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1. INTRODUCTION

Many economic settings involve many-to-one matching among heterogeneous individu-

als. Firms of varying productivity hire workers of varying skill. Schools of varying quality

admit students of varying ability. Neighborhoods with varying amenities house heteroge-

neous residents. Status goods are purchased by heterogeneous consumers.

What matching patterns arise in these markets? Do workers segregate by skill, so the

best firms hire only the best workers? Or, do firms hire a mix of workers with different

skill levels, leading to a more equal distribution of workforces? When are workforces (or

student bodies, or neighborhoods) more sorted, and when are they more equal?

These questions can be seen at the heart of current social and economic debates. In-

fluential research has linked rising wage inequality to rising assortativity between firms

and workers (Card et al., 2013, Song et al., 2019, Kline, 2024). Proposed explanations

include skill-biased technological change (Acemoglu and Autor, 2011, Håkanson et al.,

2021, Cortes et al., 2023), outsourcing (Goldschmidt and Schmieder, 2017, Handwerker,

2023), and factor supply and demand shocks (Haanwinckel, 2025). Yet, standard assign-

ment models focus on one-to-one matching (Sattinger, 1993, Terviö, 2008)—where firms

match with individual workers, not workforces—and are thus silent as to what changes in

production technologies lead firms to hire more or less homogeneous workforces. Another

longstanding debate concerns whether neighborhoods, schools, and other social institu-

tions are inefficiently segregated by income or ability: i.e., whether society is overly sorted

or meritocratic. See, e.g., Benabou (1996), Becker and Murphy (2000), Durlauf (2004),

and Bishop and Cushing (2009) on residential segregation, Arnott and Rowse (1987) and

Epple and Romano (1998) on schools, and Markovits (2019) and Sandel (2020) on society

more broadly. Again, existing models do not provide a tractable framework for studying

equilibrium matching patterns, utilities, or comparative statics in these settings, especially

with rich heterogeneity on both sides of the market.

The current paper proposes such a framework. We study competitive equilibrium in

continuum-agent, many-to-one matching markets with quasilinear utility and both match

effects—output depends on the pattern of cross-side matching, such as workers to firms—

and peer effects—output also depends on the pattern of within-side matching, such as work-

ers to coworkers. Competitive equilibrium exists and is efficient. The model’s key tradeoff
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is between sorting and equality. Suppose a firm of productivity x that hires a workforce

with mean skill z generates value v(x, z). (This is our baseline, mean-measurable case,

where the skill distribution in a workforce affects output only through its mean z.) As-

sume that there are increasing differences between firm productivity and workforce skill

(vxz > 0), but that there are also decreasing returns to workforce skill (vzz < 0): for exam-

ple, the production function could be given by

v(x, z) = σxz − z2/2, (1)

where σ > 0 is a parameter that determines the strength of increasing differences relative to

decreasing returns. Increasing differences implies that, whatever distribution of workforce

means z forms in equilibrium, they will be matched with firms in a positively assortative

manner. Thus, when the distribution of workforces is more spread out, more value is created

by matching better workforces to better firms—but, at the same time, more value is wasted

due to decreasing returns to skill. There is thus a tradeoff between sorting workers across

workforces—to capitalize on increasing differences—and mixing workers to create more

equal workforces—to economize on decreasing returns.

We show how this tradeoff resolves. In the mean-measurable case, equilibrium is de-

scribed by the solution to a concave maximization problem, subject to majorization con-

straint, which says that the equilibrium distribution of workforce skills is compressed rela-

tive to the population distribution of worker skills. In general, equilibrium is characterized

by alternating intervals of worker segregation and compression (mixing): our main result is

that the equilibrium matching is the unique increasing function where the marginal value of

workforce skill is increasing and is constant on compression intervals. For example, if in-

creasing differences are stronger than decreasing returns (or if there are increasing returns,

vzz ≥ 0), the equilibrium is positive assortative segregation (PAS): workforces segregate

by skill and match to firms in a positively assortative manner.1 If instead increasing differ-

ences are weaker than decreasing returns, the equilibrium is full compression: essentially,

all workforces are mixed, but more productive firms still hire strictly more skilled work-

forces. We also provide conditions for other simple matching patterns, such as upper com-

1PAS is the many-to-one analogue of positive assortative matching, characterized by Becker (1973).
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pression, where less productive firms hire segregated workforces, while more productive

firms hire mixed ones.

We also obtain comparative statics on the equilibrium matching and utilities. In partic-

ular, we show what changes in the production function v(x, z) make the equilibrium more

segregated by skill. Equilibrium becomes more segregated if and only if increasing differ-

ences become stronger relative to decreasing returns: in equation (1), this corresponds to an

increase in σ. We also show that comparative statics for wages have both similarities and

differences from the one-to-one matching case (e.g., Terviö, 2008). One notable difference

is that, in our model, a worker’s wage may fall when higher-skilled workers become even

more productive, whereas her wage is unaffected by this change under one-to-one match-

ing. The reason is that workers do not directly compete with higher-skilled workers under

one-to-one matching, while in our model all workers are in competition, as their skills

substitute for each other in improving workforces.

Our baseline, mean-measurable model admits a unique equilibrium matching between

firm productivities x and mean workforce skills z. However, many workforce compositions

imply the same distribution of z, so the equilibrium matching between firms and individual

workers is not uniquely determined. We show how this indeterminacy resolves when firms

of different productivities x value workforces according to slightly different moments, all

of which are close to the mean z. In particular, we show when the equilibrium assignment

is strictly single-dipped—meaning that more productive firms employ more heterogeneous

workforces—or, conversely, strictly single-peaked. These results refine the relationship be-

tween firm productivity and workforce composition predicted in the mean-measurable case.

In addition, we also characterize when the equilibrium is PAS in the general, non-mean-

measurable case.

The above results pertain to competitive equilibrium, which is always efficient. However,

competitive equilibrium implicitly allows personalized prices, which are not reasonable in

all of our applications: firms pay different wages to different workers, but schools might or

might not charge different tuition to different students, and the price of a house in a given

neighborhood is generally not personalized to different prospective buyers. We therefore

contrast competitive equilibrium with uniform price equilibrium, where there is a single

price to match with each agent on the “one” side of the market (e.g., a single price for each

school or neighborhood). In markets without personalized prices, uniform price equilibrium
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is the appropriate descriptive equilibrium concept, and competitive equilibrium serves as an

efficiency benchmark. Generalizing earlier results of Benabou (1996) and Becker and Mur-

phy (2000) (among others), we characterize when uniform price equilibria are inefficiently

segregated, meaning that the uniform price equilibrium is PAS, but the competitive equi-

librium is not. We also obtain the simple (but apparently novel) result that moving from

competitive equilibrium to uniform price equilibrium impacts utilities precisely by shift-

ing the value generated by peer effects from students to schools. This result suggests that

agreements among colleges to forego merit scholarships may warrant regulatory scrutiny.2

Related Literature. From a technical perspective, our model is a minimal mutual gen-

eralization of optimal transport and Bayesian persuasion. It also generalizes prior work on

many-to-one matching with peer effects. These connections are explored in more detail in

the body of the paper—here, we give a brief overview.

The special case of our model with no peer effects is one-to-one matching with transfers

and a continuum of agents, aka the continuum assignment model, aka optimal transport.

The discrete version of this model traces to Koopmans and Beckmann (1957), Shapley

and Shubik (1971), and Becker (1973). Sattinger (1975, 1993) derived the wage equation,

Terviö (2008) derived its comparative statics, and Gabaix and Landier (2008) applied it to

study CEO compensation. The continuum assignment model is due to Gretsky et al. (1992).

These and other applications of optimal transport are surveyed by Galichon (2018).

The special case of our model with no match effects is mathematically equivalent to the

Bayesian persuasion problem of Kamenica and Gentzkow (2011), where a “sender” splits

a distribution of states into a distribution of posteriors, to maximize the expectation of a

function of the posterior. As far as we know, the mean-measurable version of this problem

first appeared in Saint-Paul (2001), in the labor market context. In the persuasion literature,

it was studied by Gentzkow and Kamenica (2016), Kolotilin et al. (2017), Kolotilin (2018),

Dworczak and Martini (2019), and Kleiner et al. (2021), among others.

2Such an agreement among elite US colleges was the subject of the “Overlap case” (U.S. Court of Appeals for

the Third Circuit, 1993) and Henry v. Brown (U.S. District Court for the Northern District of Illinois, 2022). A

counterpoint is that the money colleges saved by forgoing merit aid supported need-based aid and other pro-social

goals (Carlton et al., 1995).
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A few prior papers study many-to-one matching with linear peer effects. Kremer (1993)

studies the production function v(x, z) = xez , with x > 0 for all firms. This function has

increasing returns to skill (vzz ≥ 0), which directly implies that equilibrium is PAS: see

Remark 10. Boerma et al. (2025) study the production function v(x, z) = xez , with x < 0

for all firms. This function has decreasing returns to skill (vzz < 0) and is thus covered

by our main results.3 Other papers that study matching with linear peer effects in particu-

lar contexts include Arnott and Rowse (1987) and Epple and Romano (1998) on schools,

De Bartolome (1990), Benabou (1996), and Becker and Murphy (2000) on neighborhoods,

and Rayo (2013) on status goods.4

The literature on many-to-one matching in discrete economies dates to Kelso and Craw-

ford (1982). Other than requiring substitutability between workers, their model is very

general; consequently, equilibrium lacks a tight characterization. Continuum-agent gener-

alizations, including Che et al. (2019), Azevedo and Hatfield (2018), and Leshno (2022),

likewise mostly focus on existence and other basic properties, rather than tightly character-

izing matching patterns and comparative statics. The same comment applies to the literature

on general equilibrium with “clubs” (e.g., Ellickson et al., 1999).

We also relate to a mathematics literature on weak optimal transport, initiated by Gozlan

et al. (2017): see Remark 5. The closest papers in this literature are Alibert et al. (2019) and

Backhoff-Veraguas et al. (2020), whose results anticipate parts of our Theorems 1 and 4,

respectively.

The remainder of the paper is organized as follows. Section 2 present our model and

competitive equilibrium notion. Section 3 establishes equilibrium existence and efficiency.

Section 4 characterizes when equilibrium is PAS. Section 5 specializes the model to the

mean-measurable case. This section is the core of our analysis: it characterizes the equilib-

3Kremer (1993) and Boerma et al. (2025) assume that production depends on the product of worker abilities,

so their production functions are mean-measurable after taking log’s. Boerma et al.’s production function is then

v(x̃, z) = x̃(1 − ez) with x̃ > 0, which is equivalent to v(x, z) = xez , with x = −x̃ < 0, after dropping the

constant x̃. A difference from our model is that these authors assume that each firm hires a finite number of

workers, rather than a continuum.
4Farther afield, Lindenlaub (2017), Edmond and Mongey (2022), and Chone et al. (2025) study sorting and

bundling workers with multidimensional skills.
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rium matching and utilities and provides comparative statics. Section 6 shows how perturb-

ing the model away from mean-measurability determines individual workers’ assignments.

Section 7 defines uniform price equilibrium and contrasts it with competitive equilibrium.

Section 8 discusses possible extensions.

2. MODEL

We study many-to-one matching between unit measures of heterogeneous firms and

workers. Firm types (productivity) x ∈ X are distributed µ ∈ ∆(X), and worker types

(skill) y ∈ Y are distributed ν ∈∆(Y ), where X and Y are compact metric spaces.5 Each

firm x must hire a unit mass of workers η ∈∆(Y ), which we call a workforce, and each

worker must find employment. Thus, an assignment is a distribution γ ∈ ∆(X ×∆(Y ))

over (firm, workforce) pairs (x,η) such that its marginal over X equals µ (each firm hires

a unit mass of workers) and the average workforce η equals ν (each worker is employed):

that is, γX = µ and Eγ [η] = ν.

All agents (firms and workers) have quasi-linear utility. A matched firm-workforce pair

(x,η) generates value V (x,η). We assume the “production function” V is Lipschitz con-

tinuous.

We define a competitive equilibrium as follows.

DEFINITION 1: A competitive equilibrium is an assignment γ together with utilities (or

prices) (p, q) ∈ Lip(X)× Lip(Y ) satisfying

p(x) +Eη[q(y)] = V (x,η), for all (x,η) ∈ supp(γ),

p(x) +Eη[q(y)]≥ V (x,η), for all (x,η) ∈X ×∆(Y ).

The first condition says that each firm x makes profit p(x) from hiring workforce η at

wages q; the second condition says that firm x cannot make more profit by hiring a different

workforce. Equivalently, (γ;p, q) is a core or group-stable outcome (see Remark 4).

5We collect some mathematical notation: For any compact metric space X , ρX denotes its metric, Lip(X)

denotes the set of Lipschitz functions on X , and ∆(X) denotes the set of Borel probability measures on X ,

endowed with the Kantorovich-Rubinstein distance, induced by the norm (17). A subset of X will always mean a

Borel subset. For any µ ∈∆(X), its support supp(µ) is the smallest compact subset of X of measure one.
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Note that if (γ;p, q) is an equilibrium, then so is (γ;p+ c, q− c), for any constant c ∈R.

That is, utilities are only determined up to a constant that divides the surplus between the

two sides of the market. This feature is typical of assignment models (Sattinger, 1993,

Boerma et al., 2025).6

REMARK 1—Relation to Assignment Models and Bayesian Persuasion: The model is a

minimal generalization of assignment models (one-to-one matching) and Bayesian persua-

sion. If V is linear in η, it reduces to one-to-one matching: i.e., the continuum assignment

model as in Gretsky et al. (1992, 1999), or the optimal transport problem as in Santam-

brogio (2015) or Galichon (2018).7 If instead X is a singleton, it reduces to Bayesian

persuasion as in Kamenica and Gentzkow (2011).8

REMARK 2—Matching with Peer Effects and Personalized Prices: Our model captures

matching with peer effects, because if a worker with skill y working at a firm of produc-

tivity x with co-workers with skill distribution η generates value W (x, y,η), we recover

our model with V (x,η) = Eη[W (x, y,η)]. With this interpretation, the special case of our

model with no peer effects—where W does not depend on η—is the continuum assignment

model/optimal transport problem. Conversely, the special case with no match effects—

where W does not depend on x—is the Bayesian persuasion problem.

In the worker-firm interpretation of the model, the value W (x, y,η) generated by

firm-worker-workforce triple (x, y,η) accrues to the firm: the firm’s profit is p(x) =

Eη[W (x, y,η)− q(y)], and worker y’s wage is q(y). In other applications, W (x, y,η) in-

6Some assignment models pin down the constant by introducing outside options (Kremer, 1993, Terviö, 2008)

or a size imbalance between the sides of the market. These features could likewise be introduced in our model.
7A minor difference with Gretsky et al. (1992, 1999) is that they assume free disposal, so an assignment γ is

a positive measure on X ×∆(Y ) such that γX ≤ µ and
󰁕
ηγ(dx,dη) ≤ ν . If V ≥ 0 and µ(X) = ν(Y ), free

disposal is immaterial, as γX = µ and
󰁕
ηγ(dx,dη) = ν in any competitive equilibrium.

8Explicitly, our model with singleton X is described by a distribution ν of workers, which must be split into

a distribution τ ∈∆(∆(Y )) of workforces η ∈∆(Y ), with Eτ [η] = ν , to maximize Eτ [V (η)]. This is precisely

the Bayesian persuasion problem of Kamenica and Gentzkow (2011), with workers replacing states of the world,

the distribution τ replacing an experiment, workforces replacing posteriors, and the production function V (η)

replacing the sender’s indirect utility from inducing posterior η.
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stead accrues to the “worker” (the agent on the “many” side of the market).9 For instance,

in the student-school interpretation, W (x, y,η) is the willingness-to-pay of a type-y stu-

dent to attend a type-x school with student body η; the tuition charged to this student is

W (x, y,η)− q(y) (leaving her utility W (x, y,η)− (W (x, y,η)− q(y)) = q(y)); and the to-

tal tuition received by the school is p(x) = Eη[W (x, y,η)−q(y)]. The neighborhood effects

and status goods applications are similar.10

In applications where W (x, y,η) accrues to the “worker,” competitive equilibrium im-

plicitly involves personalized prices. For example, if two students y and y′ attend the same

school x with student body η, their tuitions W (x, y,η)− q(y) and W (x, y′,η)− q(y′) can

differ. Personalized prices may not be very realistic in the student-school and status goods

applications (merit scholarships and giveaways to influencers notwithstanding), and they

are likely unrealistic in the neighborhood application (as emphasized by Becker and Mur-

phy, 2000). Thus, in these applications, our competitive equilibrium notion is relevant as

an efficiency benchmark rather than a positive prediction, and the corresponding positive

theory is instead given by the uniform-price equilibrium notion developed in Section 7.

3. EXISTENCE AND WELFARE THEOREMS

Our first result is that (i) competitive equilibria exist, (ii) equilibrium assignments max-

imize total value, and (iii) equilibrium prices minimize total utility subject to a no-entry

condition. This technical result is the basis of our analysis, as it lets us study competi-

tive equilibria via primal and dual optimization problems. But, readers eager to reach our

applied results can skip to Section 4 or 5, referring back to this section as needed.

Formally, define the planner’s problem

max
γ∈∆(X×∆(Y ))

Eγ [V (x,η)]

s.t. γX = µ and Eγ [η] = ν,

(P)

9In general, W could be divided arbitrarily between the two sides.
10For example, in the neighborhood interpretation, the willingness-to-pay of a type-y household to live in a

type-x neighborhood with composition η is W (x, y,η); the rent charged to this household is W (x, y,η)− q(y);

and the average rent in the neighborhood is p(x) = Eη[W (x, y,η)− q(y)].
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and define the dual problem

min
(p,q)∈Lip(X)×Lip(Y )

Eµ[p(x)] +Eν [q(y)]

s.t. p(x) +Eη[q(y)]≥ V (x,η), for all (x,η) ∈X ×∆(Y ).
(D)

The planner’s problem is to choose an assignment to maximize total value.11 The dual

problem is to minimize total utility subject to the constraint that no entering (firm, work-

force) pair can make a strictly positive profit.12

THEOREM 1: A competitive equilibrium exists. Moreover, (γ;p, q) is a competitive equi-

librium if and only if γ solves the planner’s problem (P) and (p, q) solves the dual prob-

lem (D).

The bulk of the proof consists in showing that the value of (P) as a function of the distri-

butions µ and ν, denoted U(µ,ν), inherits Lipschitz continuity from V (x,η), at which point

the theorem follows from an infinite-dimensional separating hyperplane theorem (namely,

the Duality Theorem in Gale, 1967). In turn, Lipschitz preservation follows the usual line of

argument for why the value function in parameterized optimization problems inherits Lips-

chitz continuity from the objective function (Milgrom and Segal, 2002), once we show that

the set of feasible assignments varies with the population distributions in a well-behaved

manner. Specifically, the key technical step is showing that if γ is a feasible assignment for

population measures (µ,ν), then for any population measures (µ̂, ν̂), there exists a feasi-

ble assignment γ̂ such that 󰀂γ − γ̂󰀂KR ≤ 󰀂µ− µ̂󰀂KR + 󰀂ν − ν̂󰀂KR, where 󰀂·󰀂KR is the

11This problem can be broken into a Bayesian persuasion problem followed by an optimal transport problem:

first, choose a distribution τ ∈∆(∆(Y )) over workforces η satisfying Eτ [η] = ν; then, choose a transport plan

γ ∈ ∆(X × ∆(Y )) between the (exogenous) distribution µ of firms and the (endogenous) distribution τ of

workforces satisfying γX = µ and γ∆(Y ) = τ .
12Mathematically, the dual formulation is justified by the Kantorovich-Rubinstein theorem that a continuous

linear function on M(X) × M(Y ) (where M(X) is the space of signed measures on X endowed with the

Kantorovich-Rubinstein norm) is represented by
󰁕
pdµ +

󰁕
q dν for some Lipschitz functions p and q (e.g.,

Theorem 0 in Hanin, 1992).
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Kantorovich-Rubinstein norm. This is proved by using optimal transport plans between µ

and µ̂, and between ν and ν̂, to construct γ̂.13

REMARK 3—Price Functions: The equilibrium utilities satisfy

p(x) = max
η∈∆(Y )

{V (x,η)−Eη[q(y)]}, for all x ∈ supp(µ), and

q ∈ argmin
q̂∈Lip(Y )

{Eν [q̂(y)] : Eη[q̂(y)]≥max
x∈X

{V (x,η)− p(x)}, for all η ∈∆(Y )}.

The first equation says that the profit p(x) of firm x equals its maximum profit from hiring

any workforce η at wages q. This is analogous to the profit equation in optimal transport

(e.g., Santambrogio, 2015, Proposition 1.11; Galichon, 2018, Proposition 2.3). The second

equation says that the wage schedule q is the lowest one such that the total wage Eη[q̂(y)] of

any workforce η is at least the value it generates at any firm x, net of the firm’s profit p(x).

This is analogous to the dual problem in Bayesian persuasion (Dworczak and Kolotilin,

2024).

REMARK 4—Relation to General Equilibrium: Our economy is convex as we have a

continuum of firms and workers, as in Aumann (1964): mathematically, U(µ,ν) is concave

as the value of a linear program. As in Aumann (1964) and Gretsky et al. (1992, 1999),

say that (p, q) ∈ Lip(X) × Lip(Y ) is the core if U(µ̂, ν̂) ≤ Eµ̂[p(x)] + Eν̂ [q(y)] for all

(µ̂, ν̂) ∈∆(X)×∆(Y ), with equality at (µ,ν), meaning that there is no blocking coalition

of firms and workers. Mathematically, this says that (p, q) is a supergradient of U at (µ,ν).

By conjugate duality (e.g., Theorem 16 in Rockafellar, 1974), (D) has a solution and the

values of (P) and (D) coincide at (µ,ν) if and only if U has a supergradient at (µ,ν).14

Core and competitive equilibrium are thus equivalent in our model (as in Aumann, 1964

and Gretsky et al., 1992, 1999), and the contribution of Theorem 1 is showing that if V is

Lipschitz continuous then U has a supergradient. To do so, we build on Gale (1967), whose

duality theorem implies that U has a supergradient at (µ,ν) if and only if it has bounded

steepness at (µ,ν), meaning that there exists a constant L such that U(µ̂, ν̂)−U(µ,ν) ≤

13In the special case of Bayesian persuasion (where X is a singleton), this argument replicates the proof of

Theorem 4 in Dworczak and Kolotilin (2024).
14(P) has a solution by the Weierstrass Theorem.
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L󰀂(µ̂, ν̂)− (µ,ν)󰀂KR, for all (µ̂, ν̂) ∈∆(X)×∆(Y ). So, bounded steepness is equivalent

to equilibrium existence,15 and is implied by Lipschitz continuity. Finally, as described

above, we show that U inherits Lipschitz continuity from V by combining an envelope

argument as in Milgrom and Segal (2002) and a generalization of the optimal transport

argument in Dworczak and Kolotilin (2024).

