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Abstract

When borrowing and lending occur in nominal terms, inflation shocks redistribute
wealth among agents. The prospect of these shocks reduces welfare ex-ante by ex-
posing both sides to risk and distorting financial trade. We show that heterogeneity
and incomplete inflation indexation are necessary for inflation risk to matter for wel-
fare through this channel, and that the cost is governed by two key moments: the
size of nominal positions and the inflation risk premium. The same ingredients gen-
erate a positive inflation risk premium even when inflation and aggregate consump-
tion are uncorrelated, consistent with recent U.S. data. We quantify this mechanism
in a heterogeneous-agent economy calibrated to match key asset-pricing and macro
moments. Eliminating inflation risk yields aggregate welfare gains of about 0.45% of
perpetual aggregate consumption, comparable to estimates of the welfare costs of trend

inflation due to transaction or price-setting frictions.
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1 Introduction

A classic question in macroeconomics relates to the welfare costs of inflation. A substantial
literature studies the costs of trend inflation through transaction frictions or price dispersion,
but much less is known about the welfare effects of inflation risk. In particular, if borrowing
and lending take place in nominal terms, inflation risk exposes both parties to risk, which
reduces financial trade and welfare. We quantify the welfare cost of inflation risk through
this channel, and find it to be on the same order of magnitude of the standard channels

mentioned above.

A BACK OF THE ENVELOPE ESTIMATE. In order to get a sense of the orders of magnitude
involved, we start by asking: how costly would it be to hedge the existing nominal positions
in the economy against inflation? If inflation risk is costly for welfare, then asset prices will
reflect it (Alvarez and Jermann, 2004), and thus hedging existing nominal positions should
be costly. Estimating this cost requires two basic inputs: the size of nominal positions, and
the corresponding inflation risk premium (i.e the difference in expected returns between a
nominal and a real bond). We approximate the first one by taking the stock of household
and business debt, which is around 130% of GDP, and take the second one from the asset
pricing literature (Haubrich et al., 2012; Fleckenstein et al., 2017) to be around 20 bps per
year at the relevant maturity. Under these assumptions, the cost of hedging inflation risk
would be around 0.26% of GDP per year, which is on the order of magnitude of recent
estimates of trend inflation costs due to transaction or price-setting frictions (Cavallo et al.,
2023; Benati and Nicolini, 2025). Of course, this calculation raises several conceptual issues:
nominal positions in a closed economy are net out to zero; eliminating inflation risk changes
equilibrium prices, making the baseline risk premium an invalid input; and it is unclear
where the premium comes from in the first place. We turn to a simple general equilibrium

model to address each of these.

KEY INSIGHTS IN A SIMPLE MODEL. We consider a two-period Lucas (1978) economy
populated by two agents, who may differ in their preferences or endowments. Agents have
three assets at their disposal: trees, that pay an uncertain number of goods at time t = 1; real
bonds, that pay one unit of good with certainty; and nominal bonds, which pay one dollar
with certainty and thus are exposed to inflation risk. We assume prices are fully flexible
and consider the cashless limit, so both standard sources of inflation costs are absent. There
are two sources of uncertainty: both inflation and aggregate consumption at ¢ = 1 are

stochastic. We assume that aggregate consumption and inflation shocks are uncorrelated.



The key friction in the economy is that it is not possible to borrow in real bonds. In
equilibrium, this implies that all borrowing and lending must take place in nominal terms,
and thus is exposed to inflation risk. Our welfare experiment is to compare this economy to
an otherwise identical economy in which the volatility of the inflation process is set to zero,
holding fixed the aggregate consumption process and all preference/technology parameters.
We derive three key results in this set-up.

First, we show that both heterogeneity and incomplete markets (in the form of im-
perfect indexation to inflation) are necessary for inflation risk to have welfare consequences.
The intuition is straightforward: if agents are homogeneous then there is no reason to trade,
whereas if they are heterogeneous but can trade in real bonds, agents will not use the nominal
bond market, since it exposes both agents to inflation risk.

Our second result shows that our model has one key distinctive prediction: it can
generate positive inflation risk premium even when inflation and aggregate consumption are
uncorrelated at all leads and lags, which is hard to generate in representative agents models.*
This is because the agent that is long in nominal bonds is always the one determining
inflation risk premium. Therefore, inflation shocks represent bad news for nominal lenders
and command a premium, even if they are uncorrelated with aggregate consumption. We
further show that this lack of co-movement is exactly what we observe in the post 1985 US
data: consumption growth and inflation are essentially uncorrelated at all leads and lags,
but empirical estimates of inflation risk premium in this subsample, while smaller than in
earlier samples, are still consistently positive.? We see this as additional evidence that our
key assumptions are relevant at the macro level.

Our third set of results shows how to measure the welfare gains of marginally reducing
inflation risk in the above model. In particular, we show that these gains can be decomposed
into two sources: a direct channel, which comes from mechanically reducing the risk of
existing positions, and an indirect channel, that comes from adjustments of portfolios and
prices due to lower risk. While the strength of the latter channel depends on the specific
assumptions about preferences and endowments, the strength of the direct channel only
depends on the size of nominal positions and size of inflation shocks, regardless of why

agents trade in the first place. We show that the direct gains are positive for both lenders and

'In those models, inflation risk premia arise from the covariance of inflation and consumption growth,
either contemporaneously (standard time-separable CRRA preferences), with lagged consumption growth
(habit models as Campbell and Cochrane (1999); Wachter (2006)) or future consumption growth (recursive
utility, as Bansal and Yaron (2004); Piazzesi and Schneider (2006)).

2If anything, the correlation is positive, which is consistent with a shift in the composition of shocks hitting
the economy, with non-inflationary demand shocks being the main driver of output fluctuations Angeletos
et al. (2020). Note that this correlation is negative in the 1960-1985 sample, consistent with Piazzesi and
Schneider (2006).



borrowers: while inflation shocks produce winners and losers ez-post (Doepke and Schneider,
2006b), reducing inflation risk benefits both parties ex-ante. Moreover, the gains for lenders
equal nominal positions times the inflation risk premium, providing a theoretical foundation
for the back-of-envelope formula. Since this derivation is purely about direct effects in a
stylized two-period setting we build a quantitative model that retains the main assumptions

at its core, but is able to match several key moments of the data.

QUANTITATIVE MODEL. A key complication of quantitatively evaluating this question is
that it requires heterogeneity, incomplete markets, and aggregate risk. Solving models with
these ingredients is known to be computationally challenging. For that reason, we consider
a model whose basic structure is identical to Garleanu and Panageas (2015); Schneider
(2022): there are two types of agents with heterogeneous risk aversion and Elasticity of
Intertemporal Substitution (EIS). There is an underlying Overlapping Generations Structure
(OLG) structure that makes the stationary wealth distribution non-degenerate. In this
model, all heterogeneity is summarized in a single state variable and thus it can be solved
globally in reasonable time.” The economy has three assets: trees, a nominal bond with
positive duration, and an instantaneous (real) bond. As before, the key constraint is that
agents cannot borrow in real terms. We assume the price level is locally deterministic,
but inflation is stochastic.* Since traded nominal bonds have positive duration, shocks to
inflation generate capital gains or losses, and therefore expose its holders to inflation risk.
The assumed duration directly indexes the degree of market incompleteness, ranging from
zero (instantaneous bonds, effectively real) to severe (long-duration bonds, highly exposed
to inflation shocks). We calibrate this duration externally to roughly match the duration of
outstanding debt in the market. We use the remaining preference and technology parameters
to jointly match: i) the processes for aggregate consumption growth and inflation, with
uncorrelated shocks, ii) standard asset pricing moments, such as short term rates and the
equity premium. Our model also generates reasonable values for two relevant moments:
inflation risk premium and size of nominal positions; even though we did not target them

explicitly in the calibration.

WELFARE CoOSTS OF INFLATION RISK. Having calibrated a general equilibrium model
that quantitatively matches the key asset pricing and macroeconomic moments, we turn to

study the welfare consequences of reducing inflation risk. First, we follow Robert E. Lucas

3As we discuss in Section 6.3, the downside is that we abstract from several ingredients that potentially
drive borrowing and lending in reality, such as hump-shaped life-cycle dynamics, self-insuring idiosyncratic

income shocks, or buying large indivisible assets.

4That is, the price level follows d?P = mdt, and 7 is an Ito process.



(1987) and ask each agent how much they would be willing to pay to eliminate inflation risk,
in terms of a proportional consumption reduction. This gives us a histogram of welfare gains
and losses for different agent types and cohorts. The gains from eliminating inflation risk are
substantial and quite heterogeneous, with most gains accruing to initially-alive risk-tolerant
agents, who hold large leveraged positions and gain the most from cheaper borrowing.

The downside of this exercise is that these gains cannot be aggregated to yield a single
number, which we can compare to other costs of inflation. In order to obtain that, we
follow Davila and Schaab (2025); Barcons et al. (2026) and consider a marginal reduction in
inflation risk. Once we measure all gains and losses in the same units, we can sum gains for
all individuals and get a single efficiency number. Given that we have an infinity number
of cohorts, summing compensations for all agents will generally diverge, so we focus in two
numbers: the compensation required for cohorts born in the first 50 years, and then a long-
run number, defined as the total compensation required for a cohort to be born very far out
in the future. We find the gains for the first set of cohorts to be around 0.45% of perpetual
aggregate consumption, while the compensation for far out cohorts is essentially zero. We
show, however, that the compensation for these cohorts is mainly driven by the effects of
inflation risk in very low probability events, where aggregate consumption is abnormally low.
Thus, we focus on the effects in the initial set of cohorts as our headline number.

We compare the estimated magnitude of this cost with typical estimates of costs of
trend inflation from two standard sources: transaction and price-setting frictions. These
are the two main costs in the standard New Keynesian literature, with a vast literature that
estimates their magnitudes and determinants, which we briefly review in Section 7. The main
takeaway is the cost of inflation risk through our channel is similar to those of standard costs

of trend inflation.

RELATED LITERATURE. This paper relates to several strands of literature in macroeco-
nomics and finance. First, a large and well established literature studies the welfare costs of
inflation through different channels, see for example the exhaustive description of different
costs in Fisher and Modigliani (1978). The idea that inflation exposes both borrowers and
lenders to risk and that it inefficiently distorts financial markets is not new: it is mentioned
in the above cited paper, as well as in Friedman (1977). Our contribution thus lies in de-
scribing what key moments of the data are important to identify this cost, and then provide
a quantification of this cost in a general equilibrium model that matches those moments.
Our channel of interest relates the paper to a literature that measures the redistribu-

tional effects of unexpected inflation shocks, following the pioneering work of Doepke and



Schneider (2006b).” The key difference is that we focus on the ez-ante welfare losses if agents
expect these shocks to occur repeatedly, while Doepke and Schneider (2006b) measures the
effects after these shocks occur. This distinction is important because as we show below,
the realized shock generates winners and losers, but the possibility of the shock ex-ante
diminishes welfare for both net lenders and borrowers.

While our paper tackles a classical macro question, the models and mechanisms we
consider are deeply rooted in the macro-finance literature of asset pricing models with het-
erogeneous agents (He and Krishnamurthy, 2013; Brunnermeier and Sannikov, 2014; Gar-
leanu and Panageas, 2015). In particular, our model extends that of Garleanu and Panageas
(2015) to include inflation risk and incomplete indexation. Our paper is most closely related
to Schneider (2022, 2025). The present paper features incomplete inflation indexation, and
we focus on the implied welfare cost of this friction. Schneider (2022, 2025) include an anal-
ysis of nominal yields, but inflation does not affect the equilibrium allocations. Instead, it
affects the prices of nominal bonds, which are not traded by the agents in the model. In
contrast, in our model inflation risk does affect real allocations and thus it can generate
welfare losses. Also in the intersection between macro and finance, we relate to Alvarez
and Jermann (2004). That paper argues that asset prices contain relevant information to
measure welfare costs of business cycles. Our paper applies similar insights to measure the
costs of inflation risk.

While not our main focus, our paper also connects with the literature on sources of
inflation risk premium. A first strand of the literature focuses on flexible price models,
and calibrates the correlation between aggregate consumption and inflation (Piazzesi and
Schneider, 2006; Wachter, 2006). Another branch of literature considers New Keynesian
models with asset prices and inflation (Rudebusch and Swanson, 2012; Campbell et al.,
2020; Pflueger, 2025; Cieslak and Pflueger, 2023; Caballero and Simsek, 2023). These models
endogenize the correlation between output and inflation as stemming from demand and cost-
push shocks. Our main contribution to this literature is to focus in a mechanism that can
generate positive inflation risk premium even if consumption and inflation are uncorrelated
at all leads and lags, which we argue is the empirically relevant case for recent US data.
We also show that, given our mechanism, inflation risk premium is informative about the
potential welfare losses stemming from inflation volatility. These losses would be absent in
a representative agent framework.

Finally, we relate to a recent literature on how to perform welfare evaluations with

heterogeneous agents, without having to take a stance on interpersonal utility comparisons

>Other related work includes Doepke and Schneider (2006a); Auclert (2019).



(Bagaee and Burstein, 2025; Davila and Schaab, 2025; Barcons et al., 2026). Given that our
question is about aggregate welfare and our mechanism requires heterogeneity, we see our

paper as a natural application of the tools developed in this literature.

RoADMAP. Section 2 presents a simple calculation to get a sense of the potential order of
magnitude of these gains. Section 3 presents the key insights of the paper in a two period
model. Section 4 presents the quantitative model and its calibration. Section 5 shows that
this model can match several key macro and asset pricing moments. Section 6 then uses the
model to quantify the welfare gains of eliminating inflation risk. Section 7 compares these
costs to estimates of inflation costs from transaction and price-setting frictions. Section 8

offers some final remarks.

