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Abstract

We study decisions by agents whose information depends on their actions and is
based on a random subset of their past experiences. If the empirical distribution of ac-
tions converges, the limit must be a stochastic memory equilibrium, and that stochastic
memory equilibrium generates the stochastic choices of random utility models. We
illustrate how our model can be used to study the effect of reminders on behavior.
Extending the model to allow for recency and rehearsal effects enables us to explain

correlated prediction errors in forecasts of returns and the equity premium puzzle.
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1 Introduction

People typically only remember a relatively limited number of their past experiences, and
what they remember is stochastic— they might remember some things one week and different
things the next. We develop a tractable model of limited and stochastic memory that lets
us analyze its long-run implications and relate them to many well-established behavioral
regularities, such as the stochasticity of choice, the importance of reminders, the effect of
skewness in the evaluation of alternatives, underreaction to large samples, and some forms
of the equity premium puzzle.

In our model, agents are myopic and naive: they update their beliefs as if the experiences
they remember are the only ones that occurred. Because agents only recall a small subset of
their experiences, their beliefs and behavior remain stochastic as their number of experiences
goes to infinity. We say that a distribution of actions is a stochastic memory equilibrium if
the action distribution is generated by a best response to the distribution of memories it
induces. We show that such equilibria exist and that whenever the empirical frequency of
actions converges, it converges to a stochastic memory equilibrium.

We show that limited memory generates the stochastic choices of a random utility model,
and links them to the objective environment and the agent’s actions. In particular, the
equilibrium choice probabilities are consistent with Lu [2016]’s information representation
of stochastic choice rules. In binary choice problems where the agent observes a signal about
the quality of the chosen action that is affiliated with their prior, the induced stochastic
choice rule is monotone in the sense that actions that have higher utility are chosen more
often. Thus, although limit behavior is stochastic, the environment disciplines the errors,
making more costly mistakes less likely. Normally distributed outcomes and prior generates
a mixed probit random utility model, where the variance-covariance matrix of the resulting
probit accommodates both payoff monotonicity and diminishing sensitivity, as in baseline
probit, and it also captures frequency dependence: less frequently chosen actions have nois-
ier perceived values. If instead actions are described as vectors of desirable features, and
outcomes correspond to situations in which those features proved helpful, we show that the
limit frequency is that of a different random utility model, the Elimination by Aspect (EBA)
model of Tversky [1972], where the distribution of the random lexicographic preferences is
given by the probability of recalling instances where a particular aspect was valuable. We
then illustrate another way limited memory links stochastic choice with the objective envi-

ronment: It leads agents to underweight rare events, as found by Hertwig, Barron, Weber,



and Erev [2004], which biases the action distribution towards actions with negatively skewed
utility distributions.

In addition to linking random utility models with the agent’s actions and the objective
environment, our limited memory model can capture the fact that reminders about past
experiences can induce more use of a beneficial action, such as going to the gym, and more
so for those who otherwise take the action less frequently (Calzolari and Nardotto [2017].)
Moreover, sample size insensitivity (Kahneman and Tversky [1972]) and underreaction to
signals, which are usually attributed to “underinference,” (Phillips and Edwards [1966]) can
alternatively be explained through limited memory. Also, our model better fits the idea
that the agent perceives uncertainty even in the limit of arbitrarily large samples, as in
Kahneman and Tversky [1972].

Since real-world memory has finite capacity, the perfect memory of standard models is,
at best, an approximation. We show that perfect memory is indeed a good approximation
of the form of limited memory that we analyze here: As the expected number of recalled
experiences goes to infinity, the limit outcomes converge to the self-confirming equilibria,
which are the limit outcomes with perfect memory.

We then expand the model to capture “rehearsal” and “recency” by allowing experiences
that occurred or were remembered in the previous period to be more likely to be recalled
in the next. This addition makes the model more realistic and lets it fit evidence about
the importance of rehearsal and recency. We find that a different fixed-point condition
characterizes the limits of the action distribution: Beliefs are autocorrelated instead of i.i.d.,
and the limit action distribution must be consistent with the stationary distribution of the
Markov chain of beliefs it induces. This property, which we call ergodic memory equilibrium,
lets us extend Mullainathan [2002]’s analysis of the effect of rehearsal on income forecasts
from short-run predictions to the long run and more general functional forms. It also lets
us provide an explanation of the equity premium puzzle that is similar to that in Weitzman

[2007] but does not require misspecified beliefs about the evolution of the state.

Related Work In our model, retrieval rather than storage is the main bottleneck for
memory, as documented by the psychology literature surveyed in Gershman, Fiete, and
Irie [2025]. Retrieval has been informally described as stochastic since the early stages of
the psychology literature, and the limited nature of memory has been documented at least
since Miller [1956]. Shadlen and Shohamy [2016], and Sial, Sydnor, and Taubinsky [2024]



provide more recent evidence of stochastic memory. d’Acremont, Schultz, and Bossaerts
[2013] provides fMRI evidence that agents access their accumulated evidence each period
when updating beliefs, and Reder [2014] and Duncan and Shohamy [2020] provide evidence
of partial or complete unawareness of memory limitations. Kaanders, Sepulveda, Folke, Or-
toleva, and De Martino [2022] provides evidence of frequency dependence in active learning
problems. This dependence is a general implication of our model; we explicitly characterize
its effect for normal-normal and binomial-beta environments.

In stochastic memory equilibrium, the agent’s actions are stochastic because they re-
member a random sample of their (endogenous) experiences. Several different classes of
models derive random choice from randomness in exogenous or endogenous signals. Per-
haps the oldest example of this is the Wald optimal stopping problem, where the agent
wants to match a binary action with a binary state and pays a flow cost to observe a Brow-
nian signal; once the agent is sufficiently certain of the state, they stop. Fudenberg, Strack,
and Strzalecki [2018] extends the analysis of optimal stopping to settings where the agent
is uncertain of the payoff difference between the actions, and Che and Mierendorff [2019]
further extends it to more general signal structures.

In Wilson [2014], Jehiel and Steiner [2020], Osborne and Rubinstein [1998] , and Salant
and Cherry [2020], the agent gets an exogenous signal and chooses a single action. Danen-
berg and Spiegler [2023] study the steady state action distribution when the precision of the
signals about the payoff to each action depends on the probability the action is played but
does not model the agent’s period-by-period decisions and information. Gongalves [2023]
defines an equilibrium concept for agents who make a single decision based on optimal
sequential sampling from the equilibrium distribution. Lu [2016] and Natenzon [2019] ax-
iomatize stochastic choice due to Bayesian updating, where the distribution and number of
signals are exogenous. Our earlier paper Fudenberg, Lanzani, and Strack [2024b] studies the
long-run outcomes of an agent with unlimited but “selective” memory, meaning that they
are more likely to remember some experiences than others. Because the agent eventually
has an infinite sample, when memory is not selective, the long-run outcome in that model
is the same as if the agent had perfect memory. Gottlieb [2014] studies a model of deliber-
ate memory manipulation that induces regret-sensitive preferences and shows that behavior
converges to that predicted by expected utility when memory is perfect. Karlan, McConnell,
Mullainathan, and Zinman [2016] models the effectiveness of reminders by assuming that

agents always take into account their future need for ordinary consumption expenditures



but only sometimes account for infrequently-occurring future expenditures, even if they are
perfectly deterministic as with car registration fees or school fees. The paper attributes the
randomness to random attention, but it can be viewed as a form of stochastic memory.

The baseline version of our model without rehearsal can be interpreted as a social learning
model where, at each period, different agents draw a subset of past agents’ experiences and
make a decision. Under this interpretation, the closest paper is Banerjee and Fudenberg
[2004], but that paper differs in many ways. For example, there agents do make inferences
from the prevalence of each action in their database, and later agents do not observe the
private signals of their predecessors.!

An extensive literature in psychology documents the recency effect; see, e.g., the sum-
maries in Lee [1971] and Erev and Haruvy [2016]. There is also extensive evidence of the
importance of rehearsal; see, e.g., the Kandel et al. [2000] textbook. Mullainathan [2002]
analyzes the short-run implications of rehearsal in a specific parametric context but does
not study its long-run effects. Bordalo, Conlon, Gennaioli, Kwon, and Shleifer [2023] links

limited memory to recurrent errors in inference.

2 The Model

We study a sequence of choices made by a single agent. In every period t € N, the agent
chooses an action a from the finite set A. In the periods action a is chosen, it induces the
objective probability distribution p¥ € A(Y') over the finite set of possible outcomes Y.
The agent knows that the map from actions to probability distributions over outcomes
is fixed and depends only on their current action, but is uncertain about the outcome
distributions each action induces. We suppose that the agent has a prior py over data
generating processes p € A(Y )4, where p,(y) denotes the probability of outcome y € Y when
action a is played under data generating process p. The support of pg is O; its elements
are the p the agent initially thinks are possible. We maintain the following assumption

throughout:

Assumption 1. The agent is correctly specified, i.e., p* € ©.

"'Wolitzky [2018] extends Banerjee and Fudenberg [2004] to allow for the possibility that only outcomes,
but not actions, are observed by the subsequent agents.
2We denote objective distributions with a superscript *.



We assume correct specification to highlight the new issues that arise solely from limited
memory, but this is not necessary; our results generalize to the case where the agent is
misspecified and their memory is biased (see our working paper Fudenberg, Lanzani, and
Strack [2024a]). Thus, if the agent had perfect memory (m; = 1 in the notation below),
almost surely they would learn the consequences of any action they take infinitely often,

while they do not do so when their memory is limited.

Histories, Memory, and Recalled Periods We call action-outcome pairs (a,y) € AxY
experiences. A period t € N history is a sequence hy € Hy = (A x Y)" and H = | J, H; is
the set of all histories. We assume that the probability the agent remembers any given past
experience at the beginning of period ¢t + 1 is my,1 = min{1, k/t}, with k& > 0. As we will
see, k is the expected number of experiences the agent recalls when their sample is very
large.

After history hy = (a;,yi)t_, the recalled periods r, are a random subset of {1, ..,t}. We
assume for now that each past experience has an independent probability of being recalled,

so®

Plr, = R| h] =m0 —me) 1B VRC {1, ¢} (1)

For every objective history h; and set of recalled periods R, the recalled history is the

subsequence of recalled experiences listed in the order they realized.

Beliefs We assume the agent recomputes their beliefs each period based on all of their
remembered experiences, as opposed to simply updating their period-t beliefs based on
their period-t observation,* and that the agent is unaware of their limited memory and
naively updates their beliefs as if the experiences they remember are the only ones that
have occurred. Thus, the agent’s beliefs only depend on the number of times each (a,y)
pair is recalled, and they can be written as functions of the agent’s database d of recalled
experiences. We let D = N4*Y denote the set of databases,

We let p;41 denote the random (beginning of) period-t + 1 belief induced by the re-
called database, so that the posterior probability of any (measurable) C' € © after recalled

3Section 6 allows experiences that were recalled at t — 1 to be more likely to be recalled at t.