REMARK 5—Relation to Weak Optimal Transport: If V (x,η) is concave in η, then,

by Jensen’s inequality, there exists an optimal assignment γ such that (x,η), (x, η̂) ∈
supp(γ) =⇒ η = η̂, so (P) can be reformulated as

max
π∈∆(X×Y )

EπX [V (x,πx)]

s.t. πX = µ and πY = ν,

(P’)

where πx is the conditional distribution of y given x under π. This formulation is the

premise of the weak optimal transport literature (e.g., Gozlan et al., 2017, Alibert et al.,

2019, Backhoff-Veraguas et al., 2019). This literature establishes primal attainment and no

duality gap (i.e., max (P’) = inf (D)), assuming that V is concave in η but allowing V to be

upper-semicontinuous and X and Y to be non-compact.16 However, none of these papers

provides tractable sufficient conditions on V for dual attainment and hence for equilibrium

existence.17

15This observation applies to any general equilibrium setting with a normed vector space of commodities

and quasi-linear utility (e.g., Ostroy, 1984, Gretsky et al., 2002). For comparison, the main technical result in

the infinite-dimensional general equilibrium literature is that properness of preferences is equivalent to quasi-

equilibrium existence in a one-consumer economy (Mas-Colell, 1986, Mas-Colell and Zame, 1991). Since any

equilibrium is a quasi-equilibrium, bounded steepness implies properness under quasi-linear utility. Under mild

additional conditions (e.g., positivity of V and full support of (µ,ν)), any quasi-equilibrium is an equilibrium, so

properness and bounded steepness are equivalent.
16Without concavity, we can have sup (P’) < sup (P) = inf (D), which clarifies the role of the concavity as-

sumption in the weak optimal transport literature.
17The most related of these papers is Alibert et al. (2019), who establish dual attainment by directly assuming

Lipschitz continuity of U (Theorem 5.1) and in some special cases (Theorems 5.6 and 6.8).
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4. POSITIVE ASSORTATIVE SEGREGATION

This short section characterizes when workforces are segregated by skill and matched to

firms in a positively assortative manner. This is the many-to-one analogue of positive assor-

tative matching. This section also serves as a benchmark for Section 7, where we compare

conditions for (and payoffs under) segregation with competitive and uniform prices.

For the remainder of the paper, we assume that firm and worker types are 1-dimensional:

X = [x,x] and Y = [y, y], with x < x and y < y. We represent measures µ and ν by their

cdfs F ∈∆(X) and G ∈∆(Y ), which are assumed to have continuous and strictly positive

densities f and g.18 We also assume that V (x, δy) is twice continuously differentiable on

X × Y , where δy is the Dirac measure at y, and we denote partial derivatives of (x, y) 󰀁→
V (x, δy) with subscripts.

In one-to-one matching, strictly increasing differences in (x, y) imply positive assortative

matching: each firm x hires worker y = S(x), where S =G−1 ◦F is the quantile matching

function from F to G (Becker, 1973). In our many-to-one model, the same matching arises

(where each firm x hires workforce δS(x)) if all workforces are segregated and matched

to firms positively assortatively. We thus refer to S = G−1 ◦ F as the positive assortative

segregation (PAS) matching.19

The following result characterizes when the equilibrium is PAS. The first part says that

the equilibrium is PAS for any distribution of firm and worker types if and only if V (x, δy)

is supermodular in (x, y) and V (x,η) is outer convex in η.20 Intuitively, segregation by skill

is optimal iff V (x,η) is outer convex; and, if workforces are segregated, positive assorta-

tive matching between firms and workforces is optimal iff V (x, δy) is supermodular. The

third part says that, when PAS is a competitive equilibrium, the corresponding utilities are

given by the envelope theorem (i.e., p′(x) = Vx(x, δS(x)) and q′(y) = Vy(S
−1(y), δy)). The

second part follows from substituting these utilities in Definition 1.

THEOREM 2: The following hold:

18Most results extend straightforwardly to general F and G, which need not have full support or densities.
19The corresponding PAS assignment φ ∈∆(X ×∆(Y )) is given by φ(A,D) =

󰁕
A 1{δS(x) ∈D}µ(dx), for

all A⊂X and D ⊂∆(Y ).
20This generalizes the conditions for positive assortative matching in optimal transport (supermodularity of V ;

Becker, 1973) and full disclosure in Bayesian persuasion (outer convexity of V ; Dworczak and Martini, 2019).
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1. PAS is a competitive equilibrium for all (F,G) if and only if V (x, δy) is supermodular

in (x, y),

Vxy(x, δy)≥ 0, for all (x, y) ∈X × Y , (2)

and V (x,η) is outer convex in η,
󰁝

Y
V (x, δy)η(dy)≥ V (x,η), for all (x,η) ∈X ×∆(Y ). (3)

In addition, if (2) holds strictly for all (x, y), then PAS is the unique competitive

equilibrium for all (F,G).

2. PAS is a competitive equilibrium if and only if
󰁝 y

y

󰁝 y

S(x)
Vy(S

−1(ỹ), δỹ) dỹ η(dy)≥ V (x,η)− V (x, δS(x)),

for all (x,η) ∈X ×∆(Y ).

(4)

In addition, if (4) holds strictly for all (x,η) ∈X ×∆(Y ) with η ∕= δS(x), then PAS is

the unique competitive equilibrium.

3. When PAS is a competitive equilibrium, functions (p, q) are corresponding equilib-

rium prices if and only if there exists c ∈R such that

p(x) =

󰁝 x

x
Vx(x̃, δS(x̃)) dx̃+ c, for all x ∈X, (5)

q(y) = V (x, δy) +

󰁝 y

y
Vy(S

−1(ỹ), δỹ) dỹ− c, for all y ∈ Y, (6)

REMARK 6—Sufficiency of Checking 2-Type Workforces: Suppose there exist func-

tions v :X×Y ×R→R and m :X×Y →R such that V (x,η) = Eη[v(x, y,Eη[m(x, ỹ)])]

for all (x,η) ∈X×∆(Y ). This assumption holds throughout the remainder of the paper: in

Section 6, v does not depend on y; in the linear peer effects model in Section 7, m(x, y) = y;

and in Section 5, both of these additional assumptions hold. Then, to check the conditions

of Theorem 2, it suffices to consider workforces with at most two worker types: (3) and (4)

hold if and only if they hold for all (x,η) ∈X ×∆(Y ) with | supp(η)|≤ 2.21

21In addition, if (4) holds strictly for all (x,η) with η ∕= δS(x) and | supp(η)|≤ 2, then it holds strictly for all

(x,η) with η ∕= δS(x).
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5. MEAN-MEASURABLE PRODUCTION

We now focus on the tractable, baseline model where a workforce’s productivity is de-

termined by its workers’ mean skill: there exists a function v ∈ Lip(X × Y ) such that

V (x,η) = v (x,Eη[y]) , for all (x,η) ∈X ×∆(Y ).

We also assume that v is twice continuously differentiable, with strictly increasing dif-

ferences between firm productivity and workforce skill (vxz(x, z) > 0 for all (x, z)) and

strictly decreasing returns to skill (vzz(x, z)< 0 for all (x, z)).22 We refer to this model as

the mean-measurable case.

The mean-measurable case generalizes Saint-Paul (2001) (as well as mean-measurable

Bayesian persuasion following Gentzkow and Kamenica, 2016, Kolotilin, 2018, and Dwor-

czak and Martini, 2019) by allowing multiple firm types. Other special cases include Kre-

mer (1993), who assumes that v(x, z) = xez with x > 0 for all firms, and Boerma et al.

(2025), who assume that v(x, z) = xez with x < 0 for all firms. The mean-measurable case

also generalizes models with binary worker types, such as Becker and Murphy (2000) and

Benabou (1996), as well as models where workers contribute efficiency units of labor.

This section characterizes competitive equilibrium in the mean-measurable case. Sec-

tion 5.1 simplifies the primal and dual problems. Section 5.2 characterizes the equilibrium.

Section 5.3 characterizes when simple matching patterns arise, such as PAS or full com-

pression. Section 5.4 gives comparative statics on the equilibrium matching and prices.

5.1. Competitive Equilibrium

In the mean-measurable case, a workforce η ∈∆(Y ) can be identified with its mean, z =

Eη[y] ∈ Y . We can thus abstract from the details of how individual workers and firms match

(returning to this question only in Section 6), and instead simply ask what distribution H of

workforce mean skills z forms, and how workforces with different mean skills z match with

firms with different productivities x. We therefore define an assignment as a cdf J ∈∆(X×
Y ) over (firm, mean skill) pairs (x, z) such that (i) its X-marginal is JX = F and (ii) its

22These assumptions are not needed for Section 5.1. The increasing returns to skill case, vzz(x, z)> 0 for all

(x, z), is also economically relevant—e.g., Kremer (1993) assumes increasing returns—and we characterize the

equilibrium in this case in Remark 10.
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Y -marginal JY =H can be obtained by splitting the skill distribution G into a distribution

of workforces η that induces distribution H of mean skills. By Blackwell (1953), such

a distribution H is feasible if and only if it majorizes G, denoted H ≽ G, meaning that
󰁕 y
y H(ỹ)dỹ ≤

󰁕 y
y G(ỹ)dỹ for all y ∈ Y , with equality at y = y.23 More generally, the same

integral inequality defines the majorization order for any pair of increasing functions on Y .

The definition of competitive equilibrium in the mean-measurable case can be simplified

by simultaneously viewing q(z) as both the wage of a type z worker and the total wage

bill associated with hiring a workforce with mean skill z. For such a wage schedule q to be

consistent with a competitive assignment J , it must be convex—as otherwise a worker type

could be replaced more cheaply by a mix of more and less skilled workers—and it must

satisfy EJY [q(z)] = EG[q(y)]—so that the total wages paid by firms, EJY [q(z)], equals the

total wages received by workers, EG[q(y)]. We can thus equivalently define a competitive

equilibrium as follows (where Conv(Y ) is the set of convex functions on Y ).

DEFINITION 2: A competitive equilibrium is an assignment J together with prices

(p, q) ∈ Lip(X)× Lip(Y ) satisfying

p(x) + q(z) = v(x, z), for all (x, z) ∈ supp(J),

p(x) + q(z)≥ v(x, z), for all (x, z) ∈X × Y,

q ∈Conv(Y ), and EJY [q(z)] = EG[q(z)].

LEMMA 1: Suppose that γ ∈∆(X×∆(Y )) induces J ∈∆(X×Y ).24 Then, (J ;p, q) is

a competitive equilibrium in the sense of Definition 2 if and only if (γ;p, q) is a competitive

equilibrium in the sense of Definition 1.

The primal and dual problems simplify analogously: the planner’s problem is

max
J∈∆(X×Y )

EJ [v(x, z)],

s.t. JX = F and JY ≽G,

(PL)

23Equivalently, H ≽G if and only if G is a mean-preserving spread of H (or, if and only if G dominates H in

the convex order).
24Formally, J(x̃, z̃) = Eγ [1{(x,Eη[y]) ∈ [x, x̃]× [y, z̃]}] for all x̃ ∈X and z̃ ∈ Y .
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and the dual problem is

min
(p,q)∈Lip(X)×Lip(Y )

EF [p(x)] +EG[q(z)]

s.t. p(x) + q(z)≥ v(x, z), for all (x, z) ∈X × Y,

q ∈Conv(Y ).

(DL)

Theorem 1 specializes to the mean-measurable case as follows.25

THEOREM 3: A competitive equilibrium exists. Moreover, (J ;p, q) is a competitive equi-

librium if and only if J solves the planner’s problem (PL) and (p, q) solves the dual prob-

lem (DL).

5.2. Equilibrium Characterization

As in one-to-one matching, strictly increasing differences implies positive assortative

matching between firms and workforces: each firm x hires workforce z = H−1(F (x)) =

T (x), where H = JY is the endogenous distribution of workforce means, and T is the

quantile matching function from F to H . Thus, (PL) simplifies to

max
H≽G

󰁝

X
v(x,H−1(F (x)))F (dx),

or, equivalently, since H ≽G iff H−1 ≼G−1 (Shaked and Shanthikumar, 1994, Theorem

3.A.5),

max
T :X→Y

󰁝

X
v(x,T (x))F (dx), (M)

s.t. T is increasing, and
󰁝 x

x
T (x̃)F (dx̃)≥

󰁝 x

x
S(x̃)F (dx̃), for all x ∈X, with equality at x= x, (F)

where, again, S =G−1 ◦ F is the segregation matching that arises when H =G.26

25Theorem 3 simplifies Theorem 1 analogously to how Dworczak and Martini (2019) simplifies Kamenica and

Gentzkow (2011) in the mean-measurable case in Bayesian persuasion.
26In addition, H−1 denotes the generalized inverse, although we will see that in equilibrium T is continuous

and strictly increasing, so it coincides with the ordinary inverse.
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Finding a competitive equilibrium thus simplifies to finding the increasing matching

function T that maximizes
󰁕
v(x,T (x))F (dx), such that the resulting mean skill distri-

bution F ◦ T−1 majorizes G. In particular, if F is uniform—as is without loss up to a

change of variables—then a matching T is feasible if and only if T ≼ S. As we have as-

sumed that vzz < 0, the objective is concave, so we have a concave maximization problem

with a majorization constraint.

Given an increasing matching function T satisfying the feasibility constraint (F), we can

partition the set of firm types X into the segregation and compression sets

XS =

󰀝
x ∈X :

󰁝 x

x
T (x̃)F (dx̃) =

󰁝 x

x
S(x̃)F (dx̃)

󰀞
, and

XC =

󰀝
x ∈X :

󰁝 x

x
T (x̃)F (dx̃)>

󰁝 x

x
S(x̃)F (dx̃)

󰀞
=X\XS .

As we show in Lemma 7 in Appendix A, if x ∈ XS , then all workers of types ỹ < S(x)

are employed by firms of types x̃ < x, and all workers of types ỹ > S(x) are employed by

firms of types x̃ > x. Consequently, if T is continuous at x ∈ (x,x) (which will hold for

all x in equilibrium), then T (x) = S(x). If instead x ∈ XC , then some workers of types

ỹ < S(x) are employed by firms of types x̃ > x, and some workers of types ỹ > S(x) are

employed by firms of types x̃ < x. Note that XC is open and thus is a union of at most

countably many disjoint open intervals, XC =
󰁖

i(xi, xi).
27

The following theorem characterizes the equilibrium matching T and utilities (p, q). This

is our main result.

THEOREM 4: The following hold:

1. There is a unique equilibrium matching T , which is continuous and strictly increasing.

In particular, more productive firms hire strictly more skilled workforces.

2. The equilibrium matching is the unique increasing matching T such that the marginal

value of skill, vz(x,T (x)), is increasing and is constant on each compression interval

(xi, xi).

27In the optimal transport literature, the intervals (xi, xi) are called irreducible with respect to (F ◦ T−1,G)

(Beiglböck and Juillet, 2016).
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3. Functions (p, q) are corresponding equilibrium prices if and only if there exists c ∈R
such that

p(x) =

󰁝 x

x
vx(x̃, T (x̃)) dx̃+ c, for all x ∈X , (7)

q(y) =

󰀻
󰁁󰁁󰁁󰀿

󰁁󰁁󰁁󰀽

v(x,T (x)) +
󰁕 y
T (x) vz(T

−1(ỹ), ỹ) dỹ− c, if y ∈ [T (x), T (x)],

q(T (x))− (T (x)− y)vz(x,T (x)), if y ∈ [y,T (x)),

q(T (x)) + (y− T (x))vz(x,T (x)), if y ∈ (T (x), y].

(8)

The intuition is as follows. For part 1, the equilibrium matching is unique, because it

solves (M), which has a strictly concave objective and a convex constraint set. It is in-

creasing, because vxz > 0 implies positive assortativity between firms and workforces. It

is strictly increasing, because if x < x′ but T (x) = T (x′), then vz(x,T (x))< vz(x
′, T (x′))

by vxz > 0, so the assignment is under-sorted: marginally segregating workforces T (x)

and T (x′) (e.g., swapping a few high-skill firm x employees for a few low-skill firm x′

employees) would increase total value. It is continuous, because if T jumps up at x then

vz(x,T (x)) jumps down at x by vzz < 0, but then marginally compressing workforces

T (x− ε) and T (x+ ε) would increase total value.

For part 2, vz(x,T (x)) is increasing, because if x < x′ but vz(x,T (x)) > vz(x
′, T (x′))

then the assignment is over-sorted: marginally compressing workforces T (x) and T (x′)

would increase total value. It is constant on compression intervals, because if x and x′ are

in the same compression interval but vz(x,T (x)) < vz(x
′, T (x′)), then marginally segre-

gating workforces T (x) and T (x′) would increase total value. Conversely, if vz(x,T (x)) is

increasing and is constant on compression intervals, then it is optimal, because the match-

ing cannot be improved on either compression intervals (where vz(x,T (x)) is constant, so

further compression or segregation are both suboptimal) or segregation intervals (where

vz(x,T (x)) is increasing and workforces are already segregated, so compression is subop-

timal and further segregation is infeasible).

For part 3, equation (7) and the middle equation in (8) follow from the envelope the-

orem, which implies that p′(x) = vx(x,T (x)) and q′(y) = vz(T
−1(y), y).28 Note that the

28The second and third equations in (8) follow from linearly extending the first equation to [y,T (x)) and

(T (x), y].
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wage schedule q is linear for workers employed by firms in compression intervals (i.e.,

workers y where T−1(y) ∈XC ) and is convex for workers employed by firms in segrega-

tion intervals (workers y where T−1(y) ∈XS). Given the equilibrium matching function,

equations (7)–(8) are the same as in one-to-one matching (Sattinger, 1993).29 However,

in one-to-one matching, the matching function is always S (under vxz > 0), while in our

model the matching function—and hence profits and wages—also depends on the type

distributions F and G. This feature will have important implications for our comparative

statics results in Section 5.4.

While the intuition above relies on variational arguments, our proof of Theorem 4 relies

on linear programming (i.e., Theorem 3). The following example illustrates the key steps of

the proof in an especially tractable special case of the model: the convex-loss case, where

vz(x, z) = a(x− z) with a strictly increasing function a (e.g., v(x, z) = xz − z2/2).30

EXAMPLE 1: Let v(x, z) = xz − z2/2, F = U [0,1], and G(y) =
√
y, as shown in Fig-

ure 1(c). The segregation mapping is thus S(x) = x2, and the marginal value of skill under

segregation is vz(x,S(x)) = x − x2, which is increasing for x ≤ 1/2 but decreasing for

x≥ 1/2.

In equilibrium (Definition 2), the wage schedule q is convex, and each firm x earns

profit p(x) = maxy∈Y {v(x, y)− q(y)}. Since vzz < 0< vxz , the support of the equilibrium

assignment (where p(x) = v(x, y)− q(y)) is the graph of a continuous, increasing match-

ing function T (Lemma 8), with first-order condition q′(T (x)) = vz(x,T (x)) = x− T (x).

Since q is convex and T is increasing, x− T (x) is increasing (Lemma 12). Moreover, the

equilibrium condition
󰁕 1
0 q(T (x)) dx=

󰁕 1
0 q(S(x)) dx (i.e., EJY [q(z)] = EG[q(z)]) implies

29A subtlety is that, even though in our model type y workers may be employed by a range of firms in

equilibrium—not just firms with productivity T−1(y)—their marginal return to skill is still uniquely determined

as vz(T−1(y), y).
30This case has received attention in the weak optimal transport literature. In the convex-loss case, for any in-

creasing matching T , the function vz(x,T (x)) is increasing in x iff T ′(x)≤ 1: that is, iff T is 1-Lipschitz; simi-

larly, vz(x,T (x)) is constant iff T ′(x) = 1. Thus, by Theorem 4, the equilibrium matching is the unique increas-

ing 1-Lipschitz matching with slope 1 on each compression interval. In particular, the equilibrium matching is the

same for any production function v in the convex-loss case. This characterization follows from Backhoff-Veraguas

et al. (2020). The convex-loss case also covers Boerma et al. (2025) (as |x|ez = ez−x̃, with x̃ = − log |x|), as

well as the example in equation (1) (as σxz − z2/2 =−(z − x̃)2/2 + x̃2/2, with x̃= σx).
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that q′(T (x)) = x− T (x) is constant on each compression interval (Lemmas 9–11). Since

x − S(x) is first increasing and then decreasing, these conditions, together with (F) and

T = S on the segregation set (Lemma 7), yield the candidate equilibrium matching func-

tion: T (x) = S(x) for x ≤ x∗ and T (x) = x − x∗ + x∗2 for x ≥ x∗, where x∗ = 1/4 is

determined by
󰁕 1
x∗(T (x̃)−S(x̃)) dx̃= 0. (This is intuitive: since the marginal value of skill

under segregation is first increasing but then decreasing, a natural guess is that the equi-

librium matching function T coincides with S up to a point x∗ and thereafter is chosen to

make vz(x,T (x)) constant; the candidate matching function T is the unique such function.)

Given the candidate matching function T , we derive the candidate equilibrium prices

(p, q) (Lemma 12). By the envelope theorem, p′(x) = vx(x,T (x)) = T (x), so p(x) =
󰁕 x
0 T (x̃) dx̃ + c for some c ∈ R. In turn, q(T (x)) = v(x,T (x)) − p(x) for all x. More-

over, the equation
󰁕 1
0 q(T (x)) dx =

󰁕 1
0 q(S(x)) dx (together with (F) and convexity of q)

pins down q above T (1), so q is affine on [T (x∗),1] (Lemma 9). The candidate prices (p, q)

are thus determined up to c.