2 Motivation: The Cost of Hedging Nominal Positions

In order to get a broad sense at the order of magnitude of this cost, we ask: how costly would
it be to hedge the all nominal positions in the economy from inflation risk? If inflation risk
is detrimental for welfare, the agents who bear that risk will be willing to pay a significant
amount of money to eliminate it, and market prices will reflect that. In order to hedge a
portfolio of nominal bonds, we would need to swap it for a portfolio of real bonds with the
same duration. This means that, for each nominal bond we hedge, we lose an expected real
return ¢ — E[r| (the nominal rate minus expected inflation), but we obtain for a guaranteed
real return r. The expected cost for each bond is thus i — E[r] —r = Inflation Risk Premium.
Multiplying this by the total number of nominal assets to be hedged, the total cost of inflation

risk can be estimated as:

Nominal Positi
Total Cost of Inflation Risk = Omsz; SHIOTS o Inflation Risk Premium. (2.1)

Having introduced this simple formula, we turn to discuss how to measure the two key terms
in the data.

2.1 Approximating the Key Terms

NOMINAL PosiTioNs TO GDP AND MATURITY. Given that the purpose of the exercise is
purely illustrative, we treat all positions as an aggregate with a fixed maturity. We measure
the size of these positions in the US using the Flow of Funds, using the 2026 Q1 release.
Focusing on debt outstanding at the end of 2025, the data shows this is 21.1 trillion dollars

for households, 22.6 trillion dollars for businesses, and 38.2 for federal and state governments
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Figure 2.1: Inflation risk-premium for 5 and 10 year bonds derived from the model estimated
by Ajello et al. (2019).

combined. Since nominal GDP stood at 31.4 trillion dollars at the end of 2025, private sector
debt (combined households and businesses) sits around 139% of GDP, whereas government
debt is around 121% of GDP, and thus total debt is around 260% of GDP.

Having these magnitudes in mind, we must take a stance on two key things: i) what is
a reasonable average maturity of this debt, ii) how much of it is already indexed, and thus
not exposed to this risk. Regarding the first issue, government debt is usually calibrated to
have a duration of around 5 years (Auclert et al., 2020; Bianchi et al., 2023). Measuring the
duration of private sector debt is much harder. For example, Doepke and Schneider (2006b)
estimate the duration on net nominal positions between 4 and 5 years for 2004. Given that
recent data features a long period of low nominal interest rates (which mechanically increase
maturity) and inflation risk premium is usually reported at 5 years, we keep the maturity to
5 years. Measuring the degree of indexation is also quite hard, however, all private debt is
issued in nominal terms, and just a tiny share of government debt is indexed. In order to be
conservative, we will use a nominal positions to GDP number of 130%, which is half of the
total debt measured. This accounts for potential indexation, as well as the uncertain path of
future taxes (Doepke and Schneider, 2006b). In fact, the models we write below only have

private debt.



INFLATION RISK PREMIUM. Estimating the inflation risk premium is quite hard. Earlier
approaches relied on comparing TIPS and nominal yields. However, TIPS are known to be
less liquid than nominal bonds, which biases the calculation. Haubrich et al. (2012) fit a
four factor model with stochastic volatility using data on nominal yields, surveys, realized
inflation and swaps. They find a risk premium of around 17bps at a 5-year horizon, 45bps at
10 years, and 100 bps at 30 years. Fleckenstein et al. (2017) uses data on swaps and options
to fit a model on physical and risk-neutral inflation. Their sample is from 2008 to 2015. They
find the inflation risk premium for a 5 year maturity to be in the order of 20 basis points.
Figure 2.1 is taken from Ajello et al. (2019) and depicts the inflation risk-premium at 5 and
10 year horizons in an estimated arbitrage-free affine model. Their model is estimated in the
1985Q1-2015Q4 sample and thus omits most of the large inflation episodes in the 70s and
80s. We can observe that, although declining throughout the sample, inflation risk-premium
is consistently positive, with values of around 20bps for a 5 year maturity at the end of the

sample. Given this evidence, we set 20bps as the relevant measure of inflation risk premium.

2.2 Results and Discussion

We can use the above numbers in equation (2.1) to estimate a total inflation risk of
0.26% GDP per year = 130% of GDP x 0.2% per year (2.2)

Even if we only used only household debt, which sits at around 70% of GDP, we would
obtain a cost of 0.14% per year. These are sizable numbers compared to other typical costs
of inflation. To cite a few recent estimates, Benati and Nicolini (2025) find the cost of a 5%
inflation rate to be 0.35% of GDP due to transaction frictions. Cavallo et al. (2023) find
that the increasing trend inflation from 0 to 10% generates a welfare loss of around 0.4%
of GDP due to price-setting frictions.® Our simple calculation indicates that, in principle,
the cost due to inflation risk can be in the same order of magnitude However, reaching that
conclusion at this point is clearly precipitated, since it is unclear why (2.1) is a valid measure
of the welfare cost of inflation risk in general equilibrium.

Besides refining our admittedly quite raw measurement exercise, there are several con-
ceptual issues with taking the above computation at face value. First, for each lender there is
a borrower. We could have equally taken the stock to be negative (since there are also agents
that are short in these positions), and find that inflation risk increases welfare. Second, it

is unclear what experiment the above exercise responds. Ideally, one would like to compare

SWe review the literature on the quantification of typical welfare costs of inflation in Section 7.



an economy with inflation risk with one without it. But in general equilibrium, eliminating
inflation risk will alter asset prices, so using the inflation risk premia of a baseline equilibrium
is not valid. Third, it is unclear where this risk premium is coming from, and whether it

matters for the exercise. We turn below to a simple model where we clarify these issues.

3 Key Insights in a Simple Model

This section considers this question in a two-period, cashless economy with flexible prices.
We make three main points. First, inflation risk matters for welfare only if agents are hetero-
geneous and nominal contracts are imperfectly indexed. Second, under these assumptions,
positive inflation risk premia can arise even when inflation is uncorrelated with aggregate
consumption. Third, the direct welfare gain from reducing inflation risk is disciplined by

nominal positions and the inflation risk premium.

3.1 Economic Environment

There are two time periods, ¢ = 0,1. Assume agents choose from three assets: a tree,
a nominal bond, and a real bond. Their prices are denoted by qs,qf , qp respectively, and
are denominated in goods at time 0. The tree is in unit net supply while the other assets
are in zero net supply. The tree has pay-oftf y = ¥ + o,¢, and the nominal bond has real
pay-off [I™! — o,¢,, whereas the real bond pays 1 unit of final good with certainty. Define
RS = %{”5” and R = i being the realized real returns on the nominal and real bonds
respectively. Agents face a borrowing constraint in the real bond. Assume that ¢, and e,
are mean zero and independent, this is done by simplicity, but we show empirical evidence
in support of this assumption below. In this model, we are interested in the welfare effects
of lowering o,: that is, we lower inflation risk but leave the process for aggregate output

untouched.

AGENTS’ PROBLEM. Agents have time-separable, expected utility preferences over con-
sumption at 0 and lotteries of consumption at t = 1, with instantaneous utility function w;,
which is increasing and strictly concave for both agents. Agents are endowed with an initial
amount of goods at time 0, y;9, and a number of trees, w;. Assume there are two agents

1 = A, B with heterogeneous preferences and endowments. The optimization problem of



agent ¢ is:
a5 o () Bl Y
s.b. coi + qs(a; — wy) + @ubi + ngf = Yoi
c1i = a;(y + oyey) + bf(H_l — Oxér) + bi
b; > 0.

The solution to this system implies consumption and asset demands as a function of prices
(s, qb, qf) and initial endowments. Replacing the expression for ¢;; and forming a Lagrangian

we get the following optimality conditions:

B (ca) (1! — 022,)] = M 3.
Elui(ca)(§ + oygy)] = Aigs (3.3)
u'(cor) = A (3.4)

Elu;(ci1)] > Nigp  (with = if b; > 0). (3.5)

In conjunction with the constraints, these characterize the solution to the problem.

Definition 1. A competitive equilibrium is an allocation (cg;, c1;(s1), ai,bi,b%i: ap and a
price vector (qs, g, qf) such that i) Given the initial endowments and prices, the allocation

solves the optimization problem for both agents; ii) Markets clear:

coa + cop = Yo, c1a(s1) +cap(s1) =v1(s1) Vs,

as4+ag=1, ba+bpg=0, b +b5=0,

where s; = (&,,¢,) is the aggregate state at time 1.

Before characterizing the equilibrium, a few points are worth discussing.

NO INFLATION INDEXATION. As we show below, a key assumption is the impossibility
of borrowing in inflation indexed terms. We see this assumption as reasonable based on
three observations: first, indexed instruments are rare in practice. Of course, this may
just reflect that agents see little value in indexing contracts, but it could also reflect some

underlying cost, for example complexity costs (Gabaix, 2025) or institutional costs.” The

"Examples would include the tax treatment of paper gains due to indexation, as well as outright prohi-
bition of indexing.
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lack of indexation is often considered a puzzle, (Fischer, 1975).% For our analysis, we take
the stance that trade in indexed bonds is prohibitively costly and thus does not happen.

Second, we show in Section 3.3 that, when there is trade in nominal bonds, this assump-
tion generates a distinct testable prediction: even if inflation and output are uncorrelated,
inflation risk premium is positive. We show below that this prediction is supported in recent
US data. Furthermore, in Section 4 we externally calibrate the relevance of this friction,
yet the model is able to produce empirically reasonable inflation risk premium and nominal
positions as untargeted moments.

Third, we see the no indexation assumption as putting the proposed mechanism in
equal footing with typical analyses of other sources of welfare costs of inflation, where some
sort of cost to holding money or changing prices is assumed, and higher trend inflation makes
these costs worse. For transactional costs, it is usually assumed that money gives utility by
itself (Sidrauski, 1967), or that money is required to make transactions, but acquiring and
holding money is costly (Baumol, 1952; Tobin, 1956). For costs arising from price and wage
stickiness, it is usually assumed that either prices change infrequently for exogenous reasons
(Taylor, 1980; Calvo, 1983), or that changing prices or wages requires paying some costs
(Rotemberg, 1982; Golosov and Lucas, 2007). Therefore the relevant friction is typically

either assumed outright, or microfounded by a direct cost.

CASHLESS LiMIT. We stress that in this model money serves no transactional role: it is only
a unit of account in which some contracts (nominal bonds) are denominated. Furthermore,
inflation is exogenous and driven by shocks €,. Such an environment can be microfounded
by adding money in the utility function, taking the cashless limit, and specifying monetary
policy appropriately, see Appendix B.1. Thus, for interpretation purposes, we think of the €,
shocks as coming from monetary shocks. This also stresses that, in our model, eliminating
inflation risk is a policy counterfactual. Thus, in principle, the gains could be materialized by
different conduct of policy, as opposed to other sources of uncertainty, which are fundamental

and usually seen as unrelated to policy.’

EQUILIBRIUM SELECTION AND PRICING REAL BONDS. Given that there is a borrowing
constraint in real terms, this can lead to equilibrium multiplicity: for any equilibrium price
vector, if we increase the price of g, (i.e lower the real rate), then both agents would like to

borrow more in real terms. Given that this is not possible, the new price vector could also

8See also Doepke and Schneider (2017) for a theory of the emergence of different units of account.

9For example, Alvarez and Jermann (2004) make this argument to focus on the gains from eliminating
fluctuations at business cycle frequencies, as opposed at gains from eliminating all uncertainty in consump-
tion.
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be an equilibrium. In this case, following Werning (2015) we select the equilibrium with the
highest real rate, which is the one that would survive if we allowed agents to borrow small
amounts of indexed debt.

Note that in the selected equilibrium, the optimality condition of real bonds will hold
with equality for one of the agents. That is, given the equilibrium prices, one of the agents
is indifferent to consume a little less and save a little more in real bonds. From now on we
refer to this agent as the pricer, given that it is a marginal investor in all three assets and

thus "prices" them.

3.2 On the Necessity of Heterogeneity and Incomplete Indexation

Our first result is that both heterogeneity and incomplete indexation are essential for there
to be a cost of inflation risk: if we remove one of those, then the equilibrium allocations do

not depend on o, and hence the welfare cost of inflation risk is zero.

Proposition 1. Necessity of Heterogeneity and Incomplete Indexation. Assume
that either i) agents are homogeneous or ii) both agents can freely borrow in real terms. Then

equilibrium allocations do not depend on €., and thus the welfare cost of inflation risk is zero.

Proof. Note that the only what in which e, can affect allocations is if \bf | > 0 in equilibrium,
so we need to show that, absent any of the assumptions, there is no trade in nominal bonds.
Consider first the case with homogeneity. In that case, both agents have the same preferences
and endowments. We can construct a symmetric equilibrium by setting consumption equal
to endowments for both agents, which implies b; = b¥ = 0, and finding the supporting prices
from (3.2)-(3.5). To see this equilibrium is unique, note that in the individual optimization
problem (3.1) given that constraints are a convex set and the objective function is strictly
concave, the solution is unique. Given that both agents face the same prices, they must
choose the same quantities, so an asymmetric equilibrium cannot exist.

If both agents can freely borrow in real terms, then it is optimal to have all trade in
that market, since it is not exposed to inflation risk. To see this more clearly, using (3.2),

(3.4) and(3.5) with equality, we get:

E[R* — R| = —R™'Cov (“/(C“) RS — R) (3.6)



and this equation has to hold for both agents even though the left hand side does not
depend on the agent. If \b?] > 0, that means that there one agent whose consumption
comoves positively with inflation, and the other agent has negative comovement. Due to the

montonocity in «, that implies that for j # ¢ we must have:

Cov<“%q” R$——R><<0<:va<u%cU)}ﬁ——R> (3.7)

w'(coi)’ ' (coj)’

which contradicts (3.6). Thus, an equilibrium with [b¥| > 0 cannot exist.