4As noted above, there is fMRI evidence that agents re-access memories of their experiences when
forming beliefs. Note that if the same data is relevant in many different decision problems, it is more
efficient to store the data than all of the potentially relevant posterior beliefs.



database d € D is®

SC (a,y)e(AXY) (p (y))d(a,y) d:uo (p>
S@ (a,y)e(AXY) (p (y))d(a,y) d:uo (p) '

p(C|d) = (2)
Optimal Policies We assume that the agent is myopic, with utility function u: AxY —
R. Let

BR(v) = argmaXJ Z a,y)pa(y)dv(p)

acA  Jo i
denote the actions that maximize the agent’s current period expected utility when their belief
is v e A(O©)." A Markovian policy = : A(©) — A is a (Borel measurable) function that
specifies a pure action for every belief. We assume that the agent uses an optimal Markovian
policy 7, i.e., for every v € A(O), m(v) € BR(v). Together, a true data generating process
p* and a Markovian policy function uniquely induce a probability measure over histories,
denoted as P,.

Limit Action Frequencies For every t, define the action frequency at time t by
1 t
= D lya,)  Vd e A

We say that a € A(A) is a limit frequency if there exists an optimal Markovian policy 7

such that for every ¢ > 0

P, [limsup||at —alle < 5] > 0.

t—00

SIf the agent believes their utility function is subject to very unlikely random shocks that can induce each
action as the best reply, and dogmatically believes they recall every experience, they attribute unexplained
behavior to the utility shock so Bayes rule coincides with equation (2). Heidhues, Készegi, and Strack [2023]
study the case where the agent forgets their preference shocks and tries to infer them from their own actions.

SThus the agent does not consider how what they might learn today would help them make future
decisions, and does not consider e..g. giving themselves reminders or deliberately distorting their memory
manipulations as in Bénabou and Tirole [2002] and following work.

"For every X < R", A(X) denotes the set of Borel probability distributions on X endowed with the
topology of weak convergence.



The definition of limit frequency requires that for every ¢ ball around «, there is a strictly
positive probability that the empirical frequency eventually lies in that ball.® Note that

without additional conditions, a limit frequency need not exist, nor need it be unique.

3 Stochastic Memory Equilibrium

This section defines stochastic memory equilibrium and then shows that these equilibria
exist and that they characterize the action distributions that can arise as the limit of the

empirical action frequencies.

Limit Distribution of Databases The first step is to derive the distribution over

databases induced by a fixed action distribution «. For every action distribution «, de-
fine n, € A(D) by

* d(ay)
n(d) =[] [a(a)ggéy;];'] eke@PE®  yge D,

acA,yeY

This is a product distribution where the marginal distribution for each action-outcome pair
(a,y) is Poisson with mean ka(a)p#(y). We will show that n, is the limit distribution of
databases if the action frequencies converge to a. Intuitively, the expected number of times
a pair (a,y) is recalled is proportional to the frequency of action a, the probability of the

outcome given the action p¥*(y), and the average memory capacity k.

Lemma 1. For P.-almost every sequence of histories (hy)wen, the distance between the

distribution of databases att + 1 given hy and n,, converges to 0 ast — 0.

To prove the lemma, we first use a law of large numbers for martingale differences to
show that the joint frequency of each action and outcome pair (a, y) converges to a;(a)p*(y);
Lemma 1 then follows from the Poisson limit theorem on the sum of binomials. The proofs

of this and all other results stated in this section are in Appendix A.2.°

8This includes cases where the empirical frequency converges to «, but it also includes the case where
no single « has strictly positive probability of being the limit.

9Note that Lemma 1 implies that as the number of the agent’s observations grows to infinity, the
probability they recall nothing at all is bounded away from 0. This is not essential: every result extends to
the case where the agent remembers some number C' of N “anchored memories” in addition to whatever
additional ones are prescribed by our current memory process.



Limit Distribution of Beliefs The second step is to associate the candidate action
distribution with the distribution of beliefs that it induces. Let F*° be the distribution
of beliefs induced by the distribution 7, of databases and prior g, i.e., for all measurable
C < A(O),

F{O(C) = na ({d = u(|d) € C}). (3)

Let O denote the set of measurable selections from the (mixed) best reply correspon-
dence: ie., p: A(©) — A(A) is in O if and only if p is measurable and p(v) € A(BR(v))
for all v € A(©). For any p € O, let ¢/° be the function that maps a € A(A) to the
action distribution generated when the agent uses policy p and their beliefs are distributed

according to F* as illustrated in Figure 1. Formally,

wra) = [ p)are), (@
A©)

In words, if action distribution « is played forever, it induces distribution ap* over

histories. This distribution and the memory function m together induce a distribution

of databases 7,, and Bayesian updating on each database generates distribution F!° over

posterior beliefs. Assigning p(v) to each posterior belief v generates action distribution

Ppe(@).

Figure 1: Ilustration of ¢4°.
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Stochastic memory equilibrium requires that the agent’s behavior best replies to the

8



distribution of memories it induces:

Definition 1. A stochastic memory equilibrium is an o« € A(A) for which there is p € O
such that o = h°(a).

Note that the set of stochastic memory equilibria depends on the prior pg through its
effect on the posterior beliefs. Below, we say more about this dependence and show that it
vanishes as k grows.!?

The notion of stochastic memory equilibrium and the ancillary functions used to define
it are justified by the following result, which shows that whenever the behavior converges

to an action distribution, that distribution is a stochastic memory equilibrium.!!

Theorem 1. If « is a limit frequency, then o is a stochastic memory equilibrium.*?

The first step of the proof is the characterization of the limit beliefs in Lemma 1. The
second step of the proof uses the Benaim, Hofbauer, and Sorin [2005] extension of stochastic
approximation to differential inclusions to show that the asymptotic behavior of the empir-
ical distribution can be characterized by looking at the limit points of the solution to an
associated differential inclusion. In particular, the correspondence defining the inclusion is
shown to be a well-behaved integral of the best reply correspondence with respect to FX°
(Lemma A.3 in the Appendix). We conclude the proof by showing that if the differential
inclusion enters a sufficiently small neighborhood of «, it leaves it after a bounded time
interval, which contradicts convergence to a.

The classic one-armed bandit problem provides an easy example of a case where the
limit frequency need not be a point mass, so the “stochastic” part of stochastic memory
equilibrium is needed. Suppose that the agent’s prior belief is that the risky arm is better
than the safe arm, but there is a sequence (a;,y;)i_; that has (objectively) positive proba-
bility and induces the agent to play the safe arm. They cannot converge to always playing
the risky arm because then they would sometimes only recall (a;, y;)!_; and shift to the safe

arm. However, the agent will play the risky action whenever they don’t remember any past

10 Also, observe that the p whose existence is required by stochastic memory equilibrium can be a mixed
best reply. This is needed even if the agent is not randomizing, as a belief where the agent is indifferent can
arise when two sequences of databases that induce different strict best replies have beliefs that converge to
the same limit.

' This result depends on the i.i.d. memory process of equation 1, and is not appropriate when rehearsal
reinforces memories.

12Example 1 in the Online Appendix shows there can be multiple stochastic memory equilibria; we do
not know whether there can be multiple limit frequencies.

9



outcomes or if they only recall successes with the risky arm, which occurs with positive
probability.
The following theorem shows that a stochastic memory equilibrium exists even when

there are no limit frequencies.
Theorem 2. A stochastic memory equilibrium exists.

To prove this, we show that the correspondence that maps each « to the union over

p € O of Pho(a) satisfies the conditions of the Kakutani fixed-point theorem.

4 Applications

4.1 Random Utility and Stochastic Choice

This section relates limited memory to the most widely used model of non-deterministic
behavior in single-agent problems, the random utility model of stochastic choice. In a
random utility model, the agent’s utility function for the various actions is independently
drawn from a fixed distribution in every period; in a stochastic memory equilibrium, the
agent’s beliefs about the expected utility of each action are determined by their random
memories. Connecting these concepts helps motivate the random utility model and some of
its specifications.

Let M be the collection of non-empty subsets of A. A stochastic choice function is a
map ¢ : M — A(A) such that >, _,, c(x, M) =1 for all M € M. Let P be the linear orders
on A. A stochastic choice function ¢ has a random utility representation ¢ € A(P) if for all
Me M5

(e, M) =C({PeP|Vye M,zPy}) =: cc(x, M).

To relate our model of memory and learning to random utility and stochastic choice,
suppose that at some single time t, an experimenter elicits the agent’s choice distribution
on each menu, i.e., each subset of A. (As usual, this requires many observations of choice
from each menu.) We assume that when confronted with one of these menus, the decision

maker breaks ties deterministically in a menu-independent way.'4

13This is equivalent to a random utility representation that uses an additional probability space. See,
e.g., Proposition 1.9 in Strzalecki [2023].

Formally, we require that for all M, M’ € M if a,a’ € BR(v|M) M’ and 7(v|M) = a, then w(v|M’) #
a’, where for any M < A, BR(v|M) = argmax ey §o 2yey ©(a: y)pa(y)dv(p).

10



Definition 2. The observed distribution of actions approaches a random utility represen-
tation ¢ on a history sequence (h;)«n if menu choices conditional at measurement time ¢

converge to those of v, i.e.
tlim Prlars1 = alhy, M| = cc(a, M) VM e M.
—00

The next result shows that when the distribution of the agent’s actions converges, the
agent’s menu choices converge to a limit that has a random utility representation. More-
over, this representation is consistent with Lu [2016]’s information representation, and the
limit empirical distribution of action coincides with the choice distribution induced by that
random utility model on the complete action set. In particular, recall that in an information
representation is such that the decision maker chooses between acts to maximize the expec-

tation of a fixed utility function with respect to a distribution over posteriors over states.

Proposition 1. For every optimal Markovian policy m and o* € A(A), and on P-every se-
quence of histories such that lim;_,o, oy = o™, the observed distribution of actions approaches

a random utility representation C. In particular, it has an information representation, and

a*(a) = cc(a, A) for all a e A.

All proofs for this section are in Appendix A.3. The proof of Proposition 1 first constructs
the target random utility representation. To do this, we associate to every database d a
strict (i.e., antisymmetric) preference relation in P where a is preferred to o’ if and only if
a is chosen by 7 from {a,a’} conditional on pu(-|d).'® The random utility representation is
then defined by assigning each ranking the limit probability of the databases that induce it.
Since Lemma A.2 guarantees that the distribution over databases converges and the set of

menus is finite, this pushforward measure also converges.

4.1.1 Monotonicity

The prior belief of the agent induces a (subjective) joint distribution over the pairs (E,[ya], ¥a)-

The next result shows that in binary actions settings A = {a, a’}, actions with higher payoffs

15Using information for binary comparisons alone will turn out to be sufficient because the agent uses a
deterministic Markov policy to map beliefs to actions and a menu-independent tie-breaking rule.
6The joint probability assigned by the prior to any measurable C € R and ¢ € {y, : y € Y} is

Sip, yaeoy PAY €Y 1 ya = c})du(p).

11
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are played more frequently if these joint distributions are affiliated.'” For simplicity, we also
make the (generically satisfied) assumption that two actions are never indifferent after any

observable database.

Proposition 2 (Monotonicity). Suppose that E,[y.] and yi. are affiliated under the prior.
If the objective distribution of y, increases in the sense of first-order stochastic dominance,
keeping fized the objective distribution of yq, the frequency of a in the stochastic memory

equilibria with the highest and lowest values of a(a) both increase.