It is now easy to check that the candidate T and (p, q) form a competitive equilibrium

(Lemma 13). Indeed, q is convex, because q′(T (x)) = x− T (x) is increasing. Moreover,
󰁕 1
0 q(T (x)) dx=

󰁕 1
0 q(S(x)) dx, because T (x) = S(x) for x < x∗, q is affine on [T (x∗),1],

and
󰁕 1
x∗(T (x̃)− S(x̃)) dx̃= 0. Finally, for all x, x̂ ∈X , we have

p(x) + q(T (x̂))− v(x,T (x̂)) =

󰁝 x

x̂

󰀃
T (x̃)− T (x̂)

󰀄
dx̃≥ 0,

with equality iff x̂= x, and, similarly, p(x) + q(y)> v(x, y) for y > T (1). In fact, T is the

unique equilibrium matching, because p(x) + q(y) = v(x, y) only if y = T (x) (Lemma 8).

Notably, T can be constructed by ironing (cf. Myerson, 1981, Section 6; Kleiner et al.,

2021, Section 3.2.1), because vz(x, z) = x − z is affine in z. Letting ET (x) =
󰁕 x
0 (x̃ −

T (x̃)) dx̃, observe that vz(x,T (x)) is increasing (constant) iff ET is convex (affine), and

that (F) holds iff ET ≤ES with ET (1) =ES(1), as ES(x)−ET (x) =
󰁕 x
0 (T (x̃)−S(x̃)) dx̃.

Thus, in equilibrium, ET is convex, lies below ES with equality at x = 1, and is affine

where ET < ES . That is, ET is the convex envelope ES of ES (i.e., the largest convex

function that lies below ES), so T (x) = x − E
′
S(x) for all x, where E

′
S is the continu-

ous derivative of ES . In particular, ET = ES on [0, x∗], and ET is affine on [x∗,1], with

ET (1) =ES(1) and E′
T (x

∗) =E′
S(x

∗).
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REMARK 7—The Separable Case: The equilibrium matching is likewise constructed by

ironing in the separable case, where vz(x, z) = a(b(x)− c(x)z) for continuously differen-

tiable functions a : R → R and b, c : X → R with a′ > 0, c(x) > 0, and b′(x) > c′(x)z

for all (x, z) ∈ X × Y (so that vzz < 0 < vxz).31 Beyond the convex-loss case, where

b(x) = x and c≡ 1, the separable case nests another natural case: constant-returns produc-

tion (i.e., v(λx,λz) = λv(x, z) for all λ> 0), which corresponds to b≡ 0 and c(x) = 1/x,

provided x > 0 and y > 0. To construct the equilibrium matching in the separable case,

define u : [0,1] → [0, u] by u(t) =
󰁕 t
0 dt̃/c(F

−1(t̃)) for all t ∈ [0,1], with u = u(1). Let

t(u) be the inverse of u(t), and let x(u) = F−1(t(u)). Next, define ES : [0, u] → R by

ES(u) =
󰁕 u
0 (b(x(ũ)) − c(x(ũ))S(x(ũ))) dũ for all u ∈ [0, u], and let ES : [0, u] → R be

the convex envelope of ES with continuous derivative E
′
S . Then the unique equilibrium

matching T is given by b(x)− c(x)T (x) =E
′
S(u(F (x))) for all x ∈X . In the convex-loss

case, we have u(t) = t, so T is given by x− T (x) =E
′
S(F (x)), as in the example.

REMARK 8—Concave Optimization with Majorization Constraints: Much recent inter-

est in mechanism and information design centers on linear optimization problems over dis-

tributions satisfying majorization constraint (Bergemann et al., 2026, Kleiner et al., 2026).

Solutions to such problems lie at the extreme points of the constraint set, which were char-

acterized by Kleiner et al. (2021). In contrast, our problem (M) is a concave optimization

problem over distributions satisfying majorization constraints. Theorem 4 shows that the

solution everywhere either satisfies the majorization constraint with equality (x ∈XS) or

satisfies a first-order condition ( d
dxvz(x,T (x)) = 0). Investigating the generality of this

property is a possible avenue for future research.32

31As in the example, ironing works because, up to the monotone transformation a−1, vz is affine in z, so the

convex envelope (after rescaling x) again encodes the equilibrium conditions of Theorem 4.
32We are aware of two related papers in this vein. Gershkov et al. (2022) use optimal control to analyze a

concave optimization problem subject to a weak (inequality) majorization constraint. Kang and Watt (2026) use

a Lagrangian approach to analyze a concave optimization problem subject to a weak majorization constraint and

(possibly) a pointwise side constraint.
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5.3. Conditions for Simple Matching Patterns

Theorem 4 implies transparent sufficient conditions for simple matching patterns. We say

that the matching function T is PAS if XS =X (or, equivalently, T = S), full compression

if XC = (x,x), upper compression if there exists x∗ such that XC = (x∗, x), and lower

compression if there exists x∗ such that XC = (x,x∗). Roughly speaking, under PAS, all

workforces are segregated; under full compression, all workforces are mixed; under upper

compression, low-skill workforces are segregated and high-skill workforces are mixed;

and under lower compression, low-skill workforces are mixed and high-skill workforces

are segregated.33

THEOREM 5: The equilibrium matching is:

1. PAS if and only if vz(x,S(x)) is increasing on X .

2. Full compression if vz(x,S(x)) is strictly decreasing on X .

3. Upper compression if vz(x,S(x)) is strictly quasiconcave on X .

4. Lower compression if vz(x,S(x)) is strictly quasiconvex on X .

To interpret Theorem 5, note that

d

dx
vz(x,S(x)) = vxz(x,S(x)) + vzz(x,S(x))S

′(x). (9)

Thus, vz(x,S(x)) is increasing if and only if the sorting force vxz is stronger than the

pooling force vzz , in that the magnitude of vxz is larger than that of vzz , scaled by the

change-of-measure term S′(x) = f(x)/g(S(x)).

To see the intuition, consider matching firm types x < x′ with worker types S(x) <

S(x′). Under segregation, these matches generate total value

v(x,S(x)) + v(x′, S(x′)).

If the two workforces slightly mix, they generate total value

v(x,S(x) + ε) + v(x′, S(x′)− ε).

33This sentence is imprecise because a firm in a compression interval need not actually hire a mixed workforce

in the equilibrium assignment (see, e.g., Figure 5(a)). However, such a firm is always willing to hire a mixed

workforce at the equilibrium wages.
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Taking ε ↓ 0, slight mixing is suboptimal if and only if

vz(x,S(x))≤ vz(x
′, S(x′)).

Moreover, by vzz < 0, if slight mixing is suboptimal, then so is larger mixing. Thus, PAS

is optimal if and only if vz(x,S(x)) ≤ vz(x
′, S(x′)) for all x < x′: that is, iff vz(x,S(x))

is increasing. Conversely, if vz(x,S(x)) is decreasing, it is suboptimal to segregate any

interval of workforces, so the equilibrium is full compression. Similarly, if vz(x,S(x))

is first increasing and then decreasing (i.e., quasiconcave), it is optimal to segregate low-

skill workforces and mix high-skill workforces, so the equilibrium is upper compression.

Likewise, if vz(x,S(x)) is quasiconvex, the equilibrium is lower compression.34

We illustrate Theorem 5 with some examples, where the production function lies in the

convex-loss case (e.g., v(x, z) = xz − z2/2). Recall that, by footnote 30, the equilibrium

matching is the same for any such production function, and is the unique increasing 1-

Lipschitz matching with slope 1 on each compression interval.

Figure 1 illustrates the segregation mapping S =G−1 ◦ F and the equilibrium matching

T for three different type distributions. In panel (a), F = U [0,1] and G = U [1/4,3/4], so

worker types are concentrated relative to firm types. The segregation mapping S has slope

1/2< 1 and thus coincides with the equilibrium matching T . Hence, equilibrium is PAS.

In panel (b), F = U [1/4,3/4] and G= U [0,1]. Now, worker types are dispersed relative

to firm types. The segregation mapping S has slope 2> 1, so the equilibrium matching T

is everywhere compressed, with slope 1.

In panel (c), F = U [0,1] and G(y) =
√
y. Here, low-skill workers are plentiful relative

to low-productivity firms, but high-skill workers are scarce relative to high-productivity

firms. The segregation mapping is S(x) = x2, so vz(x,S(x)) = a(x− x2). As this function

is strictly quasiconcave (as a′ > 0), Theorem 5 implies that the equilibrium matching is

upper compression.35

REMARK 9—Comparison to Bayesian Persuasion: Theorem 5 parallels results on the

optimality of full disclosure, no disclosure, and upper and lower censorship (i.e., disclosing

34Part 1 of Theorem 5, as well as Remark 10, can alternatively be obtained using Theorem 2 and Remark 6.
35Specifically, the equilibrium matching is given by T (x) = x2 if x≤ 1/4, and T (x) = x− 3/16 if x > 1/4,

as derived in Example 1.
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FIGURE 1.—Equilibrium Matchings. (a) When F = U [0,1], G= U [1/4,3/4], equilibrium is PAS. (b) When

F = U [1/4,3/4], G= U [0,1], equilibrium is full compression. (c) When F = U [0,1], G(y) =
√
y, equilibrium

is upper compression.

states below a cutoff while concealing states above it, or vice versa) in the linear Bayesian

persuasion problem (Kolotilin et al., 2017, Kolotilin, 2018, Dworczak and Martini, 2019,

Kolotilin et al., 2022). In persuasion, if the sender’s marginal utility from increasing the

receiver’s posterior mean belief is vz , then full disclosure is optimal if and only if vz is

increasing, no disclosure is optimal if vz is decreasing, upper censorship is optimal if vz is

quasiconcave, and lower censorship is optimal if vz is quasiconvex. However, there does

not appear to be a tight formal connection between these two sets of results. For example,

no disclosure and upper censorship are deterministic policies, whereas full compression

and upper compression involve mixing.

REMARK 10—Increasing Returns to Skill: Under increasing differences and decreasing

returns to skill (vzz < 0< vxz), the sign of (9)—and hence the optimality of segregation or

compression—depends on distributions F and G. In contrast, under increasing differences

and increasing returns to skill (vxz > 0 and vzz ≥ 0), PAS is optimal for any distributions

F and G. Mathematically, this follows from the Fan-Lorentz theorem (e.g., Kleiner et al.,

2021, Theorem 4), which says that
󰁕
X v(x,T (x)) dx ≤

󰁕
X v(x,S(x)) dx for all T ≼ S if
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and only if v(x, z) is supermodular in (x, z) and convex in z.36 Intuitively, if vxz > 0 and

vzz ≥ 0 then there is no conflict between forces favoring sorting and pooling, but rather a

confluence of forces favoring sorting and separation. This observation generalizes Kremer

(1993) (see also Lazear, 2001), where v(x, z) = xez , with x > 0 for all firms.

5.4. Comparative Statics

We now consider how changes in the production function and the distributions of firm

and worker types affect equilibrium matching patterns and utilities.

We first give conditions for workforces to become more segregated, in that the distribu-

tion H of mean workforce skill spreads out (equivalently, the matching T ◦ F−1 increases

in the majorization order). This occurs if the sorting force vxz becomes stronger relative to

the pooling force vzz , as measured by the sorting–pooling ratio

σv(x, z) =
vxz(x, z)

−vzz(x, z)
, for all (x, z) ∈X × Y .

Equivalently, σv(x, z) is the slope of the level curve of vz through (x, z): the marginal rate

of substitution between firm productivity and workforce skill in the marginal return to skill.

Our next result shows that matching is more segregated if the sorting force is stronger

relative to the pooling force, or if workers are more heterogeneous.37

THEOREM 6: Let Hv,F,G be the equilibrium workforce distribution with production

function v, firm type distribution F , and worker type distribution G. Then:

1. Hv̂,F,G ≼Hv,F,G for all (F,G) if and only if σv̂ ≥ σv . (Workforces are more hetero-

geneous if and only if the sorting force is stronger relative to pooling force.)

2. Hv,F,Ĝ ≼Hv,F,G for all (v,F ) if and only if Ĝ≼G. (Workforces are more heteroge-

neous if and only if workers are more heterogeneous.)

36To apply the theorem, first re-scale x to make F uniform. This re-scaling does not affect supermodularity in

(x, z) or convexity in z.
37One might guess that matching is also more segregated when firms are more heterogeneous, but this is

only true under very restrictive conditions. To see this, suppose that T̂ ◦ F̂−1 ≽ T ◦ F−1 for all (v,G). Tak-

ing vz(x, z) = k(x)− z and a sufficiently spread out, zero-mean distribution G, the equilibrium matchings are

T (x) = k(x)−EF [k(x)] and T̂ (x) = k(x)−EF̂ [k(x)]. Then k ◦ F̂−1 −EF̂ [k(x)]≽ k ◦F−1 −EF [k(x)] for

all increasing k, which implies that F̂ = F , so T̂ ◦ F̂−1 ≽ T ◦F−1 for all (v,G) only in the trivial case F̂ = F .
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To see the logic, suppose by contradiction that σv̂ ≥ σv but there exists an interval of

firm types (x0, x1) on which T̂ is more compressed than T , in that
󰁕 x
x T̂ (x̃)F (dx̃) >

󰁕 x
x T (x̃)F (dx̃) for all x ∈ (x0, x1), with equality at x0 and x1. Then, there exist x̃0 < x̃1 in

(x0, x1) such that firm x̃0’s workforce is better under T̂ (T (x̃0)< T̂ (x̃0)), firm x̃1’s work-

force is better under T (T (x̃1)> T̂ (x̃1)), and these firms face the same marginal return to

skill under (v̂, T̂ ) (v̂z(x̃0, T̂ (x̃0)) = v̂z(x̃1, T̂ (x̃1))). This implies that

v̂z(x̃0, T (x̃0))> v̂z(x̃0, T̂ (x̃0)) = v̂z(x̃1, T̂ (x̃1))> v̂z(x̃1, T (x̃1)),

where the inequalities hold because T (x̃0) < T̂ (x̃0), T̂ (x̃1) < T (x̃1), and v̂zz < 0. But

then σv̂ ≥ σv implies that vz(x̃0, T (x̃0))> vz(x̃1, T (x̃1)), contradicting that vz(x,T (x)) is

increasing.

Recent trends in wage inequality have been linked to rising assortativity between firms

and workers (Card et al., 2013, Song et al., 2019, Kline, 2024). Theorem 6 contributes to

this literature by characterizing what changes in production functions and the worker type

distribution lead to rising workforce homogeneity in a simple competitive model. In par-

ticular, we identify the relative strength of complementarity between firm productivity and

workforce skill and of decreasing returns to workforce skill, σv as the key determinant of

the extent of workforce segregation by skill. Specifically, greater firm-worker complemen-

tarity and less sharply decreasing returns to workforce skill (or a switch from decreasing to

increasing returns) increase workforce segregation by skill.

Part 2 of Theorem 6 says that, when the population distribution of worker skill becomes

more heterogeneous, so does the equilibrium distribution of mean workforce skill. This

comparative static is illustrated in panels (a) and (b) of Figure 1, after re-scaling x and

y in panel (b) so that F and v are the same in both panels (i.e., x̂ = 2x − 1/2 and ŷ =

2y−1/2): as the distribution of worker skills spreads out by a factor of 4 (from U [1/4,3/4]

to U [−1/2,3/2]), the distribution of workforce skills spreads out by a factor of 2 (from

U [1/4,3/4] to U [0,1]). The same panels also illustrate Part 1 of Theorem 6, after re-scaling

x and y in panel (b) so that F and G are the same in both panels (i.e., x̂ = 2x− 1/2 and

ŷ = y/2 + 1/4): as the sorting force weakens by a factor of 4 relative to the pooling force

(e.g., vz changes from x− z to x− 4z, so that σv falls from 1 to 1/4), the distribution of

workforce skills contracts by a factor of 2 (from U [1/4,3/4] to [3/8,5/8]).
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Kremer and Maskin (1996) and Acemoglu (1999) study different mechanisms that give

a similar comparative static as Part 2 of Theorem 6.38 Moreover, these authors emphasize

that changes in equilibrium matching patterns can exacerbate rising skill dispersion. For

example, a headline result of Kremer and Maskin is that moving mass toward the tails of

the worker skill distribution can trigger a shift from mixed workforces to segregated ones.

Figure 2 shows that, in our model, the equilibrium matching response can either exacer-

bate or mitigate rising skill dispersion. The production function is again convex-loss, and

firm types are uniformly distributed: F = U [0,1]. In panel (a), g(y) = 2− |2− 4y|. Here,

extreme worker types are scarce relative to extreme firm types, so extreme firms employ

mixed workforces. In panel (b), the skill distribution is more dispersed—g(y) = 1—and

equal to the firm productivity distribution, so the equilibrium is PAS. Thus, in moving from

panel (a) to panel (b), the change in equilibrium matching (from partial compression to

PAS) further spreads out the distribution of mean workforce skills, similarly to the effect

emphasized by Kremer and Maskin (1996) and Acemoglu (1999). However, in panel (c),

the skill distribution is yet more dispersed—g(y) = |2 − 4y|—so now moderate worker

types are scare relative to moderate firm types, which leads all firms to employ mixed

workforces. Therefore, in moving from panel (b) to panel (c), the change in equilibrium

matching (from PAS to full compression) counteracts the rise in skill heterogeneity.

We next consider comparative statics on profits and wages. The most pertinent result in

the one-to-one matching context is due to Terviö (2008), who shows that, under increasing

differences, firms’ marginal return to productivity is higher, and workers’ marginal return

to skill is lower, when the distribution of firm productivity is lower or the distribution

of worker skill is higher in first-order stochastic dominance (FOSD). Thus, inequality in

payoffs on either side of the market increases when the type distribution on the opposite

side of the market improves.39 Under segregation, this result follows immediately from the

38Kremer and Maskin consider a model of one-to-one matching between workers, and show that increasing the

supply of high-skill workers can eliminate cross-skill matches and reduce low-skill workers’ wages. Acemoglu

studies a search model with capital investment that complements skill, and shows that increasing the supply of

high-skill workers leads firms to invest and then decline to hire low-skill workers.
39This force has been argued to play a role in trends in wage inequality, e.g., among CEOs (Gabaix and Landier,

2008). Moreover, if the utility of the lowest type on each side of the market is determined by an outside option, as

in Terviö (2008), comparative statics on payoff differences imply comparative statics on payoff levels.
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FIGURE 2.—Impact of Rising Skill Polarization. In all panels, F = U [0,1]. In panel (a), g(y) = 2− |2− 4y|,
and equilibrium is partially compressed. In panel (b), g(y) = 1, and equilibrium is PAS. In panel (c),

g(y) = |2− 4y|, and equilibrium is full compression.

price equations (7)–(8), because (for example) decreasing F or increasing G in the FOSD

order increases S(x) for all x, which increases vx(x,S(x)) for all x, and hence increases

p(x′)−p(x) for all x < x′. In many-to-one matching, the analogous result is not immediate,

because it is not obvious that decreasing F or increasing G in the FOSD order increases

T (x), once changes in the equilibrium matching pattern are accounted for—that is, that

improving the distribution of worker types relative to firm types implies that each firm type

hires a more skilled workforce. However, the following result shows that this does hold.40

THEOREM 7: Let Tv,F,G be the equilibrium matching and let (pv,F,G, qv,F,G) be any

equilibrium prices with production function v, firm type distribution F and worker type

distribution G. Then, writing ≥ for pointwise inequality, we have:

1. Tv,F̂ ,G ≥ Tv,F,G for all (v,G) if and only if F ≤ F̂ . (Each firm type hires a better

workforce if and only if the firm type distribution worsens.)

2. Tv,F,Ĝ ≥ Tv,F,G for all (v,F ) if and only if Ĝ ≤ G. (Each firm type hires a better

workforce if and only if the worker type distribution improves.)

40An intuition is that increasing G clearly increases T (x) for all x under PAS, and it also increases T (x) for

all x under full compression, because vz(x,T (x)) must decrease for all x; and the theorem shows that the same

conclusion holds in the general case where T alternates between intervals of segregation and compression.
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3. For any v, Tv,F̂ ,Ĝ ≥ Tv,F,G if and only if p′
v,F̂ ,Ĝ

≥ p′v,F,G if and only if q′
v,F̂ ,Ĝ

≤ q′v,F,G.

(Firm returns to productivity increase, and worker returns to skill decrease, if and only

if each firm type hires a better workforce.)

Theorem 7 shows that the main price comparative statics in one-to-one assignment mod-

els extend to our many-to-one model. Our model also features some new possibilities, due

to the dependence of the equilibrium matching pattern on the type distributions. In one-

to-one matching with increasing differences, a worker’s marginal return to skill equals

q′(y) = vz(F
−1(G(y)), y), which depends on the distribution of worker types G only inso-

far as this changes the quantile of y. For example, holding fixed the wage of the lowest-skill

workers in the market, an increase in the supply of high-skill workers does not affect the

wages of low-skill workers in one-to-one matching.41 This result no longer holds in many-

to-one matching, because increasing the supply of high-skill workers reduces the productiv-

ity T−1(y) of firms matched to low-skill workers, and hence reduces these workers’ returns

to skill q′(y) = vz(T
−1(y), y). Intuitively, in one-to-one matching, a worker faces competi-

tive pressure only from lower-skill workers, whereas in many-to-one matching, all workers

are potentially in competition. For instance, a medium-skill worker can be harmed by an

increase in the supply of high-skill workers, because she is now more easily replaced by a

mix of low-skill and high-skill workers. Thus, whereas in one-to-one assignment models a

worker’s return to skill is only reduced by an increase in the skill of less-skilled workers,

in our model it is also reduced by an increase in the skill of more-skilled workers.

Figure 3 illustrates this possibility. Panel (a) reproduces panel (b) of Figure 1, where F

and G are both uniform, and the equilibrium is full compression. Panel (b) then stretches

the right tail of G: high-skill workers get even more skilled. This leads to an upward shift of

the entire equilibrium matching function, which increases all firms’ returns to productivity,

and decreases all workers’ returns to skill.

6. MOMENT-MEASURABLE PRODUCTION

Theorem 4 shows that our baseline, mean-measurable model admits a unique equilib-

rium matching between firm productivities x and mean workforce skills z. However, the

equilibrium matching between firms and individual workers is not uniquely determined,

41Fixing the lowest wage is appropriate if it is determined by a fixed outside option, as in Terviö (2008).
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FIGURE 3.—Impact of a Fatter Right-Tail of Worker Skills. In both panels, F = U [1/4,3/4]. In panel (a),

g(y) = 1 for all y; in panel (b), g(y) = 1, for y ∈ [0,1/2], g(y) = 3− 4y for y ∈ (1/2,3/4], and g(y) = 12y− 9

for y ∈ (3/4,1]. All firms hire more skilled workforces in panel (b).

because many workforce compositions imply the same distribution of z. For example, in

Figure 1(b) or 1(c), the equilibrium distribution of z can be attained when each firm in the

compression interval hires a (different) mixture of all workers in the corresponding skill

interval, or, alternatively, when each firm hires a mixture of only two worker types, with

workers and co-workers matched in a negatively assortative manner. In this section, we

show how this indeterminacy resolves for a class of production functions that approximate

the mean-measurable case.

