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This paper studies the maximum level of cooperation that can be sustained in perfect Bayesian
equilibrium in repeated games withnetwork monitoring, where players observe each other’s actions either
perfectly or not at all. The foundational result is that the maximum level of cooperation can be robustly
sustained in grim trigger strategies. If players are equally well monitored, comparative statics on the
maximum level of cooperation are highly tractable and depend on the monitoring technology only through
a simple statistic, itseffective contagiousness. Typically, cooperation in the provision of pure public
goods is greater in larger groups, while cooperation in the provision of divisible public goods is greater
in smaller groups, and making monitoring less uncertain in the second-order stochastic dominance sense
increases cooperation. For fixed monitoring networks, a new notion of networkcentrality is developed,
which determines which players cooperate more in a given network, as well as which networks support
greater cooperation.
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1. INTRODUCTION

How can groups sustain as much cooperation as possible? Should they rely exclusively on
punishing individuals who are caught shirking, or should they also reward those who are “caught
working?” Relatedly, what kinds of groups can sustain the most cooperation? Large ones or
small ones? Ones where “who observes whom” in the group is known, or where it is uncertain?

These are fundamental questions in the social sciences (Olson,1965;Coleman,1990;Ostrom,
1990;Putnam,1993;Greif, 2006). In economics, existing work on the theory of repeated games
provides a framework for answering these questions when individuals can perfectly observe
each other’s actions (e.g.Abreu,1988) but provides much less explicit answers in the more re-
alistic case where monitoring is imperfect. This weakness is particularly acute in settings where
public signals are not very informative about each individual’s actions and high-quality—but
dispersed—private signals are the basis for cooperation. Consider,e.g.the problem of maintain-
ing a school in a small village in the developing world. Every year, say, different villagers must
contribute different inputs to running the school: some provide money, some provide labour
to maintain the building, some volunteer in other capacities, etc. These inputs are not publicly
observable, and different villagers observe each other’s actions with different probabilities. The
overall quality of the school is very hard to observe directly, and indeed, one might not be able to
infer much about it until one sees how well the students do years down the road, by which time
the entire system of providing education in the village may have changed. This problem was
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studied theoretically and empirically (using data on schools and wells in rural Kenya) byMiguel
and Gugerty(2005), under the assumption that each household’s contribution is publicly observ-
able, but this assumption is often unrealistic,e.g.Miguel and Gugerty emphasize the importance
of ethnic divisions in the villages they study, so a natural assumption would be that a household
is more likely to be monitored by households from the same ethnic group. A second example
is the problem of cooperation in long-distance trade, argued by Greif and others to be an essen-
tial hurdle to the development of the modern economy. Here, a key issue is often how sharing
information through network-like institutions like trading coalitions (Greif,1989,1993), trade
fairs (Milgrom, North and Weingast, 1990), and merchant guilds (Greif, Milgrom and Weingast,
1994) facilitates cooperation. Thus, it is certainly plausible that local, private monitoring plays
a larger role than public monitoring in sustaining cooperation in many interesting economic
examples, and very little is known about how cooperation is best sustained under this sort of
monitoring.

This paper studies cooperation in repeated games withnetwork monitoring, where in every
period, a network is independently drawn from a (possibly degenerate) known distribution and
players perfectly observe the actions of their neighbours but observe nothing about any other
player’s action. The model covers both monitoring on a fixed network (as when a household’s
actions are always observed by its geographic neighbours or by households in the same ethnic
group) and random matching (as when traders randomly meet in a large market). Each player’s
action is simply her level of cooperation in that higher actions are privately costly but benefit
others. The goal is to characterize the maximum level of cooperation that can be sustainedro-
bustlyin equilibrium in that it can be sustained for any information that players may have about
who has monitored whom in the past. This robustness criterion captures the perspective of an
outside observer, who knows what information players have about each other’s actions, but not
what information players have about each other’s information about actions (or about their in-
formation about others’ information about actions, and so on), and who therefore must make
predictions that are robust to this higher-order information.1

A first observation is that for any given specification of players’ higher-order information,
the strategies that sustain the maximum level of cooperation can depend on players’ private in-
formation in complicated ways that involve a mix of rewards and punishments, and determining
the maximum level of cooperation appears intractable. In contrast, my main theoretical result is
that therobustmaximum level of cooperation is always sustained by simple grim trigger strate-
gies, where each player cooperates at a fixed level unless she ever observes another player fail
to cooperate at his prescribed level, in which case she stops cooperating forever. Thus, robust
cooperation is maximized through strategies that involve punishments but not rewards. In addi-
tion, grim trigger strategies also maximize cooperation when players have perfect knowledge of
who observed whom in the past (as is the case when the monitoring network is fixed over time,
e.g.); interestingly, it is when players havelesshigher-order information that more complicated
strategies can do better than grim trigger. A rough intuition for these results is that when players
know who observed whom in the past, there is a kind of “strategic complementarity” in which
a player is willing to cooperate more at any on-path history whenever another player cooperates
more at any on-path history because—with network monitoring and grim trigger strategies—
shirking makes every on-path history less likely, but this strategic complementarity breaks down
when players can disagree about who has observed whom.

This result abouthowgroups can best sustain cooperation has implications forwhatgroups
can sustain the most cooperation. For these more applied results, I focus on two important special

1. There are of course other kinds of robustness one could be interested in, and strategies that are robust in one
sense can be fragile in others. See the conclusion of the paper for discussion.
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cases of network monitoring:equal monitoring, where in expectation players are monitored
“equally well”, andfixed monitoring networks, where the monitoring network is fixed over time.

With equal monitoring, I show that the effectiveness of a monitoring technology in support-
ing cooperation is completely determined by one simple statistic, itseffective contagiousness,
which is defined as

∞∑

t=0

δtE[number of players who learn about a deviation withint periods].

This result formalizes the simple idea that more cooperation can be sustained if news about
a deviation spreads throughout the network more quickly. It implies that cooperation in the
provision of pure public goods (where the marginal benefit of cooperation is independent of
group size) is increasing in group size if the expectednumberof players who learn about a
deviation is increasing in group size, while cooperation in the provision of divisible public goods
(where the marginal benefit of cooperation is inversely proportional to group size) is increasing
in group size if the expectedfraction of players who learn about a deviation is increasing in
group size. Hence, cooperation in the provision of pure public goods tends to be greater in larger
groups, while cooperation in the provision of divisible public goods tends to be greater in smaller
groups. In addition, making monitoring more “uncertain” in a certain sense reduces cooperation.

With fixed networks, I develop a new notion of networkcentralitythat determines both which
players cooperate more in a given network and which networks support more cooperation over-
all, thus linking the graph-theoretic property of centrality with the game-theoretic property of
robust maximum cooperation. For example, adding links to the monitoring network necessarily
increases all players’ robust maximum cooperation, which formalizes the idea that individuals
in better-connected groups cooperate more.

The results of this paper may bear on questions in several fields of economics. First, a liter-
ature in public economics studies the effect of group size and structure on the maximum equi-
librium level of public good provision. One strand of this literature studies repeated games but
characterizes maximum cooperation only with perfect monitoring. Papers in this strand have
found few unambiguous relationships between group size and structure and maximum coopera-
tion.2 A second strand studies one-shot games of public good provision in networks (Ballester,
Calvó-Armengol and Zenou, 2006; Bramoullé and Kranton, 2007a;Bramoullé, Kranton and
D’Amours, 2011), where the network determines local payoff interactions—and, in particular,
incentives for free riding—rather than monitoring. These papers find that more central players
(measured by Bonacich centrality or a modification thereof) cooperate less and receive higher
payoffs, due to free riding, and that adding links to a network decreases average maximum co-
operation by increasing free riding. In contrast, my model, which combines elements from both
strands of the literature, makes the following predictions, which are made precise later:

1. Cooperation in the provision of pure public goods is greater in larger groups, while
cooperation in the provision of divisible public goods is greater in smaller groups.

2. Less uncertain monitoring increases cooperation.

2. Pecorino(1999) shows that with perfect monitoring public good provision is easier in large groups because
shirking—and thus causing everyone else to start shirking—is more costly in large groups.Haag and Lagunoff(2007)
show that with heterogeneous discount factors and a restriction to stationary strategies, maximum cooperation is increas-
ing in group size.Bendor and Mookherjee(1987) consider imperfect public monitoring and present numerical evidence
suggesting that higher payoffs can be sustained in small groups when attention is restricted to trigger strategies. In a sec-
ond paper,Bendor and Mookherjee(1990) allow for network structure but return to the assumption of perfect monitoring
and find an ambiguous relationship between group size and maximum cooperation.
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3. More central players cooperate more (unlike in the public goods in networks literature)
but still receive higher payoffs with local public goods (like in that literature).

4. Adding links to a monitoring network increases all players’ cooperation.

Second, several seminal papers in institutional economics study the role of different institu-
tions in sharing information about past behaviour to facilitate trade (Greif,1989,1993;Milgrom,
North and Weingast, 1990;Greif, Milgrom and Weingast, 1994).Ellison (1994) notes that the
models underlying these studies resemble a prisoner’s dilemma and shows that cooperation is
sustainable in the prisoner’s dilemma with random matching for sufficiently patient players,
which suggests that information-sharing institutions are not always necessary. The current paper
contributes to this literature by determining the maximum level of cooperation in a prisoner’s
dilemma-like game at any fixed discount factor for any network monitoring technology. Thus, it
allows one to determine exactly how much more cooperation can be sustained in the presence of
a given information-sharing institution.

Third, a young and very active literature in development economics studies the impact of
network structure on different kinds of cooperation, such as favour exchange (Karlanet al., 2009;
Jackson, Rodriguez-Barraquer and Tan, 2011) and risk sharing (Bramoullé and Kranton, 2007b;
Bloch, Genicot and Ray, 2008;Ambrus, Möbius and Szeidl, 2010). The predictions of this paper
enumerated above can be suggestively compared to some early empirical results in this literature,
although clearly much empirical work remains to be done. For example,Karlan et al. (2009)
find that indirect network connections between individuals in Peruvian shanty towns support
lending and borrowing, consistent with my finding that more central players cooperate more.
More subtly,Jackson, Rodriguez-Barraquer and Tan(2011) find that favour-exchange networks
in rural India exhibit highsupport, the property that linked players share at least one common
neighbour. While it seems natural that support (which is the key determinant of cooperation
in Jackson, Rodriguez-Barraquer, and Tan’s model) should be correlated with robust maximum
cooperation in my model, I leave studying the precise empirical relationship between the two
concepts for future research.

A few final comments on related literature: It should be noted that the aforementioned pa-
per ofEllison (1994), along with much of the related literature (e.g.Kandori,1992;Deb,2009;
Takahashi, 2010), focuses on the case of sufficiently high discount factors and does not charac-
terize efficient equilibria at fixed discount factors, unlike my paper. In addition, a key concern
in these papers is ensuring that players donot cooperate off the equilibrium path. The issue is
that grim trigger strategies may provide such strong incentives to cooperate on-path that players
prefer to cooperate even after observing a deviation. Ellison resolves this problem by introduc-
ing a “relenting” version of grim trigger strategies tailored to make players indifferent between
cooperating and shirking on-path and then noting that cooperation is more appealing on-path
than off-path (since off-path at least one opponent is already shirking). This issue does not arise
in my analysis because, with continuous action spaces, players must be just indifferent between
cooperating and shirking on-path in the most cooperative equilibrium as otherwise they could
be asked to cooperate slightly more. By essentially the same argument as in Ellison, this implies
that players weakly prefer to shirk off-path. Hence, the key contribution of this paper is show-
ing that grim trigger strategies provide the strongest possible incentives for (robust) cooperation
on-path,not that they provide incentives for shirking off-path.3

The most closely related paper is contemporaneous and independent work byAli and Miller
(2011). Ali and Miller study a network game in which links between players are recognized

3. Another difference is that it is important for the current paper that in each period the monitoring network is
observed after actions are chosen, whereas this timing does not matter in most papers on community enforcement.
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according to a Poisson process. When a link is recognized, the linked players play a prisoner’s
dilemma with variable stakes and can also make transfers to each other. Like my model, Ali
and Miller’s features smooth actions and payoffs, so that, with grim trigger strategies, bind-
ing on-path incentive constraints imply slack off-path incentive constraints. The most important
difference between Ali and Miller’s paper and mine is that they do not show that grim trigger
strategies always maximize cooperation in their model. Ali and Miller also do not emphasize
strategic complementarity or robustness to higher-order information. They do, however, discuss
network formation and comparisons among networks, developing insights that are complemen-
tary to mine.

Finally, this paper is related more broadly to the study of repeated games with private mon-
itoring. Most papers in this literature study much more general models than mine and either
prove folk theorems or study robustness to small deviations from public monitoring (Mailath
and Morris, 2002;Mailath and Morris, 2006;Sugaya and Takahashi,2011).4 However, to my
knowledge this is the first paper that characterizes even a single point on the Pareto frontier of
the set of perfect Bayesian equilibrium payoffs in a repeated game with imperfect private mon-
itoring where first-best payoffs are not attainable. I make no attempt to characterize the entire
set of PBE or any large subset thereof. Instead, I use the strategic complementarity discussed
above to derive an upper bound on each player’s maximum cooperation and then show that this
bound can be attained with grim trigger strategies. It would be interesting to see if similar indi-
rect approaches, perhaps also based on strategic complementarity, can be useful in other classes
of repeated games with private monitoring of applied interest.

The paper proceeds as follows: Section2 describes the model. Section3 presents the key
result that maximum cooperation is robustly sustained in grim trigger strategies. Section4 de-
rives comparative statics in games with equal monitoring. Section5 studies games with fixed
monitoring networks. Section6 concludes and discusses directions for future research. Major
omitted proofs and examples are in the Appendix, and minor ones are in the Online Appendix.

2. MODEL

There is a setN = {1, . . . ,n} of players. In every periodt ∈ N={0,1, . . .}, every playeri simul-
taneously chooses an action (“level of cooperation”, “contribution”)xi ∈ R+. The players have
common discount factorδ ∈ (0,1). If the players choose actionsx = (x1, . . . ,xn) in period t ,
playeri ’s period-tpayoff is

ui (x)=




∑

j 6=i

fi, j (xj )



− xi ,

where the functionsfi, j : R+ → R+ satisfy

• fi, j (0)= 0, fi, j is non-decreasing, andfi, j is either strictly concave or identically 0.