Previous decision-theoretic models that relate stochastic choice to the objective environ-
ment, such as Matéjka and McKay [2015], Fudenberg, Strack, and Strzalecki [2018], Che
and Mierendorff [2019], Ke and Villas-Boas [2019], and Hébert and Woodford [2023] con-
sider an agent who makes a one-time choice, while in our setting the agent repeatedly makes
consumption decisions. In contrast, Proposition 2 lets us connect the stochastic choice rule
with the quality of the decisions, enabling predictions on how the agent’s choices vary with

the objective environment they face.

4.1.2 Specific Signal Structures

For some signal structures, the fixed-point condition defining stochastic memory equilibrium
admits an explicit solution, and the equilibria correspond to important stochastic choice
models. This section gives two tractable examples, the normal and binomial cases. The
section also connects stochastic memory equilibria with the Probit model (also in the normal

environment) and the Elimination by Aspects model (Tversky [1972]).

Probit Probit (Thurstone [1927]) is a stochastic choice model with two desirable features:
payoff monotonicity and diminishing sensitivity.!® Our learning model delivers the related

mized probit (Hausman and Wise [1978], Greene [2000]) specification, which also has these

1"The expected and realized outcomes are affiliated with respect to the prior probability measure if for
all e, e R, PL[E,[Ya] = ¢, ya = ] = Pu[Ep[ya] = c]Pulya = ]

18Payoff monotonicity means that more preferable alternatives are more likely to be chosen. Probit
satisfies payoff monotonicity when what is subject to the normal shock is the payoff of the alternatives;
Thurstone’s original formulation was a bit different and doesn’t necessarily satisfy payoff monotonicity.
Diminishing sensitivity requires that for a given difference between the alternatives, the better one is more
likely to be chosen when their absolute desirability is lower. See Gescheider [2013] for textbook definitions,
descriptions, and empirical evidence about payoff monotonicity, diminishing sensitivity, and frequency de-
pendence.

12



two properties.'® Moreover, the form of mixed probit we obtain also implies that the agent
has more precise estimates of the values of actions they take more frequently as found by
Frydman and Jin [2022]. As Strzalecki [2023] (Example 1.15) points out, this frequency
dependence is not accommodated by baseline probit.

In a normal environment, the payoffs y, of each action a are i.i.d. normally distributed

2. The agent knows o2, and their prior belief is that that

(1, - - -, 7ja)) are independently normally distributed with mean 0 and variance o3.*

with means ¢, and variance o

Proposition 3. In a normal environment, for every optimal Markovian policy © and every
a* € A(A), on Pr-every sequence of histories such that limy_,, cp = a*, the observed
distribution of actions approaches a mizxed probit distribution with mean parameter vector

<?jan“—/02> and a diagonal variance matriz with entries ( na/o” ) , where ng,
1/ acA ( acA

05 +na/o? 1/o34+na/c?)?

has a Poisson distribution with parameter o(a)k.
In the mixed probit specification generated by our model, the variance o2 /n, of the payoff

to a is stochastically decreasing (i.e., in the sense of first-order stochastic dominance) in o(a).

Hence, the payoffs of more frequently chosen alternatives are more precisely estimated.?!

Binomial Beta Model Suppose there are two outcomes Y = {0, 1}, that for each action
a the prior is independently and identically beta distributed with parameters v, 5 € Ry,

so the posterior mean the agent assigns to action a given database d is

_ v+ d(a,1)
" T B d(a, 1) + d(a,0)

Assume also that u(a,y) = y. A stochastic memory equilibrium is then a solution « to the

equation

ofa) = B |

1{r, = maxy, .}
| arg max, 7|

where the expectation is taken with respect to the 7, given by Lemma 1, and we assume

that the agent uniformly randomizes over actions when they are indifferent.

9Mixed probit is a hierarchical stochastic choice rule: First, the probit parameters (mean and covariance
matrix) are drawn with some mixing probabilities, and the choice probabilities are determined as in probit.

20Here we allow infinitely many outcomes, but our definitions extend in the obvious way.

21Danenberg and Spiegler [2023] makes a similar point about the relation between frequency and precision
in a setting with exogenous normally distributed signals and no memory limitations.
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Figure 2: Binomial Beta Probability of choosing ¢’ when A = {d’,ad"}, Y = {0,1}, a
symmetric beta prior with § =~y =1, k = 2 (blue), k = 4 (orange), k = 8 (green), and a”
is known to give outcome 1 with probability 30%.
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With endogenous data, the signal’s precision about the action’s quality depends on how
frequently that action is chosen. This effect can be seen in Figure 2. There, the left panel
contains three different expected numbers of recalled experiences that mimic the behavior
under three different precisions in the probit model when the success probability of the

uncertain action is high, and thus, it is played frequently.

Elimination by Aspects Elimination by aspects (Tversky [1972]) postulates that the
agent uses “random lexicographic order” when choosing between alternatives with multiple
attributes: they randomly choose an attribute to focus on and restrict their choice to the
alternatives with the largest values of that attribute. If there are multiple such alternatives,
a second attribute is randomly chosen, and only maximal alternatives (within the restricted
set) in that second attribute are considered. The procedure continues in this way until only
a single alternative is left.

EBA was designed to capture the following observed violation of ITA: Starting from a
situation with two alternatives {a, a’}, the addition of a third alternative that is closer to a,

without dominating or being dominated from a (i.e., not a “decoy” in the sense of Huber,
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Payne, and Puto [1982]) draws relatively more probability away from a than from «’. To
fix ideas using an example from Tversky [1972], suppose a manager needs to decide whether
to hire a worker based on their intelligence and motivation score. Adding a worker with
(intelligence, motivation) scores (78,25) to a choice between (75,35) and (60, 90) has been
shown to remove significantly more choice probability from (75, 35).

EBA is a random utility model. It does not have an axiomatic foundation (Strzalecki
[2023]), but it can emerge from limited memory. To see this in the example above, suppose
that outcomes are tasks in which either intelligence or motivation is the key feature driving
the hired worker’s performance. The manager receives a payoff equal to the worker’s skill
in the dimension that is relevant in the current period (intelligence or motivation). Further,
the manager is uncertain about the probabilities with which each is relevant. In particular,
the prior is 50-50 on two DGPs: either there is probability .9 that motivation is the relevant
factor or probability .9 that success only depends on the worker’s intelligence. At the end
of the period, the manager observes which factor was relevant for this period’s task. Then,
in every limit frequency, the probability that (75,35) is chosen over (60,90) equals the
probability that the manager recalls more past periods in which intelligence was important.
And, as predicted by EBA, the addition of (78,25) will reduce the probability of (75, 35)
but not that of (60,90).2?

Note that our model predicts that more frequently relevant aspects have a higher prob-
ability of being used to determine the choice, while in Tversky [1972], these probabilities
are not restricted. Note also that the relation between our model and EBA is more general
than in the example. To see this formally, define an aspects environment as one where
A < {0, 1}4 for some finite set of aspects A, Y = A, u(a,y) = a,, for every pe ©, a,d’ € A,
Pa = po and such that the prior is responsive: for every database d(A,y) > d(A,y') and
ay > a,, implies that §g E,[u(a,-)]du(pld) > §gEy[u(d’,-)]du(pld).*® The interpretation is

that actions with more 1’s have more desirable features, and the outcome is the period’s

most important feature.?*

22Let n; and nps be the number of recalled intelligence and motivation tasks, respectively, and observe
that the posterior likelihood ratio between (0.9,0.1) and (0.1,0.9) is 9”2~ When n,s > ny, the posterior
probability of DGP (0.9,0.1) is no more than 0.1, and (60, 90) is the unique best reply. And when ny; > nj
the posterior probability of DGP (0.9,0.1) is at least 0.9, so (78,25) is the unique best reply.

23The latter condition is trivially satisfied when the prior is symmetric, and either there are two aspects
as in the example above or each action has a unique strictly positive entry.

24We follow Tversky [1972] in considering a formal framework with binary discrete attributes but an
example where attributes can take on more values. The latter can be reduced to a special case of the former
by transforming each option into a vector of 0 and 1, where 1 means that they are the alternative with
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Corollary 1. In an aspects environment, every limit frequency is that of an EBA stochastic

choice rule with aspects A.

4.2 The Effect of Skewness

Our next example illustrates how limited memory leads agents to frequently overlook the
possibility of rare events so that the probability that an action is chosen is not determined
by its expected payoff but can also depend on higher-level moments of the utility function,
such as variance and skewness. Suppose that the agent chooses between two actions. Action
0 always produces the outcome c € (0,1), e.g., u({p : po(c) = 1}) = 1. The agent believes
two possible data generating processes exist for action 1, p and p’. Under p, which has prior
probability ¢, action 1 generates outcome 1/b with probability b and 0 otherwise. Under p/,
it always generates outcome 0

The agent’s payoff function is u(a,y) = y. Suppose 0.5¢/(0.5¢ + (1 —q)) < ¢ < q. As
the first success reveals that action 1 has an expected payoff of 1, the agent will choose that
action whenever they remember a success. The prior expected value of action 1 is ¢, so
the agent will take action 1 if they don’t remember any outcomes of the risky arm. After
remembering the outcome y = 0 once after taking action 1, the posterior expected value
associated with action 1 is 0.5¢/(0.5¢ + (1 — g)), so it is optimal for the agent to take the
safe action if they remember outcome 0 at least once after taking action 1.

This setting generates the equilibrium probability of choosing action 1 displayed in Fig-
ure 3 as a function of the value of b under the actual data generating process p* = p'.
Because rare events are unlikely to be recalled, they will not be present in most databases.
Consequently, actions with a given expected payoff tend to be chosen more often when they
deliver a good payoff with a high probability than when they deliver a very good payoff more
rarely.?> This is consistent with the evidence in Hertwig, Barron, Weber, and Erev [2004],
which also shows that, as our model predicts, this effect is not obtained if probabilities are

given rather than learned. The figure also illustrates that the effect decreases in the memory

the highest value in that entry. Gul, Natenzon, and Pesendorfer [2014] axiomatizes an extension of EBA
where attributes are nonbinary (with a different tie-breaking rule). Our corollary extends to that case if
the outcomes are enriched to encode noisy signals about each attribute’s level and whether it is currently
relevant.

ZEllison and Fudenberg [1993] makes this point in a model where each agent sees two signals. Conversely,
when a rare event is recalled, it will tend to be over-represented in the database and trigger over-reaction. See
Ba, Bohren, and Imas [2024] for a recent theoretical and empirical analysis of which information structures
tend to induce under- or over-reaction.
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Figure 3: Probability of choosing a = 1 when E,«[u(1,y)] = 1, and & = 4 (blue), k = 8
(orange), k = 16 (green), and k = 32 (red).
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capacity k, and that in the limit & — oo, the agent chooses optimally.2¢

4.3 The Effect of Reminders

Reminders are informational interventions that have a significant effect on behavior, for
example, by helping people recall the positive impact of actions such as attending the gym or
saving for the future.?” Our model can explain how reminders can affect the agent’s actions
and why reminders about infrequently occurring events have more effect than reminders
about frequent ones. Thus, although our memory model predicts choices in line with the
random utility model in a fixed environment, its predictions about the effect of changes in
the informational environment can be very different.

