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Learning and Equilibrium Refinements

Drew Fudenberg

22.1 introduction

The literature on learning in games interprets equilibrium strategy profiles as
the long-run average behavior of agents who are selected at random to play the
game. As suggested by Nash (1950), in normal-form games we expect that as
the agents accumulate evidence about play of the game they will develop accu-
rate beliefs, so that the stationary points of the process correspond to the Nash
equilibria.1 The definition of Nash equilibrium applies unchanged to games
in extensive form, but the learning foundation for it does change, because in
games with a nontrivial extensive form simply playing the game repeatedly
may not lead agents to know how their opponents would respond to devia-
tions that the agents have not tried. Thus there is no reason to expect learning
by myopic agents to lead to Nash equilibrium in general games, as agents may
not experiment enough to learn the consequences of deviating from the equi-
librium path. Instead, learning is consistent with self-confirming equilibrium
(Fudenberg and Levine, 1993a,b).

The focus here is on settings where the agents are patient, so they do have
an incentive to experiment.2 In this case, as shown by Fudenberg and Levine
(1993a), here Nash’s “mass action” interpretation of equilibrium is again valid.
But extensive-form games typically have many equilibria, and not all of them
seem equally plausible. An advantage of the learning approach is that some
actions that are off-path according to the limiting equilibrium distribution are
not counterfactual, but will actually be played by young agents as “exper-
iments,” so that equilibrium refinements can be derived from properties of
optimal experimentation.

I thank Daniel Clark, Kevin He, and Giacomo Lanzani for helpful comments, and each of them
as well as David Kreps and David K. Levine for all their work on our collaborations. National
Science Foundation grant SES 1951056 provided financial support.
1 See Kuhn et al. (1996) for more on Nash’s “mass action” interpretation.
2 See Fudenberg and Levine (2009, 2016) for a broader discussion of learning in games.
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240 Drew Fudenberg

22.2 background

Suppose that there are large populations of agents who play a given game many
times, with anonymous random matching, so that they have no incentive to try
to alter their current opponents’ play in future matches. New agents are initially
uncertain about the prevailing strategies. They believe they face a fixed but
unknown steady-state distribution of opponent strategies and use their obser-
vations of play (the realized terminal nodes in their matches) to update their
beliefs. If agents only get to play the game a few times, they may be unable to
learn very much. If they play many times but are myopic, they will learn the
equilibrium path but may not learn the consequences of deviating from it. So
we will consider agents who are both long-lived and patient.

To rule out convergence to non-Nash outcomes, it is enough that agents have
correct beliefs about play at any “relevant” information set – information sets
that can be reached if just one player deviates from the equilibrium path. Sup-
pose that as time t → ∞, play converges to a limit profile. Fudenberg and Kreps
(1988) noted that if along this limit agents use strategies that assign each action
a minimum probability that goes to 0 at rate 1/t, these relevant information
sets are reached infinitely often, because

∑∞
t=1 1/t = ∞. Thus agents will have

arbitrarily large samples of the consequences of deviating from their limit play.
From the law of large numbers, these samples converge to the true limit dis-
tribution, so correctly specified Bayesian agents will eventually have correct
beliefs at all relevant information sets. Thus the limit strategy profile must be a
Nash equilibrium if the limit strategies are best responses to the limit beliefs.
This game has a unique subgame-perfect equilibrium: All players pass. But sup-
pose that player 1 thinks player 2 will probably drop, so 1 wants to drop, and
player 2 thinks 3 will drop, so 2 wants to drop. If players 1 and 2 pass with
probability 1/t, then 1 will learn that 2 indeed drops, which justifies 1’s desire
to drop. Because player 3’s information set is only reached with probability
1/t2, and

∑∞
t=1 1/t2 < ∞, player 2 will only get a finite sample of player 3’s

play. Thus if player 2 was initially pretty sure that player 3 typically drops,
their sample may not be large enough to change their mind, which raises the
question of how much experimentation agents will actually do. In addition,
the assumed behavior is not consistent with expected utility maximization, as
rational Bayesians only randomize when indifferent, and even when patient
they may never play some actions.

