i) denote player ¢’s partner in matching p. Let p;; = > en(iy= P (1)
denote the probability that players ¢ and j are matched.

Players are anonymous—each player observes only the actions she faces and not her
opponents’ identities. Formally, letting a;; € A denote player ¢’s period-t action, player
i’s observation in period t is the pair (a;s,w;;), where w;; = a,, )+ Say that a profile of
observations (a;,w;);.; is feasible if there exists an action profile a = (ay,...an) € [[;c; A =
A" and a matching  such that w; = a,;) for all i € I. Player ¢’s history at the beginning of
period t is denoted hﬁ’l = (a;r, ww)t;ll, with h? = (). Players maximize expected discounted
payoffs with common discount factor § < 1. Let F (J) denote the sequential equilibrium
payoff set with discount factor .

For any action profile a € A", player i’s expected payoff at action profile a is given by

’lli (a) = me-u (Cli, aj) .
J#i
Thus, the (convex hull of the) feasible payoff set in the N-player game is F' = co ({fi (@)}, 4v)
where 1 (a) = (41 (a),..., 0, (a)). Let & = max(,yea2 |u(a,a’)| be the greatest magnitude
of any feasible payoff, and let u = min,ca(a) max,ea v (a,a) be the minmax payoff. Let

Q™" € argmin, A(4) MaXqe 4 U (a, @) be a minmax strategy in the 2-player game; to minmax

4The extension to non-i.i.d. matching is considered in Section 4.

°In defining sequential equilibrium, the choice of topology on the sets of beliefs and strategies does not
matter for us—for concreteness, take it to be the product topology. This is another point of contrast with
the approaches in Deb (2017) and Deb and Gonzdlez-Diaz (2017), where choosing the product topology is
essential.



player i in the N-player game, every player but i plays o™®. Denote the set of feasible and
individually rational payoffs by F* ={v € F:v; > u Vi € I}.

We assume F™* has dimension /N. This condition is generic: letting
i N
el = (u (ao, al) , ((1 —pji)u (al, al) + pjiu (al, ao))j#) eR

be the payoff vector when player i plays a® and all other players play a', the vectors (¢?) el

are linearly independent for generic values of u (a°,a'), u (a!,a®), and u (a, at).5

In this setting, we establish the folk theorem:

Theorem 1 For all v € int (F*), there exists < 1 such that v € E () for all § > 6.

3 Key Ideas of the Equilibrium Construction

We provide a constructive proof of the folk theorem. Most of the proof is deferred to the
appendix. Here we begin the proof and introduce the key ideas underlying the construction.

We view the repeated game as an infinite sequence of finite blocks of periods. Deviations
from equilibrium play are detected as a result of communication among the players (described
below) and are then punished in two ways. First, within the block where the deviation
occurs, players switch to mutual minmaxing. Second, the deviator’s continuation payoff at
the start of the next block is reduced, while other players’ continuation payoffs are adjusted
to compensate them for any cost of punishing the deviator.”

Thus, within a block, all players’ payoffs are tied together, as in a contagion equilibrium of
the form introduced by Kandori (1992), Ellison (1994), and Harrington (1995). Across blocks,

however, each player’s continuation value is independent of her opponents’. Thus, while the

6Full-dimensionality of F* and full-dimensionality of the underlying 2-player game are logically indepen-
dent. If the 2-player game is a pure coordination game (with payoff dimension 1) then F™* has full dimension.
Conversely, with N = 4 and uniform matching, the 2-player game

aO al
@ 4,4 1,3
al 3,1 0,0

)

has full dimension, while F* has dimension 1.
"This basic of idea of “rewarding the punishers” dates back to Fudenberg and Maskin (1986).



key challenge in constructing a contagion equilibrium is providing incentives to carry out
punishments, in our construction the challenges are instead providing incentives for correct
play within each block and (especially) providing incentives for truthful communication.

We now describe the structure of our equilibrium. Players follow automaton strategies.
In each block, each player i € I has two possible states—denoted z; € {G, B}, for “good”
and “bad.” A player’s state in the current block and her history in the current block jointly
determine her state in the next block. We specify each player i’s block strategy in state z;—
denoted o;(x;)—and the state transition rules so that (i) for every realization of the other
players’ states z_; € {G, B}Y"!, both 0;(G) and o;(B) are optimal strategies for player i
(that is, as in Horner and Olszewski (2006), the equilibrium is block belief-free), and (ii)
player i’s equilibrium continuation payoff is completely determined by the state of player
(1 — 1) (mod N). In particular, player i’s continuation payoff is high (low) if z;_; = G (B).
Player i’s state transition rule can thus be used to control player ¢ + 1’s continuation payoff.

Play within a block proceeds as follows. First, there is an “initial talk phase,” where
players communicate to coordinate on the state profile x € {G, B}". Then, there is a “play
and talk” phase, during which players repeat the following “sub-block” multiple times: they
play actions that attain the target payoffs at state profile x for many periods, and then
communicate to see if anyone deviated. If players detect a deviation, they switch to the
minmaxing strategy starting in the next sub-block. This is followed by a “final talk phase,”
where players communicate a summary of the entire block history.

Since all communication is via payoff-relevant actions, to attain the target payoffs the
players must spend most of their time in the “play” phases. In particular, they cannot take
the time to communicate about every play period. Instead, when players communicate to
identify deviations, player ¢ — 1 chooses one period at random from the preceding play phase
and communicates this choice to the other players, who then share their information about
that period only. Since player 7 does not know in advance which period player ¢ — 1 will
choose, this scheme can provide incentives for the entire play phase. However, for this to
work, we need to show that (i) players —i can communicate in a manner such that player i
cannot profitably deviate by attempting to manipulate the outcome of communication, and

(ii) once players —i successfully share their information, they can identify player i’s action.



In sum, the four key ideas that underlie the construction are as follows:

1. Identifiability We first show that it is possible to perfectly identify any player’s

action by aggregating the observations of all of her opponents.

2. Communication modules Given identifiability, the next question—and the key
challenge in proving the theorem—is how to elicit players’ information about their past
actions and observations. We accomplish this by introducing several communication
modules: finite repetitions of the stage game in which players communicate via actions,
along with terminal payoffs (reward functions) that make such communication incentive
compatible. As we will discuss, we must construct protocols for sharing information

G

via actions that are “fast,” “accurate,” “secure,” and “error-proof.”

3. Block structure If players truthfully share information—and thus actions are identified—
we can apply relatively standard techniques to sustain any feasible and individually

rational payoff in a block belief-free equilibrium.

4. Reward functions The careful construction of reward functions (i.e., continuation
payoffs from the next block, controlled by other players’ state transitions) provides
incentives for correct play and truthful communication within each block. This ties

together the communication modules and the block structure.

We describe these four aspects of the proof in turn.

3.1 Identifiability

Suppose in some period players —i play a_; and observe w_;. Assume for now that players
—i can perfectly aggregate their observations. Then the profile (a_;,w_;) of i’s opponents’

actions and observations perfectly identifies player ¢’s action and observation, (a;,w;).

Lemma 1 There exists a function ¢ : A_; x A_; — A;x A; such that, if (a;,w;),.; s feasible,

then ¢ (a—i,w—;) = (ai,w;).

Proof. Since matching occurs in pairs, the total number of players who observe the same

action they play (i.e., observe w,, = a,) is always even. Therefore, if there exists a € A such

7



that the number of 7’s opponents for whom w,, = a,, = a is odd, then w; = a; = a. If instead
this number is even for every a € A, then a; # w;. (Otherwise, the total number of players
with w,, = a, = a; would be odd.) In this case, there is one action a such that more of i’s
opponents observe w, = a than play a,, = a, and there is another action w such that more
of i’s opponents play a,, = w than observe w,, = w. This pair (a,w) must then equal (a;,w;).
[ |

Thus, if players —i can aggregate their observations, they can perfectly monitor player :.
While convenient, this perfect monitoring property is not necessary for our proof approach:
in Section 4 and the Supplementary Appendix, we show that our proof extends to almost-
perfect monitoring within matches. Nonetheless, perfect monitoring simplifies the proof
while letting us focus on its most novel element: incentivizing truthful communication. We

therefore maintain this assumption in the text.

3.2 Communication Protocols

The heart of the proof is the construction of communication modules that give players in-
centives to share information. It is helpful to start by explaining what properties we will
need the modules to satisfy. To do so, we provide a more detailed description of each “talk”
phase within a block, starting from the end of the block and moving backwards.

The final talk phase at the end of a block comprises three phases. In the last phase,
player ¢ — 1 chooses one period t at random from all the previous periods in the block and
communicates it to the other players, who then communicate their period ¢ information to
player ¢+ — 1. Player ¢ — 1 then slightly adjusts her state transition probability such that the
effect of discounting in player i’s payoff is cancelled out: when player i — 1 chooses period
t, she increases player i’s continuation payoff by m (1 — (5“1) u;(ay), where a; is
identified from communication. Recall that player ¢ — 1’s state affects player ¢’s payoff only.
Hence, in this communication phase, players —:¢ are indifferent to the outcome of commu-
nication. Moreover, even player ¢ has only a very small potential gain from manipulating
communication when ¢ is large (once we fix the length of the block). Since it is always pos-
sible to provide small incentives without sacrificing much efficiency, for this communication

phase we simply need a protocol that lets players —¢ communicate their histories quickly

8



and accurately. The basic communication module introduced below is sufficient for this.

In the penultimate talk phase, players —i aggregate their histories from all previous talk
phases in the block. Player ¢ — 1 uses this information to adjust her state transition. As will
be seen, the impact of this adjustment on player i’s payoff can be large, so player i may have
a strong incentive to manipulate the outcome of communication if possible. Hence, for this
communication phase we need a communication module with the property that (i) players
—i communicate their histories quickly and accurately, and (ii) there is no history at which
player i believes she can manipulate the outcome of communication to her benefit. We will
show that the secure communication module constructed below has this property. The same
module will also suffice for the third-to-last talk phase.

In the remaining talk phases (i.e., the talk phase after each play phase, and the initial
talk phase), there is an additional difficulty: since these phases affect not only continuation
payoffs at the end of the block but also continuation play within the block, all players (not
only the one “about whom the others are talking”) have a strong incentive to manipulate
communication if possible. For these communication phases, we thus need a communication
module that no player can profitably manipulate. We construct the verified communication
module to have this property.

We also introduce another communication module of secondary importance—the jam-
ming coordination module. This will be described later.

A basic building block of any communication module is a communication protocol: a
procedure for players to communicate via actions (formally, a strategy profile in a finitely
repeated game). The description of a communication protocol does not include payoff func-
tions and thus entails no claims about incentive compatibility. After constructing the com-
munication protocols, we augment each of them with a reward function to construct the
communication modules, and then verify sequential rationality.

There are thus four communication protocols: the basic protocol, the secure protocol, the
verified protocol, and the jamming coordination protocol. In this subsection, we present the
first three and derive the key statistical properties for the first two. The remaining details—
as well as the reward functions used to provide incentives—are described in the appendix.

The reward functions are previewed in Section 3.4.



We will repeatedly use the following exponential bound on the probability that a pair of

players fails to match even once during a set of T" periods:

Lemma 2 For any set of T periods T € N' and any pair of distinct players i,j € I,
Pr(u,(i) #j vt € T) <exp(—£T).
Proof. Pr(y,(i) # jVteT) < (1—¢2)" =exp(Tlog(1 —&)) < exp(—zT). m

3.2.1 Basic Communication Protocol

The basic protocol lets a player ¢ € I broadcast a message m; from a set M; = {1,...,|M;|}.
We call player ¢ the sender and call the other players receivers. Let T' be a constant to be
determined, and let [z] denote the least integer greater than z. We require the following

properties:

1. Communication is fast: The protocol takes 27" [log, |M;|] periods.

2. Communication is accurate: At the end of the protocol, each receiver j # i creates an
inference m;(j) € M; U{0} (if m; (j) = 0, we say j fails to infer a message). With
probability of order 1—exp (—T'), j’s inference is correct: m;(j) = m;.® Moreover, either

Jj’s inference is correct or j fails to infer a message: if m; (j) # m; then m;(j) = 0.
We show the following protocol has the desired properties:’

Basic Communication Protocol for Player : to Send Message m; with Repeti-

tion 7'

e Divide the 27 [log, | M;|] periods into [log, |M;|| intervals of 2T periods each.

e Fort e {l,...,[log, |M|]},

8This phrasing is slightly loose: more precisely, Pr(m; (j) = m;) > 1 — [logy |M;|] exp (—&T). Similar
caveats apply whenever we summarize a protocol as having the property that a certain probability is “of
order 1 —exp (=T1').”

9In what follows, instructions of the form “play action @ in period ¢’ are to be read as unconditional on
a player’s past actions and observations. Thus, a communication protocol is formally a strategy profile, not
only a description of on-path play.

10



— If the #** digit of the binary expansion of m; — 1 is 0, player i plays a° for the first
half of the ¢ interval (i.e., the first T periods in the interval) and plays a' for

the second half of the " interval (i.e., the last T" periods in the interval).

— If the t*" digit of the binary expansion of m; — 1 is 1, player i plays a' for the first

half of the t'* interval and plays a° for the second half of the #!" interval.

We call a set of T" periods where player i takes a constant action a half-interval.
e Each player j # i plays a” throughout the protocol.

e At the end of the protocol, each player j # i creates an inference m; (j) € M; U {0} as

follows (as a function of her history (a;, wj,t)fﬂlogﬂMiH):

— If, for some t € {1,...,[log, |M;|1}, w;, & {a° a'} for some period 7 in the ¢

interval, player j sets m; (j) = 0.
— If, for some t € {1,..., [log, |M;|]}, wj. # a' for every period 7 in the ¢'" interval,
player j sets m; (j) = 0.

— If, for some ¢ € {1,..., [log, |M;|]}, w;r = w; = a' for some period 7 in the first

tth

half of the #** interval and some period 7’ in the second half of the interval,

player j sets m; (j) = 0.
— Otherwise, player j constructs a number m € {0,. .., [log, |M;|] — 1} as follows:
* If w;, = a' for some period 7 in the first half of the ¢ interval and w;, = a°

for every period 7 in the second half of the #" interval, player j sets the t*"

digit of the binary expansion of m equal to 1.
* If wj, = a' for some period 7 in the second half of the ¢ interval and
w;, = a® for every period 7 in the first half of the ¢" interval, player j sets
the t*" digit of the binary expansion of 7 equal to 0.
— If v < |M;| — 1, player j sets m; (j) = m + 1. If ' > |M;| (which is possible if

log, | M;| is not an integer), player j sets m; (j) = 0.

11



With this protocol, communication is fast by construction. Let us check that it is also
accurate. When all players follow the protocol, m; (j) = m; if and only if player j matches
with player i at least once in every T-period half-interval where player i plays a'. Hence, by

Lemma 2,

Pr (m; (j) = m;) > 1 — [logy |[M;[] exp (=€T) Vj # i. (1)

Moreover, when all players follow the protocol, if m; (j) # m; then m;(j) = 0.
In particular, m; (j) = m; unless the realized matching process is erroneous, in that, for
some T-period half-interval, some pair of players do not match with each other even once.

Erroneous match realizations occur with low probability, but pose an important complication.

3.2.2 Secure Communication Protocol

We now define a generalization of the basic protocol, which lets player ¢ send a message in
a way that is harder for any receiver to manipulate. We do this by designating a certain
set of players as jamming players, denoted i, C I\ {i}, and with small probability having
them play in a way that “jams” attempts to manipulate communication. When [j,, = 0,
the secure protocol reduces to the basic protocol. More specifically, we construct a protocol

with the following properties:

1. Conditional on the event that no player jams communication, communication is fast

and accurate (as in the basic communication protocol).

2. Communication is receiver-secure: for each player j & Ijam U{i}, the distribution of her
observations (w;+); is independent of her strategy, and for each observation sequence

(wjt): one of the following two conditions is satisfied:

(a) For each action sequence (a;.),, conditional on (a;;, w;:):, the probability that

t?
some player jammed communication is of order 1 — exp (—7).

(b) For each action sequence (a;,), and each player j' # i, j, conditional on (a; s, wj)s
and the event that no player jams communication, the probability that m;(j") €
{m;,0} is of order 1 — exp (—T'); moreover, if player j follows the protocol then

the probability that m;(j’) = m; is of order 1 — exp (=T).

12



The use of jamming players to make communication secure is a key innovation in our
proof. Jamming players are prescribed to mix between a and a' on path, where playing a!
jams communication. This guarantees that either other players attribute their observations
to the on-path play of jamming players (Condition 2(a); this occurs if a' is observed “fre-
quently”) or player i’s message m; is transmitted successfully (Condition 2(b); this occurs if
a' is observed “infrequently”). It is therefore impossible for any player j # i to manipulate

the protocol and successfully transmit an incorrect message m) ¢ {m;,0}.

Secure Communication Protocol for Player : to Send Message m; with Repe-

tition 7' and Jamming Players Ij,;:

Divide the 27" [log, | M;|| periods of the protocol into [log, |M;|] intervals of 27" periods

each.
e Player 7 behaves as in the basic communication protocol.

e Each player j ¢ [jam U {i} behaves as in the basic communication protocol (i.e., plays

a® throughout the protocol).

e For each player j € [am, in the first period of each T-period half-interval (i.e., in periods
t = kT +1 for k € {0,1,...,2[log, |M;|] — 1}), player j plays a® with probability
1 —T79 and plays a' with probability 7. She then repeats the chosen action for the
remainder of the half-interval (i.e., plays a;; = a; k41 for t € {kT+ 2, ..., (k +1)T}).

e At the end of the protocol, each player j # i infers a message m; (j) € M; U {0} as in

the basic communication protocol.

For j € Lam and k € {0,1,...,2[logy |M;|] — 1}, if ajxry1 = a® we say player j plays
REG (“regular”) in the k™ half-interval, and if a; 1741 # a® we say player j plays JAM
(“jamming”) in the k" half-interval. Thus, player j plays REG and JAM with probabilities
1 —T7% and T~ in each half-interval, independently across each half-interval.

Let us check that communication is accurate and receiver-secure. Denote the event

that all jamming players play REG throughout the protocol by ALLREG. Conditional on

13



ALLREG, all players behave identically in the secure protocol and the basic protocol. In
particular, conditional on ALLREG, inequality (1) holds and m; (j) # 0 implies m; (j) = m;
Vj # 1. Moreover,

Pr(m; (j) =m; Vj #iNALLREG) > 1— N [log, | M;[] (exp (—=eT) +277°%).  (2)

In turn, receiver-security is captured by the following lemma:

Lemma 3 For any player j # i with Iiam\{j} # 0 and any sequence of observations

2T1[1°g2‘Mi‘] that arises with positive probability when players —j follow the secure proto-

(Wj,t)t:

col, at least one of the following two conditions holds:

1. For all (aj,t)?:lﬂogﬂM"H, we have

t

| 1
Pr (ALLREG| (aj,t,wj,t)f{l"gz'Mz”) < T9 exp <—15T> . (3)

2. The following two conditions hold:

(a) For all (aj,t)glﬂogﬂM"H, we have

Pr (mi (7) € {mi, 0} V' ¢ {i, j}] (ajen 050721 ALLREG)
> 1— N [log, | M;|]exp (—&'T). (4)

(b) If aj, = a® for allt € {1,...,2T [log, |M;|1}, then

Pr(mi () = mi V' ¢ (i, }] (ajen 0072 ALLREG)

t

> 1— N [log, |M;|]exp (—&'T). (5)

Note that Conditions 1 and 2 are not mutually exclusive. The proof (in the appendix)
shows that Condition 1 holds if w;; = a' for at least (1 — %) T' periods in some half-interval,
while Condition 2 holds if w;; = a' for at most (1 —*) T periods in every half-interval.

Intuitively, in the former case, player j observes a! frequently, so from her perspective the
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probability that a jamming player played JAM is not too low. In the latter case, player
j observes a' less frequently. In this case, assuming no jamming player played JAM, the
message is likely to have transmitted successfully.!’

In the module we will construct to support this protocol, player j’s payoff is independent
of her opponents’ inferences whenever ALLREG does not hold, and her payoff is minimized
when m; (j') = 0 for some j° # j. Hence, when Condition 1 holds, player ¢ believes that
the gain from manipulating communication is very small; while when Condition 2 holds,

deviations only decrease her payoff.

3.2.3 Verified Communication Protocol

In the verified communication protocol, player ¢ first broadcasts a message m; € M, in
2 [log, |M;|] periods using the basic communication protocol (with 7' = 1). Then, each
player (including player i herself) sequentially broadcasts her actions and observations from
these 2 [log, |M;|] periods using the secure communication protocol with repetition 7. The

verified protocol thus takes a total of 7 (|M;|,T') periods, where
T (|Mi], T) i= 2 logy |Mi[] +2 | log, | A MIT] NT. (6)

Roughly speaking, in this protocol, “cross-checking” observations ensures security against

attempted manipulations by any player.

Verified Communication Protocol for Player ¢ to Send Message m; with Rep-
etition 7"

At the beginning of the verified protocol, each player j has two possible types, denoted
(; € {reg,jam}. A strategy in the protocol is thus a mapping from {reg,jam} and protocol

histories to actions. Let Zjom, = { Jig = jam}. The protocol consists of N + 1 rounds.

e Message round

19Some upper bound on the frequency of w;; = a' is clearly needed here: for example, if player j observes
a' in every period in some half-interval and no one plays JAM, then player j must have met player i in every

period, so the message cannot have transmitted to the other players.
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— Player 7 sends message m; € M; as in the basic communication protocol with

T=14

— Each player j # i plays a° throughout the round.

Let T (msg) denote the set of 2 [log, |M;|| periods comprising the message round.

e j-checking round, for each j € I. Each checking round consists of [log2 |A|4“°g2|M"H-‘ in-
tervals. Each interval consists of 27" periods. Let T (j) denote the set of 27 [log2 |A[4ﬂ°g2‘Miw

periods comprising the j-checking round.

— Player j sends message (a;, WJ7t>t€T(mSg) e AtNogMill a9 in the basic communica-

tion protocol.

— Each player n ¢ Ty, U {j} plays a” throughout the round.

In each half-interval, each player n € Zjy, \ {j} mixes between REG and JAM
with probabilities 1 — 77 and 79, as in the secure communication protocol.
— Each player n # j infers a message (a;:(n),w;(n))icr(mss) € Alog2lMill y L0} as

in the basic communication protocol.

e At the end of the protocol, each player n € I creates a final inference m;(n) € M;U{0}

as follows:

— If (a;+(n),w;+(n))ier(msg) = 0 for some j # n, then m;(n) = 0.

— Otherwise, if the vector (a;¢(n), w;(n))icr(msg), jer is not feasible—that is, for some
j € T and t € T (msg), (a;4(n),wy+(n)) # @((a;e(n),w;e(n));2y) (see Lemma 1
for the definition of ¢)—then m;(n) = 0.

— If (a4 (n), wjt(n))ier(msg),jer is feasible and (a;¢(n))ieT(msg) corresponds to the bi-
nary expansion of some 7; € M;, then m;(n) = m,.

— If (a;+(n),w;(n))teT(msg),jer is feasible but (a;:(n))tcr(msg) does not correspond to
the binary expansion of some m; € M;, then m;(n) is set equal to an arbitrary,

pre-determined element of M;—for concreteness, let m; (n) = 1.

11To make following the verified communication protocol sequentially rational, we will subsequently slightly
modify player i’s prescribed behavior after she herself deviates from the protocol. See Section C.3.
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In the verified protocol, we call player i the initial sender, and we say player j € [ is a
sender in period t if t € T (j) or [j =i and t € T (msg)]. We say players coordinate on m;

if m;(n) = m, for all n € I.

The core of the proof involves the interaction between the verified protocol and two other
key concepts: suspicious histories and erroneous opponents’ histories. Roughly speaking,
a history h; for player j is “suspicious” if it arises only after some player deviates, some
jamming player plays JAM, or the realized matching process is erroneous. Similarly, a profile
of player j’s opponents’ histories h_; is “erroneous” if it arises whenever some jamming player
plays JAM or the realized matching process is erroneous.

In Lemma 6 (in the appendix), we establish a key property of the verified protocol: For
any player j # i, if all players follow the protocol then either (i) all players successfully receive
message m; or (ii) player j’s opponents’ histories h_; are erroneous. If players —j follow the
protocol but player j deviates then either (i’) all players successfully receive message m;,
(i) player j’s opponents’ histories h_; are erroneous, or (iii’) some player n # j becomes
suspicious. Given this lemma, to provide incentives for truthful communication, we punish
player j if some player n # j becomes suspicious while /_; is not erroneous, and we give player
j a payoff that is greater than the punishment payoff and independent of her opponents’
inferences of m; if h_; is erroneous. With this scheme, if player j attempts to manipulate
her opponents’ inferences, either (in case i’) she fails, (in case ii’) her opponents’ histories are
erroneous, or (in case iii’) she makes someone suspicious and is punished. Moreover, if the
realized matching process is such that (i) occurs on path, then player j’s deviation results
in either (i) or (iii’). Since player j cannot influence whether jamming players play JAM or
whether the matching process is erroneous, she has an incentive to follow the protocol.

Similarly, for the initial sender 4, if all players follow the protocol then either (i) all players
successfully receive message m; or (ii) h_; is erroneous. If players —i follow the protocol
but player ¢ deviates then either (i’) all players receive some common message m; € M;,
(ii’) player i’s opponents’ histories h_; are erroneous, or (iii’) some player j # i becomes
suspicious (intuitively, due to cross-checking in the checking rounds). A similar construction

of continuation payoffs as for player j # i, together with the assumption that player i weakly
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prefers every player inferring m; to every player inferring any m; # m;, establishes player i’s
incentive to follow the protocol.

As a player’s opponents’ histories are erroneous whenever a jamming player plays JAM
or the realized matching process is erroneous, and a player’s payoff is constant whenever
her opponents’ histories are erroneous, a player can condition on the event that all jamming
players play REG and the realized matching process is non-erroneous when choosing her
continuation strategy. This property is the key to handling erroneous histories.

In sum, we establish that the verified protocol satisfies the following properties:

1. Communication is fast, accurate, and receiver-secure, as in the secure communication

protocol.

2. Communication is sender-secure: if a deviation by a player sending a message (either
the initial sender or the sender in a checking round) affects another player’s inference,
either this is inconsequential (because the deviator’s opponents’ histories are already

erroneous) or it induces a suspicious history.

3. Communication is error-proof: if the players miscoordinate, then each player’s contin-

uation payoff is independent of her own strategy and her opponents’ inferences.

3.2.4 Jamming Coordination Protocol

In the jamming coordination protocol, the players jointly determine who among them will
serve as jamming players in the subsequent communication protocols. The protocol takes
2 periods, and we describe it in the appendix (Section B.3). The idea is that each player
mixes over all actions, playing a' with small probability, and players who observe a' become
jamming players. This protocol allows each player to believe that her opponents are jamming

players with positive probability at any history.

3.3 Block Belief-Free Structure

In this section, we first describe the equilibrium conditions for the block belief-free construc-

tion. We then construct the sequences of actions used to attain the target equilibrium payoft.
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Finally, we specify how play in each block unfolds over time.

3.3.1 Block Belief-Free Equilibrium Conditions

We view the repeated game as an infinite sequence of T**-period blocks.!? At the beginning
of each block, each player i chooses a state x; € {G, B}. Given z;, player i plays a behavior
strategy of(x;) within the block: in every period t = 1,...,7"** of a block, o (x;) specifies a
mixed action as a function of player i’s extended block history (LL;, h™'), where L; encodes

the result of private randomization conducted by player i at the beginning of the block (the

t—1
=1

details are specified in Section E.3), and h!™' = (a;,,w;,) 2} € HI™'. Denote player i’s
strategy set in the T**-period game by ;.

Player i’s payoff at the beginning of each block is determined solely by player (i — 1)’s
state, x;_1 € {G, B}, and is denoted v;(z;,_1) € R. Moreover, the distribution over player
(1 — 1)’s state for the following block depends only on player (i — 1)’s state and extended
history in the current block. Therefore, player i’s continuation payoff at the end of a block
is a function only of player (i — 1)’s state and extended history. Denote this continuation
payoff by w(z,1, h'}).

We now present conditions under which a given payoff vector v € RY is attainable in a
block belief-free equilibrium. These are similar to the conditions in Hérner and Olszewski
(2006), with one significant difference: Horner and Olszewski assume monitoring has full
support, so in their model Nash and sequential equilibrium coincide, and there is no need to
keep track of players’ beliefs. In contrast, our model does not have full support, so we must
introduce beliefs, verify Kreps-Wilson consistency, and—most subtly—ensure that beliefs
respect the block belief-free equilibrium structure, in that sequential rationality is satisfied
conditional on each possible state vector z_; € {G, B}Nﬁl. To do this, we keep track
of players’ beliefs conditional on each vector z_; € {G,B}Y"~'. This approach implicitly
determines a complete, unconditional belief system, but since sequential rationality is always
imposed conditional on z_;, these unconditional beliefs do not enter into our analysis.

Formally, an ex post belief system 3 = (3;),c; consists of, for each player i € I, opposing

state vector z_; € {G, B}N_l, period t € {1,...,T*}, and block history hi™" € H!™', a

12We reserve the notation T* for the length of a particular subset of a block, defined in Section 3.3.3.
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probability distribution g, (-|:17_Z-, hﬁ_l) e A (Ht__il). Together with a block strategy pro-

file (0i(%:))ics ricic,pys @0 ex post belief system is consistent if there exists a sequence

k
i (xi>)iel,x¢€{GaB})keN

to (02 (xi))iGI,Z‘iE{G,B} SU.Ch that7 fOI' each 7/ I~ _[, T_; & {C—}'7 B}N_l, t c {1"”7T**}’ and

hi=t € H'=! we have

of completely mixed block strategy profiles ((a converging pointwise

BN h) = Jim Pl s (B ) 0
We are now ready to present the equilibrium conditions. In what follows, E“ [-] denotes
expectation with respect to strategy profile o, and E(*#) [-|-] denotes conditional expectation
with respect to assessment (strategy profile and beliefs) (o, 3).
For all v € RY and § < 1, if there exist T** € N, strategies (o} (#i))ier.micicBy COB-
sistent ex post belief system (*, values (U:(mi—l))iel,xi,le{G,B}v and continuation payoffs
(w} (i1, h?ji))iel,mi,le{G,B},hT*f pr+= such that the following conditions hold for all i € I,

then v € E(0):

i—

1. [Sequential Rationality] For all x € {G, B} and h!™' € H!™!,

T**
o (z;) € argmax E((7i07(@-0).67) (1-19) Z S, (a;) + (5T**wf(xi,1, h;‘F_*I)

0, €Y,

t—1
r_jz, hz .

(7)

(Here, the sum Zle could alternatively be written as ) __,, since payoffs already

T=1

incurred in h?’l are sunk. In addition, sequential rationality is imposed for every vector

r_; € {G, B}, This is the defining feature of a block belief-free construction.)

2. [Promise Keeping] For all x € {G, B}",

T**
v (2i_1) = BT @ | (1 —0) Z 6y (ay) + 067wl (xio, hEY) | (8)

t=1

13With this definition, it is clear that, whenever an ex post belief system is consistent, the corresponding
unconditional belief system is consistent in the usual Kreps-Wilson sense.
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3. [Self-Generation| For all z;,_; € {G, B} and hl],

wi(zi-1, hi 1) € [v}(B), v} (G)]. 9)

7

4. [Full Dimensionality]
v (B) <v; < v (G). (10)

(Le., player i — 1 can randomize her initial state to deliver player i’s target payoff v;.)

Defining 7¥ (x; 1, hl"|) = % (wi(zi—1, h7) — v} (wi—1)), we rewrite (7)—(10) as follows:

1. [Sequential Rationality] For all x € {G, B} and h™' € H!™!,

0,€X;

T**
o? (1) € argmaxB((o5" e-0)7) [Z 5 (@) + (i, W) hill o
=1

2. [Promise Keeping] For all x € {G, B},

U:(l’i_l) = EJ*(J;)

16 o= . . -
W Z & 1ui (as) + 7 (w51, h?—l)] . (12)
t=1

3. [Self-Generation| For all z;_; € {G, B} and hl],

1—-9 1—-9

* %k * ok 1_
(sTTW:(G, h;fp_l) <0, (STTW;(B’ hiT—l) > 0,

W”f(iﬁim hlp)| <

4. [Full Dimensionality] The same as (10).

Lemma 4 (Horner and Olszewski (2006)) For all v e RY and § € [0,1), if there exist

T €N, (o} (xi))iemie{g,g}, B, (U?(mi—l))ief,xi_le{G,B}: and (Wf(zi—h th—*I))z‘el,xi_le{G,B},hiT_*feHiT_*l*

such that Conditions (10)-(13) are satisfied, then v € E(§).
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3.3.2 Target Payoff and Actions

For all v € int (F™), there exist payoff vectors (U; (zi-1))icrs, e(a € R2Y guch that
(@ (7i1)),e; € int (F*) ¥ (2,.1),; € {G, B} and u < % (B) < v; < ; (G) Vi € I. Define
r . _ _
g* = 1g in min {9; (G) —vi,v; —0;(B) ,0; (B) — u} .

We approximate the payoff vectors (0; (¥i-1))ics ., e (. by sequences of action profiles: for
all €* > 0, there exist K, € N and a sequence of action profiles (a’c (x)) b1 e ANEv vz €
{G, B}" such that, foralli € I and z;_; € {G, B}, we have‘ SR (a* (z)) — v (xl-,l)’ <
e*. Let 4; (z) = 7= Zk v 4 (aF ().

Next, fix (v; (%—1))1‘61@7-,_16 @By € R?YN and sequences of action profile ((ak (2)),

A2V Ev such that, for all i € 1,

)$€{G BN €

vi (G) = min_G w; (z),
v; (B) = max Ui (r) > u+9e*, and
T 1=
v (B)+9* < v < (G)—9e™. (14)

Players will repeat the target action sequence (a* (z))1, over L “sub-blocks,” where

L= {Mw | (15)

For | > Ky, let a! (z) = a.™*") (z).14

3.3.3 Calendar Time Structure

We now specify the calendar time structure of a block. The length of a block is parameterized
by To € N. A block unfolds in the following consecutive phases. For most phases, we give a

precise description of play followed by a more intuitive description in parentheses.

MHorner and Olszewski (2006) and several subsequent papers present their constructions under the as-
sumption that K, = 1. With random matching, this assumption is usually with loss. For example, in the
prisoner’s dilemma, to punish player 1 while keeping her opponents’ payoffs close to u (C, C'), we must cycle
through action profiles where player 1 and most of her opponents cooperate, while different subsets of her
opponents take turns defecting. We thus present our construction for arbitrary K.
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. Jamming Coordination Phase: The jamming coordination protocol is played. This

takes 2 periods. (“The players coordinate on who will serve as jamming players.”)

. Initial Communication Phase: Each player ¢ € I sends z; € {G, B} using the verified
communication protocol with repetition 7. As the verified protocol with repetition T’
and message set M; takes 7 (|M;|,T) periods, this phase takes a total of N7 (2,Tp)

periods. (“The players coordinate on z.”)

. Initial Contagion Phase (“Contagion Phase 0”): For each i € I, using the verified
communication protocol with repetition Tj, player ¢ communicates whether or not she
has detected a deviation from equilibrium play. This takes N7 (2, Tp) periods. (“Any

suspicion spreads.”)

. Sub-Block | € {1,..., L}: Each sub-block [ consists of

(a) Main Phase 1: The main phase takes (T,)® periods. Let T(main(/)) denote the
set of periods in main phase [. Play is described in Section F. (“If player i
has not detected a deviation, she plays a! (z (i)) in every period, where x (i) is
her inference of = in the initial communication phase. If player ¢ has detected a

deviation, she plays ™™ in every period.”)

(b) Communication Phase 1, Part 1: For each i € I, player i — 1 selects t;_; (1) €
T(main(/)) uniformly at random and sends the number ¢;_; (1) using the verified
communication protocol with repetition Ty. This takes N7 ((Ty)°, Ty) periods.

(“Players select random periods to monitor.”)

(¢) Communication Phase I, Part 2: For eachi,n € I, player n sends (an’ti_l(l)(n), Wn,ti_l(l)(n))
using the verified communication protocol with repetition Ty, where t; 1 (1) (n) is
player n’s inference of ¢;_; (1) in part 1 of Communication Phase [. This takes

NT(|A]?, Tp) periods. (“Players share information about the selected periods.”)

(d) Contagion Phase l: The same as Contagion Phase 0.
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It will be useful to denote the last period of contagion phase L by T*. That is,

J/

T (Ty) = 2+2NT(2,Tp) +  LTY

jamming coordination, initial communication, and contagion  main phases

+ LN[T(D),To) + NT(AP  T) + T(2,T)]

communication phases part (1)’s, communication phases part (2)’s, and contagion

Note that the main phases comprise almost the entirety of the first T (Tj) periods

when Tj is sufficiently large.

5. Final Communication Phase to Share Information from Main Phases: This additional
communication phase is described in Sections E.3 and J.7. It uses a combination of
the secure and verified communication protocols. In this phase, players —i share their
main-phase histories to construct the reward function for player i. As in the earlier

communication phases, players communicate only about randomly chosen periods.

Let T7 (1) denote the last period of this phase, so the phase takes 1) (Ty) — T* (Tp)

periods. As we will see, for all € > 0, for sufficiently large Ty we have

T3 < Ty (Ty) — T* (Ty) < T3, (16)

6. Final Communication Phase to Share Information from Non-Main Phases: This ad-
ditional communication phase is described in Sections E.2 and J.6. It uses the secure
communication protocol. In this phase, players —i share their non-main-phase histo-
ries. Since non-main phases are much shorter than main phases, players can take the

time to communicate about all of them. This renders the verified protocol unnecessary.

Let T, (Tp) denote the last period of this phase, so the phase takes T (Tp) — T4 (To)

periods. For all € > 0, for sufficiently large Ty we will have

T2 <Ty(Ty) — Ty (To) < T2 . (17)

7. Final Communication Phase to Cancel Discounting: This additional communication
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phase is described in Sections E.1 and J.5. It uses the basic communication protocol.
In this phase, players —:¢ share their observations regarding another randomly chosen
period. If they learn that an action profile for which player ¢ has a high payoff was
played earlier rather than later, player i’s continuation payoff is slightly reduced to

cancel out the effect of discounting.

Let T** (Ty) denote the last period of this phase, so the phase takes T** (1) — 15 (Tp)

periods. For all € > 0, for sufficiently large Ty we will have

T3 < T (Ty) — Ty (Ty) < Ty 'e. (18)

In total, the length of a block as a function of Tj is T** (7). For all € > 0, for sufficiently
large T, we have

LTS < T (Ty) < (1+¢) LTE.