Specifically, we generalize mean-measurability by assuming that there exist two twice

continuously differentiable functions v :X×R→R and m :X×Y →R, satisfying vz > 0

and my > 0, such that

V (x,η) = v (x,Eη[m(x, y)]) , for all (x,η) ∈X ×∆(Y ).

In this specification, the function v determines output as a function of firm productivity x

and an aggregate labor input z, and the function m determines the labor input of a worker of

skill y at a firm of productivity x. We refer to this specification as the moment-measurable

case. We also continue to assume that vzz(x, z)< 0< vxz(x, z) for all (x, z).
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The mean-measurable case is the special case of the moment-measurable case where

m(x, y) =m∗(x, y) := y, for all x. Thus, the moment-measurable case retains the assump-

tion that a workforce η impacts production at firm x only through a single moment, but it

lets moment differ across firms.42

For example, consider a CES aggregator of labor inputs, where the elasticity of substitu-

tion between skill levels depends on firm productivity. Specifically, there exists α :X →R
such that V (x,η) depends on η only through the CES aggregator

󰀃
Eη[y

α(x)]
󰀄1/α(x), so

m(x, y) = (yα(x) − 1)/α(x). This aggregator is more dependent on the contribution of

higher-skill workers at firms with higher α(x). For instance, note that

lim
α(x)→−∞

󰀃
Eη[y

α(x)]
󰀄 1
α(x) = inf

y∈supp(η)
y,

lim
α(x)→0

󰀃
Eη[y

α(x)]
󰀄 1
α(x) = exp(Eη[log(y)]), and

lim
α(x)→+∞

󰀃
Eη[y

α(x)]
󰀄 1
α(x) = sup

y∈supp(η)
y,

so the aggregator interpolates between weakest-link (similar to Kremer, 1993) and best-shot

(similar to Boerma et al., 2025) as α(x) increases from −∞ to +∞.

For another example (in the spirit of Garicano, 2000 and Garicano and Rossi-Hansberg,

2006), suppose that each worker tries to solve an independent problem whose difficulty

depends on the firm’s type, and the aggregate labor input is the total measure of problems

solved. Then, there exists an increasing function L : [y−x, y−x]→ [0,1] such that a skill-y

worker at a type-x firm solves her problem with probability L(y−x), and V (x,η) depends

on η only through Eη[L(y− x)], so m(x, y) = L(y− x).

We now consider the relationship between firm productivity and workforce heterogene-

ity in the moment-measurable case. We focus on the question of when more productive

42As far as we know, the moment-measurable case is mathematically novel. In the Bayesian persuasion case of

our model where the firm type distribution is degenerate, moment-measurability reduces to mean-measurability.

In contrast, Dworczak and Kolotilin (2024) study Bayesian persuasion with multiple payoff-relevant moments.
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firms employ more or less heterogeneous workforces. We formalize this using the notion

of single-dipped or single-peaked assignments.43

DEFINITION 3: An assignment γ is strictly single-dipped (resp., strictly single-peaked)

if there exists a µ-measure-1 set X∗ and functions ρ : X∗ → [0,1] and Td, Tu : X∗ → Y ,

with Td(x)≤ Tu(x) for all x ∈X∗, such that

1. η = (1− ρ(x))δTd(x) + ρ(x)δTu(x) for all (x,η) ∈ supp(γ) with x ∈X∗; and

2. Td(x
′), Tu(x′) /∈ (Td(x), Tu(x)) for all x < x′ in X∗.

That is, an assignment is strictly single-dipped if whenever firm 0 employs both low- and

high-skill workers and firm 1 employs medium-skill workers, firm 0 is more productive

than firm 1. In other words, the mapping from worker skill y to the productivity x of the

firm employing this worker is single-dipped over nested sets of workforces. Conversely,

an assignment is strictly single-peaked if firms that employ a mix of low- and high-skill

workers are less productive than firms that employ medium-skill workers.

Our next result says that the equilibrium assignment is strictly single-dipped if my is

strictly log-supermodular: mxy(x, y)/my(x, y) is strictly increasing in y, for all x. Intu-

itively, my(x, y) is log-supermodular if labor input m is more convex in skill y at more

productive firms.

THEOREM 8: If my is strictly log-supermodular (resp., log-submodular), then the equi-

librium assignment is strictly single-dipped (resp., single-peaked).

For example, with a CES labor aggregator where m(x, y) = (yα(x) − 1)/α(x), Theo-

rem 8 implies that equilibrium is strictly single-dipped (resp., single-peaked) if α is increas-

ing (resp., decreasing). Intuitively, since labor input interpolates between weakest-link and

best-shot as α(x) increases, low-α(x) firms hire homogeneous workforces, while high-

α(x) firms hire heterogeneous ones. Similarly, with a Garicano-style aggregator where

m(x, y) = L(y − x), equilibrium is strictly single-dipped (resp., single-peaked) if L′ is

strictly log-concave (resp., log-convex).

43Kolotilin et al. (2025) introduced a related notion of single-dipped matching in Bayesian persuasion. The

notion in Kolotilin et al. (2025) was previously introduced by Beiglböck and Juillet (2016) in optimal transport,

under the name “left-curtain coupling.”
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To see the logic of Theorem 8, suppose for contradiction that my is strictly log-

supermodular but that in equilibrium firm x0 hires workers y0 and y′0 and firm x1 hires

worker y1, where x0 < x1 and y0 < y1 < y′0. Consider swapping a mix of y0 and y′0 workers

from firm x0 for an equal mass of y1 workers from firm x1, such that total labor input at firm

x1, Eη1 [m(x1, y)], remains constant. By strict log-supermodularity of my , the marginal rate

of substitution in the production of labor input between “improving a worker’s skill from

y0 to y1” and “improving a worker’s skill from y1 to y′0” is higher at firm x0 than firm x1,

which implies that this swap strictly increases total labor input at firm x0, Eη0 [m(x0, y)].

The swap therefore leaves output at firm x1 unchanged while increasing output at firm

x0, contradicting the optimality of the pre-swap assignment.44 Finally, x deterministically

maps to z because vzz < 0, which, together with this swapping argument, implies that the

equilibrium assignment is unique and is described as in Definition 3.

We now show that if a mean-measurable production function is perturbed in the direc-

tion of log-supermodularity, the equilibrium matching is perturbed in the direction of strict

single-dippedness.45 This resolves the indeterminacy in the matching γ in Theorem 4.

THEOREM 9: Suppose that mn converges uniformly to m∗, and each mn
y is strictly log-

supermodular (resp., log-submodular). Let T be the equilibrium matching function under

m∗, given by Theorem 4, and let γ be the unique strictly single-dipped (resp., single-

peaked) assignment that induces T . Then the equilibrium assignment γn under mn con-

verges weakly to γ.

We illustrate Theorem 9 in the context of the examples in Figure 1(b) and 1(c).

First, consider the convex-loss case with F = U [1/4,3/4] and G = U [0,1], as in Fig-

ure 1(b). The equilibrium matching is T (x) = x. The corresponding strictly single-dipped

assignment, illustrated in Figure 4(a), is given by

ρ(x) = 3
4 , Td(x) =

3
8 −

x
2 , Tu(x) =

3x
2 − 1

8 , for all x ∈X.

44This logic is similar to that of Theorem 4 of Kolotilin et al. (2025), with the difference that the current result

involves matching worker types and (exogenous) firm types, rather than matching states and (endogenous) actions.
45For example, up to re-scaling, the CES aggregator with m(x, y) = (yα(x) − 1)/α(x) converges to m∗ if α

converges to 1, and the Garicano-style aggregator with m(x, y) = L(y − x) converges to m∗ if L′ converges to

a constant.
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The corresponding strictly single-peaked assignment, illustrated in Figure 4(b), is given by

ρ(x) = 1
4 , Td(x) =

3x
2 − 3

8 , Tu(x) =
9
8 −

x
2 , for all x ∈X.

Theorem 9 implies that, if the production function is moment-measurable and approxi-

mately convex-loss but my is strictly log-supermodular, then the equilibrium assignment

approximates the one in Figure 4(a); and if the production function is moment-measurable

and approximately convex-loss but my is strictly log-submodular, then the equilibrium as-

signment approximates the one in Figure 4(b).

1
4

3
4

1

1
4

3
4

1

0

x

z

T S

Td Tu

(a)

1
4

3
4

1

1
4

3
4

1

0

x

z

T S

Td Tu

(b)

FIGURE 4.—Strictly Single-Dipped and Single-Peaked Full Compression. In both panels, F = U [1/4,3/4],

G= U [0,1], and equilibrium is full compression. In panel (a), the assignment is strictly single-dipped; in panel

(b), it is strictly single-peaked.

Next, consider the convex-loss case with F = U [0,1] and G(y) =
√
y, as in Example 1

and Figure 1(c). Recall that S(x) = x2 and

T (x) =

󰀻
󰀿

󰀽
x2, x ∈ [0, 14 ],

x− 3
16 , x ∈ (14 ,1].

The corresponding strictly single-dipped assignment, illustrated in Figure 5(a), is given by

Td(x) = Tu(x) = T (x), for x ∈ [0, 7
16 ], and
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ρ(x) = 1
d(x) , Td(x) =

󰀃
3
2 − d(x)

󰀄2
, Tu(x) =

󰀃
2d(x)− 3

2

󰀄2
, for x ∈ ( 7

16 ,1],

with d(x) =
󰁳

x+ 9/16.46 Notably, firm types x ∈ (1/4,7/16) lie in the compression inter-

val (1/4,1), yet they must hire homogeneous workforces. This shows that firms in compres-

sion intervals need not hire mixed workforces in the equilibrium assignment, even though

they are always willing to do so at the equilibrium wages. The corresponding strictly single-

peaked assignment, illustrated in Figure 5(b), is given by

Td(x) = Tu(x) = T (x) = S(x), for x ∈ [0, 14 ], and

ρ(x) = 1
2 −

4−x
6d(x) , Td(x) =

1
4

󰀃
d(x) + x− 1

󰀄2
, Tu(x) =

1
4

󰀃
d(x)− x+ 1

󰀄2
, for x ∈ (14 ,1],

with d(x) =
󰁳

(75− 4(x− 4)2)/12. Theorem 9 implies that, if the production function is

moment-measurable and approximately convex-loss but my is strictly log-supermodular,

then the equilibrium assignment approximates the one in Figure 5(a); and if the produc-

tion function is moment-measurable and approximately convex-loss but my is strictly log-

submodular, then the equilibrium assignment approximates the one in Figure 5(b).

7. UNIFORM PRICE EQUILIBRIUM

We now return to the social economics applications described in Remark 2, where match

value accrues to agents on the “many” side of the market, such as students attending a

school or households moving to a neighborhood. In these settings, competitive equilibrium

implicitly involves personalized prices, which may be impractical. In this section, we in-

troduce an alternative equilibrium notion, where there is a single price to match with each

agent on the “one” side of the market (e.g., a single price for each school or neighbor-

hood). This alternative notion is more realistic in some applications, and we will compare

it to competitive equilibrium to assess the impact of uniform pricing on equilibrium assign-

ments and utilities.

46Formally, this can be proved using Theorem 4.5 in Henry-Labordère and Touzi (2016). Specifically, the bi-

furcation point m= 7/16 and the functions ρ, Td, and Tu on [m,1] are determined by the boundary condition,

Td(m) = Tu(m) = T (m), the martingale condition, T (x) = (1− ρ(x))Td(x) + ρ(x)Tu(x), and the mass con-

servation conditions, dG(Tu(x)) = ρ(x)dF (x) and dG(Td(x))− dF (T−1(Td(x))) =−(1− ρ(x))dF (x).
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FIGURE 5.—Strictly Single-Dipped and Single-Peaked Upper Compression. In both panels, F = U [0,1],

G(y) =
√
y, and equilibrium is upper compression. In panel (a), the assignment is strictly single-dipped; in panel

(b), it is strictly single-peaked.

The model and the definition of an assignment are unchanged from Section 2 and Re-

mark 2, except that in this section we will refer to “students” and “schools” rather than

“workers” and “firms.” Our alternative equilibrium notion is as follows.

DEFINITION 4: A uniform price equilibrium (UPE) is an assignment γ together with

prices p : supp(γ)→R for schools and utilities q : Y →R for students satisfying

p(x,η) + q(y) =W (x, y,η), for all (x,η) ∈ supp(γ) and y ∈ supp(η),

p(x,η) + q(y)≥W (x, y,η), for all (x,η) ∈ supp(γ) and y ∈ Y.

The first condition says that each student y obtains utility q(y) = W (x, y,η) − p(x,η)

from attending school x with student body η and paying tuition p(x,η); and the second

condition says that student y cannot get a higher utility by attending a different school.

Equivalently, γ describes a Nash equilibrium assignment (and q describes the correspond-

ing payoffs) in the game where students simultaneously decide what schools to attend,

given prices p. Note that UPE does not involve optimization by schools and thus applies

for any school objective function (e.g., non-profit or for-profit), as well as to neighborhood

matching, where “neighborhoods” do not have preferences at all.
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UPE requires that two students who attend the same school must pay the same tuition.

This could result from an agreement among schools, as in the “Overlap case” (U.S. Court

of Appeals for the Third Circuit, 1993). It would also result if schools cannot observe

students’ types. In the residential choice context, UPE requires that two individuals who

want to buy the same house face the same price. This could result from anti-discrimination

laws, from the possibility of resale, or simply from the infeasibility of residents paying off

to their departing neighbors to sell to more desirable buyers.47

In the one-to-one matching case where W is independent of η, competitive equilib-

rium (henceforth, CE) and UPE both reduce to the usual equilibrium notion for assignment

games, which can equivalently be described as a competitive equilibrium, an optimal as-

signment, a group stable (core) assignment, or a pairwise stable assignment (Gretsky et al.,

1992). However, they differ in many-to-one matching. For instance, in a CE, each school

gets the same payoff from each attending student, inclusive of her peer effect on others,

which implies that different students pay different tuitions. Instead, in a UPE, each school

gets the same payoff from each student, exclusive of her peer effect, which implies that all

students pay the same tuition.48

CE and UPE are non-nested. In a CE, student y pays tuition W (x, y,η)− q(y) to attend

school x with student body η. Since this tuition may differ across students, a CE may not be

a UPE.49 Conversely, in a UPE, a school cannot increase its (uniform) tuition and continue

to attract students, but an entrant that can charge personalized tuitions to attract a different

student body could make a profit.50

47Becker and Murphy—hardly skeptics as to the prevalence of flexible prices—emphasized the latter rationale,

writing, “[W]ith large neighborhoods, such as those in a reasonably sized town or city district, residents generally

do not collectively bid for other residents. Instead, they compete for houses, taking account of the composition of

the residents in a neighborhood,” (Becker and Murphy, 2000, p. 61).
48UPE generalizes the equilibrium notion in Benabou (1996) and Becker and Murphy (2000), discussed below.

Another related concept is the UPE notion of Mailath et al. (2013). They consider one-to-one matching, but

otherwise their notion is more complex, as their model involves pre-match investment and match utilities on both

sides of the market.
49That is, in a CE, p(x) = Eη[W (x, y,η)− q(y)] for all (x,η) ∈ supp(γ), but it is not necessarily true that

p(x) =W (x, y,η)− q(y) for all y ∈ supp(η), so the UPE conditions may not hold.
50That is, in a UPE, p(x,η)≥W (x, y,η)− q(y) for all (x,η) ∈ supp(γ) and y ∈ Y , but it is not necessarily

true that p(x,η) ≥ Eη̃[W (x, y, η̃) − q(y)] for all η̃ ∈ ∆(Y ), so the second condition in the definition of a CE
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For the remainder of this section, we assume that peer effects are moment-measurable,

meaning that there exist two twice continuously differentiable functions w :X × Y ×R→
R and m :X × Y →R such that

W (x, y,η) =w (x, y,Eη[m(x, ỹ)]) , for all (x, y,η) ∈X × Y ×∆(Y ).

For example, the standard case of linear peer effects (which generalizes Benabou, 1996 and

Becker and Murphy, 2000) is the special case where m(x, y) = y.

We ask when UPE are positively assortatively segregated, and how this compares to CE

(i.e., when PAS is efficient). Recall that PAS is described by the matching function S(x) =

G−1(F (x)), where student bodies are segregated by ability and matched with schools in a

positively assortative manner. We denote partial derivatives of (x, y, z) 󰀁→W (x, y, δz) with

subscripts, and similarly for w.

THEOREM 10: The following hold:

1. PAS is a UPE if and only if

󰁝 y

S(x)

󰁝 S−1(ỹ)

x

d2W (x̃, ỹ, δS(x̃))

dx̃dỹ
dx̃dỹ ≥ 0, for all (x, y) ∈X × Y . (10)

2. PAS is a UPE for all (F,G) if and only if

Wxy(x, y, δy) ≥ 0, for all (x, y) ∈X × Y , and (11)
󰁝 y

z

󰁝 ỹ

z
Wyz(x, ỹ, δz̃) dz̃ dỹ ≥ 0, for all (x, y, z) ∈X × Y × Y . (12)

3. PAS is the unique UPE for all (F,G) if

Wxy(x, y, δy)> 0, for all (x, y) ∈X × Y , and (13)

Wyz(x, y, δz) = 0, for all (x, y, z) ∈X × Y × Y . (14)

4. When PAS is a UPE, functions (p, q) are corresponding equilibrium prices if and only

if there exists c ∈R such that

may not hold. In addition, another difference is that in CE each type x school gets the same payoff p(x), while in

UPE two type x schools with different student bodies η ∕= η′ can get different payoffs p(x,η) ∕= p(x,η′).
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p(x) =

󰁝 x

x

󰀃
Wx(x̃, S(x̃), δS(x̃)) +Wz(x̃, S(x̃), δS(x̃))S

′(x̃)
󰀄
dx̃+ c, for all x ∈X , (15)

q(y) =W (x, y, δy) +

󰁝 y

y
Wy(S

−1(ỹ), ỹ, δỹ) dỹ− c, for all y ∈ Y . (16)

Parts 1 and 2 imply that PAS is a UPE if W (x, y, δS(x)) has increasing differences in

(x, y), and PAS is a UPE for all (F,G) if Wxy(x, y, δy) ≥ 0 and Wyz(x, y, δz) ≥ 0. Intu-

itively, PAS is a UPE if better students are willing to pay more to attend better schools with

better peers. Conversely, PAS is not a UPE if W (x, y, δS(x)) ever has strictly decreasing

differences locally at y = S(x), and PAS is not a UPE for some (F,G) if Wxy(x, y, δy)< 0

or Wyz(x, y, δy) < 0 for some (x, y). Intuitively, if Wxy(x, y, δy) < 0 then PAS is not a

UPE if f is much more dispersed than g around (x, y) (so match effects dominate), and if

Wyz(x, y, δy)< 0 then PAS is not a UPE if g is much more dispersed than f around (x, y)

(so peer effects dominate).

Part 3 says that PAS is the unique UPE if Wxy(x, y, δy)> 0 and Wyz(x, y, δz) = 0. These

conditions ensure that negative assortative segregation—where student bodies are segre-

gated but are matched with schools in a negatively assortative manner—is not a UPE.

To understand part 4, consider for simplicity the case where f = g, so S(x) = x. Here,

the theorem says that the UPE prices (pUPE, qUPE) satisfy

p′UPE(x) =Wx(x,x, δx) +Wz(x,x, δx) and q′UPE(x) =Wy(x,x, δx), for all x ∈X .

In contrast, when PAS is a competitive equilibrium, we have

p′CE(x) =Wx(x,x, δx) and q′CE(x) =Wy(x,x, δx) +Wz(x,x, δx), for all x ∈X .

Thus, in either case, schools receive their marginal contribution to social surplus, Wx, and

students receive their marginal contribution exclusive of peer effects, Wy , but the two cases

differ in which side of the market receives the marginal contribution of peer effects, Wz .

In a CE, tuition reflects students’ contribution to schools inclusive of peer effects, so this

value accrues to students. In a UPE, tuition reflects schools’ value to students inclusive of

peer effects, so this value accrues to schools.

This comparison has obvious implications for the distributional consequences of regu-

lating private school tuition. Assume that (i) the utility of the lowest type of students and



40

schools is fixed by outside options, (ii) the CE and UPE are both PAS, and (iii) peer effects

are positive: Wz > 0. Then an agreement among schools that each school must charge the

same tuition to all its attendees (i.e., no merit scholarships) increases the profit of all schools

and reduces the welfare of all students (except the lowest types on each side). Similarly,

an agreement among luxury goods retailers not to give discounts to high-status consumers

(e.g., “influencers”) benefits all retailers and harms all consumers.

Parts 1–3 of Theorem 10 simplify in the mean-measurable case where m(x, y) = y and

w is affine in y. In this case, V (x,η) = Eη[w(x, y,Eη[ỹ])] = w(x,Eη[y],Eη[y]), so the pro-

duction function is mean-measurable, as in Section 5.

COROLLARY 1: In the mean-measurable case, the following hold:51

1. PAS is a UPE if and only if wy(x,S(x), S(x)) is increasing in x.

2. PAS is a UPE for all (F,G) if and only if wy(x, z, z) is increasing in both x and z.

3. PAS is the unique UPE for all (F,G) if and only if wy(x, z, z) is strictly increasing in

x and is independent of z.

We can now compare the conditions in Theorem 10 and Corollary 1 for PAS to be a UPE

with conditions for PAS to be efficient. The following result is an immediate implication of

Theorems 2 and 5 and Remarks 6 and 10.

COROLLARY 2: PAS is efficient for all (F,G) if and only if

Wxy(x, y, δy) +Wxz(x, y, δy)≥ 0, and

(1− ρ)W (x, y, δy) + ρW (x, y′, δy′)

≥(1− ρ)W (x, y, (1− ρ)δy + ρδy′) + ρW (x, y′, (1− ρ)δy + ρδy′),

for all (x, y, y′) ∈X × Y × Y and all ρ ∈ (0,1).