In response, a series of papers has assumed that agents maximize their dis-
counted expected utility and derived the agents’ experimentation behavior from
discounted dynamic programming. These papers focus on the patiently stable
steady states where the agents are both long-lived (and thus have lots of data)
and patient (and thus have a reason to experiment). More specifically, patient
stability is defined as the iterated limit where first lifetimes grow long and then
discount factors tend to 1. As I explain throughout this chapter, it is not yet
known if the results extend to a general double limit; this is one of the many
open questions in this literature.
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22 Learning and Equilibrium Refinements 241

22.3 model

Here is a brief sketch of one version of the learning model that underlies this
talk. The stage game is a finite extensive-form game with players i, terminal
nodes z, pure strategies si, behavior strategies πi, and utility functions ui(z).

There is a unit mass population in each player role i. Every period, each agent
is anonymously matched with opponents from the other populations uniformly
at random to play the stage game. The agents believe the system is in a steady
state. They don’t know the distribution of strategies in the population; all agents
in each population i have the same prior μi over the space 5−i of strategy
profiles of the opponents. The agents’ prior beliefs are nondoctrinaire, meaning
that they can be represented by a continuous density function that is strictly
positive at interior points.3 At the end of each play, agents observe the realized
terminal node in their match and use Bayes rule to update their beliefs about
the distribution of opponents’ play.4

The agents have geometrically distributed lifetimes: At the end of every
period, each agent in population i exits the system with probability 0 < 1−γ ≤
1, and amass of newcomers is added to each population to replace the departing
agents.5 Agents maximize their expected discounted utility with discount factor
δ < 1. The agents face dynamic programming problems, and these problems
have deterministic optimal policies that map histories to strategies. For sim-
plicity we assume that all agents in the same population use the same optimal
policy. This does not mean that they all play in the same way, as agents with
the same policy may meet different opponents and so have different histories
and play different strategies.

The state of the system is the mass of agents with each possible history: new
with null history, played once and saw z, played twice and saw (z, z′), and so
forth. Because there is a continuum of agents, the random-matching process is
deterministic, so the deterministic policies of the agents generate a determin-
istic map from states today to states tomorrow: The current state determines
the current distribution of strategies used, agents are randomly matched and
observe their outcomes, and some agents leave and are replaced. Steady states
are fixed points of this map; each steady state generates a corresponding steady-
state strategy profile. Steady states exist even though individual agents learn,

3 Thus no possible observation has probability 0, and it follows from Diaconis and Freedman
(1990) that the agents’ beliefs converge to the observed distribution at a rate that is uniform
over all realizations of the data. Note that nondoctrinaire priors can go to 0 on the boundary
of the probability simplex, as is the case for Dirichlet priors.

4 Clark et al. (2022) relaxes this to the assumption that agent i observes the element of
their terminal node partition Pi that contains the realized terminal node of the game.
Fudenberg and Kamada (2015, 2018) investigated the implications of commonly known ter-
minal node partitions in an epistemic model without providing an explicit learning foundation.

5 This is the model used by Fudenberg and He (2018, 2020, 2021). Fudenberg and Levine
(1993a, 2006) assumed agents have fixed finite lifetimes, but that difference is inessential.
Clark and Fudenberg (2021) allowed for each population i to have a different γi (which is
discussed in more detail later in this chapter).
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242 Drew Fudenberg

because departing agents take their information with them. Note that even with
patient agents the steady-state strategy profiles depend on the prior: If everyone
enters the system assigning high probability to a particular strict equilibrium,
that’s what will occur.

22.4 what we know so far

When the agents are short-lived they have little chance to learn and simply
play a best response to their priors. When agents are long-lived but impatient,
they do learn the steady-state path of play but need not learn how opponents
respond to deviations, so any self-confirming equilibrium in strategies that is
not weakly dominated could arise. To obtain refinements of Nash equilibrium,
the literature focuses on steady states where agents are both long-lived and
patient, and more specifically on strategy profiles that arise in steady states in
the limit where agents first become long-lived (γ → 1) and then arbitrarily
patient (δ → 1). These are the patiently stable strategy profiles. The order of
limits corresponds to an environment where agents are long-lived relative to
their effective discount factors. This implies that people spend most of their
lives myopically responding to their current beliefs.