Note that, as Ty — oo, block payoffs are almost entirely determined by main phase payoffs.

3.4 Reward Functions

Finally, we briefly preview some key features of the reward function m; (xi_l, hﬂl) to be
constructed (or equivalently the continuation payoff function w; (%’—1, hZT_l))

On-Path Continuation Payoffs These are defined to satisfy self-generation and
promise-keeping: given target payoff v;(z;_1) and main-phase payoff ;(z), define contin-

uation payoffs w; (z;_1, Al 1) € [v; (B),v; (G)] such that
(1 - 5T**) QAL(ZE) + (ST**E [wz (ZEZ‘_l, hZT_*I) |.T] = vi(xi_l). (19)

Let w;(z) = E [w; (z;-1, h1"7) |2].

Final Communication Phases In the final communication phases, each player i — 1
collects information from players —i to construct player i’s continuation payoff. As players
—1 are indifferent to the result of such communication, we need only consider promise-

keeping, self-generation, and incentive-compatibility for player i. For promise-keeping, we

25



slightly adjust player ¢’s continuation payoff to account for the possibility of erroneous match
realizations or jamming in the final communication phases: this is achieved using two simple
reward adjustment lemmas derived in Section D. Since the required adjustment is small
when Ty is large, this does not violate self-generation. Finally, since the probability that
player ¢ can successfully manipulate communication is very small given Lemma 3, a further
small adjustment is sufficient to ensure incentive-compatibility.

Given these properties of the final communication phases, in the rest of the block the
players can condition on the event that all messages transmit correctly in the final phases.
In particular, players anticipate that all non-main-phase histories will be communicated, one
random period from each main phase will be communicated (for each player), and any player
who deviates in the block will “confess” her deviation.

Continuation Payoffs Following an Opponent’s Deviation We require that, if in
the final communication phases some player j # i confesses to deviating in the block, player
1 is made indifferent over all play paths. That is, player i’s continuation payoff is

1—-90 1-9 j
t—1 A~ {t is chosen} t—1
wi('ri—l) - 6T** Ztenon—main phase 0 i (at) - 5T** Ztemain phase Pr (t is ChOSGD)(S

ai(ay),
(20)
where “t is chosen” means that, in the final communication phase to share information from
main phases, players —i aggregate information about (a_;;,w_;;) and identify (a;+,w;;) =
¢ (a_it,w_;¢). Here, we must ensure that w;(z;_1) is far enough from the boundary of
[v; (B) ,v; (G)] to satisfy self-generation. In expectation, player i’s continuation payoff equals

1—90

t—1 ~
wi (337;_1> - 6T** ZtEnon—main or main phase 0 Wi (at)’

which leaves her indifferent over all play paths (at)thl Consequently, prior to the final
communication phases, players condition on the event that their opponents do not deviate.

Initial Communication Phase and Phase [ € {1,..., L} The most important feature
of the reward functions in these phases is that a player is made indifferent over all play
paths if either an erroneous match realization or jamming occurs (as identified by the final

communication about non-main phases). Therefore, players condition on the event that
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matching is non-erroneous and jamming does not occur.
Continuation Payoffs Following One’s Own Deviation If the outcome of commu-
nication phase [ is that player 7 is determined to have deviated from her prescribed action

al (r) in main phase [, then player i is minmaxed beginning in main phase [ + 1 and her

continuation payoff is set to v; (B).

Let us verify that this punishment is sufficient to deter deviations. Suppose player i
deviates in 7 distinct periods in main phase [. This deviation yields a benefit of at most
(1 —§)2ur. Meanwhile, it is detected if and only if one of these periods is chosen for

monitoring, which occurs with probability 7/ (TO)G. The expected penalty associated with

the deviation is therefore approximately

T

(To)°

[(1 =077 (i1g(2) —w) + 677" (wil) —vi(B))]

where t;,; is the first period of main phase [ + 1 and we have ignored the negligible payoffs
accrued during non-main phases. By (14) and (19), for sufficiently large § we have u;(z) —u >

9¢* and w;(z) — v;(B) > (1 — 5T**) /67" x 9¢*. The expected penalty is thus at least

T

(To)°

[1— o7t 6Tt (1= 677) /6777 9e*,

Therefore, the ratio of deviation gain to expected penalty is at most

(1—0)(Tp)° 2 (Tp)°  2a _l2u
_— — .
1— o7 ey o g7t (1 677) /677 9e* 61 2T% — f44 9% = L 9e

Since L > 2u/9¢*, deviations are deterred when ¢ close to 1.

Jamming Coordination Phase We have not described how to provide incentives to
follow the jamming coordination protocol. Since the complete history of play in this phase
is communicated during the final communication phases, this is fairly straightforward. The

details are deferred to Section C.4.
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3.5 Relation to the Private Monitoring Literature

Some readers may wish to understand in more detail how our construction relates to existing
work on the folk theorem with private monitoring. Our goal is to construct a block belief-
free equilibrium as in Horner and Olszewski (2006). To allow accurate communication in
the presence of random matching, we have players repeat actions and messages and apply a
concentration inequality (Lemma 2). In this sense, our construction joins the line of research
combining belief-free equilibria and review strategies, following Matsushima (2004). The
closest papers in this literature are Yamamoto (2012) and Sugaya (2017).

Yamamoto shows how to combine belief-free equilibria and review strategies in general
repeated games. There are two key differences with our approach. First, Yamamoto’s
construction relies on conditional independence: player i’s signal and player j’s signal are
independent conditional on actions. Thus, player i cannot learn player j’s inference from her
own signals. In contrast, with random matching signals are not conditionally independent.
For example, if player j’s signals imply that she matched with the sender in every period
in a communication phase, she can infer that her opponents did not match with the sender.
We control this novel learning effect via the innovation of introducing jamming players.

Second, Yamamoto assumes pairwise identifiability (i.e., each player can unilaterally
identify other players’ deviations) and constructs a belief-free equilibrium (i.e., each player
is indifferent among all actions that are ever played with positive probability, regardless of
her opponents’ histories). The former property ensures that communication is not necessary
for monitoring, and the latter ensures that communication is also not necessary for providing
incentives to punish. Indeed, in Yamamoto’s construction, communication following main
phases is used only to ensure that different punishers do not miscoordinate—somewhat like
the contagion phase in our construction.

In contrast, our monitoring structure does not satisfy pairwise identifiability. Hence,
to monitor deviations, players must aggregate information by communication. This necessi-
tates the construction of secure communication protocols, so the deviator cannot manipulate
communication. In addition, since our equilibrium is not belief-free, players may have strict

incentives to infer each other’s messages correctly. To control the resulting incentives to
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experiment, we must construct communication protocols that are accurate (if a player suc-
cessfully infers a message, her inference is always correct) and error-proof (if she fails to infer
a message, her continuation payoff is independent of her opponents’ inferences).

Sugaya proves a general folk theorem by generalizing Yamamoto’s construction to condi-
tionally dependent monitoring. As in the current paper, mixed strategies are used to control
incentives after erroneous histories that arise with small ex ante equilibrium probability. In
particular, after observing such a history, a player believes this observation results from a
rare realization of her opponents’ mixed strategies. By specifying her continuation payoff
to be constant after such erroneous realizations, the player is incentivized to adhere to the
same continuation play as after non-erroneous histories.

However, the N-player version of Sugaya’s construction still assumes pairwise identifia-
bility. This makes communication straightforward, as when player ¢ “sends a message” to
player j, player j can construct a statistic whose distribution depends on player i’s message
but is independent of unilateral deviations by players —i. In the current paper, pairwise
identifiability is robustly violated, so we must introduce novel communication protocols that

let players share information securely.

4 Extensions

An advantage of our approach is that it is amenable to further extensions. We present three:
imperfect monitoring within matches, non-pairwise matching, and non-i.i.d. matching. Our
goal is not so much to establish the most general results possible but to illustrate the broader
applicability of our proof technique—to this end, in this section we allow some slight sim-
plifying assumptions, such as access to public randomization and modest restrictions on the

stage game. Proofs are deferred to the Supplementary Appendix.

4.1 Almost-Perfect Within-Match Monitoring

We can allow almost-perfect monitoring within a match. This is not surprising since we build
on Horner and Olszewski (2006), who prove the folk theorem with almost-perfect monitoring,.

The required modifications to our proof are relatively minor. First, we have jamming
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players mix over all actions, rather than just a” and a'. This makes players attribute un-
expected observations to randomization by jamming players rather than monitoring errors.
Second, players’ reward functions must be adjusted to account for the possibility of monitor-
ing errors—this complicates matters slightly relative to the perfect within-match monitoring
case, where Lemma 1 ensured that a player’s opponents can perfectly identify her history
once they aggregate their information. Third, it is useful to introduce a small probabil-
ity that the block is extended to include a final “long communication phase” on which the
required reward adjustments can be based.

Formally, a within-match monitoring structure (q,€)) consists of a finite signal space
and a mapping ¢ : A x A — Q x Q, where q(w;, w,y|a;, a,u)) is the probability that player
i observes signal w; and her partner observes signal w,; when 7 plays a; and her partner
plays a,;. Assume without loss of generality that ¢ has full support. Let ¢; denote the
marginal distribution of ¢ over ¢’s signal. We say monitoring is e-perfect if 2 = A and
Qi lai, au@y) > 1 =€V (ai,au(i)) € A% Let E(6,q) denote the sequential equilibrium

payoff set with discount factor 4 and monitoring structure q.

Theorem 2 Suppose public randomization is available. For all v € int (F™*), there exist
6 < 1ande >0 such thatv € E (0,q) for all § > & and all e-perfect within-match monitoring

structures q with € < €.

Note that Theorem 2 assumes public randomization, in contrast to both our main result
and Horner and Olszewski’s folk theorem. In the proof, public randomization is used to

decide when to extend the block by including a long communication phase.

4.2 Non-Pairwise Matching

The assumption that matching is pairwise is also restrictive. For example, this requires
that all players “play the game” the same number of times, and thus rules out a distinction
between frequent and infrequent participants. Our approach can however be extended to
this setting, with some restrictions on the structure of the game and the target payoff set.
A matching p is now an arbitrary partition of the population into groups, rather than

pairs. (A group of size 1 means a player is “unmatched” in the current period.) We continue
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to assume that matches are drawn from a fixed i.i.d. distribution p. We also assume that
there is an upper bound M < N on the size of a group, and that any partition of the
population into groups of size < M occurs with probability at least € > 0.

Whenever n* < M players are matched together in a group, they play a finite game with
action sets (A; [n*})?zl and payoff functions (u}. [”*])?::17 where A;«[n*] > 2 Vi*. We allow

two possible structures for the n*-player games:

1. Symmetric stage games: For each n* < M, the n*-player game is symmetric: all
players have the same action set A[n*] and payoff function u[n*] : A[n*]"" — R. At
the end of each period, every player observes the number of her partners who take
each action a € A: letting p, (i) denote the set of player i’s period-t partners, player

i’s period-t signal is w;; = (n*(@), (wit(a)) >, where n* (1) = 1 + |p, (7)| and

a€A[n*(4)]
wit(a) = ‘{ut (4) @ ap,e) = a}} Va € An* ()]

Each player i’s strategy in the one-shot game is a mapping from n*(i) to an element
of A[n*(i)]. Let A denote the pure strategy set in the one-shot game (it is the same
for every player). Let A™* denote the mixed strategy set.

Let F' = co ({(ul ((an)nd))i}a i vn)' Given a mixed strategy profile (a,),., €
[Toer A™, let w; ((@n),c;) = maxg,c <5Li, (dn)n#) denote the highest payoff player

i can attain against (&), ;. Our target payoff set is

F* = {v €eF:4 (@fm)nel € H/_lmix such that v; > u; ((@fm)neJ Vi e [} :
nel

In general, this set is smaller than the feasible and individually rational payoff set.

However, it equals this set if the distribution over matches is symmetric across play-

ers. Moreover, for any match distribution, taking (éznmi“)ne ; to be a symmetric Nash

equilibrium yields a “Nash threat” folk theorem.

2. Random player-roles: For each n* < M, the n*-player game is arbitrary, but
each player in [, is randomly assigned one of the n* player-roles. When player
i € I,+ is assigned player-role i*, she has action set A;<[n*] and payoff function

*

ui[n*] 2 (A [n*])5_, — R. Let i*(i) denote player i’s assigned role. Player i’s period-t

i*
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signal is w;; = (n*(3),*(7), (@i (z))?::(zl)), where a;«; (i) is the period-t action of the

player assigned to role ¢* in ¢’s match.

Each player i’s strategy in the one-shot game is a mapping from (n*(7),i*(i)) to an
element of Az;[n* (i)]. Given this definition, A, A™*, F, w, ((&,),c;), and F* are

defined as in the symmetric stage game specification.

Theorem 3 With non-pairwise matching and either symmetric stage games or random

player-roles, for all v € int (F™), there exists § < 1 such that v € E (8) for all § > 6.

Again, the required modifications to the proof are minor. A player must now report her
group size and player-role (if applicable) in addition to her action and observation. Given
this additional information, Lemma 1 generalizes to non-pairwise matching. In addition, the
jamming coordination protocol must be modified to ensure that each player believes some
of her opponents are jamming players with high enough probability, regardless of the sizes

of the groups in which she herself matches.

4.3 Non-1.I.D. Matching

We can also extend our approach to situations where (pairwise) matching is determined by a
Markov process that depends on both the current match and the current action profile. This
encompasses models with endogenous match separation, such as finite population versions of
Shapiro and Stiglitz (1984), Datta (1996), Kranton (1996), Carmichael and MacLeod (1997),
Eeckhout (2006), Fujiwara-Greve and Okuno-Fujiwara (2009), and Peski and Szentes (2013).

Let the distribution over period-t matches p(-|a;_1, it;,_;) depend on the previous action
profile a;_; and match p, ;. Assume p(-|a;_1, ¢t,_,) has full support for each a; 1, y,_,, and
let € > 0 denote the minimum of p(p,|a;—1, ;) over all a;_q, p,_1, and p,.

We impose some identifiability conditions on p(-|a;_1, it;_,). Order the N (N — 1) /2 pairs
of distinct players (7, j) € I?, and denote the resulting sequence by C'. Suppose in each period
t=1,...,N (N —1)/2 players i,j € C;—the t'" element of C—play a' and other players

0

play a”. Call this strategy . Let y; = 1 denote the event that the pair of players in C}

match with each other in period ¢, and let y;, = 0 denote the complementary event. Let

32



Yo = (yt)ii(lN 72 We assume Yo statistically identifies the period-1 match p,: letting P be

the matrix with dimension

N/2—-1
[T (N—2k—1)x oN(N-1)/2
k=0 g
N _ # of possible values for y¢o

~
# of possible matches

whose (p, yc)-element corresponds to the probability of yo when p; = p and the players
follow &, we assume P has full row rank.

We also assume that, for each a € AV, the kN:/g_l (N —2k—1) x szvz/g—l (N —2k—1)
matrix Q(a) with (p,_y, i, )-element p (p,|a, y1,_;) has full rank. That is, p, statistically
identifies p,_;.

The feasible payoff set is defined as follows: Let F(u,,d) be the set of payoffs v € RY
that are attained by some strategy profile in the repeated game with initial match p; and
discount factor 9, allowing public randomization. In the Supplementary Appendix, we show
that lims .1 F'(14,0) exists and is independent of 1,. The feasible payoff set is then defined
as F' = lims_1 F'(uq,0) for arbitrary p;. We also show that F' = lim,_ lims_; F* (1q,9),
where % (1, 9) is the set of payoffs attainable by the infinite repetition of a strategy in the
k-period finitely repeated game with initial match p,, for any p,.'?

The minmax payoff is the same as in the i.i.d. case: u = minyea(a) maxqea u (@, ). The

set of feasible and individually rational payoffs is F* = {v e F :v; > u Vi € I}.

Theorem 4 With non-i.i.d. matching, for all v € int (F*), there exists 0 < 1 such that
v € E(6) for all § > 6.

The required modifications to the proof are now more substantial. The basic idea is to
exploit the fact that, for large enough 7', any two matches separated by T periods are almost

independent. This lets us preserve the block belief-free structure of the main construction.

15Since players cannot observe the period-t match p,, we have a stochastic game with hidden state and
private signals. Platzman (1980), Rosenberg, Solan, and Vieille (2002), and Yamamoto (2017) have shown
the same result with public signals. In this case, the feasible payoff set is the solution to a single-agent
partially observable Markov decision problem, and can be characterized by dynamic programming. This is
no longer possible with private signals, and we use a novel argument based on the minmax theorem.
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5 Discussion

Multiple player-roles and multiple communities: As seen in Section 4.2, our approach
allows multiple player-roles. This accommodates settings with one-sided moral hazard within
a match. We can also extend our result to allow the population to be divided into multiple
communities, where each community is assigned a fixed role. For example, in a stage-game
between a buyer and a seller, we can accommodate both the case where each player is always

either a buyer or a seller, and the case where each player can play different roles.

Cheap talk and public randomization: The folk theorem would be easy to prove
if we allowed public (“broadcast”) cheap talk communication. This would make detecting
deviations straightforward, and then cooperation could be sustained by punishing deviations
through mutual minmaxing. Deb (2017) considers a setting with private (within-match)
cheap talk and shows that it is possible to partially detect deviations, and then applies the
perfect monitoring version of Horner and Olszewski. On the other hand, allowing public

randomization would not simplify our construction much.'6

Incomplete information: A concern in random matching models is that equilibria may
not be robust to incomplete information. For example, the contagion strategies of Kandori,
Ellison, and Harrington perform poorly in the presence of a few “commitment types” who
always defect. Our approach of viewing the random matching game as a single N-player
game and controlling each player’s continuation payoff separately should be more robust to
these considerations. This idea is hard to formalize, however, as incomplete information can
undermine the communication modules in our construction. Nonetheless, we conjecture that
our approach could be combined with that in Fudenberg and Yamamoto (2010) to give a

partial folk theorem for ex post equilibria in settings with incomplete information.

Low discount factors: We have emphasized a range of advantages of the block belief-
free approach over the contagion approach in constructing equilibria in anonymous random

matching games. A relative disadvantage is that our construction requires a very high

16Tn Phase 5 of our construction, each player i randomly chooses period numbers (t; (l))lL:1 and commu-
nicates them to her opponents. With public randomization, we could eliminate this phase by letting nature
select these random periods.
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discount factor as a function of the population size, while contagion strategies are remarkably

effective (in the prisoners’ dilemma) even for fairly low 6.!" Nonetheless, following Hérner

and Takahashi (2016), it can be shown that the asymptotic rate of convergence of our

constructed equilibrium set to F* is at least (1 — 5)_1/ % for generic stage games. More

broadly, formalizing and investigating performance criteria for low o in general anonymous

random matching games is an interesting direction for future research.
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Appendix: Proof of Theorem 1

A Overview of the Proof and Notation

e First, in Section B, we establish statistical properties of the secure, verified, and

jamming coordination protocols.

e Next, in Section C, we augment the protocols with reward functions to construct the
communication modules. We then establish incentive properties of the four modules:

basic, secure, verified, and jamming coordination.

e Third, in Section D, we establish two reward adjustment lemmas, used to correct for
the possibility of unlikely communication errors (which are caused by both erroneous

match realizations and jamming players).

e Fourth, in Section E, we prove several reduction lemmas that simplify the discounted,
infinitely repeated game: (i) we reduce the game to an undiscounted, finitely repeated
game with final-period reward functions, (ii) we show that, as a result of communica-
tion, the final-period reward functions can exhibit some dependence on other players’
histories, and (iii) we show that it suffices to establish optimality of each player’s strat-
egy only at histories consistent with her opponents’ equilibrium strategies. Proving
these lemmas involves the basic, secure, and verified communication modules, as well

as the reward adjustment lemmas.

e In Section F, we use the reduction lemmas and the verified and jamming coordination

modules to construct the equilibrium strategies.

e In Section G, we construct the final reward function, which sums the rewards for the

main phases, communication phases, and contagion phases.
e Finally, in Sections H and I, we verify the equilibrium conditions.

e Section J collects the proofs of several lemmas used earlier.
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The proof uses a range of terminology to refer to sets of consecutive periods that carry
meaning in the construction. The following glossary collects this terminology, ordered from

the longest set of periods (a block) to the shortest (a single period).

Terminology Meaning
Block T™** periods, structured as in Section 3.3.3.
Consecutive Main, Communication, and Contagion Phases.
Sub-Block
There are L sub-blocks in each block. See Section 3.3.3.
Phase A major component of a block. See Section 3.3.3.
A complete play of a communication protocol within a phase.
Sub-Phase
See Section F.
Round A major component of the verified protocol. See Section 3.2.3.
Interval 2T consecutive periods in the basic, secure, or verified protocol.

Half-Interval | T consecutive periods in the basic, secure, or verified protocol.

Period A single play of the game.

Table 1: Glossary of Terminology Describing Timing

We also collect some notation that will be used repeatedly in the proof, indicating where

the definitions may be found.

Notation Meaning

on The target payoft.

v:(G) The lowest payoff when players coordinate on z with z; 1 = G (see (14)).

v; (B) The highest payoff when players coordinate on = with x;_y = B (see (14)).

u The minmax payoff (see Section 2).

u The greatest magnitude of any feasible payoff (see Section 2).
u® The smallest feasible payoff (see (63)).

u® The largest feasible payoff (see (63)).

Table 2: Glossary of Notation for Payoffs
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In addition, recall that, by (14), u + 18¢* < v; (B) 4+ 9¢* < v; < v; (G) — 9¢*.

Notation

Meaning

cancel

0 (a—ww—ﬁ

Reward to make player indifferent over actions with payoff 0 (see (28)).

7} (a—s,w_;)

Reward to give payoff 0 if a; = a and —1 otherwise (see (29)).

Tt (hﬂ')

Reward to give payoff 0 if player follows verified protocol in
checking rounds, and give payoff — 1 otherwise (see (34)).

cancel

L (xifla a*iawfi)

Reward to make player indifferent over actions with payoff u®i-1,

while satisfying self-generation (see (64)).

W;)L (xi—lu a_j, w—i)

Reward to make player indifferent over actions with payoff v; (z;_1),

while satisfying self-generation if all players play a*(z) (see (64)).

Ty (Xim1, Ay w_i| ™)

Reward to make player ¢ indifferent over actions with payoff v; (z;_1)

when opponents play a™™ (see (64)).

Table 3: Glossary of Notation for Reward Functions

Finally, we use standard asymptotic notation: “f (7y) = O (g (1p))” means “3C >
0, 7 >0 VTy > T, |f (Tg)| < Cg (To).”

B Communication Protocols

In this section and Section C, we view each protocol as a distinct, finitely-repeated game.

A “protocol history” is a history in such a game: if T is the set of periods comprising a

protocol, a protocol history for player j is a vector h; = (a;¢, wjt)ter € Hj. Denote the set

of protocol history profiles by H =[] jer Hj.

B.1 Secure Communication Protocol

Lemma 3 in the text provides the required properties. Here, we provide the proof.

Fix j # i with Liam\ {j} # 0. We claim that (3) holds if w;, = a' for more than (1 — &%) T

periods in some half-interval, while (4) and (5) hold if w;; = a* for at most (1 — &%) T periods
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in every half-interval.

First suppose there is an half-interval S in which w;, = a' for v periods, with v >
(1—2%T. Fix a player j’ € Lian\ {j}. Let j/JAMS denote the event that, in half-interval
S, player j' plays JAM and all other jamming players play REG. Let (a;+,w;, )2Tﬂog2|M il s

denote the restriction of (a; s, w;+ )2Tﬂ°g2‘M il to half-interval S. Then

T'logy | M;]] .
Pr ((aj e UlJAMS) _ (pm’ +pj’,j)’y (1 —Dij — pj/J)T 7
Pr ((ajt,wjt) T logs | Mil] | |ALLREG> Dij 1—piy
7; y AN 1 —_ ,1/ PR— oo
> exp(((1—53) logM+53logM) T) .

Pij — Dijj

1—pij—Pjr 5 P -z
and log ——L—% > — i > _LE (apd

: PijtPj! = = 1=2 1=
ince log —=2—2 > Jog (1 >F— 284> ¢
Since log = og(l+&) >&— 38 > 3& T 2 T 2

< %), we have

iy L 1—pii—piri a1l 1—¢ 1
(1_53)10g2M+5310gM2(1_83)_8+53<_ _6)2_6_
Pij L —pi; 2 g 4

Hence, by Bayes’ rule,

Pr <ALLREG] (a4, wj ) F 1ol ”)

-1

Pr (' AMS) Pr (a0, w5 210 o] 1 AMS)
< |1+
Pr (ALLREG) Pr ((aj,t, ;)T [1oga Ml |S|ALLREG)

[P (PP g AN S) ]
S 1 - T 2T (1 M;

_ Pr (a0, wi)if M s ALLREG)

1 - 1

< [1 + T %exp (ZET)} < T%exp (_Z§T> )

This establishes (3).

Next suppose w;; = a' for at most (1 — %) T periods in every half-interval. Then, in
each half-interval where player i plays a!, player i matches with a player other than j in at
least 23T, periods. Suppose player j plays a® throughout the protocol. For all j' ¢ {i,j},

if player ¢ matches with player j’ at least once in each half-interval where player i plays a',
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and ALLREG occurs, then m; (j') = m;. Hence, by Lemma 2,

2T [logg| M;|]

Pr (mZ (') = my| (a°, Wj7t)t:1 ,ALLREG) > 1 — [log, | M;|] exp (—22°T) .

Applying this bound repeatedly for each j' # i, j, we obtain

Pr (m () = ma V' ¢ (i, 3} | (awy,) 2080 ,ALLREG> > 1—N [log, |M;|] exp (—&'T) .
This establishes (5). Similarly—regardless of player j’s behavior—if player ¢ matches with
player j' # i,j in some period in each half-interval where player i plays a', then m; (j') €
{m;,0}. (In particular, m; (j') = 0 if j ever matches with ;' while playing a; ¢ {a°,a'}, or if
i and j match with j' while playing a! in different halves of the same interval, and m; (j') = 1

otherwise.) Hence, (4) also holds.

B.2 Verified Communication Protocol
B.2.1 Notation

Let o™ denote player i’s prescribed protocol strategy. For j # i, let o denote player j’s
prescribed protocol strategy. Let o™i = (a:’mi,a’ii). For j € I, let X; denote the set of
possible protocol strategies for j.

For each j, j' € I, player j’s equilibrium strategy in the j’-checking round is determined

*

by (aj,wj)ier(msg) and ¢; € {reg,jam} (independently of m;). We say player j follows o7

in the j'-checking round if, for each 7 € T(j'), her action a;, is in the support of o7 given
(@6, wit)ieT(mse), C; € {reg, jam}, and (a4, wje)rer(jr) p<r—1-

Let H</" denote the set of protocol history profiles at the beginning of T(j’) that arise
with positive probability under some strategy profile o. Given h<" € H<7', let H;.T(j/)| <’
denote the set of protocol history profiles during T(j’) that are reached from h<7" with
positive probability under some strategy profile (0;,0* ;) with o; € ¥; (i.e., when players

—j follow the protocol).
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B.2.2 Suspicious Histories

For each j € I, say that player j is suspicious at protocol history h;, denoted susp (h;) = 1,
if m;(j) = 0. Otherwise, susp (h;) = 0. Note that susp (h;) = 1 only if some player deviates,
some jamming player plays JAM, or the realized matching process is erroneous. (Recall
that the matching process is erroneous if, for some half-interval, some pair of players do not

match with each other even once.)

B.2.3 Regular and Erroneous Opponents’ Histories

We classify each of player j’s opponents’ history profiles as regular or erroneous, 6, (h_;,() €
{R,E}. (Note that this classification can also depend on the type profile ( = ((,,)ner-)
When we construct a module based on this protocol, this variable will be used to construct
continuation payoffs. In particular, 6, (h_;,() = E will imply that player j’s continuation
payoff does not depend on her opponents’ inferences.

For j, j' € I, we first define 6; (h_;, ¢, j') = E (“j’s opponents’ histories in the j’-checking

round are erroneous”) if and only if one or more of the following four conditions holds:
L. ¢; = jam.
2. There exists n € Ziam \ {J,j'} who plays JAM in some half-interval in T (j').

3. [Condition FAIL] j # j' and there exist a half-interval S in T (j’) and a player n # j’
such that player j' plays a* throughout S but w,; = a° for all ¢ € S. (Note that
whether this event occurs is determined by h_;, as Lemma 1 implies that /; is uniquely

determined by h_;.)

4. [Condition FAILj’] j = j', player j' follows o7, in the j'-checking round, and there exist
a half-interval S in T (5') and a player n # j’ such that player ;' plays a' throughout
S but w,,; = a° for all t € S. (Again, this event is determined by h_;, by Lemma 1.)

(Note that 8; (h_;, (, j") depends on h_; only through hjf(jj ) and hqf(;msg), the latter because

whether player j' follows ¢ in the j'-checking round (in [Condition FAILj’]) depends on

(aj/i, wj/7t>t€T(msg) )
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We define 6; (h_;,() = E if and only if either §; (h_;,(, ') = E for some j’ € I or some

player j' # j deviates from o7 in any checking round. Otherwise, define 0; (h_;,() = R. In

addition, for each j' € I, let JAM; _; denote the event that there exists n € Zjum \ {J, 7'} who

plays JAM in some half-interval in T(j). Let REGj _; denote the complementary event.

Lemma 5 For each player j € I, each type profile ¢ € {reg,jam}N, and each history profile

h<i' e H',

1. If all players follow o* in the j'-checking round, then Pr (0; (h_;,(,j') = E|h<7", C) is
the same for every h<J' € H<J'.

2. 0% € Argmax, ey, Pr<01””fj’) (Gj/ (h_j,¢,5") = B¢, h<j/),

3. If all players follow o* in the j'-checking round and (aj 4(n),w; +(n))ter(msg) 7 (@574, Wjr +)tcT(msg)
for somen € I, then (aj +(n),w; +(n))icrmsg) = 0 and 0; (h_;,(,j') = E.

4. If player j' follows o7, in the j'-checking round, (aj ;(n), wj (1)) teT(msg) 7 (@51 1, Wi 1) teT(msg)
for somen € I, and 0; (h_;,(,j') = R, then (aj +(n),w;j +(n))icr(msg) = 0.

5. If j # j', players —j follow o™ ; in the j'-checking round, and (aj +(j),wjr¢(j))teT(msg) 7
mi(j’), then 0]' (h,j, C,j/) =F.

Proof.

1. For any message (aj ¢, wj +)teT(msg), Player j’ plays a' the same number of times in
each interval. Hence, the probability that FAIL (or FAILj’) holds is independent of
(aj’,ta Wj’,t)te?l‘(msg) .

2. If player j' deviates from o7 then FAILj” does not hold. Moreover, Conditions 1 and
2 for 6;(h_;,(,j') = E are independent of o;, and FAIL only applies when j # j'.
Hence, the desired inequality holds.

3. If j € Zjam or a player in Zi,m \{J, 7'} plays JAM in some half-interval, then 0; (h_;, (,j") =

E by construction. If j ¢ Zj., and all players Z,, \ {j,j'} play REG in every half-
interval, then (a;/(n),w;r+(1n))ier(msg) 7 (@71, W) +)ter(msg) only if player n does not ob-
serve a' in some half-interval where player j’ plays a'. Hence, (a;/ (1), wj 1(n))iet(msg) =

0 and FAIL or FAILj’ holds.
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4. If 05 (h_;,¢,j") = R then each player n # j’ observes a' in each half-interval where
player j’ plays a'. Hence, (aj/7t(n),wj/7t(n))t€T(mSg) + (ajljt,wj/,t)temmsg) implies

(aj/,t(n), Wj',t(”))teﬂr(msg) = 0.

*

5. When players —j follow o™ ;, (a;r +(j),wjr +(J))ieT(msg) 7 (5.6, Wt ¢)eeT(msg) only if player

j does not observe a' in some half-interval where player j' plays a'. Hence, FAIL holds.

B.2.4 Statistical Properties

The next lemma establishes the key properties of the verified protocol.

Lemma 6 Suppose that
ON? [bg2 \Ay‘*“"gﬂMﬂ (14 T°exp (—2T)) < T. (21)

Then the following claims hold for every m; € M; and every type profile ( € {reg,jam}N:

1. Foranyj # 1 and any o, € Z}r, given strateqy profile (O‘j, af;ni), either (i) m; (n) = m;

for alln € I, (ii) susp (h,) = 1 for some n # j, or (ii) 0, (h—;,¢) = E. Moreover,
susp (h;) = 1 implies 0; (h_;,() = E.

2. For any o; € X}, given (ai,aii), either (i) there exists m; € M; with m; (n) = m;
for all n € I, (ii) susp (h,) = 1 for some n # i, or (iii) 0; (h_;,{) = E. Moreover,
susp (h;) = 1 implies 0; (h_;,¢) = E.

3. Given o*™i, for any j € I, either (i) m; (n) = m; and susp (h,) =0 for alln € I, or
(i) 0; (h—;,C) = E.

4. Given o*™i, with probability at least 1 — T2, all of the following events occur: (i)
m; (n) = m; for alln € I, (ii) susp (h,) = 0 for alln € I, and (iii) 0,,(h_,,{) = R
for all n & Lipm,.

5. For anymg,m, € M; andj € I, Pr*"™" (0; (h_;,¢) = R|¢) = Pr” " (8, (h_;,¢) = R|C).
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The proof is relegated to Section J (as are all other proofs that do not immediately
follow the corresponding claims). Intuitively, 6, (h—;, () = E only if some player plays JAM
or matching is erroneous, which is unlikely. Moreover, since the sender plays a' with the
same frequency for all m;, the probability of this event is independent of m;.

The next lemma is analogous to Lemma 3 and is used later in the proof. Unlike Lemmas
5-6, this lemma involves conditions on players’ beliefs about the type profile (¢,),c; €
{reg, jam}N. To express these conditions, we assume each player n has a prior probability
distribution over (¢,,),; at the beginning of the protocol. Let Pr, (-|-) denote conditional

probability under player n’s prior.

Lemma 7 Fiz any j € I, j' # j, and h<J' € H<'. Suppose that, for all h}r(j/) € H;r(j,)|h<j’;

Pl"j (C , = jam v]/ 7é j’m“ h<j/,h’]]-r(j/)) > T_4(N_1)_1.

J

Then, for all h;r(j/) € H;r(j/)|h<j/7 at least one of the following two conditions holds:

1. We have

-/ ;! 1
PI']' <JAMJ/7,J|m“ h<J ,h}r(j )) 2 1— T4(N71)+10 exXp <_Z(§T) . (22)

2. The following two conditions hold:

(a) For all (aj,t)te'ﬂ‘(j')’
(ajri(n),wjr+(n))teT(msg) € {0, (aj’,tawj’,t)feT(mSg)} vn#

Pr.j -y T s/
imi, k<7, h;Y) REG,

77.7'

> 1-N {mg2 |A12“°g2'Mﬂ exp (—2'T) | (23)
(b) If aj, = a® for all t € T(j'), then

(aj’,t(n)a wj’,t(n))te']l‘(msg) = (aj’,ta wj’,t)te']l’(msg) vn 7& ]

Pr; B
|mz’7 h<‘7 y h/j (j ), REGj”_j

J
> 1-N {mgQ |A|2“°g2'Mﬂ exp (—2'T) . (24)
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(N—1)+10

Proof. The same as Lemma 3, except that T replaces 79 in (3), as now Zn\ {j}

is non-empty with probability at least 7-*™-1-1 rather than 1. m

B.3 Jamming Coordination Protocol

This protocol is used to coordinate on the identities of the jamming players Zj,,, C I. The

protocol is again parametrized by 7" € N. It takes 2 periods.

Jamming Coordination Protocol with Parameter 7'

e In each of the two periods, each player i plays a' with probability 7-2 and plays each
a # a' with probability (1 —772) /(]A| — 1), independently across periods.

Given a protocol history h;, we define (;(h;) = jam if w;; = a' for some ¢ € {1,2}. That

1

is, a player becomes a jamming player if she observes a" in either period.

Let P;(h;) = Pr (Cj(hj) = jam Vj # z|h,) For every protocol history h;, the probability

that all players in I\ {4, 11,(i)} play a' in both periods ¢ and jt; (i) # p,(4) is at least 74N =2),
Conditional on this event, the probability that ¢;(h;) = jam Vj # 4 is 1. Hence,
Py(h;) > eT~4N=2), (25)

C Communication Modules

A communication module is a finitely repeated game derived by augmenting a communi-
cation protocol with a reward function that makes following the communication protocol a
sequential equilibrium or belief-free equilibrium. As a module is just a protocol augmented

with a payoff function, we use the term module history interchangeably with protocol history.

C.1 Basic Communication Module

Our first module augments the basic communication protocol. It thus defines a 27" [log, | M;]]-

period game, where i, M;, and T" are parameters. For each player n € I, payoff functions in
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the module take the form

> 6 i, (ag) + T (hnet) + wn () (26)
teT
where u,, is the stage-game payoff function; m,, is a reward function that depends only on
player n — 1’s module history; and w, is a continuation payoff function that depends on
the entire module history. We wish to construct a reward function such that, when viewed
as a strategy profile in this finitely repeated game, the basic communication protocol is a

belief-free equilibrium.

Definition 1 A strategy profile o is a belief-free equilibrium (BFE) if, for each player i and
history h;, the continuation strategy o;|n, is a best response against o_;|,,_, for every opposing

history profile h_;.

We say that the premise for basic communication with magnitude K 1is satisfied if the

following conditions hold:
1. Player i is indifferent about the result of communication: w; (h) = 0 for all h.

2. For each player n # i, the range of w, (h) is bounded by K:

max |w, (h) — wn(h)‘ < K.
hoh

Lemma 8 For eachi € I, M;, T, w, and K > 2u/g satisfying the premise for basic com-
munication with magnitude K, there exists a family of functions (7Tn cHY | — R)ne ; such

that the following hold:

1. With payoff functions (26), the basic communication protocol is a BFE for every ¢ €
[0,1).

2. For eachn € I and m; € M;, E [ZteT 6, (ay) + (hn_l)} = 0.

3. For eachnel andt €T,

u+ K
max l —t T .
hnflahnfl €

(27)

T (An_1) — T (ﬁn_l)‘ <2
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Intuitively, for each receiver n # i, player n — 1 rewards player n every time she observes
a®, which incentivizes player n to play a® throughout the module. Although whether player
i (the sender) plays a° or a' also affects the probability that player n — 1 observes a° in a
given period (since i and n — 1 may match), the expected number of rewards is independent
of m; because player i plays a° and a! with the same frequency for every m;. In addition,
whether player i plays a® in the first or second half-interval affects player n’s instantaneous
utility through discounting, and we must adjust the rewards to cancel this effect.