We interpret a reminder as leading the agent to remember a single past experience. Sup-
pose the agent receives reminders about the activity as follows: First, the agent remembers
past experiences according to our baseline model. Second, with probability g € (0,1), the
agent is reminded and remembers one experience where they took the action a = 1, which

is uniformly drawn at random (if such an experience exists).

26Theorem 3 in the next section gives a more general form of this observation.
27See, e.g., Strandbygaard, Thomsen, and Backer [2010] and Karlan, McConnell, Mullainathan, and
Zinman [2016].
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For example, suppose that every period, the agent decides whether or not to go to the
gym. If the agent does not engage in the activity (a = 0), they know they receive a payoff of
0. If they do engage in the activity, (a = 1) they pay an immediate cost ¢ € (0,1) and with
some unknown probability p;(1) receive a benefit of 1 (e.g., feeling good about themselves
after the workout). The agent’s prior belief is that p;(1) = p > 0 with probability 7 € (0, 1)
and p;(1) = 0 with probability 1 — 7, and the true probability p* is equal to p. We assume
that mp < ¢ so that absent recall of a positive experience, the agent would not engage in
the activity, and that p > ¢ so it is beneficial to engage in the activity.

This simple example can also be applied to any activity that provides uncertain benefits
for certain costs. Another natural example is saving for future financial hardships, where
the reminded benefit corresponds to past experiences where savings helped the agent out of
an urgent financial need.

If there is a reminder, the agent takes action 0 only if no good outcome is remembered

absent reminders and the reminder does not lead the agent to remember a good outcome?

agy(l) =1 —e (1 — 5+ 5(1 -~ p))

As we prove in Lemma A.5 in the Appendix, the probability with which the agent takes the

action a = 1 is given by

0 iff=0and kp <1

agy(l) = ) . )
L+ 5W (—e *kp(1 —pB))  otherwise

where W : [~1/e,0] — (—1,0] is the larger solution of W (x)eW® = z. Intuitively, for
kp < 1, if the agent takes action 1 with frequency o > 0, then without reminders, they will
remember the good outcome 1 with frequency less than «, so this can not be an equilibrium.
For pk > 1, the good outcome is sufficiently likely that if the agent takes the action a = 1
with some small probability a they remember the good outcome with probability greater
a, so a = 0 cannot be a fixed point that is robust to trembles.

We have the following Proposition:

28There is always an equilibrium where the agent does not engage in the activity; we select the equilibrium
where the agent engages in the activity if such an equilibrium exists. The reason for this equilibrium selection
is that if the agent “trembles” and plays each action with at least a small probability €, the stochastic memory
equilibrium is unique and converges to the equilibrium where (1) > 0 as € \, 0. Thus, by Theorem 1, this
equilibrium is also the only possible limit frequency for € \, 0. See Lemma A.6 in the Appendix for details.
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Proposition 4 (The effect of reminders).
(i) The frequency ag (1) is increasing in the frequency of reminders (.

(it) The effect of reminders ap,(1) — ap (1) is decreasing in ago(1) if ago(1) > 0.

Figure 4 illustrates how the frequency of reminders increases the likelihood with which

the agent engages in the activity. One natural question is who benefits more from reminders:
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The left-hand figure shows the effect of reminders on the frequency with which the action
is taken when k£ = 7, p* = 0.15. On the right is the effect of reminders as a function of how
often the agent engages in the activity without reminders.

people who already engage in the activity frequently without a reminder or those who do
not. Part (ii) of Proposition 4 speaks to that question and establishes that an agent for
whom p is smaller and thus action a = 1 is less attractive benefits more from a higher
frequency of reminders. Figure 4 illustrates that the more often a person already engages in
the activity without a reminder, the less their behavior is affected by a reminder about it.
This prediction is in line with the evidence; for example, Calzolari and Nardotto [2017] finds
reminders increase gym attendance for those who have below-median attendance without
reminders by 27%, while reminders have no measurable effect on those who had above-
median attendance without reminders.

Finally, we note that the effect of reminders here is driven by the finiteness of memory,

and their effect shrinks as the agent remembers more experiences, i.e., as k becomes large.
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Remark. Instead of bringing to mind a random period when the agent played a = 1, re-
minders might lead the agent to recall an experience where the action a = 1 was taken and
the outcome was good. This would lead to the equilibrium ag ,(1) = 1—|—kipW (—e *Pkp(1— B)).
Another alternative formulation is for the agent to observe the (potential) benefit of the ac-
tion a = 1 even if the action a = 0 is taken. In either case, our model allows us to describe

the effect of reminders.

4.4 Underreaction to Evidence

The agent sometimes relies on a small dataset to make decisions in a stochastic memory
equilibrium. This can induce long-run underreaction of beliefs and insensitivity to sample
size, which Benjamin [2019] reports are some of the most persistent departures from ra-
tionality in probabilistic reasoning. The main model that has been used to explain this

underreaction, Phillips and Edwards [1966])’s underinference model, modifies Bayes rule to

ST (Pa(9:)) )
S TTim1 (0, (yi))edp(p')

a(Cl(ai, ?Ji)§=1)

with ¢ € (0,1). Underinference and limited memory both predict underreaction to the data.
However, underinference predicts that a sufficiently long sequence of observations always
leads beliefs to concentrate around the observed frequency. In contrast, our model predicts
that the agent perceives uncertainty even in the limit, in line with Kahneman and Tversky
[1972]’s “universal distribution” conditional on large samples. Also, our model suggests that
underreaction will be more severe when people are shown data sequentially without being

provided written records of past outcomes, while underinference does not.?’

5 Almost Unlimited Memory

Since real-world memory has finite capacity, the perfect memory of standard models is, at
best, an approximation. Here, we examine how well the perfect memory model captures

the limits of stochastic memory equilibria as memory capacity k increases and the expected

29Gee Fudenberg and Peysakhovich [2016] and Esponda, Vespa, and Yuksel [2024] for experimental evi-
dence on the effect of providing agents with records and/or summary statistics.
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number of recalled experiences grows without bound. For every action distribution «, let

O(a) := argmax (Z ala) Z Pa(y) logpa(y)>

peO aceA yey

be the set of models that maximize the log-likelihood of the true data generating process,
where the weights depend on the frequency of each action. These are the models in the
support of the agent’s prior that exactly match the objective outcome distribution induced

by a.?® Consequently, when the outcome distribution identifies p*, it is the unique element

of O(a).

Definition 3. A (unitary-belief) self-confirming equilibrium is an o € A(A) such that there
is a v* € A(O(a)) such that a € A(BR(v*)).3!

Unlike stochastic memory equilibrium, this concept only depends on the prior’s support

and not on the relative weights the prior assigns to various models.

Theorem 3. Suppose (a*)ren is a sequence of stochastic memory equilibria, each with

memory capacity k and that limy_,., o = &. Then & is a self-confirming equilibrium.>?

The first step of the proof is to show that when o

converges to &, the distributions
of databases also converge, so the agent’s beliefs concentrate on O(&). The fact that & is
a self-confirming equilibrium then follows since each action a for which &(a) > 0 is a best
reply to some belief concentrated on ©(&). The last step is to show that because the agent
is correctly specified, there is a single belief that makes every a € supp(a) a best reply.
When the data generating process is exogenous and memory is unlimited, the empirical
distribution of recalled outcomes converges almost surely. Fudenberg, Lanzani, and Strack
[2024b] shows that the agent ends up playing the best reply to this distribution. With
stochastic memory, there is a positive fraction of periods in which the agent recalls so little
that they play a best reply to their prior, though the probability that this occurs becomes

smaller and smaller as k goes to infinity. More generally, when the action does influence

39There is at least one such model because the agent’s prior is correctly specified.

31This is called a unitary belief because a single belief is used to rationalize all of the actions in the
support of «a; the heterogeneous-belief version allows each action to be rationalized by different beliefs. See
section A.5 for more on heterogeneity.

32Tf the agent is misspecified, they need not learn the path of play, so the limit outcome need not be
self-confirming. Moreover, it need not be supportable by unitary beliefs; see Appendix A.5.
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the outcome distribution, the prior may affect the probability that an agent with unlimited
memory converges to a specific self-confirming equilibrium, but the set of self-confirming
equilibria is the same for priors that share a common support. This is not the case for

stochastic memory equilibrium.

6 Rehearsal and Recency

This section extends the model to incorporate the effects of rehearsal and recency. Here,
rehearsal means that if an experience is recalled in one period, it is more likely to be recalled
in subsequent periods, as in Kandel et al. [2000] and the references therein, and recency is
the idea that the agent gives more weight to more recent outcomes. As in Mullainathan
[2002], we assume a one-period recency window, i.e., the previous period’s experience is
more likely to be remembered, while the periods before that do not receive an extra boost.
To model rehearsal, we assume that the experiences recalled in the last period are also more
likely to be recalled now.3?

Formally, we now assume that the agent’s memory at time t + 1 is

. k—f—?”]l a’y'):de(a’,y' ) =1 o {(at, a,y
e (0,0 () = min 1, TR At WU
where d; is the database recalled in period ¢t and r > 0 is the weight on rehearsal and

recency; r = 0 reduces to the baseline model.>* Thus the recalled periods at time ¢ + 1 given

the previous period’s database d; and experience (a,y;) are distributed as

Plro = R| bl = | [meni((@,9)ldi, (anye) [ (Lmen(a,y)ld (any), VR < {1,

i€R ie{l,...,t\R

We continue to assume that, upon seeing a database, the agents update their beliefs accord-
ing to equation (2). Thus, when updating, they are naive also with respect to the effect of
rehearsal, as documented in Conlon [2024]. That paper also shows that rehearsal effects are

important with respect to baseline memory limitations, with estimated baseline probability

33We could extend the analysis to allow these effects to depend on a finite number of past periods, but
allowing an unbounded number of past periods to matter would cause significant complications.

340ur model implies that more recent experience are more likely to be recalled, but they are not more
precisely recalled. This is consistent with the evidence surveyed in Section 4.1 of Gershman, Fiete, and Irie
[2025].
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of recalling an instance (in our model, k) of around 47% and an increase in the probability

of being recalled due to rehearsal (in our model, r) of around 25% in the task studied.

6.1 Ergodic Memory Equilibrium

Limit Distribution of Databases As in the baseline model, the limit distribution of
databases is a product of Poisson distributions, but now they depend on the database
recalled in the previous period, in addition to the action frequency and the probability of
the outcomes given the actions. Thus, we define a Markov chain over databases for each
action distribution a € A(A).

Definition 4. The Markov chain 7, has state space D and Markov kernel 7, 4(d’),*® where
for every o € A(A), t e N, and d € D, let 1,4 € A(D) be a product of independent Poisson

distributions with parameter for (a,y) € A x Y equal to

a(a)ps(y) [k + 7] if d(a,y) > 1
a(a)pg(y) [k +rp5(y)] if a = m(u(]d)) and d(a,y) =0
ala)p*(y) k otherwise.