22.4.1 Patiently Stable States Must Be Nash Equilibria

As first shown by Fudenberg and Levine (1993a), patiently stable profiles must
be Nash equilibria. To see why, note that if a strategy si is played a positive
fraction of the time when agents live a long time (e.g., as lifetime T → ∞ or
survival probability γ → 1), then it must be played by a positive fraction of
the population a positive fraction of their lifetime, and most agents who have
played si many times have approximately correct beliefs about its consequences.
Moreover, in the iterated limit that defines patiently stable profiles, agents even-
tually stop experimenting and play a myopic best response to their beliefs. That
patiently stable states must be Nash equilibria is shown by contradiction: If a
steady state is not a Nash equilibrium, agents in some player role can gain by
deviating. Their prior is nondoctrinaire, so it assigns positive probability to
the opponent strategies that make deviation worthwhile. The combination of
the law of large numbers and the Diaconis and Freedman (1990) results then
imply that most of these agents will find it worthwhile to continue experi-
menting with the potentially improving deviation when they are sufficiently
patient, which contradicts the fact that they must stop experimenting in finite
time.

22.4.2 Patiently Stable States Need Not Satisfy Backward Induction

Specifically, Fudenberg and Levine (2006) showed that (Drop, Drop, Pass) is
patiently stable in the game in Figure 22.1. If player 1’s prior belief is that
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22 Learning and Equilibrium Refinements 243

figure 22.1 A three-player game.

player 2 probably plays drop, they will experiment with pass when young,
and if player 2 does indeed mostly drop, then player 1 will decide that drop
is optimal. Even if new player 2 agents initially believe that player 3 agents
mostly drop, they may experiment with pass if they get a chance to play when
they are very young. But when most player 1s are old, the player 2s will rarely
get a chance to act. Once the player 2s learn this, they no longer view experi-
mentation with pass as worthwhile. Fudenberg and Levine (2006) generalized
this observation by identifying a class of games of perfect information where
any subgame confirmed equilibrium is patiently stable: These are Nash equilib-
rium strategy profiles where in each subgame beginning one step off the path,
the restriction of π to the subgame is self-confirming in that subgame.6 They
argue that this may help explain the persistence of some superstitions, such as
those apparently embodied in the second code of Hammurabi, which prescribes
a “trial by river” for those accused of a crime, with the accuser being killed if
the accused survives. This seems based on the superstition that the guilty are
more likely to drown than the innocent, but if people will believe arbitrary
superstitions, it would have been simpler to tell them that those who are guilty
will be struck dead by lightning while the innocent will not be.

The difference between these two false beliefs is that young people can com-
mit crimes as experiments and learn that the lightning strike superstition is
false. In contrast, if older people believe the Hammurabi superstition, then
when young players commit crimes, they are accused and punished so they
correctly learn that (given the behavior of accusers) crime does not pay, and
as they grow older they stop committing crimes. Accusers wrongly believe that
the probability of the suspect drowning depends on whom they accuse. Since
there are few crimes, accusers only get to play very infrequently, so it is not
worthwhile experimenting with false accusations.

22.4.3 Learning in Signaling Games

In signaling games, the sender observes their type θ , which is drawn from
a known prior distribution λ, and chooses a signal s. The receiver observes

6 More precisely, this has only been shown in equilibria where there is no randomization by the
players and any random moves by nature only occur off-path.
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244 Drew Fudenberg

the signal and chooses an action a without observing the sender’s type. These
games typically have many perfect Bayesian equilibria (PBE) because the Bayes
rule doesn’t pin down what the receiver believes about the sender’s type at
signals the equilibrium assigns probability 0. This has led to substantial inter-
est in equilibrium refinements for signaling games, such as those proposed by
Banks and Sobel (1987) and Cho and Kreps (1987). In the signaling game set-
ting, learning theory partially validates the ideas behind traditional refinements
and shows how they need to be modified.

Fudenberg and He (2018), Fudenberg and He (2020), and Clark and
Fudenberg (2021) considered the implications of steady-state learning models
where there are populations of size λ(θ ) of each sender type.7 The arguments
of Fudenberg and Levine (1993a) imply that patiently stable states must be
Nash equilibria, and moreover no receiver agent will play a conditionally domi-
nated response. However, different sender types can have different beliefs about
receiver play, and aggregate sender play can be a mixture over undominated
responses that would itself be dominated if played by a single agent. Thus the
patiently stable states need not be perfect Bayesian equilibria, but they must be
perfect Bayesian equilibria with heterogeneous beliefs (PBE-H).8 This conclu-
sion, while too weak to be of much use, already illustrates a key implication
of the learning perspective. Moreover, the learning models have additional
implications.