For player i, player i — 1 makes her indifferent between playing a° and a'! in every period.
This is straightforward since player ¢ — 1’s observations statistically identify player i’s actions.

Finally, note that Lemma 8 concerns the complete information game where the continu-
ation payoff functions (wy),,.; are known. However, as the statement of the lemma holds for

each realization of (w,,) the same argument applies for the incomplete information game

nel?

where (wy,),,c; is unknown but the premise for communication is satisfied for each (wy,), ;-

The same remark applies for Lemmas 9, 10, and 11.

C.2 Secure Communication Module

We now augment the secure communication protocol in the case where Ij,y, is a singleton.
Fix the sender i and another player ¢* with ¢ # ¢*,7* — 1. Let [jpy, = {i* — 1}.

Recalling the specification of the protocol in Section 3.2, player i’s strategy is determined
by m;, and others’ strategies are independent of m;. Let (0", 0_;)m,en, denote the specified
collection of strategy profiles (one for each m; € M;).

We introduce some building blocks of the reward functions. (We will use these in later
modules as well.) By Lemma 1, there exists a function 767! (q_;, w_;) : AN7t x AN-T SR
such that, for each a € AV, we have

QALZ‘ (a) + 7T<;ance1 (CL_Z', CL)_Z‘) = 0. (28)

7

cancel
i

Thus, the function m (a_;,w—;) cancels player i’s instantaneous utility.

Similarly, there exists a function 7% (a_;,w_;) : AN~! x AN~! SR such that, for each
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ac AV, we have

0 0 a,=ad
7T? (a,i,w,i) = . (29)
—1 a;#d°

Thus, the function w?o (a_;,w_;) rewards player 7 for playing a°.

For each n € I, payoff functions in the secure communication module are given by

S (a)+ Y ( el (0, W) + Loy T (a—n,taw—n,t)> +wy (h)

teT teT
Z 1{n:i*}7T(TlLO (a—n,t7 w—n,t) + wy (h) ) (30)
teT

for some function w, : H* — R. (Note that we neglect discounting in this equation,
in contrast to equation (26) for the basic communication module. The reason is that, as
described in the text, the basic communication module will be used at the very end of each
block to cancel the effects of discounting in the remainder of the block. So we must account
for discounting directly only in the basic communication module.)

We will give conditions on (wy,), ., under which (07", 0_;)m,cn;, is an “i*-quasi-belief-free
equilibrium” of the resulting finitely repeated game. Intuitively, this means that the strategy
of each player n # i* is sequentially rational for every opposing history profile, and player
1*’s strategy is sequentially rational for some consistent belief system. In addition, sequential
rationality for player i* is imposed ex post with respect to m;. This ensures that the module

will remain incentive compatible when viewed as one part of the infinitely repeated game.

Definition 2 A family of strategy profiles (0", 0_;)m.cnm; is an i*-quasi-belief-free equilib-
rium (i*-QBFE) if (i) for each player n # i* and history h,, the continuation strategy o,|n, s
a best response against o_,|,_, for every opposing history profile h_,, and (ii) for player i*,
there exists a sequence of families of completely mixed strategy profiles <(0m“k 0" mie Mi)k .

hi+) (where B(h_;|m;, hy) is the limit

of conditional probabilities derived from ((Omi’k, o Z)) ) such that, for each m; and hl:*,
k=1

and a corresponding family of belief systems B(h_

7

O € argmaxE 70,0 [Zw A= g, W_jrg) + Wi (R )\mi,hﬁ,?l] ,

Gix €3 teT
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1

where the expectation is taken with respect to B(h' i |m;, his1).

We say that the premise for secure communication for player i* with magnitude T is

satisfied if the following conditions hold:

1. All players but player ¢* are indifferent about the result of communication: w, (h) =0

for all h and n # 7*.

2. If player i* — 1 deviates from o;+_; or ALLREG does not occur,'® then w;« (h) = 0 for
all h.

3. If player ¢* — 1 follows o;«_; and ALLREG occurs, then the following conditions hold:

(a) If m; (i* —1) € M; U {0} is the same under protocol histories h and h, then
w;+ (h) = wg(h). Under this condition, we abuse notation and write wg- (h) =
w (my (i* — 1)).

(b) The range of w;- (m; (i* — 1)) is bounded by TX:

i o [wie (ma) = wie (13| (31)

(¢) wi (0) < wp (my; (3* — 1)) for all m; (i* — 1) € M,.

We now specify player i*’s beliefs. In particular, we specify that, after any off-path
observation, she assigns probability 1 to the event that player i* — 1 deviated (and hence,
if the above premise holds, w;= (h) = 0). This belief is clearly consistent: for concreteness,
define (07", 0% ) m.ear, )32, by letting player i* — 1 tremble uniformly over all actions with
probability 57! at each history, and letting every other player tremble uniformly over all

actions with probability k=% at each history.

Lemma 9 For each i* € I, i € I\{i* —1,i*}, M;, w, and K satisfying the premise for

secure communication for player i* with magnitude T, if

[logy | M;|] To9+K exp (—§4T) <1, (32)

18 As in the verified protocol, player i* — 1 follows o;«_; if, for each 7, her action ai«_1, is in the support
of o4+_1 given (a;+—1,4,Wix—1,)1<r—1. Since i* — 1 # ¢, the support is independent of m,. Player i* — 1
deviates from o;«_1 if she does not follow o« _1.

52



then with payoff functions (30) the secure communication protocol, together with the above

belief system for player i, is an i*-QBFE.

Proof. By construction, players other than * are indifferent over all actions throughout the
module.

For player i*, fix a period ¢ € T and history (a;« -, w;« ;) Suppose w;s » € {a’,a'}

TeT,7<t—1°
for each 7 <t — 1. By the same argument as for Lemma 3, for every possible continuation

history (a; -, wix 1) with probability at least

TeT,7>1?
1 — [log, | M;]]1 T? exp (—'T) (33)

conditional on (a;« ,,w;= ) either ALLREG does not occur or [m; (i* — 1) € {m;,0}, and

T€T?
m; (i* — 1) = m; if a;- ; = a° for all 7 € T]. Moreover, if (w;- ;) __q is such that [m; (i* — 1) €
{m;,0} and m; (i* — 1) = m; if a;, = a° for all 7 € TJ, then by definition of m;(i* — 1),
we have m; (i* — 1) = m; if and only if a; , = a® for each 7 € T such that u, (i*) = * — 1
and 7 is in a half-interval where player i plays a°. Hence, since w;- (0) < w;« (m; (i* — 1)) for
all m; (¢* — 1) € M;, taking a;+» = a” for each 7 > ¢ maximizes w;- (h) with probability at
least (33). Given this, (31) and (32) imply that the reward term 7% (a_; +,w_; ;) in (30)
outweighs any possible benefit to player i* from playing a # a° in an attempt to manipulate
m; (i* — 1).

If instead w;« » & {a®,a'} for some 7 < ¢ — 1, then by construction of the belief system
player i* believes w;« (h) = 0 with probability 1. Hence, player i* maximizes the reward term

aO
3%

7% (a_s 7, w_p,) in (30), so playing a® as prescribed is optimal. m

C.3 Verified Communication Module

We now augment the verified communication protocol. Throughout this subsection, fix
m; € M, and let o* denote the prescribed protocol strategy profile given m?. As in (29), for

each j € I and t € T (j), given (a;, wj)ier(msg) identified from h_; by Lemma 1, calculate
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the equilibrium action a@;, and define

0 aj=a,

—1 Qjt 7é C_Ljﬂg
Suppose each player j’s payoff equals
;i (h—j,¢;) +w; (h, Q)

where the reward function 7 (h,j, ¢ j) is given by

(h*ﬁg ) - 1{4 =reg} Z 7T ajt, W—jt) Z Wa]t h—;)

teT\T(j) teT(j)

(34)

(36)

As in (30), we ignore player j’s instantaneous payoffs, as these can be cancelled by adding

méancel t4 the reward function.

We say that the premise for verified communication to send message m; € M, with

magnitude T is satisfied if there exist (UJE)].GI € RV, and (v;-”")jelm.eM_u{o}

that, for all j € I and h € H, the following conditions hold:

—_

166, (h_j,¢) = E, then w; (h,¢) = TKvF.

J

2. It 6, (h_;,¢) = R and susp (h,) = 1 for some n # j, then w; (h, () = T*?.

J

€ RY such

3. If 0; (h_;,{) = R, susp (h,) = 0 for all n # j, and I, € M; such that m; (n) = m;

for all n € I, then w; (h, ) = TXv".

4. v;) < min {minmieMi v;’”, UJE

5. o™ > UZ"“ for all m; € M; U {0}.

)

The interpretation of the above variables is that UJE is player j’s normalized continuation

payoft after erroneous opposing histories; U?

is player j’s normalized punishment payoff

(which results if 0; (h_;,() = R and susp (h,) = 1 for some n # j); and v* is player j’s

normalized continuation payoff after players coordinate on message m;. Denote the range of
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w;(h,()/T* by
ORES max {max {’U]E, (v;”)mleMl} — v?} .

We modify player i’s strategy in the message round after she herself deviates as follows:
Recall that we define m;(n) = 1 if player n infers some (a;)icr(msg) DOt corresponding to
the binary expansion of any message. We can thus view the play of such (a;:)icr(msg) as
sending message m; = 1. With this interpretation, for each hf‘l, let Mi(hf_l) C M; be the
(non-empty) set of messages 1, such that (a;,)._} is consistent with the binary expansion
of m;; and let M;(hi™') = argmax,, My(nt—1y Vi be the elements that maximize v;"'. Given
hi~t if m} € My (hi™'), player i plays a;; corresponding to the binary expansion of m};
otherwise, she plays a;; corresponding to the binary expansion of some m; € M (REY).

Call a history o-consistent if it is reached with positive probability under strategy profile
o. Recall that Pr;(-|-) denotes conditional probability under player j’s prior on (¢,),c;-
Recall that H</ is the set of module history profiles at the beginning of T(j’) that are
o-consistent for some o € ¥, and let H;-I(j /)| n<;/ be the set of module histories during T(j")
that are (0, 0" ;)-consistent for some o; € ¥; given h<7". We assume that, for every player

J,j7" € I, module strategy o;, h<i" € H<' and h; € Hf(j/)|h<j,,
Pt; (n € T ¥ £ jI0 1y) = T4, (37)

Lemma 10 Suppose that

4N {1og2 |A\2“°g2'Mi'ﬂ THN-DHI04K g0 Z4T) < 1 and 59
38

oTE=8 < L
If the premise for verified communication with magnitude T™ and (37) are satisfied, then
with payoff functions (35) the verified communication protocol is a sequential equilibrium. In
addition, if there exists i* € I\ {i} such that Tiam = I\ {i*} and v} = v} for all j # i*
and m; € M; U0, while for player i* the premise for verified communication and (37) are

satisfied, then with payoff functions (35) the verified communication protocol is an i*-QBFE.
Intuitively, so long as the prior probability that players jam is not too low, whenever
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player j observes an erroneous history she believes that JAM is played and 6; (h_;,() =
E. Otherwise, she believes that all other players match with the sender at least once in
each half-interval. Hence, if she deviates and changes some player’s inference, this induces

susp (hy,) = 1 and yields the punishment payoff v).

C.4 Jamming Coordination Module

We now augment the jamming coordination protocol. For each i € I, payoff functions take

the form )

Z wdill (p T + wi(h|T), (39)

=1
where we have made explicit the dependence of the reward function and continuation payoff
function on 7. Again, as in (30), we ignore player i’s instantaneous payoffs.

We say that the premise for jamming coordination is satisfied if there exist K > 1 and
T > 1 such that, for all T > T, there exist w;(T) € R and (v; (Ijam\{i}|T))Ijam\{i}c1\{z’} €

R2V satisfying the following conditions:
1. w;(h|T) = w;(T) for every protocol history & such that w;; = a* for some ¢ € {1,2}.
2. w;(h|T) = v; (Ziam\{i}|T) for every protocol history h such that w,, # a* for each t.

3. The range of v; (Zjam \{¢}|T") is at most 1:

max 0 Tian\}T) = v T\ YT < 1. (40)

€1 Tjam \{i} Zjam \{i} CI\ {7}

4. The difference between v; (Ziam \{i}|T) and w; (T') is bounded by T9K:

max_ (T \(I}T) - @,(T)] < T°K. (41)

1€l Tiam \{i}CT\ {3}

Lemma 11 There exists a family of functions (W%ﬁdiﬁ (h_i|T)) ve{1.2) TN indexed by T such
that
1. We have ‘ . ‘
: Sy i (b |T)
G T - )
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2. If the premise for jamming coordination is satisfied, then there exists T > 0 such that,
with payoffs (39), the jamming coordination protocol is a sequential equilibrium for all
T>T.

Intuitively, whether player i observes w;; = a' or w;; # a' for t = 1,2 is independent

of her own strategy. Hence, incentives come solely from the fact that playing a' changes
Tiam \{7}. Since the effect of changing Z,,\{¢} on continuation payoffs is bounded indepen-

dent of T, this effect can be cancelled by a reward function of magnitude less than 7.

D Reward Adjustment Lemmas

We now introduce two lemmas that will let us adjust the reward functions to correct for
unlikely errors in communication. Given a parameter T" € N, let M (T) C N be a finite
set, let /' : N — R, be a function of T satisfying liminfy_,., F' (T) > 0, let fr : M(T) —
[—F (T), F (T)] be a function of m; € M (T'), and let m; € M(T)U{0} be a random variable
such that, for each m; € M (T), Pr (m; = m;|m;) = pr(m;) and Pr (/m; = 0|m;) = 1—pr(m;).
Applied to the remainder of the proof, T' will index the length of an interval, M (T") will
be a message set, fr will be a reward function bounded by F'(T"), and pr(m;) will be the

probability that message m; is received when message m; is sent.

Lemma 12 Suppose that limy_, ming,,cpry pr(m;) = 1. For all e > 0, there exists T>0
such that, for allT > T, there exists a function gy - M(T)U{0} — [— (1 +¢) F(T),(1+¢) F(T)]
such that max,,,cy(r) | fr (m:) — gr (m;)| < eF(T) and Elgr(mi)|im: = fr(m;) for all
m; € M (T).

Proof. Define gr (0) = 0 and gr (m;) = me (m;) Ym; € M (T). Then E [gr(m;)|m;] =
fr(m;) VI € Nym; € M (T'), and liminfr_o F'(T') > 0 and limp_,oo min,,,cprer) pr(m;) =1
imply that, for each e > 0, for sufficiently large T, gr (m;) € [— (1 +¢) F(T),(1+¢) F(T)]
and |fr (m;) — gr (m;)| < eF(T)Vm; € M (T). =

A similar result holds if we account for self-generation. For x; 1 € {G, B}, define

-1 if Ti—1 = G
1 if Ti—1 = B

sign(z;—1) :=
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For each T € N and z; ; € {G, B}, let f77' : M(T) — [-F (T),F (T)] be a function of
m; € M (T) such that there exists ¢ > 0 satisfying

. . i1 V> T VT eN. "
miEM(TSI,lx%ie{G,B} sign (2-1) fr (m;) > —c c (43)

Lemma 13 Suppose that

711_120 mlren]br%T) pr(m;) =1 and 711_1)1;10 m}gﬁ}({ﬂ(l — pr(m;)) max{F(T),cT'} =0. (44)

For all € > 0, there exists T > 0 such that, for all T > T and x;_, € {G, B}, there exists a
function g7 : M(T) U{0} — [-(1+¢)F(T),(1+¢)F(T)] such that

(i) max,, ,eqc,ymemer) |fr " (i) — g7 (ma) | < eF(T),

(ii) B (g7 " (my)|mi] = f77 1 (my) for all m; € M(T),

(441) min,,enery sign (zi-1) g7~ (my) > —(1 + &)cT, and

(iv) ming, cnry g7~ (mi) = g7 (0).

Applied to the remainder of the proof, condition (iii) helps satisfy self-generation, and
condition (iv) helps satisfy the premises for the secure and verified modules.
Proof. Without loss, assume F(T) > ¢T' VT (otherwise, for each T" with F'(T) < T,
redefine F'(T') := ¢T). Define

(I1+¢)cifx;1 =B
(1+5)F(T) ifo, 1=0G .

By (43) xl ! (ml) + C? 'T > 0VvT e N,m,- eM (T) , X1 € {G,B}
Now define g7** (0) = —c¢; T and

1 Ti—1

1 (. 1 — pr(m;)
pT(mz) T ( l)+

YT Ym,; € M(T).
pT(mz) T ( )

g7t (my) =

Then E g7 " (m;)|ms]) = f77(my;) VT, m;, 7,1, and liminfr .. F (T) > 0 and (44) imply
that, for sufficiently large T', g7~ " (m;) € [—(1 +&)F(T), (1 +&)F(T)], | f77 " (m;) — g7 (my)] <
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eF(T) Vm;, and sign (x;_1) g7 (1m;) > (1 +¢)cT ¥Ym;. Finally condition (iv) holds, as

G (i) — g5 (0) = 1 (57" (mo) + 7T) > 0 VT, mis

pT(mi)

E Equilibrium Conditions: Reduction Lemmas

This section uses the communication modules, the calendar time structure of a block, and
Lemmas 12 and 13 to simplify Conditions (10)—(13). It also describes play in Phases 5-7 of
the equilibrium strategies described in Section 3.3.3. Given the results of this section, for the
remainder of the proof it suffices to consider the simplified versions of Conditions (10)—(13)

derived below and ignore Phases 5-7 of the equilibrium strategies.

E.1 Reduction to an Undiscounted, Finitely Repeated Game

Naively taking the limit 6 — 1 and ignoring Phase 7 of the equilibrium strategies suggests
that Conditions (10)—(13) are satisfied for sufficiently high § if there exists a block length T

: * T
and reward functions (7} (z;_1, hi—l))z’el,mi,le{G,B},hinleHinl such that

1. [Sequential Rationality] For all x € {G, B} and h!™' € H!™!,

T>
0} (2:) € arg max B((77%(-0)7) Z @ (a) + (i, B2 ), h;”] o (45)
2. [Promise Keeping] For all x € {G, B},
1 %
Ui<l’z’_1) + Sign(l’i_1>4€* = TEU*(x) Zﬂz (at) + 7T;k<$@'_1, hszl)] . (46)
2 =1

3. [Self-Generation] For all z; ; € {G, B} and h;*, € H/?,,
Sign(xi_l)wf(xi_l, hszl) 2 —4€*T2. (47)
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Recall that v;(z;-1) is fixed by (14), so we omit (10). In addition, we have allowed 4¢*T5
slack in (46) and (47), using the slack in (14).
We show that replacing (10)—(13) with (45)—(47) is indeed valid.

Lemma 14 Suppose that, for all T > 0, there exist Ty > T, Ty > T*(Ty), strategies
(07 (2i));,, and consistent ex post belief system (3 in the Ty-period finitely repeated game,
— such that Conditions (45)-(47) are satisfied.
Then there ezists 6 < 1 such that v €E (§) for all § > 9.

and reward functions (W;‘(.%’l;l, hiTEI))

To prove Lemma 14, we show that players can “cancel the effects of discounting” by using
the communication phase at the very end of each block (Phase 7 of the equilibrium strategy
profile). During this communication phase, players use the basic communication protocol
to aggregate information regarding a random period in the block. A player then receives a
small reward if she took an action yielding a higher payoff later in the block, so as to leave
her indifferent to the timing of her actions within the block. In the construction, we use
Lemma 8 to show that truthful communication is sequentially rational, and we use Lemma

12 to adjust the reward functions to correct for errors in communication.

E.2 Allowing Dependence on Other Players’ Non-Main Phase His-

tories

We now show that player i’s reward function can be made to depend on players —i’s histories
in the non-main phases, so long as the magnitude of this dependence is bounded by (7})3/2.
In particular, the reward can depend on (i) players —i’s state profile z_; € {G, B} ', and

(ii) players —i’s history during non-main phases h"”;, where

L
"o .
T = {1,..., Ty} \| |l:1 T (main(l)) .
Recalling the calendar time structure in Section 3.3.3, note that, for sufficiently large 7,

T| < (Ty)? < (T*)3, (48)

60



The reward function thus takes the form 7 (m_,-, YA ) We require that the range

of the reward function is bounded by (7})3/2:

(Tl)g.

sup 5

T* TH
T ihi_1,hZ

<

* T* TII
T (x—i’ h;_y, h-i)

(49)

We wish to replace 77 (x;_1, h/2,) with 7} (z_;, L', hT}) in (45)-(47), yielding the fol-

)

lowing conditions:

1. [Sequential Rationality] For all € {G, B} and h!™' € H!™!,

o (7;) € arg max E((o00mi@-4)).67)

0;,€EY;

T
> i (ar) + (2 B, BT |h§-1] . (50)

=1

2. [Promise Keeping] For all x € {G, B},

1 *
vi(Ti-1) + sign(z;—1)3e” = B ®)
T;

T

> s (a) + 7 (i b, h?’;)] N3N
t=1

3. [Self-Generation] For all x_;, h'",, and A",

sign(x;_1)m; (x,l-, A", hﬂ) > —3e"T]. (52)

Note that we have reduced the allowable slack in the promise keeping and self-generation

constraints to 3¢*T;. This is because we “use up” e*T} slack when replacing 7*(x;_1, hi?,)

with 7} (z_;, ALy, hﬂ)'

Lemma 15 Suppose that, for all T > 0, there exist Ty > T, Ty > T*(Ty), strategies
(07 (2i));,, and consistent ex post belief system 3 in the Ti-period repeated game, and re-
ward functions (} (x,i,h;fpjl,hjf';))i’w_i,h?jphﬂ such that (49)-(52) are satisfied. Then, for
all T > 0, there exist Ty > T, Ty(Tp) > Ty (satisfying (17)), strategies (07" (z;)),o; and
consistent ex post belief system 5™ in the Ts(Ty)-period repeated game, and reward functions

(m7* (-1, hiTEl))i,mifl,hiTEI such that (45)-(47) are satisfied with Ty = To(Tp).
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To prove Lemma 15, we use the secure communication module with repetition 7" = (Tl)%
and magnitude (7})? for the sender. Intuitively, for each i € I, players — (i — 1, %) sequentially
send their histories to player ¢ — 1, who uses this information to construct player i’s reward.
This corresponds to Phase 6 of the equilibrium strategy profile. We then use Lemma 13 to
adjust for errors in communication. Note that the cardinality of (x_i, hﬂf) € {G, B} xH E’

1
is of order at most 2 |A[2(T1)4, so communicating (z_;, hT;) with repetition (T1)2 takes a

number of periods of order at most (Tl)% < Ti. Hence, payofts are still determined only by

the main phase of each sub-block.

E.3 Allowing Dependence on Other Players’ Main Phase Histories

We now define player i’s private randomization L; at the beginning of the block. In particular,
player i randomly selects a period ¢;(l) € T (main(l)) in each main phase [ = 1,...,L,
according to

Pr ((t: (D)fey = (b)) = (To) ™"

for all (¢;)L, such that ¢, € T (main(l)) for each [ = 1,..., L. Let L; = (¢; (1))~ ,.
We show that player i’s reward function in the T*-period repeated game can be made to

depend on players —i¢’s histories in periods in L;_;: that is, on

L;—
h—i ' = (a_iyti—l(l)’w_izti—l(l))l:]_ L (53)

geeey

Define
T = {L.. T3\ T (main(2)).

The difference between T’ and T” is that T’ does not include Phase 5 of the equilibrium
strategies.

The reward function takes the form 7} (m_i, hr hﬂj’f) 19 We require that the range of

9Relative to the previous subsection, the argument A%, has been added to the reward function and the
1
argument thl has been removed, as h; contains enough information about player i —1’s main phase history
to provide incentives for player i.
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the reward function is bounded by (7*)3/2:

(77)°
5

(54)

—3y 'V —q

T (x_,-, hr hH‘i‘IN <

We wish replace ¥ (x;_1, hX" |, hT;) with 7} (x, hT, h%’;l) in (50)—(52). In the following

conditions, we also cancel the instantaneous utilities outside of the main phases (which can

be accomplished by using the reward function (28)).

1. [Sequential Rationality] For all x € {G, B} and h!™' € H!™!,

‘(a (o)) (o) + 5 (o BT )
0] (v;) € arg max B > d(a) +m (v, b R |
telJE | T(main(l))
(55)
2. [Promise Keeping] For all x € {G, B},
. * 1 o*(z ~ * / i—
vi(wi—1) + sign(w;_1)2e" = FE @) Z i; (ag) + (Slffi, WY h 1)
telJ[L, T(main(l))
(56)
3. [Self-Generation] For all z_;, hT, and k™",
sign(x;_q)mw; <x,i,hqf'i,hﬂjfl> > 2" (57)

Lemma 16 Suppose that, for all T > 0, there exist Ty > T, strategies (o (i));,,, and
consistent ez post belief system B* in the T* (Ty)-period repeated game, and reward functions
(Wf (x_i, hT, hLii_l))i,x_i,hT’i,hMi‘l such that (54)-(57) are satisfied. Then there exist T (1)
(satisfying (16)), strategies (07" (x)); ,, and consistent ex post belief system B in the T (1p)-
period repeated game, and reward functions (7;* (z_;, hﬂ‘))i,z,i,hw such that (49)-(52) are
satisfied with Ty = T1(Ty). Z

The proof of Lemma 16 is similar to that of Lemma 15, but using the verified communi-

cation module with repetition 7 = (7*)2 and magnitude (7). This corresponds to Phase 5
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of the equilibrium strategy profile. Note that the cardinality of (L;_y, k=) € ((Tp)¢, A%)" is
of order at most (13)%Z, so communicating (L;_1, h") with repetition (7)2 takes a number
of periods of order at most (7%)2% < T* (for any ¢ > 0). We can also adjust the reward

based on x_; by letting players — communicate z.

E.4 “Ignoring” Other Players’ Deviations

We further simplify Lemma 16. Consider the following conditions:

1. [t; (1) Not Revealed Until End of Main Phase ] For all z; € {G,B}, | € {1,...,L},
te{l,..,T*}, (LA™Y, and (L;, hY), if t < 7 for some 7 € T(main(l)), t;(1) = &;(1)

()

for each | = 1,...,0—1,and B! = fzﬁ’l, then

Ui(mi)\(mi,hﬁ—l) = Uz‘(l’i)‘(ii,ﬁg—l)- (58)
2. [Reward Bound]
/ . T*)?
sup r (x_i,ha,hz_l)) < (") . (59)
$,i,h’ﬂ‘/. hLi,_l 2

—ilv—q

3. [Incentive Compatibility] Let H;(x_;) denote the set of histories that arise with positive
probability under some strategy profile (c;,0_;(z_;)) with o; € 7", For all z €
{G, B} and hl™' € Hy(x_;),

* ) (ai,o{i(m_i)) ~ * < ) ']1'/. ]Li'f1> i—1
0; (33‘2) € arg (Iffleaé(l E Z Uy (at> + T \ L=, h’—w h*@ |h’z
telJf, T(main(l))

(60)
Note that we do not need to define the trembling sequence to define E [-|-] for (60).

4. [Promise Keeping] For all z € {G, B}",

@ i () > () (x_ hr, hIE;”) . (61)
vi(B) + 2" > teU~, T(main()

5. [Self-Generation] The same as (57).
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Lemma 17 Suppose that, for all T > 0, there exist Ty > T, strategies (o} (x;)), . in

1,24

—3) 'V—q

the T* (Ty) period repeated game, and reward functions <7r;" <a:_l-,hT' Rl 1)) b it
such that (57)-(61) are satisfied. Then there exist Ty(Ty) > T (satisfying (16)), str&%egﬁes
(07 (2i));, and consistent ex post belief system ™ in the T1(Ty)-period repeated game, and

reward functions (w;* (z_;, hT_rli))i oy Such that (49)—(52) are satisfied with Ty = T1(Ty).

As in Lemma 16, players —i communicate their history profile in L; ;. Since L; ; is
random and is not revealed until main phase [ is over, by giving a reward based on the
history profile in IL;_;, player ¢ can be made indifferent over actions after another player

“confesses” that she deviated in or before main phase [.

F Equilibrium Strategies

We now define the equilibrium strategies (o; (z;)) By Lemma 17, we focus on the first

iel”
four phases of the calendar time description in Section 3.3.3—a T™-period finitely repeated
game—since Phases 5-7 were addressed in Section E.

From now on, we abbreviate “the verified communication protocol with repetition 7y” to
simply “the communication protocol.”

It will be useful to introduce the notion of a sub-phase—corresponding to one complete
play of the communication protocol within a phase—and to introduce notation that can
stand for a generic main phase or sub-phase. As detailed below, for ¢,n € I, we denote
a sub-phase within the initial communication phase by (0,7); denote a sub-phase within
Communication Phase [, Part 1 by (,%); denote a sub-phase within Communication Phase

[, Part 2 by (l,i,n); and denote a sub-phase within contagion phase [ by (I, i,con). We thus

introduce notation
A€ {0x ({jam}UTU (I x {con}))}U{{l,...L} x {main} UJ UI*U (I x {con})}.

In this notation, the first coordinate of A is 0 for the jamming coordination phase, the initial
communication phase, and contagion phase 0, and it is [ throughout sub-block [ € {1,..., L}.

The second coordinate of A is (i) jam for the jamming coordination phase (for I = 0), (ii)
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i € I for sub-phase (,4) (for [ > 0), (iii) (¢,con) for sub-phase (I, i,con) (for [ > 0), (iv) main
for main phase [ (for [ > 1), or (v) (¢,n) for sub-phase (/,4,n) (for [ > 1).

For [ € {0,..., L} we write A < (resp., A < 1) if the first coordinate of A is <[ (resp.,
< 1), and similarly for A > [ and A > [. Similarly, for two sub-phases A and X', we say A < \’
if and only if sub-phase )\ precedes or equals sub-phase ).

Given ), let = and h<SA be player ¢’s history at the beginning and the end of sub-phase

), respectively. Define h<*, h=*, h=} and h=) o similarly.

F.1 Jamming Coordination Phase

At the beginning of the block, player i randomly selects a period t; (1) € T(main(l)) for each
l=1,..., L. This is encoded in L; as defined in Section E.3.

Then the jamming coordination protocol is played. We refer to the set of the two peri-
ods consisting of the jamming coordination phase as sub-phase (0,jam). Denote player i’s
protocol history by h; (0Jam) (ait,wit)i ;. Recall from Section B.3 that (;(h; h{0 jam)) = jam
if w;, = a' for some t € {1,2}; otherwise, ¢;(h{®™™) = reg. In subsequent communication

(R

protocols, let i € T,y if and only if (; = jam. Since Lemma 1 implies that h(_oi’jam)

m)

uniquely identifies 7\"™*™ we can equally view (C,)nes as a function of h(ofjam) denoted by

C(R™™). Let 0,(h%™™) = R if ¢;(h%™™) = reg and 0;(h%™™) = E if ¢;(A%™™)) = jam.

By Lemma 16, player i’s reward function can be conditioned on ¢(h Ojam)) nd 6;(h OJam))

F.2 Initial Communication Phase

For each 7 € I, player ¢ sends z; by the communication protocol. We refer to the set of
N + 1 rounds consisting of the message round where player ¢ sends z; and the subsequent
Jj-checking rounds for each j € I as sub-phase (0,7).

For each j € I, player j’s history h;p,z) in sub-phase (0,7) determines an inference x; (j)
and a realization susp(hg»o’i)) € {0,1}. Collectively, the history profile h(_ojii) determines the
variables 6 (h"° ! ),C(h(fj?jam))).

After sub-phase (0, ) has been concluded for all ¢ € I, the history of each player j € I
determines an inferred state profile z (j) = (z; (§)),o; € {G, B,0}". In addition, for i € I,
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given h=09 et
TP (h=09) .= {jel: susp(h?) = 1 for some sub-phase A < (0,1)}

be the set of players who reach suspicious histories by the end of the sub-phase (0,7).2° More-
over, let 9'(h§(0’i)) = E if there exists a sub-phase A < (0,4) such that 6;(h?, C(h(o Jam)yy
E.2! Otherwise, let 6, (h<(0 7) = R.

In general, for each sub-phase A, we will define 6;(h? ;, ¢ (h(f)}jam))) € {E, R} as a function

of h*. Given the history h=* at the end of sub-phase A, we define Hj(h%) = F if there exists
a sub-phase A" < A such that 6;(h?, C(h(o Jam)y)y — B Otherwise, define 0;(h=}) = R.

F.3 Contagion Phase 0

For each i € I, player i communicates whether her history is suspicious. We refer to the
N + 1 rounds where player i sends this message and checking occurs as sub-phase (0,1, con).

In particular, given I”(h<(®1e") (which equals I”(h=(>M))  in sub-phase (0,7, con)
player i sends m\*"™ = 1if i € [P(h<0i<n)) and m **“™ = 0 otherwise. For each j € I,

h(»o’i’con determines an inference m(owon) () € {0,1} and a realization

player j’s history

susp(hgo’i’con) € {0,1}. Collectively, the history profile A’ 01con determines the variables
0,2,con 0,jam

0;(5 . (™).

j
For the history h=(%#<") at the end of sub-phase (0,4, con), let

TP (p=Otcon)y . — P (p<(Oicon)y {j e I:m%"(j) =1 or susp (h(omon ) = 1} . (62)

F.4 Sub-Block |

or [ =1,...,L, strategies in sub-bloc epend on the variables main)) [ an
Forl =1 L gies i b-block [ d d h iables I? (h<(l mat )) I and
(0;(R=Pmamyy, 1 e {R, E}Y. We have already defined I (h=main)) and (; (h<tmain))) .

As we will see, the outcome of sub-block I determines 7 (h=<(1:main)) anq (0 (p=\main)yy.

2Tf X = (0, jam), define susp (h}) =0
21f \ = (0, jam), define 0, (hij, g(hjj;ﬂ)) — 0,(n%5™),

-J
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F.4.1 Main Phase |

If i € IP (h=<(tmain)) “player i plays o™ in every period. If i ¢ IP (h<(:m2im) then x; (i) €
{G, B} for all j € I, and hence the action profile a’ (z (i)) is well-defined. In this case, in
every period player ¢ plays a (z (7)), the i-th component of action profile a’ (z (7)).

Given a history profile A=("™3™) at the end of main phase [, let 6, (h (bmain)y Hj(hfgl’main))

and [P (h=(main)) — [P (p=(main)) “That is, §; and I” remain constant in main phase I.

F.4.2 Communication Phase [, Part 1

For each ¢ € I, player i — 1 sends the number ¢;_; (I) by the communication protocol. We
refer to the rounds where player ¢ — 1 sends t;,_; (I) and checking occurs as sub-phase (I,7).
For each j € I, player j’s history hg-l’i) in sub-phase (l,i) determines t; 1 (l)(j) €
T(main(/)) U {0} and susp(hgl’i)) € {0,1}. Collectively, the history profile h(_l;) determines
0;(n%, (™).

F.4.3 Communication Phase [, Part 2

For each i € I and n € I, player ¢ sends the message (aiy, ,(1)(i), Wit,_,(1)()) by the com-
munication protocol. (If ¢,_1 (I) (i) = 0, she sends an arbitrary pair (a, w) € A%) We refer
to the rounds where player i sends (a; ¢, ,1))s Wit,_1()(:)) and checking occurs as sub-phase
(l,i,m).

For each j € I, player j’s history hgl’i’n) in sub-phase (l,i,n) determines an inference
(@it ) (5) s witn 1) U )) € A2 U {0} and a realization Susp(hg-l’i’n)) € {0,1}. Collectively,
the history profile h( ) determines 6 (h(l i) (b Ojam))).

After sub-phase (l,z,n) has concluded for each ¢ € I and n € I, the history of each
player j € I determines an inferred vector of outcomes (a; s, 1) (J),wit,_) (J))ier €
[Tes (42U {0}).

Players identify deviations as follows: Given n € I, z € {G, B}, and (a,w) € A%V,
let dev' (z,a,w) = 1 denote the event that either (a,,wy,) # @(a_n,w_,) (Lemma 1 im-
plies (a,,w,) is infeasible given players —n’s history) or a, # al(x). In addition, let

dev), (= (i), ay,_, (i), w0 (1)) = Lif (i) & {G, B} or (ay,_,) (i), we,_,0) (1) & AN,
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Thus, dev! (z (i), a4, @) (i) ,ws, @) (1)) = 1 means that the outcome of the communica-
tion in sub-phases (I, j,n);jer implies that player n deviated in the main phase, some player
deviated in the communication phase, or the players failed to coordinate on some message.

Let h be a history at the end of sub-phase (I,4) or (I,4,n). Let I” (h) be the set of players

who infer susp = 1 or dev = 1 by the end of the sub-phase: that is, for sub-phase (I, 1),
1P (h) := TP (p={maim) el h) =1
(h) ( JUJJ € ggﬁ)susp(j) ,
and for sub-phase (I,4,n), I” (h) is defined as

MAaX\<(1,,n) susp(h?),

IP(p=tmaimy 5 e T : max =1
I . . .
MAaX(y, N,/ < (1,i,n) A€V, (570 (G),ae, ay(G),we, (]))
F.4.4 Contagion Phase [
For each i € I, in sub-phase (I,4,con), player i sends whether i € IP(h<(:ic™) as in

sub-phase (0,i,con). We define ej(h‘_lj’““),g (h(_oj’»jam))) and TP (h=(:#c°M) as in sub-phase
(0,1, con).
Finally, let 12, (h_;) = I” (h)\ {i}. Note that I”. is a function of players —i’s histories

—1

only, since whether j € I (h) is determined by h;.

F.5 Observations

We close this section with some immediate implications of the construction. For each player
1 € I, regardless of her strategy, either all her opponents successfully infer the state x, or
they all become suspicious, or §; (h_;) = E. In addition, if some player became suspicious in
one sub-block, then either everyone becomes suspicious or ; (h_;) = F in the next sub-block.

Finally, a deviation by player i from a;(x()) in period t;_1(l) is detected for sure.

Lemma 18 For any i € I, v € {G,B}, 0, € ¥, l € {1,...,L}, l < A <1+ 1, and
(0i,0_; (x_;))-consistent history h=* at the beginning of (sub-) phase X, the following claims

hold:
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1. Either (i) x (n) = z(i—1) ¥n € I with x;(n) = z; for each j # i, (ii) IZ,(h=}) = I\{i},
or (iit) 0; (h=}) = E.