Intuitively, the expected number of times experience (a,y) is recalled given previous
database d is proportional to the frequency of a, the probability of y given a, and whether it
either occurred last period or was recalled in d. We will show that this Markov chain has a
unique stationary distribution (Lemma 2) and that this distribution is the limit time-average
distribution over databases when the distribution over actions converges to o (Claim 1 in
the Appendix).

The first step is to note that at any time, every sub-database of what is currently recalled
has a positive probability of being the subsequent database. In particular, every period, the
null database has a positive probability of being recalled, so the chain is irreducible on the
subsets of databases that can be reached with a positive probability starting from the empty
database. A calculation shows the Markov chain is also positive recurrent, which yields the

following lemma. (All proofs for this section are in Appendix A.6.)

Lemma 2. 7, admits a unique stationary distribution H, € A(D).

35That is, the probability of a transition from d to d’ is 14, 4(d’).
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Let F Cimd be the database-dependent distributions of beliefs induced by 7,4: For each
d € D and all measurable C < A(O),

Foa(C) = naa({d = p(-|d’) € C}). (6)

Definition 5. An ergodic memory equilibrium is an o € A(A) such that there exists p € O
with oo = Eyy,, [EF;‘% [p(v)]].

Like stochastic memory equilibria, ergodic memory equilibria are fixed points, but here
the relevant correspondence is more complicated: For every database d, any mixed action a
determines a probability distribution over what is recalled in the next period, and thus over
the next period’s beliefs. The agent’s policy applied to those beliefs determines a mixed
action oy = EFZ:,% [p(v)]; ergodic memory equilibrium requires that the expectation of a4

with respect to the induced stationary distribution over databases is a.
Theorem 4. An ergodic memory equilibrium ezists.

The proof extends that of Theorem 2 by showing that the average of the best reply
correspondence over the database with weights #.) has the properties needed to appeal to

a fixed-point theorem.
Theorem 5. If « is a limit frequency, then « is an ergodic memory equilibrium.

The proof of this theorem has three main steps. We first show that the inhomogeneous
Markov chain over databases has the Doeblin propertythat there is a state that has positive
probability of being reached in one period from every state, which guarantees convergence to
the ergodic distribution. (In our case, the special state is the empty database.) The second
step generalizes Lemma A.2 on the convergence of beliefs conditional on the databases, with
the key difference that now the limit belief distribution is database-dependent. The final

part of the proof repeats arguments from the proof of Theorem 1.

6.2 Applications of Memory Rehearsal to Finance

Our model of finite expected memory and rehearsal lets us generalize the findings of Mul-
lainathan [2002] about income forecasts beyond the specific parametric structure it assumes.

It also lets us provide a novel memory-based explanation of the equity-premium puzzle. For
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this subsection we suppose that the outcome 3, is i.i.d. y; = 0+ ¢, independent of the action

of the agent, where # € R and the ¢, are mean-0 shocks.

Correlated Prediction Errors The rehearsal memory function (5) generates the same
predictions about one-period correlations as Mullainathan [2002], without assuming a spe-
cific functional form. First, a high outcome last period triggers memories of equally high
past realizations, so the forecasting error will be negatively correlated with the most recent
information.?” Second, when the baseline probability of remembering an event is low, and
the rehearsal effect is strong, the forecast errors in successive periods are positively corre-
lated for the same reason as in as Mullainathan [2002]: memories that are remembered are

more likely to be remembered again.

Asset Pricing Suppose that each of a continuum of risk-neutral agents indexed by z €
[0,1] has a constant per-period amount w to invest. Every period, each agent decides
whether to buy, sell, or not trade a unit of a representative equity portfolio in net zero
supply and invest the wealth net of the expenditure/revenues from the risky asset in the

t.38 The safe asset has net return i € [—1, 00) per period, while the risky asset

risk-free asse
provides per-period net return i + 6 + €;, where from the point of view of the agents 0 is a
random variable with unknown distribution and ¢ is symmetric, zero mean period specific
shock. The risky asset is in net-zero supply and prices py and p; are determined by market
clearing: p; — po = Median[E,[6]]. In this setting, the equity premium puzzle is that the
observed price of the risky asset is much lower than predicted by the above equation if
the distribution of 8§ were known and equal to that observed in the data, and a very large
amount of risk aversion would be needed to justify the observed difference in asset prices.
Weitzman [2007] explains this with the combination of an overly pessimistic prior and
the assumption that the agent believes 6 changes over time, so they discard old observations.
Ergodic memory equilibrium predicts the same effect even with a perceived constant € and

with risk neutrality.®® Here, the agents’ actions impact their payoffs, but all agents observe

36Both Mullainathan [2002] and Weitzman [2007] assume that outcomes follow an AR1 process. Our
assumption of finite expected memory has the same implication even in an i.i.d. setting.

3TMullainathan [2002] supposes that y has a positive density on the real line so that some form of
associativeness is needed for rehearsal to have any effect.

38Under our assumption of risk neutrality, a bang-bang solution in which all the income is invested in
the same asset is without loss of optimality. We restrict to this case to directly apply our results, which
assume finite actions.

39 A memory function that is more likely to recall negative stock performance would create an additional
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the sequence of realized prices and returns. Theorem 5, paired with an exact law of large
numbers, guarantees that if the action distribution converges to « in the long run, the
distribution of recalled experiences equal H,. In particular, even in the long run, the agents
will rely on a limited number of observations. If the prior is symmetric and centered around
6 < 0, the pessimistic prior can sustain the premium. This is because the combination of
the distribution of experiences H,, centered around 6 and the prior centered around # makes

the median expected value of § < # under the posterior strictly smaller than §7.4°

7 Conclusion

This paper provides a simple and general model of limited memory that can be applied to
many economic problems. In particular, the role of memory in belief formation is important
for behavioral economics and macroeconomics, so our work will be useful there. The paper
shows how limited memory can provide a foundation for some well-known stochastic choice
models. It characterizes how the asymptotic outcomes with limited memory relate to the
asymptotic outcomes with unlimited memory capacity.

Finally, throughout the paper, we assume that the agent uses Bayesian updating. This is
a standard model of how people use their information, but it is only approximately correct.
Many different models have been proposed to capture departures from this benchmark rule.*!
We believe that our characterization of limit databases (Lemma 1) and our use of stochastic
approximation techniques with persistently stochastic frequencies (proof of Theorem 2) can
be fruitfully combined with non-Bayesian inference from agent’s limited memory to develop

a model that is more realistic albeit more complex.

A Appendix

A.1 Preliminaries

Let (vi)ien € A(A x Y)Y be a sequence of empirical joint distributions over actions and

outcomes. The next lemma shows that almost surely, if the action frequency converges to

force towards the equity premium puzzle.

400f course, as the size of the average number of recalled events grows, the premium shrinks, just as the
premium in Weitzman [2007] shrinks as the fundamental’s rate of change goes to 0.

41See the reviews in e.g., Benjamin [2019] and Ortoleva [2022].
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some «*, then the joint empirical distribution of actions and outcomes converges to the

distribution where each pair (a,y) has frequency o*(a)pi(y).

Lemma A.1. For any policy

P L max _Timsup [vy(a, y) — ax(a)p: (v)] = o] 0

a7y)€A xY t—00

and in particular for any o* € A(A),

P, llim a; = a* and max limsup |v(a,y) — o*(a)pl(y)| # 0] =0.
£ (@U)EAXY 1o

Proof. For a fixed policy 7, consider the stochastic processes (ng’y))(d,g)e Axy ten defined by

ng,@) = (g (ye) — PE()) Tay (ar) V(a,y) e Ax Y, VteN.

For each (a,7), ng’g) is 0 if action a is not played in period t. If a is played, ng’@ reports
the difference between the indicator for ¢ = ) minus its expected value given a, pi (7).

Note that

n n—00

1 = a - ]la ) —p: 10«
lim - > X" = lim 3 (000 8) ~ POV _ iy 4 00) — an(a)pt )
n—o N, n—ao0
t=1 t=1

whenever the limits exist. The processes are measurable with respect to the filtration
(Ft),en generated by the stochastic process of histories (h¢),.y.They are not i.i.d., but for
each (a,y) e AxY),

(a,y) (a,y) (a,y)
E[Xt ’ ./T'-t] = Pﬂ[at =a ‘ ft—l]E[Xt | .E_l,at = CZ] + Pﬂ-[at # a ’ ./T'-t_l]]E[Xt ‘ .7:,5_1,(1,5 #* CL]
=P, la; =a| Fi—1]0 + P.|a; # a | F;—1]0 = 0.

Consequently, (Xi“’y))teN is a martingale difference sequence, and from the strong law of
large numbers (see Theorem 2.7 in Hall and Heyde [2014]) lim, o £ 3", X" Thus
liny o vi(a, y) — a*(a)pi(y) = 0, Pr-a.s. conditional on lim; . oy = .

O

Lemma A.2. For P, almost every sequence of histories (hi)wen if limy_ p = a*, the

distribution of . given hy_1 weakly converges to FX°, and F(“)O is continuous in .
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Proof. The weak convergence of the distribution of y; given h;_; follows from Lemma 1.
Let (ay)neny € A(A)N be a sequence converging to a*, and fix some ¢ > 0. For every
a € A(A), let (N3, )(ayeaxy be the [A[[Y] independent random variables with the same
distributions as the marginals of 7, on (a,y). Since this is a finite number of random
variables, choose K € N such that P[max(, y)eaxy Ng: > K] < e. Since all the N(f‘z have
Poisson distributions and under a Poisson distribution, the probability of each outcome is
continuous in the mean parameter, there is M € N such that P[max, y)eaxy Ngw > K ] <e
and [P[Ngr = c] — P[N;f: =c|| < e forall (a,y) e AxY, forall c< K and n > M. Then

for any continuous and bounded f : A(©) — R, for all n > M we have

<2 max [FO(K +DAxY)e, (D

[RCA
A(©)

A(O)

so F1° weakly converges to F&°. Since the sequence was arbitrarily chosen, F| (’f )0 is continuous

in a. ]

The proof of Theorem 2 applies a fixed-point theorem to the correspondence WHo :
A(A) 3 A(A) defined by U (a) = {¢h°(a) : p € O}.

Lemma A.3.

WHo 4s non-empty valued;
WHo 4s closed valued;

WHo 4s upper hemicontinuous;

WHo 4s convex valued;

SR e

o' € A(A) is a stochastic memory equilibrium if and only if o/ € V().
Proof.

1. Since the set of actions is finite, there is at least one measurable selection from the

best reply correspondence.

2. A(A) is finite-dimensional and bounded, U,epp(v) is closed for every v € A(®), and
WHo (@) is the Aumann integral Aumann [1965] of the (mixed) best reply correspon-
dence with respect to the distribution of beliefs F/°. Therefore, it satisfies the as-

sumptions of case (i) of Theorem 2.1.37 of Molchanov [2017], so it is closed.

3. By Lemma A.2, F} is continuous in «, and so by Artstein and Wets [1988], Theorem

4.2, WMo is upper hemicontinuous.
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4. This follows immediately from the definition of W0,

5. This follows immediately from the definition of stochastic memory equilibrium.

A.2 Proofs for Section 3

Proof of Lemma 1. By Lemma A.1, there is P -probability 0 of sequences of histories
(ht)ten in which limy o oy = « but limsup,_,, |vi(a,y) — ar(a)p’(y)| # 0 for at least one
(a,y) € A x Y. We prove that the stated convergence holds on every sequence of histories
(ht)en that is outside of that null set.