Note that both proofs generalize to the case where e, = dye, + ¢, where €, is mean
zero and independent of €, and, i.e there is some correlation between inflation and output,
but inflation has some additional risk. Thus, the assumption of independent output and

inflation shocks is just for expositional convenience. O]

This result shows that those two assumptions are necessary to get the equilibrium to
depend on pure inflation shocks, and thus to obtain welfare gains from eliminating them.
There is plenty of micro evidence for both assumptions. It is uncontroversial that there is
large heterogeneity across households. In terms of nominal exposure, Doepke and Schneider
(2006b) show that there is large heterogeneity in nominal positions, and thus nominal shocks
have large redistributional effects. While it is very clear that both features are present in the
data, some readers may be skeptical that this meaningfully affects the equilibrium. For that
reason, we derive below a key distinctive implication of our set-up: we can obtain positive

inflation risk premium even when aggregate output and inflation are uncorrelated.

3.3 Positive Inflation Risk Premium with no Output-Inflation

We show below that, if heterogeneity is such that agents hold non-zero nominal positions in
equilibrium, then the inflation risk premium is positive, i.e E[R$ — R] > 0 even if inflation

and output shocks are independent.

Proposition 2. Assume that primitives are such that, in equilibrium, \bqﬁl\ > 0. Then
E[R® — R] > 0.

Proof. In equilibrium, the optimality conditions of the “pricer" imply:

E[R® — R] = —Cov (uﬁ;(cﬂ), R’ — R) /Elu;(ci)]
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so the inflation risk premium crucially depends on Cov (u;(cﬂ), RS — R). For inflation risk
premium to be positive, we need this covariance to be negative, which obtains whenever c;;
has negative co-movement with inflation. In turn, this requires that the “pricer" is long in
nominal bonds, b* > 0.

We proceed by contradiction. Assume that the real bond is priced by the borrower (i.e
the agent with b} < 0). In that case, ¢;; is increasing in inflation, so Cov (u;(cﬂ), RS — R) >0
and the inflation risk premium would be negative. However, for this to be an equilibrium,
it must be the case that the other agent is optimizing as well. If R > E[R?®], the other agent
(which has b*;, > 0) would find optimal to switch all his savings to real bonds: she gets
a higher expected return and lower risk. In order to see that such portfolio would indeed
be better, note that the original proposed allocation (where the agent invests in nominal
bonds) implies consumption ¢y; = a;y + bf(l‘[_1 —0,6,). The new allocation, where the agent
switches to save in real, implies consumption ¢y; = a;y + Z—%bf. Since R > E[R?®], this implies

Z—éf >E[I! — o,e,] =1 Thus:

$
< Eluy(ay + Z’;bf)} )}

where the first line follows from the fact that ¢;; is a mean preserving spread of a;y + bSII~!
(since e, is independent of y), and the second line follows from the fact that a;y + Z—%bf first
order stochastically dominates a;y + b$II~!. Thus, since the agent has increasing marginal
utility and is risk averse, this agent prefers to lend in real, and this this cannot be an
equilibrium. This shows that in any equilibrium with trade in nominal bonds, the agent who
has b% > 0 is also the marginal investor on the real bond and thus E[R® — R] > 0. OJ

In summary, once we consider an equilibrium where there is non-zero trade in nominal
bonds, the inflation risk premium is determined by the agent whose consumption declines
with inflation, and thus inflation risk premium is positive. We note that the argument in
the proof is more general that the current set-up. The intuition of the result is simple:
although inflation and aggregate output are uncorrelated, inflationary shocks are bad news
for bondholders, which are the agents who price both nominal and real bonds. Due to this
reason, they will demand extra compensation to hold nominal bonds, and thus a positive
inflation risk premium emerges. Appendix B.2 shows that versions of Proposition 2 holds
in several extensions of the model, such as adding idiosyncratic income shocks, recursive
preferences, allowing inflation to be correlated with output, and allowing non-traded income

to be correlated with inflation.
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Figure 3.1: Cross-correlogram between PCE real consumption growth and CPI inflation for
two different subsamples. Dashed lines are 95% confidence intervals.

EMPIRICAL EVIDENCE. While the assumption of zero correlation may sound very knife
edge, we argue that this is a reasonable representation of recent data. Figure 3.1 presents
the sample cross-correlogram between quarterly aggregate consumption growth and inflation
for two subsamples: 1960Q1-1984Q4 (left) and 1985Q1-2019Q4 (right). We observe that for
the earlier subsample, there is a significantly negative correlation between consumption and
inflation at short lags and leads. This negative co-movement is no longer observed when
we focus on the more recent sample, in the right panel of Figure 3.1. If anything, inflation
is (mildly) positively correlated with consumption growth after 1985.'° This is consistent
with the view that, in recent times demand shocks are the primary source of aggregate
consumption fluctuations, but their impact in inflation is quite weak (Angeletos et al., 2020).

Under the recent correlation structure, a consumption-based representative agent would
imply an essentially zero inflation risk-premium, since inflation is uncorrelated with aggregate
consumption both contemporaneously (which would generate zero inflation risk-premium
with time-separable preferences) and at lags and leads (which would generate zero risk pre-
mium in a model with habits or recursive preferences respectively). In contrast, once we allow
for heterogeneity and incomplete indexation, we can reconcile this correlation structure with
a positive inflation risk premium even in recent times, which is a finding in several studies
with data post 1980s (Fleckenstein et al., 2017; Ajello et al.,; 2019). While not definitive,
we see this as additional evidence in favor of the two key assumptions in which our analysis

hinges upon.

10This pattern is robust to using core inflation, and to including the Covid-19 period, see Appendix A.
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3.4 Inflation Risk Premium, Nominal Positions, and Welfare

Having explained what are the key ingredients, we now turn to study the welfare costs of
inflation risk in this economy. In particular, we follow Davila and Schaab (2025) and consider
a marginal reduction in o,. Using that at time ¢ = 1 is ¢;; = a;(y + oy¢,) + bf(l‘[‘1 — OrExn),

simple differentiation gives:

dCil

Q;

do,

db?
= b+ (§+ 0y8y) + — (T — 0re,) . (3.8)
—_—— do,

Direct Effect

do,

Indirect effect

This perturbation has two effects in time 1 consumption: first, given portfolios, agents are
mechanically exposed to less inflation risk. Second, in general equilibrium, asset prices will
change, so agents will optimally re-optimize their savings and portfolio policies in response.

In what follows, we show that a computation similar in spirit to Section 2 will essen-
tially measure the welfare effects only through the direct channel. While incomplete, this is
important because the strength of the direct channel only depends on the size of nominal
positions, regardless of why agents trade.'* Once |bf| > 0, reducing inflation risk directly re-
duces consumption risk, regardless on whether agents have nominal positions due to life-cycle
motives, preference heterogeneity, etc. On the flip-side, predicting the size and direction of
the indirect effect will depend on the underlying general equilibrium foundations.

In particular, consider a planner that marginally reduces o, but maintains the equi-
librium portfolios and prices as fixed. Thus, ¢,y is unaffected, and % only changes through
the direct effect described above. In order to get the welfare consequences of this in terms
of t = 0 goods, we use the basic formula in Davila and Schaab (2025) to obtain:

dU;/do, _ Elui(en) x g22] _ Elu(ca)(=ex)] s

A B u(cio) u'(cio)

This measures the willingness to pay to marginally reduce inflation risk in terms of time 0
goods. For example, if this measure equal -2, agent i values a A reduction in ¢, as much as
2A units of time-0 good.

Assume that this economy features non-zero nominal trade. This implies that there
is a lender, with bf > 0, and a borrower. From the budget constraint, we see that positive
inflation shocks reduce the consumption of the lender and increase the one of the borrower.
Given that marginal utility is decreasing, we have that E[u}(c¢;1)(e;)] > (<)0 for the lender

(borrower). This implies that the above partial derivative is negative for both agents: a

"In a sense, this is ex-ante version of the exercises done in Doepke and Schneider (2006b).
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reduction in o, increases welfare for both agents, which means that both agents are willing
to pay positive amounts to reduce inflation risk. This may seem at odds with the standard
intuition whereby inflation shocks produce winners (borrowers) and losers (lenders), e.g
Doepke and Schneider (2006b). While this is also true in this model, the above result shows
that reducing the size of these shocks increases ez-ante welfare of both lenders and borrowers,
since they are both exposed to less risk.

In order to quantify these potential gains, manipulating the FOCs of the “pricer" yield:

Elui(cn)(=ex)l,s _ E[R$]—Rb$
o i = B O
u'(ci) ox/q;

= — bl

This formula shows that, fixing the asset allocation and focusing on the unconstrained agent,

we can evaluate the effects in welfare of a marginal reduction in inflation risk by multiplying

E[R®-R
or/dy

appropriately discounted over time by ¢,. This is intuitive: under the proposed experiment,

the price of the inflation risk, k, = , times the exposure to inflation risk, bf and
marginally lowering o, reduces the inflation risk faced by the agent by b, and thus multiply-
ing this number by the price of the inflation risk we obtain the willingness to pay to reduce
this risk. Assuming ¢, &~ 1, we can estimate the welfare gains for the pricer of completely
eliminating inflation risk as:

dUi/dO'ﬂ—

5y ;48>0 =~ Nominal Positions x Inflation Risk Premium (3.9)

—|p3 =0xkK
_|bi| A

which exactly the formula we used above. Note, however, that this only captures the gains
for one of the agents. We can account for the other agent by noting that, given the marginal
nature of the perturbation, using the arguments in Davila and Schaab (2025) we can compute

the aggregate efficiency gain of marginally reducing inflation risk, =g, by summing the

dUi/dO'ﬂ—
Ai

in the same units) as:

terms for both agents (since the perturbation is marginal and both are measured

S b§E[u;<ci1><—ew>]:‘b§,x(Z ,E[uxcﬂx—m,) S lows,

i=A,B ul<ci0> i=A,B U’(Cio)

where we used the above observation about the signs of bf and E[u}(c;1)(—ex)]/t/(cio) to
write everything in absolute values. Thus, our earlier “back of the envelope" formula was

actually underestimating the welfare gains from eliminating inflation risk since we were only
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capturing the gains for one side of the market.

TAKEAWAYS. Overall, this section justifies the back of the envelope calculation in Section
2 using a simple two period model. We showed that, if there is heterogeneity and incomplete
indexation, inflation risk will have welfare costs. While there is ample macro evidence of
the prevalence of these two features, we also show that our mechanism generates a distinct
implication: inflation risk premium can be positive even if aggregate inflation and output
shocks are orthogonal. Finally, we showed that we can approximate the direct welfare gains
of reducing inflation risk by multiplying the inflation risk premium times the absolute size of
the nominal positions. However, a key shortcoming is that this exercise ignores what would
happen in equilibrium if we reduced o, since it agents will re-optimize and prices will adjust
in general equilibrium. Furthermore, the model considered so far is highly stylized. Thus,
in order to properly quantify the welfare costs of inflation risk, the next section presents a

quantitative model.

4 Quantitative Model

In this section we present a quantitative general equilibrium model. The model is similar
to Garleanu and Panageas (2015), which features heterogeneity in preferences. Our key
addition is that, as Section 3, markets are incomplete and agents must trade using assets
that are exposed to nominal risk. Once we have calibrated the model, we can then evaluate
the welfare consequences of inflation risk by resolving the model under the assumption that

inflation is deterministic.

4.1 Economic Environment

EXOGENOUS PROCESSES. Time is continuous and indexed by ¢ € [0, +00). There is a single
consumption good. Aggregate output is denoted by y,. A fraction (1—w) of aggregate output

is labor income. We assume this goes directly to hand-to-mouth agents, that immediately

consume it.'? The rest is dividend income, produced by trees which are owned by investors.

Following Panageas (2020), there is a continuum of trees that pay dividends in units of the
consumption good. Letting s <t denote the time of creation of a tree, we denote its time-t

t—s)

dividends by y; s = w5q6_5q( yi, where y; is aggregate output. Thus, the number of goods

produced by a tree decreases with the age of the tree. This depreciation rate allows us to

12These agents play no role in the equilibrium. We introduce this in order to have a parameter (w) that
allows us to match traded wealth to GDP.
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capture a decreasing pattern of lifetime earnings, which pushes down the real rate. This is
conceptually similar to Garleanu and Panageas (2015), where agents face a decreasing path
of income that incentivizes saving and lowers the real rate. Embedding this in an incomplete
markets setting like ours would be unfeasible, so we use tree depreciation as a tractable way
of capturing the same force. See Panageas (2020) for more details.

Aggregate output y; follows a geometric Brownian motion

d
S pdt + od W, (4.1)

Yt
where W, = {W,, € R; F;,t > 0} is an aggregate Brownian motion in the probability space
(Q,P, F) representing permanent shocks to aggregate output. The price level P, satisfies

‘%? = mdt where 7, is inflation, which follows an OU process:
dﬂ't = )\71—(7_1' — 7Tt) -+ O'TrdWﬂ—’t (42)

where W, = {W,; € R;F,,t > 0} is an aggregate Brownian motion in the probability
space (,P, F) representing shocks to the inflation rate. We assume that A, > 0 so the
exogenous process 7, is stationary. We assume that corr(dW,,,dW,;) = 0. As discussed
above, this assumption differentiates our model from the rest of the literature, (e.g Piazzesi
and Schneider (2006) or Schneider (2022)) which obtain a positive inflation risk premium
from the assumed negative correlation between inflation and output. It will be useful to

write the model in matrix notation, so we let dW; = [dW,,;, dW,,]*.