2. If I? (hfl(-i’main)) £ 0 for some | <1—1, then either I°,(h<}) = I\{i} or 6, (h)) =E.

—1 —1

3. If aiy, 1y # ai(x(i)), then either I_Di(hfglﬂ’mam)) = I\{i} or Qi(hf§l+1’main)) =FE.

Proof. Claims 1 and 2: By Claims 1 and 2 of Lemma 6, either (i) z (n) = & € {G, B}
Vn € I with &; = x; for each j # i, (ii) suspn(hszo’j)) =1 for some n # i and j € I, or (iii)
Gi(h(_olfj ), ¢ (h(_ogjam))) for some j € I. By the same claim applied to the contagion phase, if
I_Di(hfgi’main)) + 0 for some | < 1 — 1, then I?(h_;) = I\{i} or 6; (h_;) = E at the end of
contagion phase L.

Claim 3: Suppose a; 4, ) # a;(z(i)). By Claim 1, a; 4, ,q) # ai(x(i—1)), D (p={Pmain)y —
I\{i}, or 0;(h="™™)) = E. If a5y, ) # ai(x(i — 1)), by Claim 1 of Lemma 6, either (i)
dev! (z(i—1),a, ) (i—1), w4 0 (i —1)) = 1, (ii) suspn(hi) = 1 for some n # ¢ and
Xe (L) U{(l,n',i)}wer, or (iii) 6; (h_;) = E at the beginning of contagion phase [. Since
the former two conditions imply I”; (h_;) # {0} at the beginning of contagion phase [, we
have I_Di(hfglﬂ’main)) = I\{i} or Hi(h:(-lﬂ’main)) = FE as a result of contagion phase [ by

Claim 1 of Lemma 6. =

G Reward Function

This section constructs the reward function (ignoring for the moment the jamming coordina-

tion phase, which is addressed in Lemma 20). The reward function is the sum of rewards for

main
A

, and rewards for the communication and contagion phases, 7™,

the main phases, 7 :
Let u® = min, 4)ea2 u (a,a’) and u? = max(, 4ea2 u(a,a’). By (14), for all i € I, we
have

max {v;(G), u”} — min {u®, v;(B)} < 2a. (63)
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Recall that, by Lemma 1, (a_;,w_;) perfectly identifies a. Hence, defining

Wfancel<$i—1; a_;, W—i) =yt — gy (a) )

W;}l (xi—h a_q, w—i> = Ui(xi_l) — Ui (a) ’
szi (xifb A_jy W4 ’amin>

for each a € AV, we have

b [ﬁl (a) + w5 (@1, a, w—i)’a] = y*it
E [/&/'L (a) —+ 7T;)1 (:Cifla a_;, w,l)]a] = /Ui(xifl), (64)

E [a4; (a) + 7} (221, as, w_i|a™)|a;, ™) = vi(zi-1),
and

cancel (

Slgn(xz—l)ﬂ Ti—1,0—j,s Ld_i) > Oa

canCQl(xZ 1,0 g, W_ )‘ ‘7‘(’ (;ci,l,a,i,wfi)‘ , |7T§}i($i—17afhwfi‘amiﬂ)‘} < 2/&

(65)

MaXy, |a ;w._ lmax{}ﬂ

Moreover, letting ¢ 4(a_;, w_;) be the unique action a; € A such that p(a_;,w_;) = (a;, w;)

for some w; € A, we have, by (14),

sign(xi_l) Zk LTS ( (), w_ip) > 9" if ¢A(a’ii(x),w_i7k) = af(m) Vke{l,...,K,},

20 > 7 (w1, a_j, w_i|a™m) > 9e* for all (z;_1,a 4, w_;).
(66)
We now define on™4n and 740 Define
W?on—main(hrg’ ) { h(OJam)) reg} Z Y t —7, (67)

teT’

where 7;,(h™) corresponds to the reward for the verified communication module in (36).

Next, define
L

7T_glain( T h?’w h—ZZ 1) _ Zﬂ-?am(l T h’]I" h ,LZ 1)7
=1
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where, for each [, we define

main (l T, h']I"

i T hs) (68)

™

{9 (h<(l mam)) E} Cancel(l‘i—la A_jt, w—i,t)

+1{0 (S (timain))_ R} {ID pS(main)) L }} e laa—z‘,t,w—z‘,t)

6
= ) Lpow=n(To)

te'ﬂ‘(main(l)) +1{9i(hf(l,ma1n)) R} {ID h<(l maln) I\{ }} xl 17 l,t? w*‘, min)
{0 (h<(l maln) R} {IPl(thl,mam))iw}]-{:Ez_lzG}Zﬂ/
In total, the reward function following the jamming coordination phase is defined as
>3 T ]Lz 1 main T ]Lz 1 non-main (7, T
<x—z7h‘—mh’ ) =T (z—lah—z7h ) +7r7j (h’—z)
H Equilibrium Conditions: Final Statement
The main remaining step in the proof is verifying the equilibrium conditions given each
history in the jamming coordination phase. It suffices to establish incentive compatibility
and promise keeping, as self-generation is addressed in the proof of Lemma 20.
Lemma 19 There exists T > 0 such that, for all Ty > T, all i € I, all v € {G, B}N
all jamming coordination phase histories hEO’jam), we have
1. [Incentive Compatibility] For eacht >3 and hi™' € Hy(x_;),
(0i,0—i(z—3)) ~ >3 ( T ) 0jam) 71—1
o; (z;) € arg gléag:E Z a; () + 722 (w7 h" |h R
telJf | T(main(l))
(69)
2. [Promise Keeping after (; ( ’Jam ) =reg] If Ci(h(g?jam)) = reg and
1
Vi (25, Tiam \ {i}) 1= = B S di(a) +m (as BT B D |
T*
telJE | T(main(l))
(70)
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—~—

then, for all Ziam\{i}, Tiam \{i} C I\{i}, we have

> vi(ri1) — " fria=G

0 - T\ (1) , - and ()
<wi(wiq)+e* ifr, =B
i o T\ D) = o T (01)] < 7 (72)

The theorem now follows easily from Lemmas 11, 17, and 19.

Lemma 20 Suppose Lemma 19 holds. Then there exists 0 < 1 such that v €E (8) for all
§> 6.

Proof. By definition of the strategies o(x) in Section F, (58) holds. Hence, putting together
Lemmas 14-17, it suffices to construct reward functions 7} that, together with o(x), satisfy
equations (57) and (59)—(61).

We first construct the reward for the jamming coordination phase, denoted 7indiff (

T —i,
using Lemma 11. To this end, we verify the premise for jamming coordination.
Given (68), if ¢;(h%™) = jam then player i is indifferent among all actions from period

(h Ojam)) = jam implies Qi(hfgl’main)) = F for each | = 0,...,L. Hence, if

3 on, since ¢,

¢;(h%*™™) = jam then

1
_EU(Z) Z U; (at) + W?S(x—za h,’]Ez, h—lz 1)|z-jam =u"t (73)
t€U1L=1 T(main(l))

In addition, (71) and (72) hold. Therefore, the premise for jamming coordination is satisfied.

By Lemma 11, there exists 74 (z_;, h(_OJam)) such that the jamming coordination protocol
is incentive compatible and
ﬂ_;ndiff<x_“ h(iJJam))
lim  max 5 = 0. (74)
W, B (@)

We now define the total reward function as

Bty = m g, B s W B,

7 K3

mi(x_s, BT,

—1

73
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It remains to verify (57)—(61).

Note that, by the construction of m; ;(h™;) in (34), for all z € {G, B}" and A", we have
sign (z;_q) wronmain(pTy > 4 |T'| . (75)
To derive a similar equation for w2 if §;(h=""™ ™) = E, then (65) implies that

7l is non-positive if x;_; = G and non-negative if z; ; = B. If Gi(hfz(-l’main)) = R and
1P, (h=4mamy — 1\ £;}, then the same conclusion holds by (66).

main (] g BT
(1+ K) sub-blocks. To see this, note that if I2,(h=""*")) = () then Lemma 18 implies that,
as a result of contagion phase [ + 1, either IZ,(R={"™3) — I\ {7} or 6;(R=Hm)y = |

(regardless of player i’s behavior). If Qi(hfil’maln )= Rand [ f’i(hfgl’mam)) = (), then Lemma

We now show that, in all other cases, sign (z;_1) 7 hh- ') < 0 in at most

18 implies that, for each n € I, z(n) = & for some & € {G, B} with #;_; = x;,_;. Hence, by
(66),

81gn Ti— 1 ZW Lia1y ity _q (1) W—i t;_ 1()) >0

as long as al(z(i — 1)) = p(ais, 1) Wit 1)) = Qigs 1) Moreover, if a;4, o) # at(z(i —
1)), then Lemma 18 implies that either I2,(A=""1™3y = 1\ {4} or 6,(n=0F1mm)y = B

Combining these observations, there exists a subset £ C {1, ..., L} with |£| > L—(K,+1)
such that

> "sign (i) 71w, BT RETT) > 0,
lel

Since 7 and 7}" are bounded by (65), we have

main (BT RS > 20 (1 + Ky) (To)® >0y a5y —e° L (To)® Va_, hT,, Bt
y (15)

sign (x;—1) ; s >
(76)

Now, by (75) and (76), for all z;_1, hT;, k""", we have

sign(z;_ 1) (:E l,hﬂ,h )

lim > —&".
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Together with (74), this implies (57) for sufficiently large Ty. Since the range of 77° is

O ((Tp)%"¢) Ve > 0, (59) also holds for sufficiently large Tj.

Next, Lemma 19 implies that there is no profitable deviation from o; (x;) after the jam-
ming coordination phase. Given this, Lemma 11 implies that there is also no profitable
deviation from o; (z;) during the jamming coordination phase. Hence, (60) holds.

Finally, since Zjam # () with probability no more than 2N (Ty) 2, by (71), (73), and (74),
the total payoff satisfies

1 e
R Z s (ay) + mi(z_i, W R | = i (224,0).

T0—>OO T* L
telU;—, T(main(l))

Hence, (70) implies (61) for sufficiently large 7p. m

I Proof of Lemma 19

I.1 Notation

In this section, when considering any strategy o; and history h, h is assumed to be (o;,0_; (x_;))-
consistent.

For 1 € {0,....,L} and I < A < I+ 1, let L= := (t,(1)),c; 7« Similarly, let L<* =
(ta(D))pericy if 1 < X and L= = (t,(1)),,c1 7o if A = (I, main).

For each )\, at the end of (sub-) phase ), if player i knew L=* and h=*, she could attain

a continuation payoff of

wi(:v,i, ]LS)\, hg)\) (77)

L ~ L main (] v L
ZZ:lH Zte’ﬂ‘(main(f)) a; (a) + Zi:l+1 TR (g, K R

+1 {CL (h(_ogjam)):reg} Zte’ﬂ":tb\ it (h—z)

— max B@o—ie-)

)
0, €X;

L=, h=A

where ¢ 77 A means period ¢ follows or is within (sub-) phase A. On the other hand, let
v;(x, LS} h=*) denote player ’s continuation payoff from strategy o;(x;). We will show that,

for any (sub-) phase A and history (LA, h=*), w;(z_;, LS* h=A) = vy(x, LA, h=Y).
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1.2 Equilibrium Properties
First, we show that there is no instantaneous deviation gain from o;(x;):

Lemma 21 There exists T > 0 such that, for any Ty > T, i € I, x € {G,B}N, o; € Y,
1e{1,.., L}, L<tmain) “qnd history h<Umam) qt the beginning of phase (I, main),

" main 7y L
ZtET(main(l)) Ui (at) + T (la T—i, h?za h'fi 1)

max E(@o-i(@-)
0
. a(q .
+1{Ci(h(_olfjam)):reg} ZteTgO:t in sub-block 1 76 (Q—its W—it)

<(l,main <(l,main
;€Y

_ Ea(m) Z il (at) + Wmam(z T h’E’“ h_z 1)|I[A<(l,main)7 h<(l,main)

t€T(main(l))

(TO)G (%‘(-ﬂ—l) - 1{a:i1G}l{IDi(h<Z(z,main))7éw}2@) ng ( lmam )

(T())ﬁ uTi-1 ’Lf ei(hfz('l,main))

R,

E.

Proof. Playing o, (z;) yields the highest value of 7; ;(h™;): 0. Hence, we focus on DT (main(ry) Ui (a)
and w0 If 9;(h° lmam)) R then, by (68), the reward function satisfies

mam(l Z’_Z,h?z,hﬂ% 1)

Vi P [,main .
V(@1 a g, W) — 1{:,31,71:@}1{19_(hf(_l,mam>#®}2u if [f’i(hfg )) # 1\ {i},

™

= (Tp)° . »
min) 1 20 if 72, (h=mamy — 1\ {5}

T (im0 Qi Wit |¥

for t = t;_1(1) (and O for other t’s). For each ¢ € T(main(/)) and a;;, since t;_;(l) = ¢
with probability (Tp)~¢ (recall that L<(t™2) does not include #;_;(I) and (58) holds) and
since players —i play a_;(x(i—1)) when I_Di(hfgl’main)) = ) (by Lemma 18) and play o™ when
I_Di(hfz(l,main)) = I\{i}, the per-period expected payoff is Ui(xi,l)—1{;”1.71:@}1{19i(hf1(:z,mam)#m}211,
by (64). If instead 6;(h="™™) = E then the result follows from (68) and (64). m

Second, for each sub-phase A, if i € I”(h*) then I7,(h=}) # 0 or 6;(h=}) = E.

Lemma 22 There exists T > 0 such that, for any Ty > T, i € I, X\, and history h<* at the
beginning of (sub-) phase X, if i € I?(h<*) then IP,(h=}) # 0 or 0;(h=}) = E.

Proof. By definition, i € I”(h<*) only if susp;(h;) = Lor dev!, (z (i) ,ay, ,q) (i) ,ws, ) (1) =

1 for some n € I as the result of communication sub-phases preceding A. We will show that
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both of these two cases imply I2,(h=}) # () or §;(h=}) = E.

In each communication sub-phase, by Claims 1 and 2 of Lemma 6, susp,(h;) = 1 implies
0;(h=}) = E for each subsequent sub-phase.

In addition, by Claims 1 and 2 of Lemma 6, all players infer the same message, susp,, (h,,) =
1 for some n # 4, or 0;(h_;) = E. If dev!, (z (i), ar,_ 0 (1), wi,_ @ (i) =1 for some n € I,
then each of these three cases implies either I2(h=}) # (@ or 6;(h=}) = E. =

Third, the distribution of 6;(h_;) is independent of the history in previous sub-phases,
and 0;(h_;) = E is rare.

Lemma 23 There exists T > 0 such that, for any Ty > T, i € I, \, and | > )\, there exists
P(Ziam\{i}, A, 0:(h=0), 1) such that, for any = € {G, B}, L=}, and history h=* at the end of
(sub-) phase \, we have

P17 (0;(h="™) = BIL= h=) = pi(Tiam\ (i}, A, 0:(h=0), ).

Moreover, for 0,(h=}) = R, we have p;(Tam\{i}, X, 0:(h=)),1) < (4aL)™ (Tp) "

Proof. By Claim 5 of Lemma 6, the distribution of #; in each communication sub-phase is
determined by Zju,\{i}, independent of the message sent. In addition, since 6;(h=}) = R
implies Ci(hg’jam)) = reg, for sufficiently large T, in each communication sub-phase the
probability of 0;(h_;, (;(h%™)) = E is at most (Tp)~® (by Claim 4 of Lemma 6). Hence

the lemma holds. =

I.3 Verification of Promise Keeping and Incentive Compatibility

In equilibrium, by Lemma, 21, for each A with [ < A <[+ 1, L=, and h=*, we have

vz, LS b= = Z (Tv)° , pi(iam}{i}’A’ei(hS;\)’ . B
S| O B B.D) (5000~ Lo i 20
(78)
By Claim 3 of Lemma 6, I2,(h=}) # () implies 6;(h*,) = E on the equilibrium path. Hence,
with A = (0,jam), by Lemma 23 and the fact that 7* = O ((Tp)***) Ve > 0, we have
(70)—(72). It thus remains to verify (69).
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The proof of (69) involves verifying the premise for verified communication, which requires

the following simple lower bound on the probability of JAM:

Lemma 24 There exists T > 0 such that, for any Ty > T, i € I, x_; € {G,B}N_l, L,

o; € 34, ht, and history h3t from period 3 to period t, we have
Pr (¢ (™) = jam ¥j #ilL, b, ht) = (Ty) . (79)

Proof. By iterated expectations, it suffices to prove the lemma for ¢ = T*. For any jamming
(0,jam)

coordination phase history hgo’jam), let pi(h; ) denote the conditional probability that
each player j # i observes a' during the jamming coordination phase. By (25), we have
pi(ROP™) > 2 (Ty)~*™~2) Tt remains to account for updating from h*! between periods 3
and T™ (recall that the jamming coordination phase ends in period 2).

Suppose player ¢ could perfectly observe whether her opponents play REG or JAM in
every half-interval. (Note that the other information in (IL, 23*) does not update the prob-
ability of ¢;(h**™)). Then Pr (gj(hgoﬂ'am)) = jam Vj £ ¢|h$*) would be minimized when
REG is always played. As the probability that REG is always played is at least 1 — N7z /T3
(conditional on any realization of (C j(h§0’jam))>j61), we have

2 (Ty) "2 (1 _ N%gj)

" <Cj(h§0’jam)) S ﬂhiT*) - £ (Ty) " <1 - N;—g) +1 =9 <(TO)74(N72)> ‘

Hence, for sufficiently large Ty, (79) holds. m
It will also be useful to simplify (78). By Lemma 23, there exists a payoff v;(z, Ziam\{i}, A, :(h=}), D)
(where D stands for “Deviation is Detected”) such that, for each h=} with IZ,(h<}) # 0, we

have

Ui(xu ILS)\? hS)\) - Ui<x7Zjam\{i}7 Aa ez(héz\)u D)7

and for each h=} with IZ(h<}) # 0, we have (since v;(G) — 2u < u% and v;(B) < u®? by

(63))
(2, L5 h=Y) > (2, T \{i}, A, 0:(h)), D). (80)
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In addition, on the equilibrium path, either I2(A="™™) = ¢ or g,(h=™™) = E.

Hence, for each A with I < X\ <[+ 1, L=, and A=}, on-path payoffs are given by

v, LN A=) = 0y, Tam\{i}, A, 0 (h5)), N)

6 PiTiam\{i}, X, 0;(h=)), Dumi=1
(To) '
fZlZJrl +(1 = pi(Tiam\ {3}, N, 05(R=)), D) (25-1)

I.3.1 Proof of (69)

The proof is by induction. For A > L, v;(z, L= hS*) = w;(x_;, LS, hS*) = 0, since there is
no main phase following A and playing o, (z;) yields m;;(h™;) = 0. Given this observation,

it suffices to establish the following claim:

Inductive hypothesis For each z, A\, L<*, and A<", if the equilibrium continuation pay-
off given (L=* h=*) equals v;(x, L=, h=*), then o,(x;) is sequentially rational given

(L 1),

If 0;(h=}) = E, then the claim follows from Lemma 21 and the fact that 0,(h=}) = E

implies 0;(h="™")) = E for all { > X. So assume 6;(h=}) = R.
B

For communication sub-phase A, we use the notation v, (v;""),..cr,, and v as in Section

C.3. Note that (80) implies, for each x, LS} A=A,
vi(x, L5 h=Y) > ) = 0(2, Tiam \{i}, A, R, D).

Contagion Phase (/,i,con): For the equilibrium message m; (equal to 0 if i ¢ I”(h<*)

and 1 if i € IP(h<")) and the alternative message m; € {0,1} \ {m;}, we have

o > ol =% if 12 (h<)) = 0 and i & IP (K<) (by (80)),

K3 — 7

o = o =0 if IP(h=}) # 0 or i € IP(h™Y),

since 6;(h=}) = R and i € IP?(h=*) imply IZ,(h=}) # 0 by Lemma 22. Given v¥ = u®-1, the

premise holds. Hence, o;(x;) is sequentially rational.
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Contagion Phase (I, j,con) with j # i: Since v, > v? for all m; € M; by (80), the
premise holds.

Communication Sub-Phase (I,i,n) with n # i: In sub-phases (I,n) and (I,j,n)
with j < 4, Claim 1 of Lemma 6 implies that either players coordinate on ¢,(l — 1) and
(@40 (1—1)s Witna—1)); OF I2(h=}) # O (given 0;(h<}) = R). By the inductive hypothesis,
players follow o(x) in later sub-phases, so by Claim 4 of Lemma 6 either players coordinate
on (@4, 1-1)s Witn(i—1))j>i OF 0;(h="tma)y — B Hence, given 8;(h="T™ )Y = R for
each message m; # (ai,tn(l_l)(i),wmn(l_l)(i)), coordinating on m; induces dev,, = 1. Hence,

m;
i

ol > o™ =0, Given vF = u®-1, the premise holds.

Communication Sub-Phase (I, j,n) with j # i: The same as sub-phase ([, j, con).

Communication Sub-Phase (I,i): If I7,(h<}) # 0, then v[™ = v for each m; € M;,
so the premise holds. So assume IZ2,(h<}) = (..

Suppose first that a4, ,q) = al(z(i)). Given IZ(h=}) = @ and 60;(h=}) = R, by Claim
1 of Lemma 6, players coordinated on ¢;(I — 1) with j — 1 < 4. Since players follow o(z)
in later sub-phases, Claim 4 of Lemma 6 implies that either players coordinate on the true
message or 0;(h={mam)

as t;(1 — 1)(n) = t for each n € I, we have I2(R=1m3 )y — ¢ or 9,(p=0FPm )y = B

= F in later sub-phases. Hence, for any ¢t € T (main(/)), as long

Therefore, for each message m;, the continuation payoft is

0" = vi(z, Ligm \{i}, A+ 1, R, N) > UZQ = 0;(%, Tiam \{i}, A + 1, R, D),

(]

so the premise holds.

Suppose instead a;, ) # ai(z(i)). Then Lemma 18 implies that [P (p=irhmaimy 4 g
or Qi(hfz(lﬂ’mam)) = F, regardless of player i’s behavior. Hence, for each message m;, the
continuation payoff is v}"* = v{. Again, the premise holds.

Communication Sub-Phase ([, j) with j # i: The same as sub-phase ([, j, con).

Main Phase: If | Pi(hfgl’main)) # (), then the continuation payoff is independent of player
i’s behavior in the main phase, so Lemma 21 implies the result. If I”,(h<}) = (), then given

a history profile (L=* h=*) at the end of main phase [, by Lemma 18, the probability that
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1P, (p=UFmaimy £ ) s determined by and increasing in

|{t € T(main(l)) : a;; # al(z(3))}]
(To)° '

Since the distribution of Hi(hfglﬂ’main)) is independent of player i’s behavior in main phase

[ by Lemma 23, it is optimal to play a!(z()) at each history.

J Omitted Proofs of Lemmas for Theorem 1

J.1 Proof of Lemma 6

Claim 1: If susp (h,) = 1 for some n # j, then (ii) holds. If 0, (h_;,(,j’) = E for some
j" € 1, then (iii) holds. So assume otherwise.

In light of the definition of FAIL, this implies that, for each j* # j and n # j’, player n ob-
serves a' in each half-interval in T (j) where player j’ plays a'. Hence, (aj +(j),w; +(J))teT(msg) =
(a4, Wy t)teT(msg)- Moreover, for each player n # j, j', since susp (h,) = 0, she does not ob-
serve a’ in any other half-interval in T (j). Hence, (a;7+(n),wj +(n))tetmsg) = (@)1t Wy t)teT(msg)-
Combining these observations, we have (a; (1), w;j (1)) teT(msg) = (@574, Wit )teT(msg) for each
j'sn € I. Therefore, m;(n) = m; (n') for all n € I. Finally, as player ¢ follows the protocol,
this message must equal m;.

For the last part of the claim, consider each event that induces susp(h;) = 1: If
(@n,t(7) Wn,t(7))teT(msg) = O for some n # j, then (an¢(5), wnt(J))ter(msg) 7 (@n.ts Wnt)teT(msg)-
Hence, either some player j' # n,j played JAM or player j did not match with player n
in a half-interval in T (n) where player n played a'. In either case, 0; (h_;,(,n) = E. If
(aji(n),w;t(n))ieT(msg),jer is not feasible, then again there exists n # j with (a,¢(7), Wnt(J))ier(mse) 7
(an,ta Wn,t)te?l‘(msg)~

Claim 2: The same as Claim 1, except that the commonly inferred message 1m; may differ
from m;.

Claim 3: Follows from Claim 3 of Lemma 5.

Claim 4: Given Claim 3, it suffices to show P17 " (6, (h_;,¢) = E) < T~8. For each
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j' € I, if no one plays JAM in T (j'), then 6, (h—;, ¢, j') = E only if some player n # j' fails to
observe a! in a half-interval in T (j') where player j’ plays a'. By Lemma 2, this event occurs
with probability at most (N — 1) {log2 ]A|4“°g2|Mi|q exp (—&T). In total, 0; (h_;,¢) = E

occurs with probability at most

ON (N — 1) [mgz |A|4“°g2'Mﬂ T=° 4+ N (N - 1) [1og2 |A|4“°g2‘Mﬂ exp (—2T).  (81)

N J/
-

TV
3j’€l,n#j:n plays JAM in T(j') 3j’€l,n#i:n fails to observe al in T(j')

By (21), this sum is at most 7.

Claim 5: Follows from Claim 1 of Lemma 5.

J.2 Proof of Lemma 8

Let a! € AV be the action profile where player i plays a! and all other players play a°. Let

a’ € AN be the action profile where all players play a’. Let
Tt = Y% o(k — )T +1,..,2(k — )T + T}

denote the set of periods in the first half of each interval. For n # i, define

o) = 3 P mrimaty 5 Doy (L2 0) () — )

pnfl,n pnfl,i

teT teT1st

and 7, (hp_1) = 7 (hp_1) — ¢, where ¢, is a constant to be determined. We will show that,
for n # i, Claims 1 and 3 of the lemma hold for any c,,, and that E [Y, .1 6" 4, (a;) + & (hn_1)]
is a constant independent of m;. Setting ¢, = E [ZteT 6, (ay) + 7, (hn,l)] then implies
that Claim 2 also holds.

For Claim 1, we require that playing a® throughout the module is optimal with payoff
function (26). This follows immediately from the facts that K > 2% and max, ;, ‘wn (h) —wn(h)| <
K, which imply that the first term of #,, (h,—_1) dominates any difference in >, 6" i, (a;)

and wy, (h). Claim 3 is also immediate.

To see that E [Y, ;6" "4y, (&) + # (hn_1)] is independent of m;, note that player i
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plays a' the same number of times regardless of m;. Therefore, E |, ¢ -—

independent of m;. It remains to show that

~

S g1, (a4 3 Pzt (120 (@ (20) = (27)

teT teTlst Pr—1,i

is independent of m;.

2K1{wn71,t=a0} y

(82)

We show that (82) is independent of m, for each interval: that is, foreach k € {1,..., [log, |M;|]},

when the sums in (82) are restricted to 7 € {2(k — 1)T +1,...,2kT}, they are the same

when player i plays a! in the first half of the k" interval as when she plays a' in the second

half. For, when player i plays a' in the second half of the k" interval, (82) equals

2(k—1)T+T 2kT
oo i ta, @)+ Y A, (ah),
T=2(k—1)T+1 T=2(k—1)T+T+1

while when player i plays a! in the first half of the k' interval, (82) equals

2(k—1)T+T 2kT 2(k—1)T+T
Yoo i, (at) + > 0" i, (%) + (1=0"7) > 67 (i (%) — @, (a))
T=2(k—1)T+1 T=2(k—1)T+T+1 T=2(k—1)T+1
2(k—1)T+T 2(k—-1)T+T 2(k-1)T+T
= Y dla, @)+ D> e, @)+ (1-6") > 7 (i (%) — @ (a'))
7=2(k—1)T+1 r=2(k—1)T+1 r=2(k—1)T+1
2(k—1)T+T 2(k—1)T+T
- 7 Z 57-_1,&77, (al) + Z 57_1@71 <a0>
7=2(k—1)T+1 T=2(k—1)T+1
2(k—1)T+T 2kT
= > e, @)+ > il (al).
T=2(k—1)T+1 7=2(k—1)T+T+1

Hence, the sum is the same either way.

Finally, for player 7, define

1
Pi—1i

#i(his) =

teT

(0 My mary (B (a7) = 05 (2°)) + Loy 0,011y 20)

The first term in the sum makes player ¢ indifferent between playing a® and a', and the
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second term gives her an incentive not to play a ¢ {a° a'}. Since player i is indifferent
between a° and a', it follows that ¢; = E [>°, ¢ 5 (ay) + 7 (hi-1)] is independent of m;.

Hence, letting m; 4 (hi—1) = ;4 (hi—1) — ¢;, Claims 1-3 of the lemma hold for n = i.

J.3 Proof of Lemma 10

We prove the first part of the lemma by backward induction. We assume throughout that
(; = reg; if instead (; = jam, then (35) equals w; (h,¢) and 0; (h_;,() = E, so player j is

indifferent over all protocol strategies by Condition 1 of the premise for communication.

Final Checking Round Let j' be the index of the final checking round. Fix h € H</
The following lemma verifies the receivers’ incentives, since u;(a,) + 71'?0 (a_jr,w_j,) for

T ¢ T(j) is sunk.

Lemma 25 Assume j # j' and (; = reg. For every history h<i" € H<' and h;‘l with
t € T(j'), and every action a;, € A, when player j follows her optimal continuation strategy

after taking action a;;, we have

B Z ﬂ-?o (a*j,ﬁ w*jﬂ') + wj (h7 C) |h<jl7 h;‘ilu At = a’
_TET(j’) |
, 1
> B T (0 g, w_jr) +wy (b, Q)[BT W ay, # a® | + 3 (83)
| T€T(") |

Proof. If 0, (h_;,(,j") = E for some j” # j', the result follows immediately from (29),
(36), and (; = reg. So suppose 0; (h_;,¢,j") = R for all j” # j'. Since a deviation by any
player j” # j induces 0; (h_;, () = E, we also assume players —j follow 0™ ; in every checking
round. Hence, 0; (h_;,(,j') = E if and only if (i) some player n # j’ does not observe a' in
a half-interval where player j’ plays a' or (ii) some player n # j,j’ plays JAM in T(j'). In
particular, letting R; _; denote the event that each player n # j, j' is matched with player
j" in every half-interval where player j' takes a', Pr(6; (h_;,(,j') = E|Ry_;, <" hi™") is

independent of o;.
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With i replaced by j’, i* replaced with j, T replaced with T(j’), and Lemma 3 replaced

with Lemma 7, by the same argument as for Lemma 9, with probability at least

1 — max {T4(N—l)+107 N (logQ ’A|2ﬂog2|Mi|w } exp (—'T) (84)

conditional on (a;,,w; ) ,either 0; (h_;,(, ') = E or [foreachn # j, (aj ¢ (n) ,wj +(n))icT(mse) €

T€T(5")
{(@jr 1, Wi 1) teT(msg)> 0}, and (ajr ¢ (n) ,wjr 1(n))teT(msg) = (@416, Wi 1) teT(msg) if and only if a; - =
a® for each 7 € T such that p_(j) = n and 7 is in a half-interval where player j' plays a°].
The latter event implies Rj _;.

Since Pr(0; (h_;,¢,j') = E|Ry_j, h<7', h%~') independent of o; and (a4 (n) ,wjr +(n))ieT(msg) =
0 induces susp,, (h,) = 1, playing a;, = a” for each 7 > ¢ maximizes w; (h, ¢) with probability

at least (84). Given this, the reward term 7

¢ (a_jr,w_j,) outweighs any possible benefit to

player j from playing a # a° in an attempt to manipulate (a;r; (n),wj +(n))teT(msg)nstj- ®

We next verify the sender’s incentive:

Lemma 26 Assume (; = reg. For every history h<i" € H<" and hj,_l with t € T (j), and
every action aj, € A, when player j' follows her optimal continuation strategy after taking

action aj ;, we have

E Z 77?/7 (afj’,‘ra ij/,f) + w; (h, C) ‘h<j,, hzl_l, Qjrp = Qg
_TET(j’) |
. _ 1
> B Z 77?/7 (a—jlﬂ'a (JJ_]’/,T) + wj (h, C) ‘h<] ,h?, 1, Qg ¢ 7& as | + 5’ (85)
_TGT(j') |

where a; 1s the action determined by 0;?, given (aj,,t,wj,,t)teqr(msg).

Proof. Again, we assume 0;(h_;,(,j") = R for all j” # j" and players —j’ follow o* ;, in
all checking rounds. In addition, assume REGj _;/, as otherwise 6 (h_;,(,j') = E. Given
the reward W?}jl’t(h,j/), it suffices to show that following o7, maximizes w; (h, ().

By Claims 4 and 5 of Lemma 5, for each j"” # j’', we have (a;r ¢ (n),w;n+(n))tct(msg) €

{(aj",t’ wj”,t)te']l‘(msg)a 0} fOI‘ a:].l Tl 6 _[.
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Fixt € T (5'), h</’, and h;,_l. If (ajr s (n) ,wjn1(n))ier(msg) = O for some j” # j and n € I,
then Claim 1 of Lemma 6 implies that susp,,(h,) = 1 for some n’ # j. Hence, maximizing
wj (h, () is equivalent to maximizing the probability that 6, (h_;,(,j’) = E. If player j’
followed o7, until period ¢ — 1 within T (j'), then following ¢, maximizes 6;(h_;,(,j') = E.
Otherwise, 6;/(h_j1,(,j') = R given REGj _; and any strategy maximizes w; (h,(). In
total, it is optimal to follow o7,.

Now suppose (a;n; (n),wjmi(n))iermsg) = (@574, Wjr i )tet(msg) for each j” # j' and n €
I. Suppose player j' followed o7} until period ¢ — 1 within T (j/). On the one hand, if
player j' deviates from o7, in period ¢, then 0;(h_j,(,j') = R given REGy . Since
(ajri(n),wjri(N))ter(msg) 7 (@14, Wjr +)ier(msg) for some n # j’ induces susp (h,,) = 1, player
j"’s payoff is

P(oy|h=" hYTR 0 + (1= Ploy| =7 B TR,

where m; corresponds to (a; ;) yand P(0 |h<j',h§,_1) is the probability that (a; ¢(n), w;j +(1))icT(mse) =

teT(msg
(ajrt,Wjr t)teT(msg) for all n # j'. On the other hand, if player j’ follows ¢ in period ¢, then
her equilibrium payoff is

P(o |h=" TR0 + (1= P(o[h=7 b ) TR o)

J"

since (ajr¢(1), wjre(1))ieTmsg) 7# (@776, Wy et (msg) implies 05 (h_yr, ¢, j') = E. Asmin{vj", v} >
v}, by premise and P(Jj-,|h<j',h§-71) > P(O’j/|h<j/,h;-71) by definition, it is optimal to play o7,.
Suppose instead player j' deviated from o7 within T (j') before period ¢ — 1 . Then

0 (h_j,C,j") = R given REG _js, so her payoff is
P(op|h=7" BTS00 + (1= P(oy|h™" b)) TR0,
Again, following o7, for the rest of the round maximizes P(oj/\h<j/,h;,_l). [ |

Backward Induction Given that players follow ¢* in subsequent rounds and Claim 1 of
Lemma 5, we can assume 6; (h_;,(, ;") = R for each j” for which the j”-checking round

follows the current round. Hence, the same proof as for Lemmas 25 and 26 establish each
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player’s incentive to follow o* after any history.

Message Round Again, given that players follow ¢* in the checking rounds and Claim 1 of
Lemma 5, we can assume 0; (h_;, ¢, j') = R for each j' € I, and so assume (a; (1), wjr +(N))tcT(msg) =
(aji 1, wWjr ¢)ie(msg) and susp,,(hy,) = 0 for all n, j' € I. Given this, the strategy of each player

J # i does not affect w;(h, ¢), so incentives are satisfied. For player i, given (a;: +(n),w; (n))ie(msg) =
(aji s, wjrt)ier(msg) for all n,j' € I, m;(n) will be equal to m; if player 7 plays (ait)icr(mse)
corresponding to the binary expansion of 7i; (with the interpretation that, if (a;¢)icr(mse)

does not correspond to the binary expansion of any 7; € M;, then m;(n) = 1). Hence,
following 0’: s optimal after any history.

i*-QBFE The last part of the lemma is immediate: Since vf = v]" = vfuniSh for each

m; € M; and j # i*, players —i*’s incentives are satisfied. For player i*, the proof of the first

part of the lemma applies.

J.4 Proof of Lemma 11

Definition of the Reward Function

We must define ﬂiﬁdiﬁ (h_;|T). Given h_;, fix h; uniquely identified from h_; by Lemma
1. Let HY be the set of histories for player i with w;; # a' and w; 5 # a*. Given the resulting
profile h = (h;, h_;), for t = 2, we define Av;; (h_;|T) as follows:

1. If w1 = a', then Av;; (h_4|T) := 0.

2. Otherwise, define Pr(Zjm \ {i}|h'"Y, HY, a;) as the conditional probability that the
realized set of jamming players other than ¢ at the end of the protocol equals Z,m, \ {7},
given that players —i follow the protocol, h; € HY, and player i plays a; in period t.
Let

Pr (Ziam \ {i}1' ™, HY, a')

Avig (ho|T) = " Vi (Zijam \ {1}|T) -
zomdgit \ — Pt (Zam \ {i}|071, HY, a0)

Note that |Av;, (h—|T)| < T°, by (40).
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Finally, for t = 2, we define
T (hoy|T) = =144, ,—ay Aviy (hy|T) . (86)

For t = 1, define Pr (Zjum \ {i}|h'"!, H?, a;) as the conditional probability that the realized
set of jamming players other than ¢ at the end of the protocol equals Zj,, \ {¢}, given that
players —i follow the protocol, h; € H?, and player i plays a; in period ¢ and a° in period
t + 1. The resulting definitions of Av;, (h—;|T) and 7% (h_;|T)) are the same as for t = 2.

Note that |73 (h_s|T)| < T® for ¢t = 1,2. Hence, (42) holds.

Incentive Compatibility

We show that, for every player ¢ and period t = 1,2, it is optimal for player i to follow

the protocol in period t given that she follows the protocol in every later period.

Recall that Pr (h; € HY) is independent of player i’s strategy, and

w;(T) if h; ¢ H°

w;(h|T) = . ' .
Vi (Ziam \ {i}|T) if h; € HY

Hence, player ¢ maximizes her payoff by maximizing

Z Wlndlﬁ h—;|T) + v, (Z—Jam \ {i}|T)

conditional on h; € HY.

For t = 2, ignoring sunk payoffs, player ¢ maximizes
T (heil T) + 03 (Zian \ {}IT) (87)

conditional on h; € HY. By (86), player 7 is indifferent between a° and a'. Moreover, she
is also indifferent between a° and any a & {a°, a'}, since (i) the distribution of Zj.y, \ {i} is
the same whether she takes a® or a € {a®, a'}, and (ii) by (86), 74 (h_,|T) is the same as
well. Hence, player ¢ is indifferent over all actions.