• limx1→∞
(∑

j 6=i fi, j (x1)
)
− x1 = limx1→∞

(∑
j 6=i f j,i (x1)

)
− x1 = −∞.

The assumption thatfi, j is non-decreasing for alli 6= j is essential for interpretingxj as
player j ’s level of cooperation. Note that the stage game is a prisoner’s dilemma in that playing
xi = 0 (“shirking”) is a dominant strategy for playeri in the stage game. The second assumption
states that the cost of cooperation becomes infinitely greater than the benefit for sufficiently high

4. Of the many private monitoring folk theorem papers, the most related are probablyBen-Porath and Kahneman
(1996) andRenault and Tomala(1998), which assume a fixed monitoring network.
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levels of cooperation. Concavity and the assumption thatui (x) is separable in(x1, . . . ,xn) play
important roles in the analysis and are discussed below.

Every periodt , a monitoring network Lt = (l i, j,t )i, j ∈N×N , l i, j,t ∈ {0,1}, is drawn inde-
pendently from a fixed probability distributionμ on {0,1}n

2
. In addition,higher-order infor-

mation yt = (yi,t )i ∈N , yi,t ∈ Yi , is drawn independently from a probability distributionπ(yt |
Lt ), where theYi are arbitrary finite sets. At the end of periodt , player i observeshi,t =
{zi,1,t , . . . ,zi,n,t , yi,t }, wherezi, j,t = xj,t if l i, j,t = 1 andzi, j,t = ∅ if l i, j,t = 0. That is, player
i observes the action of each of her out-neighbours and also observes the signalyi,t , which may
contain information about who observes whom in periodt (as well as information about others’
information about who observes whom, and so on).5 The special case ofperfect higher-order
information is whenyi,t = Lt with probability 1 for all i ∈ N; this is the case where who ob-
serves whom is common knowledge (while monitoring of actions remains private). Assume that
Pr(l i,i = 1)= 1 for all i ∈ N, i.e. there is perfect recall. A repeated game with such a monitoring
structure hasnetwork monitoring, the distributionμ is themonitoring technology, and the pair
(Y = Y1 ×∙∙ ∙×Yn,π) is thehigher-order information structure. Let ht

i ≡ (hi,0,hi,1, . . . ,hi,t−1)
be playeri ’s private history at timet ≥ 1 and denote the null history at the beginning of the game
by h0 = h0

i for all i . A (behaviour) strategy of playeri ’s, σi , specifies a probability distribution
over period-t actions as a function ofht

i .
Many important repeated games have network monitoring, including random matching

(Kandori,1992and;Ellison,1994) and monitoring on a fixed network (whereLt is deterministic
and constant, see Section5). For random matching, by changing the higher-order information
structure the model can allow for the case where players learn nothing about who matches with
whom outside their own matches (Yi = ∅ for all i ), the case where who matches with whom
is common knowledge (yi,t = Lt with probability 1 for all i ), or any intermediate case. For
monitoring on a fixed network, however, players already know who matches with whom, so
higher-order information is irrelevant (although technically higher-order information could still
act as a correlating device in this case). To fix ideas, note that a repeated game in which players
observe the actions of their neighbours on a random graph that is determined in period 0 and
then fixed for the duration of play doesnot have network monitoring because the monitoring
network is not drawn independently every period (e.g.playeri observes playerj ’s action in pe-
riod 1 with probability 1 if she observes it in period 0, but she does not observe playerj ’s action
with probability 1 in period 0).

Throughout, I study weak perfect Bayesian equilibrium (PBE) of this model with the prop-
erty that, for every playeri , time t , and monitoring networkLt ′ , for t ′ < t , the sum

∑∞
τ=t δ

τ−t

E[ui ((σ j (hτj ))
n
j =1) | Lt ′ ] is well defined,i.e. lims→∞

∑s
τ=t δ

τ−tE[ui ((σ j (hτj ))
n
j =1) | Lt ′ ] ex-

ists.6 This technical restriction ensures that players’ continuation payoffs are well defined, con-
ditional on any past realized monitoring network. Fixing a description of the model other than
the higher-order information structure—i.e.a tuple(N, ( fi, j )i, j ∈N×N,δ,μ)—let6PBE(Y,π) be

5. As to whether players observe their realized stage-game payoffs, note thatfi, j (x j ) can be interpreted as player
i ’s expectedbenefit from playerj ’s action, and playeri may only benefit from playerj ’s action whenl i, j,t = 1. However,
some combinations of assumptions onfi, j andμ are not consistent with this interpretation, such as monitoring on a
fixed network with global public goods, where Pr(l i, j,t = 1)= 0 but fi, j 6= 0 for somei, j . An alternative interpretation
is required in these cases:e.g. the infinite time horizon could be replaced with an uncertain finite horizon without
discounting, with payoffs revealed at the end of the game andδ viewed as the probability of the game’s continuing. The
former interpretation is appropriate for the long-distance trade example, while the alternative interpretation is appropriate
for the school example.

6. Recall that a weak perfect Bayesian equilibrium is a strategy profile and belief system in which, for every
player i and private historyht

i , playeri ’s continuation strategy is optimal given her beliefs about the vector of private
histories(ht

j )
N
j =1, and these beliefs are updated using Bayes’ rule whenever possible.
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the set of PBE strategy profiles when the higher-order information structure is(Y,π). Playeri ’s
level of cooperationunder strategy profileσ is defined to be(1−δ)

∑∞
t=0δ

tE[σi (ht
i )]. The main

object of interest is the highest level of cooperation for each player that can be sustained in PBE
for anyhigher-order information structure.

Definition 1. Player i ’s maximum cooperation with higher-order information structure
(Y,π) is

x∗
i (Y,π)≡ sup

σ∈6PBE(Y,π)
(1− δ)

∞∑

t=0

δtE[σ i (h
t
i )].

Playeri ’s robust maximum cooperationis

x∗
i ≡ inf

(Y,π)
x∗

i (Y,π).

Playeri ’s robust maximum cooperation is the highest level of cooperation that is sure to be
sustainable in PBE for a given stage game, discount factor, and monitoring technology. Put dif-
ferently, it is the highest level of cooperation that an outside observer who does not know the
higher-order information structure can be sure is sustainable. This seems reasonable for applica-
tions like local public good provision or long-range trade, where it seems much more palatable
to make assumptions only about the probability that players observe each other’s actions (the
monitoring technology) rather than also making assumptions about what players observe about
each other’s observations, what they observe about what others observe about this, and so on.7

One more definition: a strategy profileσ is higher-order information freeif σi (ht
i ) does not

depend on(yi,τ )
t−1
τ=0 for all i ∈ N. A higher-order information-free strategy profile can natu-

rally be viewed as a strategy profile in the game corresponding to any higher-order information
structure(Y,π). So the following definition makes sense.

Definition2. For any playeri ∈ N and level of cooperationxi , a higher-order information-free
strategy profileσ robustly sustains xi if xi = (1− δ)

∑∞
t=0δ

tE[σ i (ht
i )] andσ ∈ 6PBE(Y,π) for

every higher-order information structure(Y,π).

This definition is demanding in that a strategy profile can robustly sustain a level of coopera-
tion only if it is a PBE foranyhigher-order information structure. However, my main theoretical
result (Theorem 1) shows that there exists a grim trigger strategy profile that robustly sustains
all players’ robust maximum cooperation simultaneously (and the applied analysis in Sections
4 and5 then focuses on this equilibrium). The resulting equilibrium is particularly important
when it is also the PBE that maximizes social welfare. This is the primary case of interest in the
literature on public good provision, where the focus is on providing incentives for sufficient co-
operation rather than on avoiding providing incentives for excessive cooperation. For example,
the grim trigger strategy profile that simultaneously robustly sustains each player’s maximum
cooperation also maximizes utilitarian social welfare ifx∗

i is below the first-best level (Lindahl–
Samuelson benchmark) for everyi ∈ N. Letting f ′

j,i denote the left-derivative off j,i (which
exists by concavity off j,i ), this sufficient condition is

∑

j 6=i

f ′
j,i (x

∗
i )≥ 1 for all i ∈ N.

7. However, I have implicitly assumed that the higher-order information structure is common knowledge among
the players. But relaxing this would not affect the results.
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This condition can be checked easily using the formula for(x∗
i )

n
i =1 given by Theorem 1.8 As a

consequence, when this condition holds, all the comparative statics on robust maximum coopera-
tion derived below are also comparative statics on inefficiency relative to the Lindahl–Samuelson
benchmark. I also present some quantitative examples of the relationship between inefficiency
and network structure in Sections4 and5.

Before beginning the analysis, let me remark briefly on the motivation for studying this
model. The model is intended to capture the essential features of cooperation in settings like
those discussed in Section1. Consider again the example of maintaining a school in a small
village. In this setting, it is natural to think that villagers sometimes observe each other’s contri-
butions quite accurately but sometimes do not observe them at all (e.g.a villager might usually
know how hard her friends have been working on the school and might occasionally see some-
one else working or learn that someone else has contributed money) and that it is very hard to
observe the school’s overall quality (e.g.because school quality might be best measured by stu-
dents’ labour market outcomes in the distant future). This suggests that repeated game models
with (possibly imperfect) pure public monitoring are not well suited for studying cooperation
in this setting. My model instead makes the opposite assumption of pure network monitoring,
and this leads to predictions that are very different from those that would emerge with imperfect
public monitoring,e.g.none of the four predictions enumerated in Section1 have been made
in the literature on repeated games with imperfect public monitoring, and those predictions that
relate a player’s location in a monitoring network to her maximum cooperation cannot possibly
be made in such models. It will become clear that my model is also very tractable: given a mon-
itoring technology, it is easy to calculate each player’s robust maximum cooperation. Of course,
allowing players to access both network monitoring and noisy public monitoring—which is cer-
tainly more realistic than either pure public monitoring or pure network monitoring—remains a
very interesting direction for future research. I discuss this possibility further in the conclusion.

3. CHARACTERIZATION OF ROBUST MAXIMUM COOPERATION

This section presents the main theoretical result of the paper, which shows that all players’ robust
maximum cooperation can be robustly sustained in grim trigger strategies. To further motivate
the focus on robustness, Section3.1 presents an example showing that, with a given higher-
order information structure, maximum cooperation may be sustained by complicated strategies
that seem “non-robust”. Section3.2then presents the main theoretical result.

3.1. Optimality of complex strategies with imperfect higher-order information

This section shows by example that for some higher-order information structures, a player’s
maximum level of cooperation cannot be sustained in (stationary) grim trigger strategies. I sketch
the example here and defer the details to the Appendix.

There are three players, arranged as in Figure1. Player 1 is observed by Player 2 with prob-
ability 1/2 and is never observed by Player 3. Players 2 and 3 always observe each other. Player
1 observes nothing. The realized monitoring network (drawn independently every period) is un-
observed; in particular, Player 3 does not observe when Player 2 observes Player 1 and when
he does not (formally,Yi = ∅ for all i ). For each playeri , ui ((xj )

3
j =1) =

(∑
j 6=i

√
xj
)
− xi

andδ = 1/2. It is straightforward to show that Player 1’s maximum cooperation in grim trigger

8. It would of course be desirable to characterize the entire set of payoffs that can be robustly sustained in PBE, or
at least the entire Pareto frontier of this set, rather than only the equilibrium that robustly sustains maximum cooperation.
However, this problem appears intractable, just as it seems intractable in general repeated games with imperfect private
monitoring (for fixedδ, rather than in theδ → 1 limit).
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FIGURE 1
An example where complex strategies are optimal

strategies equals 0∙25 (see the Appendix). I now sketch a strategy profile in which Player 1’s
maximum cooperation equals 0∙2505.

Player 1 always playsx1 = 0∙2505 on-path. Players 2 and 3 each have two on-path actions,
denotedxL

2 , xH
2 , xL

3 , and xH
3 , with xL

2 < xH
2 and xL

3 < xH
3 . Player 2 playsx2 = xH

2 in period
0. At subsequent odd-numbered periodst , Player 2 playsxH

2 with probability 1 if he observed
Player 1’s period-t− 1 action and otherwise plays each ofxH

2 andxL
2 with probability 1/2. At

subsequent even-numbered periodst , Player 2 playsxH
2 with probability 1 if he observed Player

1’s period-t− 2 action and otherwise plays each ofxH
2 and xL

2 with probability 1/2. Thus, if
Player 2 observes Player 1’s action in even-numbered periodt , he then playsxH

2 with probability
1 in bothperiodst +1 andt +2. Finally, Player 3 playsx3 = xH

3 in period 0, and in every period
t ≥ 1, he playsxH

3 if Player 2 playedxH
2 in periodt − 1 and playsxL

3 if Player 2 playedxL
2 in

period t − 1. If any playeri observes a deviation from this specification of on-path play (i.e.
if any player deviates herself; if Player 2 observesx1 6= 0∙2505 or observes Player 3 failing to
take her prescribed action; or if Player 3 observesx2 /∈ {xL

2 ,x
H
2 }), she then playsxi = 0 in all

subsequent periods. In the Appendix, I specifyxL
2 , xH

2 , xL
3 , andxH

3 and verify that the resulting
strategy profile is a PBE.

Why can strategies of this form sustain greater maximum cooperation by Player 1 than grim
trigger strategies can? The key is that the difference between Player 1’s expectation of Player 3’s
average future cooperation when Player 1 cooperates and when Player 1 shirks, conditional on
the event that Player 2 observes Player 1 (which is the only event that matters for Player 1’s in-
centives), is larger than with grim trigger strategies. To understand this, consider what happens
after Player 2 sees Player 1 play 0∙2505 in periodt − 1, for t odd. Conditional on this event,
Player 1’s expectation of Player 3’s action in both periodst +1 andt +2 equalsxH

3 , but Player
3’s expectation of his own action in periodt +2 after seeing Player 2 playxH

2 in periodt is less
thanxH

3 because he is not sure that Player 2 observed Player 1 in periodt −1. Indeed, if Player 3
were sure that Player 2 had observed Player 1 in periodt −1, he would not be willing to playxH

3
(as he would have to playxH

3 in periodt +2 in addition tot +1). Thus, the disagreement between
Player 1’s expectation of Player 3’s average future cooperation (conditional on Player 2 observ-
ing Player 1) and Player 3’s (unconditional) expectation of his own average future cooperation
improves Player 1’s incentive to cooperate without causing Player 3 to shirk.