ASSETS AND RETURNS. There are three assets in the market: short term bonds, long-term
bonds, and trees. Since the price level is locally deterministic, short term bonds (even if
denominated in nominal terms) are risk-free. However, just like in the model in Section 3,
agents cannot borrow using this bond, which in equilibrium implies that neither agent holds
short term bond. The main purpose of including this asset is to have a well defined real
risk-free rate.

Agents can also invest in long-term, nominal bonds. A bond issued at time ¢ pays
P,6pe= %=t at time s, where §, is a measure of the duration of the bond. Taking §, — oo
yields an instantaneous bond, and d, — 0 corresponds to a nominal perpetuity or consol. The
advantage of modeling long term bonds this way is that one bond issued at ¢ is equivalent
to %6_65“_5) bonds issued at time s > ¢, so we can summarize everything in terms of

the equivalent units of time ¢ bonds, and refer to this as “bonds" moving forward. The
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instantaneous return of holding a bond is

2?ﬁ+i§—(&+ﬂmﬁ—umﬁ+ﬁﬂﬂﬂ. (4.3)
In particular, investors receive the interest payment d,/q? per dollar invested, bond prices
change by dq’/q?, the coupons decay at rate &, and since they are nominal its value gets
eroded at rate .

Since the bonds are long term and nominal, they are subject to inflation risk: a shock
that increases inflation reduces the real value of all remaining coupons. The longer the
duration (lower dy), the larger the inflation risk bonds are exposed to. This implies that the
degree of market incompleteness in this economy is directly tied to assumed duration on the
traded nominal bond. Since the constraint in short-term debt issuance forces investors to
save and borrow assets subject to inflation risk, the equilibrium inflation risk premium is
intrinsically linked to the duration of the assets that are actually traded, since this governs
to how much inflation risk agents are exposed to.

Finally, investors can also trade trees. Note that holding one unit of a tree created
at time s has exactly the same pay-offs as holding e%('~*) units of a tree created at time
s’. Given this equivalence, we can summarize the full portfolio of trees investors have by
converting everything to the equivalent number of an aggregate portfolio of trees of all
maturities. From now on refer to this as trees, and treat it as a single asset. Thus, owning
a tree yields w = [____ ;s = wy, in dividends. Letting ¢; be the price at time ¢ of a tree,

the instantaneous return of holding a tree is

d
Wit + T §odt = pugydt + o7 AW, (4.4)
4t at ’
since the tree pays wy; in dividends, its price changes by dg:/q:, and depreciate at rate d,.
The expected return of a tree is p,,, and Jgt = [Ué’,t,al’;t] is how much returns are
affected by shocks to output and inflation. For notational simplicity, we write returns in

matrix form

W g )dt 4 e
f 2 @y | = pedt + S dW. (4.5)

where 1; = [y, tog]” is the vector of instantaneous expected returns, and Xy = [0, 03]

is a 2 x 2 matrix that captures the exposure of both assets to each shock.
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AGENTS AND DEMOGRAPHICS. There are two types of investors with recursive preferences
as in Duffie and Epstein (1992). Agents’ utility at time ¢ is

U =E, [/too fi(cf;,u;')ds] : (4.6)

where

, 1--L
filet) = ( i 1_) (o)
(1 =)
is the corresponding aggregator. Risk aversion is denoted by 7' and 1 is the elasticity of
intertemporal substitution. The time discount rate is p and agents die at rate . Throughout
the paper we maintain the convention that 0 < v4 < vg. We refer of type A agents as risk
tolerant and type B agents as risk averse.

We introduce deaths and births as a way to generate a stationary wealth share across
agents (Garleanu and Panageas, 2015). At rate ¢ agents are born, and with probability &
they are of type A and with probability 1 —a they are of type B. Regardless of the type, each
newborn is endowed with %‘ new (aggregate) trees, so in aggregate, new trees are created
at rate d,.'" Since existing trees depreciate at rate d,, the mass of trees is constant and
equal to 1. Agents can insure against the risk of dying in actuarily fair annuity markets. In
particular, an agent with wealth n} gets paid @ndt if they stay alive for an extra instant,
but if they die they give up all their wealth. Given this, the wealth evolution of agent ¢
conditional on not dying is:

dn

L= [rdt + (097 (1 — 1)t + ,dW)] — :L%dt + odt, (4.7)

T
Ny

where (0)T = [0

q,t
term captures the (stochastic) return on the agent’s portfolio, the second term captures

5.« is the portfolio allocation of the agent in risky assets. The first

consumption, and the last term is the return on annuities. Investors choose consumption
¢ and portfolios 6% to maximize (4.6) subject to (4.7) and the no short-term borrowing
constraint, 92775 + 9}# < 1. In Appendix C.1 we show the HJB of the agent and its optimality
conditions as a function of their wealth n; ; and the aggregate state of the economy z;, which

we describe below.

13That is, agents born at t get 1/¢ date-t trees, which have are equivalent to dq/¢ units of an aggregate
portfolio of trees of all ages.
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4.2 Recursive Formulation

The model admits a recursive representation. There are two aggregate states in this economy,
one which is exogenous, the inflation rate m;, and one endogenous, the wealth share of type

A investors, oy, defined as:
nag
ap =

Nas +Npyt

Let x = (o, m) € [0,1] x R be the state vector. Write its law of motion in matrix form

d

dr = [ a] = g (x)dt + X, (x)dW.
dm

In Appendix C.2, we derive the law of motion of da; as a function of market returns and

portfolio choices of the agents.

HOMOTHETICITY AND SCALING. We show in Appendix C.1 that homotheticity allows to

write the value function as _

n'=
11—~

Furthermore, we show this implies that all agents of the same type take the same portfolio

lf'yi

U(n,z) = Vi(x) et (4.8)

decisions and consumption-to-wealth ratio:

ci(n,x) = Vi(x)n

0'(n,x) = 0'(x).

where in particular V*(z) is the same function that enters in 4.8. This linearity in wealth
allows us to aggregate consumption and assets demands within each group. For example,
consumption of agents type A satisfies a [*__ gpe“ﬁ(t_s)cfsds = nAVA(z), where n! is total
wealth of type A.

Given that output shocks dW, are permanent, we can rescale the prices of trees by y;
as: ¢ = y;q(x), where g¢(x) is the aggregate price-dividend ratio, which also equals to the
aggregate net-worth. Having defined the aggregate states, value, and policy functions, we

are ready to define the recursive equilibrium.

EQUILIBRIUM DEFINITION. A recursive competitive equilibrium is a set of policy functions
{Vi(z),0"(x)} and prices {G(z), gs(z),r(x)} such that:

1. Taking prices as given, V' and ¢’ satisfy the optimality conditions and HIJB of agent
1=A,B.
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2. For all x, goods and asset markets clear:

aﬁf(x) +(1—a)fl(x)=1 (Trees)
af(z) + (1 —)8P(x) =0 (Bonds)
(aVA(z) + (1 — a)VEB(2))G(x) = 1. (Goods)

Note that we drop the value functions from the definition of the equilibrium because they
are directly linked to the consumption-wealth ratios V. Just like in the model of Section
3, due to the borrowing constraint there is a continuum of real rates that are possible in
equilibrium. Again, we select the equilibrium with the highest one, which corresponds to the

one in which the optimality condition of real bonds for one of the agents holds with equality.

NUMERICAL SOLUTION  We solve the model globally, using finite differences to approximate
the necessary derivatives. We define a grid for a and 7, and guess the following equilibrium
objects Vi(z),X(x), gp(x). Given these, we can use the rest of the equilibrium equations to get
other equilibrium objects, as well as 7 equations that must be satisfied at the equilibrium.
Thus for each point in the state space we have 7 unknowns (V(x) for both agents, all 4
elements of ¥(x) and g,(x)). We are left with a system of n, X n, x 7 unknowns to be solved
globally using Newton method. Appendix C.6 provides more details of the implementation

of the numerical solution.

4.3 Pricing Zero Coupon Bonds and the Inflation Risk Premium

In order to compare our model with the yield curves and inflation risk premium observed in
the data, we need to price zero coupon real and nominal bonds. In order to do so, note that
once we found the equilibrium functions, we can compute the stochastic discount factor of
each agent. Since markets are incomplete, in general these will differ across agents. Following
Schroder and Skiadas (1999), the evolution of marginal utility of agent ¢ satisfies:

dfe

TR i T = =@ + = () (4.9)

Following Gérleanu and Panageas (2015), the corresponding SDF has drift 7%(x) and price of
the risk x%(x)."" In Appendix C.4 we provide the formulas to compute {r*(z), k(x)} directly

from the solution to the equilibrium. Both SDFs are valid to price trees and long term

14That is, the extra ¢ introduced by the risk of dying is ommited. This is because we assumed perfect
annuity markets.

23



nominal bonds because these are freely traded in equilibrium. For pricing all other assets,
we use the SDF of agent who has 6§ > 0. In our calibration this is agent B, which has higher
risk aversion. Note that in the selected equilibrium, this is a valid aggregate SDF, in the
sense that it can price all available assets including the short term bond, since this investor
is marginal for all assets and thus has access to dynamically complete markets.

Denote the the price of a zero coupon nominal bond with maturity 7 by Q%(x, 7).
Equipped with the stochastic discount factor and the law of motion of the state we can
obtain Q®(z, 7) by solving the following PDE:

~Q (@, ) + LIQ¥x,7)] = (r(x) + 1)Q* (2, 7) — (VQ*) ' Z, (2)k(2) = 0

0500 — 1. (4.10)

Here Qf represents the derivative of the bond with respect to the maturity, £[f] = (V.f) e +
sTr (Efo(VQ f )) is the infinitesimal generator where (VQ®)" = [Q%, Q] is the gradient of
the bond prices with respect to the state and similarly V2Q?¥ is the Hessian. As usual, yields
and prices are related as y®(z,7) = —% log(Q%(x,7)). Similarly, we can find the price of a

real zero coupon bond by solving:

_QT<'T7T) + E[Q(£77—)] - T(£)Q(I7 T) - (VQ)TEx(x)’{<I> =0

4.11
Q(z;0) = 1. (4.1)

In order to compute term and inflation risk premia, we follow Haubrich et al. (2012).
In particular, we create counterfactual zero risk premia nominal and real bond prices by
solving equations (4.10)- (4.11) with x(x) = 0 for all x. Denoting these prices by Q*"/(z, 7)
and Q"f(x,7) and their corresponding yields by *"f, 4. Then we compute the real and

nominal term premia, and inflation risk-premia at maturity 7 as:

RTP(z,7) = y(z,7) —y'' (z,7)
NTP(z,7) = y*(z,7) — > (z,7)
[RP(z,7) = NTP(x,7) — RTP(x,7).

4.4 Calibration

We calibrate the model at the annual frequency. The parameters are shown in Table 1.
Importantly, we do not target the inflation risk premium it in the calibration: we use it as
an untargeted moment. We do this because the key source of the welfare cost is the size

of market imperfection. Since the above model has zero correlation between inflation and

24



Description Value Param. Description Value

Inflation Process Agents
Ar Persistence of inflation 0.390 p Discount rate 0.001
7 Inflation target 0.026 ¢ Death rate 0.02
o, Volatility 0.013 a Share of type-A investors 0.025
Output Process fy;‘ Risk aversion of type-A agent 0.9
¥ EIS of type-A agent 1.2
p Output growth rate 0.02 B Risk aversion of type-B agent 10
o Volatility of output 0.04 P EIS of type-B agent 0.035
w Dividend share 0.15
Assets
0, 'Trees depreciation 0.03
0, Bond coupon decay 0.2

Table 1: Calibrated parameters.

output shocks, all inflation risk premia must come from our mechanism. If in reality part
of the inflation risk premia came from other sources but we fully matched it via market
incompleteness, we would overestimate the size of the friction and thus the welfare costs.
Our approach is to calibrate externally the size of the friction, and then, as a validation
moment, ask how much of the observed inflation risk premium we can explain.

We use Garleanu and Panageas (2015) specification of the output process, with an
annual growth rate of 2%, and ¢ = 0.04 so that time-integrated data from our model can
roughly reproduce the first two moments of annual consumption growth. An instantaneous
volatility of o = 0.04 corresponds to a volatility of 0.033 for model-implied, time-integrated,
yearly consumption data (Campbell and Cochrane (1999)). We set w to 0.15. This generates
a (traded) wealth-to-GDP ratio of around 4.5 on average, which is roughly consistent with
what is observed in the data. This calibration of w also implies that the size of nominal
positions is also left as an untargeted moment.

For inflation, we estimate an AR(1) process for inflation in the 1985-2025 sample, and
map the parameters to continuous time. Figure 5.2 shows the stationary distribution of
inflation and compare it with the empirical one. The overall fit is good. The empirical
distribution is somewhat more right-skewed than the model-implied one, and it also has
fatter tails. We note that the persistence of inflation is moderate, \; = 0.39, which means
that the half life of the shock is around seven quarters. Thus, our empirical process for
inflation captures fluctuations in inflation at business cycle frequencies, and not longer term
regime changes, such as changes in the inflation target.