For ¢t = 1, noting that her period 1 action does not affect the distribution of anyone’s
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action in period 2, player i again maximizes (87) conditional on h; € H?. Again, (86) implies

she is indifferent among all actions.

J.5 Proof of Lemma 14

Given the premise of the lemma, we construct a sequential equilibrium with value v. By

Lemma 4, it suffices to show that, for sufficiently large Ty and 6 < 1, there exist 7™,

(07 (%) 4, B75 (v (%i-1));,, , and (73 (w1, hY)), o+ such that (10)—(13) are sat-
» L bi— 1,Ti—1,0;_q

isfied in the T**-period discounted repeated game. Let
T =Ty + N(TQ)% ([log2 Tp] + (N —2) (ﬂog2 (To+1)] + ﬂog2 ’A|2D) :

Given Ty > T* (Tp), (16), and (17), we have (18).
Construction of o*(z;)

Play within each Ty-period block is given by (o7 (x;)) After each Ty-period block,

iel”

players communicate as follows for 7™* — T3 periods:

e Fori =1, player i —1 (mod N) randomly chooses a period ¢;_; € {1,...,T5} and sends

t;—1 using the basic communication protocol with repetition 7' = (T: 2)%.

e Sequentially, each player n # i,i — 1 sends her inferred message t;_; (n) € {1,..., T} U
{0} and (if ;-1 (n) # 0) Py, y(n) = (an,tifl(n), wth(n)) using the basic communication
protocol with repetition T = (13)z. (If ¢;_1 (n) = 0, player n sends t;_1 (n) together

with an arbitrary pair (a,w) € A2%.)

e For each n # 4,7 — 1, player ¢ — 1 infers messages t; 1 (n) (i — 1) € {1,..., T2} U{0} and
Pnti vy (1 — 1) € A2U{0}. We say that communication succeeds if t;_1 (n) (i — 1) =
ti—1 and Ry, (n) (1 — 1) # 0 for all n # 7,7 — 1. Denote the event that communication

succeeds (resp., fails) by s;_1 = 1 (resp., s;—1 = 0).
e Repeat this procedure for ¢+ = 2,..., N.

Let T** denote the set of these final T** — Ty periods, and let o7 | n, be the above

i

**|h

strategy for player 7, given hiTQ. Finally, note that, if s;_; = 1 and players follow ¢, then
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heit, , (i—1)=h_;4, ,.

Construction of ™

As will be seen, for periods Ts + 1,...,7**, the equilibrium is belief-free. Hence, any
consistent beliefs suffice. For periods 1, ..., T3, let 5™ = 5.

Construction of 7*(x;_1,hl )
uniquely identifies a;;, , by Lemma 1, there exists ﬁit (tl-,l, h,iytH) such

Since h_;4, ,

that, for all a, € AN and t € {1,..., Ty},
’ﬁ'?’t (ti—:l; h—iyti—l) - 1{ti_1:t}T2 (1 - 5t_1) ”&z (at) . (88)

Note that
lim  max @), (fio1,hiy,_,) = 0. (89)

d—=1tti—1,hi, 4

We use Lemma 12 to adjust 72, (ti,l, h,i,tifl) to account for errors in communication.

Claim 1 There exist (W?’t (ti,l, Sic1yhig,, (i — 1))) such that

dytti—1,8i—1,h—it; 4 (i—1)

1. Forallie I, t;_y €{1,..., Ty}, and h'> € H'2,
E [W?,t (ti—la Sic1, heig o (1 — 1)) |hT2»ti—1} = ﬁ?,t (ti—h h—i,t,-_l) .

2. limgs_y MaXitt;, 1,8i_1,h_i,_, (-1 ﬂ-?t i1, 8i-1, h*iyti—l (Z - 1) =0.
sbi—1 )

Proof. Let 71_%._1 =h_i4_,(i—1)if s,.4 =1 and l~1_,-7ti_1 = 0 otherwise. Since s;_1 = 1

implies h_;4, , (1 —1) = h_;4, ,, we have
Pr(hosiy = hosa i) +Pr(hoie, =Oftir) = 1.
Moreover, by Lemma 2,
Pr (ﬁ_i,m - h_i,ti71|ti_1> > 1— N ([log, (T + 1)] + [log, |A*]) exp(—2(T3)?).

Hence, the claim follows from (88), (89), and Lemma 12. =
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Let
T5

T (i1, by y) = Zﬁit (tic1,Sic1, hoig,, (i = 1))

t=1
Note that, for all j # i, W?(xj,l, hffl) does not depend on the outcome of those periods in

T** used to construct h_;,, , (i —1). Hence, by Lemma 8, there exist (m; (h);))._, such

el
that 07" is a BFE in T** when payoffs are given by
Z 5t 1 at -+ (Il 1,hz 1) +7Tt (hzF 1) | hT2 (90)
teT**
Finally, we define
T (imn, hisy) o= 5 (e, h2y) + ) (@1, ) + e (RED) + sign(zi1)5e™ T, (91)

We now verify conditions (10)—(13).

[Sequential Rationality]

Ignoring sunk payoffs and the constant term sign(z;_1)5e*T5, player ¢ maximizes (90) in
T**. By construction of (m; (h;"})), ;> (11) holds for all + € T* for any consistent belief
system, since by Lemma 8 the basic protocol is a BFE.

Next, by Lemma 8, E [, .. 6" '4; (a;) + 7, (h"}) |h™2] does not depend on h”2. There-

fore, in period t < T, player ¢ maximizes

1>
E Z 5t_111¢ (a;) + i (zi-1, h?ﬂ) + W?(xi—la h?f§)|h§_1]

L 7=t
-

= B 6"t (ay) + 7 (wima, h2y) + B (7 (wiog, b )R] i 1]
L 7=t

= E Zuz a,) + i (z— 1,th21 +E
L 7=t

-1
Z i, ’L 15 Si—1, h—i,ti,1 (7’ - 1)) |hT2] |h’f_1] 9

=1

where the first equality follows by iterated expectation, and the second follows because
t;_1 = t with probability (73)~! for each ¢t € {1,..., T3} and (88) holds.

Since E [ZT 1 7rfs (ti—1, Si—1, h—is, , (i — 1)) |h">] does not depend on player i’s continuation
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strategy given h!~!, player i maximizes
T
B |3 i (ar) + i (wa h2y) [ A (92)
T=t

which equals the objective in (45) (ignoring sunk payoffs already incurred in h.™'). Hence,
(45) implies (11).

[Promise Keeping]

Promise keeping (equation (12)) is satisfied with v;*(z;_1) defined by

**( ) 1-0 Z:I 5t_1ai (at) + Wf(l‘i—h hszl) + Tr?(xi—lv h?:;)
v (i1 =T T
1—0 +my (hi}) + sign(z;_1)5e* 15
1-6 _|&
= ———F U; (ar) + 7 (- ,h;TFE + sign(x;_1)5e*T: 93
147 tzl (ar) (i1 1) gn(zi-1) 2 (93)

for z;_4 € {G, B}.
[Self-Generation]

[T=]

Ts

Since — 0, for sufficiently large 75 and 9, we have

sign(x;_1) (7r;" (i1, hinl) + W?(:L‘i_l, hzr_l) + 7y (hzr_l) + sign(a:i_l)E)s*Tg)

> sign(wi1)m; (w1, hi2)) + 4Ty > 0,

where the first inequality follows by Claim 1 and (27) and the second follows by (47). Hence,
(13) holds.

[Full Dimensionality]

By (14), we have v; (B)+9¢* < v; < v; (G)—9¢*. Since 1}% — 7 asd — land % —
0 as Ty — oo, for sufficiently large T and 6, (46) and (93) imply that v;*(z;_1) is sufficiently
close to v; (z;_1)+sign(x;_1)9* compared to the slack between v; and v; (z;_1)+sign(z;_1)9e*:

. . 1 ) ) .
[oi*(zi—1) — (v; (z-1) +sign(z;—1)9e™)| < = min  |v; (2;-1) + sign(z;_1)9" — vy .
3 zi,le{G,B}

Hence, v*(B) < v; < v*(G).
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J.6 Proof of Lemma 15

Let T2 = T1 + Tl + TQ, where
Ti = 2N (N - 2) [logy(2(2]4P) ™" + 1) | (12)? (94)

and

Ty = 2N (N — 2) [log, |A]*] T4 (Ty) .

As |T"| < (Tl)% (by (48) and T} > T™* (1)) and (16) holds, we have (17) and

T . Tl + Tz

— Q_

im = m
To—o0 (Tl)a To—o00 <T1>12

We construct strategies o7* (z;), beliefs 3**, and reward functions m* (2,1, h;2;) in the
Ts-period game that satisfy the premise of Lemma 14.
Construction of o* (x;)

Play within each Tj-period block is given by (o (z;)) After each Ti-period block,

i€l
players communicate as follows for T+ Ty periods:

Communication for periods T) + 1, ..., T) + Ty:

e Let i = 1. Sequentially, each player n # i,i — 1 sends (x,,hT") = (mn, (an,t,wn,t)tejr,,)
using the secure communication protocol with repetition 7' = (7 1)% and Zj,m = {1 — 1}.

This takes 2 (N — 2) [logy(2 |APT 4 1)] (T})2 periods.

e For each n # i,i—1, player i—1 infers a message m;_; (n) (¢ — 1). If m;_1 (n) (i — 1) =0
for some n # i,i — 1, or if player ¢ — 1 plays JAM during a round where she receives
a message via the secure protocol, let s; 1 = 0 (“communication fails”). Otherwise,

si—1 = 1 (“communication succeeds”).

e Repeat this procedure for ¢+ =2,..., N.
Communication for periods 77 + T + 1,...,7T + Ty + Ty:
o Let ¢ = 1. Sequentially, each player n # i,i — 1 sends (a4, wnt)

te{T1+1 ----- T1+T1}
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using the basic communication protocol with repetition 7' = (1 1)T12. This takes

2 (N — 2) [log, |A|*] T1(T1) % periods.
e Repeat this procedure for e = 2,..., N.

Construction of ™

For periods T1 + 11 + 1,..., Ty + Ti + Tb, the equilibrium is belief-free, so any consistent
belief system suffices. For periods T} + 1,...,T + T, specify beliefs as in Lemma 9 given
player n’s equilibrium message. For periods 1, ..., 77, let * = *.

Construction of m* (-1, h;TFfl)

If s;,_1 = 1, we denote player i — 1’s inference of player n’s message during periods 17 +
1,...,Ty+Ty by (2, (i — 1), AL (i — 1)). We first construct a function #; (z_; (i — 1), AL, AT, (i — 1))
as follows: Define <i",i, iﬂ;) = (v (i—1),h%; (i —1)) if s,.; = 1 and (;ﬁ,i, ﬁ?’;) = 0 oth-
erwise. Note that (i) for sufficiently large T3, inequality (2) implies

min Pr (sifl _ 1\x,i,h“f”) >1-(Ty)°?, (95)

%
T
a:_i,h_i

(i) s;—1 = 1 implies (z—; (i — 1), A% (i — 1)) = (v_;, h"}), and (iii) 7} satisfies (52). Hence,

in the notation of Lemma 13,

T — (T1)%,
pr(m) = 1— () =1-T"% VYm; € M(T),
1 N
F(T) = () ==T
c = 3*

Since limy_ (1 — pr (m;)) max{F (T),cT} = 0, Lemma 13 implies that, for sufficiently
large T}, there exists 7} <f_,~, hl, ﬂlf) such that

7

max |7 (x_ T, B“E’;) <79, (96)
7y, h I R
~ ~ T* ""JTII T* T// T* T”
E [77; (x*iﬂhiflahfi) ’:E*i?hifl?hfi] = (‘Z.*hhifl’hfi) ) (97)
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* s 7 * >
sign (s_1) 7} (f_i,hf_l,h?i) > —5e TVE-, b, BT, and (98)
7 (i_i, hl”,, ﬁﬂl) is minimized when s, = 0. (99)

We next construct a function

T+T1
~ cance . . ~af . .
o EE asi (i — 1), wo (i — 1) + > T (amig (i — 1), w_y (i — 1))
t=T1+1 t=T1+1,...T1+T1:

players —i communicate

as follows. By Lemma 12, for sufficiently large 7T}, there exists a function 7! : A2 — R
such that
E 75 (amig (1 = 1) sw—i (0 = 1)) Jacip woie] = 75 (amiy, i)

forallt =T, +1,...,7, + T} and (a_s,w_;) € A2 Similarly, for sufficiently large T}, there

exists a function 7??0 : A2 — R such that

0

(a—z‘,t7 W—z‘,t) .

B [70 (0cie (1= 1), w0 (0= D) oo ig] =

Recall that 7% and 7¢° are defined in (28) and (29), respectively. Since 7! and 7¢"

are bounded, 7™ and 7??0 are bounded by Lemma 12, uniformly over sufficiently large 7.

T+T1+ T2

. . TQ TZ —
Hence, by Lemma 8, there exist a function m;(h;?,), where h;?; = (ai,l,t,wi,l,t)t:ThLTlH,

such that 0** (x) is a BFE in periods T} + Ty + 1 to Ty + Ty + T with payoffs

Tlﬁf@ i (ag) + mi(hT2)) + P A i (i = 1), woie (0= 1)
et \ P e W @G 1 e 1) [
(100)
and m(h?ﬁl)’ = O(Th).

Finally, we define the reward function =}* (xi,l,hinl) = ;" (:L'Z-,l,hiTEI) + Cy,_, (T7),
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where C,,_, (T1) is a constant to be determined and

T+Ty
ﬁ-;k* (xi—h hszl) - ﬁ-: (j;—i7 h,iT_*la B?’;) + Z ,ﬁ.;;ancel (a_i’t (Z — ].) 7w—i,t (7/ - 1))
t=T1+1
+ > 7 (asiy (= 1) ,woi (i = 1)) + mi(h)2).

t:Tl—l—l,...,Tl—f—Tl:
players —i communicate

It remains to verify the premise of Lemma 14.

[Sequential Rationality]

We verify (45) for all t = 1,...,T, by backward induction. For t = T3 + T} + 1, ...,
Ty + Ty + Ty, all payoffs except for (100) are sunk, so (45) holds by Lemma 8, viewing the
last term in (100) as wi(hn).
tT:Tri;lTil U; (ay) +7r,-(hf31) is independent of z
and BT+, Hence, for t =T, +1,..., Ty +T1, player ¢ maximizes the conditional expectation

of

By Claim 2 of Lemma 8, a player’s payoff

T+Th

Z al (at) + Cﬂ?i—l (Tl) + ﬁ—;k <j—i7 hzzjh 71?:)
t=T1+1
T +T1

+ > Eeed (a_y, (i 1) ,woy (i — 1)) + 3 7 (aii (i — 1), w_is (i— 1)),

t=T1+1 t:T1+1,...,T1+T1:
players —i communicate

Given (99) and (96), for sufficiently large 77, the premise for secure communication with
magnitude 7% for player i is satisfied, for each z € {G, B}". Moreover, (32) holds for
sufficiently large Ty. Hence, Lemma 9 implies (45) for t =T} + 1, ..., 71 + Ty.

Finally, by construction, the expected value of

Ti+T1 T +Ty
Yo di(a)+ > A (aiy (i 1) wog (i — 1))
t=T1+1 t=Ty1+1
+ > 79 (a_iy (i — 1) ,w_iy (i — 1)) + mi(h12) (101)

t=T1+1,..,T1+11:
players —i communicate

does not depend on x or h''. Since (97) implies that 7 and 7} are equal in expectation
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given 7_;, h1",, iﬂf’; (assuming players follow o** in the last T, + T periods, as we have shown
to be optimal), (50) implies (45) for ¢t = 1,...,T7.
[Promise Keeping]

Let T
V5 (%—1) = TEU (=) Z Uj (at) + 7 (x—iv hz’TEl)
2 t=1

(As (101) is independent of z, (51) and (97) imply that this expectation does not depend on
T_i_1y.) Since w&neel e and m(hlffl) are bounded and (T} + T5)/Ty — 0, equation (51)

implies

Tlim 0; (Ti-1) = v; (x4-1) + sign(x;—1)3e™.
1—00

Hence, there exists C,,_, (71) with

i—1

such that, for sufficiently large Tj, (46) holds:

T>
. * ]. o** (¢ ~ o
v; (T5-1) + sign(x;_1)4e™ = EE (@) [; w; (ay) + 7} (CUfi, hinl)] .

[Self-Generation]
Recall that (98) holds, and hence sign (x;_1) 7} <:Tc_i, hI",, ﬁ?’;) > —1e*Ty Vi, hl™), hr

(since Ty > T1). Moreover, the sum

T1+T1 -
3 A (a (i~ 1) 0o (i — 1)+ 3 70 (0 (i — 1) w_ig (i — 1)) +mi (W)
t=T1+1 t=T1+1,.... 71 +T1:

players —i communicate

is O <<T1 + T2>) Hence, (52) and (102) imply (47).
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J.7 Proof of Lemma 16

Let Ty = T* + T3, where
Ty = 2NL (7((T0>6 (T*)2) + (N = 2) [log, (JAP? +1)] (T*)%> . (103)

By (6), (16) holds and

= 0 for each € > 0.

1m 1
To—00 (T*)§+€

We construct strategies (o7 (2;)),,. and reward functions (7}* (z_;, hjf'i))i’r_hh% in the

Ti-period game that satisfy the premise of Lemma 15.
Construction of of* (z;)
Play within each 7™-period block is given by (o} (z;)),. After each T™-period block,

players communicate as follows for T} periods:

Communication for periods 7™ + 1,...,T* + Ty

e Fori =1, playeri—1 (mod N)sendst;_1(1),...,t;_1 (L) using the verified communica-
tion protocol with repetition T = (7*)2 and Ziam = —i. This takes 2L7 ((Tp)°, (T%)2)

periods. As a result, each player n € I infers a message t;_1 (1) (n),...,t;—1 (L) (n).

This takes 2 (N — 2) L ﬂog2 (\A[z + 1)} (T*)% periods. For each n # i,i—1, player i—1
infers a message 4, ,(1ym) (¢ — 1).

e If (i)-(a) there exists a player n # i with susp (h,,) or (i)-(b) 6; (h_;) = E in the verified
protocol, or if (ii) player i — 1 plays JAM during a round where she receives a message
via the secure protocol, let s; ;1 = 0 (“communication fails”). Otherwise, s; 1 = 1
(“communication succeeds”). Note that s,_; is a function of A™;. Here, ¢, is assumed

to equal jam for each n # i and reg for i, and so is omitted from 6;.
e Repeat this procedure for : = 2,..., N.
Construction of [**
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In periods where player n sends a message via the secure protocol, specify trembles as in
Lemma 9. In periods where players use the verified protocol, any consistent belief system
suffices. For periods 1,...,7%, let 5™ = 5%,

Construction of m}* (z_;, hﬂ)

If s;_1 = 1, we denote player i — 1’s inference of player n’s message during periods
T*+1,...,T*+Ty by hy™ (i — 1). As in the proof of Lemma 15, define b = h&! (i — 1)
if s;.1 = 1 and A" = 0 otherwise. Note that (i) inequality (2) for secure communication

and Claim 4 of Lemma 6 for verified communication imply, for sufficiently large Tj,

SIS

min Pr <3i_1 — 1|hIE§‘1> >1 - (T%) 2%, (104)
h 7—1

—1

(i) s;_1 = 1 implies h'"* (i — 1) = h""', and (iii) 7" satisfies (57). Hence, in the notation

of Lemma 13,

T = (T%)e,
pr(m) = 1— (T 2=1-T" ¥m; € M (T),
1, .5 14
F(T) = =(T*?==T
(T) 5 (1) =31
¢ o= 2" (105)

Since limr_o (1 — pr (m;)) max{F (T),cT'} = 0, Lemma 13 implies that, for sufficiently
large Tp, there exists 7; (m_i, hqf;., Rl 1) such that

7

7 (:cf BT if“fl) ( < T (106)

max i hZ;

vy ~L;_
z_i B b L

—itt—g

E |:/ﬁ-;k (x—i’ h?’i? ﬁ%iiil) |x—’“ h?’i, hLi<71:| = 7‘(': (:L'_i’ hT/ hLi71> ,

—1i —3) 'V—g

/s 5 B
Sign (xi_l) ﬁ-;k <x_i’ h’E’“ hEZi_1> Z _§€*T* vx_i? h’E’L; h]I;Zi_lv and
o (x—i, hjf'i’ iLH:i,ﬂ) is minimized when s;_; = 0. (107)

2

We define the reward function 7}* (z_;, h™;) = & (z_;, ;) +Cy,_, (T*), where C,, , (T*)
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is a constant to be determined and

~ gk T T 7 1
7Ti (l'_z‘, h_z> = 7'(' (l’_“ h—z’ h_7 )
~ cancel ~ a9
+ § T (amig woip) + E T (amig, Woit)

t=1,...,71 t=T*+1,...,T1:
tgule T(main()) players —i communicate
Z a«‘,t ’I[VI
t=T"+1,....71:

t is in i-checking round in verified communication

where 77" is defined as in (34).

We now verify that the premise of Lemma 15 is satisfied. Other than sequential rationality
(equation (50)), the verification is parallel to the proof of Lemma 15.

We verify (50) for ¢t = 1,...,T} by backward induction. For ¢’ = T* + 1, ..., T}, player i

maximizes the conditional expectation of

T
> ii(ay) + Cr, + 7 <a:_,, hr, BE”)

t=t'

+ Z ~cance1 a_igyW _Z7t) + Z ﬁ-go (a_i,u w_i,t)

t=t/ t=t/,.. T*+Ty:
players —i communicate

a; 12
+ g " (hqfi) )
t:T*-‘rL...,Tl:

t is in ¢-checking round in verified communication

Given (106) and the fact that 7 <x_z, e 1) is minimized at s;,_; = 0, for sufficiently
large T™, the premise for secure communication with magnitude (T*)% for player i is satisfied
for all = € {G, B}". In addition, while players communicate to calculate ¥, as vZ(T*)2 =
vy (T*)% = [value of 7} given s;_; = 0], for sufficiently large T™*, the premise for verified
communication with magnitude (T*)g for player i is satisfied for all = € {G, B}N, and the
continuation payoff of players —i does not depend on the history during this communication.
Moreover, (32) holds for sufficiently large 7y. Finally, by (104) and (106), (38) holds for
sufficiently large Ty. Hence, Lemma 9 and the second part of Lemma 10 imply (50) for
h 1 (5h)

t =T*+1,...,Ty. Finally, since 7 and #; are equal in expectation given z_;, h"

implies (50) for t =1,...,T*.
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J.8 Proof of Lemma 17

As compared to Lemma 16, we have introduced (58) and replaced (54) with (59) (a more
restrictive condition), (55) with (60) (a less restrictive condition) and (56) with (61) (again,
a less restrictive condition). We first show that the third replacement is without loss of
generality, and then show the same for the second.

Given (60), let

1 « y
0; () == ﬁEJ (@) Z u; (ay) + 7 (x_z,hT B - 1)

telJf, T(main(l))

Define

7T (x—zahrglwh v 1) = T: (x—wh?,zah—lz 1) - (ﬁl (x—l) (Ul<xl 1) + 2Slgn(xz 1)5 ))T*

Note that changing the reward function from 7} to 77 only subtracts a constant and thus

does not affect sequential rationality. In addition, since
sign(x;—1) (0; (x—;) — (vi(z;—1) + sign(x;—1)2¢*)) >0

by (61), (57) implies
sign(x;_1)7; (:v Z,hT hLZ 1) > 2%,

Hence, self-generation also holds with reward function 7;.

Finally, since (0; (z—;) — (vi(zi-1) + 2sign(x;—1)e*))T* is O (T™), (59) implies

sup

T L1
x_ih ;b

(g: BT RN )) < <T2*)3.

Hence, (54) also holds with reward function 7}. Therefore, the premise of Lemma 16 holds.

We now show that it is also without loss to replace (55) with (60). To this end, let
Xn € {0,1} be a function of (z,,, hI"), where x, = 1 if and only if there exists ¢t = 1,...,T*
such that a, ¢ & supp(o},(7,)|,:-1) (i-e., player n deviated from o7} (z,) in the first 7" periods).
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Since Y,, is binary, by the same proof as Lemma 16, we can assume that 7] depends on
X_i = (Xn)nzi—that is, players —i “confess” any deviations.

We also assume that, until main phase [ is over, player i believes that ¢;_1(l) = ¢ with
probability (7)~° for each ¢ € T(main(l)). (This belief results whenever trembles in periods
t=1,...,T* are independent of (L;, h:™"), and thus is clearly consistent.)

Define

meneel (g ag w_yg) = (a_s, w_ ) + sign(a;_q) max meaneel (g, oy).
—1 74
Note that
E [ﬂl (a) + 752 (251, a_s, w_y) |G} = sign(z;_1) max meaneel (g_y o_y) (108)

and

cancel (

sign(x;_1)ms Ti1,a_j,w_;) > 0.

Since T* € T', we can define

ﬂ-: (l'*lv h?za h Zz 17 X—z)
" (x_z, [ 1) if x,, = 0 for all n # 1,

= Zte?]" 7TZcAancel (xi—]_a a, w—i)

6l if x,, = 1 for some n # i.
+ (T0)” Yoy w5 (251, Ay 4 (1) Wity 1 (1))

Note that the (7p)® term cancels the probability that ¢;_; (I) = ¢ for each ¢ € T(main(l)), so
with this reward function player ¢ is indifferent over all action profiles when x,, = 1 for some
Given reward function 7, (55) and (57) hold. Moreover, given (59) for 7} (x_,, [ e 1),

sup

L,
T/ i—1
x_i,h2;h_;

(g: e )) < <T2*)3.

Therefore, the premise of Lemma 16 holds.
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Supplementary Appendix 1:
Almost-Perfect Monitoring

This appendix proves Theorem 2, which extends the folk theorem to almost-perfect

within-match monitoring.

Theorem 2 Suppose public randomization is available. For all v € int (F*), there exist
6 <1 and € > 0 such that v € E(8,q) for all § > 6 and all e-perfect within-match

monitoring structures q with € < €.
The logic is similar to that for perfect monitoring. The main differences are as follows:

e There is a key difference in the communication protocols: The jamming players mix
over all actions. This guarantees that players attribute unexpected observations to

randomization by the jamming players rather than monitoring errors.

e We let the length of the block be random, which introduces a chance that the players

have extra time to communicate at the end of the block.

e Other than the possibility of this “long communication phase” at the end of the block,

the calendar time structure is the same as with perfect monitoring.

e The reward adjustment lemmas must be modified to account for possible monitoring

errors and to accommodate the long communication phase.

e Although players attribute unexpected observations to randomization with probability
converging to 1 as ¢ — 0, for any ¢ > 0 they still assign positive probability to
monitoring errors. We show how to use the long communication phase to preserve

incentive-compatibility despite this new source of uncertainty.
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A Communication Protocols and Modules

A.1 Modifying the Protocols

The basic communication protocol is the same as with perfect monitoring. As in (1), we
have

lim Pr (m; (j) = m;) > 1 — [logy |M;|] exp (—ET) Vj # i. (109)

e—0

The secure and verified protocols are the same as with perfect monitoring, except for

jamming players. Jamming players now use the following strategy in each half-interval:
1. With probability 1 — 2779, play a° in every period (i.e., play REG).
2. With probability 7%, play a'! in every period (i.e., play JAM).

3. With probability 779, play a™* = |117| Y aca @ in every period, mixing independently
across periods (call this “playing MIX").

As will be seen, a player who observes w # a°, a' attributes this observation to a jamming
player playing MIX. For sufficiently small ¢, (2) holds for the secure protocol, and Claim 4
of Lemma 6 holds for the verified protocol.

The jamming coordination protocol stays the same. Recall that in each period, each
player plays a' with probability 72 and plays Irﬂ;—l Y a1 @ With probability 1 —T° ~2. Given
a protocol history h;, we define (;(h;) = jam if there exists t € {1,2} with w;;, = a'. Let

pi(hi) = Pr (¢;(h;) = jam Vj # i|h;) .

For every protocol history h;, the probability that all players in I\ {i,p,(i)} play a' for
t € {1,2} and p,(i) # py(i) is at least E7~4V=2). Conditional on this event, if w;; = a,(),
for all j #i,t € {1,2} then (;(h;) = jam Vj # i. Hence,

pi(hi) > & (1 — ¢)* VD p-av-=2), (110)
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A.2 Modifying the Reward Functions

We extend Lemma 8 for almost perfect monitoring:

Lemma 27 For sufficiently small e > 0, for eachi € I, M;, T, w, and K > 2u/g satisfying
the premise for basic communication with magnitude K, there exists a family of functions

(7rn cHT — R) ner Such that the following hold:

1. With payoff functions (26), the basic communication protocol is a BFE for each §.
2. For eachn € I and m; € M;, E [Zt@r 5, (ay) + T, (hn,l)] = 0.
3. For eachn € I andt € T, we have

. i+ K
7o (Boet) — wn(hn_l)’ <=1

max
hn—1 7hn71

Proof. Let
Aaq; =q (Wi,t = a1|ai7 Qi) = al) —q (wz‘,t = allai, Qi) = GO) .

For n # i, define

2K1 _ 1 _. (1 =05 (4, (a°) — 4, (at
# (hne1) = Z {wn—1,4=a®} N Z {wn—1.4=al} ( ) ) (i, (%) — 1, (2 ))

teT (1 - 26) Pn—1n teTist Aanﬂ,tpn—l,i

(Compared to the definition with perfect monitoring, the first term is inflated to account for
monitoring errors, and the denominator of the second term is the difference in the probability

of w,_1; = a* between a; = a' and a; = a°.) Similarly, define

N 1 +—1 (7 (al) — '&7, (ao) 2u
T (hi—l) = Z — (5 1{wi_17t:a1} A + 1{wi—1,t€{a07al}} 1—92 /"
teT Di—1,

The rest of the proof is the same as with perfect monitoring. m
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Since with almost-perfect monitoring (a_;,w_;) statistically identifies (a;, w;), we can also

cancel
i

generalize 7 (a_;,w_;) and 7 (a_;,w_;) such that, for each a € A’, we have

E [112 (a) + Wfancel (a_jyw_;) |a} = 0,
0 a=ad

E[ai(a)+wg°(a_,-,w_i)|a} ol B (111)

Moreover, 7 (q_; w_;) and 7% (a_;,w_;) converge to the corresponding rewards with
perfect monitoring as € — 0.

Given this modification, since a player who observes w # a°, a! believes a jamming player
played MIX, Lemma 9 holds as written. As we will see, it is not necessary to generalize

Lemma 10 or Lemma 11.

B Block Structure, Strategies, Equilibrium Conditions

The calendar time structure is unchanged up to what was the end of the block with perfect
monitoring (period 7** in the main proof). At that point, depending on public randomiza-
tion, either the block ends or a final, long communication phase is added.

Up to period T™*, strategies are the same as with perfect monitoring, with two exceptions:

1. All protocol strategies are now the revised ones just defined.

2. In each main phase, if ¢;(h;) = jam then with probability 1 — (T5) " player i follows
her perfect monitoring strategy, and with probability (7p)”? she plays |_ix| Y aea @ in
every period (mixing independently across periods). (If instead (;(h;) # jam, player i
follows her perfect monitoring strategy for sure.)

In particular, exactly as with perfect monitoring, a receiver j sets m;(j) = 0 (and
hence susp(h;) = 1) if she observes w # a° a'. However, with perfect monitoring such
an observation could only arise following a deviation, whereas now it can also arise as a
result of a monitoring error or randomization by a jamming player.

It remains to describe the long communication phase. At the end of the final commu-

nication phase to cancel discounting, a random variable z € {0} U I is drawn by public
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randomization, with Pr (z = 0) = 1—(Ty) ™ and Pr(z = 4) = (Ty) ° /N Vi € I. If z = 0, the
block is over, as with perfect monitoring. If z = ¢, the following long communication phase
for player i is played: each player n ¢ {i — 1,i} sequentially broadcasts (:cn, hff*), her entire
history within the block up to the end of sub-block L (i.e., period T*), using the basic com-
munication protocol with repetition Tj. Since the cardinality of the set of a player’s histories
up to period T* is (2| A[)*"", the long communication phase takes 4 (N — 2) T*T [log, 2 | A|]
periods.

Let T*** denote the length of the block, which is now a random variable due to the
possible addition of a long communication phase. Note that, since Pr(z # 0) = (To)~?, we

have

B [T+
Jim [T* Y (112)

Finally, sufficient conditions for the existence of a block belief-free equilibrium with payoff
v €int (F™*) are almost the same as with perfect monitoring (i.e., conditions (10)—(13)). The
only difference is that self-generation (condition (13)) must now hold for each history 7"}

and each realization of T***.

C Reward Adjustment Lemma

We next generalize the reward adjustment lemmas to allow more general errors in commu-
nication. Given parameters 7' € N and € € Ry, let M (T') be a finite set, let F'(T') € R, be
a constant, let fr : M(T) — [-F (T), F (T)] be a function, let P (T, ¢) be a non-negative,

row-stochastic |M (T)| x |M (T')| matrix, and, for any matrix Z, let r;(Z) = ... |Z; ;| be

i |
the sum of absolute values of the off-diagonal elements of the i'* row of Z. (Applied to the
rest of the proof, T' is the length of a half-interval, M (T") is a message set, fr is a reward
function bounded by F'(T'), and P(T,€);; is the probability that message m; is received

when message m; is sent.)

Lemma 28 Suppose that

lim lim  max  r(P(T,¢)) =0. (113)

T—00 €0 ie{1,.... M(T)|}
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For all ¢ > 0, there exist T € N and a function € : N — R such that, for all T > T and
e < €(T), there ezists a function gr. : M(T) — [—(1+¢)F(T),(1+¢) F(T)] such that
maXmen(r) | fr (m) — gre (m)| < eF(T) and P(T,€)gr.e = fr, where gr. = (g7, (m))meM(T)
and fr = (fr (m))meM(T)‘

This lemma corresponds to Lemma 12. It can be straightforwardly extended to satisfy
the additional conditions of Lemma 13.
Proof. By (113), the matrix P(T¢) is strictly diagonally dominant for sufficiently large T
and small € (choosing first 7" and then €). Hence, it is invertible (e.g., Horn and Johnson
(2013), Theorem 6.1.10). Let gr. = P~H(T, €)fr.

It remains to show max,,crr(ry | fr (m) — gre (m)| < eF(T). For this, it suffices to show

lim lim  min P Y(T,e);; =1and lim lim max r; (P '(T,¢)) =0. (114)
T—o0 e—04ie{l,...,|M(T)|} T—o0 e=04e{l,...,|M(T)|}

Note that

lim lim max lim lim !

P YT, e),:| <
T—ooe—0 1 XJ: ‘ ( ’ 6) J} T T—oo0e—0 min; (P(T7 €>i,i - TZ(P(TJ 6)))

— 1, (115)

where the first line is the Ahlberg—Nilson—Varah bound (Varah, 1975), and the second line
follows by (113). Since P(T,e)P~!(T,e) = I, we have > . P(T,¢);;P~*(T,¢);; = 1, and
therefore

P(T, E)Z'7,L'P71(T, e)i,i + T (P(T, 6)) r; (Pil(T, E)) 2 1
By (113) and (115), r; (P(T,¢€))r; (P~*(T,€)) < 1 for sufficiently large T" and small ¢. Hence,

1—7r; (P(T,€))r; (P~YT,¢))
P(T,€);

P YT, €);; > >1—r; (P(T,e))r; (P (T,¢)). (116)
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Therefore,

ri (P7Y(T,e)) = Z{P—l(T,e)m\—P—l

VAN

Z{P (T,€)ij| =1+ 7 (P(T,€))r; (P~H(T,¢)) .

By (115), for every ¢ > 0, there exist 7' € N and a function € : N — R, such that, for all T >
T,e<e(T),andi € {1,...,|M (T)|}, we have r; (P~Y(T,€)) < r; (P(T,€))r; (P~1(T,¢€))+e.
By (113), this implies limy .o lim._omax;r; (P~}(T,¢)) = 0. Given this, (116) implies

hmT—»oo hmeg,o mini P_l(T, e)i,i =1 =

D Reduction Lemma

As with perfect monitoring, we simplify conditions (10)—(13). Fix Tj (which determines 7).
Define A", and hﬂfi’l as with perfect monitoring. We show that the following four conditions
on strategies o (z;) and reward functions w7} (x_l, I 1), and 7% (z_;, hT;|€) imply

(10)-(13):22

1. [Reward Bound]

, T 2
max |7} (:L‘ o h hoi 1)’ < (") : (117)
T_i, h‘Tll hH;LZ 1 2
7 (x_;, R e
lim max I ~ )| =0 (118)
e—0 SC—i,hT; PI“(Z = Z)

2. [Incentive Compatibility] There exists € > 0 such that, for alle < ¢ and all x € {G, B}",

22To clarify the role of imperfect monitoring, we make explicit the dependence of 7}* (a:_,-, h?:“ |e) on €.

As we will see, o (z;) and 7} (33_7, nr

—q

hLi) do not depend on e.
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for each hf_l € Hi(z_;),*

o7 (v;) € g max Bw ) | STy () 4 (BT RS ) i (B ) B
teUr, T(main(l))
3. [Promise Keeping] There exists € > 0 such that, for all € < € and all z € {G, B}",
(% G - 25* S ]. * / . *
() —E7® S ai(a) +m (a,; Y, hlﬁyl) + 7 (2, W75 |e) [hi

% T*
vi(B) +2e" > teUL, T(main(l))

4. [Self-Generation] For all z_;, hT, and h" ",

sign(x;_1)m; (x_i,hqf'i,h]iif) > —2e*T™.

Lemma 29 Suppose that, for all T > 0, there exist Ty > T, strategies (o} (1)), ,. in the
T* (Ty)-period repeated game and reward functions <7T:< (x_i,hqf;,hﬂfi“)) oo, and
i,@_g,h b

there exist 0 < 1 and € > 0 such that v € E(J,q) for all § > 6 and all e-perfect monitoring

—1i

€)),. nr such that [Reward Bound]-[Self-Generation] are satisfied. Then

structures q with € < €.

Proof. We describe how to modify the proofs of Lemmas 14-17 to prove Lemma 29. In

” means “there exist T € N and a

what follows, “for sufficiently large Ty and small e, ...
function € : N — R, such that, for all Ty > T and € < € (Tg), ...".