Moreover, in the mean-measurable case,

1. PAS is efficient if and only if wy(x,S(x), S(x)) + wz(x,S(x), S(x)) is increasing in

x.

51The proof of the “only if” direction of part 3 uses densities that are strictly positive on subintervals of X and

Y , while elsewhere in the paper we assume strictly positive densities on X and Y .
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2. PAS is efficient for all (F,G) if and only if wy(x, z, z) +wz(x, z, z) is increasing in x

and z.

Comparing Corollaries 1 and 2 shows that PAS can be a UPE (and even the unique one)

even if segregation is inefficient. In particular, PAS is a UPE but is not efficient if and

only if wy(x,S(x), S(x)) is increasing in x but wy(x,S(x), S(x)) + wz(x,S(x), S(x)) is

not increasing in x, which tends to occur if wz(x,S(x), S(x)) is decreasing in x. In turn,

wz(x,S(x), S(x)) can be decreasing in x if wxz < 0 (“good schools” and “good peers”

are substitutes), if wyz < 0 (good students value good peers less), or if wzz < 0 (there

are decreasing returns to peer quality). Intuitively, in these cases, a high-ability student’s

private return to attending a high-quality school tends to exceed the social return, resulting

in inefficient segregation.

Benabou (1996) and Becker and Murphy (2000) consider related models of neighbor-

hood choice. Benabou assumes that neighborhoods are identical ex ante (corresponding

to degenerate x in our model) and that there are two household types (corresponding

to binary y). He shows that in this case the efficiency of PAS depends on the sign of

d (wy(x, z, z) +wz(x, z, z))/dz. Part 2 of the mean-measurable case of Corollary 2 gener-

alizes this result to heterogeneous neighborhoods and continuous household types. Becker

and Murphy focus on the case where there are two neighborhood types and two household

types with equal mass, and w(x, y, z) = a(z) + yb(x). Besides generality, the cases stud-

ied by these authors omit some potentially important effects. For instance, Benabou and

Becker and Murphy both assume that wxz = 0, while we have seen that wxz < 0 creates

a force for inefficient segregation. This case seems realistic, for example if learning from

teachers and learning from peers are substitutes.52

8. DISCUSSION

We conclude by mentioning a reinterpretation of our model, and three extensions.

One-to-One Matching Platforms with Incomplete Information. An equivalent inter-

pretation of our model is that matching is one-to-one but the firm does not observe its

worker’s type, so V (x,η) is the value generated by firm x when it believes the distribution

52Benabou and Becker and Murphy also do not compare utilities between competitive and uniform price equi-

libria.
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of its worker’s type is η. With this interpretation, the planner’s problem (P) is the problem

of a platform that observes workers’ types and matches them to firms (which form rational

posterior beliefs about their worker). This setup has been studied in a couple recent papers.

In a unit demand setting following Bergemann et al. (2015), Condorelli and Szentes

(2026) study a platform that matches buyers with unobserved valuations to sellers with

observed product qualities, anticipating profit-maximizing pricing.53 Unit demand does not

fit our framework (e.g., if the objective v(x, z) is consumer surplus, it will not be continuous

or concave in z), but a version with smooth demand curves as in Aguirre et al. (2010) or

Farboodi et al. (2025) does. In this setting, our results can be applied to give conditions

under which, as the platform’s objective varies from maximizing producer to consumer

surplus, the optimal matching varies from full segregation to full compression.

Rahman (2026) studies moral hazard in teams, where a mediator matches team members

of unobserved types. His leading example matches agents with observed binary types to

principals with unobserved binary types and is solved for specific parameters. Our mean-

measurable model extends this setting to continuous types and provides a general charac-

terization of the optimal matching.

Investment. Several authors have considered productivity-enhancing investment prior to

matching (e.g., Nöldeke and Samuelson, 2015). Our model gives a simple and stark result

in this context: if workers are ex ante identical and the cost for a worker to acquire skill y

is C(y), where

V (x,η)−Eη[C(y)]< V (x, δEη[y])−C(Eη[y]), for all (x,η) s.t. | supp(η)|≥ 2,

then the competitive equilibrium must be segregated, because it is inefficient to form any

nondegenerate workforce η, rather than having the same workers each acquire skill Eη[y].

For example, this condition holds in the mean-measurable case if C is strictly convex. From

this perspective, equilibrium workforce compression results from either ex ante worker

heterogeneity (prior to investment) or from ex post inefficient investment decisions.

Scale. Eeckhout and Kircher (2018) study a model of one-to-one matching with endoge-

nous scale, where each firm x hires a single type y of worker, but can hire any measure of

them (e.g., because the output of worker y at firm x depends only on x, y, and the total mea-

53Galperti et al. (2024) consider information disclosure to a single seller with endogenous buyer participation.
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sure of workers in the firm, so there is no reason for a firm to hire heterogeneous workers).

Their main result characterizes positive assortative matching in this model. In contrast, our

model allows flexible workforce composition, but a fixed scale. A natural mutual general-

ization would allow flexibility in both composition and scale. For instance, characterizing

PAS in such a model is a clear open direction.

Many-to-Many Matching. Our results extend straightforwardly to many-to-many

matching, such as forming schools consisting of students and faculty. The many-to-many

case is actually slightly simpler, because the possibility of mixing on both sides sym-

metrizes the analysis. For example, if the production function is mean-measurable on both

sides, equilibrium features mean-preserving contractions of F and G, with compression

regions corresponding to affine regions of p and q, which are both convex.
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APPENDIX A: PROOFS

A.1. Duality in the General Case

PROOF OF THEOREM 1: We start with mathematical preliminaries. A function q : Y →
R is L-Lipschitz, denoted by q ∈ LipL(Y ), if there exists a constant L such that |q(y)−
q(ŷ)|≤ LρY (y, ŷ), for all y, ŷ ∈ Y , where ρY is a metric on Y . As in Section 8.10(viii) in

Bogachev (2007), we define the Kantorovich-Rubinstein norm on M(Y ) by

󰀂η󰀂KR := |η(Y )|+ sup

󰀝󰁝

Y
q(y)η(dy) : q ∈ Lip1(Y ), q(y0) = 0

󰀞
, (17)

for a fixed y0 ∈ Y . By Theorem 6.9 and Remark 6.19 in Villani (2009), 󰀂·󰀂KR metrizes the

weak󰂏 topology on the compact metric space ∆(Y ). So ∆(X ×∆(Y )) is also a compact

metric space.

Primal attainment follows from standard compactness arguments. Let P(µ,ν) denote

the feasible set in P (i.e., the set of all assignments). Because the functions γ → γX

and γ → Eγ [η] are continuous, P(µ,ν) is compact, as a closed subset of the compact

set ∆(X × ∆(Y )). Moreover, P(µ,ν) is non-empty, as it contains γ = µ ⊗ δν (i.e.,

γ(A,D) = µ(A)1{ν ∈ D} for all A ⊂ X and D ⊂ ∆(Y )). Since V is Lipschitz contin-

uous, the function γ → Eγ [V (x,η)] is also continuous and thus attains its maximum on the

compact set P(µ,ν), by the Weierstrass Theorem. Thus, (P) has a solution γ.

Next, the value of (P) is concave and Lipschitz in (µ,ν). Define U :∆(X)×∆(Y )→R
by U(µ,ν) = maxγ∈P(µ,ν)Eγ [V (x,η)] for all (µ,ν) ∈ ∆(X) ×∆(Y ). Fix µ, µ̂ ∈ ∆(X),

ν, ν̂ ∈∆(Y ), and λ ∈ [0,1]. By primal attainment, there exist γ ∈ P(µ,ν) and γ̂ ∈ P(µ̂, ν̂)

such that U(µ,ν) = Eγ [V (x,η)] and U(µ̂, ν̂) = Eγ̂ [V (x,η)]. Note that γλ ∈ P(µλ,νλ),

where µλ = (1−λ)µ+λµ̂, νλ = (1−λ)ν+λν̂, and γλ = (1−λ)γ+λγ̂. Thus, U(µλ,νλ)≥
Eγλ [V (x,η)] = (1− λ)U(µ,ν) + λU(µ̂, ν̂), showing that U is concave.

To show that U is Lipschitz, we rely on the following lemma.

LEMMA 2: Let µ, µ̂ ∈ ∆(X), ν, ν̂ ∈ ∆(Y ), and γ ∈ P(µ,ν). There exists γ̂ ∈ P(µ̂, ν̂)

such that 󰀂γ − γ̂󰀂KR ≤ 󰀂µ− µ̂󰀂KR + 󰀂ν − ν̂󰀂KR.
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Letting Γ(γ) denote the assignment in Lemma 2, and letting L denote the Lipschitz

constant for V , we have

U(µ,ν)−U(µ̂, ν̂) = max
γ∈P(µ,ν)

Eγ [V (x,η)]− max
γ̂∈P(µ̂,ν̂)

Eγ̂ [V (x,η)]

≤ max
γ∈P(µ,ν)

󰀃
Eγ [V (x,η)]−EΓ(γ)[V (x,η)]

󰀄

≤ max
γ∈P(µ,ν)

L󰀂γ − Γ(γ)󰀂KR ≤ L(󰀂µ− µ̂󰀂KR + 󰀂ν − ν̂󰀂KR),

establishing Lipschitz continuity (after interchanging (µ,ν) and (µ̂, ν̂)).

PROOF OF LEMMA 2: For notational convenience, denote X̂ =X and Ŷ = Y . By the

Kantorovich-Rubinstein theorem (Theorem 8.10.45 in Bogachev, 2007), there exist optimal

transport plans between µ and µ̂ and between ν and ν̂: α ∈∆(X × X̂) with αX = µ and

αX̂ = µ̂ and β ∈∆(Y × Ŷ ) with βY = ν and βŶ = ν̂ such that

󰀂µ− µ̂󰀂KR =

󰁝

X×X̂
ρX(x, x̂)α(dx,dx̂) and 󰀂ν − ν̂󰀂KR =

󰁝

Y×Ŷ
ρY (y, ŷ)β(dy,dŷ).

By Theorem 10.4.5 in Bogachev (2007), α and β have conditional distributions α(x̂|x) and

β(ŷ|y). Define the pushforward mapping N :∆(Y )→∆(Y ) by N(η)(Â) =
󰁕
Y β(Â|y)η(dy)

for all η ∈∆(Y ) and Â⊂ Ŷ . Define the joint distribution ζ ∈∆(X × X̂ ×∆(Y )×∆(Ŷ ))

by

ζ(A, Â,D, D̂) =

󰁝

A×D
1{N(η) ∈ D̂}α(Â|x)γ(dx,dη),

for all A, Â ⊂ X and D,D̂ ⊂ ∆(Y ). Note that ζX×∆(Y ) = γ and ζX×X = α. Define the

projection γ̂ = ζX̂×∆(Ŷ ), and note that γ̂ ∈ P(µ̂, ν̂), as γ̂X̂ = µ̂ and Eγ̂ [η̂] = ν̂. Finally,

define θ = ζ∆(Y )×∆(Ŷ ), and note that Eζ [η] = ν and Eζ [η̂] = ν̂.

Then, 󰀂γ − γ̂󰀂KR ≤ 󰀂µ− µ̂󰀂KR + 󰀂ν − ν̂󰀂KR, as, for any V̂ ∈ Lip1(X ×∆(Y )), we

have
󰁝

X×∆(Y )
V̂ (x,η)(γ − γ̂)(dx,dη)

=

󰁝

X×X̂×∆(Y )×∆(Ŷ )
(V̂ (x,η)− V̂ (x̂, η̂))ζ(dx,dx̂,dη,dη̂)
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=

󰁝

X×X̂×∆(Y )×∆(Ŷ )
(V̂ (x,η)− V̂ (x̂,η) + V̂ (x̂,η)− V̂ (x̂, η̂))ζ(dx,dx̂,dη,dη̂)

≤
󰁝

X×X̂
ρX(x, x̂)α(dx,dx̂) +

󰁝

∆(Y )×∆(Ŷ )
󰀂η− η̂󰀂KR θ(dη,dη̂)

=󰀂µ− µ̂󰀂KR + 󰀂ν − ν̂󰀂KR ,

where the last line is by Lemma 3 in Dworczak and Kolotilin (2024), restated as Claim 1.

CLAIM 1:
󰁕
∆(Y )×∆(Ŷ ) 󰀂η− η̂󰀂KR θ(dη,dη̂) = 󰀂ν − ν̂󰀂KR.

PROOF: Define τ = θ∆(Y ), χ ∈∆(Y ×∆(Y )) by χ(B,D) =
󰁕
D η(B)τ(dη) for all B ⊂

Y and D ⊂∆(Y ), and ξ ∈∆(Y × Ŷ ×∆(Y )) by ξ(B, B̂,D) =
󰁕
B β(B̂|y)χ(D|y)ν(dy)

for all B, B̂ ⊂ Y and D ⊂∆(Y ). Note that ξ(B, Ŷ |η) = η(B) and ξ(Y, B̂|η) = N(η)(B̂)

for all B, B̂ ⊂ Y , so 󰀂η−N(η)󰀂KR ≤
󰁕
Y×Ŷ ρY (y, ŷ)ξ(dy,dŷ|η). Then

󰁝

∆(Y )×∆(Ŷ )
󰀂η− η̂󰀂KR θ(dη,dη̂) =

󰁝

∆(Y )
󰀂η−N(η)󰀂KR τ(dη)

≤
󰁝

∆(Y )

󰁝

Y×Ŷ
ρY (y, ŷ)ξ(dy,dŷ|η)τ(dη)

=

󰁝

Y×Ŷ
ρY (y, ŷ)β(dy,dŷ)

= 󰀂ν − ν̂󰀂KR

=

󰀐󰀐󰀐󰀐󰀐

󰁝

∆(Y )
ητ(dη)−

󰁝

∆(Y )
N(η)τ(dη)

󰀐󰀐󰀐󰀐󰀐
KR

≤
󰁝

∆(Y )
󰀂η−N(η)󰀂KR τ(dη),

implying that both inequalities hold with equality. Q.E.D.

Q.E.D.

Next, U is superdifferentiable, because it is concave and has bounded steepness at

(µ,ν) (which is implied by Lipschitz continuity). Indeed, the Duality Theorem in Gale

(1967) implies that there exists a continuous linear function H on M(X) ×M(Y ) such

that H(µ̂ − µ, ν̂ − ν) ≥ U(µ̂, ν̂) − U(µ,ν) for all µ̂ ∈ ∆(X) and ν̂ ∈ ∆(Y ). By the
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Kantorovich-Rubinstein theorem (Exercise 8.10.143 in Bogachev, 2007 or Theorem 0

in Hanin, 1992), there exist p ∈ Lip(X) and q ∈ Lip(Y ) such that H(µ̂ − µ, ν̂ − ν) =
󰁕
X p(x)(µ̂−µ)(dx)+

󰁕
Y q(y)(ν̂ − ν)(dy) for all µ̂ ∈∆(X) and ν̂ ∈∆(Y ). Adding a con-

stant to p if necessary, we obtain

U(µ,ν) =

󰁝

X
p(x)µ(dx) +

󰁝

Y
q(y)ν(dy), (18)

U(µ̂, ν̂)≤
󰁝

X
p(x)µ̂(dx) +

󰁝

Y
q(y)ν̂(dy), for all µ̂ ∈∆(X) and ν̂ ∈∆(Y ). (19)

Given that U has a supergradient (p, q) at (µ,ν), standard duality arguments imply

equilibrium existence and its equivalence to solutions to (P) and (D). Indeed, note that

(p, q) ∈D(V ), where D(V ) denotes the set of feasible solutions to (D), as, for each x ∈X

and η ∈∆(Y ), we have

V (x,η)≤ U(δx,η)≤ p(x) +

󰁝

Y
q(y)η(dy), (20)

where the first inequality is by δ(x,η) ∈ P(δx,η), and the second inequality is by (19) eval-

uated at (µ̂, ν̂) = (δx,η). Letting γ be a solution to (P), we have

󰁝

X×∆(Y )

󰀕
V (x,η)− p(x)−

󰁝

Y
q(y)η(dy)

󰀖
γ(dx,dη)

=U(µ,ν)−
󰁝

X
p(x)µ(dx)−

󰁝

Y
q(y)ν(dy) = 0,

where the first equality is by the definition of γ ∈ P(µ,ν), and the second equality is

by (18). Hence, (20) holds with equality for γ-almost all (x,η) and thus for all (x,η) ∈
supp(γ), by continuity of V (x,η)− p(x)−

󰁕
Y q(y)η(dy) in (x,η). So, (γ;p, q) is a com-

petitive equilibrium, which proves equilibrium existence. Next, if (γ;p, q) is an equilibrium,

then γ solves (P) and (p, q) solves (D), because, for each γ̃ ∈ P(µ,ν) and (p̃, q̃) ∈ D(V ),

we have
󰁝

X
p̃(x)µ(dx) +

󰁝

Y
q̃(y)ν(dy) =

󰁝

X×∆(Y )

󰀕
p̃(x) +

󰁝

Y
q̃(y)η(dy)

󰀖
γ(dx,dη)

≥
󰁝

X×∆(Y )
V (x,η)γ(dx,dη)
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=

󰁝

X×∆(Y )

󰀕
p(x) +

󰁝

Y
q(y)η(dy)

󰀖
γ(dx,dη)

=

󰁝

X
p(x)µ(dx) +

󰁝

Y
q(y)ν(dy)

=

󰁝

X×∆(Y )

󰀕
p(x) +

󰁝

Y
q(y)η(dy)

󰀖
γ̃(dx,dη)

≥
󰁝

X×∆(Y )
V (x,η)γ̃(dx,dη).

Conversely, if γ solves (P) and (p, q) solves (D), then (γ;p, q) is an equilibrium. Indeed,

since there exists an equilibrium (γ̃; p̃, q̃), we have

0 =

󰁝

X×∆(Y )

󰀕
V (x,η)− p̃(x)−

󰁝

Y
q̃(y)η(dy)

󰀖
γ̃(dx,dη)

=

󰁝

X×∆(Y )
V (x,η)γ̃(dx,dη)−

󰁝

X
p̃(x)µ(dx)−

󰁝

Y
q̃(y)ν(dy)

≤
󰁝

X×∆(Y )
V (x,η)γ(dx,dη)−

󰁝

X
p(x)µ(dx)−

󰁝

Y
q(y)ν(dy)

=

󰁝

X×∆(Y )

󰀕
V (x,η)− p(x)−

󰁝

Y
q(y)η(dy)

󰀖
γ(dx,dη)≤ 0,

showing that the inequalities hold with equality, so V (x,η)− p(x)−
󰁕
Y q(y)η(dy) = 0 for

all (x,η) ∈ supp(γ). Q.E.D.

PROOF OF REMARK 3: The remark follows from standard optimal transport arguments.

Fix a solution (p, q) to (D). Let p󰂏 :X →R and V 󰂏 :∆(Y )→R be given by, for all x ∈X

and η ∈∆(Y ),

p󰂏(x) = max
η∈∆(Y )

󰀝
V (x,η)−

󰁝

Y
q(y)η(dy)

󰀞
and V 󰂏(η) = max

x∈X
{V (x,η)− p(x)},

where the maximums are attained by continuity and compactness.

By a standard envelope-theorem argument, p󰂏 and V 󰂏 are L-Lipschitz, given that V is

L-Lipschitz. Indeed, for all x, x̂ ∈X and η, η̂ ∈∆(Y ), we have

p󰂏(x)≥ V (x,η)−
󰁝

Y
q(y)η(dy)≥ V (x̂,η)−

󰁝

Y
q(y)η(dy)−LρX(x, x̂),
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V 󰂏(η)≥ V (x,η)− p(x)≥ V (x, η̂)− p(x)−L󰀂η− η̂󰀂KR ,

so taking the maximum over η ∈∆(Y ) and x ∈X on the right-hand sides yields p󰂏(x)≥
p󰂏(x̂) − LρX(x, x̂) and V 󰂏(η) ≥ V 󰂏(η̂) − L󰀂η− η̂󰀂KR. Then, since (D) has a solution

when µ= δx and V (x,η) = V 󰂏(η) for all x ∈X and η ∈∆(Y ), there exists q󰂏 that solves

min
q̂∈Lip(Y )

󰁝

Y
q̂(y)ν(dy) s.t.

󰁝

Y
q̂(y)η(dy)≥ V 󰂏(η), for all η ∈∆(Y ). (21)

Note that (p󰂏, q) ∈ D(V ) and p󰂏(x) ≤ p(x) for all x ∈ X , so p(x) = p󰂏(x) for all

x ∈ supp(µ), since (p, q) solves (D). Similarly, (p, q󰂏) ∈ D(V ) and
󰁕
Y q󰂏(y)ν(dy) ≤

󰁕
Y q(y)ν(dy), so q also solves (21), since (p, q) solves (D). Q.E.D.

A.2. Positive Assortative Segregation

PROOF OF THEOREM 2: Part 3. By Definition 1 (take η = δy), if (φ;p, q) is a competi-

tive equilibrium, then

p(x) = V (x, δS(x))− q(S(x)) = max
y∈Y

{V (x, δy)− q(y)},

so, by the envelope theorem (Milgrom and Segal, 2002, Theorem 3) and continuity of Vx
and S, p has a derivative p′(x) = Vx(x, δS(x)) at each x ∈ (x,x), yielding (5); and (6)

follows from p(S−1(y)) + q(y) = V (S−1(y), δy).

Part 2. By part 3, Definition 1, and some algebra, PAS is a competitive equilibrium if

and only if (4) holds. In addition, if (4) holds strictly for all (x,η) with η ∕= δS(x), then, by

Theorem 1 and continuity of V , p, and q, for any equilibrium assignment γ, we have

supp(γ)⊂
󰁱
(x,η) ∈X×∆(Y ) : p(x)+

󰁝

Y
q(y)η(dy) = V (x,η)

󰁲
= {(x, δS(x)) : x ∈X},

showing that γ = φ.

Part 1. Suppose (2) and (3) hold. Let p and q be given by (5) and (6). Then

p(x) +

󰁝

Y
q(y)η(dy) =

󰁝

Y

󰀓
V (x, δy) +

󰁝 y

S(x)

󰁝 S−1(ỹ)

x
Vxy(x̃, δỹ) dx̃dỹ

󰀔
η(dy)

≥
󰁝

Y
V (x, δy)η(dy)≥ V (x,η),
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for all (x,η) ∈X ×∆(Y ), so φ is an equilibrium assignment. In addition, if Vxy(x, δy)> 0

for all (x, y) ∈X × Y , then the first inequality holds strictly for all (x,η) with η ∕= δS(x),

so φ is the unique equilibrium assignment.