The database at time ¢t > k is distributed as a product of multinomial distributions: for

all de D
(a’y) Ut(a’y)t_d(a’y)
v(a, )\ [k\° t—k
eti=a= 1 (Gen’) (7) : |

(a,y)eAXY

By way of contradiction, suppose that there is a subsequence of histories h;, , an (a,y) €

AxY,ajeN, and an € > 0 such that for every n e N

|]P>7T [dtn(a7 y) = ]’htn] - noétn [d(a'7 y) = j]’ =€

In words, this says that the probability of recalling a database where experience (a,y) is
recalled j times conditional on history h; is more than ¢ away from the probability that
Na,, assigns to those databases. Since A(A) is compact, by restricting to a subsequence, we
can also assume that oy, is converging to some « € A(A).

Suppose first that lim,_,, vy(a,y)t = 0. Then by the Poisson limit theorem (e.g., page
15 of Loeve [1977]), the probability that (a,y) is recalled C' € N times converges to e"\“’y)‘i’y

clo
where

k
)\ay = lim Ut(av y) t— = Oé(&)p:(y) k.
’ t—0 t
Thus, on this sequence of histories, the number of times (a,y) is recalled converges to a
random variable Poisson distributed with parameter A, ,, a contradiction.

Next, suppose that lim; o v(a,y)t # . But then, there exists a C' € N such that for
all t > C the distribution of d(a,y) conditional on h; is FOSD dominated by the distribution
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of d(a,y) conditional on h} where (h})«n is an alternative sequence of histories such that
(aj,y¢) = (a,y) if and only if ¢ = 2" for some n € N. But since this ancillary distribution
converges to a Dirac on 0 from the first part of the proof, we obtain a contradiction and the

result follows. OJ

Lemma A.4. For any o € A(A), and P, almost every sequence of histories (hi)wen, if

lim; o, oy = « then the distribution of actions given hy converges to pYH.

Proof. Since A is finite, it is enough that for every a € A the probability that a is used at
period t 4+ 1 given h; converges to ¥#°. By definition of {#° a sufficient condition for this
is that the distribution of databases given h; converges to 7,. The result thus follows by

Lemma 1. O]

The proofs of Theorems 1 and 5 use a continuous-time approximation of the process of
empirical frequencies. Set ag: = ay, 790 =0, and 7: = Z:Il% for all £ € N. Following
Benaim, Hofbauer, and Sorin [2005], we define the continuous-time interpolation of (o )en
to be the function w : Ry — A(A)

Q1 — O 1

w(r+¢) =ap+c—1—— VteNVee |0,—|. (8)
Tt+1 — Tt t+1

Proof of Theorem 1. We extend Esponda, Pouzo, and Yamamoto [2021a)’s application

of Benaim, Hofbauer, and Sorin [2005]’s stochastic approximation techniques for differential

inclusion to settings where beliefs remain stochastic in the limit. In particular, we will show

that (8) converges to a solution of
a(t) e V0 (a(l) — a(l). (9)

A solution to (9) with initial point ag € A(A) is a mapping = : R, — A(A) that is
absolutely continuous over compact intervals, with z(0) = «*, and (9) satisfied for almost
every t. For every T' € N and o € A(A), let X, be the set of solutions to (9) over [0, 7]
with initial conditions a*, and let X =, . A(A) X7,

Now we show that the continuous-time interpolation of a defined in (8) can, in the long
run, be approximated arbitrarily well by a solution to (9). Recall that 7 is the optimal
Markovian policy employed by the agent, and that for any measurable selection p from the

best response correspondence, (o) = § A©) p(v)dF#o(v). Define the stochastic process
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U = t(ay — Eloy_y) — ko (ag_q) = bq, — PE(ay—1) and let by = E[Upa|he], Uy = U, — by

Then observe that
Uper + b1 PR (on) — oy

t+1 t+1

Since both ¥#°(a;) and a4 are uniformly bounded, U; is a uniformly bounded martingale

(10)

Qpy1 — O —

difference process. Moreover, by Lemma A .4, b, converges to 0 on P, almost every sequence
of histories (h;)en where lim; ., ay = «, so condition (i) of Proposition 1.3 in Benaim,
Hofbauer, and Sorin [2005] is satisfied (setting 7, = 1/n in their formula) by Remark 4.5 in
Benaim and Hirsch [1999]. Condition (ii) is also satisfied because ||a11 — aul|eo < 1/(t + 1),
w is Lipschitz continuous of order 1, and a4 is uniformly bounded because it takes values in
A(A). Therefore, since w is the interpolated process for the stochastic process in equation
(10), it is a perturbed solution of (9). Thus, by Theorem 4.2 in Benaim, Hofbauer, and

Sorin [2005], on P, almost every sequence of histories (hy)en where limy o, ap = a2

tli—{lo}aaie%(fng[%g]Hw(tdl—s) —a(s)|| =0 VT e N. (11)

Suppose by contradiction that « is not a stochastic memory equilibrium. We will show

it is not a limit frequency. By parts 1 and 4 of Lemma A.3, the separating hyperplane
theorem (see, e.g., Section 14.5 of Royden and Fitzpatrick [2010] for the version used here)
guarantees that there exists f € R4 with - f > SUPgew(a) @ - f- By part 4 of Lemma A.3,
a- f > maxXsep) @ - f. Let K = a - f — maxXsey() @ - f. By part 3 of Lemma A.3, there
exists € € R, such that for all o’ € B.(a), maxsew() @ - [ < MaXzew() @ - f + K/4 and
o - f > a- f— K/4. Therefore, for every initial condition ag € B.(«) and every solution
in X7,

oxs @(t) - f decreases at rate at least K /2 until the solution leaves B.(a). So there

exists T' € N such that for every initial condition o € B(«) and every solution in X7, the

differential inclusion leaves B.(«) by time T', that is,*3

sup inf{t:a(t) ¢ Bo(o)} <T  Vog € Be(a). (12)

=T
ana*

To conclude the proof, we will show that a; does not asymptotically lies in an /2 ball

42The proof of Theorem 4.2 in Benaim, Hofbauer, and Sorin [2005] invokes an implication of their
Theorem 4.1 that is not correct. However, the weaker statement we are invoking is correct, as shown by
equation (3) in Esponda, Pouzo, and Yamamoto [2021b].

43To see that T can be taken to be the same for every ag € B, let C = MaxXqep, (o) @ f—mingep, (a) ' f
and take T'= 2C/K + 1.
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around « on any path (h;)eny where (11) applies. Since the set of samples where (11)
does not apply has 0 probability under P, this implies that « is not a limit frequency. If
there is no 7' € N such that w(c) € Bejp(ar) for all ¢ > T, (ow)en does not converge to a.
So let T € N be such that on the chosen path (hy)en, w(c) € B.js(a) for all ¢ > T and

infaex SUPoc,er |[0(T + 5) — @(s)|| < /4, and take & e X7 with

sup ||w(T + s) — é&(s)]] < e/4. (13)
0<s<T
Then (12) implies that the differential inclusion leaves B.(a) at least once between 7" and
T + T, and by (13), oy must leave B./2(av) at least once between T and T + T. This proves
Theorem 1. ]

Proof of Theorem 2. By point 5 of Lemma A.3, every fixed point of W#0 is a stochastic
memory equilibrium. By points 2 and 3 of Lemma A.3 and the closed-graph theorem (e.g.,
Theorem 17.11 in Aliprantis and Border [2013]), W# has a closed graph. The Lemma also
shows it is non-empty valued (Point 1) and convex valued (Point 4), so, since A(A) is a non-
empty, closed, convex and bounded subset of R4l it admits a fixed point by the Kakutani

fixed point theorem. O

A.3 Proofs for Section 4

Proof of Proposition 1. Suppose that «a; converges to some a*. We first construct the
target random utility representation ¢ and then prove that a; approaches it. Consider the
map G : D — P such that aG(d)d’ if and only if a = 7w (u(-|d) | {a,d’}), define ¢ by
C(P) = 1ax(G7Y(P)), and let ¢, be the associated stochastic choice. Observe that this
binary relation is total by definition, and it is transitive by the assumption that ties are
broken in a menu-independent way, so it is indeed a linear order. Because the sets of menus
and actions are finite, the proposition can be established by showing that the probabilities
that any given action a is chosen from any given menu M converge those of c..

Fix M € M and a € M. Lemma 1 shows that for P, almost any sequence of histories such
that P,[lim;_,, ay = a*] > 0, the probability that the number of recalled (a,y) experiences
is equal to ¢ for every ¢ € N converges to its probability under a Poisson random variable
with parameter a*(a)p}(y)k, and these distributions are independent across (a,y) pairs.

Therefore, as 7 — o0, the probability distribution 1" over databases recalled at period
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T + 1 given h, converges to 7,x.

To link this with the convergence of the stochastic choice rule, let Dy/(a) = {d € D :
Va' € M,aG(d)a’}. Because the agent’s tiebreaking is menu-independent, the difference
between c¢(a, M) and P.[a,11 = a|h,, M] is bounded by |n,«(Das(a)) — 0" (Dyr(a))|. For

every [ € N, this is less than

Nox | d € Dy(a) : Z d(a,y) > 1| —n" | de Dyla): Z d(a,y) > 1

(a,y)EAXY (a,y)EAXY

+ N de DM(CL) : 2 d(a,y) < l]— nhT de DM(CL) : 2 d(a7y) < [

(a,y)EAXY (a,y)EAXY

Both addends can be made arbitrarily small by taking [ and 7 large. This establishes the
random utility representation.