Long Communication Phase for Player i

In the long communication phase for player ¢, each player j # i sends her history (z;, h]T)
via basic communication. By (109),

lim limPr ((z;,h] )(n) = (z;,h] ) for all j,n # i)

To—o00 €—0

= Jim 1-N?log, {(2 |A|2)2T*] exp(—22Tp) = 1. (119)

Z3Recall that we define H;(z_;) as the set of histories that happen with a positive probability given
(oi,0_i(z_;)) for some o; € ©T. Note that the expectation is calculated based on the equilibrium strategy
and Bayes’ rule.
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Hence, by Lemma 28 and (118), for sufficiently large Ty and small €, there exist reward

functions (7;*(z;_1, A,

e))xH’ e such that

E [l{zzi}ﬁf*(wi—hh?j* €) hT*] = mr (:L'_i,h:f:
T (T, h?jf 5)}

1.
max Pr(z =) <

€),

) T
l7xi717hi,1

Fix any K > max{2* 1}. By Lemma 27, there exist reward functions (, (Pn-1)) s

such that, in the long communication phase, the sum of player n’s instantaneous utilities
and the reward 7, (h,_1) is maximized by following the protocol and is independent of

the messages ((z;, th*)) Moreover, by (112), the addition of 7, (h,_1) does not affect

J#
equilibrium payoffs when T — oc.
Hence, by the same proof as for Lemma 14, for sufficiently large T, and small ¢, it

suffices to consider the repeated game until the end of final communication phase to cancel

e).

discounting, allowing reward functions of the form 7}* (z_;, h”;
Final Communication Phase to Cancel Discounting
For sufficiently large T and small €, the conclusion of Lemma 14 holds. The proof is the

same, replacing Lemma 8 with Lemma 27 and replacing Lemma 12 with Lemma 28,

Final Communication Phase to Share Information from Non-Main Phases

For sufficiently large Ty and small €, the conclusion of Lemma 15 holds. The proof is
the same, replacing Lemma 8 with Lemma 27, recalling that Lemma 9 holds as written, and
replacing Lemma 12 with Lemma 28 (in addition, the variable s;_; constructed in the proof
must now be set to 0 when player i — 1 plays MIX, as well as when she plays JAM).

Final Communication Phase to Share Information from Main Phases

For sufficiently large T and small ¢, the conclusion of Lemma 16 holds. The proof is the
same, replacing Lemma 12 with Lemma 28 (again setting s;_; = 0 when player i — 1 plays

MIX). Note that, as is clear from the proof of Lemma 10, players other than the initial sender

have strict incentives to follow the equilibrium strategy with perfect monitoring, which will

be kept in almost perfect monitoring. In addition, the initial sender is indifferent between

any messages, when players —i communicate to construct 7.

Finally, given Lemma 16, the conclusion of Lemma 17 holds by the same argument. m
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E Reward Functions and Equilibrium Verification

—1) 'Y=

To complete the proof of Theorem 2, it remains to construct reward functions 7} (x,i, R Bl 1)

and 7} (z_;, hT}|€) that satisfy [Reward Bound]-[Self-Generation)].

¢)
With perfect monitoring, recall that 77 <x_i, hT, hIET) denotes the reward function follow-

ing the jamming coordination phase, and 7; (x,i, n", hﬂji*) = qrindiff <x,i, hjam> 472 (:E,,-, hT, th’[1>

E.1 Construction of 7} (x_i, hr hLiZ.‘1> and m* (z_;, ']

—1

denotes the total reward function. Define 7 (a:,i, nT, h]]f[l) by modifying 77 <a:,i, BT pli- 1)

—19 'Y—4

by setting Qi(hfgl’main)) = E if any player other than 7 plays MIX prior to main phase [ (or if

any of the conditions for Hi(hfl(-l’main)) = F from the perfect monitoring proof are satisfied).

To construct 7} (z_;, h%;|€), we first formalize the observation that players attribute
monitoring errors to randomization by jamming players. Fix i € I. By (110), with positive
probability (; = jam Vj # i at the end of the jamming coordination phase. Conditional on
this event, every opposing action sequence for rest of the block arises with positive probability
(independent of € and §). Hence, for any history h!", we have

lim Pr ({w;; = augye Vi € I,t € T} A ) = 1. (120)

e—0

Given (120), conditional on each x_;, if player i observes a history that would not be in
H;(z_;) with perfect monitoring, she believes that a jamming player played MIX—and hence
Qi(hfgl’main)) = F, so any continuation strategy is optimal—with probability converging to 1
as € — 0. As the equilibrium strategy is optimal under perfect monitoring with reward func-
tion 7, (x_i, R, hz‘l) , this implies the equilibrium strategy is almost-optimal under almost-

perfect monitoring with reward function 7} <x_i, I h]]f[1>: for each =_; € {G,B}" ",
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history h} "', and a; € supp (o7 (z;) (L, hi ")), there exists €] " (h{™", a;) > 0 such that**

maxE 1,0~ [ZuZ a )+ m; (m_z,ha,h i 1) | as, = ai]

g4

ai,04

—maXE 75 . [Zuz a‘r +7T (x_“h'gl’”hlz 1) ‘ht ! y At _aZ]

> _Ef_i<h§ 1vai)

and

. Tr—; —
lim max g, "(h 1 a;) = 0.
=0 wfi,hffl,aiesupp(ﬂ;* (ffz')(ﬂai,hfl))

Since (a_;,w_;) statistically identifies (a;, w;) for sufficiently small € > 0, by a standard ap-

plication of the theorem of the alternative there exists a reward function ( monitor (-, h',) )L'_ y

such that, for t = T*, for each z_; € {G, B} !, history !}, and a; € supp (o7 (z;) (Li, Bi7Y)),

we have
T*
i } : g it t t—1
max E(Ul o~ [ Uy aT + 7T <JI_17 h —1) h i 1) T ﬂ-mom . (‘r—iu hfz) |hz y Ait = ai]
o
‘ =1
, i 2 : T Li—1 it t t—1 ~
- maXE 7 [ Ug aT + 7T (l’_“ h—z? h i > + 7'['?}0111 . (x—i7 h—z) |hz y At = ai]
a;i,04
> 0
and

lim max }ﬂmomtor ( Rt )! =0
e—0 4 'ht 1 T, -t ’
—1 —_

Similarly, by backward induction, there exist reward functions ( monitor (a:_i, ht_i)) VLl T} it

such that, for each t € {1,...,T*},2_; € {G, B} ', history h* ™', and a; € supp (o7 (z;) (Li, Bi7Y)),

24Recall that player i’s belief about (IL_;, h_;) does not depend on L; conditional on (z_;, hi™1).
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we have

!/ p—
max B(77%-0) [E i (ar) + 7 (w i 1) > menter (w oy, hT,) B 17ai,t:ai]
g

T>t
R 1 it t—1 ~
—g}&;}_{E 7i0” [E u; (a;) + 7} (a:_z, s j )—1— E T o x_i,hT_i) |h; ,ai’t:ai]
o >t
> 0
and
lim max E |memter (z_; ht)| = 0. (121)
e—0g_; ht
M=
Now define

*% T*

Z ﬂ_momtor :L,_i7 ht—z) ‘ (122)

Since adding 7" (z_i, h™;) does not affect incentives after period 7+ 1 (i.e., it is sunk),
[Incentive Compatibility] with reward function 7} (:U,,, I 1) + 75 (w_y, KT} |€) follows:
For each hi™' € H;(z_;),

of (x;) (L, A1) € argmaXE 50 [Z u; (a;) + 7 (x_z,ha,h_Z ) + 7 (g, bY€) |hf_1]

g4

(123)

E.2 Verification of [Reward Bound]—[Self-Generation]

We have already verified [Incentive Compatibility]. Equation (118) follows immediately from
(121) and (122).

For equation (117) and [Self-Generation], note that the perfect-monitoring reward func-
tion 7; (m_i, hﬂ-, Ri- 1) satisfies these conditions for large enough T}, and 7; (x_z, hT/ h o 1)
and 7} <ZL‘_i, hT, h_’ 1) differ only if some player other than 7 played MIX, in which case
o (:U_Z, I 1) equals the perfect-monitoring reward with 6;(h="""") = E. Hence,
T <:c,i, nT, h_2’1> also satisfies (117) and [Self-Generation| for large enough Tg.

For [Promise Keeping], note that, conditional on the event that no player plays JAM or

MIX, the ex ante distribution of play paths under almost-perfect monitoring converges to
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that under perfect monitoring as ¢ — 0. Since m; <x,i, n";, hﬂfgl) and 7 (:c,i, hT, hﬂfi’l>

coincide conditional on this event and 7}* (x_z-, h3+1|e) — 0 as € — 0, equilibrium payoffs
conditional on this event also coincide as ¢ — 0. Moreover, since each player plays JAM or
MIX with probability at most (7 0)79 in each sub-interval (or main phase), the probability
that no player plays JAM or MIX converges to 1 as ¢ — 0. Finally, given Ty, payoffs
are continuous in €, since all reward functions except 7} (x_i, hfz+1|e) are bounded and

independent of €, and (118) holds. Hence, [Promise Keeping] holds for sufficiently large Tp

and small e.
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Supplementary Appendix 2: Non-Pairwise Matching

This appendix proves Theorem 3, which extends the folk theorem to non-pairwise match-
ing. Recall the definitions of “symmetric stage games” and “random player-roles” from the

text.

Theorem 3 With non-pairwise matching and either symmetric stage games or random

player-roles, for all v € int (F*), there exists 6 < 1 such that v € E (§) for all § > 0.

F Identifiability

As with pairwise matching, if players —i successfully aggregate their information (including
the sizes of their groups and, if applicable, their roles), they can perfectly identify player ¢’s

action and observation.

Lemma 30 There exists a function ¢ : A_; x Q_; — A; x Q; such that, if (a;,w;);c; is

feasible, then ¢ (a_;,w_;) = (a;,w;).

Proof. Let w;(a) = |{j € u(¢) : a; = a}| be the number of player i’s opponents who take
action a. We must show how to identify four objects on the basis of (a_;,w_;): (i) the size
of i’s group, n* (7), (ii) i’s action, a;, (iii) for symmetric games, the number of i’s opponents
taking each action, (w; (a)),c -, and (iv) for asymmetric games (i.e., random player-
roles), i’s role, i* (i), and the actions taken by i’s opponents, (ai*(j))j@(i).

The argument for (i) and (ii) is the same for symmetric and asymmetric games. For (i),
for each n* € {2,..., M}, let —i(n*) denote the set of players j # i with n*(j) = n*. Note
that, if |—i(n*)| /n* € N for each n* € {2,..., M}, then n*(i) = 1. Otherwise, there is a
unique number n* € {2, ..., M} with |—i(n*)| /n* ¢ N. In this case, n*(i) = n*.

For the rest of the proof, let n* = n* (7).

For (ii), consider those players j € I with n*(j) = n* who only observe only the same
action as they themselves play: that is, players j such that n* (j) = n* and wj(a;) = n* — 1.

Clearly, the number of such players (including 7 herself) must be a multiple of n*. Hence, if
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there exists a € A such that the number of players in —i(n*) with a; = a@ and w;(a) = n* —1
is not a multiple of n*, then a; = a.
Otherwise, there exists a # a; such that w; (a) > 0. Hence, w; (a;) < n* — 1. Since an

action of a player in a size-n* group is observed by n* — 1 players,

(n* =1 x|{jel:n*(j)=n"Naj=a}|= Y  wia) VacAn7.
jeln*(j)=n*
Therefore, since w; (a;) < n* — 1, for @ = a; we have
(=D x[{jel\{}:n()=n"Nna;=a}|< > wia),
JENi}n* (j)=n"
and for each a # a; we have
(=) x[{jel\{}:n"()=n"Na;=a}| > D wia)
jen{i},n*(j)=n*

Thus, a; is perfectly identified from (a_;, w_;).
For (iii), given that a; (and hence the complete action profile a) is identified from

(a_;,w—;), for each a € A[n*], we have

wila)=n"—1)x|{jel:n"(j)=n"Na; =a}| — Z wj(a).
jel\{i},n*(j)=n*

For (iv), identifying player i’s role on the basis of her opponents’ roles is trivial: i* (i) is
the unique role ¢* such that |{j # ¢ : *(j) = i*}|/n* & N. Moreover, the observation of each
player j € —i (n*) defines a mapping g; : {1,...,n*} — Aj[n*] x - - x A,«[n*], where g; (n) is

the action of the player in role n in j’s match. Note that, for any such mapping g,
{jel:n*(j)=n"Ng; =g}

is a multiple of n*. Hence, g; is perfectly identified from (gj)j i In turn, a; = g; (¢*) for

each role 7* in the match including ;. m
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G Communication Protocols

Recalling that |A;«[n*]| > 2 for each i* and n*, fix two distinct actions in each action set
Ai[n*], and with slight abuse of notation label them a” and a'. In the specification of each
communication protocol, we replace w;; = a® with w;;(a®) = n*(j) — 1, replace w;; = a'

with w;,(a') > 1, and replace w;; & {a°, a'} with w;;(a) > 1 for some a & {a°, a'}.

G.1 Basic, Secure, and Verified Protocols

Given this modification, the basic, secure, and verified protocols are the same as with pairwise

matching. Inequality (1) holds as written. We now prove the counterpart of Lemma 3:

Lemma 31 There exists € > 0 such that, for any player j # i with Liam\ {j} # 0 and any

2T [logy| M;|]
1

sequence of observations (w;),_ that arises with positive probability when players —j

follow the secure protocol, one of the following two conditions holds:

1. For all (aj7t)t2ﬂlog2‘M"H, we have
, 1
Pr (ALLREG| (@, wj7t)£1“°g2|Mzﬂ> < T%exp <—Z€T) .
2. The following two conditions hold:
(a) For all (aj,t)?zlﬂogQ'MiH, we have

Pr (i (7') € {ms, 0} V' ¢ {i,} | (a0, 052 ALLREG)

> 1— N [log, |M;|]exp (—&'T).
(b) If a;, = a® for allt € {1,...,2T [log, |M;|]}, then

Pr (m: (') = mi ¥7' & {0, 7} | (050,050 212" ALLREG)

> 1— N [log, |M;|]exp (—&'T).
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The only difference between this lemma and Lemma 3 is it may be necessary to take &
smaller than &, the lower bound for the matching probability. Given Lemma 31, Lemmas
5-6 hold as written with & in place of 2.

Proof. Given € > 0, take & > 0 sufficiently small such that & (1 —4logé) < (1 — &) and
&' < (2% — &). (This also implies & < 2.)

If wj(a') > 2 for some t, or if w;s(a') > 1 in both half-intervals of some interval, then

ALLREG cannot have occurred, so Condition 1 holds. Assuming such observations do not

arise, we have two cases:

1. Suppose that there is some half-interval S where i plays a' in which n}(j) > 3 in at

most 7" periods and w;(a') = 1 in at least (1 — 2%) T periods. Then

t=

L \2TTloga M| -
br <<a1’t’w3’t> ! sl JAMS) S 2T <pz~,j +pjf,j>7 (1 — iy —pj/,j)( o
Pr (a0 wi)i M s ALLREG) Pis L—pi;

where « is the number of periods in which n;(j) = 2 and w,;(a') = 1, and p;; is
the conditional probability that players i and j match given n;(j) = 2. By the same

argument as in the proof of Lemma 3, we have

t=1

Pr (<aj,t, wj) 2 os Ml | g j’JAMS)

: 1
> #lexp (—E (1—-¢) T)
Pr (a0 w50) =M 5| ALLREG) 4

t

= exp (éT log (8) + 15 (1-¢8) T>

1
> exp (Z‘%T) .

Arguing again as in the proof of Lemma 3, this implies Condition 1.

=~

2. Suppose that, for every half-interval where ¢ plays a', either n}(j) > 3 in at least T

periods or w;,(a') =1 in at most (1 — &%) T periods. Fix a half-interval.

If nf(j) > 3 in at least 7" periods in the half-interval, consider two sub-cases:

(a) If w;s(a') = 1 in at least 2T periods then, given ALLREG, player j believes

that she matched with ¢ and another player in at least £2T periods. For any
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n € I\ {i,j}, the probability that player n is not a part of the group including
¢ and j is exp (—EéQT) by the same calculation as Lemma 2. Since € < g, player
j therefore believes that each player in I\ {i,j} matched with player i at least
once with probability no less than 1 — N exp (—53T )

(b) If w;,(a') = 1 in at most 2T periods, player j believes that each other player
matched with player ¢ in at least one of the remaining (é — 52) T periods with

probability no less than 1 — N exp (—é (?: — 52) T) >1— Nexp (—§4T).

If instead nj(j) > 3 in at most €7 periods and w;,(a') = 1 in at most (1 —2&%)T
periods, then player j believes that each other player matched with player ¢ at least
once in the remaining (2% — &) T’ periods at least once with probability no less than
1—Nexp(—¢(E*—2)T)>1- Nexp (—&'T).

Therefore, in every case, player j believes that each other player matched with player
1 at least once with probability no less than 1 — N exp (—§4T ) Since this holds for

every half-interval where i plays a', Condition 2 holds as in the proof of Lemma 3.

G.2 Jamming Coordination Protocol

We must modify the jamming coordination protocol. We want it to be the case that, if
(; (hi) = reg, then with positive probability ;(h;) = jam Vj # i. Suppose we specified that,
as in the pairwise matching construction, (;(h;) = jam if and only if player j observes at
during the jamming coordination protocol. The problem is that, if player ¢ is always matches
in groups of size N or N — 1, plays a # a', and observes w;(a') = 0, then she realizes that
¢ j(hj) = reg with probability 1. To address this issue, we repeat the jamming coordination
protocol T' times, and if this problematic event occurs too often we set ¢, (h;) = jam even if

i has not observed a'.

Jamming Coordination Protocol with Parameter 7'

e In each period ¢ € {1, ..., T}, each player i plays a' with probability 72 and play each
a # a* with probability %.
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Given a protocol history h;, we define (;(h;) = jam if (i) w;(a') > 1 for some ¢ €
{1,...,T} or (ii) [{t:n(i) > N -1} >T — N.

As with pairwise matching, let
Py(h;) = Pr (Cj(hj) = jam Vj # 7’|h'z) :

For every protocol history h;, either (;(h;) = jam or (25) holds. To see why, note that
¢;(h;) = reg implies |{t:n’(i) < N —2}| > N. Hence, we may denote by T/ a set of
N periods with [{t : nj(i) < N —2}|. Recalling that each partition of the population into
groups of size < M occurs with probability at least €, the following event has probability at
least ENT—*N=2): (1) n¥(j) > 2 for all j € T\ {i, ,(i)} and t € TI™, (ii) Ui (1\ (7)) =
I\{i}, and (iii) a;, = a' for all j € T\ {i U y,(7)} and t € TP*™. Conditional on this event,

(;(hj) = jam Vj # i with probability 1. Hence, (25) holds.

H Communication Modules

For the basic communication module, Lemma 8 holds as written. The only required modifi-

cation to the proof is that the definitions of 7, (h,,—1) and 7; (h;—;) must be changed to
2K1n*n— =2Nwn—1¢(a’)=
) = 3
2" Pr(u(n—1) - {n])

+ ) L (n-)=2rwn1(a)=1} (1 = 077) (@t (2°) — @ (a'))
Pr(a(n—1) = {n}) |

8" M L e im1) 214 (at)=1y (T (@) — @ (%))

1
2 Pl = 1) = (71 |

+]—{n* (i—1):2ﬂmax{wi,17t(ao),wiflyt(al)}zl}Qﬂ

i (hic1) =

thus conditioning on the event that player n — 1 (or ¢ — 1) matches in a 2-player group.
The analysis of the secure and verified modules is unchanged. In particular, Lemmas 9
and 10 hold as written.
For the jamming coordination module, Lemma 11 holds as written, except that now 7"

must be defined for ¢ € {1,..., T} rather than {1,2} (a similar change is required in (39)).
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The required modifications to the proof are (i) HY must be defined as the set of protocol
histories such that w;;(a') = 0 for all ¢ and |[{t:nj(i) > N —1}| < T — N, and (ii) the

construction of Wi‘ftdiﬁ by backwards induction must begin at period ¢ = T' rather than ¢ = 2.

I Block Structure and Equilibrium Conditions

In the symmetric stage game case, replace the target actions a(x) with a target map-
ping from n* (i) to A[n*(i)]. In the asymmetric (random player-roles) case, replace a(x)
with a mapping from (n*(i),i*(7)) to A;;)[n*(7)]. Given this modification, the definition of
(Vi (Ti1))ier 0, eromy € R?Y and the target mappings—which we denote (& (7)) ¢ (g py¥—18
unchanged. Note that, since F'* is defined with the same punishment strategy for all play-
ers, the punishment strategy @™ is defined independently of the index of the player being
punished.

The calendar time structure of a block is also unchanged, except that the cardinality of
the set of signals 2 is larger. Since it is still finite (and independent of Tj), (16)—(18) still
hold.

Both the reward adjustment lemmas (Lemmas 12 and 13) and the equilibrium conditions

and subsequent reduction lemmas (Lemmas 4 and 14-17) hold as written.

J Strategies, Reward Functions, and Verification
Equilibrium strategies are unchanged, except for the following modifications:

1. The jamming coordination protocol is modified as described above.

2. In main phases, if i ¢ I? (h<(l’mam)), player ¢ follows the target mapping a (x (4)); if

=~ min

icIP (h<(l’mam)), player ¢ follows the mapping &/™" in every period.

By Lemma 30, (hﬂ, th’[1> perfectly identifies <h}r/, h]i””). Hence, we may construct
reward functions exactly as in the pairwise matching case.
Finally, in verifying the equilibrium conditions (in particular, in the proof of Lemma 20),

we must check that Pr (Ijam = @) still converges to 0 as Ty — co. This is straightforward:
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First, since the jamming coordination phase takes T} periods, the probability that any player
plays a' is at most NTp/ (T0)2 — 0. Second, recalling that each partition into groups of size
< M occurs with positive probability, the probability that [{t:n;(i) > N —1}| > To — N

for any player i converges to 0 by the law of large numbers.
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Supplementary Appendix 3: Non-1.I.D. Matching

This appendix proves Theorem 4, which extends the folk theorem to non-i.i.d. matching.

Recall the definition of F* and the required full-rank assumptions on the matrices P and Q).

Theorem 4 With non-i.i.d. matching, for all v € int (F*), there exists 0 < 1 such that
v € E(6) for all § > 4.

We actually use a stronger solution concept, which we call ex post sequential equilibrium
(XSE). In this appendix, an XSE is a sequential equilibrium in which sequential rationality
is satisfied conditional on each possible realization of the initial match p,: that is, for each
player i, history h!™', and initial match realization j,, the continuation strategy o Bt
maximizes B(77"1) [>°%, @ (ar )|y, hi™']. Note that, while sequential rationality is imposed
ex post with respect to p, the requirement that an XSE is a sequential equilibrium implies
that players’ beliefs must be limits of conditional probabilities resulting from completely
mixed strategy profiles in which players condition only on their own information hl ' =
(air,wi,)' =4 and not on uy. Let E(uy,d) be the set of ex post sequential equilibrium payoffs
with initial match p,. We prove the stronger result that Theorem 4 holds with F (§) replaced
by E (py,9), for any p,.

We must also show that F' := lims_ F (p4q,0) is well-defined, independent of y,, where
F(py,0) is the feasible payoff set with initial match p; and discount factor §. Recall also
that F™* (14,0) is the set of payoffs attainable by the infinite repetition of a strategy in the

k-period finitely repeated game with initial match p, and discount factor ¢.

Proposition 1 For all matches py, i1y, we have lims_q F(py,d) = lim, o lims_; F* (1}, ).
In particular, F = lims_1 F'(py,0) = lim, o limg 1 F'* (1, 9) is well-defined, independent

of piy-

We postpone the proof of this proposition until the end of the appendix.
The proof of Theorem 4 follows the same logic as the i.i.d. case. It is structured as follows:
Section K summarizes relevant properties of Markov chains and describes how players can

identify a match. Section L presents the communication protocols. All communication
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protocols need some modification. In particular, we add periods of communication to “cancel
out” the effect of the initial match. Section M contains the analysis of the communication
modules. Except for the basic communication module, this is very similar to the i.i.d.
case. Section N describes the block belief-free structure, where continuation payoffs are
independent of the initial match. In Sections O and P, we modify the reward adjustment
and reduction lemmas. Finally, we construct the reward function and verify the equilibrium

conditions in Section Q.

K Facts about Markov Chains

We start with two lemmas showing that the effect of the initial match vanishes exponentially
with ¢t. Let aj., € (AN )N denote an infinite sequence of action profiles, where a; is played
in period t. Let Pr(4,]/q,a;1.;) denote the probability that the period t match is u, given

initial match p; and action sequence aj ;.

Lemma 32 For anya;.« € (AN)N andt € N, we havemax,, 7, >, [P (1|11, a14) — Pr (gl fig, ars)| <
(1—2)".

Proof. Fixing ai.c, Pre (p]1t,_1) = Pr (1glai—1, 11,_y) is a (time-dependent) Markov process
with Pr; (ut| ut_l) > ¢ for each p, pt,_,. The result now follows from Theorem 4.9 of Seneta
(2006). m

Similarly, let Pr? (p,|1,) denote the probability that the period ¢ match is y, given initial
match j; and strategy profile o.

Lemma 33 Fiz x € N and a strategy o® in the k-period finitely repeated game. Let o denote

the strategy in the infinitely repeated game that results from repeating o*. Then we have

max Y, [Pr (uly) — Pr* ()] < (1—2)L5] (124)

HisHq
In particular, there is a unique stationary distribution of p under strategy o.

Proof. The proof of (124) is the same as Lemma 32, viewing the repeated game as a

repetition of k-period blocks. The existence of a stationary distribution follows from a fixed
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point theorem, and uniqueness follows from (124). =
Lemma 1 holds as it stands, so identification of actions is the same as with i.i.d. matching.
We now consider identification of the initial match p,. Consider the following finite sequence

of action profiles:

1. Each player takes ag in every period t =1, ..., 7.

2. For the next N (N — 1) /2 periods, players play * to identify pp,,: in each period
t=T+1,..,T + N (N —1) /2, players in the pair C;_r (the (t — T)"™ element of C)

take a' and others take a°.

Suppose players —i communicate the history profile h_; in each of these T+ N (N — 1) /2
periods. By Lemma 1, h_; perfectly identifies h; (and thus y¢c). Since P has full row rank
and @ has full rank, by the Sylvester rank inequality, yc statistically identifies p: that is,
QT P is invertible. Since (QTP)_1 = P~1(Q™Y)", there exists M such that, for each T, we
have

|@p)7|| < mm. (125)

Note also that Lemma 2 holds as it stands.

L Communication Protocols

Given S € N, let Pr (+|uy,a}*¥,a”;) be the distribution of yig,; when the initial match is
1y, player i takes al® € A9 from period 1 to S, and players —i always take a’,. Let
pij (1, al%,a%;) = >, Pr (ptlpey, al®,a;) p; j(p) be the probability that ¢ and j match in
period S + 1 given p,. Fix Sy € N sufficiently large such that Sy > N (N —1) /2,

(1 —g)NW= o (126)

’

DO | —

0

_rL’7

and for each iaj?jlﬂﬂbuhail:SO?a

. . 1
’logpi,j (lala ag.so’ a(i) - logpi,j (Mla GJ:-SO, a(lz)| S 55 (127)
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and

Ppi,j (;ul’a::so 7a(ii)+pi’j’ (:ul 70'3:507040,7;)

1 a ) . i, (/_‘L [hat's "—1 _ 1 : < L—
og pi,j(ﬂhaisoﬂgi) 0) pi,j(uuaisova‘)_i) < {6€
17pij (ﬂl’al O’agi)_pz}j’(ﬂlva;:SOva(li) . 1—p; j (Uhag:so#l(li)_pi,j/ (M,ag:soﬂ(li) 1=
'l 1=pij (ﬁl,a3=50’a9i) log 1-pi (H:L,a;:so,a(li) S 16°
(128)

The existence of such Sy follows from Lemma 32.

L.1 Basic Communication Protocol

Given S; > Sy, we replace each period of the basic communication protocol with the following
set of T = (Sg4+ 1+ N (N —1)/2+2(S; +1)S;N*(N — 1)) periods, which we refer to as a
unit of basic communication:?

For the first Sy periods, players take a°; and then in the (Sy + 1)th period, players take
actions as in the basic communication protocol with i.i.d. matching. Intuitively, players
take a® for Sy periods so that, by Lemma 32, the effect of ;; on the distribution of Hsyr1 1S
bounded by (1 —2)® (i.e., “the effect of the initial match is cancelled”).

In the next N(N — 1)/2 periods, players play ¢* to statistically identify pg ;. Let 7(¢)

denote the (Sy +t 4+ 1)™ period counting from the beginning of the unit (i.e., the ¢

period
within these N (NN —1)/2 periods), with ¢t =1, ..., N(N —1)/2. In period 7(t), players in pair
C; take a' and others take a°. Let C denote this set of N(N — 1)/2 periods.

For each player to identify yg ,, players communicate their histories for the set of periods
C. Specifically, we view the remaining 2(.5;+1)S; N?(N —1) periods as N(N—1)/2 repetitions
of 4N (S; + 1)S;-period cycles. In the t'" cycle, players in C; communicate wr () as follows:

The t cycle is viewed as 2N repetitions of 2(S; + 1)S;-period “subunit.” Intuitively,
each player n € I sends w,, ;) twice, once in each subunit. (We explain why players send

messages twice when presenting the corresponding module.)

In particular, for each t = 1,..., N(N — 1)/2, the t'® cycle proceeds as follows:?

1. For each n =1,..., N, player n sends w, ;) as follows:

25 As in the main text, “play action a in period t” is to read as unconditional on a player’s past actions
and observations.

26 To make the following the strategy sequentially rational, we will subsequently slightly modify the off-path
behavior. See in Section M.1.
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(a) Repeat the following (S; + 1)-period sequence S; times: Players take a’ for S
periods. In the (S 4+ 1)™ period, player n takes a' if wy, ;) = a*, and takes a°

otherwise. Other players take a°.

(b) Then, repeat the following (S; + 1)-period sequence S; times: Players take a® for
Sy periods. In the (S; 4+ 1)™ period, player n takes a® if w, ;) = a', and takes a°

otherwise. Other players take a°.

Call this set of 2(S; + 1)S; periods the “(¢,n,1)-subunit.” Let S;(¢,n,1) be the set of
(S1 + 1)*™ periods in which player n sends the message. Let S;(t,7n,1,1) denote the
first Sy periods of S;(t,n, 1), and let S;(¢,n, 1,2) denote the second S; periods.

2. For each n = 1,..., N, repeat the (¢,n,1)-subunit. Call the set of 2(S; + 1)S; periods
in which the (¢,n,1) subunit is repeated the “(t,n,2)-subunit.” Let S;(t,n,2) be the
set of (S; + 1) periods in which player n sends the message. Define S;(¢,n,2,1) and
S1(t,m,2,2) analogously.

(The reader may wonder why we need to both cancel the effect of the initial match
and identify the match. The former makes the effect of the initial match on player ¢’s
continuation payoff exponentially small. However, since we need to make player ¢ exactly

indifferent between o;(G) and o;(B), we still need to identify the match.)

Inference of the message m;: Inferences of m; are as in the i.i.d. matching case, except
that players use only their observation in the (Sy + 1)th period of each unit. By (127) and

Lemma 2, we have
Pr(m; (j) =m; Vj) > 1 — N [log, |M;|] exp (—ET) . (129)

Moreover, if player ¢ follows the basic communication protocol to send message m;, every
player j # i plays a° in all the (Sp + 1)th periods of each unit, and some player j # i infers

a message m; (j) € M;, then m; (j) = m,.

Inference of player n’s message w,, +(y): Inferences of w, -(;) are determined by the second

subunit in each cycle: each player n' # n infers w, -)(n') = a' (vespectively, wy, - (n') = a°)
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if she observes a' at least once in S;(¢,n,2,1) (resp., Si(t,n,2,2)) and observes only a°
in Si(t,n,2,2) (resp., Si(t,n,2,1)). Let wy, 4 (n') = 0 if player n’ always observes a® in

Si(t,n,2). Let wyr4)(n) = Wnr()-

Identification of g, in each unit: By Sy > Sy, (126), and Lemma 2, we have
Pr (wn,T(t) (n) = W@y Yn,n' € It € CJ|h%, u50+1) >1— N3N —1)exp(—&S1),

where jug ., is the realized match in the (Sp + 1)™ period of the unit. Let S; be the set
of all (S; + 1) periods of a subunit, and let 5! be player n’s history in S;. Then, A
statistically identifies h* for each g, for sufficiently large S; and h® statistically identifies
s, +1- Hence, the
N/2-1
[T (N—2k—1)x H> (130)

k=0

matrix P51 with (NSO 1 hil) element Pr (hil \1ts, +1) has full row rank.

L.2 Secure Communication Protocol

We change the secure communication protocol as follows:

1. For the first N (N — 1) /2 periods, players identify j,: In each periodt =1,..., N (N — 1) /2,

players play *. Again, let C denote this set of N (N — 1) /2 periods.

2. In the next N2 (N —1)Sy/2 periods, players send messages to learn (ay,w;) in C.2
We view this set of N? (N — 1) Sp/2 periods as N(N — 1)/2 repetitions of NSy-period

cycles. The t'" cycle consists of N repetitions of Sy-period subunits. In the ;' subunit

of the t'™ cycle (the “(t,j)-subunit”), player j takes a; = w;; and other players take
0

a’.

3. From period N (N — 1) (14 NSpy)/2+ 1 on, players communicate via the (i.i.d. match-

ing) secure communication protocol, where each period of the protocol is replaced with

2TThis is similar to but simpler than the basic communication protocol since, as mentioned after (30), we
can rely on future information aggregation via the basic communication protocol after the secure communi-
cation protocol is played.
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the following set of (Sy + 1) periods, which we refer to as a unit of secure commu-
nication: for the first Sy periods, players (including the jamming players) take a’; in

the (S + 1)th period, players take actions as in the secure communication protocol.

The secure communication protocol with message set M; now takes N (N — 1) (14+NSp)/2
+2(So + 1) T [log, | M;|] periods. Note that, for sufficiently large T, the length is approxi-
mately the same as in the i.i.d. case:?® for any € > 0,

LN (N = 1) (L4 NS)/2 +2 (S0 + 1) T [logy [M]
oo Mlog, ML T+

— 0. (131)

The history from period N(N —1)/2+ 1 to N(N —1)/2 + N?(N — 1)S,/2 statistically
identifies the history in the first N(N — 1)/2 periods (the rank condition follows from (126)
and Horn and Johnson (2013), Theorem 6.1.10). Since the history in the first N(N —1)/2
periods statistically identifies y, in total the history from period N(N —1)/2+1 to N(N —
1)/2 + N%(N — 1)Sy/2 statistically identifies j,: the

N/2-1

TT (N = 2k = 1) x (H,) V70902 (132)

. . — 2 _ _ 2 _
matrix with (,ul, (an,t,wn,t)i\i(]]vv(zvl)—/ﬁ?ﬁl(]v 1)50/2> element Pr ((an,t, wn,t)gjjy(]vl)_/ﬁ/rﬁlw 1)SO/2|/$1>

has full row rank.
The inference of the messages is the same as in the i.i.d. case, except that players use
only their observation in the (Sy + 1)™ period of each unit. Since the consecutive Sy periods

of a° make the match in the (Sy + 1)™ period of each unit almost i.i.d., we have:

Lemma 34 Let 7" = N (N — 1) (1 4+ NSp)/2 4+ 2(So + 1) T [log, | M;|] be the length of the
protocol. For any player j # it with Iiam\ {j} # 0 and any sequence of observations (wj,t)tT:ll
that arises with positive probability when players —j follow the secure protocol, one of the

following two conditions holds: For & := %,

28 As will be seen, although |M;| can depend on T, |M;| is bounded by a polynominal function of 7. Hence,
(131) holds.
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1. For all (aj7t)tT:/1, we have

, |
Pr (ALLREG| (aj,t,wj,t)le) < T9exp (—ZéT) .

2. The following two conditions hold:

(a) For all (aj,t)tT:ll, we have

Pr <mi (7)) € {mi,0} Vj' & {i, j} | (a0 wie)" ,ALLREG)

> 1— N [log, | M;|]exp (—&'T).
(b) If player j follows the protocol, then

Pr <mi (') = mi Vi’ & {i. 5} | (agrwin) T ,ALLREG)

> 1— N [log, |M;|]exp (—&*T) .

Proof. For each unit of communication, each pair (n,n’) is matched in the (Sp+ 1)™

period with probability p, (p4, ai™ a®,

of the unit. For each p,fi;, the bounds (127) and (128) hold for the difference between

), where (i, is the realized match in the first period

D/ (,ul, a}:SO, a‘li) and py, (,&1, a}zso, a(lz-). Hence, in the proof of Lemma 3, we can replace

Di,jtp;r ; 1—p; =D ; .
log ==2—2 and log —=~—% with
Pij 1=pij

1:So 0 1:So 0
. Dij (Ml?aj a&—j) +pj’,j (ﬂl?aj 7a—j)
min log TS o > -z and
1:5, .. .
pysa; 0 Dij (Hhaj ’a—j)
1:So .0 1:So 0 1=
. ] 1 — Dij (:ulvaj 7a—j) — Dy (#17aj aa'—j) > 1- 55
i 08 1 - 1:So 0 = 1z
H1,05 — DPij (:ulv a; a—j) 2

The rest of the proof is unchanged. =

L.3 Verified Communication Protocol

We change the verified communication protocol as follows: the message round stays the

same, and we replace each period of checking rounds with the following N (N —1) /2 +
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’—log TKHW + 1-period unit. As will be seen in the module, we will take K such that the
premise of the verified communication module is satisfied with magnitude TX.

In the 7" unit of the checking round,
1. For the first N (N — 1) /2 periods, players identify p by playing 7*.
2. For the next [log T572] periods, players play a® to cancel the effect of the initial match.

3. In the last period, players communicate as in the 7" period in the i.i.d. case.
In total, the verified communication protocol now takes
F(|M;|, K, T) = 2 [logy |M;|] + 2N [logy A*MosMiIT) (N (N — 1) /2 + [log T* "] +1) T
periods. For sufficiently large T', the length is approximately the same as in the i.i.d. case:

for any ¢ > 0 and K € N, we have

1o T (M, T)TF

The inference of the messages is the same as with i.i.d. matching, except that players
use only their observations in the N (N — 1) /24 [log T%*2] 4+ 1'" period of each unit in the

checking round.

We modify the definition of susp;(%;) by letting susp,(h;) = 1if (i) j € I and m; (j) = 0 or
(ii) player j observes w;; # a°, where t is in the 7' period of a unit with 7 € {N (N — 1) /2+
1,...N (N —1) /2 + [logTX*]} where players take a’.