Preferences and « are calibrated to roughly match the risk free rate and the equity risk
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Moment Baseline o, =0 Data

Real Rate 1.04%  1.16%  0.83%
Real Rate Volatility 0.47%  056%  1.33%
Equity Risk Premium  4.72%  5.01%  4.64%

Equity Volatility 22.27%  23.79% 16.05%
IRP 5-yr 0.14%  -%  0.17%
IRP 10-yr 019%  -%  0.45%
Credit / GDP 108.7% 125.7% 139.8%

Table 2: Model moments vs. data. The real rate is taken from FRED as the difference
between the 1-year treasury yield (DTB1YR) and expected inflation (EXPINF1YR). The
equity risk premium is from Martin (2017), the return volatility is from the Shiller dataset,
and the inflation risk premia are from Haubrich et al. (2012). Except for the equity risk
premium and the inflation risk premia, the time-frame is 1985-2025.

premium with moderate risk aversion, as in Garleanu and Panageas (2015). Having recursive
preferences with heterogeneity in both risk aversion and the EIS is crucial to match the asset
pricing moments. In particular, heterogeneous risk aversion is required to have heterogeneous
portfolios, and a low EIS for agent B is required to generate an empirically relevant equity
risk premium. The depreciation rate for trees 9, is chosen to match the level of real rates.
As explained above, the duration of nominal bonds is the key parameter that regulates
the severity of market incompleteness, and therefore the potential magnitude of inflation risk
premium due to the proposed channel. With this in mind, long-term bonds are calibrated

to have an average maturity of 5 years for the reasons discussed in Section 2.

5 Positive Implications

Having described the model and its calibration, the present section analyzes its positive
implications. This is important, because in order to measure the welfare cost of some risk,
we must make sure our model can reproduce the prices and quantities of risk present in the
data (Alvarez and Jermann, 2004). This section shows that our model can, and thus we

proceed to normative analysis in Section 6.

STANDARD ASSET PRICING MOMENTS. Table 2 shows several implied asset pricing mo-
ments on average and compares them to the data. Figure 5.1 reports those moments as a
function of a (averaged across inflation values) and Figure 5.2 shows the stationary distribu-
tions for both states. As we can see in Table 2, the model roughly matches the average level

of the real rate, as well as its volatility. It also produces a sizable equity risk premium, which

26



is broadly in line with the data. The model is also able to produce non-trivial volatility in
equity prices, which in fact is somewhat high relative to the data. The mechanism to match
these classic asset pricing moments is the same as Garleanu and Panageas (2015): heteroge-
neous agents generate a time-varying distribution of wealth. Risk-tolerant agents are levered
and when a negative output shock hits, it redistributes towards risk averse agents (« goes
down). The particular combination of risk aversion and EIS chosen makes it so that changes
in real rates and equity premium tend to reinforce each other, at least for a significant range
of .. This generates significant volatility in price-dividend ratios, which in turn increases
the equity premium.

Figure 5.1 shows the workings of the model in more detail. The equilibrium value of
risk premium distribution is highly non-linear in «. In normal times (when « is close to its
mode, around a = 0.3), the equity risk premium is low and around 2% a year. However,
when negative output shocks hit and the wealth share of risk-tolerant investors decreases,
the equity risk premium increases sharply. This is due to two foces. On the one hand, for
low «, asset prices mostly reflect the preferences of the risk averse agent. Second, individual
risk-tolerant agents become highly levered for low «, which further amplifies stock market
volatility at low a. This makes stock riskier and thus they command a large equity premium
in those states. This behavior is consistent with Martin (2017), who documents that the

equity premium is relatively low in normal times, but has very large spikes in times of stress.

NOMINAL PoOSITIONS. The top right panel in Figure 5.1 shows the size of nominal positions,
in this economy. We follow Schneider (2022) and denote this as “Credit". This is computed
as Credit = (1 — a)fp(a, m)G(a, 7). As we can see, the size of nominal positions varies
significantly with «. Intuitively, the closer wealth is an even split, there is more room for
both agents to trade, and thus the total volume of credit increases. On the flip side, if wealth
is very concentrated in one type of agents, those agents have effectively no counterpart to
trade with, and thus equilibrium credit decreases. In quantitative terms, Table 2 shows that
the average Credit to GDP ratio under our calibration is around 109% of GDP, somewhat
below the average for this sample, around 140% of GDP. Thus, our model generates nominal
positions that are somewhat smaller (but in the same order of magnitude) of those observed
in the data. Since larger nominal positions would make inflation risk more important, if

anything this biases our cost estimate downwards.
INFLATION RISK PREMIUM. The bottom right panel in Figure 5.1 shows the inflation

risk premium on a 10-year zero coupon bond. Relative to Garleanu and Panageas (2015),

the key novelty of our model is that it can generate positive inflation risk premium out of
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Figure 5.1: Selected asset-pricing and macroeconomic moments as a function of a. Solid
line: baseline calibration. Dashed line: no inflation risk (o, = 0).
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Figure 5.2: Stationary distributions. Left panel: inflation density in the data and in the
estimated OU process. Right panel: stationary density of the wealth share a.

uncorrelated inflation and output shocks, due to imperfect inflation indexation. The basic
mechanism is simple: since agents have different risk aversions, they would optimally choose
different exposure to stocks. In equilibrium, this requires that they trade in the nominal
bonds market. Then the intuition of Section 3 applies: since there is non-zero exposure to

this risk in equilibrium, the inflation risk premium is tends to be positive. We can also see
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Figure 5.3: Term Structure of Nominal and Real Risk Premia. Circles: estimates from
Haubrich et al. (2012). Squares: estimates from Fleckenstein et al. (2017).

that inflation risk-premium increases with «. The intuition is that, as a grows, there is more
credit. This makes agents more exposed to inflation risk, and thus inflation risk-premium
increases.

Note however that, for very low values of «, inflation risk premium may turn negative.
The intuition is as follows: at low «, type B agents have most of their wealth in trees
(since they have essentially no counterpart to trade with). Inflationary shocks boosts asset
valuations by increasing «, and thus correlate with higher consumption growth through this
channel. When « is low i) stock prices are very sensitive to «, and ii) nominal positions
are small. Thus the effect on equity valuations dominates over the direct effect (by which
inflationary shock liquate nominal assets) and thus a negative inflation risk premium emerges.
This feature is consistent with Haubrich et al. (2012) and Fleckenstein et al. (2017), who find
a positive risk premium on average, but it can occasionally turn negative. Note, however,
that the states where this happens are very unlikely.

The average values across the o distribution are shown in the bottom part of Table 2.
Our model is able to produce a sizable inflation risk-premium at a 5-year horizon, which is
very much in line with the findings in the empirical studies discussed in Section 2. This is
remarkable given that our calibration left inflation risk premium as an untargeted moment.
In our view, this provides additional validation for the empirical relevance of the mechanism

proposed in the paper.

TERM STRUCTURE OF RISK PREMIA. Figure 5.3 depicts the term structure for inflation
and real term premium, averaging across all states with the stationary distribution. Inflation

risk premium is essentially zero at low maturities, and its term structure is upward sloping.

29



The figure also shows the empirical estimates reported in Haubrich et al. (2012) (circles)
and Fleckenstein et al. (2017) (squares). The model fits both estimates at 5-year maturities
almost perfectly. For longer maturities, the model predicts a relatively flat term structure,
in line with the estimates in Fleckenstein et al. (2017), but too low compare to the estimates
in Haubrich et al. (2012).

Regarding the real term premium, which is positive, upward sloping, and larger than
the inflation risk premium. The mechanism here is similar to the one stressed in Schneider
(2022): in these models, negative output shocks reduce o and increase real rates, as can be
seen in Figure 5.1. This makes real bonds fall when output falls, so they command a positive
risk premium. However, the size of the real term premium is about half of what is typically
found in empirical studies, such as Haubrich et al. (2012).

Overall, the model predicts upward sloping curves for inflation and term premium,
which are consistent with the data. However, the prices of these risks in our model are some-
what smaller of what is found in the literature, yet not irrelevant by any means. Given that
higher risk premia would likely increase our estimated welfare costs (Alvarez and Jermann,

2004), we proceed with this calibration and interpret our results as a lower bound.

EFFECTS OF INFLATION RISK. The dashed lines in Figures 5.1 and 5.2 shows what happens
if we shut down inflation risk in the model, i.e if we set o, = 0 leaving all other structural
parameters unchanged. In that case, the stationary distribution of « shifts to the right,
and the level of credit increases, specially for high values of . The equity premium as a
function of « shifts up. As we show in Figure 6.2 below, as inflation risk falls, borrowing
becomes more attractive for type A agents. They use it to take larger positions in trees,
which increases the drift in their wealth and shifts the stationary wealth distribution to the
right. Since they are more levered, this also increases the equity risk premium.

Looking at the implied moments in Table 2, the impact is relatively small. Both
the equity premium and volatility increase due to increased borrowing by type A agents.
Credit to GDP increases by 17 percentage points. Overall, eliminating inflation risk makes
borrowing more appealing. This increases credit and makes type A agents lever up more.
In equilibrium, this increases the wealth share of type A agents, but also the volatility of

equity and the equity risk premium.

6 The Welfare Costs of Inflation Risk

Having shown that our model can successfully reproduce the key quantities and prices of

the relevant risks, we now use it to quantify the welfare gains of eliminating inflation risk.
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We proceed in two steps. In Section 6.1, we follow Robert E. Lucas (1987) and compute
how much agents in the model would be willing to pay to eliminate inflation risk, in terms
of a proportional consumption reduction. This will give us a histogram of welfare gains and
losses for different agent types and cohorts. The downside is that these numbers cannot be
aggregated to yield a single efficiency number, they are in different units and correspond
to a global change. In Section 6.2, we follow the approach proposed by Davila and Schaab
(2025); Barcons et al. (2026) to compute an estimate of the aggregate efficiency gains from
eliminating inflation risk. We compare this number with other costs of inflation in Section
7.

6.1 Gains Across Different Agents

In order to quantify the welfare consequences of inflation risk, we compare the welfare of
agents in two different economies: the baseline economy, and one without inflation risk,
where before time starts and any trade takes place, monetary policy sets makes inflation
deterministic (o, = 0), and leave the rest of structural parameters unchanged. We assume
that both economies start at the same level of output yo, and initial state o = (ag, 7).
For notational purposes, denote all the objects in the equilibrium without inflation risk by
adding a superscript o, = 0. For example, the consumption policy function of type A agents
is denote as V%77 =0(z), ¢°==%(z) denotes the price of a tree at state z in that equilibrium,
and so on.

Our formulation implies that all agents with the same preferences i =€ {A, B} born
at the same date t € [0, +00) have the same endowments, and thus have exactly the same
welfare. Therefore we have two dimensions of heterogeneity (preferences and cohort of birth),
and thus the type of the agent is defined by a pair (i,t) € {A, B} x[0,400). Our population
consists of mass 1 of initially alive agents, which are treated as born at time ¢ = 0 (which we
assume have homogeneous endowments within each ), and then a number total number of
agents @dt being born at each instant, out of which a share & is risk-tolerant (i = A), and
the rest is risk averse.

Denote the wealth at birth of a cohort born at time ¢ of type ¢ in the baseline equilibrium
as n™(z;). For an agent of type (i,1). We measure the welfare consequences of eliminating
inflation risk using the proportional compensating variation C%(x() as in defined as the

solution to the following equation:

B Cz’,t(xo)

B U)o, nf" = ()] = Bo 7, mp! = (1 =

)70 ()] (6.1)
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that is, for each type and conditional on the initial state xq, C*(x¢) is the value such
that an agent is indifferent between being born in the economy with inflation risk, or being
born in the economy without inflation risk, but C*(zy) percent less consumption in all
states.'” Given the homotheticity in preferences, this can also be interpreted as saying that
the agent is willing to pay C“(xq) percent of her consumption in all states in order to get
rid of inflation risk.

In order to obtain a formula in terms of equilibrium functions, denote the number
of trees that an agent of type (i,t) is born with as s%*.' The total wealth at birth is
yn®t(xy) = ;54 G(x4), i.e the number of trees times its price. Thus, using (4.8) to evaluate
utility at birth, we can compute the expected utility at time 0 of an agent that will be born

at time t conditional on the initial state as:

i i S’i,t q* T 1,71, ; 177,‘{1
Ul(a,y) =E [Z/l tdtlzg = w,y0 = y} =E l( yi E;)) (V*(xe)) =% |lwo = @, 50 = y]
Using homogeneity we can write:
. i,t 1—’}/1' .
Uz’t(xa?/) = <81 g)% u'(z,7)
) . et 1;yz
u'(z, 7) =E [(y; Q(wr4)) T (Vi (@eg7)) =0 |$t] (6.2)
t

and Appendix D.2 shows that u’(x;, 7) can be found by solving a PDE. Given this function,
(sfy) =i
1=y 2

» N wi(z,t) 1/(1—=s) y
C"(z) = [1 <)> ] 100. (6.3)

and noting that both economies feature the same we can compute C*(zg) as

ubom=0(x, t

RESULTS. Figure 6.1 plots C*(zg) for i = A (blue) and B (red), with different cohorts
on the horizontal axis, and for different initial states.!” The welfare effects of eliminating

inflation risk for these agents are sizable: for initially alive cohorts, type A (B) agents value

15Note that this is using that the correct way of valuing the utility at time 0 of an agent that is going to
born at ¢t > 0 is by taking the expected value of its U%! at birth. Appendix D shows that this is correct
under our assumptions about the form of the aggregator.

16The discussion in Section 4 implies that s4° = 20 and sB0 = 11:—"5? for initially alive agents, and
sht = % for i = A, B with ¢ > 0.