To see that the stochastic choice rule admits an information representation, we map our
objects to those in Lu [2016]. We identify the states S with O, the acts H with actions
A, and the outcomes with utility realizations Z = {u(a,y) : (a,y) € A x Y} (where u is
our u). Let the utility function u of Lu [2016] be the identity, with each action mapped to
an Anscombe-Aumann act by associating each state p to the lottery that gives probability
pa({y : u(a,y) = u}) to u € Z. Given this mapping, the stochastic choice rule admits a
representation with distribution over posteriors v = F#°. Finally, that o*(a) = cc(a, A)
follows by Theorem 1. O

Proof of Proposition 2. Because there are only two actions, ¥#° can be seen as a corre-
spondence from [0, 1] to [0, 1] where these real numbers represent the probability assigned to
the action a whose distribution has been FOSD increased. Moreover, under the nongeneric
assumption on the prior W#° is a function, and it is continuous by Lemma A.3. By Theorem
5 in Milgrom and Weber [1982], this function is pointwise larger after having increased the
distribution of y, in a FOSD way. The result then follows by Theorem 1 of Villas-Boas
[1997]. O

Proof of Proposition 3. We first derive the limit distribution of actions conditional on
recalling n, € N experiences for each action a € A. Because the agent’s prior is symmetric
across the actions and Normal, it is optimal for the agent to choose the action with the

highest posterior mean among the experiences they remember. Let g, be the average out-
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come over the n, recalled experiences where action a was used. When the agent recalls n,
experiences for action a, each of them is normally distributed with mean g, and variance

02, 50 §, is Normally distributed with mean 7, and variance ¢%/n,. Thus, the posterior

Z}ana/(72

ToT tmafo® and thus, the induced choice probabilities are equal to those in a
o a0

mean of y, is

Probit model with a vector of mean parameters (ga m na/o”

W) o and a diagonal covariance

matrix with entries (lﬁ'ﬁ%

We next derive the distribution over the number of recalled experiences. Let ¢ >
k and a € A. We first consider infinite sequences of experiences (ay, ¥;)ieo Such that
limg o Lygy(a;) = 0. By equation (1), the probability that diy1(a,Y) = n, € N condi-
tional on the history (a*,y') is (taéia)) (&)™ (%)t_n” . Because limy_ tay(a) (£) = a(a)k,
the Poisson limit theorem (e.g., page 15 of Loeve [1977]) implies the probability that
a(a)k (a)k)"e

Ng!

diy1(a,Y) = n, € N converges to e~

Now suppose that for the pair (a, (as, Yt )tew), iMoo Liay(a¢) # 00. Then the distribution
over recalled experiences given (a',y") is eventually first-order stochastically dominated by
the one given (a’*,y"), where each (a’");cy is an arbitrary action sequence with the properties
that lim o Lgy(a;) = o0 and limy_o Lgey(a;)/t = 0. Since this dominating distribution
converges to a Dirac on 0 by the previous part of the proof, so does the distribution asso-
ciated with (a’,y"). This concludes the proof as it guarantees that the number of recalled

experiences of action n, is exponentially distributed with parameter a(a)k. Il

A.4 Proofs for Section 4.3

Lemma A.5. The choice probabilities of the agent are

0 if B6=0and kp <1

agp(l) = L Lk )
1+ W (—e Pkp(1 — pﬁ)) otherwise

Furthermore, ag (1) is increasing in p.

Proof. First, observe that for § > 0 any solution to the equation

agp(l) =1 — e FesrIP(1— 3 4 B(1 — p)) (14)

must satisfy ag,(1) > 0 as the right-hand side is strictly positive. For § = 0 the function

&+ & — (1 — e %) has derivative 1 — kpe % and is convex. As for kp < 1, the function
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crosses 0 from below at & = 0 this is the unique solution to (14).

For kp > 1 or 8 > 0 a positive solution exists, namely ag ,(1) = 1—|—k—1pW (—e *kp(1 —pB)) ,
which we select by assumption. The function & — & — (1 — e~k ‘5“) has positive derivative
at agp(1), 50 0 < 1 —kpe *Pe0s) =1 — kp(1 — ag,(1)). To show that ag,(1) is increasing
in p, observe that by equation (14) it is the solution to ag,(1) = 1 — e "2 By the

implicit function theorem

dagp(1) dag,(1) | 4
5 — 1 ), pO‘O,p(l)

. 50404,(1)

op [1—kp(1 — app(1))] = kagp(1)(1 — app(1)) .

As 1 —kp(l —app(l)) = 0 we have that aaoa’—;(l) > 0 for kp > 0. O

Proof of Proposition 4. To see part (i) observe that TV is an increasing function and and
hence ag, is increasing in 5. By Lemma A.5 an equilibrium where the agent engages in the
activity with strictly positive probability absent reminders exists if and only if pk > 1 and
thus we can assume pk > 1 when establishing part (i7). We observe that the marginal effect

of reminders is given by

dapp(l) _ 1 S (—e *kp(1 — pp))
op k(1—pB) 1+ W (—e*kp(1 —pp))"

To simplify notation define ¢ (p) = —e *Pkp(1 — pf3). Taking logarithms and differentiating
with respect to p yields

2 e (P _ 5 | o
5 (M57) - w0

because < log ((’Z ) =7 1 7o As W'(p) = W(¥)/[¥(1 + W (v))], this simplifies to

1+2) 1+2

2 ()Y _ 8 i o
lg( ) W00 T W WEm) .

As W'(y) = W () /[v(1+W ()] and ' (p) = e * [(kp — 1)k(1 — pB) + kpf] . we get that

0 Ocgp(1) B 1 (kp — Dk(1 —pB) + kpB
e(25) -

L=pf) (1 +W((p)? kp(1 — pp)
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As kp > 1 and W € [—1,0] we obtain that

o (da <1>> 5 kpf [ 1] 5
—lo b < — <|[1l——-|————<<0.
o ( 08 ) " W1—pB) kp(l—pB) p| k(1 =pp)
Furthermore as W is concave we can bound W'(¢) < W'(0) = 1 for all ¢» € [—1/e, 0]. Thus,
agp(1) is sub-modular in (3, p) this and aaoa‘—;(l) > 0 from Lemma A.5 implies (ii). O

Lemma A.6. Without reminders (8 = 0) and an exogenous probability € > 0 of choosing
action a = 1 there is a unique equilibrium with o(1) > 0 if there are multiple equilibria for
€ = 0. This equilibrium converges to the equilibrium where action 1 is played with strictly

positive probability as € \, 0.

Proof. We note that there are multiple equilibria for ¢ = 0 if and only if pk > 1. To
see that the equilibrium is unique if with probability ¢ > 0 the agent takes the action
a = 1 observe that the frequency with which the agent takes the action a = 1 must solve
ap(1) = e+ (1 —€)[1 — e kar(Dp],

First, note that any solution of the above equation must satisfy a > €. Observe that
the function o +— € + (1 — €)[1 — e™**?] — o is concave and thus can have at most 2 roots.
At a = 0 this function is positive and has derivative (1 — €)kp — 1, which as kp > 1, is also
positive for € small enough. Thus, this equation can only have the single positive solution
a(l) =1+ kipW (—e™*Pkp(1 — €)) , which converges to the equilibrium where a(1) > 0 for

€ = 0 because W is continuous. O]

A.5 Proofs for Section 5

As a first step towards proving Theorem 3, we establish a concentration inequality for ratios
of random variables whose distributions converge to Poisson distributions. In this proof we

let k grow, so we explicitly index the distributions 7.+ by k, i.e., as 7721« Recall that

k * d(a,
nkk (d) _ 1_[ [Oé (a’)pa (y)k] (@) efkak(a)p:‘ (v) Vd e D.
acA,yey d(a7 y)'

Lemma A.7. Suppose that limy_,., o* = &. For everye > 0 and (a,d’,y,y’) € A2 x Y2 with
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a(a’) >0 and p%(y') > 0

lim ]P)nkk _ d(a’,y’)

k—o0 [

Moreover,
lim P«
k—o0 nak

Proof. Let § € (0,1), and a € suppa. By Chernoff’s Theorem (e.g., Theorem 9.3 in

Billingsley [2017])
A0

P, [ld(a,y) — ka* (a) pi (y) | > Bka’ (a)

: —cfkaF *
< igﬂg My(ay) (c) e Bla(a)pg (y)

where Mg(a,) is the moment generating function of the distribution associated to d(a,y).
Because d(a,y) has a Poisson distribution with expected value ka* (a) p¥ (y),

Py, [ld(a,y) — ka® (@) p} (v) | > Bka® (a) P} (v)]
inf exp (kozk (a)m (a,y)p: (y) (e — 1)) exp (—cﬁkak (a)p: (y))
5 ()

ceR
inf exp ((e° — 1 + Bc) ka® (a) m (a,y) p} () < exp (chka® (a)p

N

ceR
where ¢ € R__ is any strictly negative real number that depend on 3 (but not on k) such

that infep (e —1+4 Bc) < ¢ < 0. (Such a number exists because for every 3 € (0,1),
inf.eg (e — 1+ fBc) < (1/e — 1 — B) <0.) Taking the limit k — oo gives
2 ()] =0

lim P [|d(a,y) — ka* (a) p; (y)| > Bka” (a) p vBe (0,1). (15

k—o0 (e
Analogous steps show that limy_.o, P« [d(@,y) > kA] = 0 for all @ ¢ supp &(a) and A > 0.

Let 8 € (0,1) be such that for all v € [0, 5]

o (a)py (y) (L+7)
ak (a')pl (y') (1 =) ok (a') pi (v')
and
a* (a) pi (y) B a” (a) pi (y) (1 =) .
ok (@)m(a,y)pl (v)  oF(a)m(a,y)pl (¥) (1+7)



Thus we have

. dla,y) a* (a) pi (y) .
P Hd(a’,y’) oF (@)ym (a o) piy (0]~ ]
< [lim P, [[d(a,y) - o* (a) p; (v) K| > ka" (a) p; (v) B]

+P, [ld(a’sy) = o* (@) m (e, ) iy (¥) k| > ka® (') m (a, ') Py () B]

Equation (15) implies that the RHS goes to 0, and since o

is converging to &, this proves
the first part of the lemma.

The second part of the statement immediately follows by equation (15). Il

Definition 6. A unitary-data self-confirming equilibrium is an o € A(A) such that for all
a € supp(a) there is v* € A(©(«)) such that a € BR(v*).

Unitary-data self-confirming equilibrium allows each action in the support of o to be
rationalized by a different belief but requires that all beliefs are supported over the likelihood
maximizers given the same data. This is more restrictive than heterogeneous-belief self-
confirming equilibrium (Fudenberg and Levine [1993]), which only requires that each action
a in the support of «r is a best response to a belief over the maximizers corresponding to data
about the consequences of the particular pure action a. This difference is a consequence of
the different origins of the heterogeneity for the two equilibrium concepts.**

The next lemma shows that this distinction is irrelevant if the agent is correctly specified.

Lemma A.8. When p* € © (as we have assumed here), every unitary-data self-confirming

equilibrium is a self-confirming equilibrium.*

Proof of Theorem 3. Let f(d) € A(A x Y) denote the empirical joint distribution over

action-outcome pairs corresponding to d € D. By Lemma A.7, for every M € N and € > 0,

lm Py d: ae;yeyd(“’ y) > M, max |f(d)(a,y) - a(a)pi(y)| <

44Heterogeneous-belief self-confirming equilibria are steady states of models with many agents in each
player role, and heterogeneity comes from the fact that different agents in the same role may behave
differently and thus find that different models best fit their data.

450ur working paper gives an example where p* ¢ © and the limit as k — o of the stochastic memory
equilibria is a unitary-data self-confirming equilibrium that unitary beliefs cannot support.
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is equal to 1. That is, with probability approaching 1, the database is large, and the recalled
frequency of pair (a,y) is approximately proportional to &(a)p*(y).

Let ¢ > 0. By Assumption 1, p € O(&) if and only if p, = p* for all a € supp éa.
Therefore, there exist ¢’ < ¢ and K > 0 such that

<Z ) D Pi(y) log pa( )) (Z ) D Pi(y) log i ( ))>K

agA yeyY acA yeyY

for all p € B.(©(a)), p' ¢ B:(©(a)). Thus, there is a set of databases d that has P,
probability going to 1, whose length >, ..y d(a,y) is growing to oo and such that

w(B(0(a))|d) . SBE/(e(a)) [Tiayeaxy Pa(®) ¥ du(p)
1= M(B€<®(&) | SG\BS(G &)) H (a,y) eAxY(pa(de(a’y)d,u(p)

= po(Be(6(&))) exp (K/2 D d(a,y)> :

aceA,yeY

Since the RHS is growing to oo as k grows and e can be arbitrarily small, the agent’s
beliefs concentrate on ©(&). It follows from the upper hemicontinuity of the best reply
correspondence that & is a unitary-data self-confirming equilibrium.

