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Abstract

We characterize when one-step-ahead forecasts are consistent with Bayesian
learning about a fixed, unknown outcome distribution. With two periods of
data, a conditionally i.i.d. (CIID) representation exists if and only if the
matrix of joint outcome probabilities is completely positive. For binary out-
comes, this is equivalent to symmetry and reinforcement (observing an out-
come cannot lower the next-period probability of that outcome). For at most
four outcomes, complete positivity is equivalent to positive semidefiniteness.
These conditions can be tested using forecasts alone, without eliciting be-
liefs about the unknown distribution. Two-period forecasts cannot distinguish
CIID learning from some forms of perceived persistence, but can reveal some
forms of perceived reversal. For longer binary-outcome horizons, we give an
explicit truncated-moment test and characterize the minimum support size of
a rationalizing prior. With multiple periods and outcomes, the characteriza-
tion uses count sufficiency, pairwise exchangeability, and complete positivity

of the implied moment tensor.
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1 Introduction

Economic models of learning typically assume that an agent learns about a fixed
but unknown state, with observations independent conditional on that state. We
study when one-step-ahead forecasts that are elicited conditional on alternative his-
tories are consistent with such a conditionally i.i.d. (CIID) model. One-step-ahead
forecasts are a natural object of study because they are often elicited in surveys,
experiments, and revealed-choice settings; beliefs over full outcome sequences or la-
tent data generating processes are much harder to observe. And as we show, such
one-period forecasts can reveal that the agent is not a Bayesian who believes there
is a fixed but unknown state.

Unlike much of the belief-updating literature, we do not assume that the analyst
can directly elicit beliefs about the data generating process itself, only predictions
of the next outcome given the outcomes so far. And unlike the exchangeability
literature following de Finetti [1937], which studies when a probability measure over
sequences comes from a CIID model, we do not assume the analyst can elicit beliefs
about arbitrarily long or infinite sequences. Moreover, although an agent’s initial
beliefs may satisfy exchangeability, their updated beliefs might not.

We provide testable conditions that characterize when the forecast revisions in-
duced by observed outcomes can be rationalized by a CIID model. With two periods
and two outcomes, the characterization is simple: a CIID model exists if and only if
forecasts satisfy symmetry and reinforcement. Symmetry requires that for every two
outcomes 1, 7, the probability of j given ¢, multiplied by the ex-ante probability of
i, is equal to the probability of ¢ given j, multiplied by the ex-ante probability of j,
which is exactly the content of exchangeability in the two-period setting. Reinforce-
ment requires that the conditional probability of outcome i weakly increases when
outcome ¢ is observed.

When there are two periods and more than two outcomes per period, symmetry
and reinforcement are still necessary but are no longer sufficient. Instead, we show
that a key role is played by a square matrix M derived from the agent’s forecast,
whose (7, j)-th entry is the product of the ex-ante probability of the j-th outcome
and the probability of the i-th outcome given the j-th outcome. When there are four

or fewer outcomes, the forecast has a conditionally i.i.d. representation if and only



if M is positive semidefinite. When there are more than four outcomes, the same
characterization holds, but with positive semidefiniteness replaced by the (typically
stronger) condition of complete positivity." We show that a symmetric forecast matrix
is completely positive if there is a positive diagonal scaling under which the rescaled
matrix is diagonally dominant.

We develop three applications of our general characterization. First, we analyze
which departures from a belief in an i.i.d. process can be detected using these data.
We show that it is impossible to detect beliefs that the data generating process is
persistent, as in the hot-hand fallacy, because they can be rationalized by a CIID
model. In contrast, some cases of the opposite bias, in which the agent believes
that the first-period outcome is less likely to be realized in the next period (as in
the gambler’s fallacy), can be detected, as can the beliefs of a decision maker who
(correctly or not) believes they have observed a garbled version of the outcome.

Second, we characterize when beliefs in a two-player incomplete-information game
admit a symmetric common prior over signals, i.e., players are certain that their
types are i.i.d. draws from the same distribution and share the same belief about
that distribution. This assumption is standard in models of common-value auctions;
it collapses to the existence of a symmetric common prior if no residual incomplete
information remains given the vector of players’ signals. We show that this is equiv-
alent to a cross-player consistency condition and the complete positivity of a matrix
constructed solely from players’ interim beliefs about the opponent type and their
ex-ante beliefs about their own type. And third, we identify the parameters of the
Grether [1980] distortion of Bayesian updating model that leave it indistinguishable
from a CIID representation.

When the analyst has elicited one-period-ahead forecasts over a longer time hori-
zon T, the CIID representation imposes additional constraints: longer horizons iden-
tify higher-order moments of the latent measure and impose nontrivial consistency
requirements across periods. For multi-period forecasts with binary outcomes, we
derive an exact and easily checked characterization of the CIID representation by

combining generalizations of the symmetry and reinforcement conditions with re-

'Roughly speaking, a matrix is completely positive if it can be built from a finite collection of
nonnegative component vectors whose outer products add up to the matrix.



sults for the truncated Hausdorff moment problem. We also show how that Rabin,
2002’s model of believers in the Law of Small Numbers can be rationalized by CIID
for T' = 2, but it necessarily fails our test for 7' > 3. Finally, we show that complete
positivity of the associated moment tensor provides a general necessary and sufficient

condition for multiple periods and multiple outcomes.

Related work De Finetti [1937] and Hewitt and Savage [1955] show that exchange-
ability is both necessary and sufficient for a probability measure on infinite sequences
of random variables to correspond to learning about a fixed state: any exchangeable
distribution admits a Bayesian representation as a belief over a possibly infinite col-
lection of i.i.d. data generating processes. Thus, when the agent believes their data
are exchangeable, it is as if they believe there is a fixed state of the world, whether
or not they consciously think of the problem that way. Diaconis [1977] characterizes
the implications of exchangeability on finite sequences, and Aldous, Ibragimov, and
Jacod [2006] surveys subsequent results.

Exchangeability is an ex-ante property of the measure over sequences. A different
approach asks when beliefs in two-period models before and after receiving informa-
tion can be rationalized as the result of Bayesian updating. Molavi [2026] shows that
beliefs about an unknown state are consistent with Bayesian updating if and only
if the mean posterior belief about the state is absolutely continuous with respect to
the prior. This finding generalizes the earlier work of Shmaya and Yariv [2016] by
allowing an infinite state space and decision-maker subjective beliefs whose support
does not match that of the true data-generating process. Bohren and Hauser [2026]
characterizes the conditions under which departures from Bayesian updating can be
rationalized as a consequence of Bayesian updating within a misspecified model, and
Chen, Hansen, and Hansen [2020] shows how to recover a set of investor beliefs from
pricing restrictions expressed in terms of conditional moments.

This paper lies at the intersection of these approaches. As in the exchangeability
literature, we characterize when beliefs over observable outcomes admit a condition-
ally i.i.d. representation. As in the belief-revision literature, we use beliefs elicited
after information is observed. The primitives, however, are neither beliefs over latent

states nor beliefs over entire sequences, but finite systems of one-step-ahead forecasts.



Several other papers study related consistency conditions on beliefs. Golub and
Morris [2020] characterizes the condition for having a (possibly asymmetric) common
prior over signals. Sarnoff [2026] highlights that it is more common for forecasts to vi-
olate “posterior statistical sufficiency” than exchangeability.? Catonini and Lanzani
[2026] characterizes the only form of Dutch book to which misspecified but Bayesian
agents can be exposed.

The one-step-ahead forecasts we study are elicited in many field settings; see, e.g.,
Weber, d’Acunto, Gorodnichenko, and Coibion [2022] for surveys on beliefs about
inflation and Dominitz and Manski [2011] and Greenwood and Shleifer [2014] for
stock returns.® More broadly, this paper is also related to decision-theoretic work
on the dynamic consistency of optimal plans and how they imply Bayesian updating
(e.g., Epstein and Le Breton, 1993, Green and Park, 1996, and Ghirardato, 2002).
Further afield, our characterization results can be used to check whether different
statistical procedures lead to forecasts that are consistent Bayesian conditionally

i.i.d. models, as done by Buscemi [2026] for Quantum Bayesian inference.

2 The Two-Period Model

Let Y = {1,...,n} be the finite set of possible outcomes. In each period ¢ € {1, 2},
an outcome is realized and observed. The agent’s forecast of the period-1 outcome
is p € A(Y), and their forecast of the period-2 outcome conditional on observing
outcome i is ¢®) € A(Y). Together, we call this pair a forecast. We characterize
when these probabilities are consistent with a conditionally i.i.d. model. In our
setting, an i.i.d. model is one where outcomes are drawn independently from a fixed
measure 6 € A(Y). A conditionally i.i.d. model is then summarized by a probability

measure € A(A(Y)).4

Definition 1. A forecast (p, q) has a CIID representation if there exists a probability

2Posterior statistical sufficiency means that belief at period t + 1 depends only on belief at
period ¢ and the period-t outcome.

3Also, the Michigan Survey of Consumers has a rolling panel of one-period-ahead forecasts, and
only a few forecasts are recorded for each agent.

4For an arbitrary Borel-measurable set X in a Euclidean space, we let A(X) denote the prob-
ability measures on X.



measure i € A(A(Y)) such that:

(i) Forallie Y:
pi = J 0; dp(0). (1)
A(Y)

(i) For all j € Y with p; > 0, the posterior measure p(-|j) is defined by Bayes’
rule: for any Borel set A < A(Y),

pal) = a0

P

(2)
and for all 7 € Y the conditional forecast satisfies

¥ = f 0, dju(0]). 3)
A(Y)

In a CIID representation, a probability measure 6 € A(Y') represents the unknown
but stable data generating process: outcomes are drawn independently from 6, and
i is the agent’s uncertainty about what 6 is. Thus the initial probability p; is the
expected value of the latent parameter ;, and the period-2 probability of outcome
¢ conditional on the first outcome being j is the expected value of #; conditional on
seeing outcome j.

Conditionally i.i.d. models generate exchangeable sequences of observations; this
implies that forecasts must be symmetric in the following sense.

Definition 2. Forecast (p, q) satisfies symmetry if for all i, j € Y, piqﬁi) = qui(j ),

This follows from exchangeability: the probability of sequence (i,7) must equal
that of (j,7). Note that symmetry also implies the martingale property, i.e., that
pi = ZjeY qugj)'

The following condition also holds in any conditionally i.i.d. model.

Definition 3. (p, q) satisfies reinforcement if p; < qi(i) forallie Y.

Reinforcement requires that the probability of observing an outcome in the next

period is not decreased by observing that outcome in the current period.”> This distin-

5Note that CIID representations do not imply that seeing a particular outcome makes all other
outcomes less likely. For example, suppose there are three outcomes and that p = (.16’,.96”), with



guishes CIID models from other exchangeable models, such as the sampling without
replacement examples discussed in Diaconis [1977], where reinforcement fails because
each draw reduces the proportion of that outcome in the remaining population. The
case where the agent is certain that they know the distribution of y and thus treats
the samples as i.i.d. is the edge case of an “infinite urn” where the reinforcement
inequality becomes an equality for all outcomes .

CIID models imply reinforcement because any 6 that assigns relatively high prob-
ability to today’s observed outcome will assign relatively high probability to that

outcome tomorrow as well.

Lemma 1. If (p,q) has a CIID representation, then (p,q) satisfies symmetry and

reinforcement.

Proof. As noted above, symmetry follows from the fact that conditionally i.i.d.

models are exchangeable. Reinforcement trivially holds if p; = 0. If p; > 0, we have

0 _da Y)Q?du(Q) (SA 0,du (0 )2

q; = Di,
Di Di

where the first equality follows from the fact that piqi(i) is the probability that outcome
1 occurs twice in a row, the inequality follows from Jensen’s inequality, and the last

equality follows from the definition of p;. ]

Section 7 below shows that symmetry and reinforcement remain necessary con-

ditions for CIID models when forecasts are elicited over more than two periods.

3 Binary outcomes

We begin by providing a simple characterization in the case of binary outcomes
(i.e., Bernoulli random variables), as in de Finetti [1937]. In this case, symmetry
and reinforcement are sufficient as well as necessary for the existence of a CIID

representation.

0 = (4,.4,2) and 0" = (.1,.1,.8). Then ¢\") = 5/26 > .13 = ps.



Theorem 1. For binary outcomes (n = 2), (p,q) has a CIID representation if and

only if (p, q) satisfies symmetry and reinforcement.

Necessity follows from Lemma 1. We prove sufficiency constructively. With two
outcomes, reinforcement implies p; > qf). When p; = qf), the unique rationalizing

prior is d,. When qf)

= 0 and 0 < p; < 1, the unique prior is p1d) + (1 —
P1)d(0,1): the agent is uncertain between two deterministic distributions, and the first
observation resolves that uncertainty. When p; € {0, 1}, the unique prior is ¢,, with
forecasts after the null outcome unrestricted. When 1 > p; > qf) > 0, we show
there is a CIID representation with Beta parameters

o= —plqu) and B = —QS)O _(gl). (4)

) _
P11 —q b1 —q

Remark. The Beta prior is not the unique CIID representation. Indeed, Section
4.2 shows that whenever 0 < q§2) < p1 < 1, there are infinitely many CIID represen-
tations, including infinitely many with finite support. The Beta prior is convenient
here because it is the conjugate prior for Bernoulli outcomes, has two parameters,
and yields simple moment formulas. But the key point here is that some CIID

representation exists, not that it must be Beta.

4 General Characterization: Complete Positivity

4.1 Necessary conditions

Paralleling the development of the characterization of exchangeability provided by
Hewitt and Savage [1955], we now move beyond the case of binary outcomes. We
begin with a necessary condition that lets us demonstrate that reinforcement and
symmetry are no longer sufficient when there are more than two outcomes. Define

the n x n forecast matriz M(p,q) by

mi(p,q) = pjat?  VijeY.



By construction, m;;(p,q) is the joint probability of observing j in period 1 and
i in period 2. For any (p,q), the associated matrix M(p,q) automatically satisfies
ey 2jey Mij(p, q) = 1, since p € A(Y) and each qY) e A(Y). This will be important
below.

The next lemma says that in a CIID model, this matrix must be positive semidef-
inite.

Lemma 2. pe A(A(Y)) is a CIID representation for (p,q) if and only if

mi;(p, q) = f

AY)

In this case, M(p,q) is positive semidefinite.
The proof is based on the observation that if (p, ¢) has a CIID measure p, M(p, q)

is the matrix of that measure’s second moments.