"The figure fixes 7y = 2% and only varies op. Varying 7y has insignificant effects on the required
compensations.
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Figure 6.1: Willingness to pay to fully eliminate inflation risk, in units of proportional
consumption reduction in all states, as a function of the cohort of birth.

eliminating inflation risk as much as having 5.5% (1%) higher consumption in all states. The
Figure also shows that the required compensation varies significantly by both preferences
and cohort. First, risk-tolerant agents require much higher compensation than risk averse
agents. On first glance this looks contradictory, since one would have expected more risk
averse agents to care about this risk more. However, this reasoning ignores that, in general
equilibrium, investment opportunities and optimal portfolios change when o, = 0.

In particular, Figure 6.2 shows the optimal portfolios, consumption policies, as well as
the implied drift and volatility of the consumption process, and welfare at birth, as a function
of v in both economies.'® Focus first on type A agents. Given that leveraging is cheaper in
the economy without inflation risk (since they do not need to pay the inflation risk premium)
and expected returns are higher, type A agents invest more in trees and consume less. This
is intuitive: the expected return on trees is higher, so they have incentives to shift their
portfolio towards it. Since these agents have high EIS, it is optimal for them to consume less
of their wealth, since their savings have higher returns. These optimal decisions have direct
implications for the consumption process for type A agents: given that expected returns are
higher and they save more, their consumption growth is higher. But since they load more on
risky trees, their consumption is more volatile. Given that their elasticity of intertemporal

substitution is high and their risk aversion is low, the force of higher drift dominates, and

18 Appendix C.5 describes how to compute the drift and volatility of the consumption process from the
solution to the equilibrium.
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their welfare increases significantly upon elimination of inflation risk. This is shown in the
last panel, where we can see that utility at birth as a function of « shifts up. This curve is
decreasing in a because investment opportunities are more favorable to individual type A
agents when they are relatively scarce in terms of wealth.

Turning to type B agents, they buy significantly less trees in economy without inflation
risk. Intuitively, now that bonds are not exposed to inflation risk, risk-averse agents optimally
shift their portfolio towards bonds. Since real rates are higher and they have low EIS; they
consume a larger fraction of their wealth. Turning to the implications for their consumption
process, we see that for most values of «, they enjoy lower consumption volatility, but also
a lower drift. This is reversed for very low «, where both the drift and volatility are higher.
The reason is that, at low «, type B agents are essentially forced to hold most of their wealth
in trees, which have higher expected returns but are more volatile. Thus, their consumption
process reflects that. We can also see that their utility at birth shifts up, although the effect
is more noticeable for intermediate to high a. This curve is increasing for the same reason as
before: when type A agents hold more wealth, prices are more favorable to individual type
B agents, and thus their welfare at birth increases.

Another salient feature of Figure 6.1 is that welfare gains are concentrated among
initially alive cohorts: the gain is decreasing in ¢. This is mainly for two reasons. First,
the stationary distribution without inflation risk features higher a. Thus, if we start at
the modal « of the baseline distribution, there is an initial transition towards the higher «
associated with the economy without inflation risk. Since individual type A agents prefer
lower «, initially born agents of type A can take advantage of the initially lower o and reap
higher welfare gains. This also explains why the agents for type A agents are larger when the
initial alpha is lower (dotted line), and vice versa for high initial a (dashed). Given that type
B agents prefer high «, the opposite pattern emerges when comparing initial values: gains
are larger when the starting « is high. However, the term-structure of type B agents still
shows a decreasing pattern. This has to do with the second reason, which is the weights given
to different events in the future. Note that, in (6.2), the value of the function ((j)l_ﬂ/ll—;:b is
weighted by a (%>1_~, term. For the risk averse agent v > 1, this is effectively weighting
more the states where y;., is low, which tend to be correlated with low a. Furthermore,
very low « states are (marginally) more likely to occur in the economy with no inflation risk,
as shown by comparing the left tail of the stationary distributions in Figure 5.2. This effect
is specially strong for type B agents (since + is larger), and it gets stronger for later cohorts:

the variance of (%)1*7 grows over time. This effect is so strong that it can lead to small
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9 Intuitively, eliminating inflation risk

negative compensations required for later cohorts.'
marginally increases the change of large market crashes due to increases in leverage, and for
risk averse agents that will born many years into the future, these states dominate in terms
of their welfare evaluation. For type A agents, since v < 1, they weight events with higher
aggregate output (and thus higher a’) more. Since their utility at birth is decreasing in «,
this weighting also reduces their welfare as we consider cohorts to be born further away in
the future.

In summary, eliminating inflation risk increases welfare for all initially alive agents, as
well as for earlier cohorts. Welfare gains are much larger for type A agents, and to earlier
cohorts. The magnitude of the effects is large at the individual level. However, given the
nature of the exercise, we cannot aggregate these welfare gains into an aggregate efficiency

number, which we can compare to the losses due to other standard costs of inflation. We

turn to the aggregation issue next.

6.2 Towards an Aggregate Welfare Gain

Measuring aggregate welfare gains with heterogeneous agents is notoriously hard. In order to
make progress, we use the recent approach proposed by Dévila and Schaab (2025); Barcons
et al. (2026). In particular, consider an utilitarian social welfare function (SWF) W, of the

form:

T )
Wi(z,y) = lim / /0 WU (2, ) didi (6.4)

y———
where the welfare weights w®' are such that W(z,y) < 400 as T — oo. As it is well
understood, the problem with assuming a specific SWF is that the answer to any aggregate
welfare question will depend on the welfare weights used.
In this setup, Barcons et al. (2026) show that, if one is willing to consider marginal
perturbations to the allocation of interest and choose a welfare numeraire (more on this be-
low), then one can decompose the marginal change in the SWF (gTV:) in two terms, efficiency

and redistribution, as follows:

9One way to see the strength of this effect to mechanically compute éi’t(a:) = 1 -

( E[ui(x,0)|xo = ]
E[ubon=0(z,0)|z0 = x
tially computing the expected value of u’(x;,0) with and without inflation risk, using the corresponding
stationary distributions. This calculation differs from (6.3) in that it ignores the (%)1_7 term. In this
case, both agents have positive long-term gains.

1/(1=7s)
]> . and consider the limit where ¢ — +oo. In this case, we are essen-
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T AU (z,y) /da7T
)\zt .CL’ y

:EE<x>y)+ERD(xay)7 EE( = lim // dtdi. (65>

do, T—400
Where \o!(x, y) captures the value in utils of the welfare numeraire. In particular, the welfare
numeraire is a bundle of goods at each date and state, which must be chosen such that all
agents value it. We follow Barcons et al. (2026) and let the welfare numeraire be a bundle

that contains aggregate output at each date and state. Therefore:
At (2, y) [/ Mt+hyt+hdh\x0 =2,% =y (6.6)

where M, = 150 exp( [y fu(cits, Uplt)ds) fu(cit,, UL, is the marginal utility for an agent

of type i,t of additional consumption at date ¢ + h in a given state of the world. Once we

AUt Jdo
oot

in the same units (welfare numeraire over inflation volatility), and thus we can sum them

divide the change in utility by \“!(z,y) for all agents, then all the are expressed
across agents. The interpretation is also straight forward: if =¥ = —2, then reducing inflation
volatility by 0.01 is equivalent to increasing aggregate output in all periods and states by
2 x 0.01 = 2% and distributing that uniformly across agents. Crucially, the efficiency term
does not depend on the welfare weights, so we focus on it as our measure of aggregate welfare
gains.

A problem of computing =g is that the integral is not discounted, so it will generally
diverge. This makes sense: we have an infinite number of agents, so we considered a perturba-
tion that increased welfare of all agents cohorts by 0.01, then Zg = limy_, 1, 0.01 XT = 4-00.
For this reason, we focus on two objects. First, we compute the cumulative sums of the effi-
ciency terms for the first 7" cohorts. Noting that a share of aggregate output 1 — w goes to
hand-to-mouth agents that are not affected by the perturbation, only type A and B agents

are affected, and thus the cumulative sum up to cohort 7' is:

dt (6.7)

_ | dU (z,y)/do T AU (z,y)/do
=P (z,y,T) = e AT e L
1) _Z M A0 (y) 0 Ni(zy)

Initially Alive Future Cohorts

where a4y = @ and ag = 1 — a are the shares of agents born of each type. For any given
fixed T, this yields the efficiency gains if we only focused on the initially alive agents, and
agents born until period 7. The second measure focuses on the long run, in particular, we

normalize the total Zg by the number of agents, that is ZF(x, y) = limp_, 4o Eigfff). Note
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that if %7’5);)‘1” converges as t — 400, then

_ AU (z,y)/do

—FE (ZL‘ _ = 9 ™

E¥(z,y) = a : (6.8)
)

where % = limy 1o %. We refer to this measure_as the long run welfare change.

Note that this measure is in 'per agent" terms. Thus, if =¥(x,y) = —1, then reducing

inflation risk in 0.01 will increase welfare of each agent as if we gave those agents 1% extra

units of aggregate output.

CoMPUTING THE KEY TERMS. From the above discussion, we need to compute dU"*/do
and \"(z,y) for each i,t. We approximate dU%'/do, using finite differences: we solve the
equilibrium for close values of o, then compute the u function defined in (6.2), and thus

approximate: . ’
(s'y)' ™ Au'(z, 7)
I i Aaﬂ

dU" Jdo, ~ (6.9)

We can compute A(z,y) as:

Nz, y) = E [/ Miyids|zg = z,y0 = y]
t

= () Ty )

where (i(z,,7) = E [(Z;)1_%(6(@))_%(‘/(@))1—% ¢ ()0 = a, yo = y} and % (x;) is the
value of a claim on aggregate output for an agent of type ¢ born today if yo = 1, i.e

“'(zr) = E [ o ]\Aﬁ%dﬂxt = x} We also used that marginal utility at birth is given by

M} = (yn»(x)) V=% . Appendix D.3 shows how to compute ¢*(x;, 7) by solving a PDE.

With these two, the welfare change of a reducing inflation risk for an agent of type ¢,1 is:

) . Au(z,7)
l Ti,t gt =22\
dU* /dO'ﬂ- st Ao,

Abt (x) - T— gi(ﬂ%,t)

(6.10)

which is independent of the initial y; by homotheticity. Once we have those terms, we can
sum them as dictated by equation (6.7) to obtain the efficiency gains for the first set of
cohorts, and then compute the long run value by using (6.8). We then approximate the gain

of completely eliminating inflation risk by multiplying these values by (—o,).

REsuLTs. Table 3 presents the welfare gains for the first 50 cohorts, and then in the long
run (i.e for a cohort to be born far out in the future). If we focus on the aggregate efficiency

term for the first 50 cohorts, eliminating inflation risk is equivalent to a 0.45% perpetual
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At modal (a,7) Integrated over (a, )

First 50 cohorts 0.451 0.441
A 12.886 12.579
B 0.132 0.130

Initially alive 0.425 0.412
A 11.979 11.677
B 0.128 0.123

Rest (future cohorts) 0.026 0.029
A 0.907 0.902
B 0.004 0.007

Long-run (¢ — o0) -0.033 -0.033
A 0.572 0.572
B -0.048 -0.048

Table 3: Aggregate efficiency gains ZF(z, T) for T = 50 years, and long run gains =% (z), mul-

tiplied by the total inflation risk (—o,). This gives an approximation of the aggregate welfare
gain of eliminating inflation risk. Units: percentage points of perpetual aggregate output.
The A and B rows indicate the average gains corresponding to each agent of that type, such
that the aggregate gains are computed as a(Gains from A) + (1 — @)(Gains from B). The
left column evaluates the gains at the mode of the distribution, whereas the right column
averages across initial conditions using the stationary distribution of the baseline economy.

increase in aggregate GDP, which is a non-trivial magnitude, especially compared to other
typical costs of inflation. The table also decomposes those gains across different agents: the
initially alive generation, and cohorts to be born during the first 50 years, as well as by
preference type. As we can see, most of the gains are driven by type A agents, and the
initially alive generation, which is consistent with Figure 6.1.

The magnitude of the split between initially alive type A agents and later born ones
deserve some discussion. In particular, while in cohorts born in ¢ > 0 both types of agents
have the same wealth, this is not true for the initially alive agents. In our baseline calibration,
type A agents represent 2.5% of the population, but own around 30% of the wealth. Since
the eliminating inflation risk benefits each individual type A agent greatly, a relatively large
amount of aggregate output is required to compensate them. In contrast, once we consider
unborn cohorts, type A agents only represent 2.5% of the wealth, so compensating them is

much cheaper.?’

20We can see this from equations (6.7) and (6.10). Using that given a each type A agent starts with

Ayt (z,7)
540 = % trees, the efficiency component that comes from the initially alive cohort is a A”’A +
(1 —ya)lA(x0,0)
AuB (z,7)
(1-a) Ao , while if we consider a cohort born at time ¢ = dt, we have a sum of two similar

(1 —B)L" (0,0)
terms, but where the weights are given by a.
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Table 3 also shows that eliminating inflation risk produces small long run losses. Me-
chanically, type B agents to be born many years in the future lose due to the reasons ex-
plained above. Since they are the overwhelming majority of agents being born (and agents of
both types are born with the same initial wealth), the gains of type A agents are not enough
to compensate them, and the long run efficiency gains are negative. This may sound puz-
zling, since under o, = 0, both agents face dynamically complete markets since the moment
of birth. However, due to the Overlapping Generations structure of the model, markets are
still incomplete, because agents cannot trade before they are born. If they could, type A
agents could ex-ante insure type B agents against the risk of being born in a state with low
yi, and get higher expected y; in return. As it is well understood, once we have incomplete
markets, adding another distortion (o, > 0) can increase welfare. However, the losses are
quite small: it would take around 700 years for these losses to overcome the gain of the
initially alive agents, and they rely on the way in which we model welfare at time 0 of agents
that will be born hundreds of years in the future. Furthermore, Garleanu and Panageas
(2015) introduce an Overlapping Generations structure mainly to ensure a stationary wealth

distribution. Thus, for practical purposes, we will consider these to be essentially zero.