Finally, by Lemma A.8 and Assumption 1, every unitary-data self-confirming equilibrium

is a self-confirming equilibrium. [

A.6 Proofs for Section 6

This section proves our results for the model that allows for rehearsal.

Proof of Lemma 2. Let D’ € D denote the set of databases that, under the Markov chain
7o, have a positive probability of being reached with a finite number of transitions from the
empty database. At any d € D’, the probability of a transition to the empty history is
bounded below by @ := exp(—[k + r]|A x Y|) > 0, so D’ is a closed irreducible class.
Moreover, for any d’ € D', there is a simple path of length 7 € N connecting the empty
database and d’, i.e., a finite sequence of distinct databases (CZO, ey JT) with cZO the empty
database, d, = d’, and na’(gi(czprl) > 0 for all i € {0,...,7 —1}. Let M =[], Novd; (dit1).

Thus the expected time of return to d’ when it is the state at time ¢ is bounded from above
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0 o0
Z(l — P(return time < 1)) < 7 + Z(l — P(return time < 7 + 1))

i=1 i=1

o0 o0
Z P(diyjor = d, Ve {0,.,7}) < 74+ D 2(1 - QM) < o0,
i=1 =1

%
=1

so d’ is positive recurrent.
Since there is zero probability of leaving D’ and all the states in D’ are positive recurrent,

7. has a unique invariant distribution (see Theorem 6.5.3 in Durrett [2019]). 0]

Lemma A.9. For any o € A(A) and any sequence of histories (hy)en Such that limy ., v(a,y) =
ala)pi(y) for all (a,y) € AxY, the distribution of d; when d;—y = d' converges to the prod-
uct of independent Poisson random variables, with parameters Nd'),, = a(a)pi(y) (k +

r(Ino(d'(a,y)) + Lioy(d'(a,y)) Lagquciayy (@)pi(y))). Moreover, the distribution of p, condi-
tional on a database at time t — 1 equal to d' weakly converges to F)% € A(A(O)), and F'y

1S continuous in o.

The proof of this and the next Lemma are in Online Appendix B.1. Let ¥, (a) denote
the distributions over actions induced by an optimal Markovian mixed policy p and random
beliefs v: W (o, d') = {§ ) p(V)dFL Gy (V) 1 p € OF.

Lemma A.10.
1§, W (-, d')dH
2. SD\I/“O(-,d’) dH

((d") is non-empty valued.
(-
8. §pwro (-, d)dH,.
(-
c

()
y(d") is closed valued;
y(d') is upper hemicontinuous;
4. S, 0ro (- d)dH ) (
5. o is an ergodic memory equilibrium if and only if o' € {,WHo(o/ d')dHq (d').

d') is convex valued;

Proof of Theorem 4. Lemma A.10 shows that every fixed point of O = { W# (-, d’)dH(d')
is an ergodic memory equilibrium, and that ¥ is non-empty valued and convex valued. To-
gether with the closed-graph theorem, the lemma also shows ¥ has has a closed graph, so

it has a fixed point by the Kakutani fixed point theorem. [

Proof of Theorem 5. The proof has three steps. First, Lemma A.9 shows that the tran-

sition matrices over databases converge as t — o0 and says what the limit is. Claim 1 then
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shows that this chain is ergodic. The third step uses stochastic approximation to show
that play can only converge to a fixed point of the associated differential inclusion and
that the differential inclusion cannot converge to something that is not an ergodic memory

equilibrium, as in the proof of Theorem 1.
Claim 1. The distribution of databases converges to H, ast — 0.

Proof. Lemma A.9 shows that the transition matrices over databases converge as t — o
and says what the limit is. Moreover, for every ¢ > 0, there exists K € N such that
the probability that H, assigns to the transition from an arbitrary database to the set
of databases with K or more experiences is smaller than . Create a coarser finite state
space where every database with K or more experiences and the same set of experiences
with positive frequency in the database is pooled together, i.e., databases d, d" are pooled if
minfY, eaey 40,9, Yoppeney 400, 9)} > K andf(a,y) € Ax Y : d(a,y) = 0} = {(a,) €
AxY :d(a,y) = 0}. Transition to the null database always has positive probability in
the Markov chain for the restricted process, so the limit matrix is regular, and by Theorem
4.14 in Seneta [2006], the Markov chain converges to a stationary distribution that coincides
with H, on the coarser history.* But since € can be chosen arbitrarily small, the claim

follows.

The third step of the proof uses stochastic approximation to show that the long-run
behavior of (8) can be approximated by a(t) € Ey,, [V(a(t),d)] — a(t). The last step
parallels the last step of the proof of Theorem 2 with { U#(a, d')dHq in place of UH(«)
after observing that SD WHo (o, d')dH o inherits the key properties of W0 as shown by Lemma
(A.10); we omit the remaining details. N
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B Online Appendix

B.1 Omitted Proofs

Lemma A.7. When p* € © (as we have assumed here), every unitary-data self-confirming

equilibrium is a self-confirming equilibrium.

Proof. If & is a unitary-data self-confirming equilibrium then for all a’ € supp(&) there is
v € A(O(&)) such that o’ € BR(v*). Moreover, because the agent is correctly specified for
all @/, a” € supp(a) and for every p € supp 1%, par = p’s, so the agent has a single and correct
belief 4, about the expected payoff of every a’ € supp(«). And since & is a unitary-data
equilibrium, @ >}, u(a, y)v® for all @’ € supp(a) and a € A. Thus, & is a unitary-belief

self-confirming equilibrium. [

Lemma A.8. For any a € A(A) and any sequence of histories (h;)en such that limy o, v¢(a,y) =
ala)pi(y) for all (a,y) € A x Y, the distribution of d; when d;_; = d' converges to the prod-
uct of independent Poisson random variables, with parameters A(d')., = a(a)pi(y) (k +
r(Ino(d'(a,y)) + Lioy(d'(a,y)) Laqquciayy (a)pi(y))). Moreover, the distribution of j; condi-
tional on a database at time ¢ — 1 equal to d’ weakly converges to F,%, € A(A(©)), and F'},
is continuous in .

Proof. Given a database d’ recalled in period ¢ — 1, the database at time ¢ > k + r is

distributed as a product of multinomial distributions:

P.ld =dd=d]= ] (%(%y;t)

(a,y)EAXY d(a’ Y
y <’f + r(Iwo(d'(a,y)) + Loy (d'(a, y))ﬂﬂ({u(.d/)})(a)p;(y))y(avy)
t
’ <1 _ kA r(Lwo(d(ay)) + Loy (40 y)) Lntiuiarn ()P (y)))vt(a’y)t_d(“’y)
t .

Suppose first that lim;_,., v¢(a,y)t = 0. Then, by the Poisson limit theorem (e.g., page
15 of Loeve [1977]), the probability that (a,y) is recalled C' € N times when the previous

U "nC
database was d’ converges to e (¢ )a»y/\(do#, where
Ad)ay = lim vy(a, y)t (k +r(Imo(d'(a, y)) + 1{0}(65’(6%y))ﬂn({ucw')})(a)PZ(y)))))
“Y i ’ t

= a(a)py(y) (k + r(Ino(d'(a,y)) + Tioy(d'(a, y) Ln(uclany) (@)pa () -



Thus the random number of times (a,y) is recalled conditional on v; and the previous
database being d’ converges to a random variable Ng (d') that is Poisson distributed with
parameter A(d')q .

Next, suppose that lim; ., v¢(a,y)t # o0. Then there is a C' € N such that for all ¢t > C'
the distribution of d(a,y) conditional on h; and d’ is FOSD dominated by the distribution of
d(a,y) conditional on h; and d’ where (h}),ey is an alternative sequence of histories such that
(ay,y¢) = (a,y) if and only if ¢ = 2" for some n € N. But since this ancillary distribution
converges to a Dirac on 0 from the first part of the proof, the result follows.

Moreover, let (ay,)neny € A(A) be a sequence converging to o*, and fix some € > 0. For
every a € A(A), let (N;’j;(d’ ))(a.w)eaxy be the |A||Y] independent random variables with the
same distributions as the marginals of 7,4 on (a,y). Since all the Nf: (d') have Poisson
distributions, there is a K € N such that

]P’L max N

a,y)EAXY @y

(d) > K] <e.

Let M € N be such that P[max(yeaxy Ngo(d') > K| < ¢ and [P[Ng3(d') = ¢] —
IP’[N;’fZ(d’) = ¢|| < e for all (a,y) € AxY, forall ¢ < K and n > M. Then for any
continuous and bounded f: A(0) — R, for all n > M we have

| ordrz, ~ | orar,
A(©)

AO)

<2 max [FOI(K + DAx Y]z (16)

so F° , weakly converges to F,. ]

Lemma A.9.
1§, k(. d")dH.)(d") is non-empty valued.

2. §, Wk (-, d)dHy(d') is closed valued;

3. §,wro(.,d)dH(d') is upper hemicontinuous;
4. §,wro(. d')dH ) (d') is convex valued;

5

. o is an ergodic memory equilibrium if and only if o/ € { U (o/, d")dH (d').

Proof. First, observe that for every v € A(A), §, ¥ (o, d')dH(d') is the Aumann [1965]

integral of the mixed best reply correspondence with respect to the measure SD F',dH o (d).

1. Follows from the finiteness of A.



2. Follows from the finite dimensionality of A(A) and Theorem 2.1.37, case (i) of Molchanov
2017).

3. By Lemma A.9, F, (“ )0 is continuous in a. Moreover, since the stationary distribution
is continuous in the entries of the corresponding Markov chains on the set of ma-
trices that admit a unique station distribution, #y(d') is continuous in and so is
§p WHo(-,d')dH ) (d"). Therefore, by Artstein and Wets [1988], Theorem 4.2, WH is

upper hemicontinuous.
4. Immediate from the definition of {, W#o (-, d")dH . (d').

5. Immediate from the definition of ergodic memory equilibrium and ¥*o.

B.2 Additional Examples

Example 1. Suppose that A = {0,1} and u (0,y) = %, u(l,y) =y where Y = {0,1}. Let
pi (1) = 0.9 and k = 2, with the prior about the probability of 1 under action 1 beta (1,2).
There are two equilibria, ', o with o/ (0) = 1 and & (1) = 0.45, where the second fized point
is found using the Mathematica program available at https://www. dropbox. com/scl/fi/
wltzstdynepbdOnzTnnnj/multipleNew.nb?rlkey=5dnjsilme6injrs62m79n9hl66d1=0.


https://www.dropbox.com/scl/fi/w1tzstdynepbd0nz7nnnj/multipleNew.nb?rlkey=5dnjsi2me6injxs62m79n9hl6&dl=0
https://www.dropbox.com/scl/fi/w1tzstdynepbd0nz7nnnj/multipleNew.nb?rlkey=5dnjsi2me6injxs62m79n9hl6&dl=0
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