As will be seen, players conduct private mixture and their continuation play and rewards
depend on its realization. Hence, it will be useful to introduce notions of “extended protocol
history” in addition to the protocol history. Again let T be the set of periods comprising

a protocol. For an arbitrary collection of random variables (ijt) with x;, € {0, 1} for

teT
each t € T, an extended protocol history for player j is a vector h; = (Xj,t> ajt,wWjt)ter. The

random variables (Xj,t) et will encode different information in different periods, but in all
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cases X, will encode the result of a randomization performed by player j in period ¢, and
the cardinality is bounded by 2V. Since these randomizations are independent across players

conditional on protocol history profiles (hj)j <> We have
Pr(h_;1b;) = Pr(b_;|hy;) Vi, b, b, hy.

That is, when calculating probabilities conditional on a player’s extended protocol history,
it suffices to condition on the protocol history only. Denote the sets of protocol extended

protocol histories by $);, as opposed to the set of protocol histories H;.

For 0, (h_;,() € {R, E}, the following properties are needed to generalize the proof of

Lemmas 5-6:

1. If some player j # j’ fails to match with player j’ in a half-interval where player j’
takes a', then 6; (h_;,(,j') = E.

2. For each j' # j, the distribution of 6, (h_;, (,j’) is independent of player j"’s message

given player j’s equilibrium strategy.

3. For j' = j, the probability of 0;(h_;,¢,j') = E is maximized when player j' follows

07/, and this maximized probability is independent of her history in the message round.

Note that Properties 2 and 3 would not be satisfied if we defined 6, (h_;,¢, ') in the
same way as in the i.i.d. case, since players can influence the distribution of future matches.
To satisfy Properties 2 and 3, we thus introduce a new variable w;, which we use to cancel
out this effect.

Intuitively, for player j # j' and unit 7, suppose player j — 1 knew p at the beginning
of the unit. Even if player j observes w; = a! when player j' sends a message in the 7
unit, player j — 1 sometimes constructs 6; (h_;,¢,j’) as if player j did not observe a' (that
is, player j — 1 constructs @; = a° and calculates 6; (h_;, (, j') as if player j observed @;). If
player j observes w; = a°, then @; = a° for sure. We specify the probability of @; = a° given
p and a; = a', so that, for each y, the conditional probability of @; = a° is independent of

w, given that aj = a'. This makes the distribution of 6; (h_;, ¢, ;') independent of u, and
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if player j is not matched with the sender, we have 0; (h_;,(, ;') = E since w; = a” implies
@; = a°. Since player j — 1 can identify p from the first N(N — 1) periods, we can achieve
this statistical property even though player j — 1 does not directly observe .

Formally, for player j # j' and 7 = 1,...,2 [log, A*M°&2lMill] " player j — 1 calculates

@i, € {a® a'} from h_j, ¢ as follows:

o If j € Tjam, there is a player in Zj,, \ {7} who takes JAM, or player j" takes a;/; 4 n(N—1)/2+ [log TK+2]41 7

a' (that is, player j' does not take a' to send a message), then @;;, = a°.

e Otherwise, the definition of W;,; depends on player j’s signal w;; | N(N—1)/2+[log TE+2]+1

(as identified from h_;):

_ 0 -~ 0
— fwjs  Nv-1)/24N0g TR +2)41 = a°, then w;, = a”.

— w4t N(N=1)/2+[log TE+2]41 = a', then player j — 1 draws a private randomization
Xj-14, € [0,1] from Uniform [0, 1]. Given the history profile h'f;rl:tﬁN(N*l)/Q and

tr+1t,+N(N—1) /2)
—J

Xj 14, player j —1sets @, =a’if x; ,, < X(h and @;, = a'

tr+ 1t +N(N=1)/2

otherwise, where X (h”,

) is a function specified below.

For each j # j' and 7, we encode the realized @;,, € {a°,a'} as X;_ 1, n(N-1)/2+ [log TK+2] 41-

We construct @;,, to ensure that (i) given the equilibrium strategy in periods ¢, +1, ...,
t; + N(N —1)/2 + [log T5*2], the distribution of @;,, is independent of 11, .+, (ii) player j
cannot manipulate the distribution of @;, by deviating in periods ¢, +1, ..., t,+ N(N —1)/2,

cee . 0 . . ~ _ .
and (iil) wj, + N(v—_1)/24[log TK+2]41 = @’ implies @;; = 0:

Lemma 35 There exists T € N such that, for eachT > T, K €N, j' € I, and j # j', there
exists X(ht_T;_lth-i_N(N_l)/2) c [O, 1] such that, Zf we deﬁne a)j,tr given X(ht:;'_l:tf-‘rN(N—l)/Q) as

above, then @;,, satisfies the following properties: For each a; € {a° a'},

~ 0 —x 0 0\ jes 0
1. Pr(@j, = a’|py, 41,0%,@% ay,a’ ) is independent of p, 1. Here, a

ers take a® from period t. + N(N —1)/2+1 to t, + N(N — 1)/2 + [log T**?], and
(ajr,a’ ;) is the action profile in period t, + N(N —1)/2 + [log TH*+2]| +1.

means that play-
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2. For each i, _,y, By " witht € {t. +1,....t, + N(N —1)/2}, 0}, and a; € A, we have

~ 0 —x 0 0
Pr(@js, = a®lpy, 41,0%,@% ajr,a? ) _ 1
TK+1"

(134)

~ 0 t—1 —x 0 0
—Pr(@js, = a’|py 41, by 505,07 ;,a% aj,a’ ;)

Here, we assume that player j follows o; until period t. + N(N — 1)/2, takes a® from
tr+ N(N—1)/2+1 tot, + N(N —1)/2 + [log THK*+?] + 1.

0

3. Ifj € Ijam and REG]‘/7_]‘ hOldS, then wj,tT+N(N—1)/2+[logTK+2l+1 =a implies (I)j7t7' =0.

Proof. The third claim follows from the definition specified above. Moreover, given

t7+1;t,+N(N_1)/2)

(jr 4, N(N-1)/2+[log TK+2] 41 7 @', we have 0, = a”. Hence, we are left to specify X (h”;

to satisfy the first two claims given a; ; 4 n(n—1)/2+ [log TE+2]41 = al.
Given p, ., 0%, and a°, player j — 1 calculates the probability that player j observes a°

when player j’ sends the message:

Pl s1) = Pr(py s nov—1y 2 ogricr2131 (3) 7 ' |40, 57,2%)

In addition, player j — 1 also calculates the largest probability with respect to p; ,,: ¢ :=
max,, ., Py, 1) Fix ¢ € (¢, 1) arbitrarily.

Let hC be the history profile in periods ¢, + 1, ...,t, + N(N — 1)/2 identified from h_;. If
h® is an on-path history, then h® statistically identifies 1. Hence, there exist p(h®) such

that
q — p(h®)

—% 0 _é_ﬁ(ﬂt7+1)
mmuﬂﬁﬁ =T =

E —
1- P(Mtfﬂ)

for each on-path hC. For off-path hC, pick an on-path AC arbitrarily and define

We define X(ht-rflzt-r+N(N71)/2) _ 4 —p(h
=J

————=, that is, player ;7 — 1 draws a private ran-
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domization Y;, € [0, 1] from Uniform [0, 1], and if

q— p(h®)

iy, < — L 135
X],tT -1 _p(h(c) ( )
then player j defines @;,. = a”. Otherwise, ©;;, = a'.
We first verify that the right-hand side of (135) lies in [0, 1] for sufficiently large T":
g —p(h°)
0,1]. 136
s e (136)

Since players take a’ from period ¢, + N(N —1)/2+1 to t, + N(N —1)/2+ [log T5+?], we

have
—x 50
Z Pr (MtT+N(N—1)/2+|'10gTK+2]+1‘:utf—&-l? 0,a )
ma}ic
1% T s J— / P~ 0
R vy [log 7K 42] 11 | T ET (e, (1) /21 g T 21 11 104, 41, 5, 2°)
_ 1 TK+2
< (1-g)ler (137)

as in Lemma 33. Since & < p(p,. 1) < 1 — & by the full-support assumption and

1>q¢>q:= maXﬁ(NtTH) > ﬁ(:utf+1)>

Hir41

we have

A

max q— Zz(NtTJrl) 4 _13 :utTJrl) _ : (138)
Hir+1 1- P(Mt,ﬂ) 1- p(:utf—l—l) €

Cj—ﬁ(ﬂtTH) {QA_Q (?_1

= N S |77 ="

1 — p(p, 41) l=q 1~

Given (125), we have (136), as desired.
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We now verify the claims of the lemma. Given j & Zj.m and REGj _;, for each p; .4,

~ 0 _x 0 1 0
Pr (@0, = a®|py, y,0%, 2% aj,a’;)

= Pr (:U’tT—‘rN(N—l)/Z—f—]'logTK+2]+1(j> # j/|MtT+17 o, ao)
g —p(h°)
1 —

+Pr (b vv_1) 24 g +21 41 () = 51, 11,7, @%) Pr (f(j,tT < Wﬂ%fﬂa o ao)

= ﬁ(NtTH) + (1 - ﬁ(/ﬁtﬂtl))

Hence, Claim 1 holds.

For Claim 2, since players take a® from period ¢, + N(N —1)/2+1tot, + N(N —1)/2+
[log T5+2], it suffices to show that

~  _ 0|}C 0,1 .0
Pl"(wj,tT =a’lh st 4 N(N=1)/2+1: & ,aquLj/)
max

Wttty en vy 20 B B vy e | = Pr(@;, = a®[BC, iy n(v—1y241, 8% @i, a2 )
1
By definition, we have
Pr (@j,tr = ao‘h‘(ca /’LtT+N(N—1)/2+17 ao7 CL}/, Cl,(ij/)
= Pr(pnov_n)yosnogrrr2131 () 7# 5y nv—1)241,@")
+Fr (:U’tT—&—N(N—l)/Z—e—]'logTK+21+1(.7) =J |Nt7+N(N—1)/2+17a ) 1— p(h%) (139)

By Lemma 33, the effect of p1, | y(n_1y/2 18 canceled out exponentially:

max Pr (MtT+N(N—1)/2+[1ogTK+2]+1(j) = j/|:U’tT+N(N—1)/2+17 aO)

n e B _ N ]
tr - N(N—1)/2+ 1Mt + N(N—1)/2+1 Pr (Mt7—+N(Nfl)/2+(10gTK+2]+1 (]) = |MtT+N(N71)/2+1va )

< (1-@)

Moreover, by (125) and (138), we have

R ~ . _\log TEK+2
Q= plp)  G—ph®)|  2M (13"
1- ﬁ(ﬁbtf-kl) 1- p(hc) €




In total, the range of (139) with respect to p1; 4 n(y—_1)/2+1 and R is bounded by 2 (M + 1)
(1-— E)IOgTKH /2, as desired. m
Similarly, when player j’ sends a message, given a;; € {a° a'}, player j' — 1 calculates

@, € {a® a'} for each j # j' such that

Jitr
~J’ 0 ~% 0 0 ; 0 11 3q s
L. Pr(wj, =a’|p, 1,0%,@% ay,a’ ) with ay € {a”,a'} is independent of p; ;.

2. For each 1, 4, h;,_l witht e {t; +1,....,t, + N(N —1)/2}, 0, and a;, we have

~i' 0 =% 0 0
Pr(@f, = a’|p, +1,0%,2% aj,a’ ;) 1

Jt
~3' To t—1 _x 0 0 < TK+1"
_PI"(Wj,tT =a |Mt7+17 hj’ 04,0 4, @& 7@j'7@_j/)

3. If j' € Tjam and REGj _j holds, then w;; | n(v_1)/2+[log 7K +2]41 = a® implies ‘Dg,ltf = 0.

. . ~ 5!
Again, for each 7, we encode the realized (&}, )iz 88 Xjr—1.4, 4 N(N-1)/2+ [log TK+2]+1-

For the j'-checking phase, for each unit, we construct @, for j # j’ and (‘:’g:tT)j#"
Then, we define 6; (h_;,(,j'). First, a deviation from a® will induce 0; (h_;,¢,j") = R:
For each j € I, if player j takes a;; # a°, where t is in the 7™ period of a unit with
Te{N(N-1)/2+1,..,N(N—1)/2 + [logT**']} where players take a°, we define
6;(h_;,(,j") = R for each j' € I.

Otherwise, we define 6; (h_;, ¢, j') = E with @, replacing w;, for player j and (@;lt) it

replacing (w;);.; for player j': for j, ;' € I, we define 0, (h_;,(, j') = E if and only if one
or more of the following three conditions holds:
L. ¢; = jam.

2. There exists n € Ziam \ {J,j'} who plays JAM in some half-interval.

3. [Condition FAIL] j # j', and there exists a half-interval in T (j') such that, with S
being the set of (N(N —1)/2+ [log T5*2] +1)" period of each unit of the half-interval,
there exists n # j' such that player j' plays a' throughout S but @,,, = a” for all ¢ € S.

4. [Condition FAILj’] j = j', player j' followed o7 in T (j'), but there exist a half-interval
in T (5') such that, with S being the set of (N(N —1)/2 + [log T**2] 4 1)™ period of
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each unit of the half-interval, there exists n # j’ such that player j’ plays a' throughout

S but @ﬁ;t =a’ for all t € S.

Lemma 35 guarantees Properties 1-3, given that players take (6*,a") in the first N(N —
1)/2 + [log T5*2] periods of each unit.

Lemma 5 hold as it stands, except that in Claim 1 we require that player j follows (*,a°)
in the first N(N — 1)/2 + [log T%*2] periods of each unit.

Lemma 6 holds as it stands for the following reasons: (i) By definition of susp,, (k)
and 0; (h_;,¢,7"), if player j deviates from a°, then 6, (h_;,{) = R and susp,(h,) = 1
for some n # j. Otherwise, (ii) Property 1 holds, and if there exists player j* # j and
n # j' such that player n is not matched with player ;' in some half-interval when player
J' takes a', then 0; (h_;,¢,j") = F, and otherwise either player n infers player j”’s message

correctly or susp, (h,) = 1. (iii) In addition, given that she takes a’, (134) implies that

0 0

Pr(@;,, = |y, 41,05,0%;,a% a5,a° ;) € (0,1) for each p, ,;,0;. Hence, by the same
proof as Lemma 2, the probability of FAIL is of order exp(—T7'). Hence, the probability of
6, (h_;,¢) = E remains bounded by T5.

Finally, Lemma 7 holds given that player j follows (5*,a°) in the first N(N —1)/2 +
ﬂog Tk HW periods of each unit, and £ replaced with

P ~ _ 1 —*x 0 1 0
emr}nPr(wn’tT =a |y, 1,0%,a%a,,a”) > 0.

Note that we replace € with £ as in Lemma 34, and then we multiply the probability of
Wpy, = a' given ajl-, since this is the lower bound of the probability that player n observes

@p. = a' conditional on that players j/ and n match.

L.4 Jamming Coordination Protocol
We change the jamming coordination protocol as follows:
e For the first N (N — 1) /2 periods, players play * to identify f,.
e For the next 2 periods, each player i plays a' with probability (%)2 and plays a # a*

(1)’

|Al-1 -~

with probability
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Given a protocol history h;, we define (;(h;) = jam as in the i.i.d. case. Inequality (25)
holds as it stands.

M Communication Modules

M.1 Basic Communication Module

For each player n € I, payoff functions in the module again take the form

> 6" iy, (ag) + T (hnet) + w (g h) - (140)

teT

Note that the continuation payoff now depends on p;, ;. We say w satisfies the premise with

magnitude K if max,, -7 ‘w (u, h) — w(f, iz)‘ < K.

Sets of periods: Recall that S; is the set of all (S} + 1) periods of a subunit; for t € C,
Silt,n,l] withn € I and [ € {1,2} is the subset of S; where player n sends w, () for the I*!
time; and S, [t,n, [, k] with k € {1,2} is the first or second half of S;[t,n,[]. Let S[a’] be the
set of the first Sy periods of the unit and the first S; periods of each (S; + 1)-period cycle,
where all players take a regardless of the history or m,;. For the rest of this subsection, we

use t only for ¢t € C.

We wish to construct off-path strategies and beliefs (and corresponding tremble se-
quences) and rewards 7, (h,_1) so that players will follow the prescribed strategy for any
history, initial match p,, message m;, and w,, satisfying the premise. The most difficult part
is establishing incentives to truthfully communicate wy, ().

First, let player n — 1 punish player n if she observes w,, 1 € {a° a'} in any period, or
if w, 14 # a® in any period in S[a’]. This incentivizes players to take a € {a’ a'} in any
period and take a” in S[a°]. Since players take a® for S} periods in between sending messages
in S;, for large S players ignore the effect of their actions in S; on the match realization
in the next period in S;. Hence, different matches in S; are almost independent. Moreover,
since players —n’s continuation play in S; does not depend on their observations in Sy, player

n ignores the effect of her action in S; on others’ continuation play. Second, for S [t,n’, 1] or
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Si[t,n’,2] with n’ # n (i.e., when player n is a receiver), let player n — 1 incentivize player
n to take a® by rewarding her when w,,_; ; = a°.

We now describe how to incentivize players to truthfully communicate w,, -(). The idea is
to use other players’ reports w_, -(;) to punish player n for inconsistent reports. However, if
players only reported w,, ;) once, it would be difficult to specify off-path play after a player
deviates when she is a receiver. In particular, what player n should do depends on her belief
about other players’ inference of w_,, -(+), and after she deviates this belief may depend on
her belief about the initial match ;.

By having players report twice, we can make players report truthfully in S;[t,n, 1] even
after they deviate when receivers, by having them believe that everyone will report truthfully
in (S1[t,7,2])n2n. In turn, we construct m, so that reporting truthfully in S[t,n’,2] is
optimal for a sender who reported truthfully in S;[¢,n,1]. Finally, we construct trembles
such that senders tremble much less than receivers in S;[t,n’, 1], so it is always consistent
for player n to believe that each player n’ reported truthfully in S;[t,n’, 1], and hence will

do so again in S;[t,n’, 2].

Off-path play: We modify o' after off-path histories to construct strategy o). That
is, we recursively define player n’s strategy ™ as follows (where, if n # i, 6™ = G/

‘v’mi, m; € Mz)
1. For S[a°] periods, player n takes a°.

2. In the (Sp + 1)™ period, player n # i takes a® and player i takes a € {a°, a'} corre-

sponding to m;.

3. For period 7(t) with ¢ € C, player n follows &}, ,. Here, we define w,, ;) € {w,m(t)7 ao}
to be player n’s “interpretation” of wy, -(1), where W, r(1) = Wn +¢1) if Wy rr) € {a®, a'} and
W7ty = a® otherwise. Similarly, let ap, -1y = @) if @nr@) € {0, a'} and a,, ) = a°

otherwise. As will be seen, after player n observes (or takes) an off-path play of a # a°,

she “ignores” this deviation and proceeds as if she observed (or took, respectively) a®.

4. For each t € C and s € Si[t,j,1], players —j take a” and player j takes aj, =

mg

J

07", (hje—1) (here, on equilibrium path, player j’s equilibrium action depends
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only on wj ). 05"

f A (hjt—1) means that player j follows the equilibrium strategy

given the above signal re-interpretation w, ;) after each hj;;_1).

5. Foreacht € C and s € S[t, j, 2], players —j take a®. Player j “repeats” her action from
the first subunit: For s € Sy[t, j,2, 1], if player j took a' at least once in S;t, 7,1, 1],
she takes a'; otherwise, she takes a’. For s € Si[t, j,2,2], if player j took a! at least

once in Si[t, j,1,2], she takes a'; otherwise, she takes a°.

Trembles: Intuitively, we will construct a tremble sequence such that (i) trembles from
equilibrium action a' to a & {a°, a'} are least likely and (ii) trembles from equilibrium action
a® to a &€ {a° a'} are second least likely. Given the definition of 5™, other players proceed
after trembling to {a° a'} as if they took a°. Given (i), (ii), and the fact that w = a is
observed with positive probability in every period, in turn, a player who observes w ¢ {a°, a'}

proceeds as if she observed w = a°

, as prescribed by o7'.

For trembles from a° to a! in S[a’], since other players proceed after they tremble in S[a’]
as if they took a°, a player who observes w # a° in S[a’] in turn proceeds as if she observed
a®.

Now, consider a history in which w, s = a° for each s € S[a°] and w, ; € {a° a'} for
each s. For each t € C, we specify that (iii) players tremble less in 7(¢) than in S;[¢, j,1],
for each j € I and [ € {1,2}; (iv) in Sy[t, j, 1], players —j tremble more than player j, and
(v) trembles are history-independent. Given (iii), player n believes that players follow 7} in
period 7(t) with ¢t € C. Given (iv), in S;[t, j, 1], if player n observes an off-path play of a! in
S1[t, 7, 1], she believes her current opponent satisfy p, (n) # j and trembled from a° to a'.

Given (v), she also believes that, in all other matches, players observe on-path actions.

Formally, we define the tremble sequence (57", 5% ,)? , as follows:

—1

k
n, = a', player n trembles to a & {a°, a'} with probability k=" .

1. Given o}
2. Given 6™, = a°, player n trembles to a & {a°, a'} with probability k"

3. In S[a’] (where 67|, = a° for each hy,), player n trembles to a' with probability &**

(given that type 2 trembles do not occur).
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4. In periods S; + 1 and C, player n trembles uniformly over {a° a'} with probability
k" (given that type 1 and 2 trembles do not occur).

5. In s € Sy[t,7,1], player n # j (who takes a° after any history) trembles to a®' with
probability k*; and player j trembles uniformly over {a°, a'} with probability k"
(given that type 1 and 2 trembles do not occur).

6. In s € S[t, j, 2], each player trembles uniformly over {a°, a'} with probability k! (given
that type 1 and 2 trembles do not occur).

Player n’s belief: Given the tremble sequence, let 3, denote the corresponding limit
belief as & — oo. For each history, 3, satisfies the following properties: For any h,, at the
end of the unit (hence, by the law of iterated expectation, the following holds after any

history within the unit),

1. Since there always exists a player who takes a®, given Trembles 1 and 2, player n after

observing wy, s & {a°, a'} believes that 6" [n, ., = a’ but 11,(n) took a = wi.

2. For period 7(t) with ¢ € C, if w,, ;) € {a’, a'}, player n believes that players —n took
G* .0 since (i) any wy - € {a% a'} can arise given 6*,, (ii) trembles in S; are much
more likely than trembles in C, and (iii) strategies and trembles in S[a°] are history-
independent. Again, if w, . & {a” a'}, then player n believes that only s, (i)

trembled from a° to wy, ().

3. For period s € Si[t, j, 1], suppose player n knew (a1, Wr()). Since a7" (k') depends
only on (d-(),w-)) and the matching has full support, player n can determine which

observations w,, s are probability-0 event given &, (h'™1).

If she observes on-path wy, ;(;), then she believes all players follow ¢, since (i) trembles
are history-independent, and (ii) players tremble more often in S;[t, 7, 2] than S;[t, j, 1]
(hence, player n does not update her belief about period-s history from inconsistent

signals in S;[t, 7,2]). In addition, for player n = j, we have

B(p,(n) =n'|h,) > 1/&% for each n’ € I\ {j,n} (141)
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since, given ., (n) and p, , (n), by the full-support assumption, any p (n) arises

with probability at least 1/22.

If she observes off-path w,, s, then since (i) trembles are history-independent, (ii) players
tremble more often in S;[t, 7, 2] than S;[t, j, 1], and (iii) players —j tremble more than
player j, she believes that

B (ug(n) = n'|h,) > 1/&2 for each n’ € I'\ {j,n},
B (ps(n) = jlhy) = 0, and
player p,(n) is the only player who trembled.

Since trembles are more likely in S;[t, 7, 1] and S;[¢, j, 2] than in C, without knowing

(Gr(t), Wr(r)), Player j after each history believes (141); and players n # j believe

player j and players — (n, ug (n)) followed ™. (142)

Lemma 36 For each K, there exist & < 1, Si, and K such that, for each i € I, M;, T,
and w satisfying the premise for communication with magnitude K, there exists a family of

functions (7Tn cHT — ]R)nel such that the following holds:

1. For each € [5, 1], with payoff functions (140), the basic communication protocol is a
XSE.?

2. For eachn € I, B[ 0" "y, (as) + Tn (hn_1) |11y, m;] does not depend on i, m;.

3. For each n € I, we have

7 (1) — 700 (ﬁn_l)) < KIT].

max
hn—1 7hn71

Note that we now need a large discount factor, since players spend many periods can-

celling the effect of the initial match.

29Gee the beginning of this supplemental appendix for the definition of XSE. Here, we require that the
equilibrium is sequentially rational conditional on p; and m;.
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unit

wit which maps player n — 1’s history in one unit to

Proof. We prove that there exists 7
R such that, for each unit and each match realization p, at the beginning of the unit, the
following four conditions are satisfied: (In what follows, for a given unit, we say ;" equals
59 or 5! if 3™ specifies a® or a' in the (Sy + 1) period, respectively. We say player i follows

the equilibrium strategy if she takes 6% or 7}.)

s

1. Foreachn € I, m;, and hS~!, player n’s deviation from the equilibrium strategy reduces

her payoff by at least K compared to her equilibrium payoff

E

Z 58/_1a" (as) + ﬂ-ruznit (hjn*1> |M17 my, hfml] . (143)

s’ unit

2. For each n # i, (143) does not depend on i, given h:~! = (). Moreover, the difference

I Z 8", (a,) + W;lznit (hn—1) |11, 5? — B

s:unait

Z 55_1ﬂn (as) + ﬂ_znit (hn—l) |:u17 0-11]

s:unit
does not depend on the calendar time at the beginning of the unit.
3. For i and each m;, (143) does not depend on m; or u; given he~! = ().

4. For each n € I, we have

max |7 (B, q) — wonit <fzn_1>) < K.
hnflahnfl

Given Conditions 2 and 3, the continuation payoff from the next unit is independent of
1. Moreover, in the basic communication module, since the sender takes Y and &; with

the same frequency, player n € [ is indifferent between player 7 sending any message. Hence,

unit

unit is sufficient for the current lemma.

the existence of such 7

unit
n

Ky, Ky, K3, K4, K5, Kg > 2{1,max, e |u(a,a’)|} and S;. Then we fix the constants to

Let us now construct = We first define the reward functions given constants
satisfy the above conditions. For n =1,...,6, let K., = K; x --- X K,.
For each period s, we add —S1 K161, , 40,41} For periods S[a’] where all players take

a®, we add — 3 191K1:61 4w, a0} tO incentivize a’. In addition to those rewards, we

s€S[a
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define the per-period reward as follows:

In period s € Si[t,n',l] with n’ # n, | € {1,2}, and t € C, we define 7,5 (hy,—1) =

K51y, , ,—q0) to incentivize al.

We consider player n’s reward for S;[t,n,l]. Recall that, in the protocol, we defined
player n — 1’s inference of player n’s message in S;[t,n,2] as follows: w, ,)(n —1) = a' if

player n — 1 observes a! at least once in S;[t,n,2,1] and observes a° in all S;[t, n, 2, 2]; and

wn ot (n—1) = a® if player n — 1 observes a' at least once in S;[t,n,2, 2] and observes a° in

all S4[t,n,2,1] periods. In all the other cases, wy - (n — 1) = 0.
If wjr 75)(n — 1) = 0 for some j* € I\ {n, j}, then let w} ,(n —1) = 0. In other cases,

let w_p 1 (n—1) € {a®, a*}¥~1. Given the equilibrium strategy a_, ., let w* . (n —1) €

n,7(t)
{a®, a'} be the signal such that, given w_, ;) (n— 1) and a_,, ;@), we identify (a, ), Wnr ),

and let w:‘L’T(t)(n — 1) = Wnr@)-

In period s € Sy[t,n, 1,1], let

K51y, — n if w* n—1)=al,
s (hog) = 4 ottty W (n=1) 144)
K1¢31{wn—1,s:a0} if w (n - 1) = a°.

n,7(t)

Unless players —n deviate or some pair does not match, player n observes w,, - = a' and

takes a' in period s if and only if w* nn—1)= a'. Similarly, in period s € S[t,n, 1,2, let

\T

K314, _qoy if w* n—1)=al,
s () = 4 Tttty (= 1) (145)
Kislg, \—ay ifw? o (n—1)=ad"

n,7(t)

In period s € S[t,n,2,1] with [ € {1,2}, let w,_1[t,n,l] = a' if player n — 1 observes at
least once in S;[t,n, 1,1]; and let w,_1[t,n, ] = a® otherwise.

0. Since players take a® for S,

Let Pr(-|a’) be the stationary distribution of x given a
periods, the match distribution in S; is close to Pr(-|a’). Let ug, ~ Pr denote the event that

matches in S; are always drawn from Pr(-|a’).
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Given this definition of ug ~ Pr, let

B2 (L, 1=ty — Pr(pg(n) = n — 1pg, ~ Pr)) if w,a[t,n, 1] = a’,

Ko (Lgw,_y a0y — 1) if w, 1[t,n, 1] = aP.
(146)

Tn,s (hn—l) -

Note that if player n followed the equilibrium strategy in S;[¢, n, 1] and matched with n — 1
at least once in S;[t, n, 1], then in Si[t, n, 2], player n’s expected payoff is 0 if she follows the
equilibrium strategy and at most —£K7.o otherwise.

For period s that is the (So+¢+1)™ period of the unit, if player n—1 knew (a_p s, W_n.s),
she could identify a, ;) and define

» 0 if a, () is the equilibrium action,
Tn,s (afn,sa wfn,s) =9 U, (as) -
K4 otherwise.

Let hil_[tl’fnz] be player n— 1’s history in (S;[t, 7/, 2]),s2n, where players —n send the message

for the first time. Since

- 1
Pr(a—n,s(n - 1)7w—n,s(n - 1)|a—n,87w—n,s> {MSl ~ PI‘}) Z 5
given (126), there exists
Tn.s (hil_[tl’_ngv € [—4K1.4, 4K 4] (147)

such that

E [531% (@) + . (hgl[tfmﬂ) | {/LS N ﬁ} as] _ 0 if a, -(;) is the equilibrium action,
7 ' —Ki.4 otherwise.

(148)

(The rank condition again follows from Horn and Johnson (2013), Theorem 6.1.10). We add
Tns (hil_[tfn’m> as the reward in period s that is the (Sy + ¢ + 1) period of the unit.

In the (S + 1)th period of the unit, let w,, (,us 415 mi) be the continuation payoff from the

next period (within the unit). Since the equilibrium strategy in the continuation play is in-

dependent of m; or history up to (Sp + 1)t‘h period, we can write w,, (;LS+1) =Wy, (Ms+1> mi).
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Suppose player n — 1 knew p, and p ;. Then, the following reward would make player n

indifferent between player i taking a® and a': Let

T[logy M;1T
a5 = 1{the current unit is in the first half of an interval} X (1 -0 [log, Mi] )

be the effect of discounting when player 7 takes a! in the first half of the interval, rather than

the second half. Given

Kilg, \ —a%) N L1 o=t} (U (2°) — @i, (@1))
pn—l,n (,U/S) pn—l,i (/’LS)

Vo 1e=at}® 0 0y (g
() (@) — (@),

Tn,s (:U’s7 Hst1s Ws,n71> = _wTL(:U’s—&-l) + vn 7é (2

Tis (M, Wsiim1) = —w; (Hsﬂ) +

the same proof as Lemma 8 ensures that there exist 7% and 7, such that, for each u, and

n € I, we have

) [65*1’&” (as) + Tsm (:us? /-Lerla ws,nfl) + Wn (/'Lerl) |:us7 agi? a?:| )

3|
3o

= E [58_1@71 (aS) + Tsn (Ms? Mgyt Ws,n—l) + wy, (#erl) |Ms: agiv aﬂ .

=[
S =

0

i

Recall that by (130), polmn2] statistically identifies h*, hC statistically identifies y, and

n—1

Moreover, 70 = 7} for sender i.

. . . . . S [t,—n,2
sy given a,, and wy ,—1 identifies a; ; given p1, and a® ;. Hence, there exists Tom (ws,n_l, hnljl " ]>

0 1
such that, for each n, p,, p 1, a;s € {a°,a'}, and w; 1,

E [ﬂ-s,n <ws,n—1a hil_[?_mz]) |ﬂ57 g, a(iz', Wsn—1, /‘Ls—i-l} = Tsn (Ms? :us+17 ws,n—l) . (149)

S1[t,—n,2 .
We add 7, (wm_l, hnl_[l " ]) as a reward for period s.

It will be useful to bound the variation of 7 ,, <ws7n_1, hil_[tl’fn’ﬂ) . Since Ky > 2max, s a2 [u(a,d’)|
and as € [0, 1], there exists S such that for each §, M;, S; > S, N, and T, given (125) and

given that w,_1 s = a; s with probability at least £, we have

-n ~ 7 —n M 2K
Tsn (ws,n—l, hiﬂ? 72]) — Tsn (ws,n—lu hilj? 72]) ’ S ZT <maX |wn (M) — Wy (/J’/)| + _1) .
e
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S1 [t77n72]
n—1

S1 [t77n72]

Here, we need additional slack 2 since h o1

only statistically identifies h©. Since h
identifies h© with probability no less than 1 — N?exp (—25;), for sufficiently large S, mul-
tiplying by 2 is sufficient.

We further bound the term max,, ,/ |w, (1) — wy, (1')| as follows. In the last period of
C—period s = s + N (N — 1) /2 + 1—the continuation payoff after period 5 can be written
as wy (j15, hC), since the continuation strategy, (144), (145), and (146) are determined by h®.

For any hC, player n takes a® and a' with the same frequency in continuation play.

Moreover, given 51, the distribution of 1 for each § € S, is close to the stationary distribution

given a’: by Lemma 32, for each y,, we have
|Pr (15]115, %) — Pr (ufa”))| < (1 —2)™". (150)
In total, we have

max
w,hC,,hC

wy (1, BS) — wy (i, BC)‘ <(NQ—-28)"+1- 5T) x T x (1 + Ky.5).

Here, discounting represents the effect of players taking a° earlier rather than later in S;.
We now bound the expected reward during periods C. For each K4 and ¢ > 0, for

sufficiently large Sy and 6, for each M;, T, and s € C, (148) and (150) imply

€ [—e¢,¢] if n¢ Cy and a, , = a°,
[ 587}’” (aS) + Tn,s <Ws,n717 hilf[tl’_nz]) |mi7 /’I”T(t)i| S [_57 5] if n e Cs and an,s = a1>
<—(1—-¢)Ky4 otherwise.
(151)
In total, for each K, K, K3, K4, K4, K¢, we have
i sup e (e BT i (@ BT < 22 B (152)
S1—00,6—1 7eN,5e(0,1],M; | ’ " ’ ’ " €€

We now determine Ky, Ko, K3, K4, K5, Kg,.S; while verifying incentive compatibility.

1. There exists Kg such that, for each §, M;, T, K, K5, K3, K4, K5 and S;, each player

takes a € {a°,a'} for any s and h5~!, and takes a = a° for any s € S[a’] and h:~!. In
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the last period, this is true. Given this incentive, for s being the last period, we have
—Ki6lgw, 1 .za003 = 0, and s0 6°ty, (ar@)) + Tns (hno1) = 6°u(a® a®) if s € S[a].
Hence, in the preceding periods, players ignore these payoffs. Since other per-period
rewards are bounded by Kj.5, recursively, we establish the incentive compatibility.

Players ignore

Z _Kllﬁl{wnq,s#ao,al} + Z (55@n (a.,.(t)> — Klzﬁl{wnfl’syéao}) . (153)

s€S[aY]

In what follows, we sequentially fix K5, Ks, K3, K4, and K;. When we say “there
exists K, such that [statement]” it means that given K, ’s that have been already
fixed, there exist S and 6 < 1 such that, for each remaining K,,’s, S; > S, § > 9, M;,
and T, [statement| holds.

. There exists K5 such that, for any period s € S;[t,n/,l] with t € C, n’ # n, and

[ € {1,2}, for any history hS~!, taking a° is optimal.

The other rewards are bounded by K4 for 7 & (Si[t, 7', 1])tccn/#n,ic{1,2}- Since players
—n’s continuation play does not depend on their observations in period s, we are left
to bound the effect of changing the distribution of her match in period s + (S; + 1).
Since the per-period payoff §°a,, (as) + 7, s(h,—1) is bounded by @ + K}.5, the value at
the beginning of period s + (S + 1) is bounded by T (a + I_(1:5). Given £ > 0, since
players will take a® in S[a°] in continuation play regardless of the history, the variation
of the continuation payoff in period s + (S; + 1) with respect to a, s is bounded by
(1— E)Slf (ﬂ + [_(1:5), by Lemma 33. For large S;, the per-period reward 7, s (hy—1) =
K51, 1 ,—a% for the current period s is sufficiently large to make a° optimal after

any history hs~1.
. There exists K, such that, for each period s € Si[t,n,2,l] with [ € {1,2}, player n
follows the equilibrium strategy.

Note that player n believes that, in each 7 € S;[t, n, 1,1], (141) holds after each history.
Hence, since (i) (144), (145), and hiﬂ’_”z] do not depend on the history in S [t, n, 2, ]

and (ii) the effect of changing the future match distribution is bounded as in Case 2,
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(146) implies that it is optimal to take a' if and only if she took a' at least once in the

same cycle in S [t,n, 1,1].

. There exists K3 such that, for each period s € Si[t, n, 1], player n follows the equilib-

rium strategy.

Player n believes that (1) G_y ¢, W_pn ¢ follows B(G_p ¢, W _nt|ty, Gnt, wnye) given p,, (i)
players —n in each 7 € Si[t,n,2] will tell the truth about w_, ., (iii) player n will

follow the equilibrium strategy in Si[t,n,2], and (iv) each pair matches with each

*
n,T

other at least once, and so w;, (n — 1) = Wn 7y with probability at least (1 — E)Sl in

Si[t,n,2]. Hence, telling the truth about w, ;) maximizes (144) and (145).

Since (146) is bounded by Kj.o, hiﬂ[tfnm do not depend on the history in S;[t,n, 1],

and the effect of changing the future match distribution is bounded as in Case 2, telling

the truth about &y, ;) is optimal.

. There exists K4 such that, for each period t € C, player n follows the equilibrium

strategy.

S1 [t7,n72]

Players will follow the equilibrium strategy in S;[t, —n,2]. Hence, h,'; identifies

S1

(G_pt,W_nt) with probability at least N2 (1 — &) Therefore, the deviation costs

approximately —K7.4.

Since players —n follow o7, ;, and will tell the truth about w_,; and player n will
tell the truth about w, ;, as long as each pair is matched at least once, the expected
payoff of (144), (145), and (146) are independent of d, ;. Since all pairs match with
probability at least 2N (1 — £), for sufficiently large Ky, (151) implies that 6™ is

optimal for each hS!.