Fudenberg and He (2018) and Fudenberg and He (2020) assumed that the
sender agents believe the distributions of receiver responses to different signals
are independent, so senders don’t learn about the response to signal s from
the response to other signals. This makes each sender’s problem a multiarmed
bandit whose solution is characterized by the Gittins index (Gittins, 1979).
Moreover, different types of senders gain different amounts from experimenting
with a given signal, which generates restrictions on what receivers observe, and
hence on what the typical receiver believes when they see each signal. Thus
belief restrictions can be derived instead of assumed.

Specifically, θ ′ ≿s θ ′′ (θ ′ is more compatible with s than θ ′′) if whenever s
is a weak best response for θ ′′ against some receiver strategy, it is a strict best
response for θ ′ against that strategy. It is easy to see that if θ ′ ≿s θ ′′, then in
every perfect Bayesian equilibrium π∗, π∗

1(s | θ ′) ≥ π∗
1(s | θ ′′). Thus in a PBE-H if

π∗
1(s | θ ′) > 0 and θ ′ ≿s θ ′′, then seeing s cannot increase the odds ratio of the

less compatible type: p(θ ′′ | s)/p(θ ′ | s) ≤ λ(θ ′′)/λ(θ ). Type compatible equi-
librium imposes this condition at off-path signals as well. Fudenberg and He
(2018) showed that type compatibility is a consequence of patient stability by
showing that at any history where a signal s has the highest Gittins index for

7 This “fixed types” model seems more appropriate for most applications than the alternative
model where each agent’s type is iid. See Dekel et al. (2004) for a discussion of the differences
this can make, and Fudenberg and Vespa (2019) for an experiment that verifies that play in the
two treatments varies in the way theory suggests.

8 Clark and Fudenberg (2021) showed there can be patiently stable profiles that are not PBE.
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22 Learning and Equilibrium Refinements 245

type θ , the signal is the unique Gittins maximizer for any more compatible
type θ ′. The conclusion then follows from a coupling argument.

Type-compatible equilibria satisfy the Cho and Kreps (1987) Intuitive Crite-
rion (IC) when they are on-path strict; it is not known if this is true in general.
Fudenberg and He (2020) developed a more demanding equilibrium by requir-
ing that agents assign probability 1 to their opponents using undominated
strategies and modifying the compatibility relation accordingly.9 The result-
ing rationality-compatible equilibrium (RCE) implies IC but is strictly stronger:
The Intuitive Criterion does not impose any restrictions on the relative likeli-
hood of two types after a signal that is not equilibrium dominated for either
of them, but RCE can. Fudenberg and He (2020) also showed that a uniform
version of RCE is sufficient for patient stability.

Clark and Fudenberg (2021) developed a still-stronger equilibrium refine-
ment for signaling games.10 To do this they add explicit cheap-talk messages to
the signaling games. This seems desirable on descriptive grounds, since cheap
talk is available in many of the settings signaling games are intended to model
and can generate different equilibrium outcomes. It also makes the informal
“speeches” used by Cho and Kreps (1987) to motivate the Intuitive Criterion
into actual moves in the game, so that learning theory can be used to help
determine how various messages are interpreted. In contrast to Fudenberg
and He (2018) and Fudenberg and He (2020), Clark and Fudenberg (2021)
did not impose an independence assumption on the sender priors. Instead,
Clark and Fudenberg (2021) assumed that the message space is sufficiently rich
and that the receivers are “initially trusting,” which means their prior leads
them to trust certain messages they have not previously observed to be lies.
Finally, instead of assuming that the agents in each population have the same
frequency of play, they assume that the typical sender experiences many more
matches over their life than the typical receiver. This fits some signaling game
settings where senders are institutions who interact with a very large number
of individuals in the role of the receivers.11

Given these assumptions, as we pass to the iterated limit, a signal s will only
be sent by agents with “justified types” for that signal.12 So when a sender play-
ing s sends a message claiming to be a justified type, most receivers will believe

9 This restriction makes sense in signaling games. In general extensive-form games, though, agents
may find it optimal to play strictly dominated strategies as experiments to learn about the con-
sequences of their other strategies, so requiring prior beliefs to be supported on opponents’
undominated strategies could lead to agents observing play they had assigned probability 0.