Note that all this example directly prove that Player 1’s maximum cooperation is not sustain-
able in grim trigger strategies. However, it is not hard to show that any strategies that sustain
more cooperation than is possible with grim trigger must involve “rewards” in that on-path ac-
tions must sometimes increase from one period to the next. This observation places a lower
bound on how “complicated” the strategies that do sustain Player 1’s maximum cooperation in
the example must be, even though actually computing these strategies seems intractable.9

3.2. Robust optimality of grim trigger strategies

This section shows that all players’ robust maximum cooperation can be robustly sustained in
grim trigger strategies, defined as follows.

9. It is also trivial to modify this example to show that a player’spayoff need not be maximized by grim trigger
strategies: simply add a fourth player, observed by no one, who only values Player 1’s contributions.
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Definition3. A strategy profileσ is agrim trigger strategy profileif there exist actions(xi )
n
i =1

such thatσi (ht
i )= xi if zi, j,τ ∈ {xj ,∅} for all zi, j,τ ∈ hi,τ and allτ < t andσi (ht

i )= 0 otherwise.

In a grim trigger strategy profile, playeri ’s action at an off-path historyht
i does not depend

on the identity of the initial deviator. In particular, by perfect recall, playeri plays xi = 0 in
every period following a deviation by playeri herself. Also, if a grim trigger strategy profile
σ sustains each player’s robust maximum cooperation, then underσ each playeri playsx∗

i at
every on-path history. Finally, grim trigger strategy profiles are clearly higher-order information
free.

Next, I introduce an important piece of notation: defineD(τ, t, i ) recursively by

D(τ, t, i )= ∅ if τ < t,

D(t, t, i )= {i },

D(τ +1,t, i )= { j : zj,k,τ = xk,τ for somek ∈ D(τ, t, i )} if τ ≥ t .

That is,D(τ, t, i ) is the set of players in periodτ who have observed a player who has observed
a player who has observed . . . playeri since timet . By perfect recall,D(τ +1,t, i )⊇ D(τ, t, i )
for all τ , t , andi . The setD(τ, t, i ) is important becausej ∈ D(τ, t, i ) is a necessary condition
for player j ’s time τ history to vary with playeri ’s actions at times aftert . In particular, if
players are using grim trigger strategies and playeri shirks at timet , thenD(τ, t, i ) is the set of
players who shirk at timeτ . Note that the probability distribution ofD(τ, t, i ) is the same as the
probability distribution ofD(τ − t, i )≡ D(τ − t,0,i ), for all i andτ ≥ t .

I now state the main theoretical result of the paper.

Theorem 1. There is a grim trigger strategy profileσ ∗ that robustly sustains each player’s
robust maximum cooperation. Furthermore, the vector of players’ robust maximum cooperation
(x∗

i )
n
i =1 is the (component-wise) greatest vector(xi )

n
i =1 such that

xi = (1− δ)
∞∑

t=0

δt
∑

j 6=i

Pr(j ∈ D(t, i )) fi, j (xj ) for all i ∈ N. (1)

Given that grim trigger strategies sustain each player’s robust maximum cooperation, equa-
tion (1) is almost immediate: the left-hand side of equation (1) is the cost to playeri of con-
forming toσ ∗, and the right-hand side of equation (1) is the benefit to playeri of conforming
to σ ∗, which is that, if playeri deviated, she would lose her benefit from playerj ’s cooperation
whenever j ∈ D(t, i ). Thus, equation (1) states that the vector of robust maximum coopera-
tion is the greatest vector of actions that equalizes the cost and benefit of cooperation for each
player. In addition, it is easy to compute the vector(x∗

i )
n
i =1, as discussed in footnote 21 in the

Appendix.
Thus, the substance of Theorem 1 is showing that grim trigger strategies sustain each player’s

robust maximum cooperation. As shown above, grim trigger strategies do not sustain each
player’s maximum cooperation with every higher-order information structure. However, if one
shows that a grim trigger strategy profileσ sustains each playeri ’s maximum cooperationxi
with somehigher-order information structure, then this implies that bothx∗

i ≤ xi (by definition
of x∗

i ) andx∗
i ≥ xi (becauseσ must robustly sustainxi ),10 so Theorem 1 follows. Hence, the

following key lemma implies Theorem 1.

10. It is not difficult to show that if a grim trigger strategy profile sustains a player’s maximum cooperationxi with
some higher-order information structure, then it robustly sustainsxi . See the Appendix.
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Lemma 1. The grim trigger strategy profile with on-path actions given by equation (1) sustains
each player’s maximum cooperation with perfect higher-order information.

Lemma 1 is also of interest in its own right as it shows that grim trigger strategies maxi-
mize cooperation when higher-order information is perfect. For example, Lemma 1 implies that
grim trigger strategies always maximize cooperation for fixed monitoring networks as with fixed
monitoring networks who observes whom is always common knowledge. Since grim trigger
strategies are higher-order information free, Lemma 1 also implies that each player’s maximum
cooperation with perfect higher-order information is weakly less than her maximum cooperation
with any other higher-order information structure.

The key idea behind Lemma 1 is that a player is willing to cooperate (weakly) more at
any on-path history if any other player cooperates more at any on-path history because the first
player is more likely to benefit from this increased cooperation when she conforms than when
she deviates.11 Thus, there is a kind of strategic complementarity between the actions of any two
players at any two on-path histories. This suggests the following “proof” of Lemma 1: Define
a functionφ that maps the vector of all players’ on-path actions at every on-path history,Ex, to
the vector of the highest actions that each player is willing to take at each on-path history when
actions at all other on-path histories are as inEx, and players shirk at off-path histories. LetX̄
be an action greater than any on-path PBE action, and letEX be the vector of on-path actions
X̄. By complementarity among on-path actions, iteratingφ on EX yields a sequence of vectors
of on-path actions that are all constant across periods and weakly greater than the greatest fixed
point ofφ, and this sequence converges monotonically to the greatest fixed point ofφ. Therefore,
the greatest fixed point ofφ is constant across periods, and it provides an upper bound on each
player’s maximum cooperation. Finally, verify that the grim trigger strategy profile with on-path
actions given by the greatest fixed point ofφ is a PBE.12

The problem with this “proof” (and there must be a problem because the “proof” does not
mention perfect higher-order information) is that while the highest action that a player is willing
to take at any on-path history is non-decreasing in everyother player’s on-path actions, it is
decreasing inher ownfuture on-path actions. That is, a player is not willing to cooperate as
much today when she knows that she will be asked to cooperate more tomorrow. Hence, the
functionφ as defined in the previous paragraph is not isotone and thus may not have a greatest
fixed point. This problem may be addressed by working not with players’ stage-game actions
σi (ht

i ) but rather with their “continuation actions”Xt
i ≡ (1− δ)

∑
τ≥t δ

τ−tσi (hτi ). Indeed, it can
be shown that

E[Xt
i | ht

i ] ≤
∞∑

τ=t

δτ−t
∑

j 6=i

Pr(j ∈ D(τ, t, i )\D(τ −1,t, i ))

× fi, j (E[Xτj | ht
i , j ∈ D(τ, t, i )\D(τ −1,t, i )]),

for every playeri and on-path historyht
i . The intuition for this inequality is that, if playeri shirks

at timet , then playerj starts shirking at timeτ with probability Pr( j ∈ D(τ, t, i )\D(τ−1,t, i )),
and this yields lost benefits of at leastfi, j (E[Xτj | ht

i , j ∈ D(τ, t, i )\D(τ −1,t, i )]) to playeri .
This inequality yields an upper bound on playeri ’s expected continuation action,E[Xt

i | ht
i ], in

11. This observation relies on the assumption of network monitoring since otherwise a deviation by the first player
may make some on-path histories more likely.

12. For this last step, one might be concerned that grim trigger strategies do not satisfy off-path incentive con-
straints as a player might want to cooperate off-path in order to slow the “contagion” of defecting, as inKandori(1992)
andEllison (1994). As discussed in Section1, this problem does not arise with continuous actions and payoffs.
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terms of her expectation ofother players’ continuation actions only. This raises the possibility
that the functionφ could be isotone when defined in terms of continuation actionsXt

i rather
than stage-game actions. For an approach along these lines to work, however, one must be able
to expressE[Xτj | j ∈ D(τ, t, i )\D(τ − 1,t, i )] in terms ofE[Xτj | hτj ] for player j ’s private
historieshτj . With perfect higher-order information (but not otherwise),

E[Xτj | j ∈ D(τ, t, i )\D(τ −1,t, i )] = E[E[Xτj | hτj ] | j ∈ D(τ, t, i )\D(τ −1,t, i )],

so such an approach is possible.13

4. EQUAL MONITORING

This section imposes the assumption that all players’ actions are equally well monitored in a
sense that leads to sharp comparative statics results. In particular, assume throughout this section:

• Parallel benefit functions:There exists a functionf :R+→ R+ and scalarsαi, j ∈R+ such
that fi, j (x)= αi, j f (x) for all i, j ∈ N and allx ∈ R+.

• Equal monitoring:
∑∞

t=0δ
t ∑

k 6=i Pr(k ∈ D(t, i ))αi,k =
∑∞

t=0δ
t ∑

k 6= j Pr(k ∈ D(t, j ))α j,k
for all i, j ∈ N.

Parallel benefit functions imply that the importance of playerj ’s cooperation to playeri may
be summarized by a real numberαi, j . With this assumption, equal monitoring states that the
expected discounted number of players who may be influenced by playeri ’s action, weighted
by the importance of their actions to playeri , is the same for alli ∈ N. To help interpret these
assumptions, note that ifαi, j is constant across playersi and j , then, for generic discount factors
δ, equal monitoring holds if and only ifE[#D(t, i )] = E[#D(t, j )] for all i, j ∈ N and t ∈ N,
i.e. if and only if the expected number of players who find out about shirking by playeri within
t periods is the same for alli ∈ N.

Section4.1derives a simple and general formula for comparative statics on robust maximum
cooperation under equal monitoring. Sections4.2and4.3apply this formula to the leading spe-
cial case of(global) public good provision, whereαi, j = α for all i 6= j , i.e. where all players
value each other’s actions equally. Section4.2 studies the effect of group size on public good
provision, and Section4.3 considers the effect of “uncertainty” in monitoring on public good
provision.

Finally, the higher-order information structure plays no role in this section or the following
one because these sections study comparative statics on players’ maximum robust cooperation,
which is independent of the higher-order information structure by definition.

4.1. Comparative statics under equal monitoring

The section derives a formula for comparative statics on robust maximum cooperation under
equal monitoring. The first step is noting that each player’s robust maximum cooperation is the
same under equal monitoring (proof in Appendix).

Corollary 1. With equal monitoring, x∗i = x∗
j for all i , j ∈ N.

13. The assumptions that payoffs are concave and separable are also necessary. Without concavity, PBE actions
could be scaled up indefinitely. Without separability, higher cooperation may be sustained when players take turns
cooperating (see Example A1 in the Online Appendix).
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Thus, under equal monitoring each player has the same robust maximum cooperationx∗. I
wish to characterize whenx∗ is higher in one game than another, when both games satisfy equal
monitoring and have the same underlying benefit functionf . Formally, agame with equal mon-
itoring 0 = (N, (αi, j )i, j ∈N×N,δ,μ) is a model satisfying the assumptions of Section2 as well
as equal monitoring. For any game with equal monitoring0, let x∗(0) be the robust maximum
cooperation in0, and let

B(0)≡ (1− δ)
∞∑

t=0

δt
∑

j 6=i

Pr(j ∈ D(t, i ))αi, j

be playeri ’s benefit of cooperation (i.e. the right-hand side of equation (1)) when f (xj )= 1 for
all j ∈ N, which is independent of the choice ofi ∈ N by equal monitoring. The comparative
statics result for games with equal monitoring is the following.

Theorem 2. Let 0′ and 0 be two games with equal monitoring. Then x∗(0′) ≥ x∗(0) if
B(0′)≥ B(0), with strict inequality if B(0′) > B(0) and x∗(0′) > 0.

Proof. Sincex∗
i = x∗ for all i ∈ N, equation (1) may be rewritten as

x∗ = (1− δ)
∞∑

t=0

δt
∑

j 6=i

Pr(j ∈ D(t, i ))αi, j f (x∗)= B(0) f (x∗).

Hence,x∗(0) is the greatest zero of the concave functionB(0) f (x)− x. If B(0′)≥ B(0), then
B(0′) f (x∗(0))− x∗(0) ≥ B(0) f (x∗(0))− x∗(0) = 0, which implies thatx∗(0′) ≥ x∗(0). If
B(0′) > B(0) andx∗(0′) > 0, then eitherx∗(0)= 0 (in which casex∗(0′) > x∗(0) trivially) or
x∗(0) > 0, in which caseB(0′) f (x∗(0))−x∗(0) > B(0) f (x∗(0))−x∗(0)= 0, which implies
thatx∗(0′) > x∗(0). ‖

Theorem 2 gives a complete characterization of whenx∗(0) is greater or less thanx∗(0′),
for any two games with equal monitoring0 and0′. In particular, robust maximum cooperation
is greater when the expected discounted number of players who may be influenced by a player’s
action, weighted by the importance of their actions to that player, is greater. For example, in the
case ofglobalpublic good provision (where all players value all other players’ actions equally),
robust maximum cooperation is greater when the setsD(t, i ) are likely to be larger, while if
each player only values the actions of a subset of the other players (her geographic neighbours,
her trading partners, etc.), then robust maximum cooperation is greater when theintersection
of the setsD(t, i ) and the set of players whose actions playeri values is likely to be larger.
Hence, Theorem 2 characterizes how different monitoring technologies sustain different kinds
of cooperative behaviours.

4.2. The effect of group size on global public good provision

This section uses Theorem 2 to analyse the effect of group size on robust maximum cooperation
in the leading special case of global public good provision, whereαi, j = α for all i 6= j .

In the case of (global) public good provision,

B(0)= α

∞∑

t=0

δt (E[#D(t, i )] −1).
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Thus, for public goods, all the information needed to determine whether changing the game
increases or decreases the (robust) maximumper capitalevel of public good provision is con-
tained in the product of two terms: the marginal benefit to each player of public good
provision,α, and (1/(1− δ) less than) theeffective contagiousnessof the monitoring technol-
ogy,

∑∞
t=0δ

tE[#D(t, i )]. Information such as group size, higher moments of the distribution
of #D(t, i ), and which players are more likely to observe which other players are not directly
relevant. In particular, the single number

∑∞
t=0δ

tE[#D(t, i )]—the effective contagiousness—
completely determines the effectiveness of a monitoring technology in supporting public good
provision.