Remark. When |Y| = 2, symmetry and reinforcement imply that the forecast matrix
M (p, q) is positive semidefinite: symmetry implies that M (p, q) is symmetric, while

reinforcement implies qél) < po and q§2) < p1, so that

det M(p,q) = pipa ({as” — ") = pipo (1 — ¢f? — g87) = 0.
Since the diagonal entries of M(p, q) are nonnegative, it follows that M (p, q) is pos-
itive semidefinite (see, e.g., Theorem 2.4 in Berman and Shaked-Monderer [2003]).

Now consider the following example.

Example 1. Suppose n = 3, the initial forecast is p = (%, %, %), and the second-period

forecasts are ¢V = (0.4,0.5,0.1),¢® = (0.5,0.4,0.1), and ¢¥ = (0.1,0.1,0.8).

Clearly (p,q) satisfies symmetry and reinforcement with

4/30 5/30 1/30
M(p,q) = | 5/30 4/30 1/30
1/30 1/30 8/30

Let e = (1,—1,0)". Because M(p,q) - e = —%e, M (p,q) is not positive semidefi-

nite. Therefore (p,q) does not have a CIID representation, even though it satisfies



symmetry and reinforcement.

Imagine a voter assessing a politician who can produce one of three policy out-
comes: Left, Center, and Right. The voter’s forecasts in the example imply that
observing Left makes Center the most likely policy next period, while observing
Center makes Left the most likely outcome. Although the example satisfies symme-
try and reinforcement, the fact that Center and Left each boost the other the most
makes the matrix M (p, q) not positive semidefinite, so the forecasts cannot be rec-
onciled with a model of learning about a politician with a stable ideological “type.”
Section 4.3 elaborates on when similar cycles are compatible or incompatible with a

CIID representation.

4.2 General Characterization: Complete Positivity

The complete positivity of M (p,q) will play a central role in our characterization.

Definition 4. The matrix M is completely positive if M = BB' for some n x r
nonnegative matrix B. When M is completely positive, its ¢p rank cpr(M) is the

smallest r for which such a B exists.

The decomposition of a completely positive matrix resembles the diagonalization
of a symmetric matrix, with the key difference that the b vectors are not orthogo-
nal. Complete positivity implies that M (p, q) is positive semidefinite and therefore
symmetric. Since symmetry of M(p,q) is equivalent to symmetry of the forecast,
complete positivity implies symmetry, and we will soon see that it also implies rein-
forcement. There is an extensive literature on completely positive matrices, see, e.g.,
Berman and Shaked-Monderer [2003].

The next result shows that M(p, q) encodes all the restrictions implied by CIID

representations in two-period models.

Theorem 2. For a forecast (p, q), the following are equivalent:
1. M(p,q) is completely positive.
2. (p,q) has a CIID representation.

3. (p,q) has a CIID representation that has finite support.



To prove the result, we introduce a strengthening of complete positivity called
simplex complete positivity, and show that it is equivalent to complete positivity in
our setting because the entries of any M (p, ¢) sum up to one. An n x n matrix M is

simplex completely positive if it admits the decomposition

M =Yy m@r g 50, Ya =1, 79 e A(Y) (6)
s=1 s=1

for some integer r. It is immediate that a simplex completely positive matrix is

completely positive. When >7° | >/, my; = 1, the converse is also true.

Claim 1. If M is completely positive and 33", >\ my; = 1, then M is simplex

completely positive.

The proof of Theorem 2 uses this claim to establish the cycle of implications
(2) = (1) = (3) = (2). To show that (2) implies (1), we note that if u is a
CIID representation for (p,q), then by Lemma 2, M(p,q) is a mixture of rank-one
matrices 007 with § € A(Y). From Carathéodory’s theorem, it can be written as
a finite convex combination of them, so it is completely positive. The proof that
(1) implies (3) uses Claim 1 to infer that M(p, q) is simplex completely positive so
that M(p,q) = >._, VSW(S)W(S)T for some 7V, ..., 7 e A(Y) and weights v, > 0
with ), 7s = 1. Define the discrete measure g := >.._; V50, Where 0 is the
Dirac measure. By construction, this measure has second moments § AY) 0;0;dp =
mi;(p,q), so by Lemma 2 it is a CIID representation with finite support. Finally,
that (3) implies (2) is trivial. Note that combining this theorem with Lemma 1 shows
that if M(p, q) is completely positive, then (p, q) satisfies reinforcement.

Non-Uniqueness Theorem 2 has implications for the uniqueness of CIID repre-
sentations. Say that a forecast (p,q) is dogmatic if p = ¢ for all i € Y. Dogmatic
forecasts clearly admit a unique CIID representation, namely the Dirac measure
on p. The next corollary gives two simple conditions under which this uniqueness

necessarily fails.

Corollary 1. Let p be strictly positive. If there is a CIID representation for (p,q)

with infinite support, then the Bayes-rationalizing model is not unique. In particular,

10



with binary outcomes, any nondogmatic forecast with q£2) > 0 that admits a CIID

representation has at least two of them.

A CIID representation allows the agent to be uncertain over an arbitrarily rich,
even uncountable, collection of possible data generating processes. The next result
shows that for any desired accuracy, the forecast matrix generated by such a prior
can be approximated by one generated by a prior with finite support. The required
support size is independent of the number of outcomes, and grows only as the inverse
square of the approximation error. The theorem also implies that a forecast matrix
near the completely positive cone must be close to a forecast (p’, ¢') admitting a CITD
representation with small finite support: the initial probabilities are close, and the
conditional forecasts are close when their errors are weighted by the original outcome
probabilities. If those probabilities are bounded away from zero, every conditional
forecast is close. These approximation bounds on forecasts depend on the number
of outcomes and, for the uniform conditional bound, on the lower bound on initial
probabilities. This is especially relevant when forecast probabilities are estimated
with sampling error or reported with noise. We write |A|p = (37, D77, A%)"? for

the Frobenius norm of an n x n matrix.

Theorem 3. Suppose matriz M (p,q) has Frobenius distance at most e > 0 from the
completely positive cone. There exists a forecast (p',q") admitting a CIID represen-

tation with at most [e~2] atoms such that
IMP,q) = M(p,g)|r < (n+2)e, (7)

and
Ip" = pl < n(n + 2)e,

Y 0ild? = ¢P)y < 2n(n + 2)e.
=1

Moreover, if p is strictly positive, the same forecast satisfies

‘ ) 2 2
max ¢ — ¢@|; < Ma (9)
1<j<n MiNje(1,...n} Pj

The proof finds a completely positive matrix A close to M (p, ¢), normalizes it

11



so its entries sum to one (using the fact that M(p,q) already sums to one, so nor-
malization changes A by at most ne), and then applies Lemma A.1 to approximate
A by the second-moment matrix of a [¢72]-atom CIID prior. The forecast (p/,¢) is
recovered from this matrix by reading off column sums and ratios, and the bounds
on forecast errors follow from Cauchy—Schwarz applied column by column.

The approximation result has a converse with constants independent of the num-
ber of outcomes. To state it, let CP,, denote the cone of completely positive n x n

matrices.

Theorem 4. Let (p,q) be a forecast and let (p/,q’) be a forecast admitting a CIID

representation. Then

inf HM< )_AH < ” . /H _‘_L i 2H ) _ /(j)HQ 1/2< HP—P/H1+Z?=1Pj\|q(j)—q/(j)“1
AeCP,, b, q FX|P—Dl2 \/5 p] q q 1 == \/5 :

j=1
(10)
In particular, if p' = p, then
| . 1/2
- Al < = 21 ,0) _ )2
A2E IMp.g) = Alr < 5 (;pj l¢” —q |!1> : (11)

The next corollary uses this theorem to show that if the agent’s posterior beliefs
are close in total variation distance to the Bayesian posteriors, then the forecast
matrix must lie close to the completely positive cone. Moreover, the bound does not

depend on the size of the outcome space. Its proof is in Online Appendix B.2.

Corollary 2. Suppose there is a prior p € A(A(Y)) such that p = SA(Y) 0 du(0).
Suppose also the agent’s belief after j is fi; and g = SA(Y)Hdﬁj(G). Let n; =
drv (i, pu(-14)) for pj >0, and set n; =0 for p; = 0. Then

. 1/2 N
. 2 2
Agcl7f3n HM(p, q) — AHF < \/5 (;pﬂb) < ﬁ;pjnj‘ (12)

Small Number of Outcomes Maxfield and Minc [1962] showed that for n < 4 a
matrix is completely positive if and only if it is nonnegative and positive semidefinite.

Thus an immediate corollary of Theorem 2 is that for four or fewer outcomes, positive

12



semidefiniteness of the matrix M (p, q) captures all of the empirical implications of

conditionally i.i.d. models. This result provides a computationally simple test.

Corollary 3. When n < 4, the following are equivalent:
1. (p,q) has a CIID representation.
2. M(p,q) is positive semidefinite.

The next example shows that the equivalence of (1) and (2) does not extend to

n > 4 even when (p, q) satisfies reinforcement.

Example 2. Letn =5, p = (;—3,%,%,%,%) q(l) = (% 0,0, ; ) q(2 = (4,2,4,0 0) q(3 =

1
3
(Oa i» éa o 0) g = (O 0, }1, 3, i), and q®® ( % %) It is immediate that (p, q)

satisfies reinforcement and symmetry and that

[ 1/23 1/23 0 0 1/23 |
1/23 2/23 1/23 0 0
M(p,g)=1| 0 1/23 2/23 1/23 0

0 0 1/23 2/23 1/23
| 1/23 0 0 1/23  6/23 |

Here M(p,q) = A/23, where A is the matriz from Ezample 2.4 of Berman and
Shaked-Monderer [2003]. Because positive semidefiniteness and complete positivity
are both preserved under positive scaling (see Theorem 2.2 in Berman and Shaked-
Monderer, 2003), M(p,q) is positive semidefinite but not completely positive. By
Theorem 2, (p,q) does not admit a CIID representation.

4.3 Cycles

We can gain further insight into the CIID model by analyzing its implications for
cyclical patterns in belief updating. Throughout this subsection, assume that p; > 0
for every i € Y. The direction of belief updates is determined by the covariance struc-
ture of the distribution of 6, because if forecast (p, q) admits a CIID representation
(t, then

0 _ Eul0;0:] Cov,(6;,6:)

= = p,; _ Vi, €Y. 13
q B, [0, p; + » i,j € (13)

13



Thus, observing outcome ¢ makes outcome j strictly more likely if and only if

Cov,(6;,6;) > 0.° The simplex constraint Y., _,- 0, = 1 implies

0= Varu< Z 91:) = ZVaru(Qi) + 2 Z Cov,(6;,6;). (14)

keY €Y 1<i<j<n

Since variances are nonnegative, this identity implies that the sum of all pairwise
covariances must be nonpositive. Intuitively, there is a fixed “covariance budget”:

any positive covariances must be offset by sufficiently negative covariances elsewhere.

Definition 5. A forecast (p, q) exhibits a full cycle if there is an ordering of outcomes
such that q§21 > p;4q for all ¢ € Y, where indices are taken modulo n, and the

inequality is strict for at least one .

A full cycle requires n nonnegative covariances arranged along a cyclic permuta-
tion of all outcomes with at least one covariance strictly positive. This requires that

the positive covariances are offset by sufficiently negative covariances elsewhere.

Proposition 1. Let n < 4. If forecast (p,q) admits a CIID representation, then it
does not exhibit a full cycle.

Panel A of Figure 1 illustrates why a full cycle is impossible with four outcomes.
Partition the outcomes into the opposite pairs {1,3} and {2,4}. A full cycle would
make all four covariances across these pairs nonnegative, with at least one strictly
positive, so 0 + 03 and 65 + 6, would be positively correlated. But these two sums

add to one, so their covariance is — Var,(6; + 63) < 0.

Remark (Short cycles). Proposition 1 rules out full cycles when n < 4, i.e., config-
urations in which there exists an ordering of all outcomes such that %@1 > pi4q for
every i (indices modulo n) with some strict inequality. It does not rule out shorter
cycles involving only a proper subset of outcomes: the simplex constraint )., 6; = 1
forces only the sum of all pairwise covariances to be nonpositive, so the positive co-
variances required by a shorter cycle can be offset by sufficiently negative covariances

involving the remaining outcomes.

The simplex constraint is less binding for larger n, as the necessary negative

6So observing an outcome makes all the others less likely if and only if every covariance is
negative.

14



A. Four: impossible B. Five: CIID construction
Five equally likely states
Posterior probabilities over states

De—> pair 12 23 34 45 51

1 .47 .02 .02 .02 A7

2 47 47 .02 .02 .02

3 .02 47 47 .02 .02

4 .02 .02 47 .47 .02
@O —> 3

5 .02 .02 .02 A7 47

A=01+03, B=0,+0,
After observing outcome at left

Cycle = Cov(4,B)>0 a® | =.2405> p;,1 = . 20 for each i

B=1-A = Cov(A,B)=-Var(A) =<0 Blue state favors both the observed and next outcome.

Contradiction. Thus 1-2-3-4-5-1 is a full cycle.
Panel A. Each arrow means that observing one Panel B. Five equally likely states each assign
outcome does not lower the probability of the other; probability .47 to an adjacent pair and .02 to other
at least one increase is strict. The four edges would outcomes. Rows show posterior probabilities over
therefore make 01463 and 02464 positively states. After observing outcome i, its successor’s
correlated. But these sums add to one. probability rises from .20 to .2405.

Figure 1: Full cycles with four and five outcomes.

covariances can be assigned to non-adjacent pairs, leaving the cycle covariances free

to be positive.”

Proposition 2. If n = 5, there exists a forecast (p,q) that exhibits a full cycle and
has a CIID representation.

Panel B of Figure 1 illustrates the construction for five outcomes. Observing
any outcome raises the probability of its successor, generating a full cycle through

Bayesian learning about a fixed state.

4.4 Scaled Diagonal Dominance

Complete positivity is both necessary and sufficient for a Bayes-rationalizing condi-

tionally i.i.d. representation, but may be difficult to verify directly. This motivates

Tt is not a coincidence that the same critical value of n appears here as in the relation between
complete positivity and PSD: In both cases the issue is that the geometry of R™ for n > 5 is
qualitatively different (cf. Berman and Shaked-Monderer, 2003).
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the search for easier-to-verify sufficient conditions for complete positivity.

Definition 6. Forecast (p, q) satisfies scaled diagonal dominance if there exist weights
seRY, with >, s; = 1 such that pisiqf) = ZjeY\{i}ijquj) forall i e Y.