10 Clark (2021) adapts this refinement and its learning foundation to mechanism design by an
informed principal.

11 The simplest way to model this is to have senders live longer than receivers, but the same results
obtain when lifetimes are equal, senders play every period, and receivers play in a given period
with probabilities less than 1.

12 Given an equilibrium π and signal s, the set of justified types 2(s, π) is essentially the minimal
set of types such that for any receiver response to s that gives some type in 2 a weakly higher
payoff than they get in equilibrium, at least one type in 2(s, π) would get a strictly higher payoff.
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246 Drew Fudenberg

figure 22.2 Restrictions of PBE-H.

this claim and choose their responses accordingly. Justified communication
equilibrium (JCE) adds the corresponding restrictions to PBE-H.
As Figure 22.2 shows, IC is weaker than RCE, which is weaker than both
JCE and the closely related D1 criterion of Banks and Sobel (1987), as well as
the even stronger “NWBR in signaling games” introduced by Cho and Kreps
(1987). Moreover, JCE, D1, and NWBR are identical (up to the difference
between PBE and PBE-H) in “co-mononotonic” signaling games such as the
job market model proposed by Spence (1973).13

22.4.4 Patient Stability versus Classical Equilibrium Refinements

In simple games, patient stability does not imply backward induction.14 The
implications of patient stability are much closer to those of classical refinements
in signaling games. One part of the explanation is that signaling games have
length 2, so the receivers have no experimentation incentive, and if the sender’s
type were known, patient stability and backward induction would make the
same predictions.

Moreover, in signaling games, the implications of patient stability have the
flavor of forward induction as formalized in the requirement of invariance to
the deletion of strategies that are not weakly optimal given equilibrium play.15

13 Monotonic signaling games (Cho and Sobel, 1990) require sender types have the same prefer-
ence over receiver mixed best responses; co-monotonicity requires the same preference on the
convex hull of those responses.

14 A classical explanation for backword induction is a common belief in rationality, as held by,
for example, Reny (1993), Aumann (1995), Ben-Porath (1997), and Battigalli (1997). Learning
theory suggests caution in predicting the backward induction solution when the common belief
in rationality seems unlikely.

15 See, for example, Kohlberg and Mertens (1986), Hillas and Kohlberg (2002), and Govindan
and Wilson (2009).
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(–1,–1) (–1,1) (2,1) (–5,–1)

P1

P2 P2(0,0)

Out In1 In2

L R L R

figure 22.3 In1 is strictly dominated by Out but provides the same information as In2
and performs better than In2 against some P2 strategies.

But in general games, patient stability is not even invariant to the weaker
requirement of invariance to the deletion of weakly dominated strategies. The
issue is that two actions that lead to the same information set provide the same
information about play there, and this can lead agents to use strictly dominated
actions as experiments.16 Figure 22.3 shows an example of this from Clark and
colleagues (2022).
Here In1 is strictly dominated by Out for P1, and (In2,L) is the only stra-
tegically stable equilibrium, but player 1’s experimentation incentive makes
(Out,R) patiently stable.

22.4.5 Invariance

The argument that a solution concept for games should only depend on the
normal form is based on the claim that the differences between extensive forms
with the same normal form are “irrelevant details” because they do not change
the decision problem of a player who faces the same fixed and known strate-
gies of the opponents. Because the normal form abstracts from many aspects
of game play that are relevant for how people learn what strategies are used
by others, there is no reason to expect learning to depend only on this very
abstract representation of strategic interaction. Clark and colleagues (2022)
show that the patiently stable profiles are only invariant to transformations
that are both decision invariant (i.e., lead to the same best responses as a func-
tion of opponent strategies) and information invariant in the sense of providing
the same feedback to the agents in their learning problems. Specifically, learn-
ing outcomes, unlike sequential equilibria, are invariant to the coalescing of
consecutive moves by the same player. However, like sequential equilibria and
unlike the various definitions of strategic stability, learning outcomes are not
invariant to replacing an extensive form game with the corresponding game in

16 For this reason, it is not obvious what the implications of “rational play” are in a learning
model, let alone how to modify Battigalli and Siniscalchi (2002)’s characterization of forward
induction as the result of strong belief in rationality.
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248 Drew Fudenberg

normal form: In the latter case there are no unreached information sets, and
the terminal node that is reached reveals the strategy used by each player.