This finding that comparative statics on theper capita level of public good provision are
determined by the product of the marginal benefit of the public good to each player and the
effective contagiousness of the monitoring technology yields useful intuitions about the effect
of group size on theper capitalevel of public good provision. In particular, index a game0
by its group size,n, and writeα(n) for the corresponding marginal benefit of contributions
and

∑∞
t=0δ

tE[#D(t,n)] for the effective contagiousness (I use this simpler notation for the re-
mainder of this section). Normally, one would expectα(n) to be decreasing inn (a larger popula-
tion reduces playeri ’s benefit from player j ’s contribution to the public good) and∑∞

t=0δ
tE[#D(t,n)] to be increasing inn (a larger population makes it more likely that player

i ’s action is observed by more individuals), yielding a trade-off between the marginal benefit
of contributions and the effective contagiousness. Consider again the example of constructing
a local infrastructure project, like a well. In this case,α(n) is likely to be decreasing and con-
cave: since each individual uses the well only occasionally, there are few externalities among
the first few individuals, but eventually it starts to become difficult to find times when the well is
available, water shortages become a problem, etc. Similarly,

∑∞
t=0δ

tE[#D(t,n)] is likely to be
increasing and may be concave if there are “congestion” effects in monitoring. Thus, it seems
likely that in typical applicationsα(n)

∑∞
t=0δ

t (E[#D(t,n)] −1), and thereforeper capitapublic
good provision, is maximized at an intermediate value ofn.

Theorem 2 yields particularly simple comparative statics for the leading cases of pure public
goods (α(n)= 1) and divisible public goods (α(n)= 1/n), which are useful in examples below.

Corollary 2. With pure public goods (α(n) = 1), if E[#D(t,n′)] ≥ E[#D(t,n)] for all t , then
x∗(n′) ≥ x∗(n), with strict inequality if E[#D(t,n′)] > E[#D(t,n)] for some t≥ 1 and
x∗(n′) > 0.

With pure public goods,x∗(n) is increasing unless monitoring degrades so quickly as
n increases that the expectednumberof players who find out about a deviation withint peri-
ods is decreasingin n, for some t . This suggests thatx∗(n) is increasing inn in many
applications.

Corollary 3. With divisible public goods (α(n) = 1/n), if (E[#D(t,n′)] − 1)/n′ ≥
(E[#D(t,n)] − 1)/n for all t , then x∗(n′) ≥ x∗(n), with strict inequality if(E[#D(t,n′)] − 1)/
n′ > (E[#D(t,n)] −1)/n for some t≥ 1 and x∗(n′) > 0.

With divisible public goods,x∗(n) is increasing only if the expectedfractionof players (other
than the deviator herself) who find out about a deviation withint periods is non-decreasing
in n, for all t . This suggests that, with divisible public goods,x∗(n) is decreasing in many
applications.

The following two examples demonstrate the usefulness of Theorem 2 and Corollaries2
and3. An earlier version of this paper (available upon request) contains additional examples.
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4.2.1. Random matching. Monitoring israndom matchingif in each period every player
is linked with one other player at random, andl i, j,t = l j,i,t for all i, j ∈ N and all t . This is
possible only ifn is even.

It can be shown that, with random matching,E[#D(t,n)] is non-decreasing inn and is in-
creasing inn for t = 2. Therefore, Corollary2 implies that, with pure public goods, robust
maximum cooperation is increasing in group size.

Proposition 1. With random matching and pure public goods, if n′ > n, then x∗(n′) ≥ x∗(n),
with strict inequality if x∗(n′) > 0.

However, it can also be shown that
∑∞

t=0δ
t (E[#D(t,n′)] −1)/n′<

∑∞
t=0δ

t (E[#D(t,n)]−1)/n
whenevern′ > n, n′ andn are sufficiently large, andδ < 1/2. In this case, Theorem 2 implies
that, with divisible public goods, robust maximum cooperation is decreasing in group size.

Proposition 2. With random matching and divisible public goods, ifδ < 1
2, then, for anyγ > 0,

there existsN̄ such that x∗(n′)≤ x∗(n) if n′ > (1+γ )n ≥ N̄ , with strict inequality if x∗(n′) > 0.

4.2.2. Monitoring on a circle. Monitoring is on a circle if the players are arranged in
a fixed circle and there exists an integerd ≥ 1 such thatl i, j,t = 1 if and only if the distance
betweeni and j is at mostd.

It is a straightforward consequence of Corollary2 that robust maximum cooperation is in-
creasing in group size with monitoring on a circle and pure public goods.

Proposition 3. With monitoring on a circle and pure public goods, if n′ > n, then x∗(n′) ≥
x∗(n), with strict inequality if x∗(n′) > 0.

In contrast, Corollary3 implies that robust maximum cooperation is decreasing in group size
with monitoring on a circle and divisible public goods.

Proposition 4. With monitoring on a circle and divisible public goods, if n′ > n, then x∗(n′)≤
x∗(n), with strict inequality if d< n′/2 and x∗(n′) > 0.

Finally, monitoring on a circle is a simple test case in which to compare robust maximum
cooperation with the first-best (Lindahl–Samuelson) benchmark, for various discount factors
and group sizes. Assume thatn is odd, and consider first the case of pure public goods, with
f (x)=

√
x. Then first-best cooperation is given by

(n−1)
1

2
√

xFB
= 1

or

xFB =
(

n−1

2

)2

.

Robust maximum cooperation is given by equation (1) (or by the simpler equation (2) of Section
5.1), which yields

x∗ = 2δ

(
1− δ

n−1
2

1− δ

)
√

x∗

ALEXANDER WOLITZKY COOPERATION WITH NETWORK MONITORING 409

 at M
IT

 L
ibraries on A

pril 14, 2015
http://restud.oxfordjournals.org/

D
ow

nloaded from
 

http://restud.oxfordjournals.org/


“rds016” — 2012/4/19 — 9:53 — page 16 — #16

or

x∗ =

(

2δ

(
1− δ

n−1
2

1− δ

))2

.

The following table displays robust maximum cooperation for various combinations ofδ andn.

n

δ

11 31 101 1001
0∙5 3∙75 4∙00 4∙00 4∙00
0∙7 15∙07 21∙57 21∙78 21∙78
0∙9 54∙33 204∙3 320∙7 324∙0
0∙99 94∙17 767∙8 6116∙6 38,691

For comparison, first-best cooperation does not depend onδ and equals 25 whenn = 11, 225
whenn = 31, 2500 whenn = 101, and 250,000 whenn = 1001. Several remarks are in order
here. First, robust maximum cooperation is less than first-best cooperation for all combinations
of δ and n other than(δ = 0∙9,n = 11) and (δ = 0∙99,n ∈ {11,31,101}). Thus, the equilib-
rium that sustains robust maximum cooperation also maximizes utilitarian social welfare, unless
players are very patient and the group is relatively small. Second, robust maximum cooperation
falls far short of the first-best benchmark in large groups, unless players are very patient. Third,
network structure matters:e.g. if the monitoring network is a clique rather than a circle (i.e.
if monitoring is perfect), then robust maximum cooperation is given byx∗ = (δ(n− 1))2, and
hence, first-best cooperation can be sustained wheneverδ ≥ 1/2. Finally, all these conclusions
also hold for the case of divisible public goods as with divisible public goods bothxFB andx∗

are given by dividing the corresponding quantities with pure public goods byn2.

4.3. The effect of uncertain monitoring on global public good provision

This section provides a result comparing monitoring technologies in terms of the maximum
level of (robust) global public good provision they support, for a fixed group size. As discussed
in the previous subsection, a monitoring technology supports greater robust maximum coop-
eration in global public good provision if and only if it has greater effective contagiousness,∑∞

t=0δ
tE[#D(t)], where the parametern is omitted because it is held fixed in this subsection.

I compare “less certain” monitoring, where it is likely that either a large or a small fraction about
the population finds out about a deviation, with “more certain” monitoring, where it is likely that
an intermediate fraction of the population finds out about it, in the sense of second-order stochas-
tic dominance. Under fairly broad conditions, more certain monitoring supports greater robust
maximum cooperation.

The analysis of this subsection relies on the following assumption, which states that the
distribution over #D(t +1) depends only on #D(t).

• There exists a family of functions{gk: {0, . . . ,n}→[0,1]}n
k=1 such that, whenever #D(t)=

k, Pr(#D(t +1)= k′)= gk(k′), for all t , k, andk′.

This assumption is satisfied by random matching,e.g., but not by monitoring on a circle
because with monitoring on a circle the distribution of #D(t + 1) depends on the identities of
the members ofD(t).

Given a probability mass functiongk, define the corresponding distribution functionGk(k′)≡∑k′

s=0 gk(s). Recall that a distributioñGk strictly second-order stochastically dominates Gk if∑n
s=0η(s)g̃k(s) >

∑n
s=0η(s)gk(s) for all increasing and strictly concave functionsη: R→ R.

The following result compares monitoring under{g̃k}n
k=1 and{gk}n

k=1.
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Theorem 3. Suppose that̃Gk(k′) and Gk(k′) are decreasing and strictly convex in k for k∈
{0, . . . ,k′} and k′ ∈ {0, . . . ,n} and thatG̃k strictly second-order stochastically dominates Gk
for k ∈ {1, . . . ,n−1}. Then robust maximum cooperation is strictly greater under a monitoring
technology corresponding to{g̃k(∙)}n

k=1 than under a monitoring technology corresponding to
{gk(∙)}n

k=1.

The intuition for Theorem3 is fairly simple: If G̃k strictly second-order stochastically domi-
natesGk for all k, then underG̃k it is more likely that an intermediate number of players find out
about an initial deviation each period. SinceGk(k′) andG̃k(k′) are decreasing and convex ink,
the expected number of players who find out about the deviation withint periods increases int
more quickly when it is more likely that an intermediate number of players find out about the de-
viation each period. Hence,

∑∞
t=0δ

tE[#D(t)] is strictly higher under a monitoring technology
corresponding to{g̃k(∙)}n

k=1 than under a monitoring technology corresponding to{gk(∙)}n
k=1,

and the theorem then follows from Theorem 2.

5. FIXED MONITORING NETWORKS

This section studies both global and local public good provision with network monitoring when
the monitoring network is fixed over time. That is, throughout this section I make the following
assumption on the (deterministic) monitoring technology.

• Fixed undirected monitoring network:There exists a networkL = (l i, j )(i, j )∈N×N such
thatl i, j,t = l i, j = l j,i for all t .

I also assume that the stage game satisfies one of the following two properties, whereN(i )
is the set of playeri ’s neighbours inL.

• Global public goods: ui (x)=
(∑

j 6=i f (xj )
)
− xi .

• Local public goods: ui (x)=
(∑

j ∈N(i ) f (xj )
)
− xi .

The extensions of all the results in this section to directed networks is straightforward. I
discuss below where the assumption of global or local public goods can be relaxed.

Section5.1 introduces a new definition of centrality in networks and uses Theorem 1 to
show that more central players have greater robust maximum cooperation. Section5.2 shows
that centrality can also be used to determine when one network “dominates” another in terms
of supporting cooperation. Finally, Section5.3remarks on the stability of monitoring networks,
emphasizing differences between the cases of global and local public goods.

5.1. Centrality and robust maximum cooperation

Theorem 1 provides a general characterization of players’ robust maximum cooperation as a
function of the discount factor and benefit functions. Here, I provide a partial ordering (“cen-
trality”) of players in terms of their network characteristicsunder which higher players have
greater robust maximum cooperationfor all discount factors and benefit functions. Intuitively,
playeri is “more central” than playerj if i has more neighbours (within distancet , for all t ∈N)
than j , i ’s neighbours have more neighbours thanj ’s neighbours,i ’s neighbours’ neighbours
have more neighbours thanj ’s neighbours’ neighbours, and so on. Formally, letd(i, j ) be the
distance (shortest path length) between playersi and j , with d(i, j ) ≡ ∞ if there is no path
betweeni and j . The definition of centrality is the following.14

14. This seems like a natural notion of centrality, but I am not aware of any references to it in the literature.
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FIGURE 2
A five-player example

Definition 4. Player i is 1-more centralthan player j if, for all t ∈ N, #{k ∈ N: d(i,k) ≤
t} ≥ #{k ∈ N: d( j,k) ≤ t}. Playeri is strictly 1-more centralthan playerj if in addition #{k ∈
N: d(i,k)≤ t}> #{k ∈ N: d( j,k)≤ t} for somet .

For all integerss ≥ 2, playeri is s-more centralthan playerj if, for all t ∈ N, there exists a
surjectionψ : {k ∈ N: d(i,k) ≤ t} → {k ∈ N: d( j,k) ≤ t} such that, for allk with d( j,k) ≤ t ,
there existsk′ ∈ ψ−1(k) such thatk′ is s− 1-more central thank. Playeri is strictly s-more
central than player j if in addition k′ is strictly s− 1-more central thank for somet , ψ , k,
andk′.

Playeri is more centralthan playerj if i is s-more central thanj for all s ∈ N. Playeri is
strictly more centralthan playerj if in addition i is strictlys-more central thanj for somes∈N.

As a first example, consider five players arranged in a line (Figure2). Player 3 is strictly
more central than Players 2 and 4, who are in turn strictly more central than Players 1 and 5.
To see this, note first that Player 3 is strictly 1-more central than Players 2 and 4, who are in
turn each strictly 1-more central than Players 1 and 5. For example, Player 2 is strictly 1-more
central than Player 5 because Player 2 has three neighbours within distance 1 (including Player
2 herself), four neighbours within distance 2, and five neighbours within distance 3 or more,
while Player 5 has two neighbours within distance 1, three neighbours within distance 2, four
neighbours within distance 3, and five neighbours within distance 4 or more. Next, suppose
that Player 3 iss-more central than Players 2 and 4 and that Players 2 and 4 are boths-more
central than Players 1 and 5. Then it is easy to check that Player 3 is alsos+1-more central than
Players 2 and 4, who in turn are boths+1-more central than Players 1 and 5,e.g.one surjection
ψ : {k ∈ N: d(2,k) ≤ 2} → {k ∈ N : d(5,k) ≤ 2} that satisfies the terms of the definition is
given byψ(1)=ψ(2)= 5,ψ(3)= 3,ψ(4)= 4 (noting that a player is always more central than
herself because in this caseψ can be taken to be the identity mapping). Thus, by induction ons,
Player 3 is strictly more central than Players 2 and 4, who are in turn strictly more central than
Players 1 and 5.