The next corollary shows that scaled diagonal dominance is sufficient for a CIID
representation, and provides an easily computed criterion under which this condition

holds. Let M (p, q) satisfy m;;(p,q) > 0 for all i € Y, and define the row—ratio matrix
R(p,q) by

Tij (p, q) = My (pa Q)
0, i=3j.

Corollary 4 (Sufficient conditions for CIID rationalizability). Let (p, q) be a forecast

that satisfies symmetry.

(i) If (p,q) satisfies scaled diagonal dominance, then it admits a CIID representa-

tion.

(i1) If piql(i) > 0 for alli €Y and the spectral radius of R(p,q) is less than 1, then
(p,q) satisfies scaled diagonal dominance and hence admits a CIID representa-

tion.

Remark. Let |Afq 1= maxiey >y |ai;| denote the induced matrix infinity norm.
Strict row diagonal dominance of M(p,q) is equivalent to |R|, < 1. Since p(R) <
| R||s, the spectral condition in part (ii) is strictly weaker; see Example 5 in Online
Appendix B.1.

5 Non-Uniqueness of CIID Representations

When a forecast has a CIID representation, it need not be unique. Moreover, unique-
ness can fail in two ways: there may be CIID representations with different support
sizes, and there may be multiple CIID representations with the same support size.
This follows from the fact that CIID forecasts are determined by the first two mo-
ments of the distribution of #, and many distributions can match those moments
while differing at higher moments. This section illustrates this point for binary out-

comes, and then discusses what holds more generally.
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5.1 Non-uniqueness with Binary Outcomes

Suppose there are two outcomes Y = {1, 2}, and suppose forecast (p,q) has a non-

dogmatic CIID representation p. Now let 0 < 0, < 0y < 1, fix A € (0,1) and let py

be the two-point prior placing mass A on 0y and 1 —\ on 0.8 Let h := 0y — 01, > 0,

then E,, [61] = E,[6:] is satisfied if and only if 6, = p; — (1 — A\)h and 0y = p; + Ah.
E.[07] — (Eu[0:])”

Moreover, E,, [67] = E,[67] is satisfied if and only if h? = TN , S

o the

two-point priors that match (E,[61],E,[07]) are

0, = E,[0,] - (1 —)\)\/E“[eﬂ 7121 PR H\/Eu[@%] ~ (E.[6:))*

A1 =N AL =)

for any A € (0,1) such that 0 < 0, <0y <1

Although there is a continuum of two-point mixtures indexed by A that repro-
duce the same two-period implications of any given Beta prior, these mixtures yield
different third moments E,, [6%] = A0} + (1 — N\)03,, and thus different predictions
once a third outcome is observed. We discuss this further in the section on more

than two periods.

5.2 Rank of M (p,q) and support of the CIID representation

This section relates the forecasts (p, ¢) that a prior with support of size r can ratio-

nalize to the rank of the matrix M(p, q).

Proposition 3. If forecast (p,q) admits a CIID representation where p has anr > 2
point support then rank M (p,q) <r

Proposition 3 is proved by establishing that if (p,q) has a CIID representation
with support r, then cpr(M(p,q)) < r. The result then follows from the general
relation cpr > rank. The next proposition uses the same connection between the
size of the support and cpr(M(p,q)), but now paired with the general inequality
cpr < rank(rank +1)/2 — 1.

SThen p; = E,[61], ¢t") = E,[63]/E [91] ) = Eu[0:(1 — 61)]/Eu[1 — 61] and E, [01] =
N0, + (1 — /\)OH,IE,,,A [Gf] = )\0% (1 — A)
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Proposition 4. Let forecast (p,q) be such that M (p,q) is completely positive. If M
has rank 1, then (p,q) admits a CIID representation where p has at most max{l(l +
1)/2 — 1,1} point support.

Propositions 3 and 4 immediately imply this corollary.

Corollary 5. For every nondogmatic forecast (p,q) the following statements are

equivalent:
1. (p,q) admits a CIID representation where pu has a binary support;
2. M (p,q) is completely positive and has rank 2.

Example 3 (A CIID model with support > rank M). Suppose Y = {1,2}, and that
forecast (p,q) admits a CIID representation p with a three point support: p(6; =
%) = %1,#(91 = %) = %,u(@l = %) = i, so thatpy = E,[01] = % Then E,[07] = %,

E, [6:(1 —6,)] = 17/72, qu) = % = i and qil) = 3. Thus the implied

second-period conditional forecasts satisfy reinforcement, and

(1) (2) 1917

P1gq (1—=pi)g 2 72
M(p,q) = < ' (1) ' (2))> =

pl—q¢’) 1-p)1-q o

is symmetric, entrywise nonnegative, and has rank M (p, q) = 2 < supp p.

6 Applications

6.1 Belief in Persistence or Reversal

We next apply our characterization of CIID models to study whether two-period fore-
casts can distinguish CIID learning from perceived persistence or reversal. We study
a simple form of persistence: After observing an outcome, the agent shifts a common
fraction of their forecast toward that outcome occurring again. This specification iso-
lates a tendency to predict repetition while leaving the relative probabilities of other
outcomes unchanged and allowing an unrestricted CIID baseline. This provides a
parsimonious benchmark for studying whether two-period forecasts can distinguish

perceived persistence from learning about a fixed distribution.
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Definition 7. Forecast (p,q) has a proportional-persistence representation if there

exists an « € (0, 1) such that (p, §) has a CIID representation where
¢V = ae;+ (1 —a)g? Viev, (15)

and e; is the unit vector corresponding to a point mass on the i-th outcome.

An agent whose forecasts have a proportional-persistence representation, while
in reality facing an i.i.d. environment, displays what has been called the hot-hand

fallacy in the line of work pioneered by Gilovich, Vallone, and Tversky [1985].

Proposition 5. If forecast (p,q) has a proportional-persistence representation then

(p,q) has a CIID representation.

Thus, in two periods, belief in proportional persistence is not distinguishable
from a CIID model. It is easy to see that the converse need not be true: If n = 2
and p = ¢V = ¢ = (1/2,1/2), then (p,q) admits a CIID representation with a
dogmatic rationalizing belief ;1 = d(1/21/2). However, any proportional-persistence
representation (15) would require the associated CIID representation to have qf’ <

p1, a violation of reinforcement, which is not possible by Lemma 1.

Definition 8. Forecast (p, q) has a proportional-reversal representation if there exists
an a € (0, 1) such that (p,q) has a CIID representation where
5(1) a

W__T e
s R T (16)

In words, (p,q) has a proportional-reversal representation if it can be derived
from a CIID model that is modified so that after each outcome ¢, all outcomes j # ¢
receive a multiplicative boost of 1/(1 — «) to their probability, with the probability
of outcome 7 decreasing accordingly. Having a proportional-reversal representation
when facing an i.i.d. environment corresponds to the gambler’s fallacy as in Tversky
and Kahneman, 1971.

Unlike the proportional-persistence representation, some proportional-reversal

representations can be spotted from the agent’s forecast.” However, any two-period

9To see this, let (p, §) be the CIID representation derived from the dogmatic belief 1 = d(1/2,1/2)
and set ¢(9) = 1/2e_; + 1/24. Then (p,q) has a proportional-reversal representation, but it violates
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Figure 2: Left: Simplex over the four possible outcome sequences. Shaded region
represents the restriction imposed by Symmetry. Right: restrictions on the symmet-
ric probabilities. Persistence moves the probabilities down; reversal moves them up.

forecasts consistent with CIID are also consistent with proportional reversal.

Proposition 6. If (p,q) has a CIID representation, then (p,q) has a proportional-

reversal representation.

We conclude by considering an agent who believes outcomes are conditionally
i.i.d. but observes them with noise. The agent forecasts the next true outcome con-
ditional on a garbled observation of the first. These forecasts can violate symmetry
(1) (7)

even with binary outcomes and arbitrarily small observation noise: p;q;” # p;q;”",

where ¢ denotes the observed signal corresponding to outcome 4. Thus, our test can

detect a belief in noisy observations of a CIID process.!°

6.2 Existence of a Symmetric Common Prior over Signals

We now show how our results can be used to verify the existence of a symmetric
common prior over signals from the players’ interim beliefs and their ex-ante beliefs

about their own type. Formally, consider a game of incomplete information with two

reinforcement, so it does not admit a CIID representation by Lemma 1.
0For a concrete example, suppose the agent believes that the true outcome is 1 with proba-

bility 1/5 or 3/4 with equal probability, and that the garbling matrix is G = <??i é?i) The

agent’s period-2 forecast is conditioned on the garbled signal rather than the true outcome, and a
straightforward computation shows that symmetry fails.
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players and state space Q x Sy x Sy with S; = Sy = S finite and |S| = n. Here, w € )
is an underlying fundamental in the game, and s; corresponds to player ¢ type, as in
Dekel, Fudenberg, and Morris [2007].

A symmetric common prior over signals is a measure m € A(Q x Sy x S3) such
that

Z (W, 81, 82) = J 0(s1)0(s2) du(0) for some e A(A(S)).

we A(S)

With this belief structure, players are certain that their types are i.i.d. draws from
the same distribution and share the same belief about that distribution. One example
is the case in which the players’ signals jointly and completely reveal the state: if
knowing (s1, $2) determines w with certainty, then a symmetric common prior over
signals pins down all uncertainty about w as well, so a symmetric common prior over
signals implies a symmetric common prior over the entire state space €2 x S; x 5.
Another example arises in common-value auctions, where w denotes the value of the
good and agents’ signals are i.i.d. conditional on w, with distribution 7(- | w). In this
case, a common prior over signals exists and is given by p(C) = 7({w : (- |w) € C})
for all C' e A(S)." Finally, symmetric common priors over signals are shown to be
priors that, in beauty contests, maintain tractability outside Gaussian information
structure [Volij, 2026].

Let 7;%(:|s;) € A(S_;) denote the interim belief of a player i of type s; about
the opponent type. Also, let m° € A(S;) denote the ex-ante belief about their own
private signal. Our results help us link the existence of a symmetric common prior to
the matrices M;(m) € [0,1]%-5% i € {1,2} given by m;(7)._, . = 7°(si)m; “(s5_i]si)-
Corollary 6. Given 7; " and 7 there exists a symmetric common prior over signals

consistent with those beliefs if and only if M,(m) = Msy(m) and is completely positive.

The result follows from the fact that, by Theorem 2, the complete positivity of
M; () is equivalent to the existence of a prior over signals y; that is CIID. Then the
equality M;(m) = My(m) guarantees that this prior is common to both players.

T Although this structure is typical in common-value auctions, the only thing that is needed is
that the values of the good for each agent i can be expressed as functions of 6.
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6.3 Grether updating and CIID rationalizability

Consider a Grether model with finite state space S = {1,..., K'}. The agent assigns
prior probability A; > 0 to state s, where >, _sA; = 1. Conditional on state s,
outcomes are i.i.d. with distribution 6* € A(Y"). Assume that 6 > 0 for every s and

1. Under Grether updating, after observing outcome %, posterior odds between states

w, (i) 05\ /2 \°
—(Z) (2 d>0.
w, () <ez) <A> S
Equivalently, w,(i) = A(65)°/ 3 s A%(07)¢. The initial forecast and the forecast
after observing i are, respectively, p; = >, s As07 and q]@ = D ses Ws(i)05. Thus the

s and r satisfy

forecast matrix M©, is given by

M=), A gt s A ()0
Z teS ' Zres )\ff(éf)c

Theorem 2 immediately gives the following corollary:

Corollary 7. The forecasts generated by a finite-state Grether model are CIID-

rationalizable if and only if MY is completely positive.

When the prior has support on only two states, symmetry implies complete posi-
tivity, and there is a simple test for when symmetry holds. Suppose henceforth that
the states are A and B, with prior probabilities A € (0,1) and 1 — A, and that their
outcome distributions are a = (a;);ey and b = (b;)sey, where a;,b; > 0 for every i.

After observing 7, the posterior probability of A is

_ Nag
©Adag + (1 — \)dbg

wy

Consequently, p; = Aa; + (1 — A\)b; and qj(»i) = w;a; + (1 —w;)b;.

Proposition 7. The forecasts generated by a two-state Grether model are CIID-
rationalizable if and only if they satisfy symmetry. If a # b, these conditions
are equivalent to the existence of a scalar k > 0 such that p;(w; — \) = k(a; —

b;) for every i €Y. If a = b, symmetry and CIID rationalizability always hold.

With two states and binary outcomes, the symmetry condition reduces to a single
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equation: when a # b and the prior over states is unbalanced, fixing (A, a, b, ¢) selects
at most one value of the prior-weight exponent d for which Grether updating is CIID-

rationalizable. The explicit formula is given in Online Appendix B.3.

7 CIID Models for More than Two Periods

When the analyst has elicited one-period-ahead forecasts over a longer time horizon
T, the CIID representation imposes additional constraints, because longer horizons
identify higher-order moments of the latent measure, and imposes tighter necessary
conditions. This means fewer forecasts will have CIID representations, and those
that do will have fewer.

In the binary case, observing one-step-ahead forecasts up to horizon T identifies
the first 7" moments of the latent Bernoulli parameter §. We use this to connect to
the Hausdorff truncated moment problem. This yields an exact and easily checked
characterization of CIID models in terms of observable forecasts. At the same time,
the truncation point T" determines how tightly the prior is pinned down: For interior
moment sequences, when 1" is odd, the minimal-support rationalization is unique,
whereas with T even there is a one-dimensional family of distinct minimal-support
priors that generate the same finite sequence of forecasts.

Similarly, in the multinomial case, forecasts over more than two periods deliver
information about higher-order joint probabilities of outcomes and thus about higher-
order moments of the latent . The relevant objects are the sequence of moment
tensors { M *)}, 1 associated with the joint distributions of (Y1, ...,Y,) and with the
multinomial count moments. Theorem 6 shows that a forecast system up to horizon
T has a CIID representation if and only if these tensors are completely positive and
satisfy pairwise exchangeability and reinforcement; the matrix test based on complete
positivity of M(p, q) is the special case T = 2.