Conversely, suppose that Vxy(x, δy)< 0 for some (x, y) ∈X × Y . By continuity of Vxy ,

there exist x′ > x in X and y′ > y in Y such that Vxy(x̃, δỹ) < 0 for all (x̃, ỹ) ∈ [x,x′]×
[y, y′]. Let µ and ν be such that S(x) = y and S(x′) = y′. Then, for p and q given by (5)

and (6),

p(x) + q(y′)− V (x, δy′) =

󰁝 y′

y

󰁝 S−1(ỹ)

x
Vxy(x̃, δỹ) dx̃dỹ < 0,

showing that (4) fails at (x, δy′), so φ is not an equilibrium assignment.

Finally, suppose that
󰁕
Y V (x, δy)η(dy) + ε< V (x,η) for some (x,η) ∈X ×∆(Y ) and

ε > 0. By continuity of Vxy , there exist µ ∈ ∆(X) (with small enough 󰀂µ− δx󰀂KR) and

ν ∈ ∆(Y ) such that
󰁕 y
S(x)

󰁕 S−1(ỹ)
x Vxy(x̃, δỹ) dx̃dỹ < ε for all y ∈ Y . Then, for p and q

given by (5) and (6),

p(x) +

󰁝

Y
q(y)η(dy) =

󰁝

Y

󰀓
V (x, δy) +

󰁝 y

S(x)

󰁝 S−1(ỹ)

x
Vxy(x̃, δỹ) dx̃dỹ

󰀔
η(dy)

<

󰁝

Y
V (x, δy)η(dy) + ε< V (x,η),

showing that (4) fails at (x,η), so φ is not an equilibrium assignment. Q.E.D.

PROOF OF REMARK 6: Fix x ∈ X and η ∈ ∆(Y ). By the Choquet Theorem (Win-

kler, 1988, Theorem 3.1) and the Richter-Rogosinsky Theorem (Winkler, 1988, Theorem

2.1), there exists τ ∈ ∆(∆(Y )) such that Eτ [η̃] = η, and, for each η̃ ∈ supp(τ), we have

| supp(η̃)|≤ 2 and Eη̃[m(x, y)] = Eη[m(x, y)]. Thus, if (4) holds at all η̃ ∈ supp(τ), then

p(x) +Eη[q(ỹ)] = p(x) +Eτ [Eη̃[q(ỹ)]]

≥ Eτ [Eη̃[v(x, y,Eη̃[m(x, ỹ)])]] = Eη[v(x, y,Eη[m(x, ỹ)])],

showing that (4) holds at η. In addition, if η ∕= δS(x) and (4) holds strictly for all η̃ ∈ supp(τ)

with η̃ ∕= δS(x), then supp(τ) contains some η̃ ∕= δS(x) (by Eτ [η̃] = η ∕= δS(x)), at which the
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inequality is strict, so (4) holds strictly at η. Similarly, if (3) holds at all η̃ ∈ supp(τ), then
󰁝

Y
V (x, δy)η(dy) =

󰁝

∆(Y )

󰁝

Y
V (x, δy) η̃(dy) τ(dη̃)≥

󰁝

∆(Y )
V (x, η̃) τ(dη̃) = V (x,η),

showing that (3) holds at η. Q.E.D.

A.3. Duality in the Mean-Measurable Case

This appendix allows for general v ∈ Lip(X × Y ), which may not be continuously dif-

ferentiable, and general F ∈ ∆(X) and G ∈ ∆(Y ), which may not have full support or

densities. Theorem 3 continues to hold verbatim, and Lemma 1 is generalized to Lemma 6.

We start with three lemmas.

LEMMA 3: If v ∈ LipL(X × Y ), then V ∈ LipL(X ×∆(Y )).

PROOF: If v is L-Lipschitz, then so is V , as, for all x, x̂ ∈X and η, η̂ ∈∆(Y ), we have

V (x,η)− V (x̂, η̂) = v(x,Eη[y])− v(x̂,Eη[y]) + v(x̂,Eη[y])− v(x̂,Eη̂[y])

≤ L

󰀕
|x− x̂|+

󰀏󰀏󰀏󰀏
󰁝

Y
yη(dy)−

󰁝

Y
yη̂(dy)

󰀏󰀏󰀏󰀏

󰀖

≤ L (|x− x̂|+ 󰀂η− η̂󰀂KR) . Q.E.D.

LEMMA 4: There exists γ ∈ P(µ,ν) that induces J ∈∆(X × Y ) if and only if JX = F

and JY ≽G.

PROOF: Let γ ∈ P(µ,ν) and let Jγ ∈ ∆(X × Y ) denote the joint distribution of

(x,Eη[y]) induced by γ. Then Jγ
X = F , by γX = µ, and Jγ

Y ≽ G, because, for each

h ∈Conv(Y ), we have, by Jensen’s inequality and Eγ [η] = ν,

EJγ
Y
[h(y)] = Eγ [h(Eη[y])]≤ Eγ [Eη[h(y)]] = EG[h(y)].

Conversely, let J ∈∆(X×Y ) be such that JX = F and JY ≽G, and let µ and ν denote the

measures induced by the cdfs F and G. By Blackwell (1953), there exists N : Y →∆(Y )

such that EN (z)[y] = z, for all z ∈ Y , and EJY [N (z)] = ν. Define γ ∈∆(X ×∆(Y )) by

γ(A,D) =

󰁝

A×Y
1{N (z) ∈D}J(dx,dz), for all A⊂X and D ⊂∆(Y ).
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Then Jγ
X = JX and Jγ

Y = JY . Moreover, γX = µ, by JX = F, and Eγ [η] = EJY [N (z)] = ν,

by the construction of N . Q.E.D.

Let DL(v) denote the set of feasible solutions to (DL). For any q ∈ Lip(Y ), define q̌ :

Y →R by

q̌(z) = min
η∈∆(Y )

Eη[q(y)] s.t. Eη[y] = z, for all z ∈ Y . (22)

LEMMA 5: If (p, q) ∈DL(v), then (p, q) ∈D(V ). If (p, q) ∈D(V ), then (p, q̌) ∈DL(v).

PROOF: If (p, q) ∈DL(v), then, for all x ∈X and η ∈∆(Y ), we have

p(x) +Eη[q(y)]≥ p(x) + q(Eη[y])≥ v(x,Eη[y]) = V (x,η),

so (p, q) ∈D(V ).

Let (p, q) ∈D(V ). Up to notation and sign change, (22) features the same optimization

problem as (P) when | supp(µ)| = 1 and | supp(ν)| = 2. Thus, as follows from Section 3,

q̌ is Lipschitz continuous and convex. Moreover, letting ηz denote a minimizer in (22),

(p, q) ∈D(V ) yields

p(x) + q̌(z) = p(x) +Eηz [q(y)]≥ V (x,ηz) = v(x, z),

showing that (p, q̌) ∈DL(v). Q.E.D.

LEMMA 6: Suppose that γ ∈ ∆(X × ∆(Y )) induces J ∈ ∆(X × Y ). If (J ;p, q) is a

competitive equilibrium in the sense of Definition 2, then (γ;p, q) is a competitive equilib-

rium in the sense of Definition 1. Conversely, if (γ;p, q) is a competitive equilibrium in the

sense of Definition 1, then (J ;p, q̌) is a competitive equilibrium in the sense of Definition 2,

and q̌(y) = q(y) for all y ∈ supp(G).

PROOF: If (J ;p, q) is a competitive equilibrium in the sense of Definition 2, then

(γ;p, q) is a competitive equilibrium in the sense of Definition 1, because
󰁝

X×∆(Y )
V (x,η)γ(dx,dη)≤

󰁝

X×∆(Y )

󰀓
p(x) +

󰁝

Y
q(y)η(dy)

󰀔
γ(dx,dη)

=

󰁝

X
p(x)µ(dx) +

󰁝

Y
q(y)ν(dy)
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=

󰁝

X
p(x)F (dx) +

󰁝

Y
q(z)JY (dz)

=

󰁝

X×Y
v(x, z)J(dx,dz)

=

󰁝

X×∆(Y )
V (x,η)γ(dx,dη),

where the inequality holds by (p, q) ∈ D(V ) (see Lemma 5). Conversely, if (γ;p, q) is a

competitive equilibrium in the sense of Definition 1, then (J ;p, q̌) is a competitive equilib-

rium in the sense of Definition 2, and q̌(y) = q(y) for all y ∈ supp(G), because
󰁝

X×Y
v(x, z)J(dx,dz)≤

󰁝

X×Y
(p(x) + q̌(z))J(dx,dz)

=

󰁝

X
p(x)F (dx) +

󰁝

Y
q̌(z)JY (dz)

≤
󰁝

X
p(x)µ(dx) +

󰁝

Y
q̌(y)ν(dy)

≤
󰁝

X
p(x)µ(dx) +

󰁝

Y
q(y)ν(dy)

=

󰁝

X×∆(Y )
V (x,η)γ(dx,dη)

=

󰁝

X×Y
v(x, z)J(dx,dz),

where the first inequality holds by (p, q̌) ∈ DL(v), the second inequality holds by q̌ ∈
Conv(Y ) and JY ≽G, and the third inequality holds by q̌(y)≤ q(y) for all y ∈ Y . Q.E.D.

PROOF OF THEOREM 3: By Lemma 3, Theorem 1 implies that there exists a competi-

tive equilibrium (γ;p, q) in the sense of Definition 1. Let J denote the joint distribution of

(x,Eη[y]) induced by γ. By Lemma 6, (J ;p, q̌) is a competitive equilibrium in the sense of

Definition 2. Moreover, by Theorem 1 and Lemmas 4–6, (J ;p, q) is a competitive equilib-

rium if and only if J solves (PL) and (p, q) solves (DL). Q.E.D.

A.4. Equilibrium Characterization in the Mean-Measurable Case

We first formalize the intuition for the segregation set XS .
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LEMMA 7: Let γ ∈ P(µ,ν) induce T satisfying (F), and let I ∈∆(X × Y ) be given by

I(x, y) =

󰁝

X×∆(Y )
η([y, y])1{x̃≤ x}γ(dx̃,dη).

Then x ∈XS if and only if I(x,S(x)) = F (x). Moreover, if x ∈XS , with x ∕= x,x, and T

is continuous, then T (x) = S(x).

PROOF: Note that IX = F and IY = G. Thus, I(x, y) ≤ min(F (x),G(y)) for all

(x, y) ∈X × Y . Moreover,

󰁝 x

x
T (x̃)F (dx̃) =

󰁝

X×∆(Y )

󰁝
y η(dy)1{x̃≤ x}γ(dx̃,dη)

=

󰁝

X×∆(Y )

󰀣
y +

󰁝 y

y
(1− η([y, y])) dy

󰀤
1{x̃≤ x}γ(dx̃,dη)

=yF (x) +

󰁝 y

y

󰁝

X×∆(Y )
(1− η([y, y]))1{x̃≤ x}γ(dx̃,dη) dy

=yF (x) +

󰁝 y

y
(F (x)− I(x, y)) dy,

and, similarly,

󰁝 x

x
S(x̃)F (dx̃) =yF (x) +

󰁝 y

y
(F (x)−min(F (x),G(y))) dy,

so
󰁝 x

x
T (x̃)F (dx̃)−

󰁝 x

x
S(x̃)F (dx̃) =

󰁝 y

y
(min(F (x),G(y))− I(x, y)) dy.

Since the integrand is nonnegative, x ∈ XS if and only if I(x, y) = min(F (x),G(y)) for

all y ∈ Y , which is equivalent to I(x,S(x)) = F (x), since G(S(x)) = F (x).

Finally, if x ∈XS ∩ (x,x) and T is continuous, then
󰁕 x
x T (x̃)F (dx̃)−

󰁕 x
x S(x̃)F (dx̃)

attains a minimum of 0 at an interior point x, so T (x) = S(x) by the first-order condition.

Q.E.D.
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PROOF OF THEOREM 4: By Theorem 3, J solves (PL) if and only if there exists (p, q) ∈
DL(v) satisfying

p(x) + q(z) = v(x, z), for all (x, z) ∈ supp(J),
󰁝

Y
q(z)JY (dz) =

󰁝

Y
q(z)G(dz).

Fix any (p, q) ∈DL(v), and define the contact set

Γ := {(x, z) ∈X × Y : p(x) + q(z) = v(x, z)}.

Notice that Γ is a compact set containing supp(J). We first prove several lemmas.

LEMMA 8: There exists a continuous, increasing T :X → Y such that

Γ= {(x,T (x)) : x ∈X}.

PROOF: Since Γ is closed and JX = F has full support on X , the set Γx := {z ∈ Y :

(x, z) ∈ Γ} is nonempty for all x ∈X . Suppose for contradiction that there exist x0 ≤ x1 in

X and z0 > z1 in Y such that (x0, z0) and (x1, z1) are in Γ. Then, denoting z = (z0+z1)/2,

we have

p(x0) + q(z0) + p(x1) + q(z1)≥ p(x0) + p(x1) + 2q(z)≥ v(x0, z) + v(x1, z)

> 1
2(v(x0, z0) + v(x0, z1)) +

1
2(v(x1, z0) + v(x1, z1))

≥ v(x0, z0) + v(x1, z1) = p(x0) + q(z0) + p(x1) + q(z1),

where the first inequality is by q ∈Conv(Y ), the second inequality is by (p, q) ∈DL(v), the

third inequality is by strict concavity of v in z, the fourth inequality is by supermodularity

of v, and the equality is by the definition of Γ. Q.E.D.

Fix a continuous, increasing map T satisfying (F). Let J ∈ ∆(X × Y ) be given by

J(x, z) = min(F (x),H(z)) for all (x, z) ∈ X × Y , with H ∈ ∆(Y ) given by H(z) =

F (T−1(z)) for all z ∈ Y , where T−1 is a generalized inverse of T , defined by T−1(z) =

max{x ∈ X : T (x) ≤ z}, for all z ≥ T (x), and T−1(z) = x, for all z < T (x). Then J
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solves (PL) if and only if there exists (p, q) ∈DL(v) such that

p(x) + q(T (x)) = v(x,T (x)), for all x ∈X, (23)
󰁝

X
q(S(x))F (dx) =

󰁝

X
q(T (x))F (dx). (24)

Define the sets

Y S =

󰀫
y ∈ Y :

󰁝 y

y
G(ỹ) dỹ =

󰁝 y

y
H(ỹ) dỹ

󰀬
, and

Y C =

󰀫
y ∈ Y :

󰁝 y

y
G(ỹ) dỹ >

󰁝 y

y
H(ỹ) dỹ

󰀬
= Y \ Y S .

Notice that Y C is open and thus is a union of at most countably many disjoint open inter-

vals, Y C =
󰁖

k(yk, yk). Moreover, recall that any q ∈ Lip(Y ) ∩ Conv(Y ) admits a right-

continuous, bounded, and increasing subderivative q′.

LEMMA 9: For q ∈ Lip(Y ) ∩ Conv(Y ), (24) holds if and only if q is affine on each

(y
k
, yk).

PROOF: We have

󰁝

X
(q(S(x))− q(T (x)))F (dx) =

󰁝

Y
q(y) dG(y)−

󰁝

Y
q(y) dH(y)

=

󰁝

Y
(H(y)−G(y)) q(dy) =

󰁝

Y

󰀓󰁝 y

y
G(ỹ) dỹ−

󰁝 y

y
H(ỹ) dỹ

󰀔
q′(dy),

where the first equality is by a change of variables, the second equality is by integra-

tion by parts and G(y) = H(y) = 1, and the third equality is by integration by parts and
󰁕 y
y G(y) dy =

󰁕 y
y H(y) dy. Since the integrand is (weakly) positive and q′ is increasing,

(24) holds if and only if q′ is constant on each (y
k
, yk), where the integrand is strictly

positive. Q.E.D.

LEMMA 10: Fix x ∈ (x,x). Then x ∈XC if and only if T (x) ∈ Y C .
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PROOF: Integration by parts gives

󰁝 x

x
T (x̃)F (dx̃) +

󰁝 T (x)

y
H(y) dy =F (x)T (x), (25)

󰁝 x

x
S(x̃)F (dx̃) +

󰁝 S(x)

y
G(y) dy =F (x)S(x). (26)

If x ∈XS , then T (x) = S(x) by Lemma 7. Thus, T (x) ∈ Y S by (25) and (26). Conversely,

if T (x) ∈ Y S , then G(T (x)) =H(T (x)) (equivalently, T (x) = S(x)), since
󰁕 y
y G(ỹ) dỹ −

󰁕 y
y H(ỹ) dỹ attains a minimum of 0 at T (x). Thus, x ∈XS by (25) and (26). Q.E.D.

LEMMA 11: If J solves (PL) and (p, q) solves (DL), then, for all x0, x1 ∈ (xi, xi), we

have

q′(T (x0)) = vz(x0, T (x0)) = vz(x1, T (x1)) = q′(T (x1)).

PROOF: By Lemma 10, there exists k such that T (x) ∈ (y
k
, yk) for all x ∈ (xi, xi). By

Lemma 9, q has the same derivative at T (x0) and T (x1), i.e., q′(T (x0)) = q′(T (x1)). For

j = 0,1,

p(xj) = v(xj , T (xj))− q(T (xj)) = max
y∈Y

{v(xj , y)− q(y)},

where the first equality is by (xj , T (xj)) ∈ Γ and the second equality is by (p, q) ∈DL(v).

Since v and q are continuously differentiable in y on (y
k
, yk), we get q′(T (xj)) =

vz(xj , T (xj)). Q.E.D.

LEMMA 12: If J solves (PL) and (p, q) solves (DL), then (7) and (8) hold for some

c ∈R. Moreover, vz(x,T (x)) is increasing on X .

PROOF: Fix x0 ∈ (x,x). By (x0, T (x0)) ∈ Γ and (p, q) ∈DL(v), we have

p(x0) = v(x0, T (x0))− q(T (x0)) = max
y∈Y

{v(x0, y)− q(y)}.

By continuity of vx and T , the envelope theorem (Milgrom and Segal, 2002, Theorem 3)

implies that p has a derivative p′(x0) = vx(x0, T (x0)) at x0, so (7) holds for some c ∈ R.
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Moreover, for all y ∈ [T (x), T (x)], by (7), (23), and a change of variables, we have

q(y) = v(T−1(y), y)− p(T−1(y)) = v(x,T (x)) +

󰁝 y

T (x)
vz(T

−1(ỹ), ỹ) dỹ− c,

so (8) holds for all y ∈ [T (x), T (x)]. Next, if T (x)> y, then, since G has positive density

on Y , there exists y0 ∈ (T (x), y] such that
󰁕 y
y G(ỹ) dỹ >

󰁕 y
y H(ỹ) dỹ for all y ∈ (y, y0).

Thus, by Lemmas 9–11, (8) holds for all y ∈ [y,T (x)). Similarly, if T (x)< y, then, since

G has positive density on Y , we have that (8) holds for all y ∈ (T (x), y].

Since q is given by (8), and q ∈ Conv(Y ), it follows that vz(T−1(y), y) is increasing on

[T (x), T (x)]. Since vz is increasing in x and T−1 is increasing, it follows that vz(x,T (x))

is increasing on X . Q.E.D.

LEMMA 13: If vz(x,T (x)) is increasing on X and is constant on each (xi, xi), then

(p, q) given by (7) and (8), for any c ∈R, is in DL(v) and satisfies (23) and (24).

PROOF: Substituting (p, q) from (7) and (8), and using that vx is increasing in z and vz

is increasing in x and decreasing in z, we get

p(x) + q(T (x̂))− v(x,T (x̂)) =

󰁝 x

x̂
(vx(x̃, T (x̃))− vx(x̃, T (x̂))) dx̃≥ 0,

for all x, x̂ ∈X , with equality at x̂= x,

(27)

p(x) + q(y)− v(x, y) =

󰁝 x

x
(vx(x̃, T (x̃))− vx(x̃, T (x))) dx̃

+

󰁝 T (x)

y
(vz(x, ỹ)− vz(x,T (x))) dỹ ≥ 0, for all x ∈X and y ∈ [y,T (x)),

(28)

p(x) + q(y)− v(x, y) =

󰁝 x

x
(vx(x̃, T (x))− vx(x̃, T (x̃))) dx̃

+

󰁝 y

T (x)
(vz(x,T (x))− vz(x, ỹ)) dỹ ≥ 0, for all x ∈X and y ∈ (T (x), y].

(29)

Since vz(x,T (x)) is increasing in x, we have q ∈Conv(Y ). Thus, by (27)–(29), (p, q) is in

DL(v) and satisfies (23). Finally, (24) holds by Lemmas 9 and 10, given that vz(x,T (x)) is

constant on each (xi, xi), q
′(y) = q′(T (x)) for all y ∈ [y,T (x)), and q′(y) = q′(T (x)) for

all y ∈ (T (x), y]. Q.E.D.
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We are now ready to prove Theorem 4.

Part 1. By Theorem 3, any equilibrium assignment J satisfies supp(J) ⊂ Γ. Then, by

Lemma 8, there is a unique equilibrium matching T , which is continuous and increas-

ing. We now show that T is strictly increasing. Suppose for contradiction that there ex-

ist x0 < x1 in X and z ∈ Y such that z = T (x0) = T (x1). Note that vz(x,T (x)) is in-

creasing on X by Lemma 12 and is constant on each (xi, xi) by Lemma 11. Since vz

is strictly increasing in x and strictly decreasing in z, it follows that T is strictly in-

creasing on each (xi, xi), so [x0, x1] ⊂ XS , and
󰁕 x
x T (x̃)F (dx̃) =

󰁕 x
x S(x̃)F (dx̃), for

all x ∈ [x0, x1]. Then, by Lemma 7, S(x) = T (x) = z for all x ∈ (x0, x1), yielding

G(z)−G(z−)≥ F (x1)− F (x0)> 0, contradicting that G has a density on Y .

Part 2. By part 1, there is a unique increasing equilibrium matching T . By Lemmas 11

and 12, vz(x,T (x)) is increasing on X and is constant on each (xi, xi). Conversely, con-

sider an increasing matching T such that vz(x,T (x)) is increasing on X and is constant

on each (xi, xi). Since T and vz(x,T (x)) are increasing, and vz is continuous and strictly

decreasing in z, it follows that T cannot have upward jumps and thus is continuous. Then

by Theorem 3 and Lemma 13, T is the equilibrium matching.