The main result of this section states that, with either global or local public goods, more
central players have greater robust maximum cooperation, regardless of the discount factorδ and
benefit functionf . The result can easily be generalized to allow for utility functions intermediate
between global and local public goods, where a player’s benefit from another player’s action is
a decreasing function of the distance between them.15 The proof uses a monotonicity argument
similar to that in the proof of Lemma 1, which shows that more central players cooperate more
at every step of a sequence of vectors of actions that converges to the vector of robust maximum
cooperation.

Theorem 4. With either global or local public goods, if player i is more central than player j ,
then x∗i ≥ x∗

j . The inequality is strict if player i is strictly more central than player j and x∗
k > 0

for all k ∈ N.

The proof of the strict inequality in Theorem4 uses the following lemma.

15. Formally, Theorem4 holds whenever there exist a functionf : R+ → R+ and constantsαd ∈ R+ such that
αd ≥ αd+1 ≥ 0 for all d ∈ N andui (x)=

(∑
j 6=i αd(i, j ) f (x j )

)
− xi for all i ∈ N.
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Lemma 2. Player i is more central than player j if and only if for all t∈ N, there exists a
surjectionψ : {k ∈ N: d(i,k) ≤ t} → {k ∈ N: d( j,k) ≤ t} such that, for all k with d( j,k) ≤ t ,
there exists k′ ∈ ψ−1(k) such that k′ is more central than k.

Proof of Theorem4. I prove the result for global public goods. The proof for local public
goods is similar.

Let φ: Rn
+ → Rn

+, be defined as in the proof of Lemma 1; with a fixed monitoring network
and global public goods, this simplifies to

φi ((xj )
n
j =1)=

∑

j 6=i

δd(i, j ) f (xj ) for all i ∈ N.

As in the proof of Lemma 1, definexm
i recursively byx1

i = X̄ (a large constant defined in
Step 1a of the proof of Lemma 1) andxm+1

i = φi ((xm
j )

n
j =1). The proof of Lemma 1 shows that

x∗
i = limm→∞ xm

i .
Suppose that playeri is more central than playerj . I claim thatxm

i ≥ xm
j for all m∈N, which

proves the weak inequality. Trivially,x1
i = X̄ ≥ X̄ = x1

j . Now suppose thatxm
k′ ≥ xm

k whenever
playerk′ is more central than playerk, for somem∈N. Since playeri is m+1-more central than
player j , for anyt ∈ N there exists a surjectionψ : {k ∈ N: d(i,k) ≤ t} → {k ∈ N: d( j,k) ≤ t}
such that, for allk with d( j,k)≤ t , there existsk′ ∈ ψ−1(k) such thatk′ is m-more central than
k. Sincexm

k′ ≥ xm
k , this implies that

∑
k:d(i,k)≤t f (xm

k )≥
∑

k:d( j,k)≤t f (xm
k ). This holds for allt ,

which implies thatxm+1
i = (1−δ)

∑∞
t=0δ

t ∑
k:d(i,k)≤t f (xm

k )≥ (1−δ)
∑∞

t=0δ
t∑

k:d( j,k)≤t f (xm
k )

= xm+1
j . It follows by induction thatxm

i ≥ xm
j for all m ∈ N.

To prove the strict inequality, suppose that playeri is strictly more central than playerj and
thatx∗

k > 0 for all k ∈ N. Rewrite equation (1) as

x∗
i =

∑

j 6=i

δd(i, j ) f (x∗
j ). (2)

Suppose thati is more central thanj and strictly 1-more central thanj , let x∗ ≡ mink x∗
k (which

is positive by assumption), let̄x∗ ≡ maxk x∗
k , and letd̄ be the diameter ofL (i.e. the maximum

distance between any two path-connected nodes inL). Then, by Lemma2 and equation (2),
x∗

i ≥ x∗
j + δd̄−1min{δ,1− δ} f (x∗) as playeri has at least one more distance-t neighbour than

player j for somet ∈ N.16 Therefore, there existsε1 > 0 such thatx∗
i − x∗

j ≥ ε1 > 0 whenever
i is more central thanj and strictly 1-more central thanj . Now suppose that there existsεs > 0
such thatx∗

i − x∗
j ≥ εs > 0 wheneveri is more central thanj and strictlys-more central than

j . Suppose thati is more central thanj and strictlys+ 1-more central thanj . Then x∗
i ≥

x∗
j + δd̄−1max{δ,1− δ}( f (x̄∗ +εs)− f (x̄∗)), by Lemma2 and equation (2), which implies that

there existsεs+1 > 0 such thatx∗
i − x∗

j ≥ εs+1 > 0. By induction ons, it follows thatx∗
i > x∗

j
wheneveri is strictly more central thanj . ‖

Four remarks on Theorem4 are in order. First, the conclusion of Theorem4 would still hold
for local public goods (but not global public goods) if the definition of centrality was weak-
ened by specifying that playeri is 1-more central than playerj whenever #N(i ) ≥ #N( j ) (by
essentially the same proof). Thus, players’ robust maximum cooperation can be ordered for
more networks with local public goods than with global public goods. Second, the fixed-point
equation (2)—which is substantially simpler than the general fixed-point equation (1)—orders

16. The min{δ,1− δ} term corresponds to the possibility that playeri may have one more distance-d̄ neighbour
than playerj or may have one more distance-d̄ −1 neighbour and the same number of distance-d̄ neighbours.
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players’ robust maximum cooperation forany fixed monitoring network. So comparing play-
ers’ robust maximum cooperation for any fixed monitoring network is not difficult, even if the
centrality ordering is very incomplete.

Third, Theorem4 provides a new perspective on the Olsonian idea of the “exploitation of the
great by the small”.Olson(1965) notes that small players may free ride on large players if larger
players have greater private incentives to contribute to public goods. Theorem4 illustrates an
additional reason why larger players might contribute disproportionately to public goods: larger
players may be more central, in which case they may be punished more effectively for shirking.
While this “exploitation” implies that more central players receive lower payoffs than less central
players with global public goods, Corollary7 below implies that more central players receive
higher payoffs than less central players with local public goods, which shows that with local
public goods the benefit of having more neighbours more than offsets the cost of contributing
more.

Fourth, my definition of centrality is related to Bonacich centrality (Bonacich,1987). My
definition of centrality is a partial order as it ranks players in a way that is invariant to the benefit
function and discount factor, so a more direct comparison with Bonacich centrality results from
comparing players’ robust maximum cooperation for a fixed benefit function,f , and discount
factor,δ; in this case,δ is analogous to the decay factor in the definition of Bonacich centrality,
β. Indeed, the formula for a player’s robust maximum cooperation, equation (2), is very similar
to the formula for her Bonacich centrality, with the important difference that a player’s robust
maximum cooperation depends on other players’ robust maximum cooperation through the con-
cave functionf , while this dependence in linear for Bonacich centrality. As a consequence, the
vector of players’ robust maximum cooperation is unique, while the vector of players’ Bonacich
centrality is determined only up to multiplication by a constant.

For general monitoring networks, it may be difficult to verify that one player is more central
than another, making it hard to apply Theorem4. Sometimes, however, symmetries in the net-
work can be exploited to determine which players are more central than others more easily. The
remainder of this section shows how this can be done. Corollary4 states that, if playeri is closer
to all playersk 6= i, j than is playerj , then playeri is more central than playerj . Corollary5
shows that if playersi andk are in “symmetric” positions in the monitoring network (in that
there exists a graph automorphismρ on L such thatk = ρ(i )) and playerk is more central than
player j , then playeri is more central than playerj as well.17

Corollary 4. If d(i,k) ≤ d( j,k) for all k 6= i, j , then player i is more central than player j .
Player i is strictly more central than player j if in addition the inequality is strict for some
k 6= i, j .

Corollary 5. If there exists a graph automorphismρ: N → N such thatρ(i ) is more central
(respectively strictly more central) than j , then i is more central (respectively strictly more
central) than j .

The “bow tie” network in Figure3 illustrates the usefulness of Corollaries4 and5.18 First,
Corollary 4 immediately implies that Player 3 is more central than Players 1 and 2 and that

17. A graph automorphismon L is a permutationρ on N such thatl i, j = lρ(i ),ρ( j ) for all i, j ∈ N. That is, a
graph automorphism is a permutation of vertices that preserves links.

18. This example is the same as that in Figure 2.13 ofJackson(2008), which he uses to illustrate various graph-
theoretic concepts of centrality. An important difference between my definition and those discussed by Jackson is that
my definition gives a partial order on nodes, while all the definitions discussed by Jackson give total orders.
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FIGURE 3
A seven-player example

Player 5 is more central than Players 6 and 7. Second, observe that the following mapρ is an
automorphism ofL: ρ(1)= 7,ρ(2)= 6,ρ(3)= 5,ρ(4)= 4,ρ(5)= 3,ρ(6)= 2, andρ(7)= 1.
Thus, Corollary5 implies that each player in{3,5} is more central than each player in{1,2,6,7}.
Given this observation, it is not hard to show that Player 4 is more central than each player in
{1,2,6,7}. Finally, neither of Players 3 and 4 are more central than the other as Player 3 has
more immediate neighbours while Player 4 has more neighbours within distance 2. Therefore,
Theorem 5 does not say whether Player 3 or Player 4 has greater robust maximum cooperation.
This is reassuring because one can easily construct examples in whichx∗

3 > x∗
4 and others in

which the reverse inequality holds:e.g. if f (x) =
√

x (with global public goods), thenx∗
1 ≈

2∙638,x∗
3 ≈ 3∙425, andx∗

4 ≈ 3∙475 if δ = 0∙5, whereas ifδ = 0∙4, thenx∗
1 ≈ 1∙378,x∗

3 ≈ 1∙849,
andx∗

4 ≈ 1∙839. Indeed, it is not surprising that Player 3 contributes more relative to Player 4
whenδ is lower, as in this case the fact that Player 3 has more immediate neighbours is more
important, while Player 4’s greater number of distance-2 neighbours matters more whenδ is
higher (sinceδ2 is low relative toδ when δ is low). However, there are networks in which
a playeri is not more central than playerj but nonethelessx∗

i ≥ x∗
j for every concave benefit

function f and discount factorδ, as shown by Example A2 in the Online Appendix. This implies
that centrality is not necessary to order players’ maximum equilibrium cooperations for every
benefit function and discount factor.

As an aside, the bow tie network also provides an interesting example of how social welfare
depends on network structure and how this varies with the discount factor. Whenf (x) =

√
x,

first-best cooperation isxFB = ((7−1)/2)2 = 9, so robust maximum cooperation is below first
best forδ = 0∙5 or 0∙4.19 Were the seven players arranged in a circle rather than a bow tie, then
robust maximum cooperation would be 3∙984 if δ = 0∙5 and 1∙777 if δ = 0∙4. In particular, com-
pared to the bow tie, utilitarian social welfare is much higher with monitoring on a circle when
δ = 0∙5 but is similar ifδ = 0∙4 (and is lower ifδ = 0∙3). The intuition is that the circle supports
more cooperation relative to the bow tie whenδ is higher as whenδ is higher, players’ lower
average degree in the circle is more than offset by the circle’s smaller diameter. More generally,
networks that have lower average degree but also have shorter average distance between nodes
that are not neighbours tend to support relatively more cooperation—and thus relatively greater
efficiency—whenδ is higher.

19. All calculations in this paragraph follow from the relevant formulas in Section 4.2.2.
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5.2. Comparing networks

This section shows that centrality is a key tool for comparing different networks in terms of their
capacity to support cooperation not just for comparing individuals within a fixed network. To
see this, note that the “more central” relation can be immediately extended to pairs of players in
different networksL ′ andL by specifying that playeri ′ ∈ L ′ is more central than playeri ∈ L if
playeri ′ is more central than playeri in the network consisting of disjoint componentsL ′ and
L. With this definition, the result is the following.

Theorem 5. For any network L′ and connected network L, if there exists players i′ ∈ L ′ and
i ∈ L such that player i′ is more central than player i , then there exists a surjectionψ : L ′ → L
such that, for all j∈ L, there exists j′ ∈ ψ−1( j ) such that x∗j ′ ≥ x∗

j .

Proof. Let d̄ be the diameter ofL (which is finite becauseL is connected). Since player
i ′ is more central than playeri , Lemma2 implies that there exists a surjectionψ :{ j ∈ L ′:
d(i ′, j ) ≤ d̄} → { j ∈ L: d(i, j ) ≤ d̄} such that, for all j with d(i, j ) ≤ d̄, there existsj ′ ∈
ψ−1( j ) such that j ′ is more central thanj . By Theorem4, x∗

j ′ ≥ x∗
j for any such j ′ and j .

Finally, { j ∈ L:d(i, j )≤ d̄} = L, by definition ofd̄. ‖

It is easy to see that Theorem5 applies ifL ′ ⊇ L, in which case any surjectionψ : L ′ → L
such thatψ(i )= i for all i ∈ L satisfies the condition of the theorem. This implies the following
corollary, which formalizes in a natural way the widespread idea that better-connected societies
can provide more public goods.20

Corollary 6. Adding links to a network weakly increases each player’s robust maximum
cooperation.

However, Theorem5 is much more general than this. For example, ifL ′ is a circle withn′

nodes andL is a circle withn nodes, then Theorem5 applies whenevern′ ≥ n. Similarly, if L ′ is
a symmetric graph of degreek′ on n nodes andL is a symmetric graph of degreek on n nodes,
then Theorem5 applies wheneverk′ ≥ k. Finally, the example in Figure4 shows that Theorem5
can even apply ifL ′ andL have the same number of nodesand the same number of links (here,
six and seven, respectively) because a simple application of Lemma2 and Corollary4 shows
that Players 1, 2, 5, and 6 are more central than Players 7, 8, 11, and 12 and that Players 3 and 4
are more central than Players 9 and 10.