Multiple periods let us distinguish between misspecified models that are observa-
tionally indistinguishable in two-period data. For example, in the two-period setting,
we showed that an agent who believes in spurious persistence (a hot-hand bias im-
plemented by shifting probability weight toward the most recent outcome) cannot

be distinguished from a CIID learner: this perturbation preserves the complete pos-
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itivity of M (p,q). When forecasts are observed over longer histories, this invariance
breaks down, as the finite-horizon CIID conditions of Theorem 6 converge to ex-
changeability: a forecast system satisfying them for every finite horizon generates
an exchangeable measure on infinite sequences, recovering the classical characteriza-
tions of de Finetti [1937] and Hewitt and Savage [1955]. Additional periods impose

further restrictions on forecasts and narrow the set of rationalizing priors.

7.1 Necessary Conditions for 7" > 2

As in the two-period case, we begin with some intuitive necessary conditions that any
CIID representation must satisfy. Fix a horizon T" > 2. For ¢t € {0, ...,T—1}, a history
of length t is hy = (y1,...,y:) € Y, with @ denoting the empty history (¢ = 0). For
any history b, € Yt with 0 <t < T, let ¢**) € A(Y") denote the period-t forecast of the
period-(t+1) outcome, and define q = {q(ht)}te{o,...,Tq},hteyt~ Define the probabilities
induced by the forecasts recursively by Py (@) = 1 and Py(hs, i) = Py(ht)g; (he),

Definition 9. Forecast q has a CIID representation if there exists a probability
measure i € A(A(Y)) such that:
(i) Forallie Y:
qz@) = J 0; dp(8).
A(Y)

(ii) Forallt e {1,....T—1},hy = (y1, ..., y) € Y such that Py(h;) > 0, the posterior
measure /(-|h;) is defined by Bayes’ rule: for any Borel set A € A(Y),

$pea IToms B, dpa(6)

(i(Alhe) =
SQGA(Y) Hi:l 0, dp(0)

and for all i € Y the conditional forecast satisfies qi = Ay didp (0] he).
(iii) If Py(h:) = 0 the value of ") is unrestricted.

Point (iii) leaves the belief after zero probability events completely unrestricted.'?

120ne could alternatively require that beliefs are updated using Bayes rule whenever possible,
as in perfect extended-Bayesian equilibrium (Fudenberg and Tirole, 1991); the results would be
essentially unchanged but slightly more cumbersome to state.
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Perhaps the most basic necessary condition for CIID forecasts is that depends
only on the count; this was vacuously satisfied in the two-period setting. Define v
by vi(he) = S WMy, = i},ieY, forall t € {0,...,T — 1} and h, € Y'. Note that
when outcome i is observed v((hy,i)) = v(h:) + e;, where e; is the i-th unit vector.
Let N'(q) be the set of count vectors v(h;) of histories h; with ¢ < T and Py (h:) > 0.

Definition 10 (Count sufficiency). Forecast q satisfies count sufficiency if for any
two histories hy, b} with v(h;) = v(h}) € N(q),

q(ht) — q(h:ﬁ) =: q(V) (17)

We will assume throughout that count sufficiency is satisfied, and use it to simplify
the statements of other conditions. We also restrict attention to histories with ex-
ante positive probability.

To extend proportional persistence beyond two periods, suppose q is a CIID
forecast system and, after each nonempty history h; = (y1,...,v), set q(hf) = Qey, +
(1—a)§™), a € (0,1), with the same initial forecast and a common a.. At two positive-
probability histories with identical counts, the CIID baseline forecasts coincide. If
one history ends in outcome ¢ and the other does not, their forecasts of ¢ therefore
differ by exactly «, violating count sufficiency. Thus proportional persistence can be
distinguished from CIID learning using one-step-ahead forecasts.

In addition, CIID representations imply generalizations of the symmetry and

reinforcement conditions. The next condition generalizes symmetry.
Definition 11. Forecast q satisfies pairwise exchangeability if, for every t € {0, ..., T—

2}, every history h, € Y with Py(h;) > 0, and every i, j € Y,

h hi,i h ht,j
qi( t)q](_t ):q]( t)ql( t])‘

Because any permutation of {1,...,7T} can be written as a composition of ad-
jacent transpositions, under count invariance pairwise exchangeability up to period
T implies invariance under all permutations of length 7', which is the definition of

exchangeability.

Definition 12. Forecast q satisfies reinforcement if for every v € N(q) and i € Y
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such that v +¢; € N(Q)a
qi(l/Jrei) > qz(’/) (18)

Lemma 3. If forecast q has a CIID representation, it satisfies pairwise exchange-

ability and reinforcement.

Definition 13 (Martingale property). Forecast q satisfies the martingale property
if for every v € N'(q) such that v +e; e N(q) for all j €Y,

¢ = Y g g (19)
JjeYy

That is, the agent’s current one—step—ahead forecast equals the expectation of

their next-period forecast with respect to the agent’s current beliefs.

Lemma 4. If forecast q satisfies pairwise exchangeability then it satisfies the mar-
tingale property.
Note that this lemma is not a statement about a probability measure but only

about the reported forecasts.

Moments and Forecasts As in the case T' = 2, the sufficient conditions for CIID

developed below apply to the moments associated with the forecasts.

Definition 14 (Implied Moments). The implied moments of forecast q are well-
defined if, for every t € {0, ..., T}, any two histories hy, h; € Y with the same count
vector satisfy Py(h:) = Py(h;). In that case, for every count vector v with |v|; < T,
define m, := Py(h:), where h, is any history with count vector v. In particular,
(v)

i

mo = 1 and, for |v|; < T, m,,e, =m, EV) if m, > 0 and my4e, = My D

Under the maintained assumption of count sufficiency, pairwise exchangeability

guarantees that the implied moments are well-defined, as the next lemma shows.

Lemma 5. 1. If forecast q is pairwise exchangeable, its implied moments are well-
defined.

2. If the implied moments of forecast q are well-defined and there is a measure

e A(A(Y)) that generates them, then p is a CIID representation of q.
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7.2 Binary Outcomes and More than Two Periods

Let Y = {1,2}. In this case, if there is a CIID representation we can work with a
one-dimensional latent state 6, and count vectors take the form (j,¢— j) where v has
Jg U'sand t—j 2’s.

In this case there is an easily checked characterization of when such a measure
exists. H To state the sufficient condition, define the Hankel matrices H and H as

follows: If T' is even,
hij =mgvi0  Vi,j€10,..,T/2},

Ei,j = —Amitj11,0 Vi,je{0,..,T/2 — 1}.

If T is odd,
hi,j - m(i+]’+170) VZ,] € {0, ceey (T — 1)/2}

Ei,j = —Am(i+j70) VZ,j S {0, ceny (T — 1)/2},
where Amy,.0y 1= M(r41,0) — M(r0)-
Positive semidefiniteness of these matrices, paired with pairwise exchangeability,
characterizes the CIID representation. The first condition guarantees a measure
matching the pure moments (see, e.g., Schmiidgen, 2017); pairwise exchangeability

guarantees that the match extends to mixed moments.

Theorem 5. Let n = 2 and T = 2. Forecast q has a CIID representation if and

only if it satisfies pairwise exchangeability and its Hankel matrices are PSD.

Minimal-support representations. The horizon also determines how tightly the
data identify the simplest CIID rationalization. If the Hankel matrices are positive
definite, then when T = 2k — 1 there is a unique CIID representation with the
minimal support size, namely k& atoms. When T" = 2k, the minimal support size is
k+1, and there is a one-parameter family of such representations. Thus, for example,
three periods uniquely identify a two-point prior, whereas four periods are consistent
with a continuum of three-point priors. The proof follows from standard results on

the truncated Hausdorff moment problem; see Online Appendix B.5.
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7.2.1 Law of Small Numbers

Rabin [2002]’s model of the law of small numbers provides a useful application of the
multi-period restrictions. The paper assumes that outcomes are binary, Y = {1, 2},
that conditional on an unknown 6 € A(Y), the agent believes that observations are
drawn without replacement from a finite urn of size N whose composition corresponds
to 6, and that their prior assigns positive probability to an urn containing at least
two balls of each outcome. For sequences of more than two observations, the urn is
renewed after every two draws. Thus, conditional on €, observing outcome ¢ makes
outcome 7 less likely on the second draw, generating the gambler’s fallacy.

When 6 is unknown, however, there is a countervailing force: repeated observa-
tions of outcome 7 lead the agent to infer that 6; is higher. This inference can be
strong enough that the agent’s forecasts satisfy reinforcement despite the perceived
negative dependence conditional on 6, so Rabin’s forecasts can pass the two-period
CIID test. The next result shows that this observational equivalence disappears with
a third period: Rabin’s model assigns different probabilities to sequences with the

same outcome counts, violating pairwise exchangeability.

Proposition 8. Consider Rabin [2002]’s binary law-of-small-numbers model with
finite urn size N. The forecasts through period 2 admit a CIID representation if and
only if q(10 qlO ), If p is strictly positive, the forecasts through period 3 do not
admit a CIID representation. In particular, they violate pairwise exchangeability:

q(l O)Q§2 ,0) < qél,o)qgl,l).

7.2.2 Sharp Predictions for the Third-Period Forecast

Proposition 9. Suppose n = 2 and that the forecasts through period 2 admit a CIID
representation. Suppose also that q&o,o) € (0,1) and q§1’0) < 1. A collection of period-

3 forecasts extends the two-period forecasts to a CIID representation if and only if,
(1.0 ¢ _ a"0—q )2 (2,0) (LY _ ¢""0-a)

for some x € [ql W]; we have ¢;7" = x, ¢ PENCURE and
1
00) (1 _ 9,00 , (0,
¢% = o ( hta ) Every value of x in this interval is attainable by
1 (0,0) (0,0) (1,0)
1—-2¢,7" +q, " 'qq

a CIID representation consistent with the original two-period forecasts.
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The width of the identified interval is %. Thus, except at the boundaries,
two-period forecasts leave a nondegenerate set of possible third-period forecasts. The
interval collapses when a = p, in which case the agent is certain about the Bernoulli
parameter, and when a = 1, in which case observing outcome 1 reveals that its latent

probability is one. The proof of this result is in Online Appendix Section B.6

7.3 Many Outcomes and Many Periods
7.3.1 Tensor characterization

For binary outcomes, the key objects were the power moments m, = E[f"]. For
general outcomes, the observable counterparts are order-k sequence tensors defined
from joint data probabilities. Under a CIID representation, these coincide with
the k-th moment tensors of the latent #. Our main multi-period result shows that
CIID rationalizability is equivalent to each of these tensors being simplex completely
positive, together with a natural consistency condition implied by the law of total
probability.

An agent’s forecasts are the one-step-ahead conditional probabilities. If these
forecasts depend only on the outcome counts, as required by a CIID model, we can
express them directly in terms of the count moments. The key object for the multi-
period characterization is the collection of order-k moment tensors, which generalize

the second-moment matrix M(p, q) from the two-period case.

Definition 15 (Completely Positive Tensors and Simplex Completely Positive Ten-
sors). An order-k tensor S is completely positive (CP) if there exist r € N and

nonnegative vectors (b®);_, € (RY,)" such that
SIRfC
Siey = D005

=1j=1

It is simplex completely positive (SCP) if the vectors can be chosen in the simplex:
there exist r € N, weights (vy,);_, € R with }.,_, v = 1, and vectors (79);_, €
A(Y)" such that

r k
Slllk = Z’}/gl_‘[ﬂ'z(f)
(=1 j=1

29



The simplex restriction in the definition of SCP tensors reflects the fact that the
latent vectors correspond to probability measures rather than arbitrary nonnegative
vectors. In general, simplex complete positivity is a stronger condition than complete
positivity; Lemma B.4 shows that for count moment tensors the two conditions are

equivalent.

Definition 16 (Order-k£ Count Moment Tensor). For each k € {1,...,T}, define the
order-k count moment tensor M®*)(q) by

A

i () = My (@) for all count vectors v with ||v||; = k.

Example 4. If |Y| =3 and T = 3, the order-3 count moment tensor can be viewed
as a cube formed by stacking three 3 x 3 matrices, where each matrix varies the first
and second period outcomes holding the 3rd outcome fized If p is Dirichlet (1,1,1),

then MY consists of the 3 matrices

101 1 11 1 1 1

(3) 10 30 30 (3) 30 30 60 (3) 0 60 30
_ 1 1 1 _ 1 1 1 _ 1 1 1
My =13 3 | M2=|3 0 30| M3 = 3 30
11 1 11 1 101 1

30 60 30 60 30 30 30 30 10

The main result of this section generalizes the CIID characterization of Theorem 2
to more than two periods. The characterization requires that the associated moment

tensor is simplex completely positive.

Theorem 6. Fix a horizon T > 2. A count-sufficient forecast q admits a CIID

representation if and only if the following conditions hold:
1. Pairwise exchangeability.

2. Complete positivity: The order-T count moment tensor M) (q) is completely

positive.

The proof of sufficiency proceeds as follows. First, Lemma B.4 shows that if a
moment tensor is completely positive, it is simplex completely positive, and Lemma 5
shows that pairwise exchangeability implies the implied moments are well-defined and
and Lemma 5 shows that pairwise exchangeability makes the implied moments well-

defined and satisfy )., m, e, = m,. Lemma B.1 uses these consistency identities

30



to show that the same atoms and weights generate every lower-order tensor. The
resulting discrete prior therefore matches all implied moments and, by Lemma 5,
rationalizes the forecasts.

Next, Lemma B.1 uses the martingale property of the forecasts to show that
all lower-order tensors M®*) k < T, are simplex completely positive and can all be
written as a product of probability vectors with the weights. Carathéodory’s theorem
and the martingale identities imply that the same weights and atoms generate all
lower—order tensors.

As T increases, the additional forecasts impose further moment restrictions and
narrow the set of rationalizing priors. If a forecast system admits a CIID repre-
sentation at every finite horizon, then a single prior rationalizes the entire infinite

sequence, whose induced distribution is exchangeable.

8 Discussion

This paper characterizes when a sequence of one-step-ahead forecasts is consistent
with a CIID model. For the two-period, binary-outcome case, the conditions are
simple and intuitive: symmetry and reinforcement. For more outcomes, these con-
ditions are necessary but not sufficient; the key object becomes the second-moment
matrix M (p,q), which must be completely positive. For more periods, the entire
hierarchy of moment tensors must be simplex completely positive.

Our results provide a clear, operational way to test whether observed forecasting
behavior can be explained by a classic model of learning about a stable, unknown
environment. For example, forecasts where outcome ¢ is most reinforced after out-
come j and vice versa, as in Example 1, can be immediately flagged as non-Bayesian
in this sense. More generally, any failure of complete positivity (or, in the n < 4
case, positive semidefiniteness) shows that the agent’s updating rule is inconsistent
with any CIID representation.