. For K, > 2, player n follows ™ in t = Sy + 1 by (149). Moreover, 72 and 7} imply
that players’ payoffs do not depend on the initial state.
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M.2 Secure Communication Module

Premise: We modify the premise as follows:

1. All players but player ¢* are indifferent about the result of the communication, and

sender ¢ satisfies ¢ # i*.
2. If ALLREG does not occur, then w; (h) = 0 for all .

3. If ALLREG occurs, then player i*’s continuation payoff depends only on m;(i* —

1) and the first N (V —1) (1 + NSp)/2-period history of player i* — 1, denoted by

h;JY&N_l)(HNSO)/z Denote this continuation payoff by w;«(m;(i*—1), h<N(N )(1+NS°)/2)_

(a) If m;(i*—1) = 0, then the continuation payoff does not depend on h; N(N D+NS0)/2,

Wi (ma(i* — 1), RN NTDAENS2) . 0 (0).

(b) Otherwise, given the same m;(i*—1), the magnitude by which the reward depends

<N(N 1)(14+NSg)/2

on h;. is small:

<N(N—1)(1+N5So)/2
max W (my, b ) —
m; EMihix _q,hix

ﬁSN(N—l)(1+NSO)/2) <1

wz‘* (ml, a*—1

(€) wi- (0) < wy(my (i — 1), hENWVDEENSI2y for all m; (i — 1) € M; and SNV DEFNS0)/2

Note that these premises imply that the continuation payoff is independent of the realized

match at the beginning of the protocol given hﬁﬂNﬁl)(HN&’)/ 2,
Reward Function: Since now player j’s reward can depend on (a_;;,w_;,;) and we can
identify (a;;,w; ) perfectly, we can define the rewards 7$** (a_;,w_;) and 7 (a_;,w_;) for

each a € A such that, conditional on any realized matching and a € A!, we have

’Ilj (a) + W;ancel (a_j,w_j) = 0, (154)
and
0 aj=a
i (a-j,w—;) (155)
-1 a;#a
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Given this definition, we add the following rewards: For the first N (N — 1) /2 peri-

ods, we add W?ancel (a_j,w_;) + W?“ (a—jt,w_j;¢), where @, is player j’s equilibrium strategy

(recall that players’ strategies are pure and independent of m; for the first N (N —1) /2

periods). Let h® be the history profile in periods C uniquely identified from h(Ej. For the

next N? (N — 1) So/2 periods, we add 75 (a_;,w_;) + W?j’t|hc (a_jt,w—ji) where G4 is
cancel

player j’s equilibrium strategy given h®. For the remaining periods, we add 5 (a_j,w_;)

for players —i* and 752! (a_;«,w_4) + 7T;-1*0 (a_,w_;~) for player i*, as in the i.i.d. matching
case.
We will show that, given this definition of the reward function, the equilibrium strategy

is a j-quasi-ex-post belief-free equilibrium:

Definition 3 A strategy profile o is a i*-quasi-ex-post belief-free equilibrium (j-QXBFE) if

(i) for each player n # i*, u,, and extended history b,, the continuation strategy o,ls, is a
best response against o_ |, _, for every u, and opposing history profile h_,,, and (i) for player
1*, there exists a sequence of families of completely mized strategy profiles ((U?”’k, " Vmie M¢>

fry, My, hix) (where B(bh_g
the limit of conditional probabilities derived from ((o'mi’k7 Uﬁj)):’ ) such that, for each u,,
=1

k=1
g, M, hix) is

and a corresponding family of belief systems [(h_;

)

mi, and hio, o

o

pi-1 08 sequentially rational given 3.

Note that players’ per-period payoff and reward are independent of the realized match:

for each j € I, (a4, a_;;), and g,

a; 0 a;j+=a,
aj (ar) + Wﬁamel (a—jp,w_js) + 7" (a_jp,w_jp) = Bt ot

=1 a5 # @y
In addition, given Lemma 34, the same proof as Lemma 9 implies that the secure commu-

nication protocol is an i*-QXBFE from period N(N — 1)(1 + NSp)/2 on. Hence, given 3(a)

and 3(b) of the premise, the expected payoff loss from deviating of 1 (due to rewards W?j’t
a_7',t|h(:
J

for the first N(N — 1)(1 + N.Sp)/2 periods.

and 7 ) is sufficient to show that the secure communication protocol is an i*-QXBFE
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M.3 Verified Communication Module

The premise is as in the i.i.d. case. In addition, assume that

max |w; (h,¢) —w; (b, ()] < TFF2. (156)
j€I7h7h/7C7CI

Suppose player j maximizes 7; (h_;, Cj) +w; (h, (), where

t+N(N—-1)/2
aO G*
T (s G) = 14 —res) D (aewo ) + 1{Cj:reg}z Y i (asr W)
tET?O tET T:t+1
1L e} > w(hey). (157)

teT(5)

Here, ']I'?O is the set of periods in which player j takes a’ regardless of the history given
¢; = reg (that is, the N (N — 1) /241" to N (N — 1) /2+ [log TK“Th period of each unit,
and the N (N — 1) /2+ [log T¥+2| +1" period in each round where player j is not a sender);

and T is the set of first periods of all the units. Moreover, define

1
. T

i (a_j1,w—;¢) if player j is supposed to take a' in *,
Tr],t (a7]7t7 wijzt) =

i (158)

a
J
a
Ty

(a_ji,w_jt) otherwise.

Finally, T (j) is the set of N (N — 1) /2 + [log T*T2] 4 1™ periods of j-checking round, and
79" (h_;) is defined as (34).

J

Definition 4 Given a prior Pr; on ((,)ner for each player j € I, we say that the verified
communication protocol is an ex post sequential equilibrium if, for each j € I and iy, oj is

sequentially rational given belief Pr;, realized match (1,, and strategy o_;.

Note that the reward function does not depend on the realized match, since (34) and
(155) hold conditional on the realized match. Given this definition of =, (h_j, ¢ j), Lemma
10 holds (with sequential equilibrium replaced with ex post sequential equilibrium). We
modify the proof in Section J.3 as follows:

Incentive from the N(N — 1)/2 4+ 1" to the N(N —1)/2 + [logT"*?| period: Each

player j € I has an incentive to take a°, since otherwise susp (h,) = 1 for some n # j and
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6; (h_;,¢) = R, which leads to the worst continuation payoff.

Incentive from the 1st to N(N — 1)/2!" periods: Given that players take a° from the
N(N —1)/2+ 1™ to the N(N —1)/2 + [log TK”Th period, the effect of player i’s strat-
egy in N(N — 1)™ period changes the distribution of 1, , n(x_1)/21 flog7x+2141 by only (1 —
£) [1og T*+2] , and changes the distribution of @, ;, and @f,lt, by zrr. Since maxy ¢y ¢ [w; (h,¢) — w; (B, ()] <
Tk +%, player j has an incentive to take ¢* given 7T]&t

Receiver’s incentives in the checking round: Given the above strategy, given that other
players have @, ;, = a' at least once in each half-interval when player j’ takes a', taking
a® maximizes the equilibrium payoff since this strategy guarantees @, ;. = a° outside of the
half-intervals in which player j’ takes a'. Hence, the proof in the i.i.d. case goes through
given the modification of Lemma 7.

Sender’s incentives in the checking round: Given the definition of (@;:tT)#j/, the prob-
ability of FAILj’ is maximized when player j* follows o7, (recall Property 3 of Section L.3).
Hence, the proof in the i.i.d. case goes through.

Initial Sender’s incentives in the message round: Given the definition of (d)g:tT)#j/, the

probability of FAILj’ is independent of her history in the message round (again follows from
Property 3). Hence, the proof in the i.i.d. case goes through.

M.4 Jamming Coordination Module

We now augment the jamming coordination protocol. The premise is as in the i.i.d. case (in

particular, the continuation payoff is independent of the realized match). As in Lemma 11,

given this premise, we construct 7} (h_;|T’) such that

N(N—1)/2+2
t=1

mindiff (b, |7)|
T6

1. limp_,o maxy, . =0.
1

2. If the premise for jamming coordination is satisfied, then the jamming coordination

protocol is a sequential equilibrium conditional on the realization of the initial match.

3. Moreover, we require that the value B[S NN =1/2+2 T (h_i| T) + w; (h|T)|py] is in-

dependent of ;.
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Suppose player i — 1 knew fiy(y_1)/241- Then, the same proof as in the i.i.d. case implies

that, given each py(y_1y/241, there exists ﬁ;ﬁdiﬂr (h—i|MN(N71)/2+1a T) such that

Z ﬁﬁdiﬁp (h—i|,UN(N71)/2+17 T) + w; (h|T)

t>N(N—1)/2+1

makes player ¢ indifferent among all actions for periods t > N(N —1)/2 + 1, and

~ indiff

. thN(N—1)/2+1 Tt (h—i|pJN(N71)/2+1a T) |

lim max 5 =0.
T—00 un(N-1)/241:N—i T

Given fiy(y_1)/241, Player i’s continuation payoff in period N(N —1)/2 + 1,

Ui(MN(N—l)/2+1) =E Z ﬁﬁdiﬂf (h—i’MN(N—l)/2+1a T) + wi<h|T)WN(N—1)/2+1 5
t>N(N—1)/2+1

can be calculated, assuming player i takes a® for the rest of the protocol (given the definition
of ﬁiﬁdiﬁ, she is indifferent among all a € A). The probability that player ¢ becomes a
jamming player (i.e., observes a! in period N(N —1)/2+ 1 or N(N — 1)/2 + 2) does not
depend on jiy(y_1)/241 since each player takes a symmetric and i.i.d. strategy in these two

periods. Since the range of w;(h|T) given (; is of order T° given the premise, we have

o 5 () vy
L T

where v, := min, v;(1).
Since we assume that hJ_VZ-(N*l)/2 identifies fiy(y_1)/241, Dy (125), for t > N(N —1)/2+1
there exists ﬂfv’tindiff (h_;|T) such that (i) conditional on players’ following the equilibrium

strategy in periods 1, ..., N(IN — 1)/2, we have

*,indiff ~ indi
E Z Tit ¢ (h—ilT) e | = Z Wi,tdﬁ (h—iWN(N—l)/2+17 T) - Uz‘(MN(N—l)/2+1) + v,
t>N(N-1)/2+1 t
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and
*,indiff
) thN(N71)/2+1 Tt (h—s|T)
lim max =0.
T—o00 h,i T6

Therefore, if we define

*,indiff
s Uy h_zT fOI‘tZNN—l 2_*_17
i _ypy = § e i) (N=1)/
Krnf, (aip,w_iy) fort < N(N —1)/2,

with

7T§‘1 (a_;4,w_;) if player i is supposed to take a' in 5%,

Wgt (a—i,t7w—i,t) = 40 )
T8 (g, w_iy) otherwise

and
(159)

Y

Ko — indiff »

r=2max Y |mE (A7)
{>N(N—1)/2+1

then we have

N(N-1)/2+2 |7Tindiff (h_i|T)‘

. t=1 it
lim max

= 0.
T—o0 h,i T6

Moreover, (159) ensures that the jamming coordination protocol is an ex post sequential
equilibrium for the first N(N — 1)/2 periods. Finally, player i’s payoff does not depend on
ty: for each py, we have

[N(N-1)/2+2

E| Y i (helT) +wihIT)

t=1

= E Z ﬁ;r}diﬁ (h*i‘:uN(Nfl)/Prla T) +wi(h|T) — vilpty(v—1)241) + Vilpg | = v,
> N(N-1)/2+1

N Block Belief-Free Structure

We impose the block belief-free equilibrium conditions ex post in p; (the match realization
in the first period), and require that v; (G), v; (B), and the reward function do not depend

on 1. Hence, now ex post belief system 3 = (/3;),.; consists of, for each player i € I, initial
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match realization p,, opposing state vector z_; € {G, B}Nﬁl, period t € {1,...,T*}, and
block history hi™' € H!™', a probability distribution 3; (+|py,z—;, hi") € A (H";'), which
satisfies Kreps-Wilson consistency.*

In addition, we allow player i’s reward function to depend on the result of player i—1’s pri-
vate mixture. That is, we consider the following conditions: Let h!"| = X1 Giee, Wi—1t ] €

HI7] be player i — 1’s extended histories with x; ; € {0,1}.

1. [Sequential Rationality] For all u,, » € {G, B} and h!™' € H!™!,

T**
ol (z;) € argmaxE(”“" i(@-4)) [Z(V Y (ay) + i (w1, b))y, b 1]

0;,€Y; 1
T=

(Recall that x;, is independent of ! conditional on h‘~!. Hence, we condition only

on player 4’s non-extended history ™ = (A7, w; T)izll.)

2. [Promise Keeping] For all y, and x € {G, B}",

* * 1 - 6 T** 1 A~ * * %
vf (zi1) = B° (=) 11— Z5t Vg () + 7 (i1, b ) ] :
t=1

TH*

3. [Self-Generation] For all z;_; € {G, B} and b;_,,

1-4 1-6 1-6 o

5T** (G, h) <0, (ST** ™ (B, b 1) > ” 5T** T (i1, 1) | S 07 (G) — v (B);

— (2

vi(B) < v <vi(G).

1

Lemma 37 (H6rner and Olszewski (2006)) For allv € RY and § € [0,1), if there exist

T €N, (07 (%:))icrmeta,py (V5 (@im1))icr e 1e(c,py consistent ex post belief system 5*, and

30In particular, together with a block strategy profile (o; (%i));er sie{G,B}s Al €x post belief system is
consistent if there exists a sequence of completely mixed block strategy profiles ((af (wi))iel vielG B})k u
2 €{G, c
converging pointwise to (0 (2i));er ., e,y Such that, for each i € I, piy, 2—; € {G, BN te{1,.., T},
and ht~1 € H'™1, we have

B g W) = tim PO (0 g B

k—o0
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(Wf(%’—l, zT—*I))Ze[ ai—1€{G,B} T}

satisfied, then v € E(0, 1) for each p,.

o such that [Sequential Rationality/—[Self-Generation] are

As the equilibrium conditions are imposed ex post in i, the proof is the same as in the
i.i.d. case. Note that it is straightforward to allow the reward to depend on player i — 1’s
private mixture since player ¢ — 1 can depend her state transition on her own mixture.

Since the feasible payoff set is now determined by finitely repeated game strategies. For
each € {G, B} and finite kg, let 0" (x) be a rg-period finitely repeated game strategy.
Suppose players take 0" () repeatedly, and let u" (x) be the average payoff profile from
0" () under the resulting stationary distribution. As in the i.i.d. case, we can find kg,

0" (z), and €* > 0 such that

v (G) @ = mmGu °(z),
v;(B) @ = mameaX{u (x),u+ 10"}, and
T:Ti_1
V; (B) +10e* < v <y (G) — 10e™. (160)

Compared to (160), we have taken £* > 0 smaller so that we have 10¢* slack rather than

9¢*. Given kg and ¢*, fix k1 € N such that

—1
L {” ”} (161)

By viewing the rkgki-period finitely repeated game as the repetition of kg-period finitely
repeated games where players take 0 (), by Lemma 33, for each p,, we have
1 liol_b U

B i — o ()| € — 2 = (162

Rok1

The calendar time structure is unchanged, except that

1. The phases to coordinate on the set of jamming players and = are expanded, according

to the modified protocols defined above.

2. We replace each period of the main payoff phase with the following N (N — 1) /24 koK1

periods, which we call a unit of the main payoff phase:
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(a) For the first N (N — 1) /2 periods, players play ¢* to identify p.

(b) For next ko periods, player i plays o;° (x (7)) if she has not identified a deviation
in the previous phases; and plays o™ otherwise. Repeat this ro-period cycle k;

times.

Let Tiitiar (1) := {ti+1, 61+ (N (N = 1) /2+kKok1)+ 1., ti+ (N (N = 1) /24kok1) (To)° =
1) + 1} be the set of first periods of units given the first period t; + 1 of sub-block [.

Recall that, in i.i.d. case, players take a constant action in each sub-block, but different
actions for different sub-blocks. Here, players take a rq-period strategy with xo > 0 in
each unit, but take the same strategy in all the sub-blocks. Both specifications ensure

that the average payoff from the entire block satisfies (14)/(160).

3. In communication phase [, part 1, player i — 1 chooses and sends ¢; 1 (1) from Tipiia1 (7).
In part 2, players communicate the sequence of action-signal pairs (a¢, ), Ws,_ 1)), -
(@, 1 () + N(N=1)/24kor1 > Whi_1 ()4 N(N—1)/24r0k, ) il the chosen unit. These communication

phases are expanded, according to the modified protocols defined above.

4. Similarly, the contagion and final communication phases are expanded.

O Reward Adjustment Lemma

We now modify the reward adjustment lemma. Given a parameter 7' € N, let M (T) C N
be a finite set, let F'(T)) € R, be a constant satisfying liminfr_., F'(T) > 0, let fr :
M(T) — [-F(T),F (T)] be a function, and let 7m; € M (T")U{0} be a random variable such
that, for each p and m; € M (T), Pr (m; = my|m;, p) = pr(m;, p) and Pr (m; = 0|m,, p) =
1 — pr(my, u). Moreover, suppose there exists a finite random variable y € Y (independent
of T"or M(T)) which statistically identifies pu: Pr (y|m;, u) = Pr (y|s) and the matrix Py :=
(Pr(ylp)),,, has full row rank.

Applied to the remainder of the proof, 7" will index the length of an interval, p will be
the realized match at the beginning of the communication phase, y will be the history when

players are identifying p, M (T') will be a message set, fr will be a reward function bounded
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by F(T), and pr(m;, ) will be the probability that message m; is received when p is the

realized initial match and message m; is sent.

Lemma 38 Suppose that limp_.. ming, m,.cn(r) pr(mi,pu) = 1. For all ¢ > 0, there ex-
ists T > 0 such that, for all T > T, there exists a function gr : Y x (M(T)U {0}) —
—(1+¢)F(T),(14+¢) F(T)] such that

1. maXp,enm(ryyey | fr (mi) — gr(y, ms)| < eF(T)

2. Elgr(y,mi)|p, mi] = fr(m;) for all i and m; € M (T).

3. gT(ya 0) = gT(ga O) fOT‘ all Y, g

4. If pr(my, i) does not depend on p, then gr does not depend on y.

Proof. Given p, the same proof as for Lemma 12 implies that there exists gr(u, m;) such

that Conditions 1 and 2 hold with y replaced by p. Since Py has full row rank, we can solve

Py (gr(y,mi)), = (gr(p, ms)),

for gr(y, m;). By definition, Condition 4 holds. Since E [gr(y, m;)|u, mi] = gr (1, m;), the law
of iterated expectation implies Condition 2. Setting gr(u,0) = 0 for each p, we have Con-
dition 3. Moreover, as in the proof of Lemma 12, limy_ . |gr(p, m;) — f(m;)| /F(T) = 0 for
each piy, m;. Since Py is independent of M;(T), we can take limy_, |g7(y, m;) — f(m;)| /F(T)

0 for each y, m;. Hence, Condition 1 holds. m

P Reduction Lemma

Let T’ be the set of all non-main-phase periods, and let I;_; be the set of periods comprising
one randomly chosen unit from each main payoff phase. Suppose there exist o; (x;) and
m <x,i, E, hIEiZ-’1> from the jamming coordination phase to the end of the main sub-block

that satisfy the following condition: There exist L and T such that, for each T, > T, there
exist v; (r_;) and 7} <$_2~, b, hﬂji-‘l) satisfying
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1. [Reward Bound]

m <:E_i,bjf;,hlfi[1>‘ Py iy (163)

sup

!
x—i:h’Eizh

Li—1

—1

2. [Incentive Compatibility] For all pu,, z € {G, B}V, for each hi™' € H;(u;,z_;),* we

have

o (e s0-0) [ ) 47 (007 )
0y (xz) € arg glea’z)i E tEUlel T(main(l)) Us (at) + 7 \ T, b—za h—z ‘:uh hz
(164)

3. [Promise Keeping] For all x € {G, B}" and y,, we have

) N — g (@) ~ * aT Li‘q)
vi (SU,@) E [ZtEUlL1 T(main(l)) Ui <at) + i <Qf71, hil’ h_z "ul‘| ’

and

v

U; (G) —¢e* if Ti—1 = G

V; (x,l) ) .
S V; (B) + &* if Ti—1 = B

Recall that v;(G) and v;(B) are fixed in (160).

4. [Self-Generation] For all z_;, §T, and A=,
sign(x;_1)m; (x_i, bﬂ»,hﬂfi‘l) > —2e"T™.

Then the premise of Lemma 37 is satisfied (and so the theorem is proved). The proof
follows the same steps as the reduction lemmas in the i.i.d. matching case (Lemmas 14-17).
First, we use the basic communication protocol to cancel the effect of discounting. In

the protocol, in the (Sp + 1)th period of each unit, players take different actions for different

messages. By (130), for each unit, player (i — 1)’s history in Sy, k', statistically identifies
p for the (So+ 1)™ period. Given m,, and p for the (So+ 1)™ period of the first unit, the

distribution of m,, (i — 1) is determined. Therefore, we can use Lemma 38 (with y being hS",

3'We define H;(uq,2_;) as the set of histories that arise with positive probability given u; and
(oiy0_i(z_;)) for some o; € XI". The conditional expectation can be calculated from Bayes’ rule given
o_i(x_i).
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for the first unit) to create a reward function based on the result of communication to cancel
out discounting as in Lemma 14, instead of Lemma 12.

Viewing this reward function as the continuation payoff w, Lemma 36 ensures that (i)
players’ incentives are satisfied and (ii) the payoff does not depend on m and p. Hence,
the payoff from the basic communication module does not affect incentives before the com-
munication phase, and the equilibrium payoff from the initial period to the end of final
communication phase to share information from non-main phases given = is independent
of p given the original promise keeping condition. Hence, we can cancel out the effect of
discounting, as in the i.i.d. case.

Note that, in the definition of XSE in Lemma 36, trembles are independent across units
and independent of i, and players —i’s trembles are independent of m;. Hence, since Lemma
36 holds for each m; and u, we can proceed by backward induction, just as we considered
BFE in the i.i.d. matching case. The same remark is applicable to the secure and verified
communication, since trembles are all independent of p (and m except for the sender).

Second, we use the basic and secure communication protocols to communicate about
the history in non-main phases. In particular, in Lemma 15, we use the basic protocol to
construct a reward function for the preceding secure protocol. This part of the proof is the
same as Lemma 15, with Lemma 12 replaced with Lemma 38 as explained above. In the

<N(N—-1)(1+NSp)/2
(132), hz’—l( )( 0)/

secure communication protocol, by equation statistically identifies

the initial match realization p. Given m,, and p, the distribution of m,,(i — 1) is determined.

N=DAFNS)/2 4 y, Lemma 38 allows us to construct a reward function

Hence, viewing hf_A{(
based on the result of communication. We view this reward as the continuation payoff w of
the secure communication. Since Lemma 38 implies that the expected continuation payoff

(i — 1) and hég_]\lr(zvq)(HNSO)/z

depends only on m,, , the premise of the module is satisfied.

cancel a®
i y T

1 . . . .
@ and ¢ ensure that player i’s payoff in the secure communication

Moreover,
module does not depend on p or m;. Hence, the equilibrium payoff from the initial period
to the end of final communication phase to share information from main phases given z
is independent of p, given the original promise keeping condition. Since the cardinality of

X;+ € 10, 1}¥ is bounded independently of Ty, the extra periods needed to communicate Xt

does not affect promise keeping and self generation for a large Tj.
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Third, we use the secure and verified protocols to communicate about the history in
main phases. For the secure communication protocol, the proof is the same as with i.i.d.
matching, with Lemma 12 replaced with Lemma 38. In the verified communication protocol,
since Lemmas 5-7 and 10 hold as they stand, the distribution of m,,(i — 1) does not depend
on the initial match p given m,,. Hence, Claim 4 of Lemma 38 implies that we can construct
a reward function based on the result of the communication, which is independent of the
realized match p at the beginning of the module. Viewing this reward as a continuation
payoff w of the verified communication, the premise of verified communication is satisfied.

Finally, given LL;_1, since players communicate the history in the chosen unit, the commu-
nication about the history in L;_; now takes 7 ((N(N —1)/2+ror1) |A[*, 6, (T*)2) periods.3?
Together with (131) and (133), the length of the final communication phase divided by (T})°
(the length of the main phase) converges to 0 as Ty — co. Hence, asymptotically, the final
communication phases do not affect promise keeping or self generation.

One may notice we have 2¢*T™* instead of ¢*T™* for [Self-Generation|. Recall that we have
10e* slack in (160) compared to 9¢* in (14). Hence, we can add or subtract a constant ¢*T’

to satisfy the original promise keeping and self-generation constraints.

Q Reward Function and Payoffs

When players communicate via verified communication in the non-main phases, we define
the reward as (157), such that payoffs outside of main payoff phases are independent of the
current match realization.

We define the reward for the main payoff phase to ensure that equilibrium payoffs from
a unit do not depend on the match realization at the beginning of the unit. Let 1, be the

' unit is chosen as part of L,_; by player i — 1.

indicator function for the event that the
We define 7} (z;_1,a_;,w_i|a™®) and 7} (z;_1,a_;,,w_;,) as in ii.d. match such that
player ¢ obtains the per-period expected payoff of v;(x; 1) conditional on the match. In

addition, for each 7 in the last kox; periods of the unit, given (a_; ,,w_; ), let a.(z) be the

32Recall that 6 stands for the fact that the magnitude of the communication result on the continuation
payoff is of order ((17)2), which follows from the same calculation as (105).
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equilibrium strategy, and a; , is player i’s action identified from (a_;,,w_; ). The reward
T (a i, woir|x) = w(ar(x)) — Wi, a_ir) (165)
makes player ¢ indifferent and obtain the average payoff of u;(a,(x))
If 0;(1) = E, the reward is

(TO)6 Z 1, Z Wfamel (Ti-1, i, Woirr)

tounit 7 in tth unit

as with i.i.d. matching. Player i obtains average payoff u; " for each unit, regardless of the

realized match.
If 0;(1) = R and I”(1) = —i, the reward is
vizio1) + 75 (0w i)

ZT in the first N(IN—1)/2 periods of ¢! unit - _ _
4koT 1 o*
+ z H (P) H ﬂ-’iﬂ' (a—iﬂ'? w—iﬂ')

(TO)G Z 1t v; min
t:unit + E‘r after the first N(IN—1)/2 periods of ¢! unit ' (mi*b A, W—4 |Oé )
Lo i=cy (N (N = 1) /2 + Korr) 20
where

ﬂfl (a—;rw_;,) if player i is supposed to take a' in 7*,

0 .
Ty (a—i,r, w*’i,‘l’) otherwise

For the last rgk; periods in each unit, since each player in I\ {i} takes ™", player i obtains
v;(z;_1) regardless of the match or her action, as with i.i.d. matching. For the first N(N —

1)/2 periods, players obtain v;(x;—1). Hence, the average payoff is v;(x;—1) — 1(z,_,-¢)24,

independent of the realized match.
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If 0;(1) = R but I2(1) # 0, —i, the reward is

cancel (

vi(wiy) + 7§ Airy W—ir)

ZT in the first N(IN—1)/2 periods of ¢! unit B
Y T
0 t
t:unit + ZT after the first N(IN—1)/2 periods of ¢th unit 7 (xl 1 Q—ijry Wi 7')
oy (N (N = 1) /24 rigry) 2

Again, the average payoff is v;(2;_1) — 1{z,_,-¢)2u, independent of the realized match.
If 0;(1) = R and I7,(1) = ), the reward is*
Vi ($z 1) + ,n.cancel (a—’iﬂ'? w—i,T)

)
4’4'0“ H(P) H 7T a i,T;wfi,T)
(Tp)° Z 1, N(N-1)/2 ( (i 1), bt (N 1)/2) ;

ZT in the first N(IN—1)/2 periods of tth unit

t:unit +7Ti

+mi(a—ipw_itlz(i — 1))
(166)

LN(N-1)/2
where hfi’t( %

is players —i’s history in the first N (N — 1) /2 periods of the t™ unit.

We define WﬁV(Nfl)/ 2 <x, hfgt(Nfl)/ 2) such that player ¢ obtains per-period payoff of v;(z;_1)
regardless of the initial match realization in the unit. Let fiy(y_1)/211 be the realized match
in the N (N — 1) /2 + 1'® period of the unit. Since players take o* (x) for every ko periods
after the N (N — 1) /2 + 1" period, player i’s average expected payoff from these x1kq peri-
ods given fiy(y_1)/241 can be written as u;° (x\uN(N_l)/QH). Given € > 0, since players take
cycles of 0" (z) every ko periods, (162) implies

2U

Hzlix |Uf0 (95|NN(N—1)/2+1) —u” (x )’ < P (167)

Since (A—ir,W—ir ), iy the first N(V_1)/2 periods Statistically identify p; in equilibrium, by (125),

33 Here, we use m;(a_; ¢, w_;+|z(i — 1)) instead of 7 (2i—1,a_ir,w_; ). The reason is, unlike i.i.d. case,
7 (i1, 0—i 7y W_i ) May not satisfy self generation even if players follow "0 (z(i — 1)), depending on the
realization of the match sequence.

166



such that the average payoff

there exists ﬁﬁV(Nfl)/Z (;,;, hfiv(Nfl)ﬂ)

o(x K 1 ~N(N-1)/2 1:N(N-1)/2 K
& (x) |:ui0 ({L‘|,UN(N_1)/2+1) + /ﬁ}oﬁlﬂ-i ( )/ <$,h_i ( )/ ) |x,,u1 = uio ([E)

depends only on x, and

2Kk0U _
< ).

=N(N-1)/2 (x, hl:N(N—l)/Q) _ ZNN-1)/2 (m, EE?T(N—I)/2>

2 —1 (3

LN(N-1)/2 f1:N(N=1)/2 5
—iq g

z,h

Finally, define

w2 (i, BEYODIRY = RV (0 YD) g (1) — o (@)

(2 —1

Given (160), we have sign(z;—1)(v;(x;—1) — u;® (x)) > 0 for each x. Hence, we have

o(x K 1 N(N-1)/2 1:N(N-1)/2
E7) |:uz'0 (m‘MN(Nq)/zﬂ) + Eﬂ_i (=0 <$7h71 (N=1/ ) |z, 1y | = vi(wiz1), (168)

(169)
and
sign(a; ), /2 (x prNN=D/ 2) > —2';“@ 1P (170)

R Verification

Since we have extended Lemmas 6 and 11, Lemma 20 holds as it stands, except that (69)
and (70) hold conditional on the realization of the match p4 after the jamming coordination
phase, for each 5. The proof is the same, except that we modify the proof of self generation
as follows.

Given (165), 7" (a_i4,w—is|z(i — 1)) is equal to 0 unless player i’s deviation is identified.
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cancel
7

In addition, 7 (#i-1,0-7,w_; ) and

() min _
g T (i1, G—gy W | ™) =1ga, —cy (N (N = 1) /2 + Kok1) 20

T after the first N(N—1)/2 periods of ¢t unit
is no less than 0 if z;_; = B or no more than 0 if z;_; = G, as in the i.i.d. case. Moreover,

the “additional” reward compared to the i.i.d. case satisfies

A
i (1) + meancel (@i w_iz)

ZT in the first N(IN—1)/2 periods of ! unit Ao 1 .
Kol g
+ z || (P) || Tri,T (a—i777 w—iff) )

. 6
maxsign(z;-1) (To)° Y 1,

franit +7T£V(N71)/2 (m(z - 1), hEZ(Nfl)ﬂ)
Akl _ 2kl _
> —(Tp)° (N (N —1)/2 (2a + ’g’“ |(P) 1||> + Z”“ |(P) 1\\) given (170)
> —&* (N(N —1)/2 4 rok1) (Tp)® by (161),

which is larger than the additional slack of e*T™* in [Self-Generation] (recall that 7™ is ap-
proximately equal to L (N(N — 1)/2 + kok1) (Tp)°). Hence, the same proof as in Lemma 20

establishes self generation.

R.1 Verification of Promise Keeping and Incentive Compatibility

Since the lemmas for verified communication (Lemmas 5-7 and 10) and identification (Lemma
1) hold as they stand, incentives in non-main phases are verified in the same way as in the
i.i.d. case.

For the main phase, as mentioned, the per-period payoff from the main payoff phases
is equal to u; ' if 6,(1) = F and v; (z;_1) — 1{:[/,%.71:@}1{137&@}2@ if 0;(1) = R. This implies
that promise keeping is satisfied. So, we focus on incentive compatibility. In addition, given
the definition of the reward function, the payoff from the last kg, periods of the phase is
independent of the match realization unless 6;(I) = R and I7(l) = (). Moreover, given the
equilibrium strategy and match realization, the payoff from the first N(N — 1)/2 periods
satisfies

cancel

ui(aT) + ; (a_im W_Z'ﬂ—) +4K0ﬁ H (P)_l H TZ:_ (CL_Z'J—, w_i,T) =0.

5
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Hence, incentives coming from the continuation payoff of future phases are the same as in
the i.i.d. case unless 0;(I) = R and I”.(I) = (). Therefore, the proof of incentive compatibility
is the same as in the i.i.d. case, except that the reward WfT strictly incentivizes * for the
first N(N — 1)/2 periods.

We are left to verify incentives given 6;(1) = R and IZ,(l) = . Tt suffices to show that
(i) following the equilibrium strategy is optimal within the unit and (ii) the average payoff
from the unit does not depend on the realized match at the beginning of the unit, since (ii)
ensures that players do not have incentives to deviate in order to manipulate the realized
match in the next unit.

For the last Kok periods of each unit, the continuation payoff gives player ¢ an incentive
to follow of°(z(i)), since (165) makes player ¢ indifferent among all actions for the current
period, and a deviation in ¢; ;(I) will induce IZ,(l 4+ 1) # 0 as in Lemma 18. Given this

incentive, player i’s non-average expected payoff from

> (@(ar) + 1, (To)° )" (asip, wi(i — 1))

T after the first N(N—1)/2 periods of t'2 unit
= >, i(ar(z(i —1)))
T after the first N(N—1)/2 periods of tth unit
depends on the match in N(N —1)/2" period by magnitude at most 2% by (167). More-
over, the potential gain from manipulating WﬁV(N_l)/ 2 (x(z - 1), thV(N_l)/ 2) is bounded by
2ol || (P)7H|, by (169). In total, the deviation gain in the first N (N —1) /2 periods is
bounded by 4% ||(P)7!].
Hence, in the N (N — 1) /2™ period, player i has an incentive to follow the equilib-

4KoU

rium strategy given the magnitude = ‘(P)AH of the per-period reward WfT Since this

per-period reward in the N (N — 1) /2! period does not depend on the realized match in
equilibrium, in the preceding period player ¢ again has an incentive to follow the equilibrium
strategy. Recursively, player i follows the equilibrium strategy within the unit, as desired.

Finally, the per-unit payoff is independent of the initial match realization by (168).

169



S Proof of Proposition 1

Clearly, lims—.1 Us>s F'(1, 0) exists as the limit of a monotonic sequence. We show that

A

lim Uy F (1, 6) = lim F(u,6) = lim Jim F (4, 5),

K—00 §d—1

and that these limits are independent of the initial match pu.
We first show that lims .1 Uz 5 F'(1, 0) is independent of y. Since F(u,d) is convex, we
can characterize lims ., -5 F'(1, 6) by supporting hyperplanes. Fix a unit vector A €RY

and consider the following two auxiliary games between nature and the players:

1. Nature chooses the worst distribution of the initial match p, and then players choose

a dynamic game strategy profile o to maximize A - u:

PEAM) se(AE)N

o= min  max (1-0)> &) p(u)-E [a(a,)|y], (171)

where M is the set of possible matchings. Since A(M) and (A ()" are compact
(in the product topology) and convex; A - E? [Gi(a,)|p] is continuous in p and o; and
discounted payoffs are continuous at infinity, Sion’s minimax theorem implies that a

minimizer and maximizer in (171) exist, and that

o0

s . 1 e
v’ = max min (1—-9 ) - E° [ii(a '
U iy (= 9) 2 00 p A B (Al

Let 0*° be a maximizer and let ;*° be a minimizer. Without loss, assume p*° is

degenerate.

2. Nature chooses the best initial match p and players choose o to maximize X - u:

° t—1 P,
?°:= max max (1—9¢ ) - E° [ii(a .
TR By (1 OV 207 2PN B (ol

Let 9 and i*° be maximizers.
Since v° < max, ¢ acsy)™ (1 —90) S 8N B [a(a,)|p] < 9° for each § and p, it suffices
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to show that |@5 — Qé{ < (1 —9)2u/e. (This implies that, for any u, ', the difference in
score between F'(u,9) and F(¢/,d) in any direction is bounded by (1 — ) 2u/e. Hence, the
scores of lims_; U5 F'(1, 6) and lims_ Usss (1, 0) in every direction coincide, so the sets

are equal.) Given 6*° and i*°, let 7 be the (random) earliest time at which p, = p*°. Note

*,0 0

that, at period 7, the continuation payoff from *° is no more than v°. Moreover, by the

full support assumption, for each ¢, Pr (T =t|g*, 0T >t — 1) > . Hence, we have

7’ < (1-90 u—l—Z 1—5 5 5t 1) +5t*1y5)

14(1-5)“14(1-5)9

Therefore,

5 s ]_ _5 _
— < - —

24, (172)

Hence, lim; 1 U5 F'(1, 9) is independent of u.

We now show that lims_.; s 5 F'(1 ,0) = limg_y F(1, 6) = limy o0 limg_y F (11, 8) for all
. Clearly, limgs_q Ufsza (1, (5) D limgs g F(p,9) D limy o0 lims_,; F* (i, ). Conversely, we
show that, for each v € lims_,; Uéz s F(1, 3) and direction A €R"™, X -v can be approximated
by the repetition of finite-period strategies. Specifically, suppose the players repeat the first
T periods of ¢*? ad infinitum. Regardless of the initial match, this strategy achieves payoff

at least
t—1 o*
o 1_5T § ﬁ5 A-E7 7 [aay)|p] - (173)

We show that, for each 1 > 0, there exist 7 and § < 1 such that, for each § > 9, (173) is no
less than v° — 7. Fix any u € A(M). By (172)

T
s (1-8)3 07 B2 [aa,)|u) + 670"

X 1—6,_
< Z(st I\ B2 u(at)|,u]+5Ty6+5TT2u.
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Hence,

1-620  1-6 <, b
B s e e - DL L CHIT
t=1

“ 1—-6T¢ ~1-6

1-5
1-67

Since limg_; 67 = %, for sufficiently large T we have

1—-9¢

T
v o< T 30N B [l
t=1

Since this holds for all u € A(M), we see that (173) is no less than v° — 1. Hence, repeating

the first T periods of ¢* approximates v°.
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