5.3. Network stability

This section briefly considers the implications of allowing players to sever links in the mon-
itoring network before the beginning of play. I assume that the resulting equilibrium involves
each player making her robust maximum contribution with respect to the remaining monitoring
network. I show that, with local public good provision, no player ever has an incentive to sever
a link but that this is not true with global public good provision. Given that adding any link to a
monitoring network increases all players’ robust maximum cooperation (by Corollary6), these
results suggest that it may be easier to sustain monitoring networks that support high robust
maximum cooperation with local public goods than with global public goods.

20. An earlier version of this paper proves that, in addition, adding a link to a networkstrictly increases the robust
maximum cooperation of every player in the same component as the added link, if the robust maximum cooperation of
every such player is strictly positive.
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FIGURE 4
Comparing networks with Theorem5

With local public goods, every player is made worse off when any link in the monitoring
network is severed. This implies that any monitoring network is stable in that no individual can
benefit from severing a link; if players can also add links, then only the complete network is
stable. Note that a less restrictive definition of local public goods is needed for this result.

Corollary 7. Suppose that L is a subnetwork of L′.
If ui ((xj )

n
j =1) =

(∑
j ∈N(i ) fi, j (xj )

)
− xi for all i ∈ N, then every player i ’s payoff when all

players make their robust maximum contributions is weakly greater with monitoring network L′

than with monitoring network L.

Proof. Note that equation (1) simplifies tox∗
i = δ

∑
j ∈N(i ) fi, j (x∗

j ). Therefore,

ui ((x
∗
j )

n
j =1)=




∑

j ∈N(i )

fi, j (x
∗
j )



− x∗
i = (1− δ)

∑

j ∈N(i )

fi, j (x
∗
j ). (3)

The setN(i ) is weakly larger inL ′ than in L (in the set-inclusion sense), and by Corollary6,
every player’s robust maximum cooperation is weakly greater with monitoring networkL ′ than
with monitoring networkL. Hence, the result follows from equation (3).‖

Corollary7 does not hold with global public goods. The key difference between global and
local public goods is that with global public goods a player can benefit from another player’s
cooperation even if she is not observed by the other player, and in this case, her own robust
maximum cooperation is lower. Formally, with global public goods equation (3) becomes

ui ((x
∗
j )

n
j =1)=

∑

j 6=i

(1− δd(i, j )) fi, j (x
∗
j ).

This equation clarifies the trade-off playeri faces when deciding whether to sever a link with
player j : severing the link not only increasesd(i,k) for some playersk ∈ N, which increases
ui ((x∗

j )
n
j =1) (by reducing playeri ’s robust maximum cooperationx∗

i ), but also decreasesx∗
k for

some playersk ∈ N, which decreasesui ((x∗
j )

n
j =1). It is easy to construct examples where the

first effect dominates.

6. CONCLUSION

This paper studies repeated cooperation games with network monitoring and characterizes the
robust maximum equilibrium level of cooperation and its dependence on group size and struc-
ture, where the notion of robustness is independence from players’ information about others’
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information (holding fixed players’ information about others’ actions). The key theorem, which
underlies all the results in the paper, is that robust maximum cooperation can be sustained by
grim trigger strategies. This theorem is driven by an intuitive—but subtle—strategic comple-
mentarity between any two players’ actions at any two on-path histories. With equal monitor-
ing, robust maximum cooperation is typically increasing in group size with pure public goods
and decreasing in group size with divisible public goods. In general, comparative statics on
robust maximum cooperation depend on the product of the marginal benefit of cooperation
and the effective contagiousness of the monitoring technology, which is thus identified as the
property of a monitoring technology that determines how much cooperation it can support.
Less uncertain monitoring, which in some cases may be interpreted as reliable local monitor-
ing rather than unreliable public monitoring, supports greater robust maximum cooperation.
With a fixed monitoring network, a new notion of network centrality is developed, under which
more central players have greater robust maximum cooperation. In addition, all players have
greater robust maximum cooperation when the network is better connected, although better con-
nected networks are more likely to be stable with local public goods than with global public
goods.

I conclude by discussing some limitations of the current paper and the prospects for ad-
dressing them in future research. First, it would be interesting to compare the equilibrium that
sustains robust maximum cooperation with equilibria that satisfy other desiderata, such as fair-
ness (as payoffs in the equilibrium that sustains maximum robust cooperation can be highly
asymmetric). It would also be interesting—though challenging—to try to say something about
the set of payoffs that can be robustly sustained or the set of payoffs that can be sustained with
particular higher-order information structures.

Second, the assumption that players learn about actions only through network monitoring,
rather than also observing public signals about aggregate outcomes, is very strong. For example,
villagers certainly observe something about the quality of their schools and wells directly, in
addition to observing others’ contributions to their maintenance. An immediate observation here
is that grim trigger strategy equilibria in games with only network monitoring continue to be
equilibria when noisy public monitoring of aggregate outcomes (e.g.the sum of players’ actions
plus noise) is added to the game as it is optimal for each player to ignore the public signal if
everyone else does. In general, more cooperation could be sustained by using the public signal
as well as information from the network, so grim trigger would no longer be optimal; however,
a natural conjecture is that grim trigger is approximately optimal when the public signal is very
noisy. Studying such a model in detail could lead to insights about the interaction of public
monitoring and network monitoring.

Third, while grim trigger strategies are robust in terms of the higher-order information struc-
ture, they are fragile in that one instance of shirking eventually leads to the complete breakdown
of cooperation. This is especially problematic in (realistic) cases where the cost of coopera-
tion is stochastic and is sometimes prohibitively high. Hence, extending the model to allow for
stochastic costs of cooperation is important for deriving yet more robust predictions about which
strategies best sustain cooperation and also seems to be an interesting and challenging problem
from a theoretical perspective.

Finally, my analysis makes strong predictions about the effects of group size and structure
on the level of public good provision and on how these differ depending on whether the public
good is pure or divisible and whether it is global or local. A natural next step would be to study
these predictions empirically, either experimentally (as in the literature surveyed byLedyard,
1997) or with detailed field data of the kind that are increasingly being collected by development
economists (e.g.Karlanet al.,2009;Banerjeeet al., 2011).
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APPENDIX

Details of Section3.1example

First, consider grim trigger strategies. As when higher-order information is perfect, playeri ’s maximum cooperation in
grim trigger strategies equalsxi , where(xi )

3
i =1 is the greatest vector satisfying

xi = (1− δ)
∞∑

t=0

δt
∑

j 6=i

Pr(j ∈ D(t, i ))
√

x j for all i .

This may be rewritten as

x1 =
δ/2

1− δ/2
√

x2 + δ
(

δ/2

1− δ/2

)
√

x3,

x2 = δ
√

x3,

x3 = δ
√

x2.

Solving this system of equations withδ = 1/2 yieldsx1 = x2 = x3 = 0∙25.
Next, consider the strategy profile from Section3.1. To definexL

2 , xH
2 , xL

3 , andxH
3 , I first define the former three

numbers in terms ofxH
3 . Let

√
xL

3 ≡
√

xH
3 − 1

10. This gap betweenxL
3 andxH

3 differentiates the resulting strategy profile

from a grim trigger strategy profile. Next, I want Player 2 to be indifferent among actions 0,xL
2 , andxH

2 at every on-path
history, which is the case if

δ
√

xH
3 − xH

2 = δ
√

xL
3 − xL

2 = 0.

In order to satisfy this condition, letxH
2 ≡ 1

2

√
xH

3 andxL
2 ≡ 1

2

(√
xH

3 − 1
10

)
.

Given these definitions ofxL
2 , xH

2 , and xL
3 in terms ofxH

3 , I define xH
3 to be the number that makes Player 3

indifferent between actionsxH
3 and 0 after he sees Player 2 playxH

2 in an odd-numbered periodt −1; intuitively, this is
the binding incentive constraint for Player 3 because the fact that Player 2 playsxH

2 in periodt − 1 is a signal that he
observed Player 1 in periodt − 2, in which case he playsxH

2 with probability 1 in periodt and thus requires Player 3
to playxH

3 in periodt +1 in addition tot . To compute this number, note that Player 1’s future play does not depend on
Player 3’s action, so Player 3 is indifferent between playingxH

3 and 0 if and only if(1− δ)xH
3 equals the difference in

Player 3’s continuation value following actionsxH
3 and 0, excluding Player 1’s actions. Clearly, this continuation value

equals 0 after action 0 as Players 2 and 3 play 0 in every period after Player 3 plays 0. To compute this continuation
value after actionxH

3 , note that the probability that Player 2 observed Player 1’s action in periodt −2 conditional on his

playingxH
2 in periodt −1 equals 1/2

1/2+(1/2)(1/2) = 2/3. Therefore, Player 3’s assessment of the probability that Player

2 playsxH
2 in periodt equals

2

3
(1)+

1

3

(
1

2

)
= 5/6.

In contrast, Player 3’s assessment of the probability that Player 2 playsxH
2 in every periodτ ≥ t + 1 equals1

2(1)+

1
2(

1
2) = 3/4. Hence, since Player 3’s assessment of the probability that he himself playsxH

3 in periodτ +1 equals his
assessment of the probability that Player 2 playsxH

2 in periodτ , for all τ , his continuation value after playingxH
3 in t

equals

δ

(
(1− δ)

(
5

6
(−xH

3 )+
1

6
(−xL

3 )

)
+

3

4
(
√

xH
2 − δxH

3 )+
1

4
(
√

xL
2 − δxL

3 )

)

=
1

2






1
2

(
− 5

6 xH
3 − 1

6(
√

xH
3 − 1

10)
2)

+ 3
4

(
√√

xH
3 /2− 1

2 xH
3

)
+ 1

4

(
√
(√

xH
3 − 1

10

)
/2− 1

2

(√
xH

3 − 1
10

)2)




 . (A.1)

DefinexH
3 to be the number such that

(
1− 1

2

)
xH

3 equals equation (A.1). Computing this number yieldsxH
3 ≈ 0∙25384,

and thusxL
3 ≈ 0∙16307,xH

2 ≈ 0∙25191, andxL
2 ≈ 0∙20191.

It remains to show that this strategy profile is a PBE. The one-shot deviation principle applies, by standard argu-
ments. Player 2 is indifferent among actions 0,xL

2 , andxH
2 at every on-path history and clearly weakly prefers to play

0 at every off-path history, so he has no profitable one-shot deviation (as any other deviation yields a lower stage-game
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payoff and a weakly lower continuation payoff than doesx2 = 0). It is also straightforward to verify that the fact that
player 3 has no profitable deviation after seeing player 2 playxH

2 in an odd-numbered period implies that he has no
profitable deviation at any history; in particular, all other one-shot incentive constraints of Player 3’s are slack. Finally,
Player 1’s most profitable deviation at any on-path history is playingx1 = 0. If Player 1 conforms in periodt , for any
t ≥ 1, her expected payoff equals

3

4

(√
xH

2 +
√

xH
3

)
+

1

4

(√
xL

2 +
√

xL
3

)
−0∙2505≈ 0∙71709.

If Player 1 deviates tox1 = 0 in an odd-numbered period, her expected payoff may be shown to equal

(1− δ)
(

1

4

)((
1+

δ

2

)
(
√

xH
2 −

√
xL

2 )+

(

1+
(
δ

2

)2
)

(
√

xH
3 −

√
xL

3 )

)

+
1− δ

1− δ/2

(
1

2

√
xH

2 +
1

2

√
xL

2 +
(

1+
δ

2

)(
1

2

√
xH
3 +

1

2

√
xL
3

))
≈ 0∙71676.

If Player 1 deviates tox1 = 0 in an even-numbered periodt ≥ 2, her expected payoff is strictly less than this; intuitively,
this is because if Player 1’s period-t deviation is unobserved, Player 2 playsxH

2 in periodt +1 with probability 3/4 if t
is odd but playsxH

2 with probability only 1/2 if t is even. In addition, it is clear that the difference between Player 1’s
expected payoff from conforming and from deviating tox1 = 0 in periodt = 0 is the same as the difference between her
expected payoff from conforming and from deviating tox1 = 0 in any other even-numbered period. Therefore, Player 1
does not have a profitable deviation at any on-path history. Finally, it can be verified that deviating tox1 = 0∙2505 is not
profitable for Player 1 at any off-path history, and it is clear that no other off-path deviation is profitable.

Proof of Lemma 1

Let (YP,π P) denote a perfect higher-order information structure. There are three steps. Step 1 shows that there exists
a (component-wise) greatest vector(x̂i )

n
i =1 satisfying equation (1) and also makes the technical point (used in Step

2d) that there exists an upper boundX̄ ∈ R+ on any player’s expected action, conditional on any set of monitoring
realizations, at any time in any PBE. Step 2 shows thatx̂i is an upper bound on playeri ’s maximum cooperation,
x∗
i (Y

P,π P). Step 3 exhibits a PBE in grim trigger strategies,σ∗, such that(1− δ)
∑∞

t=0δ
tE[σ ∗

i (h
t
i )] = x̂i for all i ,

which proves thatx∗
i (Y

P,π P)= x̂i for all i .

Step 1a:There exists a number̄X ∈ R+ such that for everyσ ∈6PBE(YP,π P), playeri , time t , and set of monitoring
realizations up to timet , F , E[σi (h

t
i ) | F ] ≤ X̄ and

∑
j 6=i fi, j (X̄)− X̄ < 0.

Proof. Recall that(1− δ)
∑∞
τ=t δ

τ−t ∑n
i =1E[ui ((σ j (h

τ
j ))

n
j =1) | F ] is well defined for all sets of monitoring

realizations,F , by assumption. The assumptions thatf j,i is concave for allj , i and limxi →∞
(∑

j 6=i f j,i (xi )
)
− xi =

−∞ for all i imply that there exists a numberxFB
i ∈ R+ that maximizes

(∑
j 6=i f j,i (xi )

)
− xi . For every playeri , let

X̄′
i ∈ R+ be the number such that the sum of the players’ continuation payoffs from periodt onward equals 0 when

playeri playsX̄′
i in periodt , every playerj 6= i playsxFB

j in periodt , and every playerj (including playeri ) playsxFB
j

in every subsequent period,i.e. X̄′
i is defined by

(1− δ)








∑

j 6=i

fi, j (x
FB
j )



− X̄′
i +

∑

j 6=i








∑

k/∈{i, j }

f j,k(x
∗
k )



+ f j,i (X̄
′
i )− xFB

j









+ δ




∑

j ∈N




∑

k 6= j

f j,k(x
FB
k )



− xFB
j



= 0.