Our proportional-persistence result highlights a limit of two-period forecast data.
Any forecast with a proportional-persistence representation also admits a CIID rep-
resentation, because the perturbation preserves complete positivity of the second-

moment forecast matrix. This observational equivalence need not extend to forecasts
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after longer histories. Applying the same perturbation to the most recent outcome af-
ter each history can violate count sufficiency, assigning different forecasts to histories

with identical outcome counts.
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A Appendix

Proof of Theorem 1. Lemma 1 shows that symmetry and reinforcement are nec-

essary. To show they are sufficient, suppose forecast (p,q) satisfies symmetry and

33



reinforcement.

Case a Suppose 1 > p; > qf) > 0 and take the Beta parameters from (4). Then

(2)

P14y (2)
By — a p1—qt? . biqp —p
1= T @ @ (1_p) 2 2 - Pl
a+f P 4 4 (_1 (5)1) na” + a7 (1 - p)
pP1—q; pP1—q;
p1q§j)) .
o o+
The period-2 forecasts satisfy §'°) — s N € R 1 A R
P Y& a+p+1 mpq@) @ N a+p+1
1
(2)
24+ 1 2) 2) (2) (2)
Oé+1 2 g a+l  pg 2V S btain gV — P14 +tPi—q
nce = o) = 2) ,weobtain q;" = =
o p1q1(2) Py Y4
P1—q
¢ ¢’ (1) 1 _ @) 4 )
+1- o By symmetry py(1—q{") = (1—p1)g{”, hence ¢{V = ¢ +1- 29— = gV,

cornpletlng1 the proof for this case.

Case b Suppose p; = qiz). If p; > 0, symmetry implies p, = qél). If p; = 0, then
q¢?® = (0,1), while ¢V is unrestricted because outcome 1 has zero probability. In
either case, specifying that [L is a point mass on (py, p2) rationalizes (p, q).

(1)

Case ¢ 1If p; # q ) and q = 0, then by symmetry ¢, = 0. Then specifying

p = p16@,0) + (1 = p1)d(,1) recovers the specified (p, q).
Case d If p; = 1, then by reinforcement q%l) — 1 and ¢ is arbitrary, so specifying
that p is a point mass on 6 = (1,0) recovers the specified (p, q).

Since reinforcement requires p; > qf), every forecast satisfying reinforcement falls

into exactly one of cases a—d. [

Proof of Lemma 2. Only if. Observe that by equations (1) and (3) if u € A(A(Y))
is a CIID representation for (p,q) then for all i,j € Y

. 0.0;
moln.a) = [ 0dn0) [ bauol = | oidulo) | —du(6) = [ 60,aul6)
AY) AY) A(Y) A(Y) SA(y) jdu(0) AY)
(20)
if p; # 0 and m;;(p,q) = 0 = SA(Y) 6,0;du(0) if p; = 0.
If. Suppose that there exists a p e A(A(Y )) such that equation (5) is satisfied.
Then p; = X", mij(p.q) = 20, SA(Y) 0,0,du(0) SA 6;du(0), so that (1) holds.
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Moreover, if p; # 0

G _ mi(pg) _ Sa(v) 0i0;du ) ,
g = = O;dp(0]7),
P; Sagr) Oidn(0 A(Y)

so p is a CIID model for (p,q) with pu(-|j) arbitrary for j such that p; = 0. More-

over, M(p,q) is positive semidefinite because it is a mixture of rank-one positive

semidefinite matrices, the outer products 66" . O

Proof of Claim 1. Suppose that M is Completely positive, so there exist k£ and

(ﬁ(s))fi e (R")* such that my = Y 17r 7r ) for all 4,j € {1,. n} For each
—(s)

s, let Z, = S0 a2 70— T, and v, 1= Z2 € R+ Then #¢) e A(Y) and

my = Zk ﬁ(s)ﬁ(s) - 3 ZQA& A(S) = Z’; 1%7T( )7r . Moreover, ZZ TMij =

s=1"1 J

k n  ~(s)~(s k s ~(s
Zs=1%2¢ 7T( )77() = Zs 17T ]()7 so 1 = Zi:le:lmU = Zs 17523 177']() =
S* 7. Thus 28:1 Yo = Landmy = Y*_, 757?58)7?](.5) is a simplex completely positive

representation, which proves the claim. O

Proof of Theorem 2. (2) = (1). By Lemma 2, thereis u € A(A(Y")) with m;;(p, q) =

T

0;0;du(0) for every i,j € Y. Since A(Y') is compact and 7 — 77 is continuous,

iA(Y)
M(p,q) € convimn' : 7e A(Y)}. By Carathéodory’s theorem (see Aliprantis and

Border, 2013, Theorem 5.32 with dimension r = In(n + 1)), we can write

r+1 r+1
q) = 2 Vs W(S)W(S)T, where all v, > 0, Z v, =1,and all 7 € A(Y) (21)
— s=1
establishing complete positivity.
(1) = (3). Since M(p,q) is a forecast matrix, its entries sum to one (as shown

in the text), so complete positivity implies simplex complete positivity by Claim 1.

Given the representation M (p, g Z e 8 T, define the discrete measure p =
1 s (57T(b) Then SA mmdp(m) = Zs:l Vs 7ri( )7TJ(-S) = m;;(p, q), establishing that
mi;(p, q SA 0,0; d/L 0) for every i,j €Y.

(3) = (2). Tr1v1al. O

Proof of Corollary 1. For the second part, suppose that (p,q) has a CIID repre-
sentation. By Theorem 2 (p,q) has a CIID representation with finite support. By

Lemma 1 (p,q) satisfies symmetry and reinforcement, so the proof of Theorem 1
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case a., and the fact that with binary outcomes a nondogmatic forecast has p # ¢,

implies there is a CIID model with a Beta distribution. ]
Lemma A.1. Suppose M(p,q) is completely positive with CIID representation .
For each integer k = 1, draw 0, . .. 0% independently from u and define
k k
1 1 T
=— ) O = =) 9
e =4 ;1 0(s) 5 2 Z

Then E[| M, — M(p,q)|r] < k=2, where the expectation is over these draws. In
particular, there is a CIID prior with supported om at most k points whose induced

forecast matriz is within Frobenius distance k=% of M(p, q).

Proof of Theorem 3. Suppose that 0 < ¢ < 1/n and that M(p, ¢) is within Frobe-
nius distance € from the completely positive cone. Choose a completely positive
matrix A such that [M(p,q) — Alr <e. Let a = 3., 3.7 | Aj;. Since the entries of
M (p, q) sum to one, Cauchy—Schwarz gives

oS5 | < (55 2) (550

i=1j=1 i=1j=1
=n HA — M(p,q)|r < ne.

Consequently, if ¢ < 1/n, then a = 1 —ne > 0, so we can normalize A by dividing by
a. The matrix A = A/a is completely positive and its entries sum to one, so Claim 1
implies that it is generated by a CIID representation. Since A has nonnegative
entries summing to one, [A[3 = X', 37" A% < (Z?=1 D=1 flij>2 = 1. Taking
square roots gives |A|p < 1. Moreover, A = aA, so A — A = (1 —a)A. Thus,
|A—A|r = [1—a| |A|r < |1—a| < ne, where the equality uses the scaling property of
the Frobenius norm and the final inequality is the Cauchy—Schwarz bound established

above. Finally, the triangle inequality gives
|A=M@p,q)lr=(A=A)+ (A= Mp,q)lr <[|A-Alr+[A-M(p,q)lr <ne+e=(n+1)

Applying Lemma A.1 to a CIID representation of A and taking k = [¢7?], there is
a measure with at most k atoms whose induced matrix B satisfies | B—A|r < k72 <

e. Therefore, |[B— M (p,q)|lr < |B—Allr +|A—M(p,q)|r < (n+2)e. For € = 1/n,
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instead let u = (1/n,...,1/n) and take B = uu', the matrix generated by the Dirac
CIID §,. Since M(p,q) has nonnegative entries summing to one, |M(p,q)|% < 1.

Every entry of B = uu' equals 1/n?, so expanding the squares gives

15206 = 3233 (i) ) = 333wt = 53 St + 33

i=1j=1 i=1j=1 i=1j=1 i=1j=1

2 1 1
_ 2 _ 2
=M@, dlF — — + 5 =M@l - 5 <1
Thus |B — M(p,q)|r < 1 < ne, and obviously 1 < [¢72|. In both cases, we have
constructed a CIID prior x4/ with support at most [¢72?] whose induced matrix B
satisfies |B — M (p, q)|r < (n + 2)e.

We now recover the forecasts generated by this prior. Define

_\"g. Gy ) Big/py it p; >0,
pi=2Bs 4 =1q L
— g, if p; = 0.

Because B is induced by p/, these are its initial and conditional forecasts whenever
p; > 0. When p’; = 0, the CIID definition leaves the conditional forecast unrestricted.
Hence (p/, ¢’) admits the CIID representation p’ and M(p',¢') = B, proving (7).

To bound the changes in forecasts, let E;; = B;; — m;;(p,q). Since the column
sums of B and M(p, q) are pj and p;, |p} — p;| = 2, Eij|l < X0, |Eij. For each
column, B; = p ¢ and M (p,q); = p]q( 7). including when either marginal is zero.
Thus, p; (¢’ (9)—q )) E;+(pj—pj ')q'¥). Taking ¢! norms and using |¢’0)|; = 1 gives

pild? — ¢V < X By + Ipj — )] < 2d;. Cauchy-Schwarz over the n* matrix
entries yields >, > |Eij| < n||B — M(p, q)|r < nd. Summing the marginal and
weighted conditional bounds over j therefore proves (8).

Finally, Cauchy—-Schwarz within each column gives >." | |E;; < v/n (X E )1/2 <
Vn|B—=M(p,q)|r < +/nd. If pj >0 for every j, it follows that

oy R 2/ 8 2 2
g0 — o)y < 2=l 20 2nlntd) oy gy,
pj MINje(1,... k} Dy MINjef1,... k} Py

Taking the maximum over j proves (9). O

37



Proof of Theorem 4. Any vector x whose entries sum to zero satisfies

s
[EIPRS

N

Indeed, writing x = x+—x 7, its positive and negative parts have disjoint supports and
satisfy 2% [y = o7y = |#]1/2. Hence |z]3 = [=¥ |5+ [=7[5 < Ja*[F+ 27|} = 5]=[3.

By Theorem 2, M(p,q') € CP,,. Decompose M(p, q) — M(p,q) =U+V,U; =
pi(q") — ¢9), and V; = (p; — p;-)q’(J Since ¢ and ¢'V) are probability vectors,
(22) gives U3 = X1_, p2la® — ¢DJ3 < 137, p2lg — 0|2, Also g0 < 1, s0
VI3 = X0, (5 — #)?1d9) B < |p — p/13, s0 the triangle inequality implies

(22)

1/2
1 = . ,
' D) < Ilp—p [0+ — 210 — )2 )
A2, WM, a)=Alr < M, ) =M, 0)llr < lp=l+ 75 (;pjllq q I1>

- ; 1/2
Applymg (22) to p—p/ gives [p—p/lla < |p—p|1/v2, and (3, (p;l¢D —d'9]1)?)"* <
2 pilq¥) —¢P||;. This proves (10). The remaining bounds follow by setting p’ = p.
When p; = 0, the corresponding column and error weight are zero, so the value of

¢ has no effect on these bounds. O

Proof of Proposition 1. By equation (13), a full cycle requires Cov,(6;41,6;) = 0
for all 7 along the cycle, with at least one strict inequality.
Case n = 2: By Lemma 1, (p,q) satisfies reinforcement. For ¢ # j, taking
B )
j

complements gives g;

< 1 — p; = p;. Thus neither full-cycle inequality
can be strict, ruling out a full cycle.

Case n=3: From equation (14):
Var,(6,) + Var,(62) + Var,(03) + 2 (Cov, (01, 02) + Cov,(6s,05) + Cov,(03,0)) = 0.

Since variances are nonnegative, if the sum of the three covariances were strictly
positive, the left-hand side would be strictly positive, a contradiction. So at least
one of the cycle covariances must be non-positive, and a full cycle cannot occur.

Case n=4: The sum of the four edge covariances is

COVM<€1, 02) + COVN(927 93) + COV“(eg, 84) + COVH(04, 01)
= COVu(el + 93,92 + 94) = COV#(Ql + 93, 1— (91 + 63)) = —Varu(Ql + 93) < 0.
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A full cycle is therefore impossible. ]
Proof of Proposition 2. Fix n > 5, and choose H, L with 0 < L < H < 1 satisfy-
ing

2H+ (n—2)L = 1. (23)

For r € Y define ™ e A(Y) by 9,(:) = H if ke {r, r+ 1 mod n}, and L otherwise.

Let u be the uniform measure on {1V, ... 6™} By equation (23), p; = E,[0,] =
2H + (n—2)L

= — for all j € Y, so the period-1 forecast is uniform.

FiXT% evY. Am%ss the n support points, the pair (6;,60,.1) takes values (H, H)
once, (H,L) and (L, H) once each, and (L, L) the remaining n — 3 times. Hence,
E,[0,0i1] = %(HQ +2HL + (n— 3)L2> and E,[0,] = L. Thus, by equation (13),
i, - Balod]

Eu[ei]
fu(L) := H(L)*+2H(L)L+ (n—3)L?, where H(L) := % A direct calculation
gives fn(L) = + — 2L + %LQ, so fn(0) = 4. For n > 5, we have f,(0) =

1/4 > 1/n. By continuity of f,, (L), there exists £ > 0 such that f,(L) > 1/n for all
1-(n—2)L

= H? +2HL + (n — 3)L* We need q(;)rl > pit1 = 1/n. Define

L € (0,¢). Picking such an L and setting H = yields qgi)l >1/n=pin

for every ¢ € Y, which constitutes a full cycle. ]

Proof of Corollary 4. Part (i). By assumption there is a positive diagonal matrix
D = diag(s,. . .,s,) with s € R}, such that (DM (p,q)D)u = >;,,(DM(p,q)D);;
for all i € Y. Therefore A := DM (p,q)D is symmetric, nonnegative, and diagonally
dominant, hence it is completely positive by Theorem 2.5 in Berman and Shaked-
Monderer [2003]. As a consequence, it can be written as A = Y1, apu® (u®)T for
some a € R*, (u®)r_ e (R")*. Conjugating by D~ yields M(p,q) = D 'AD™! =
Doy (Dflu(k)) (Dilu(’“))T7 which is a sum of nonnegative rank-one outer prod-
ucts. Hence M(p,q) is completely positive. With this, (p,¢) admits a CIID repre-
sentation by Theorem 2.