To capture what is essential for learning outcomes in the normal form, Clark
and colleagues (2022) augment it with terminal node partitions and show that
playing the extensive form game is equivalent to playing the normal form with
the terminal node partitions that give players the same information as would
be revealed by the terminal nodes in the extensive form, so that the two games
are information invariant.

22.5 conclusion

To conclude, here is a brief list of some open issues and future directions. On the
technical side, the current results that refine Nash equilibria considered iterated
limits where the agents who have experimentation motives become very long-
lived before they become patient. It is not yet known if the conclusion extends to
the general double limit, but Daniel Clark and I hope to show that it does. Also,
some results only apply to equilibria without random play on the equilibrium
path. There are no known counterexamples, so it may be possible to show this
restriction is not needed using sharper bounds on the probability that agents
observe outcomes that induce them to permanently switch to another strategy.

The analysis of patiently stable steady states raises the question of which
steady states are dynamically stable. For static games there are local and global
stability results for smooth fictitious play in models where all agents have
the same age and thus the same amount of data (e.g., Fudenberg and Levine,
1993a; Benaïm and Hirsch, 1999; Hofbauer and Sandholm, 2002). The over-
lapping generation models used here permit the analysis of steady states, but
perhaps models with a single cohort of infinite-lived agents would give some
insight about dynamic stability.

Intuitively, we would expect agents to learn the path of play more quickly
than they learn the consequences of deviating from it, with information coming
in less and less frequently and information sets that are more steps off of the
equilibrium path. Can this intuition be formalized, and can useful quantitative
bounds be obtained? Clark and Fudenberg (2021) consider a setting where a
natural difference in interaction rates between agents in two populations leads
to strong and interesting results. Are there other such settings?

It would be interesting to extend the learning in games program to agents
with misspecified (i.e., priors that rule out the true distribution of play).17 For
example, agents might have incorrect beliefs about the extensive form of the
game, as in analogy-based equilibrium (Jehiel, 2005). Or agents might know
the possible actions of their opponents and the resulting payoffs but not know

17 Misspecified priors conflict with the φ-positivity assumption of Diaconis and Freedman (1990)
but that result has recently been relaxed by Fudenberg et al. (2021). One potential complication
is that a misspecified agent may perceive an option value for experimenting with an action they
have already used many times, as shown by Fudenberg et al. (2017).
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their opponents’ information sets or whether the opponents have access to
a mediator or correlating device. An extension to misspecified beliefs could
lead to equilibrium refinements for “behavioral agents” who are overconfident
in their own abilities, as in Heidhues and colleagues (2018), or who mistak-
enly perceive correlated variables as independent, as in, for example, Kroll and
colleagues (1988) and Levy and colleagues (2018).

Maximizing expected discounted utility is a natural benchmark and starting
point, but it would be interesting to extend the learning foundations program
to consider heuristics like upper confidence bound policies and the other heuris-
tics studied by Kaufmann et al. (2012) and Francetich and Kreps (2020a,b). It
would also be natural to consider patient agents who maximize some form of
ambiguity-averse preferences.18

Gonçalves (2020) studied a related model of learning to play a one-shot
simultaneous-move game, where each agent lives a single period, and agents
can buy random samples of past play at a cost. As the sampling cost decreases,
the limits of the steady states converge to Nash equilibria in weakly undomi-
nated strategies. It would be interesting to extend this analysis to extensive-form
games, but it is not clear how to introduce experimentation in this setting.

The learning in games literature has resulted in a greater understanding
of which equilibria and refinements are likely to emerge in various classes
of games such as signaling games. Hopefully this will lead to similar under-
standing in other classes of games. Of course, there are multiple ways to
formulate models of nonequilibrium learning, just as there are many defini-
tions of forward induction and several variants of the Kohlberg and Mertens
(1986) axioms. However, it seems easier to judge the plausibility of learning
models than that of axiomatic conditions on equilibrium concepts, especially
axioms that are imposed without any reference to how equilibrium play might
arise.
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