Let X̄′ ≡ maxi ∈N X̄′
i . Note that(1− δ)

∑∞
τ=t δ

τ−t ∑n
j =1E[u j ((σk(h

τ
k))

n
k=1) | F ] < 0 wheneverE[σi (h

t
i ) | F ] > X̄′

for some playeri . Now if ht
j is a history with perfect higher-order information, thenht

j determines the monitoring re-

alization up to timet , and thus whetherF has occurred, so(1− δ)
∑∞
τ=t δ

τ−tE[u j ((σk(h
τ
k))

n
k=1) | F ] = E[(1− δ)∑∞

τ=t δ
τ−tE[u j ((σk(h

τ
k))

n
k=1) | ht

j ] | F ]. Therefore, ifE[σi (h
t
i ) | F ] > X̄′ then there exists a playerj such that

(1 − δ)
∑∞
τ=t δ

τ−tE[u j ((σk(h
τ
k))

n
k=1) | ht

j ] < 0 with positive probability, conditional onF . But (1 − δ)
∑∞
τ=t δ

τ−tE[u j ((σk(h
τ
k))

n
k=1) | ht

j ] ≥ 0 at any on-path historyht
j becauseσ ∈ 6PBE(YP,π P) and 0 is each player’s

minmax value. Hence,E[σi (h
t
i ) | F ] ≤ X̄′ for every playeri .
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Finally, for every playeri , the assumption that limx1→∞
(∑

j 6=i fi, j (x1)
)
− x1 < 0 (combined with concavity

of fi, j ) implies there exists a number̄Xi ∈ R+ such that
(∑

j 6=i fi, j (x1)
)
− x1 < 0 for all x1 ≥ X̄i . Taking X̄ ≡

max{X̄′,maxi ∈N X̄i } completes the proof.

Step 1b:There exists a greatest vector(x̂i )
n
i =1 satisfying equation (1), andx̂i ≤ X̄ for all i .

Proof. Define the functionφ: Rn
+ → Rn

+ by

φi ((x j )
n
j =1)≡ (1− δ)

∞∑

t=0

δt
∑

j 6=i

Pr(j ∈ D(t, i )) fi, j (x j ) for all i .

The fixed points ofφ are precisely those vectors satisfying equation (1). Observe thatφ is isotone. In addition,(
(1− δ)

∑∞
t=0δ

t ∑
j 6=i Pr(j ∈ D(t, i )) fi, j (X̄)

)
− X̄ ≤ 0 for every playeri , which implies thatφ((X̄)nj =1) ≤ (X̄)nj =1.

Hence, the image of the set [0, X̄]n underφ is contained in [0, X̄]n. Therefore, Tarski’s fixed-point theorem implies that
φ has a greatest fixed point(x̂i )

n
i =1 in the set [0, X̄]n. Finally, if xi > X̄ for some playeri , then there exists a playerj

(possibly equal toi ) such that
(
(1− δ)

∑∞
t=0δ

t ∑
k 6= j Pr(k ∈ D(t, j )) f j,k(xk)

)
− x j < 0. This implies that every fixed

point ofφ must lie in the set [0, X̄]n, and it follows that(x̂i )
n
i =1 is the greatest vector satisfying equation (1).21

Step 2a:If σ ∈6PBE(YP,π P), then for every playeri and every on-path historyht
i ,

(1− δ)
∞∑

τ=t

δτ−tE[σi (h
τ
i ) | ht

i ] ≤ (1− δ)
∞∑

τ=t

δτ−t
∑

j 6=i

Pr(j ∈ D(τ, t, i ))E[ fi, j (σ j (h
τ
j )) | ht

i , j ∈ D(τ, t, i )]. (A.2)

Proof. Fix strategy profileσ , player i , and on-path historyht
i . For any player j and history hτj , let

E[ fi, j (σ j (h
τ
j )) | ht

i ,0] be the expectation offi, j (σ j (h
τ
j )) conditional on each playerk 6= i following σk, player i

following σi at every timeτ < t , history ht
i being reached, and playeri playing xi = 0 at every timeτ ≥ t . If σ ∈

6PBE(YP,π P), then playeri ’s expected payoff from conforming toσ from ht
i onwards is weakly greater than her

expected payoff from playingxi = 0 at every timeτ ≥ t . That is,

(1− δ)
∞∑

τ=t

δτ−tE








∑

j 6=i

fi, j (σ j (h
τ
j ))



−σi (h
τ
i ) | ht

i



≥ (1− δ)
∞∑

τ=t

δτ−tE








∑

j 6=i

fi, j (σ j (h
τ
j ))



 | ht
i ,0



 ,

or, equivalently,

(1− δ)
∞∑

τ=t

δτ−tE[σi (h
τ
i ) | ht

i ] ≤ (1− δ)
∞∑

τ=t

δτ−t
∑

j 6=i

(E[ fi, j (σ j (h
τ
j )) | ht

i ] −E[ fi, j (σ j (h
τ
j )) | ht

i ,0]). (A.3)

Observe that, conditional on the eventj /∈ D(τ, t, i ), the probability distribution over historieshτj does not depend

on playeri ’s actions following historyht
i . Therefore,

E[ fi, j (σ j (h
τ
j )) | ht

i , j /∈ D(τ, t, i )] = E[ fi, j (σ j (h
τ
j )) | ht

i ,0, j /∈ D(τ, t, i )].

Hence, the right-hand side of equation (A.3) equals

(1− δ)
∞∑

τ=t

δτ−t
∑

j 6=i

Pr(j ∈ D(τ, t, i ))(E[ fi, j (σ j (h
τ
j )) | ht

i , j ∈ D(τ, t, i )] −E[ fi, j (σ j (h
τ
j )) | ht

i ,0, j ∈ D(τ, t, i )]),

which is not more than the right-hand side of equation (A.2). Therefore, the fact that equation (A.3) holds for all players
i and on-path historiesht

i implies that equation (A.2) holds for all playersi and on-path historiesht
i .

21. As an aside, note that the vector(x̂i )
N
i =1 (which by Theorem 1 equals(x∗

i )
N
i =1) may be easily computed

by iteratingφ on (X̄)Nj =1. Thus, computing the vector of robust maximum cooperation is like computing the greatest
equilibrium in a supermodular game (cf.Milgrom and Roberts,1990).
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Step 2b:For every playeri , define the random variableXt
i by

Xt
i ≡ (1− δ)

∞∑

τ=t

δτ−tσi (h
τ
i ).

The right-hand side of equation (A.2) is not more than

∞∑

τ=t

δτ−t
∑

j 6=i

Pr(j ∈ D(τ, t, i )\D(τ −1,t, i )) fi, j (E[Xτj | ht
i , j ∈ D(τ, t, i )\D(τ −1,t, i )]). (A.4)

Proof. Fix a player j . To simplify notation, define the random variableXt
i, j by Xt

i, j ≡ (1− δ)
∑∞
τ=t δ

τ−t fi, j
(σ j (h

τ
j )); this notation is used only in this step of the proof. Note that

(1− δ)E[ fi, j (σ j (h
τ
j )) | ht

i , j ∈ D(τ, t, i )] = E[Xτi, j | ht
i , j ∈ D(τ, t, i )] − δE[Xτ+1

i, j | ht
i , j ∈ D(τ, t, i )].

Therefore,

(1− δ)
∞∑

τ=t

δτ−t Pr(j ∈ D(τ, t, i ))E[ fi, j (σ j (h
τ
j )) | ht

i , j ∈ D(τ, t, i )]

=
∞∑

τ=t

δτ−t Pr(j ∈ D(τ, t, i ))(E[Xτi, j | ht
i , j ∈ D(τ, t, i )] − δE[Xτ+1

i, j | ht
i , j ∈ D(τ, t, i )])

=
∞∑

τ=t

δτ−t

(
Pr(j ∈ D(τ, t, i ))E[Xτi, j | ht

i , j ∈ D(τ, t, i )]

−Pr(j ∈ D(τ −1,t, i ))E[Xτi, j | ht
i , j ∈ D(τ −1,t, i )]

)

=
∞∑

τ=t

δτ−t






Pr(j ∈ D(τ, t, i )\D(τ −1,t, i ))E[Xτi, j | ht
i , j ∈ D(τ, t, i )\D(τ −1,t, i )]

+Pr(j ∈ D(τ −1,t, i ))E[Xτi, j | ht
i , j ∈ D(τ −1,t, i )]

−Pr(j ∈ D(τ −1,t, i ))E[Xτi, j | ht
i , j ∈ D(τ −1,t, i )]






=
∞∑

τ=t

δτ−t Pr(j ∈ D(τ, t, i )\D(τ −1,t, i ))E[Xτi, j | ht
i , j ∈ D(τ, t, i )\D(τ −1,t, i )]

=
∞∑

τ=t

δτ−t Pr(j ∈ D(τ, t, i )\D(τ −1,t, i ))E

[

(1− δ)
∞∑

s=τ
δs−τ fi, j (σ j (h

s
j )) | ht

i , j ∈ D(τ, t, i )\D(τ −1,t, i )

]

≤
∞∑

τ=t

δτ−t Pr(j ∈ D(τ, t, i )\D(τ −1,t, i )) fi, j

(

E

[

(1− δ)
∞∑

s=τ
δs−τ σ j (h

s
j ) | ht

i , j ∈ D(τ, t, i )\D(τ −1,t, i )

])

=
∞∑

τ=t

δτ−t Pr(j ∈ D(τ, t, i )\D(τ −1,t, i )) fi, j (E[Xτj | ht
i , j ∈ D(τ, t, i )\D(τ −1,t, i )]),

where the second equality uses the fact that Pr( j ∈ D(t −1,t, i ))= 0, the third equality uses the fact thatD(τ−1,t, i )⊆
D(τ, t, i ), and the inequality uses concavity offi, j and Jensen’s inequality. Summing overj 6= i completes the proof.

Step 2c: If σ ∈ 6PBE(YP,π P), then for every playeri , time t , and subset of monitoring realizations up to
time t , F ,

E[Xt
i | F ] ≤

∞∑

τ=t

δτ−t
∑

j 6=i

Pr(j ∈ D(τ, t, i )\D(τ −1,t, i )) fi, j (E[Xτj | j ∈ D(τ, t, i )\D(τ −1,t, i ),F ]).

Proof. If σ ∈ 6PBE(YP,π P), then equation (A.2) and Step 2b imply that, for every playeri and every on-path
historyht

i ,

E[Xt
i | ht

i ] ≤
∞∑

τ=t

δτ−t
∑

j 6=i

Pr(j ∈ D(τ, t, i )\D(τ −1,t, i )) fi, j (E[Xτj | ht
i , j ∈ D(τ, t, i )\D(τ −1,t, i )]).

Thus, by concavity offi, j and Jensen’s inequality,
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E[E[ Xt
i | ht

i ] | F ] ≤
∞∑

τ=t

δτ−t
∑

j 6=i

Pr(j ∈ D(τ, t, i )\D(τ −1,t, i )) fi, j (E[E[ Xτj | ht
i , j ∈ D(τ, t, i )\D(τ −1,t, i )] | F ]).

Finally, perfect higher-order information implies thatht
i (or ht

j ) determines the monitoring realization up to timet (and
thus whether the eventsj ∈ D(τ, t, i )\D(τ −1,t, i ) andF have occurred), so

E[E[ Xt
i | ht

i ] | F ] = E[Xt
i | F ]

and

E[E[Xτj | ht
i , j ∈ D(τ, t, i )\D(τ −1,t, i )] | F ] = E[Xτj | j ∈ D(τ, t, i )\D(τ −1,t, i ),F ].

Step 2d: If σ ∈ 6PBE(YP,π P), thenE[X0
i ] ≤ x̂i . In addition, ifσ ∈ 6PBE(YP,π P) andE[X0

i ] = x̂i for all i , then
σi (h

t
i )= x̂i for every playeri and on-path historyht

i .

Proof. Definexm
i recursively, for allm ∈ N, by lettingx1

i ≡ X̄ and lettingxm+1
i ≡ φi ((x

m
j )

n
j =1) for all i . I first

claim thatE[Xt
i | F ] ≤ xm

i for every playeri , time t , subset of monitoring realizations up to timet , F , and number
m ∈ N. The proof is by induction onm. Form = 1, the result follows becauseE[σi (h

τ
i ) | F ] ≤ X̄ for all τ ≥ t , by Step

1a, and therefore,E[Xt
i | F ] = (1− δ)

∑∞
τ=t δ

τ−tE[σi (h
τ
i ) | F ] ≤ X̄. Suppose the result is proved for somem ∈ N.

Then

E[Xt
i | F ] ≤

∞∑

τ=t

δτ−t
∑

j 6=i

Pr(j ∈ D(τ, t, i )\D(τ −1,t, i )) fi, j (E[Xτj | j ∈ D(τ, t, i )\D(τ −1,t, i ),F ])

≤
∞∑

τ=t

δτ−t
∑

j 6=i

Pr(j ∈ D(τ, t, i )\D(τ −1,t, i )) fi, j (x
m
j )

= (1− δ)
∞∑

τ=t

δτ−t
∑

j 6=i

Pr(j ∈ D(τ, t, i )) fi, j (x
m
j )

= xm+1
i ,

where the first inequality follows by Step 2c and the second inequality follows by the inductive hypothesis.
Sinceφ is isotone,x̂i ≤ xm

i for all m ∈ N, and in additionx̂i ≤ φi (limm→∞ xm
i ). Also, φ is continuous, which

implies thatφi (limm→∞ xm
i ) = limm→∞ xm

i . The fact thatx̂ is the greatest fixed point ofφ thus implies that̂x =
limm→∞ xm. Therefore, the fact thatE[Xt

i | F ] ≤ xm
i for all m∈N implies thatE[Xt

i | F ] ≤ x̂i . Takingt = 0 andF = ∅
yieldsE[X0

i ] ≤ x̂i .

Step 3:Letσ∗ be the strategy profile given byσ∗
i (h

t
i )= x̂i if zi, j,τ ∈ {x̂ j ,∅} for all zi, j,τ ∈ ht

i andσ∗
i (h

t
i )= 0 otherwise,

for all i . Thenσ∗ ∈6PBE(YP,π P) andE[X0
i ] = x̂i for all i .