Part (ii). The inequalities m;;(p, q)s; = Z#i m;;(p, q)s; for all ¢ € Y are equiv-
alent to s = R(p,q)s. If p(R) < 1 then by the Neumann series lemma (see, e.g.,
Cheney, 2013) s := (I — R)™'1 = >, R*1 is well-defined and strictly positive.
Moreover, (I — R)s = 1 implies s — Rs =1 > 0, i.e. s > Rs, and rescaling s to be a

probability measure shows that (p, ¢) satisfies scaled diagonal dominance. O
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Proof of Proposition 3. Let (6 (1),...,0(r)) be the elements of the support of p,

and define ¢ (i) = p (6 (¢)). Define the vectors f; € R" by f; = («/(;5 (1)0; (1), ...,A /0 (r)b; (r))T

and let M be defined by m;; = (f;, f;), so that m;; = >3, _ (£/& (k)b; (k))(\/¢ (k)b; (k)) =
Doy @ (k) 0; (k)0; (k). Bayes rule in the CIID model with prior p gives

22 m )< 70 (8) (24

and my; (p,q) = pig” = Sh_, & (k) 0: (k) ¢\ = Si_, ¢ (k) 0, (k) 0; (k) = myj, where
the third equality follows from equation (24). Thus the CP-rank of M is at most r
and by Proposition 3.2 in Berman and Shaked-Monderer [2003], rank M < cpr(M).

O

Proof of Proposition 4. If rank M (p,q) = 1, complete positivity gives M (p, q) =
zx' for some z > 0. Since the entries of M(p,q) sum to one, Y, x; = 1. Its
column sums therefore imply = = p, so M(p,q) = pp". By Lemma 2, 4, rationalizes
(p,q), establishing the bound for rank one. So in what follows, suppose [ > 2
Since M (p, q) is completely positive, m;; (p,q) = X;_; zi(1)x;(1) with z(l) € R for
each [. Moreover, by Theorem 3.5 in Berman and Shaked-Monderer [2003], when
rank M = [ > 2 we can pick these (z(l))]_; such that r <I(l +1)/2 — 1.

Without loss of generality, we may assume that each x(l) is nonzero and that no
two vectors x(k) and x(l) are proportional: Any zero vector contributes nothing to
the sum and may be omitted, and if x(k) = A\x(l) for some A > 0, then z(k)z(k)" +
z(Dz()T = (A2 +1)z()x(l)7, so the two terms can be merged into a single rank-one
term without changing M (p, q).

Let Sy = Xy @i(k) for all k € {1,...,r}. Because 1 = >}, ..y mi;(p,q) =
Dlijey it Ti (k) (k) = 20 ey @ (k) ey 25 (k) = D1 St 21 Sk = L.
Define ¢ (k) = S7. Since Sy > 0 and >, _, S7 = 1, we have ¢ (k) € (0,1). De-
fine 0; (k) = IS—(kk) Vk e {1,...,r} Since Y, x; (k) = Sk, each 0 (k) are probability
vectors in A""!. We now check that the CIID model with prior u supported on
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(0(1),...,0(r)) and with u (0 (k)) = ¢ (k) induces (p, q). Note that

=Y mi =y, ai (k) (k) = Yy (k) Y ai (k) = ) a; (k) S

€Y €Y k=1 €Y
= Y (K)o (k) = D 0; (k)& (k)A/ (k) = D0, (k) b (k).
k=1 k=1 k=1

By construction:

T T

mij (p,q) = Y i (k) a; (k) = > /6 (k)0 (k) (Vo (k)6; (k) = > & (k)0 (k) 6; (k).
k=1

k=1 k=1
By Lemma 2, this implies that p is a CIID representation of (p, q). O]

Proof of Proposition 5. If ¢ and ¢ are related as in equation (15), then m;;(p, q) =
pia? =p <Ofﬂi=j +(1-a) (Zgj)> = ap;li—j + (1 — @) my; (p, ¢) - Therefore M (p, q) =
aD+ (1 —a) M (p,§) where D is the diagonal matrix with d; = p;. By Example 2.1
in Berman and Shaked-Monderer [2003] D is completely positive. By our Theorem
2, M (p,q) is also completely positive. By Theorem 2.2 of Berman and Shaked-
Monderer [2003], M (p,q) is also completely positive. Therefore (p,¢) has a CIID

representation by our Theorem 2. O

Proof of Proposition 6. Fix any a € (0,1) and let ¢? = ae; + (1 — a)¢”. By
Theorem 2, M (p,q) is completely positive. Observe that M (p,q) = aD + (1 —
a)M(p,q), where D is the diagonal matrix with d;; = p;. Since D is completely
positive by Example 2.1 of Berman and Shaked-Monderer [2003], M (p, §) is a convex
combination of completely positive matrices, so by Theorem 2.2 of Berman and
Shaked-Monderer [2003] it is also completely positive. Therefore, (p,¢) has a CIID
representation by our Theorem 2, so (p, ¢) has a proportional-reversal representation.

0

Proof of Lemma 3. Suppose (p, q¢) has a CIID representation with measure p. We
will show that the two stated properties hold.
Pairwise exchangeability. Let h, € Y satisfy Py(hy) > 0, where t < T — 2, and let
i,7 €Y. Let u(- | hy) denote the posterior distribution over @ after history h,.

If qi(ht) > 0, Bayes’ rule gives qi(ht)qj(ht’i) = Pr(Yi1 = .Y = J | hu) =

Sacr) 005 dp(0 | he). Tf ¢ = 0, then E,[0; | hg] = 0. Since 6; > 0, this im-
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plies #; = 0 u(- | hy)-almost surely, so q-(ht)qj(-h“i) =0 = SA(Y) 0;0; dp(0 | he).

Thus, in all cases, q-(’“)qj(-ht’i) = SA(Y) 6;0; dp(6 | hy). Interchanging ¢ and j gives

he) (herj he) (hesi he) (hej
C]](- t)qi( t:J) _ SA(Y) 0,0, du(6 | hy), so qi( t)qj( 1) _ q§ t)qi( ).

Reinforcement. Let hy, € Y satisfy Py(hy) > 0, and let i € Y. If qght) = 0, then the
successor history (hy,7) has probability zero, so the reinforcement condition is not

required under Definition 12. Suppose therefore that qght) > (0. Then (hy, ) has pos-
(hei) _ Eu[0F | hu]

itive probability, and Bayes’ rule gives ¢; = ——"—— Since q§ht) =E,[6; | he],
EMQ [ei | ht]
(i) (he) _ Eul07 [ he] — (EL[6; | hu]) Var,(0; | ht)
we have ¢, —q 7 = = > 0. Therefore
o E,[0; | h] E,[0: | h]
reinforcement holds. ]

Proof of Lemma 4. Consider v € N'(q) such that v + e; € N(q) for all j €Y. By
pairwise exchangeability, qz-(”)qj(»wrei) = qj(.y)ql-(wrej ) for every i,j € Y, so for any i € Y,
ql@ = ZjeY qf'/)q](-wrei) = ZjeY qj(-y)qi(wej), which is the martingale property. ]
Theorem A (Schmiidgen, 2017 Theorems 10.1 and 10.2). Let n = 2 and let
(lo,-..,Ir) € [0,1]7! with I = 1. There is a probability measure y on [0, 1] such
that E,[0%] = I; for all k € {0,...,T} if and only if the associated Hankel matrices

H and H are positive semidefinite.

Proof of Lemma 5. (1) Let h,h' € Y" have the same count vector, where t < T.
It suffices to show that the probabilities of two histories that differ by one adjacent
transposition are equal, since any permutation transforming one ordering into the
other can be written as a finite composition of adjacent transpositions.

Write the two histories as h = (g,4,j,s) and b = (g,j,1,s), where g is the
common prefix and s is the common suffix.

If Py(g) = 0, then both P (h) and Py(h') are zero. Suppose instead that Py(g) >
0. By pairwise-exchangeability, ¢'”¢\%" = ¢!9¢\%7 o Py(g,i,j) = Py(g,J,7). The
two histories (g,4,7) and (g, j,7) have the same count vector. Thus, by count suf-
ficiency, their forecasts for the remaining suffix s coincide whenever their common
probability is positive. If that probability is zero, all extensions have probability
zero. Hence Py(h) = Py(h') and the moments m,, are well-defined.
(2) Suppose there exists a probability measure p € A(A(Y')) such that for every

multi-index v with ||v||; < T, m, = SA(Y) 6" du(f). Fix a count vector v with

42



v ml/ €e;
llv||1 < T and suppose m,, > 0. By the definition of implied moments, q.( ) o Tvtes

Since p generates the moments m, .. = SA(Y) 0;0” du(0) and m, = SA(Y) i du(&).
Hence
o _ Saan 60" ut®
' SA(Y 0 dpu(6)

which is precisely the one-step-ahead forecast generated by the CIID model with

~ B0 V] = | 6:4u(0] ),
A(Y)

prior u. If m, = 0, v ¢ N(q), so the conclusion still holds by point (iii) of the
definition of a CIID representation.This proves part (2). [

The next condition is motivated by the fact that if the moments {mnO}TT:O arise
from some measure of @, then for every pair a,b with a + b < T there is a uniquely
determined mixed moment m,p) = E#*(1 — 6)°], since 7(1 — 6) is a polynomial

of degree a + b in 6.

Definition 17. Forecast q satisfies polynomial consistency if m,;, = Zf:o (f) (=1)'m 400,
forall a,b >0,a+b<T.

Lemma A.2. IfY = {1,2} and q satisfies count sufficiency and pairwise exchange-
ability, then it satisfies polynomaial consistency for every a,b =0 with a +b < T.

Proof of Theorem 5. Suppose first that q has a CIID representation with prior
1. Pairwise exchangeability and reinforcement follow from Lemma 3. The implied
pure moments satisfy m, o = Sé 0" du(0), r=0,...,T so the Hankel matrices are
positive semidefinite by Theorem A.

Conversely, suppose that q satisfies the stated conditions. By Lemma 5, its
implied moments are well-defined. Since mpo = 1 and the Hankel matrices are
positive semidefinite, Theorem A provides a probability measure p on [0, 1] such
that S(l) 0" du(f) = my,o,r € {0,...,T}. For every a,b > 0 with a + b < T, the

binomial theorem and Lemma A.2 imply
1 b 1 b /b
[ - orano - XS 1) [ oot au®) = Y0 (2 masia = mas
0 i=0 i=0

Thus g matches every implied moment, including those associated with zero-probability
histories. Identifying 6 € [0, 1] with (0,1 — 0) € A(Y), Lemma 5(2) implies that u

is a CIID representation of q. Forecasts are recovered by moment ratios at histories
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with positive probability; at zero-probability histories they are not restricted by the
definition of a CIID representation. [

Proof of Proposition 8. Let 7 denote the agent’s prior over the fraction 6 of

outcome-1 balls in the urn. Rabin’s assumption that some urn composition with at
least two balls of each outcome has positive prior probability implies 0 < qio,o) <1
and makes all conditioning histories below have positive probability.

The first two draws are exchangeable conditional on #, and hence also uncondi-

tionally. Consequently, the two-period forecasts satisfy symmetry: q§0,0)<1 — qgl,o)) =
(0,0)
(1-— q§°’°))q§0’”. It follows that qéo’l) - (1- q§0’0)) = lql w0 (q§1 0 _ q§0’0)). Thus re-

inforcement for both outcomes is equivalent to qgl’ ) > q§0 0, By Theorem 1, the

forecasts through period 2 admit a CIID representation if and only if qgl’o) > q%o,o)'

For the three-period claim, let P(ijk) denote the agent’s subjective probability
of the ordered sequence (i, 7, k). The first two draws are without replacement, and the
urn is renewed before the third draw. Therefore, P(112) = E.[6 321 (1 —6)], P(121)

E, [9 N(1-6) e] . Subtracting gives P(121) — P(112) = B0l & o The inequality

N—1 N-1
is strict because the prior assigns positive probability to an urn containing both

outcomes.

By the chain rule, P(112) = q§0 0) q§1 O)qéz 0 P(121) = q%o 0 qél 0 (1 Y. Dividing
by q ) > 0, we obtain q( )q(l D _ q§l 0)q§2 0 = % > (). This Vlolates pairwise
exchangeability and by Theorem 5 violates CIID representation. o [

Proof of Theorem 6. First assume q has a CIID representation. Thus there exists
a random 0 € A(Y) with law p such that, conditional on 6, the process (Y;)i<r is
i.i.d. with distribution 6, and the one—step—ahead forecasts induced by this process
coincide with q.

Let m¥ := SA(Y) | Liey 077 dp(6), ||v|ls < T. Under the CIID model, Bayes’ rule
implies that after any history With count vector v the forecast of Y|, ,41 = ¢ is

SA v 9illjey ;7 du(9) m;f e
i — E 9 — ) J J — + i
immediate that m,(q) = S AY 9 du(6 for every v € N(q).