Part 3. By Theorem 3, the only if part follows from Lemma 12, and the if part follows

from Lemma 13. Q.E.D.

PROOF OF REMARK 7: Let T be the equilibrium matching, which is continuous

and increasing by Theorem 4, and define ET : [0, u] → R by ET (u) =
󰁕 u
0 (b(x(ũ)) −

c(x(ũ))T (x(ũ))) dũ for all u ∈ [0, u]. The change of variables t̃ = t(ũ) (with dt̃ =

c(x(ũ)) dũ), followed by x̃= F−1(t̃), yields

ES(u(F (x)))−ET (u(F (x))) =

󰁝 x

x
T (x̃)F (dx̃)−

󰁝 x

x
S(x̃)F (dx̃), for all x ∈X. (30)

Thus, by (F), ET ≤ ES on [0, u], with equality at u= 0 and u= u. Moreover, {u ∈ [0, u] :

ET (u)<ES(u)}=
󰁖

i(ui, ui) with ui = u(F (xi)) and ui = u(F (xi)). By Theorem 4 and

a′ > 0, b(x)− c(x)T (x) is increasing on X and constant on each (xi, xi), so ET is convex

on [0, u] and affine on each (ui, ui).

We conclude that ET =ES . First, ET ≤ES , because ET ∈Conv([0, u]) and ET ≤ES .

Conversely, take any u ∈ [0, u]. If ET (u) = ES(u), then ES(u) ≤ ES(u) = ET (u). Oth-

erwise, u ∈ (ui, ui) for some i, so ES(u)≤ ET (u), because ES is convex with ES ≤ ES
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and ET is affine on [ui, ui] with ET (ui) = ES(ui) and ET (ui) = ES(ui). Finally, since T

is continuous, ET = ES is continuously differentiable with derivative E
′
S(u) = b(x(u))−

c(x(u))T (x(u)), so b(x)− c(x)T (x) =E
′
S(u(F (x))) for all x ∈X . Q.E.D.

PROOF OF THEOREM 5: Part 1. Follows from Theorem 4.

Part 2. Follows from Lemma 14 with x̂= x.

Part 3. By strict quasiconcavity, there exists x̂ ∈X such that vz(x,S(x)) is strictly in-

creasing on [x, x̂) and strictly decreasing on (x̂, x]. Assume that x̂ < x, as otherwise part 1

applies. Then part 3 follows from the next lemma.

LEMMA 14: There exists x∗ ∈ [x, x̂] and an increasing T :X → Y such that
󰁝 x

x∗
T (x)F (dx) =

󰁝 x

x∗
S(x)F (dx), (31)

vz(x
∗, T (x∗)) = vz(x,T (x)), for all x ∈ [x∗, x], (32)

S(x∗)≤ T (x∗), with equality if x∗ ∕= x. (33)

Moreover, the equilibrium matching is upper compression with XC = (x∗, x).

PROOF: Define O(x; z) =
󰁕 x
x (T (x̃)− S(x̃))F (dx̃), where T (x̃) is given by vz(x, z) =

vz(x̃, T (x̃)). First, consider the case O(x;S(x))≤ 0. In this case, vz(x,S(x))> vz(x,S(x)),

as otherwise, for all x̃ ∈ (x,x), vz(x̃, T (x̃)) < vz(x̃, S(x̃)) because vz(x,S(x)) is strictly

quasiconcave, so T (x̃)> S(x̃) because vz is strictly decreasing in z, and thus O(x;S(x))>

0, yielding a contradiction. Let ẑ be given by vz(x, ẑ) = vz(x,S(x)). Then, for all

x̃ ∈ (x,x), vz(x̃, T (x̃)) < vz(x̃, S(x̃)), so T (x̃) > S(x̃), and thus O(x; ẑ) > 0. By the

intermediate value theorem, there exists z∗ ∈ [S(x), ẑ) such that O(x; z∗) = 0, so (31)–

(33) hold. Since vz(x,S(x)) is strictly quasiconcave and vz is strictly decreasing in z,

there exists x0 ∈ (x,x) such that S(x̃) < T (x̃) for all x̃ ∈ (x,x0) and S(x̃) > T (x̃) for

all x̃ ∈ (x0, x], implying that (F) holds strictly for all x ∈ (x,x). Thus, the equilibrium

matching is full compression by Theorem 4.

Next, consider the case O(x;S(x))> 0. Note that O(x̂;S(x̂))< 0, as, for all x̃ ∈ (x̂, x],

vz(x̃, T (x̃)) = vz(x̂, S(x̂)) > vz(x̃, S(x̃)), so T (x̃) < S(x̃). By the intermediate value the-

orem, there exists x∗ ∈ (x, x̂) such that O(x∗;S(x∗)) = 0, so (31)–(33) hold. Then there

exists x0 ∈ (x∗, x) such that S(x̃) < T (x̃) for all x̃ ∈ (x∗, x0) and S(x̃) > T (x̃) for all
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x̃ ∈ (x0, x]. Thus the equilibrium matching is upper compression with XC = (x∗, x) by

Theorem 4. Q.E.D.

Part 4. Follows from part 3 by symmetry. Q.E.D.

A.5. Comparative Statics in the Mean-Measurable Case

PROOF OF THEOREM 6: If parts of both parts. Suppose that σv̂ ≥ σv and Ĝ ≼ G.

Let T and T̂ denote the equilibrium matchings under (v,F,G) and (v̂, F, Ĝ), and let

S = G−1 ◦ F and Ŝ = Ĝ−1 ◦ F . Suppose by contradiction that T̂ ◦ F−1 ⋡ T ◦ F−1.

Then there exist x0 < x1 in X such that
󰁕 xi
x T̂ (x̃)F (dx̃) =

󰁕 xi
x T (x̃)F (dx̃) for i = 0,1

and
󰁕 x
x T̂ (x̃)F (dx̃) >

󰁕 x
x T (x̃)F (dx̃) for all x ∈ (x0, x1). In turn, there exist x̃0 < x̃1 in

(x0, x1) such that T̂ (x̃0)> T (x̃0) and T̂ (x̃1)< T (x̃1). Next, v̂z(x̃0, T̂ (x̃0)) = v̂z(x̃1, T̂ (x̃1))

by Theorem 4, because
󰁝 x

x
T̂ (x̃)F (dx̃)>

󰁝 x

x
T (x̃)F (dx̃)≥

󰁝 x

x
S(x̃)F (dx̃)≥

󰁝 x

x
Ŝ(x̃)F (dx̃),

for all x ∈ (x0, x1). But then, by v̂zz < 0, we have

v̂z(x̃0, T (x̃0))> v̂z(x̃0, T̂ (x̃0)) = v̂z(x̃1, T̂ (x̃1))> v̂z(x̃1, T (x̃1)).

By the implicit function theorem, there exists a function T̃ : [x̃0, x̃1]→ [T (x̃0), T (x̃1)) such

that v̂z(x, T̃ (x)) = v̂z(x̃0, T (x̃0)) and T̃ ′(x) = σv̂(x, T̃ (x)) for all x ∈ [x̃0, x̃1]. Then, for all

x ∈ [x̃0, x̃1], we have

d

dx
vz(x, T̃ (x)) = vxz(x, T̃ (x)) + vzz(x, T̃ (x)) T̃

′(x)

=−vzz(x, T̃ (x))(σv(x, T̃ (x))− σv̂(x, T̃ (x)))≤ 0,

so vz(x̃0, T (x̃0))≥ vz(x̃1, T̃ (x̃1))> vz(x̃1, T (x̃1)), contradicting Theorem 4, which shows

that vz(x,T (x)) is increasing in x.

Only if part of part 1. Suppose that σv̂(x, z) < σv(x, z) for some (x, z) ∈ X × Y ; by

continuity of σv and σv̂ , we can take x ∈ (x,x) and z ∈ (y, y). Take k > 0 such that

σv̂(x, z) < k < σv(x, z). Then, by a Taylor expansion, there exists ε > 0 such that, let-

ting x0 = x, x1 = x+ ε, y0 = z, and y1 = z + kε, we have x1 ∈X , y1 ∈ Y , vz(x1, y1) >
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vz(x0, y0), and v̂z(x1, y1)< v̂z(x0, y0). Consider discrete distributions F d = δx0/2+ δx1/2

and Gd = δy0/2 + δy1/2. Let Jd = δ(x0,y0)/2 + δ(x1,y1)/2, r ∈ [vz(x0, y0), vz(x1, y1)],

p(xi) = v(xi, yi)− ryi, and q(z) = rz for all z ∈ [y0, y1] and i= 0,1. Then Jd is the unique

equilibrium assignment under (v,F d,Gd) by Theorem 3, as

v(xi, yi)− ryi + rz − v(xi, z) = r(z − yi)−
󰁝 z

yi

vz(xi, z̃) dz̃

≥
󰁝 z

yi

(vz(xi, yi)− vz(xi, z̃)) dz̃ ≥ 0,

for all z ∈ [y0, y1] and i = 0,1, with both inequalities holding as equality if and only

if z = yi. Next, there exist unique ẑ0 < ẑ1 in (y0, y1) such that ẑ0 + ẑ1 = y0 + y1

and v̂z(x0, ẑ0) = v̂z(x1, ẑ1). Let Ĵd = δ(x0,ẑ0)/2 + δ(x1,ẑ1)/2, r̂ = v̂z(x0, ẑ0) = v̂z(x1, ẑ1),

p̂(xi) = v̂(xi, ẑi)− r̂ẑi, and q̂(z) = r̂z for all z ∈ [y0, y1] and i= 0,1. Then Ĵd is the unique

equilibrium assignment under (v̂, F d,Gd) by Theorem 3, as

v̂(xi, ẑi)− r̂ẑi + r̂z − v̂(xi, z) =

󰁝 z

ẑi

(v̂z(xi, ẑi)− v̂z(xi, z̃)) dz̃ ≥ 0,

for all z ∈ [y0, y1] and i= 0,1, with the inequality holding as equality if and only if z = ẑi.

Clearly, Ĵd
Y ⋠ Jd

Y . By continuity and approximation, there exist distributions F and G with

continuous positive densities such that the equilibrium assignments under (v̂, F,G) and

(v,F,G) satisfy ĴY ⋠ JY , and thus T̂ ◦ F−1 ⋡ T ◦ F−1.

Only if part of part 2. Suppose that Ĝ⋠G. Consider the convex-loss case with F =G,

so that T (x) = S(x) = x by footnote 30. Then T̂ ◦ F−1 ⋡ T ◦ F−1, as otherwise Ĝ−1 =

Ŝ ◦ F−1 ≽ T̂ ◦ F−1 ≽ T ◦ F−1 = S ◦ F−1 =G−1, contradicting that Ĝ⋠G. Q.E.D.

PROOF OF THEOREM 7: If parts of parts 1 and 2. Suppose that F ≤ F̂ and Ĝ ≤ G.

Let T and T̂ denote the equilibrium matchings under (v,F,G) and (v, F̂ , Ĝ), and let S =

G−1 ◦ F and Ŝ = Ĝ−1 ◦ F̂ . Suppose by contradiction that T̂ ≱ T . Then the set A := {x ∈
X : T̂ (x) < T (x)} is non-empty. By continuity of T̂ and T , the set A is open and is thus

a union of at most countably many disjoint open intervals. Take one such interval (a, a),

with x ≤ a < a ≤ x. Note that
󰁕 a
x T̂ (x) F̂ (dx) =

󰁕 a
x Ŝ(x) F̂ (dx) and thus T̂ (a) ≥ Ŝ(a) =

Ĝ−1(F̂ (a)) (with equality if a > x), as otherwise,
󰁕 a
x T̂ (x) F̂ (dx) >

󰁕 a
x Ŝ(x) F̂ (dx), so
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a > x and, for some x ∈ (a, a),

vz(a,T (a)) = vz(a, T̂ (a)) = vz(x, T̂ (x))> vz(x,T (x))≥ vz(a,T (a)).

Similarly,
󰁕 a
x T (x)F (dx) =

󰁕 a
x S(x)F (dx) and thus T (a)≤ S(a) (with equality if a < x),

as otherwise
󰁕 a
x T (x)F (dx)>

󰁕 a
x S(x)F (dx), so a < x and, for some x ∈ (a, a),

vz(a, T̂ (a))≥ vz(x, T̂ (x))> vz(x,T (x)) = vz(a,T (a)) = vz(a, T̂ (a)).

Next,

0 ≤
(a)

󰁝 a

x
(T̂ (x)− Ŝ(x)) F̂ (dx) =

(b)

󰁝 a

a
(T̂ (x)− Ŝ(x)) F̂ (dx)

=
(c)

󰁝 F̂ (a)

F̂ (a)
(T̂ (F̂−1(t))− Ĝ−1(t)) dt <

(d)

󰁝 F̂ (a)

F̂ (a)
(T (F̂−1(t))− Ĝ−1(t)) dt,

(34)

where (a) holds because T̂ ◦F̂−1 ≼ Ĝ−1, (b) holds because
󰁕 a
x T̂ (x) F̂ (dx) =

󰁕 a
x Ŝ(x) F̂ (dx),

(c) holds by a change of variable, and (d) holds because T̂ (x)< T (x) for x ∈ (a, a).

Note that

T (F̂−1(t))≤ T (a)≤G−1(F (a))≤G−1(t)≤ Ĝ−1(t), for all t ∈ [F (a), F̂ (a)], (35)

where the first inequality holds because T is increasing and t≤ F̂ (a), the second inequality

holds because T (a) ≤ S(a), the third inequality holds because G−1 is increasing and t≥
F (a), and the fourth inequality holds because G−1 ≤ Ĝ−1. Similarly, we have

T̂ (F−1(t))≥ T̂ (a)≥ Ĝ−1(F̂ (a))≥ Ĝ−1(t)≥G−1(t), for all t ∈ [F (a), F̂ (a)], (36)

where the first inequality holds because T̂ is increasing and t≥ F (a), the second inequality

holds because T̂ (a) ≥ Ŝ(a), the third inequality holds because Ĝ−1 is increasing and t≤
F̂ (a), and the fourth inequality holds because Ĝ−1 ≥G−1.

Finally, if F (a) ≤ F̂ (a), then [F̂ (a), F̂ (a)] ⊂ [F (a), F̂ (a)], so, by (35), the integrand

in (34) is negative, yielding a contradiction. Otherwise (if F (a) > F̂ (a)), we again get a

contradiction,

0 <
(e)

󰁝 F̂ (a)

F̂ (a)
(T (F̂−1(t))− Ĝ−1(t)) dt ≤

(f)

󰁝 F (a)

F̂ (a)
(T (F̂−1(t))− Ĝ−1(t)) dt
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≤
(g)

󰁝 F (a)

F̂ (a)
(T (F−1(t))−G−1(t)) dt ≤

(h)

󰁝 F (a)

F (a)
(T (F−1(t))−G−1(t)) dt

=
(i)

󰁝 a

a
(T (x)− S(x))F (dx) =

(j)
−
󰁝 a

x
(T (x)− S(x))F (dx) ≤

(k)
0,

where (e) holds by (34), (f) holds by (35), (g) holds because T is increasing, F̂−1 ≤ F−1,

and Ĝ−1 ≥ G−1, (h) holds because T (F−1(t)) ≥ G−1(t) for all t ∈ [F (a), F̂ (a)] by (36)

and T (F−1(t))≥ T̂ (F−1(t)) for all t ∈ [F (a), F (a)]⊃ [F (a), F̂ (a)], (i) holds by a change

of variable, (j) holds because
󰁕 a
x T (x)F (dx) =

󰁕 a
x S(x)F (dx), and (k) holds because T ◦

F−1 ≼G−1.

Only if part of part 1. Suppose that F ≰ F̂ , so that there exists x0 ∈ (x,x) such that

F (x0) > F̂ (x0). Consider the convex-loss case with G uniform on [0, ε] such that, for

all x ∈ X , we have ε ≤ 1/F ′(x) and ε ≤ 1/F̂ ′(x), so S′(x) = F ′(x)ε ≤ 1 and Ŝ′(x) =

F̂ ′(x)ε≤ 1. By footnote 30, the equilibrium matchings are T = S and T̂ = Ŝ, so T̂ (x0) =

G−1(F̂ (x0))<G−1(F (x0)) = T (x0), showing that T̂ ≱ T .

Only if part of part 2. Suppose that Ĝ ≰ G, so that there exists y0 ∈ (y, y) such that

Ĝ(y0) > G(y0). Consider the convex-loss case with F uniform on [0,1/ε] such that, for

all y ∈ Y , we have ε ≤ G′(y) and ε ≤ Ĝ′(y), so S′(x) = ε/G′(S(x)) ≤ 1 and Ŝ′(x) =

ε/Ĝ′(Ŝ(x))≤ 1. By footnote 30, the equilibrium matchings are T = S and T̂ = Ŝ, so, let-

ting x0 = F−1(G(y0)), we have T̂ (x0) = Ĝ−1(F (x0)) < G−1(F (x0)) = T (x0), showing

that T̂ ≱ T .

Part 3. Follows from part 3 of Theorem 4. Q.E.D.

A.6. Duality in the Moment-Measurable Case

We first show that Theorem 1 applies to the moment-measurable case.

LEMMA 15: If v ∈ Lip(X×R) and m ∈ Lip(X×Y ), then V (x,η) = v(x,Eη[m(x, y)]) ∈
Lip(X ×∆(Y )).

PROOF: Letting Lv and Lm denote Lipschitz constants of v and m, for all x, x̂ ∈X and

η, η̂ ∈∆(Y ), we have

V (x,η)− V (x̂, η̂) =

󰀕
v

󰀕
x,

󰁝

Y
m(x, y)η(dy)

󰀖
− v

󰀕
x̂,

󰁝

Y
m(x, y)η(dy)

󰀖󰀖
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+

󰀕
v

󰀕
x̂,

󰁝

Y
m(x, y)η(dy)

󰀖
− v

󰀕
x̂,

󰁝

Y
m(x̂, y)η(dy)

󰀖󰀖

+

󰀕
v

󰀕
x̂,

󰁝

Y
m(x̂, y)η(dy)

󰀖
− v

󰀕
x̂,

󰁝

Y
m(x̂, y)η̂(dy)

󰀖󰀖

≤LvρX(x, x̂) +LvLmρX(x, x̂) +LvLm 󰀂η− η̂󰀂KR ,

so V ∈ Lip(X ×∆(Y )) Q.E.D.

Next, we simplify the primal and dual problems. Let Z = [z, z], where z =minx∈X m(x, y)

and z =maxx∈X m(x, y). Moreover, for π ∈∆(X×Y ×Z), let πx,z denote the conditional

distribution of y given (x, z). The planner’s problem is

max
π∈∆(X×Y×Z)

Eπ[v(x, z)]

s.t. πX = µ, πY = ν, and Eπx,z [m(x, y)] = z, for all (x, z) ∈X ×Z.

(PM )

Let B(X ×Z) denote the set of bounded, measurable functions on X ×Z . The dual prob-

lem is

min
(p,q,r)∈Lip(X)×Lip(Y )×B(X×Z)

Eµ[p(x)] +Eν [q(y)]

s.t. p(x) + q(y)≥ v(x, z) + r(x, z)(m(x, y)− z), for all (x, y, z) ∈X × Y ×Z.
(DM )

Let DM (v,m) denote the set of feasible solutions to (DM ).

LEMMA 16: Suppose that v is continuously differentiable and m is Lipschitz. Then

(p, q) ∈D(V ) if and only if there exists r ∈B(X ×Z) such that (p, q, r) ∈DM (v,m).

PROOF: Suppose that (p, q, r) ∈DM (v,m). Then, for all η ∈∆(Y ) and z = Eη[m(x, y)],

we have
󰁝

Y
(p(x) + q(y))η(dy)≥

󰁝

Y
(v(x, z) + r(x, z)(m(x, y)− z))η(dy) = v(x, z) = V (x,η),

so (p, q) ∈D(V ).

Suppose now that (p, q) ∈D(V ). Considering all η ∈∆(Y ) with | supp(η)|= 1 gives

p(x) + q(y)≥ v(x,m(x, y)), for all (x, y) ∈X × Y . (37)
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Considering all η ∈∆(Y ) with | supp(η)|= 2 gives

p(x) + q(y1)− v(x, z)

m(x, y1)− z
≤ p(x) + q(y2)− v(x, z)

m(x, y2)− z
,

for all y1, y2 ∈ Y and z ∈ Z such that m(x, y1)< z <m(x, y2).

(38)

Define r̃ on X × Y ×Z by

r̃(x, y, z) =

󰀻
󰀿

󰀽
vz(x, z), z =m(x, y),

v(x,m(x,y))−v(x,z)
m(x,y)−z , z ∕=m(x, y).

Note that r̃ is continuous on X × Y × Z , because, by the mean value theorem, for each

(x, y, z) ∈X ×Y ×Z , there exists ẑ between z and m(x, y) such that r̃(x, y, z) = vz(x, ẑ).

Thus, there exists C such that |r̃(x, y, z)|≤C for all (x, y, z) ∈X × Y ×Z .

Define r and r on X ×Z by

r(x, z) =

󰀻
󰀿

󰀽
supy1∈Y :m(x,y1)<z

p(x)+q(y1)−v(x,z)
m(x,y1)−z , z >m(x, y),

−∞, z ≤m(x, y),

r(x, z) =

󰀻
󰀿

󰀽
infy2∈Y :m(x,y2)>z

p(x)+q(y2)−v(x,z)
m(x,y2)−z , z <m(x, y),

+∞, z ≥m(x, y).

Note that the correspondence R defined by R(x, z) = [r(x, z), r(x, z)], for all (x, z) ∈X ×
Z , is nonempty valued, by (38). Moreover, for all (x, z) ∈X×Z , the set R(x, z)∩ [−C,C]

is nonempty, because r(x, z)≥−C and r(x, z)≤C for all (x, z) ∈X ×Z , as, by (37), we

have

p(x) + q(y2)− v(x, z)

m(x, y2)− z
≥ v(x,m(x, y2))− v(x, z)

m(x, y2)− z
= r̃(x, y2, z), z <m(x, y2),

p(x) + q(y1)− v(x, z)

m(x, y1)− z
≤ v(x,m(x, y1))− v(x, z)

m(x, y1)− z
= r̃(x, y1, z), z >m(x, y1).