Proof. It is immediate thatE[X0
i ] = x̂i for all i . To see thatσ∗ ∈6PBE(YP,π P), note that the one-shot deviation

principle applies, by standard arguments. I first show that no player has a profitable one-shot deviation at any on-path
history and then show that no player has a profitable one-shot deviation at any off-path history.

Fix a playeri and an on-path historyht
i . If x̂i = 0, then it is clear that playeri does not have a profitable deviation

atht
i . So suppose that̂xi > 0. Playeri ’s continuation payoff if she conforms toσ∗ equals

∑
j 6=i fi, j (x̂ j )− x̂i . The most

profitable deviation fromσ∗ is playingxi = 0 as every other deviation yields the same continuation payoff and a lower
stage-game payoff. I claim that playeri ’s continuation payoff (including periodt) after such a deviation equals

(1− δ)
∞∑

τ=t

δτ−t
∑

j 6=i

Pr(j /∈ D(τ, t, i )) fi, j (x̂ j ). (A.5)

Given this claim, the difference between playeri ’s payoff from conforming toσ∗ and from playing her most profitable
deviation equals

(1− δ)
∞∑

τ=t

δτ−t
∑

j 6=i

Pr(j ∈ D(τ, t, i )) fi, j (x̂ j )− x̂i ,

which equals 0 because the vector(x̂i )
n
i =1 satisfies equation (1). Therefore, to show that playeri has no profitable

deviation, it suffices to prove that playeri ’s continuation payoff after playingxi = 0 at on-path historyht
i equals equation

(A.5).
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If player i deviates fromσ∗ at on-path historyht
i and j /∈ D(τ, t, i ) for some playerj and timeτ , thenσ∗

j (h
τ
j )= x̂ j .

Hence, the claim that playeri ’s continuation payoff equals equation (A.5) is equivalent to the claim thatσ∗
j (h

τ
j ) = 0

whenever j ∈ D(τ, t, i ) and Pr(j ∈ D(τ, t, i )) > 0. Thus, suppose that playeri plays xi = 0 at on-path historyht
i ,

that Pr( j ∈ D(τ, t, i )) > 0, and that the monitoring realization up to timeτ , Lτ , is such thatj ∈ D(τ, t, i ) given Lτ

and Pr((Ls)
τ
s=0 = Lτ ) > 0. I claim thatσ∗

j (h
τ
j ) = 0 givenLτ . This claim is trivial if x̂ j = 0, so assume that̂x j > 0.

Proceed by induction onτ : If τ = t + 1, thenzj,i,t = 0 givenLτ , so the fact that 0/∈ {x̂i ,∅} implies thatσ∗
j (h

τ
j ) = 0.

Suppose that the claim holds for allτ ≤ τ0 and consider the case whereτ = τ0 +1. Since j ∈ D(τ0 +1,t, i ), player j
observes the action of some playerk ∈ D(τ0, t, i ) at timeτ0 given Lτ , and the fact that Pr((Ls)

τ
s=0 = Lτ ) > 0 implies

that Pr( j ∈ D(τ0 + 1,τ0,k)) > 0. Sincex̂ j > 0, the fact that Pr( j ∈ D(τ0 + 1,τ0,k)) > 0 implies thatx̂k > 0, by the
definition of(x̂i )

n
i =1. Therefore, by the inductive hypothesis,σ∗

k (h
τ0
j )= 0 givenLτ and 0/∈ {x̂k,∅}. Hence,σ∗

j (h
τ
j )= 0,

completing the proof of the claim.
It remains only to show that no player has a profitable deviation at any off-path history. Intuitively, given that each

playeri is indifferent between playingxi = x̂i andxi = 0 at every on-path historyht
i , this follows fromEllison’s (1994)

observation that a player’s incentive to cooperate in a grim trigger strategy profile is reduced after a shirking by another
player. Formally, for any subset of playersS⊆ N, defineD(τ, t,S) by

D(τ, t,S) = ∅ if τ < t,

D(t, t,S) = S,

D(τ +1,t,S) = { j : zj,k,τ = xk,τ for somek ∈ D(τ, t,S)} if τ ≥ t ;

note that this generalizes the definition ofD(τ, t, i ). Fix a playeri and an off-path historyht
i . If player i has a profitable

deviation fromσ∗ at ht
i , it must be playingxi = x̂i as all other actions yield the same continuation payoff asxi = 0 and

a strictly lower stage-game payoff. By a similar argument to that in the previous two paragraphs, ifD̃(t) is the set of
players such thatzi, j,τ /∈ {x̂ j ,∅} for somezi, j,τ ∈ ht

i , then the difference between playeri ’s payoff from conforming to
σ∗ and her payoff from deviating toxi = x̂i (and subsequently followingσ∗) equals

x̂i −
∞∑

τ=t

δτ−t
∑

j 6=i

Pr(j ∈ D(τ, t, D̃(t))\(D(τ, t, D̃(t)\{i })∪ D(τ, t +1,i ))) fi, j (x̂ j )

= x̂i −
∞∑

τ=t

δτ−t
∑

j 6=i

Pr(j ∈ D(τ, t, i )\(D(τ, t +1,i )∪ D̃(t))) fi, j (x̂ j )

≥ x̂i −
∞∑

τ=t

δτ−t
∑

j 6=i

Pr(j ∈ D(τ, t, i )\D(τ, t +1,i )) fi, j (x̂ j )

= x̂i −
∞∑

τ=t

δτ−t
∑

j 6=i

(Pr(j ∈ D(τ, t, i ))−Pr(j ∈ D(τ, t +1,i ))) fi, j (x̂ j )

= x̂i −
1

1− δ
x̂i +

δ

1− δ
x̂i = 0,

where the last equality follows because
∑∞
τ=t δ

τ−t ∑
j 6=i Pr(j ∈ D(τ, t, i )) fi, j (x̂ j ) = x̂i /(1 − δ) and

∑∞
τ=t δ

τ−t ∑
j 6=i Pr(j ∈ D(τ, t + 1,i )) fi, j (x̂ j ) = δx̂i /(1− δ). Hence, playeri does not have a profitable deviation

at historyht
i for any setD̃(t), and therefore, playeri does not have a profitable deviation at historyht

i for any belief
about the vector of private histories(ht

j )
n
j =1.

Proof of Theorem 1. Let σ∗ be as in Lemma 1. The proof of Step 3 of the proof of Lemma 1 applies as written
to any higher-order information structure. Therefore,σ∗ ∈ 6PBE(Y,π) for any (Y,π). SinceE[X0

i ] = x̂i for all i , it
follows by the definition ofx∗

i that x∗
i ≥ x̂i for all i . On the other hand, Step 2d of the proof of Lemma 1 implies that

x∗
i (Y

P,π P) ≤ x̂i for all i , and therefore,x∗
i ≤ x̂i for all i . Hence,x∗

i = x̂i for all i , and it follows thatσ∗ robustly
sustains each player’s maximum robust cooperation.‖

Proof of Corollary 1. By Theorem 1, it suffices to show thatx̂i = x̂ j for all i, j ∈ N. Let xm
i be defined as in Step

2d of the proof of Lemma 1. I claim thatxm
i = xm

j for all i, j ∈ N andm ∈ N. The proof is by induction. Form = 1,
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x1
i = x1

j = X̄. Suppose the result is proved for somem∈N, i.e. that there existsxm ∈N such thatxm
k = xm for all k ∈ N.

Then

xm+1
i = (1− δ)

∞∑

t=0

δt
∑

k 6=i

Pr(k ∈ D(t, i ))αi,k f (xm
k ) (by parallel benefit functions)

= (1− δ)
∞∑

t=0

δt
∑

k 6=i

Pr(k ∈ D(t, i ))αi,k f (xm)

= (1− δ)
∞∑

t=0

δt
∑

k 6= j

Pr(k ∈ D(t, j ))α j,k f (xm) (by equal monitoring)

= (1− δ)
∞∑

t=0

δt
∑

k 6= j

Pr(k ∈ D(t, j ))α j,k f (xm
k )

= xm+1
j ,

proving the claim. Finally,̂xi = limm→∞ xm
i = limm→∞ xm

j = x̂ j . ‖

Proof of Theorem3. Let gt
k(k

′)≡ Pr(#D(t)= k′|#D(0)= k), let Gt
k be the corresponding distribution function,

and letEgt
k
[k′] ≡

∑n
k′=0k′gt

k(k
′). By Theorem 2, it suffices to show that

∑∞
t=0δ

tEg̃t
1
[k′] >

∑∞
t=0δ

tEgt
1
[k′].

I claim that G̃t
k strictly second-order stochastically dominatesGt

k for all t ≥ 1 andk ∈ {1, . . . ,n − 1}, which is

equivalent to
∑k′

s=0 G̃t
k(s) <

∑k′

s=0 Gt
k(s) for all t ≥ 1 andk′ ∈ {k, . . . ,n− 1}.22 The proof is by induction ont . The

t = 1 case is the assumption thatG̃k strictly second-order stochastically dominatesGk. Assume that the result is proved
for t −1. Then

k′
∑

s=0

G̃t
k(s) =

k′
∑

s=0

s∑

r =0

g̃t−1
k (r )G̃r (s)

=
k′
∑

r =0

g̃t−1
k (r )

k′
∑

s=r
G̃r (s)

=
k′
∑

r =0

g̃t−1
k (r )

k′
∑

s=0

G̃r (s)

<

k′
∑

r =0

g̃t−1
k (r )

k′
∑

s=0

Gr (s)

<

k′
∑

r =0

gt−1
k (r )

k′
∑

s=0

Gr (s)

=
k′
∑

s=0

Gt
k(s),

where the first line follows becausẽGt
k(s)=

∑s
r =0 g̃t−1

k (r )G̃r (s), the second line reverses the order of sums, the third
line follows becausẽGr (s)= 0 if s< r , the fourth line follows becausẽGr (s) strictly second-order stochastically dom-
inatesGr (s) for all r ∈ {1, . . . ,k′}, the fifth line follows becausẽGt−1

k (r ) strictly second-order stochastically dominates

Gt−1
k (r ) (by the inductive hypothesis) and

∑k′

s=0 Gr (s) is decreasing and strictly convex inr for r ∈ {0, . . . ,k′} (be-
causeGr (s) is decreasing and strictly convex inr for r = {0, . . . ,s} ands ∈ {0, . . . ,n}, so the sum of such functions is
decreasing and strictly convex inr for r = {0, . . . ,k′}), and the sixth line follows from undoing the rearrangement of the
first two lines forGt

k(s) rather thanG̃t
k(s). This proves the claim.

22. Note that this claim implies that
∑∞

t=0δ
tEg̃t

1
[k′] ≥

∑∞
t=0δ

tEgt
1
[k′] but not necessarily that

∑∞
t=0δ

tEg̃t
1
[k′]>

∑∞
t=0δ

tEgt
1
[k′], which is what needs to be shown.
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Trivially, Eg̃0
1
[k′] = Eg0

1
[k′] = 1, andEg̃1

1
[k′] ≥ Eg1

1
[k′] becauseG̃k second-order stochastically dominatesGk.

I now show thatEg̃t
1
[k′] > Egt

1
[k′] for all t ≥ 2. This follows because

Eg̃t
k
[k′] =

k′
∑

s=0

g̃t−1
1 (s)Eg̃1

s
[k′]

≥
k′
∑

s=0

g̃t−1
1 (s)Eg1

s
[k′]

>

k′
∑

s=0

gt−1
1 (s)Eg1

s
[k′]

= Egt
k
[k′],

where the first line follows by the law of iterated expectation, the second line follows becauseG̃t−1
s (k′) second-order

stochastically dominatesGt−1
s (k′) if t ≥ 2 (by the claim), the third line follows becauseEg1

s
[k′] is increasing and strictly

concave ins for s ∈ {0, . . . ,n} (sinceGk(k
′) is decreasing and strictly convex ink for k ∈ {0, . . . ,k′} andk′ ∈ {0, . . . ,n})

and G̃t−1
1 (s) strictly second-order stochastically dominatesGt−1

1 (s) (by the claim), and the fourth line follows from
undoing the rearrangement of the first line. Summing overt completes the proof. ‖

Proof of Lemma2. If such a surjection exists for allt ∈ N, takingt = 0 implies that playeri is more central than
player j .

For the converse, I first claim that if playeri is s-more central than playerj , then playeri is s− 1-more central
than playerj . The proof is by induction ons. If i is 2-more central thanj , then for allt ∈ N there exists a surjection
ψ : {k ∈ N: d(i,k)≤ t} → {k ∈ N: d( j,k)≤ t}, and therefore, #{k ∈ N: d(i,k)≤ t} ≥ #{k ∈ N: d( j,k)≤ t}, soi is 1-more
central thanj . Suppose that ifi ′ is s− 1-more central thanj ′, theni ′ is s− 2-more central thanj ′, for all i ′, j ′ ∈ N,
and suppose thati is s-more central thanj . Then for all t ∈ N, there exists a surjectionψ : {k ∈ N: d(i,k) ≤ t} →
{k ∈ N: d( j,k) ≤ t} such that, for allk with d( j,k) ≤ t , there exists ak′ ∈ ψ−1(k) such thatk′ is s− 1-more central
thank. By hypothesis, this implies thatk′ is s− 2-more central thank, which, by the definition ofs− 1-more central,
implies thati is s−1-more central thanj . This establishes the claim.

The claim shows that, for any playersi andk, the set of playersk′ such thatd(i,k′) ≤ t andk′ is s-more central
thank is weakly decreasing ins (in the set-inclusion sense). Since the sets{k ∈ N: d(i,k)≤ t} and{k ∈ N: d( j,k)≤ t}
are finite, this implies that there existss̄∈N such that, for allk with d( j,k)≤ t , the set of playersk′ such thatd(i,k′)≤ t
andk′ is s-more central thank is the same for alls ≥ s̄. Hence, if playeri is more central than playerj , there exists
a surjectionψ : {k ∈ N: d(i,k) ≤ t} → {k ∈ N: d( j,k) ≤ t} such that, for allk with d( j,k) ≤ t , there exists a player
k′ ∈ ψ−1k) such thatk′ is s-more central thank for all s ≥ s̄. By the claim,k′ is alsos̄−m-more central thank for all
m, sok′ is s-more central thank for all s ∈ N and is therefore more central thank. ‖
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