,whenever m? > 0. With this, it is

By Lemma B.2, the ex1stence of such a measure p with m, = {6”du for all
llv|]l; < T implies that, for each k& < 7, the tensor M®) is simplex completely
positive: there exist an integer r > 1, weights vq,...,v, > 0 with > v, = 1, and

44



points 71, ... 7 e A(Y) such that ME = Mu(iy, i) = Dy Vs 7r§f) cop® 13

i i
Pairwise exchangeability and reinforcement fi)llow from Lemma 3. k
Now assume that the count moment tensor M) is completely positive. By condi-
tion 1 (pairwise exchangeability) and Lemma 5(1), the implied moments m,(q) are
well-defined, i.e., m, does not depend on the order in which outcomes are accumu-
lated to reach v. Fix v with |v|; < T and choose any history h, € Y"I* with count
vector v. Then Xy Myse, = ey Palhu, i) = Po(hu) 2iey nghy) = Py(hy) = m,.
If m, = 0, then Py(h,,i) = 0 for every i € Y, so the same identity holds at null
histories. If m, > 0, the identity follows from ¢*) € A(Y). Hence the simplex con-
sistency identities hold for every v with |v||; < T. These are the linear consistency
identities (30). By Lemma B.4 M) is simplex completely positive, and since the
linear consistency conditions hold Lemma B.1 applies: the linear consistency identi-
ties together with simplex complete positivity of M) imply that every lower-order
tensor M%)k = 1,...,T — 1, is also simplex completely positive, with the same
weights and atoms. Hence all tensors {M (k)}le are simplex completely positive, so
the hypotheses of Lemma B.2 are satisfied. That lemma then implies there exists a
probability measure p on A(Y') such that m, = SA(Y) 0" du(0) for all ||v||; < T.
Define a stochastic process by first drawing § ~ p and then, conditional on
0, drawing Y7,...,Yr iid. with distribution 6. Let (p,q ) denote the assomated
one-step—ahead forecasts. By construction, p; = Pr(Y; =) = § AY 9 du(0) = m,.
After observing a history with count vector v (with ||v||; < T), Bayes rule implies
that the posterior on 6 has density proportional to 6”du(f). Hence the next-step
| = Beatr e — s fiom m, — [0°du).
Since the forecast-defined moments satisfy ¢;(v) = m”m—t, the CIID process generated

forecast satisfies ¢;(v) = E,[0; | v

by p reproduces the original forecast system at all histories with m, > 0. When
m,, = 0, the value of ¢(v) does not affect the induced measure. Hence the forecast

system admits a CIID representation. ]

13The map 6 — %% is continuous on the compact set A(Y), so its image is compact, and its
convex hull is compact. Carathéodory’s theorem therefore guarantees that each M*) admits a
finite simplex completely positive decomposition.
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B For Online Publication

B.1 Diagonal Dominance

Example 5. Supposen = 5 and that the forecasts are p = (3/109,53/218,53/218, 53/218, 53/218),

¢V = (1,111 L) gng ¢ — 153, ¢ = 101/106 and qj(-z) = 1/106 for all

376767676

i,7 € Y\{1} with i # j. Then

4 2 2 2 2
U
Mp.g)=[2 1 101 1 1
2 1

2

which 1s not diagonal dominant. The associated row-ratio matriz is

1 1 1 1

O 2 2 2 2

2 g L 1 1

101 101 101 101

_ 2 1 1 1
Rp,a)= |10 w1 0 10 1ot
2 1 1 L

101 101 101 101

2 1 1 1 g

—
o
=
=
o
=
=
o
—
—
[en]
=

Since the eigenvalues of R(p,q) are \y ~ 0.2144, Xy ~ —0.1847 and \ = —ﬁ A
—0.0099 (with multiplicity 3), the spectral radius of R(p,q) is

p(R(p,q)) =~ 0.2144 < 1.

B.2 Proof of Corollary 2

Proof of Corollary 2. For p; > 0, let ¢®Y) = {6 du;(#) denote the forecast under
exact Bayesian updating. For p; = 0, set q%Y9) = ¢, Then (p,q”) has the CIID

representation y, and its matrix is

A= J 00" du(0) € CP,,.
A(Y)
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For any subset S < Y, the function fs(0) = >, ¢ 6; takes values in [0, 1]. Therefore

Mg -

€S

Ufs pu(:19))] < nj-

Here we use the elementary identity sup0< f<1 |§ fd(v—p)| = drv(v, p) for probability
measures, which follows by writing f (6 So 1¢46)>¢y dt. Taking the supremum over
S and using the finite-space formula for total variation yields

l¢9 — PP, < 2n;.

Substitute this inequality into (11) to obtain (12). Substituting this inequality into
(11) gives the first inequality in (12). The second follows from

1/2

JjeYy JjeYy

since the Euclidean norm of a nonnegative vector is at most the sum of its coordinates.

]

B.3 Grether updating

Proof of Proposition 7. CIID rationalizability implies symmetry by the main the-
orem. For the converse, let § := a — b and z; := p;(w; — A). Since p = b+ \d, we
have qj@ = p; + (w; — \)d;, and hence M© = pp" + §2".

If @ = b, then ¢ = p for every i, and the prior concentrated on p is a CIID
representation. Suppose, therefore, that a # b. Symmetry is equivalent to 6z = 25".
Choosing h with d;, # 0 and comparing the (i, h) entries shows that z = kd for some
scalar x; the converse is immediate. We next show that x > 0. Because ), §; = 0 and
d # 0, there are outcomes h and ¢ such that 6, > 0 > §,. Hence a;/b, > 1 > a,/by.
Since ¢ > 0, Grether’s posterior-odds formula implies w;, > w,. On the other hand,

z = KO implies
0;
W, — A= K—.
pi

If K <0, then w, < A\ < wy, contradicting w, > w,. If kK = 0, then z = 0 and
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wp, = wy = A, yielding the same contradiction, so x > 0.

It remains to construct a CIID representation. Symmetry gives ME = pp" +rd9 .
Define U := mins, o p;/(—6;) and S := ming,~( p;/6;. For every pair with §; < 0 < 9,
nonnegativity of M = pip; + k6;0; implies & < [p;/(—0;)][p;/d;]; hence k < US.

Set t :=U, s:=r/U, 77 :=p+1td, and 7~ := p — sd. Because 0 < s < S, the
definitions of U and S imply that 7,7~ € A(Y'). Assign probabilities v* := s/(s+1)
and v~ :=t/(s+1t) to " and 7. Then y*t = v~ s, so this prior has mean p, and

vttt ey = ppT + st66T = pp’ + k66T = MC.

Its first moments are therefore p; and its second moments are piqj(»i). Its Bayesian

forecast after observing i is consequently ¢, so it is a CIID representation. ]
We finally specialize to two outcomes, labeled 0 and 1. Write a := Pr(1 | A),
b:=Pr(1| B),and p:= Aa+ (1 — \)b. Let ¢; denote the forecast of outcome 1 after
observing 1, and ¢y the forecast of outcome 1 after observing 0. Symmetry is then
the single condition p(1 —¢;) = (1 — p)qo.
Define R := M\/(1 = \), Ly := (a/b)°, Ly := ((1 —a)/(1 = b)), x := RY, K :=
pLy + (1 —p)Lo, and B := K — A\(Ly + Lyo).
Proposition 10. Suppose 0 < b < a < 1, A € (0,1), and ¢,d > 0. Ifa = b,
symmetry holds for every A\, ¢, and d. If a > b, symmetry holds if and only if

d
(1 =N LyLox* + Bx — \ = 0, T = (%) :

Equivalently, symmetry holds if and only if R = x*, where

. —B+/B2+4X1—-\)LiLg
v 21— N L1 Lo '

Proof of Proposition 10. If a = b, then p = ¢ = gy = a, so symmetry holds.
Suppose a > b. Grether’s rule gives wy = xLy/(1+xLy) and wy = xLo/(1+xLo). The
symmetry condition is equivalent to p = pg;+(1—p)gqo. Substituting ¢, = b+(a—b)w,

and p = b+ (a — b)\, and canceling a — b > 0, shows that symmetry is equivalent to

CL’Ll
P

L
+(1—p)—=2 =\

14+aLy
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Multiplying by (1 + xL;)(1 + xLg) and collecting terms yields the stated quadratic.
Its leading coefficient is positive and its constant term is negative, so it has exactly

one positive root, namely z*. Because z = R? > 0, symmetry holds exactly when
R = z*. O

If X # 1, the condition can equivalently be written d = log(z*)/log R. If A = 1,
then R? = 1 for every d > 0, so symmetry is independent of d and holds exactly
when z* = 1.

The following example shows that Grether updating need not satisfy symmetry,

even though it satisfies reinforcement.

Example 6. Let \ = %, a = %, b = é, c=1, and d = % The initial forecast is
p = %% + é% = ;—g The prior odds are 4. After observing outcome 1, the posterior
odds are 4'2(a/b) = 8, so wy = 8/9. After observing outcome 0, they are 4/2(1 —
a)/(1 =b) = 1/2, sowy = 1/3. Hence qy = + + 25 = 1 and qo = + + 25 = 2.
Symmetry would require p(1 — q1) = (1 — p)qo, but

68 48

375 and (1=p)go = —

p(l—a) = 375°

Thus symmetry fails, and the forecasts are not CIID-rationalizable. They nevertheless

satisfy reinforcement: q; = % > ;—g > % = qo.

B.4 Lemma A.1

Proof. All expectations below are taken over the independent draws (), ... 9%

from p. Let X, = Q(S)H(S)T, so that E[X,| = M(p, q) and M,—M (p,q) = k™! Zle(Xs—
M (p,q)). By Jensen’s inequality,

1/2

E| My — M(p,q)|r < (E[My — M(p,q)7) (25)

To compute the expected squared norm, observe that for each fixed pair (i, j), the
variables Z,;;: = (X;)i; — m4j(p, q) are independent across s and have mean zero,
so when s # t, E[Z;;;Z::;] = E[Zs,;] E[Z:,;] = 0. Since the squared Frobenius norm
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is the sum of the squared entries,

n n k k
EHMk - pa HF = %2 Z Z ZE[Zs,ith i

i=1j=1s=1t=1

:%ZZZE 2] :%EHXl

k

s=1i=17j=1

(26)

where the second equality drops the zero cross terms and the third uses the fact that
the X, are identically distributed.
n}, using E[(Xl)”]

Next, for every ¢, € {1,..., = m;;(p, q) gives

E[((X1)i; — mii(p,9))°] = E[(X1)5] = 2ma;(p, )E[(X1)is] + mij(p, ) = E[(X1)F]
Summing over entries therefore yields
E|X, - M(p,q)|% = E|Xu[% — [M(p,q)l% < E| X[ (27)
Moreover,
n n 2 n n
X105 = D) > (087650)° = (2 (0:) ) (2 (65 ) = [6M]3 < [0} =1, (28)
i=1j=1 i=1 =1

where the inequality holds because #) € A(Y). Combining equations (25), (26),
(27), and (28), we obtain E|M; — M(p, q)|r < k~'/2, which proves the first bound.
In particular, there exist draws 1), ..., %) for which | M, — M (p,q)|r < k2. O

B.5 Uniqueness and Multiplicity

Let Pos([0,1])7 denote the cone of real polynomials of degree at most 7" that are
nonnegative on the interval [0, 1], and for any sequence (my, ..., mr) € RT* let L,,
be the linear functional on R[z]<r defined by L,,(z?) = m; for all j € {0,...,T}.
We will say that sequence (my, ...
p € Pos([0,1])r
exchangeability, then by Lemma A.2 and the argument in the proof of Theorem 5, a

,mr) is interior if L,,(p) > 0 for every nonzero

. Recall that when n = 2, if q satisfies count sufficiency and pairwise

measure on [0, 1] matches the implied mixed moments m, if and only if it matches

the pure moments m, o for r < 7'

Theorem 7. Let T = 2j—1 for an integer j = 1, and suppose that m = (mq, ..., mr)

OA-5
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is interior and mg = 1. There exists a unique probability measure p € A([0,1]) with
ezactly j support points such that E,[0"] = my for everyt = 0,...,T. No representing

measure has fewer than j support points.

Theorem 8. Let T' = 2k for an integer k > 1, and suppose that the associated
moment sequence m = (myg, ..., Mayx) is interior, with mg = 1. Then there exists a
one-parameter family of distinct rationalizing priors, each supported on exactly k+ 1

points, that all represent the same truncated moment sequence (my, . .., May).
The following moment results will be used below:

Theorem A (Schmiidgen, 2017 Theorem 10.7). Let k € N and let m = (my, ..., may)

with mg = 1. The following are equivalent:

(i) There exists u € A([0, 1]) such that

mszxjdu(x), Vje{0,...,2k}. (29)

(i) Ly (p) = 0 for every p € Pos([0, 1])ax.

Moreover, m lies in the interior of the truncated moment cone on [0, 1] if and only
if L,,(p) > 0 for every nonzero p € Pos([0, 1])a.

This theorem implies that when the Hankel matrices of the implied moments are
(strictly) positive definite, the implied moment sequence (1m,0y, M(1,0); - - -, My7,0)) 18

interior.

Proof of Theorem 7. Whenever deg f + degg < T, write {f,g) := L,,(fg). On
R[z]<j—1 this defines a positive definite bilinear form: for every nonzero f in this

space, f? is a nonzero nonnegative polynomial of degree at most 2j — 2, so interiority
gives (f, £ = Lu(f?) > 0.

Claim 2. There ezists a unique monic polynomial Pj(x) of degree j that is orthogonal

to all polynomials of degree at most j — 1.

Proof. We first construct, by induction, monic polynomials P, of degree [, for [ =

0,...,7, each orthogonal to every polynomial of degree at most [ — 1.
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For | = 0, set Py(x) = 1. Suppose that Py, ..., P,_; have been constructed. They

form an orthogonal basis for R[z]<;—;. Set
Z <$l b >
(P, P, o

All products appearing here have degree at most 2j — 1, and every denominator is

strictly positive by interiority. The polynomial P, is monic of degree I, and orthog-
onality of Fy,..., Py gives (P, P;) = 0 for every ¢ < [. Thus P, is orthogonal to
every polynomial of degree at most [ — 1. We next establish uniqueness. Suppose
there are two monic polynomials of degree j, P;(z) and ]5](36), both orthogonal to
R[z]<;_1. Let D(x) = Pj(x) — P;(x). Since both are monic of degree j, the 27 terms
cancel, meaning the degree of D(x) is at most j — 1. Thus, D € Rlz]<,_1.

Because P; and P; are orthogonal to all polynomials in R[z]<; 1, they are both
orthogonal to D(x): {(D,D) = (P; — P;, D) = (P;, D) — (P;, D) = 0 — 0 = 0. Since
degD — 1, the polynomial D? has degree at most 27 — 2 and is nonnegative

n [0, 1]. Suppose that D # 0. Then D? is a nonzero element of Pos([0,1])a;_1,
so interiority implies (D, D> = L,,(D?) > 0. This contradicts (D, D) = 0. Hence
D =0, and therefore P; = P , proving uniqueness. O

We next show that P; has j distinct roots in (0,1). Let r be the number of
distinct roots in (0,1) at which P; changes sign. If r < j, let R be the product of
the corresponding linear factors, choosing its overall sign so that P;R > 0 on [0, 1].
Then P;R is nonzero and has degree j +1r < 2j — 1, so interiority gives L,,(P;R) > 0.
But deg R < j, so orthogonality gives L,,(P;R) = 0, a contradiction. Hence r = j,
and all roots of P; are distinct and lie in (0,1). Denote them by py,...,p;. For
k=1,...,7, define

gk($> = H LoD s )\k = Lm(gk)

#kpk—pz‘

For any polynomial f of degree at most 25 —1, polynomial division gives f = P;S+ R,
where deg S, deg R < j—1. Orthogonality and Lagrange interpolation therefore imply

Lin(f) = Lin(R) = > MeR(p) = D Mef (pw).
k=1 k=1
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Taking f = (2 gives A\, = L,,(¢2) > 0 by interiority. Taking f = 1 gives Zi=1 A =
mo = 1. Thus Zi;l Ai0p, is a probability measure with exactly j support points
that matches mq, ..., mo;_1.