6.3 Discussion

COMPARISON WITH BACK OF THE ENVELOPE CALCULATION. It is interesting to note
that the estimated figure, of almost 0.45% of GDP, is around twice as large as the back
of the envelope estimate in Section 2, justified by focusing on the direct effect in Section
3. Intuitively, once agents are able to re optimize, eliminating inflation risk has additional
benefits for welfare, because it improves risk-sharing among living agents: now risk-averse

agents are less exposed to aggregate output risk, which increases their welfare.?!

SOURCES OF INDIRECT GAINS. As explained in Section 3, the size of the gains that come
from general equilibrium forces are inherently tied to the particular ingredients we use. In
our model, the main driver of nominal trade is sharing aggregate output risk. In reality,
there are several other potential reasons why agents will hold nominal positions, such as
self-insuring against idiosyncratic shocks, saving due to life cycle motives, or buying some
indivisible asset like a house or a car. Since inflation risk will also harm financial trade in
those cases, one would conjecture that the broad mechanism will still apply: once inflation

risk is removed, financial trade will increase, and that would lead to higher welfare above

21However, as explained above, it also marginally increases the likelihood of large stock market crashes,
which are important when evaluating the ex-ante welfare of agents to be born many years in the future.
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and beyond the direct effect of reducing risk on existing positions. A deeper dive on the

implications of alternative reasons for trade is left for future research.

7 Comparison with Standard Sources of Inflation Costs

In this section, we compare the estimated cost to the main sources of inflation costs in
standard macroeconomic models: transaction and pricing frictions. Note that the typical
experiment in this literature is to increase trend inflation from 0 to 5 or 10% per year. Given
the evolution of inflation in developed economies in the last 40 years, where inflation was
relatively stable around 2% for most of the time, this exercise overestimates the costs in
sample, since it extrapolates trend inflation to values seldom observed in sample. In spite
of this, we find that the each of these costs of trend inflation are estimated on the same

magnitude of our cost of inflation risk.

TRANSACTION FRICTIONS. The classical cost of trend inflation relates to its distortion
effects in money holdings (Bailey, 1956; Friedman, 1969): if agents must hold money to
transact, but the real return on this asset is lower due to inflation, then trend inflation
introduces a distortion and thus lowers welfare.?? Although there is disagreement on its
exact magnitude, the estimated costs through this channel can be substantial. In particular,
Lucas (2000) finds that reducing inflation from 10% to 0% is equivalent to a gain of 1% in real
income. In contrast, Ireland (2009) finds the gains to be much smaller, of less than 0.25%,
and moving trend inflation from 0 to 2% is essentially costless. As explained in Benati and
Nicolini (2025), the key difference is the behavior of money demand at low inflation. After
systematically reviewing the evidence, this paper presents a benchmark number of 0.35% of
GDP for a 5% trend inflation. This is similar in magnitude to our baseline estimates for the

welfare cost of inflation risk.

PRICE-SETTING FRICTIONS. The standard source of costs of inflation in New Keynesian
models relates to pricing frictions. These costs come from two sources: i) increased price

dispersion, which distorts production because firms with the same productivity may charge

22A related paper within the transaction frictions literature is Allais et al. (2020): to the best of our
knowledge, this is the only other paper that focuses on the effects of inflation risk. In contrast to us, they
focus on an economy with idiosyncratic risk and money in the utility function. In that economy, the effects
of inflation risk operate through different channels to ours: inflation risk generates volatility in real money
holdings, which hurts welfare since utility is concave in money. In contrast, we focus on a cashless economy,
and the welfare costs of inflation risk come through two channels: it increases the risk of lending in nominal
terms, and it also it distorts risk-sharing of aggregate shocks.
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different prices, which leads to an inefficient allocation of resources across firms, and ii) the
costs (if any) of changing prices.

In this case, it is important to distinguish the cost of pricing frictions in steady state
from how this cost increases with inflation. In models with idiosyncratic shocks (which are
the norm in modern sticky-price models), even in the absence of trend inflation, there is a cost
of price dispersion, which comes from the fact that firms do not adjust to their idiosyncratic
shocks perfectly every period. We focus on the change in this cost due to increasing trend
inflation.??

Important contributions include Burstein and Hellwig (2008); Nakamura et al. (2018).
They show that the answer to this question crucially depends on the pricing frictions as-
sumed. Under Calvo (1983), price dispersion increases steeply with trend inflation. Naka-
mura et al. (2018) report that increasing trend inflation from 0 to 12% in these models is
roughly 10% of GDP, which is implausibly large. They then show that, in a calibrated menu
cost model, price dispersion is essentially insensitive to inflation in the ranges considered. In
a recent paper, Cavallo et al. (2023) use price microdata to calibrate a random menu cost
model, which can be seen as an intermediate between the polar cases of Calvo and pure Menu
Costs. In their model, increasing trend inflation from 0 to 10% has a welfare cost of around
0.4% of GDP in steady state. This is in the same order of magnitude of our estimated cost

of inflation risk.

8 Final Remarks

We show that inflation volatility is socially costly because it exposes agents to risk due to
existing nominal positions, and distorts financial trade. This cost is related to two moments
of the data: the size of nominal positions and the inflation risk premium. We quantify it in a
general equilibrium model, and find to be of a similar order of magnitude to standard costs
of trend inflation. We see our paper only as a first approximation to the true magnitude of
this cost. Future research can improve our estimates among several dimensions.

On measurement, a more disaggregated analysis of nominal positions of different agents
at different maturities is a natural next step, since as we showed, these are key determinants of
the magnitude of this cost. Our paper also shows that the magnitude and sources of inflation
risk premium, which has been studied primarily in the finance literature, are also relevant for
the macroeconomics literature on welfare costs of inflation. This makes additional empirical

evidence on it more valuable.

23Tn our model, inflation risk is purely driven by monetary policy, so it is internally consistent to compare
this cost to the full cost of eliminating inflation risk.
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We also recognize that the stylized nature of our model could be important for the
quantification, especially for the part of the welfare gains coming through general equilibrium
channels. Future work may add some other features that potentially drive borrowing and
lending in reality, such as life-cycle motives or buying large, indivisible assets. In this case,
the key challenge is how to integrate these features in a model that matches key asset pricing
moments, as the one we presented here.

Finally, we modeled the absence of inflation indexation as an exogenous friction, and
showed that welfare consequences of it are non-trivial. A natural question is whether the
magnitude of the welfare costs depend on the exact frictions that generate it. By analogy
to the literature on other costs of inflation, we think the answer is far from trivial. In
the case of transaction frictions, the area below the money demand curve provides a good
approximation of their welfare cost, regardless of the underlying microfoundations for it
(Lucas, 2000; Alvarez et al., 2019).?" In stark contrast, a central finding of the literature on
price-setting frictions is that the underlying microfoundations are a crucial determinant of
the the welfare costs of inflation through this channel Burstein and Hellwig (2008); Nakamura
et al. (2018).
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A Empirical Evidence

Figure A.1 shows robustness to the results to alternative choices. The left panel shows what
happens if we used core inflation instead of headline CPI since in principle the distinction
can be important (Ajello et al., 2019; Fang et al., 2025). The right panel shows what happens
if we extend the sample to include the Covid period. The finding of a zero or weakly positive

correlation is robust to both choices.
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Core Inflation Sample: 1985Q1-2024Q4
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Figure A.1: Cross-correlogram between PCE real consumption growth and inflation. Left:
use core CPI instead of headline CPI. Right: extend the sample to 2024Q4.Dashed lines are
95% confidence intervals.

B Simple model

B.1 Cashless Limit

In order to explicitly add money, consider a government that issues nominal money and taxes

the agents in lump sum. Agents derive utility from holding money, with utility function

v(m) = alog(m) where m = % is the real quantity of money. The problem of agent i now

reads:

max u;(co;) + alog(mg) + Elw;(c1;) + alog(my;)]

€0i,a4,b,0]
s.t. coi + moi + qs(@; — wi) + @b + C]i%? = Yoi
C1; + my; = az(g + O'yEy) + (bf + mOi)(H_l — O'7T€ﬂ—) + bz
b; > 0.

The FOCs now read:
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From second to last equation, using the FOC for b® we get:

a
=X(1—g)

mio

assuming that IT"' and o, are such ¢f < 1 (i.e inflation is high enough such that having

money has a positive opportunity cost), we can rearrange and aggregate to get:

Mo/a _ )\A"—)\B (B 1)
F 1— g '

thus, for any a we can choose any F, by appropriately specifying a monetary policy rule of
the form B.1. Similarly, for m; we have:
Ml/a 1 1

_ N B.2
P, uwy(can)  walesa) 2

so the same argument applies. Finally, note that as a — 0, the equilibrium allocation satisfies

m; — 0 for both 4, and thus the equilibrium characterization of the main text holds.

B.2 Extensions

B.2.1 Idiosyncratic Income and Recursive Preferences

Assume that agents have preferences U = W;(co;, E[vi(c1;)]) (i.e non-time separable), with
v;(c1;) increasing and concave, and W strictly increasing and weakly conacave. Assume also
that in addition to the tree, they have some non-traded idiosyncratic income at time 1,
Wi = W; + 0y i€y With 3 0, ; = 0 and €, has mean zero and is independent of the other two

shocks. This captures both life cycle motives (in w;) as well as idiosyncratic income risk in

49



€y- Assume that the asset structure remains the same. Now the FOCs of each agent are:

ow; .., _
oo Eli(ca) ([T —onen)] = Xig)
&1
oW, _
B ]E[Ug(cil)(y+ay5y)] = Aigs
(&]
ow;
800 N )\Z
C1

and the goods market clearing conditions now read:

Coa+CoB = Yo

61A<81>+613(81) = ’U_}A—FU_)B—Fyl(Sl) Vsl.

Assume that we consider an equilibrium in which there is trade, ie |[bf| # 0. Again, we
want to show that the agent that lends (or more generally, that has positive net exposure to
inflation and thus her consumption falls when inflation rises) is the one pricing the nominal
bond. Let’s go again by contradiction. Assume that the borrower prices the risk free bond.

In that case proceeding similar to before:

E[’U;(Cil) (R$ - R)] = 0
E[R*~ R = —Cov(vi(ca). R* — R) [E[vi(ca)l,

. . . . . v . . . .
which assuming v is concave again implies that 87(6[)7107;1) is monotonically decreasing in
1

c1; and thus inflation risk premium is negative, R > E[R$]. Then, the same argument as
before applies: the other agent can improve welfare by substiting all her nominal savings for
real savings. Since v;(cy;) is increasing and concave, we have that E[v;(cy;)] rises under this
alternative portfolio, and since W is strictly increasing in ¢q, this implies W would increase
in this alternative scenario. Thus, an allocation where the nominal borrower is also in her
Euler Equation for real bonds can’t be an equilibrium. Therefore, the other agent must price
the real bond. This implies E[R$ — R] > 0 as long as there is some unhedged exposure to

inflation.
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B.2.2 Inflation correlated with output

Go back to the baseline model, and assume now that inflation is correlated to ouput. In
particular, assume both shocks are normal and corr(e,,e,) = p. Given that, we can use a
Cholesky decomposition and write e, = pe, + /1 — p?c,, where ¢, is uncorrelated with ¢,.
Due to the normality assumption, this implies it is independent.?” Given this, assume the
equilibrium is such that both agents have non-zero net exposure to ¢, (this is generically the
case when agents cannot trade in the real bond). In that case due to market clearing, we
will have an agent with positive exposure to inflation, and another with negative exposure.
We want to show that the agent with positive exposure is the one that prices the real bond.

As before, let’s proceed by contradiction: assume the agent with negative exposure is
the one that prices the real bond. Define a portfolio that is created by having one unit of

the nominal bond and g—’; p units of the tree. Notice that the pay-off of that portfolio is:

_ Or . O
I — oq(pey + V31— pe.) + ?P(y toye,) = M+ S PY—ny 1 — pe,
y

Y

so this portfolio has only exposure to £,. Let R, be the real return of this portfolio. As before,
if the agent who prices the real bond has negative exposure to this risk (Cov(cy;,e,) > 0),
we have R > FE[R,]. Consider now the other agent, who is positively exposed to this risk.
Again, that agent will want to decrease her exposure to this risk to zero (by appropriately
selling the portfolio we just created and buying real bonds). By the same argument as before,
this is welfare improving, since the agent is increasing her expected pay-off and eliminating

a mean preserving spread of her consumption (since €, has zero conditional mean).

B.2.3 Idiosyncratic income correlated with inflation

Assume a slighlty extended version of the baseline model where, in addition to the tree,
agents have an endowment w;; (£, ), that may correlate with inflation. Assume also that this
is uncorrelated to aggregate output, so wai(e;) +wpi(e;) = W, constant. Assume that both
agents have ex-ante the same endowments, but differ in risk aversion. In this case, it is still
true that the agent with positive exposure to inflation risk (i.e the agent whose consumption

falls if inflation goes up) is the one determining inflation risk premium (and thus, it is weakly

25This normality assumption is important. Generally speaking, we would need to purge out the contri-
bution of ¢, as e, = Elex|e,] + u where Efule,] = 0. As it will be clear befloe, the problem with this is
that it would be impossible to construct a portfolio that fully hedges the portion of risk that comes from
Eler|ey], since this is a non-linear function of €,, whereas we can only do “linear” trades in ¢,. However,
in a continous time set-up, everything will be locally linear and thus the intuition derived under normality
actually applies.
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positive). In this case, the issue is whether agents can fully hedge their nominal exposure

by trading the nominal bond. In particular, their consumption at time ¢ = 0 is

cii = a;(y + oyey) + bf(H_l — Oxz) + wir(€x)

so if wa;(ex) is non-linear, we cannot kill the exposure. Assume wj(e;) = W + 046, With
04w+ 0B, = 0. In that case, we can fully hedge both agents from inflation by setting b} = 7t

However, there is no guarantee that this is optimal, and in general it will not be.