Then r given by r(x, z) = argmint∈R(x,z) |t|, for all (x, z) ∈ X × Z , is a bounded, mea-

surable function on X × Z , by the measurable maximum theorem (Aliprantis and Border,

2006, Theorem 18.19). Finally, it is easy to verify that (p, q, r) ∈DM (v,m). Q.E.D.
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By Theorem 1 and Lemmas 15 and 16, there exists a solution (p, q, r) to (DM ) such that

(p, q) is a solution to (D). Define the contact set

Λ= {(x,η) ∈X ×∆(Y ) : p(x) +Eη[q(y)] = v(x,Eη[m(x, y)])} ,

which is compact by continuity in (x,η). By Theorem 1, γ ∈ P(µ,ν) solves (P) if and only

if supp(γ)⊂ Λ. Moreover, for every (x,η) ∈ Λ and z = Eη[m(x, y)], we have

󰁝

Y
(p(x) + q(y)− v(x, z)− r(x, z)(m(x, y)− z))η(dy) = p(x) +Eη[q(y)]− v(x, z) = 0.

Since the integrand is nonnegative, by (p, q, r) ∈DM (v,m), and continuous in y, we have,

for all y ∈ supp(η),

p(x) + q(y) = v(x, z) + r(x, z)(m(x, y)− z),

for all (x,η) ∈ Λ and z = Eη[m(x, y)].
(39)

LEMMA 17: Suppose that v and m are continuously differentiable. Let (p, q, r) be a

solution to (DM ), let (x,η) ∈ Λ with nondegenerate η, and let z = Eη[m(x, y)]. Then

r(x, z) = vz(x, z). Moreover, for Lebesgue almost every such x, r has a partial deriva-

tive rx(x, z) with respect to x at (x, z) satisfying, for all y ∈ supp(η),

vz(x, z)Eη[mx(x, y)] = vz(x, z)mx(x, y) + rx(x, z)(m(x, y)− z). (40)

PROOF: Since η is nondegenerate and my(x, y)> 0, for all (x, y) ∈X × Y , there exist

y0, y1 ∈ supp(η) such that m(x, y0)< z <m(x, y1). By (39) and (p, q, r) ∈DM (v,m), we

have, for all ẑ ∈ (m(x, y0),m(x, y1)) and i= 0,1,

p(x) + q(yi) = v(x, z) + r(x, z)(m(x, yi)− z)≥ v(x, ẑ) + r(x, ẑ)(m(x, yi)− ẑ),

yielding

(p(x) + q(y0))
m(x, y1)− ẑ

m(x, y1)−m(x, y0)
+ (p(x) + q(y1))

ẑ −m(x, y0)

m(x, y1)−m(x, y0)

= v(x, z) + r(x, z)(ẑ − z)≥ v(x, ẑ).
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Thus, r(x, z) = vz(x, z), as follows from

vz(x, z) = lim
ẑ↓z

v(x, ẑ)− v(x, z)

ẑ − z
≤ r(x, z)≤ lim

ẑ↑z

v(x, ẑ)− v(x, z)

ẑ − z
= vz(x, z).

Let X̂ be the set of interior points x of X where p has a derivative, which we denote

by p′(x). By Rademacher’s theorem (e.g., Santambrogio, 2015, Box 1.9), X \ X̂ has zero

Lebesgue measure. Fix (x,η) ∈ Λ with x ∈ X̂ and | supp(η)| > 1. Recall that there exist

y0, y1 ∈ supp(η) such that m(x, y0)< z <m(x, y1). By (39) and (p, q, r) ∈DM (v,m), we

have, for all x̂ ∈X with m(x̂, y0)< z <m(x̂, y1), and y ∈ supp(η),

q(y) = v(x, z)+r(x, z)(m(x, y)−z)−p(x)≥ v(x̂, z)+r(x̂, z)(m(x̂, y)−z)−p(x̂). (41)

Denote, for i= 0,1,

Ci =
vx(x, z) + r(x, z)mx(x, yi)− p′(x)

z −m(x, yi)
.

Considering y = y0 in (41) and recalling that r(x, z) = vz(x, z) yields

r(x̂, z)− r(x, z)≥ v(x̂, z)− v(x, z) + vz(x, z)(m(x̂, y0)−m(x, y0))− (p(x̂)− p(x))

z −m(x̂, y0)
,

so

rx(x+, z) := lim inf
x̂↓x

r(x̂, z)− r(x, z)

x̂− x
≥C0,

rx(x−, z) := limsup
x̂↑x

r(x̂, z)− r(x, z)

x̂− x
≤C0.

Similarly, considering y = y1 in (41) yields

rx(x+, z) := limsup
x̂↓x

r(x̂, z)− r(x, z)

x̂− x
≤C1,

rx(x−, z) := lim inf
x̂↑x

r(x̂, z)− r(x, z)

x̂− x
≥C1.

Thus,

C0 ≤ rx(x+, z)≤ rx(x+, z)≤C1 ≤ rx(x−, z)≤ rx(x−, z)≤C0,
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implying that all inequalities hold with equality, so r has a derivative rx(x, z) at (x, z),

which then, by (41), must satisfy, for all y ∈ supp(η),

vx(x, z) + vz(x, z)mx(x, y) + rx(x, z)(m(x, y)− z) = p′(x). (42)

Taking the expectation of (42) with respect to η gives p′(x) = vx(x, z)+vz(x, z)Eη[mx(x, y)].

Substituting p′(x) back to (42) gives (40). Q.E.D.

A.7. Single-Dippedness in the Moment-Measurable Case

We prove Theorems 8 and 9 only in the single-dipped case; the single-peaked case is

symmetric. Moreover, Theorem 8 and its proof remain valid without the assumptions that

vxz > 0 and that G has full support or a density.

PROOF OF THEOREM 8: We first prove two key lemmas, which do not rely on the as-

sumption that vzz < 0.

LEMMA 18: For every (x0,η0) and (x1,η1) in Λ such that there exist y0 < y1 < y′0 with

y0, y
′
0 ∈ supp(η0) and y1 ∈ supp(η1), we have x0 ≥ x1.

PROOF: Denote zi = Eηi [m(xi, y)] for i= 0,1. By (39), we have

p(x0) + q(y0) = v(x0, z0) + r(x0, z0)(m(x0, y0)− z0), (43)

p(x0) + q(y′0) = v(x0, z0) + r(x0, z0)(m(x0, y
′
0)− z0), (44)

p(x1) + q(y1) = v(x1, z1) + r(x1, z1)(m(x1, y1)− z1). (45)

By (p, q, r) ∈DM (v,m), we have

p(x0) + q(y1)≥ v(x0, z0) + r(x0, z0)(m(x0, y1)− z0), (46)

p(x1) + q(y0)≥ v(x1, z1) + r(x1, z1)(m(x1, y0)− z1), (47)

p(x1) + q(y′0)≥ v(x1, z1) + r(x1, z1)(m(x1, y
′
0)− z1). (48)

Substituting q(y0), q(y′0), and q(y1) from (43), (44), and (45) into (47), (48), and (46) gives

p(x0)− p(x1) + v(x1, z1) + r(x1, z1)(m(x1, y1)− z1)≥ v(x0, z0) + r(x0, z0)(m(x0, y1)− z0),



74

p(x1)− p(x0) + v(x0, z0) + r(x0, z0)(m(x0, y0)− z0)≥ v(x1, z1) + r(x1, z1)(m(x1, y0)− z1),

p(x1)− p(x0) + v(x0, z0) + r(x0, z0)(m(x0, y
′
0)− z0)≥ v(x1, z1) + r(x1, z1)(m(x1, y

′
0)− z1).

Summing up these inequalities multiplied by (m(x1, y
′
0) − m(x1, y0)), (m(x1, y

′
0) −

m(x1, y1)), (m(x1, y1)−m(x1, y0)), and then dividing by r(x0, z0) = vz(x0, z0) > 0 (see

Lemma 17) gives

0≤ (m(x0, y
′
0)−m(x0, y1))(m(x1, y1)−m(x1, y0))

−(m(x0, y1)−m(x0, y0))(m(x1, y
′
0)−m(x1, y1))

=

󰁝 y′0

y1

󰁝 y1

y0

(my(x0, y
′)my(x1, y)−my(x0, y)my(x1, y

′)) dy dy′.

This inequality implies that x0 ≥ x1, as otherwise the integrand would be strictly negative

by strict log-supermodularity of my , given that x0 < x1 and y < y′. Q.E.D.

LEMMA 19: For µ-almost every x ∈ X and every η ∈ ∆(Y ) such that (x,η) ∈ Λ, we

have | supp(η)|≤ 2.

PROOF: By Lemma 17, for Lebesgue almost every x ∈X (and thus for µ-almost every

x ∈X since µ has a density), for every nondegenerate η ∈∆(Y ) such that (x,η) ∈ Λ, for

every y ∈ supp(η), and for z = Eη[m(x, y)], there exists rx(x, z) such that (40) holds. Fix

any such x and suppose by contradiction that supp(η) contains y0 < y1 < y2. Summing

up (40) for i = 0 multiplied by m(x, y2) −m(x, y1), for i = 1 multiplied by m(x, y0) −
m(x, y2), and for i= 2 multiplied by m(x, y1)−m(x, y0) yields a contradiction:

0 = vz(x, z)(mx(x, y2)−mx(x, y1))(m(x, y1)−m(x, y0))

−vz(x, z)(mx(x, y1)−mx(x, y0))(m(x, y2)−m(x, y1))

= vz(x, z)

󰀗󰁝 y2

y1

󰁝 y1

y0

(mxy(x, y
′)my(x, y)−mxy(x, y)my(x, y

′)) dy dy′
󰀘

> vz(x, z)
mxy(x, y1)

my(x, y1)

󰀗󰁝 y2

y1

󰁝 y1

y0

(my(x, y
′)my(x, y)−my(x, y)my(x, y

′)) dy dy′
󰀘
= 0,
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where the inequality holds because my is strictly log-supermodular, so

mxy(x, y
′)

my(x, y
′)

>
mxy(x, y1)

my(x, y1)
>

mxy(x, y)

my(x, y)
, for y′ > y1 > y. Q.E.D.

To complete the proof of Theorem 8, we now use the assumption that vzz < 0.

Suppose for contradiction that there exist (x,η0), (x,η1) ∈ Λ with z0 = Eη0 [m(x, y)] <

Eη1 [m(x, y)] = z1. Then, denoting η = (η0 + η1)/2 and z = (z0 + z1)/2, we have

p(x) +

󰁝

Y
q(y)η(dy)≥ v(x, z)> 1

2v(x, z0) +
1
2v(x, z1)

= 1
2

󰀓
p(x) +

󰁝

Y
q(y)η0(dy)

󰀔
+ 1

2

󰀓
p(x) +

󰁝

Y
q(y)η1(dy)

󰀔
= p(x) +

󰁝

Y
q(y)η(dy),

where the first inequality is by (p, q) ∈D(V ) and V (x,η) = v(x, z), the second inequality

is by vzz < 0, the first equality is by (x,η0), (x,η1) ∈ Λ and the second equality is by the

rearrangement. Hence Eη0 [m(x, y)] = Eη1 [m(x, y)] for all (x,η0), (x,η1) ∈ Λ.

By Lemma 19, there exists a full-measure set X∗ ⊂X such that | supp(η)| ≤ 2 for all

(x,η) ∈ Λ with x ∈ X∗. Fix (x,η0), (x,η1) ∈ Λ with x ∈ X∗. Denoting η = (η0 + η1)/2

and recalling that Eη0 [m(x, y)] = Eη1 [m(x, y)] = Eη[m(x, y)] = z, we have

p(x)+

󰁝

Y
q(y)η(dy) = 1

2

󰀓
p(x)+

󰁝

Y
q(y)η0(dy)

󰀔
+ 1

2

󰀓
p(x)+

󰁝

Y
q(y)η1(dy)

󰀔
= v(x, z),

showing that (x,η) ∈ Λ, so | supp(η)| = | supp(η0) ∪ supp(η1)| ≤ 2, and thus η0 = η1,

by Eη0 [m(x, y)] = Eη1 [m(x, y)] and my > 0. So, there exist functions ρ :X∗ → [0,1] and

Td, Tu : X∗ → Y , with Td(x) ≤ Tu(x) for all x ∈ X∗, such that η = (1 − ρ(x))δTd(x) +

ρ(x)δTu(x) for all (x,η) ∈ Λ with x ∈ X∗. Moreover, Td(x′), Tu(x′) /∈ (Td(x), Tu(x)) for

all x < x′ in X∗, by Lemma 18. Q.E.D.

PROOF OF THEOREM 9: By Theorem 8, each γn is unique and is strictly single-dipped.

Since P(µ,ν) is compact, up to a subsequence, 󰀂γn − γ∗󰀂KR → 0 for some γ∗ ∈ P(µ,ν).

We now show that γ∗ solves (P) under m. Fix arbitrary γ̃ ∈ P(µ,ν) and δ > 0. Define

Vn(x,η) = v(x,Eη[mn(x, y)]) and V (x,η) = v(x,Eη[y]). There exists N ≥ 1 such that,

for all n ≥ N , we have |Vn(x,η)− V (x,η)| ≤ δ for all (x,η) ∈X ×∆(Y ), because v is

Lipschitz and mn converges uniformly to m, and |
󰁕
V dγ∗ −

󰁕
V dγn|≤ δ, because V is
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Lipschitz, X ×∆(Y ) is compact, and 󰀂γn − γ∗󰀂KR → 0. Thus,

󰁝
V dγ∗ ≥

󰁝
V dγn − δ ≥

󰁝
Vn dγn − 2δ ≥

󰁝
Vn dγ̃ − 2δ ≥

󰁝
V dγ̃ − 3δ,

showing that γ∗ solves (P).

Next, we show that Eη[y] = T (x) for all (x,η) ∈ supp(γ∗). By Theorems 1 and 3,

there exists (p, q) ∈DL(v) such that, for all (x,η) ∈ supp(γ∗), we have p(x) + q(Eη[y]) =

v(x,Eη[y]), so Eη[y] = T (x) by Lemma 8.

Next, we show that γ∗ is single-dipped, meaning that there do not exist (x0,η0), (x1,η1) ∈
supp(γ∗), with y0, y

′
0 ∈ supp(η0) and y1 ∈ supp(η1), such that x0 < x1 and y0 < y1 < y′0.

Suppose by contradiction that such (x0,η0) and (x1,η1) exist. Since 󰀂γn − γ∗󰀂KR → 0,

lower hemicontinuity of the support correspondence (Aliprantis and Border, 2006, The-

orem 17.14), with µ(X∗
n) = 1 (where X∗

n is the full µ-measure set from Lemma 19 for

γn), implies that, for all large n, there exist (x0,n,η0,n), (x1,n,η1,n) ∈ supp(γn), with

y0,n, y
′
0,n ∈ supp(η0,n) and y1,n ∈ supp(η1,n), such that x0,n, x1,n ∈X∗

n, x0,n < x1,n, and

y0,n < y1,n < y′0,n, contradicting that γn is strictly single-dipped.

Suppose by contradiction that γ∗ is not strictly single-dipped. Since γ∗ is single-dipped,

Eη[y] = T (x), for all (x,η) ∈ supp(γ∗), and µ has a density, there must exist an uncount-

able set X̃ ⊂ X such that, for each x ∈ X̃ , we have | ∪η:(x,η)∈supp(γ∗) supp(η)| ≥ 3. By

the pigeonhole principle (and Eη[y] = T (x) for all (x,η) ∈ supp(γ∗)), there exist (rational)

y < y′ in Y and (x0,η0), (x1,η1) ∈ supp(γ∗) with y0, y
′
0 ∈ supp(η0) and y1 ∈ supp(η1),

such that x0 < x1 and y0 < y < y1 < y′ < y′0, contradicting that γ∗ is single-dipped.

By the subsequence criterion for convergence, to complete the proof of the theorem, it

suffices to show that there is a unique single-dipped assignment γ that induces T . Suppose

by contradiction that there exist single-dipped (and thus strictly single-dipped) assignments

γ ∕= γ̂ that induce T . Let ψ and ψ̂ be the distributions of (T (x),η) induced by γ and γ̂. By

part 1 of Theorem 4, T is continuous and strictly increasing, so ψ ∕= ψ̂ are both strictly

single-dipped, contradicting Theorem 1.5 of Beiglböck and Juillet (2016). Q.E.D.
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A.8. Uniform Price Equilibrium

PROOF OF THEOREM 10: Part 4. By definition, if (φ;p, q) is a UPE, then

p(x) =W (x,S(x), δS(x))− q(S(x)) = max
y∈Y

{W (x, y, δS(x))− q(y)},

so, by the envelope theorem (Milgrom and Segal, 2002, Theorem 3) and continuity of Wx,

Wz , and S′, p has a derivative p′(x) = Wx(x,S(x), δS(x)) + Wz(x,S(x), δS(x))S
′(x) at

each x ∈ (x,x), yielding (15); and (16) follows from p(S−1(y))+q(y) =W (S−1(y), y, δy).

Part 1. PAS is a UPE if and only if, for all (x, y) ∈X × Y ,

q(y)− q(S(x))≥W (x, y, δS(x))−W (x,S(x), δS(x)),

which is equivalent to (10), since q is given by (16).

Part 2. Suppose that (11) and (12) hold. Then, for all (x, y) ∈X × Y ,

󰁝 y

S(x)

󰁝 S−1(ỹ)

x

d2W (x̃, ỹ, δS(x̃))

dx̃dỹ
dx̃dỹ =

󰁝 y

S(x)

󰀃
Wy(S

−1(ỹ), ỹ, δỹ)−Wy(x, ỹ, δS(x))
󰀄
dỹ

≥
󰁝 y

S(x)

󰀃
Wy(x, ỹ, δỹ)−Wy(x, ỹ, δS(x))

󰀄
dỹ =

󰁝 y

S(x)

󰁝 ỹ

S(x)
Wyz(x, ỹ, δz̃) dz̃ dỹ ≥ 0,

so PAS is a UPE.

Conversely, suppose that PAS is a UPE for all continuous, positive densities f and g.

First, fix x < x′ in (x,x), y ∈ (y, y), and small ε > 0. There exist continuous, positive

densities such that S(x̃) = y+ ε(x̃− x) for x̃ ∈ [x,x′ − ε− ε2] and S(x̃) = y+ ε(x′ − ε−
x) + (x̃− x′ + ε) for x̃ ∈ [x′ − ε, x′]. Since PAS is a UPE, (10) holds. Taking ε ↓ 0 yields

Wy(x
′, y, δy) ≥ Wy(x, y, δy), so, by continuity of Wxy , (11) holds. Next, fix x ∈ (x,x),

y > z in (y, y) (the case y < z is analogous and omitted), and small ε > 0. There exist

continuous, positive densities such that S(x̃) = z + (y − z)(x̃ − x)/ε for x̃ ∈ [x,x + ε].

Since PAS is a UPE, (10) holds. Taking ε ↓ 0 yields
󰁕 y
z

󰁕 ỹ
z Wyz(x, ỹ, δz̃) dz̃ dỹ ≥ 0, so, by

continuity of Wyz , (12) holds.

Part 3. Suppose that W (x, y,η) =w(x, y,Eη[m(x, ỹ)]), and (13) and (14) hold. Let γ be

a UPE. Fix (x,η), (x′,η′) ∈ supp(γ), y ∈ supp(η), and y′ ∈ supp(η′). By the intermediate

value theorem, there exist z, z′ ∈ Y such that Eη[m(x, ỹ)] =m(x, z) and Eη′ [m(x′, ỹ)] =
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m(x′, z′). Then

󰁝 y′

y

󰁝 x′

x
Wxy(x̃, ỹ, δỹ) dx̃dỹ =W (x′, y′, δz′)−W (x′, y, δz′)−W (x, y′, δz) +W (x, y, δz)

= p(x′) + q(y)−W (x′, y, δz′) + p(x) + q(y′)−W (x, y′, δz)≥ 0,

where the first equality holds because Wy is independent of z, and the second equality and

the inequality hold because γ is a UPE. So, since Wy(x̃, ỹ, δỹ) is strictly increasing in x̃,

we have (x′ − x)(y′ − y) ≥ 0. That is, for all (x,η), (x′,η′) ∈ supp(γ) with x < x′, we

have S(x) = max{supp(η)}≤min{supp(η′)} = S(x′), so, for almost all x ∈X , S(x) =

S(x) = S(x), implying that γ = φ. Q.E.D.

PROOF OF COROLLARY 1: Since w is affine in y, wy is independent of y. Thus, (10)

holds if and only if wy(x, y,S(x)) = wy(x,S(x), S(x)) is increasing in x, (11) holds

if and only if wy(x, y, z) = wy(x, z, z) is increasing in x, and (12) holds if and only if

wy(x, y, z) =wy(x, z, z) is increasing in z.

Define the negative assortative matching (NAS) as the matching where each student x

goes to school N(x) =G−1(1− F (x)). Note that NAS is a UPE if and only if

󰁝 y

N(x)

󰁝 N−1(ỹ)

x

d2w(x̃, ỹ,N(x̃))

dx̃dỹ
dx̃dỹ ≥ 0, for all (x, y) ∈X × Y ,

which holds if and only if wy(x, y,N(x)) is decreasing in x, when w is affine in y.

Suppose that PAS is the unique UPE for all densities f and g. Then wy(x, z, z) is increas-

ing in x and z, and NAS is not a UPE for any f and g. First, suppose for contradiction that

there exist x ∈ (x,x) and z ∈ (y, y) such that wyz(x, z, z)> 0. Fix small ε> 0, and let f and

g be the uniform densities on [x,x+ ε2] and [z, z + ε]. Then wy(x̃, z,N(x̃)) is strictly de-

creasing in x on [x,x+ε2], so NAS is a UPE. A contradiction. Thus, wy is independent of z.

Next, suppose for contradiction that there exist x < x′ such that wy(x, y, z) = wy(x
′, y, z).

Let f be the uniform density on [x,x′]. Then wy(x, y,N(x)) is constant for all x ∈ [x,x′],

so NAS is a UPE. A contradiction. Thus, wy is strictly increasing in x. The converse fol-

lows from the proof of Theorem 10, which is valid if wy(x, y, y) is strictly increasing in x,

rather than wxy(x, y, y)> 0 for all (x, y). Q.E.D.