C Solving the model

C.1 The HJB of the investors

Given the wealth of an agent and the state x = («a, 7), the value function can be written in

recursive form U'(n; z) and satisfies the following HJB equation

1-L
1 — ~i ‘ cl Pl
0 = max———U' ( ,1_) —(p+e)|+

i N\T ¢ L T i
vt (o () =)= & ) 4 et (0) 5570 o
+ (vﬁui)T s + ;Tr(zg HU'S,)

+n (VL) 5,570

s.t. 17" x 0 <1

The first constraint implicitly assumes the no short-selling of real, short-term bonds
that we impose. A levered portfolio in stocks 92 > 1, where none of the borrowing is done in
nominal terms ¢; = 0 and instead is done in real terms, is not allowed. The second condition
represents the capital gain or loss in the event of a rare disaster.

_ nl

1—
Next we guess and verify that we can write U(n;z) = ﬁvﬁ. From now on, we

omit the ¢ subscript.
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The first order condition with respect to the consumption to wealth ratio gives
c/n=V (C.3)
this implies that the term ( e/n_ ) simplifies to V' in the HJB.
vy
wy 1
> al(c/n)’ Zc ——:j (C.4)
q
The first order conditions with respect to porfolio shares read
11— ((V.V)T ’ 1
—r —yExTe ¥.2) = C.5
pe—1 =7 b ( v 7 (C.5)

where 7, is the Lagrange multiplier on the condition that 67 < 1. Now, we multiply

the FOC by the vector [1, —1]

V.V T
figp — pos = [1 = 1] <722T9 S — ( ) )

11—y \ V

The left-hand side of the equation is the differential return of equity relative to nominal,
long-term bonds. Since both agents can trade these assets without restrictions, the right-
hand side of both agents has to coincide. Moreover, since issuing real risk free debt is not
allowed, by market clearing we have that 6 4+ 6; = 1 for i = A, B, and market clearing

imposes af; + (1 — a)0? =
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C.2 The law of motion of oy

We start by deriving the law of motion of the wealth share of type-A investors. Abusing
notation, we let a; = a* but when o is treated as a vector, it means oy = [af', oP]T. In
C.1 we show how the value function of investors is homothetic in their wealth, and thus all
type-A investors make the same porfolio share and consumption share decisions. We look

for an expression of the form

dOét = ,Lboé’tdt + O'g;tth (CG)

and determine fi4 ¢, 04, and H, ;. We start by the law of motion of the wealth of type-A

agents
d A A =
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Here, 0 = [02,, 6;',]" is the porfolio choice of the investor. The first term of the

equation is the financial returns of type-A investors, the second term is the amount they
consume, and finally the last term is the wealth of newborn agents. To see where it comes
from, type-A agents are born at rate pa, and each agent receives %f trees, valuead at ¢.
Thus, qt%goéz. Now, the expression divide by n/' and use that n! = a/'n;, and total wealth
is the price of capital ¢,.

Next, the evolution of total wealth satisfies

d(n +nP) [

T
nf + nP 0] (dt + S dW) — of (¢/n),dt + ddt. (C.8)

Here only the return to capital matters because bonds are in zero net supply. Wealth
decreases as agents consume and increases due to the arrival of new trees. The depreciation
of existin trees is already taken into account inside the term ;.

Applying the 1t6 rule for divisions and with some rearangement, we get that
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C.3 The law of motion of tree prices

Equipped with the law of motion of the state z = (a, 7), we can obtain the law of motion of

any other equilibirium object applying It6’s lemma, conditional on dM = 0.
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Similarly for bond prices

S, dW. (C.13)
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From the definition of returns, we have that
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We can stack the vector of asset prices p = [§, ¢°]"
C.4 The Stochastic Discount Factor
From Schroder and Skiadas (1999), marginal utility in levels is given by:
) t
M; = exp( [ fids)S. (C.15)
so applying Ito’s lemma we obtain:
i df
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In order to compute %, it is useful to rewrite both partial derivatives as a function of V

and n. In particular, note that:

/=y

fele,U) :c_l/w[(l — U] = (C.17)
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We can rewrite it in terms of V" and n using C.3 and the functional form of the value function

to get:

fo=n"V I (C.19)
fu =M(V— (p+t¥)—(p+¢) (C.20)

note that f;; does not depend on n, only on the aggregate state. With that expression for
fe, we can apply Ito to obtain:

dfe _ dn 1—ndV 1~ ydng 1l-v 1-v  dV 1—vydndV
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(C.21)

where we have already derived the process for dn/n and dV/V as a function of equi-
librium objects. Finally, note that this derivation computes the marginal utility process for
each agent. This includes a discounting ¢ due to the probability of dying. As explained
in the Appendix of Garleanu and Panageas (2015), the SDF has the same volatility as the

marginal utility process but the drift omits this ¢ term.

C.5 Consumption Process

In order to derive the consumption process for an agent born at time t, note that using

t 2,t it
: : - it _ it defn _ av | dn | dnyav v _
its policy function, ¢\, = V(2i1n)ny,. Then o = + i + (TLL)V Let S =

pv (z)dt + XL (2)dW. Using the budget constraint we have that for all agents of type i:

dn’

nt

= [r(2) + (0"(x))" (u(z) — (@) = V(2) + @ldt + (0" ()" B(z)dW

so consumption growth satisfies

= pre(w)dt + (X(x))" dW
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where since (6(x))T1 =1

pe(r) = (0'(x)" p(z) = V(z) + o+ py (@) + (0'(2)) " 2(2) Sy ()
(Ze(@)" = (0'(2))" () + Zy(@).

the objects p, %, 0%, and V¢ come directly from the solution to the equilibrium, and we
can compute py and Xy by applying [to’s lemma. Numerically, this implies computing the
gradient and hessian of V', which is done using the same finite different procedures explained
in C.6.

C.6 Numerical Solution

We solve the model with finite differences on a grid of 100 points for o and 25 for 7, giving
2,500 nodes. At each node the unknowns are the two value functions V4, VB, the four
entries of the return-volatility matrix >, and the long-bond price g, for 7 unknowns and
17,500 in total. The stock price ¢ is not an unknown: it follows from goods-market clearing,
act + (1 —a)c? = w/q.

Given a guess, we take gradients and Hessians with upwind differences, forward in a
state when its drift is positive, backward when negative. For inflation this is immediate,
since p; = A (T — m) is exogenous. For « the drift p, depends on the portfolio shares 6,
which depend on V,V and hence on the difference direction. We solve 6 both ways, evaluate
I under each, and blend the two one-sided gradients with a smooth weight that selects
forward where p, > 0 and backward where p, < 0. The blend matters only in the narrow
band where p, changes sign, where it removes the kink that would otherwise stall Newton’s
method.

With the drift known, Ito’s lemma gives the return volatilities of ¢ and ¢,, which we
compare to the guessed Y; we use the law of motion of the retuns to the long-term bond
to pin down ¢°, and together with the two HJB equations it yields 7 residuals per node,
and a square system of 17,500 equations. We solve it by Newton’s method, computing the
Jacobian by automatic differentiation.

Finally, we obtain the stationary distribution g(c, 7) as the zero-eigenvalue eigenvector
of the discretized Kolmogorov-forward operator, and the asset-pricing and welfare objects of

Appendix D by integrating their PDEs explicitly with step dt.
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D Welfare Computations

D.1 Recursive Utility Before Birth

Consider the EZ preferences as specified in the Appendix of Garleanu and Panageas (2015).

Once we transform them as they do, we get their equation D.8:

1— 1y = 1- A e 1-— 1oy =
ST A=) T = (D (e e A (5 (1= EUa])
(D.1)

which holds whenever the agent is alive. Assume that before the agent is born, the cf'

term is zero, and the probability of dying and discounting is also zero. This is exactly
the normalization used in Barcons et al. (2026). In that case, the recursion simplifies to
Uy = Ei[Uy,a], so if we iterate backwards from the time of birth ¢ to zero, we obtain that
Uy = Eo[Uy] so taking the expectation is justified even when preferences are recursive given

our specification of the aggregator and the certainty equivalence operator.

D.2 Computing Utility Before Birth

Consider an unborn agent, that knows g, xo, her preference type, and that she will be born

at time ¢. Her expected (at time 0) lifetime utility at birth is:

sty g ) -y
B )

Ui’t(l’oayo) =K [ 1’073/0] .

1_'Yi
i

The key object is something like E [(ytcj(a:t))l_Wi(Vi(xt)) =¥

o, yg} . We show below how to

Q) 1ot
= ql( —t+7)) (V' (@eqr)) 0 e,

do so using Feyman-Kac. First, define the function U (y;, 2y, 7) = E [

Note that this function can be written as:

Ul(ytu xt77—) =

where u'(z,7) = E (yty%(](xtw))lﬂ (V' (x4r)) T |a:t], which does not depend on ¥, since

Yi+r /Yy only depends on Brownian increments after ¢, which are independent of y;, x;. Sup-
press the ¢ index to lighten the notation. Then, fixing a cohort being born at time 7', note
that:
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[ (yT(jl(liT,)yz - (Vi (z7)) 11:121 ]

= U(yt,xt,T—t) +Et [dU]

U(yt7flft,T—t) = ]E’t 0 x dt+Et+dt

which implies E; [dU] = 0. But using Ito’s Lemma to compute this, and using homogeneity
in U:

I (s (y)' ()
dU = d( = )u—{—dul_% + d( - Ydu
but
()77 s 1 )
d — 'YZd A Yi d
(1_%) ety — vy (dy)
Ay i dy
= (- Ty

y 2y
1—v; 02 T
=y (= yig)dt+ 2y dW

where ¥, = [0,0] is a 2 x 1 vector. From Ito:
1
du = (—ur + (Vou) g + §Tr(EfoViu))dt + (Vou) 'S dW
Thus we have:

2
—; g
dU = 3 " ((u— Y )t + STdW)u +
()
L=
g (V) 2,2, dt

1
[(—uy + (Vau) gy + §Tr(zxzfv§u))dt + (Vou) ' SdW)] +

imposing E, [dU] = 0 and rearranging:

2

o 1
ur = (1— ) (u - %2) et (T (s + (1= )55, + STr(5, 509 2)

which we can solve forwards in 7 (which is for older and older cohorts) from the intial

7

conditions u(z,0) = (G(x))'™" (Vi(z))+". The equation is defined analogously for the

alternative economy with no inflation, we just need to replace the appropiate equilibrium
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law of motions for the states. With this, we have

(W) ™" i\
ﬁ(v (@)=

. T=i
()= P ),
L=

Ut(z,y) = (s")7"E

Zo, Yo

which is the expression in the main text.

D.3 Valuing Aggregate Output Claims

PRICING AGGREGATE OUTPUT CLAIMS Computationally, it is easier to price y¢®'(x, 7) =
E[fy %%MO = x,yo = y|, i.e the value of aggregate output for the next 7 years. Using the

typical pricing formula, yq(z, 7) satisfies:

Ed(Mjy.q)")]

0 =y, dt .
Yyrat + M

) (D.2)

Using Ito’s Lemma,

d(Mjyg) _dM}  dy  dg"  dMidy, dMidgl"  dy dg;’

a,

Mijy.q’ My Mj oy  M] o oy g

but using Ito to compute dg™’, we have:

(ka)"Vg»'  1T7(E,55Vig™)
. + = .
qa,z 2 qa,z

+ [0,0] x ngl ) dt

d( M a,i a,i
Et[ (M;yug; )] _ <_Z;i

wE =)t
Miysq, | .
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replacing in D.2 we obtain:

¢ =14 ¢" (=" + ) = [0, 0] X &+ 1) + ()" = ()" + [0, 0) Vg™ + STr (3.3, Vig™)
(D.3)

and we can solve this PDE backwards from ¢*(x,0) = 0 for all z. Numerically, we

iterate for a long number of periods until ¢**(z, ) is close to ¢*(x, T + A).
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CONVERTING TO MARGINAL UTILITY AT TIME O A similar trick as above can be applied to
derive the PDE for ¢(z, 7). For notational simplicity, define k*(x) = (G(z)) =" (V (x)) =% ¢**(z).
Let i(z,7) = E {(yt”)l% (K" (@p4r)) e = x] Letting L'(zy, 9, 7) = y; "4 (xy,7) and sup-

Yt
pressing the ¢ index to lighten the notation we have

dL = d(y; ")+ dly. " + d(y, )dl

but d(y; ") = (1 — vy " ((n — vi%Q)dt + XJdW as computed above, and df = (—{; +
(Vo) g + 3T (2, 8LV20))dt 4 (Vo 0)'S,dW from Ito, thus:

dL = (1= (=i )dHETdW)H

1
yr (=l + (Vah) ux+iTr(zxzfvge))dH(vwf)szdW]+
(1 =)y (Vo l)TE, 2, dt.

For the same reason as before, E; [dL] = 0, so we obtain the PDE:

by =(1—m) <u Yi 2) (4 (Vo) (py + (1 —7)2.5,) + ;Tr(Efoij)

which we can iterate backwards starting from £(z,0) = k*(z). Note that the form of the PDE

is the same as before, only the initial condition changes. Once we have ¢!, we can compute:

N z,y) = (s") 7 L' (w0, Yo, t)
= (") Ty (2, ).
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