If a representing measure had < j support points t1, ..., t,, let A(x) = [[i_,(x—
t;). Then L,,(A?%) = 0, contradicting interiority because A? is nonzero, nonnegative,
and has degree 2r < 25 — 2.

To establish uniqueness, suppose that another j-point representing measure ji
has support {qi, ..., q;} and weights wy, ..., w;. Let Q(x) = Hf;zl(m’ —qx). For every
polynomial R of degree at most 7 — 1, moment matching gives

(@Q,R) = Ln(QR) = f Q(z)R(z) dfi(z) = 0.

By the claim, ) = P;, so after relabeling the support points we have g, = p;, for

every k. Consequently,

Thus the j-point representing measure is unique. O

Proof of Theorem 8. Let m = (mq,...,mgx) be an interior truncated moment

sequence on [0, 1], with mo = 1, and let L,, denote its associated linear functional.

Step 1 Suppose toward a contradiction that there is a rationalizing prior u for
m supported on {tq,...,t.} < [0,1] with » < k. Define the polynomial [(z) :=
H§:1(f’5 —t;), which has degree r < k and vanishes at every support point of ;1. Then
[? is a nonzero polynomial of degree at most 2k that is nonnegative on [0, 1], and
L, (%) = S(l) I[(z)?du(z) = 0, contradicting interiority. Hence no rationalizing prior
with £ or fewer support points exists.

Step 2. We first show that m admits an interior extension to order 2k + 1. Let U

denote the uniform probability measure on [0, 1], and let

(] |
Y

be its moment vector through order 2k. By Theorem A, m lies in the interior of the
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moment cone. Hence, for sufficiently small e € (0,1), the vector

- m — eu
1—=¢

still belongs to that cone and has zeroth moment equal to one. Choose a probability

measure  representing m, and define
p:=1—-¢e)u+cel.

Then p represents m and has full support on [0, 1].

For s € R, write

1
m(s) := (mo, ..., May, S), Sp := J 2 dp(z).
0

For every nonzero polynomial P of degree at most 2k + 1 that is nonnegative on
[0,1], we have

Lim(so)(P) = Jo P(z)dp(z) = efo P(x)dx > 0.

Thus m(sp) is interior.
This strict positivity persists for s in an open interval around sy. Indeed, consider

the compact set

2+l 2% +1
K= {P(m) = Z ajz’ : P> 0on [0,1], Z al = 1}.
j=0 Jj=0
Every polynomial in I is nonzero, so continuity and compactness give
;= min L P .
€ += N Liyn(sy) (P) > 0
Since |aggy1] < 1 for P e K,

LM(S)(P) = Lm(So)(P) + (3 - 30)a2k+1 =C— |S — SO| >0

whenever |s — so| < ¢. By positive rescaling, the same strict positivity holds for

every nonzero nonnegative polynomial of degree at most 2k + 1. Consequently, m(s)
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is interior for every
sel:=(sg—c,s0+ ).

For each s € I, apply Theorem 7 with 7 = k + 1. Since 2j — 1 = 2k + 1, that
theorem provides a unique probability measure ps with exactly k 4+ 1 support points
such that

1 1
J o' dus(r) =m; fort=0,...,2k, J 22 dpy () = s.
0 0

Thus every ugs represents the original truncated moment sequence m. Moreover, if
s # &', then us, # pg, because their moments of order 2k + 1 differ. Therefore
{ps : s € I} is a one-parameter family of distinct rationalizing priors, each supported

on exactly k£ + 1 points. ]

B.6 Ancillary Results for Multiple Periods and Outcomes

Proof of Lemma A.2. By Lemma 5, the implied moments are well-defined. Fix
a,b >0 with a + b < T, and choose a history h containing a realizations of outcome

1 and b realizations of outcome 2. Then

Mat1p + Mapr1 = FPo(h, 1) + Py(h, 2)
= Py(h) (" + &)
= P4(h)
= Mayp

This identity holds also when P,(h) = 0, since both extensions then have probability

zero. Consequently,
Mab+1 = Map — Ma+1b-

We now proceed by induction on b. For b = 0, polynomial consistency is immedi-
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ate. Suppose it holds for b and every a with a+b < T'. For any a witha+b0+1< T,

Map+1 = Map — Ma+10

_ Z ( Jasio - j(—ni(f) Masito

=0
b+1 b i1
= Z Ma44,0,

where the last equality follows from Pascal’s identity. Thus polynomial consistency
holds for every a,b > 0 with a +b < T ]

Proof of Proposition 9. Let 6 denote the latent probability of outcome 1. The
two- period forecasts imply E[6] = ¢\*” and E[6?] = ¢"V¢{"?. Write ¢ := E[6?].
Since q t/( 10 ), set x = q§2 ), so that t = q(oo)q( 0. By Cauchy—
Schwarz, E[0%]* < [9] [63], hence (¢{®%¢\"")2 < q%o,o) ¢\"Yz and therefore = >

qgl’o). Applying Cauchy-Schwarz to /1 — 0 and 0+/1 — 0 gives E[0(1 — 0)]* < E[1 —
9)E[6%(1—6)]. Since E(Lg))u—gl)(])): "V (1— "y and E[02(1-6)] = ¢\*V¢" °>(1—x),
= )?

this yields z < 1 — 4 —0=a)?
(17q50’0))q§1’0)

same third moment: q§1’1) = E[6%(1 — O)]/E[0(1 — 0)] = q%l’o)(l —x)/(1 — q%l 0))
and ¢/"? = E[0(1 — 0))/E[(1 - 6)2] = ¢""(1 — 2" + ¢{"")/(1 — 24" +
q§° O)qgl O)). It remains to show sharpness. The lower endpoint is generated by

pr = (1— q§0’0)/q§1’0))50 + (q§°’°)/q§1’°))5 a0, which has first two moments qio,o) and
7" O)qilo and satisfies E,, [6°] = 00)( (1, 0))2. For the upper endpoint, let b :=

§°‘”<1 q<10>>/<1—q§°’0>>andtakeuu=<<1 q§°"”>{§§ 3)35#(( ¢ —b)/(1-b))d;.

The remaining forecasts are determined by the

This measure also has first two moments q1 9 and " and its third moment is

qgo’o)q(1 0) (qg )) (1— qgl’ )) /(11— q(o 0)) which yields the upper bound on x. Every
convex combination of p; and py preserves the first two moments and generates an

intermediate third moment, so every x in the stated interval is attainable. ]

Lemma B.1. Let T = 2, Y = {1,...,n}, and let q be a forecast satisfying count

sufficiency. Suppose that the implied moments satisfy the simplex identities

meei =my, for all |lv||; <T —1, (30)

€Y

and that the order-T count-moment tensor MT) is simplex completely positive: there
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exist v € N, weights s > 0 with Y.._, vs = 1, and vectors 7 € A(Y) such that

M =N em®x Wi, i) e YT (31)

s=1
where for each (iy,...,ir) the entry Mz(lT)ZT equals My, ... ipy with v(iy, ... ir) the
corresponding count vector. Then, for every k € {1,...,T — 1}, the order-k tensor

M®) s also simplex completely positive with the same factors and weights:

111k 7

y® :2%”55)”'”(:) V(iy,..., i) e Y*
=1

Proof. The simplex complete positivity assumption (31) at order 7" means exactly

that there is a discrete probability measure p on A(Y') of the form

= Y Ve b,

s=1

such that, for all (iy,...,ip) e YT,
T
MO, = [ 60 duto).
A®Y)
Equivalently, for every count vector v with ||v||; = T,
m, = J 0" du(0), (32)
A(Y)

where 6 := [ [, 67"

We claim that the same representation holds for all lower orders:
my, = J 6" du(0) for all v € N" with ||v||; < T. (33)
A(Y)

We prove this by backward induction on ||v||;.
For ||v||; = T this is exactly (32). Suppose now that (33) holds for all n with
lInlls = k& + 1, where 1 < k < T — 1, and fix any v with ||v||; = k. By the simplex
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identity (30),

my, = Z my+ei.

€Y

By the induction hypothesis, for each ¢ € Y we have

mmi:f 0"+ du(6) = f 0;0” du(0).
A(Y) A(Y)

Summing over ¢ yields
My = Y Myte, = f ( Hi)Q” du(8).

Because each 7(®) € A(Y'), every 6 in the support of y satisfies Y., 6; = 1. Hence

Z 0, =1 p-as.,

€Y

and therefore
my, = J 01/ du(e)J
A(Y)

which is (33) for ||v||; = k. This completes the backward induction and proves (33)
for all ||v|[, < T.
Finally, fix any k € {1,...,7 — 1} and any (i1, ...,i;) € Y* with induced count

vector v(iy,...,i). Then
k - s s
Mi(l.?‘,-k = Mu(iy,iy) = J 0iy - 0i, du(0) = Z Vs 7Ti(1) " .ﬂ-z(k)7
A(Y) s=1

which shows that M®) is simplex completely positive, with the same factors {W(S)}
and weights {7} as M. O

Lemma B.2. Let {m,}|,,<r be a collection of nonnegative numbers with mo = 1.

The following are equivalent:

1. There exists a probability measure pu on the simplex A(Y') such that

my = B[] - L( [16 aue) Vil <T.

€Y Y) €Y
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2. The symmetric order-k tensor M%) defined by

k
M’L(l)zk = m€1'1+"'+€ik
is simplex completely positive for each k € {1,...,T}, and the numbers {m,}

satisfy the linear consistency identities

Do, =my, YL <T -1
jey

Proof. (1) = (2). Assume there exists a probability measure p on A(Y') such that

m, = 67 dp (6 Vil <T.
L(Y)H G

€Y

Linear consistency. Fix v with ||v|[; < T — 1. Then

Smaie, = | TT00 (3 0) duce)

JjeYy €Y JjeYy

Since 6 € A(Y'), we have >,y 0; = 1, so

Zml/-‘rej = fA(Y)HQiide) = My,

Jjey

establishing the linear consistency identities.

Simplex complete positivity of M*®). For each k € {1,...,T}, we have

k
M'L(lk)zk = J H 0, dp(0) V(iy,... i) € Y*
A(

Y) =1

Equivalently,
M® = J 0% du(0).
A(Y)
The map 6 — 6% is continuous and A(Y') is compact, so

M® e conv{#®* : e A(Y)}.
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By Carathéodory’s theorem there exist points 7, ... 7 e A(Y) and weights
Yy .-y Ye > 0 with Y77, 75 = 1 such that

MO = 3 ok,
s=1

This is exactly the definition of simplex complete positivity of M®*), so (2) holds.
(2) = (1). Assume that for every |[v|[; < T —1, X,y Myye; = my; for each
ke {l,...,T}, the order—k tensor M®* with entries M

iy = Me; +ote;, 18 simplex

completely positive.
We will show there exists a probability measure p on A(Y) such that m, =

e iy 07 du(9) for all ||u]] < T

Step 1: A linear functional on polynomials. Let Ap be the real vector space of
all polynomials in (64, ...,60,) of total degree at most 7. Define a linear functional

LZ.AT—>Rby

L (HG;“) =m, for all v with ||v||; < T,

15

and extend linearly to arbitrary polynomials p(6) = X, <7 @ [ Licy 0 by L(p) :=
2y <1 O Mo

Let

S(0) == > 6.
€Y

Step 2: L treats S as 1. We claim that for every polynomial p € Ap with

degp <T —1,

L(Sp) = L(p). (34)

It suffices to check this on monomials and extend by linearity.
Fix v with ||v|[y < T — 1. Then

so) [1oe = (2 0)[Tor =S To ",

€Y JjeY €Y JEY ieY
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LS TTer =S L To8 ") = D muse,.

€Y Jjey €Y jey

By the linear consistency identities, > .y my1e; = my, = L(0”), so L(S0”) = L(6").
By linearity, (34) holds for all p with degp < T — 1.
Iterating this identity, we obtain

L(S*p) = L(p) whenever degp +k < T. (35)

Step 3: L is monnegative on polynomials nonnegative on the simpler. Let p € Arp
satisfy p(6) = 0 for all 0 € A(Y). Let d = degp < T and set k := T — d = 0. Define

which has degree at most T. By (35), L(p) = L(S*p) = L(p), so it suffices to show
L(p) = 0. Write p(6) = >}, ,<r @ 6. Applying (35) to each monomial " with
lv||, < T gives L(¢”) = L(ST- "6} . Expanding ST-IWhgw = (3, 6,)" "I g~

using the multinomial theorem yields

- T — ||l
STl gr _ ( g _ ) gn.
4l TZnum p 2,

lInll=T

where ¢!/) = (T;”';”l) if 77 > v componentwise and ¢!} = 0 otherwise. Applying L
gives L(0") = X, c77 mn, which expresses L(6") entirely in terms of the degree-

T moments {my}|py,—7- Therefore, by linearity of L,

IR YT WD ALK A LS

vl <T Il =T Il =T s=1 |nlh=T

where b, := ZHVHI <1 (v c%'/), and the third equality uses simplex complete positivity
of M™ . The last equality holds because the reduction via S = 1 ensures that
2= bn (7 = p(7l)) for each 7*) € A(Y). Since each 7*) € A(Y), we have
S(7®) = 1 and hence p(7*)) = p(7®)) = 0. Therefore L(p) = 0, and thus

L(p) =0 whenever pe Ay and p(f) =0V 0 e A(Y). (36)

Step 4: m lies in the convex hull of truncated moment vectors. Let T := {v e N" :
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llv||; < T}, and let m := (m,),er € RE. For each 6 € A(Y), define the truncated
moment vector
B(0) := (6"),er € R
Let
C = conv{p(0) : 0 € A(Y)}

be the convex hull of all such vectors. We claim m € C'. Suppose, to the contrary,
that m ¢ C. Since C is a compact convex subset 4 of the finite-dimensional space
RZ, the separating hyperplane theorem implies that there exist a nonzero vector

a = (a,),er and a scalar o such that

Za,,m,, < « and Za,,gb(@)l, > a Ve A(Y).

vel vel

Define the polynomial

p(0) = Z a, 0" — a.

vel

Then p(#) = 0 for all § € A(Y') by construction, while

L(p) =Zaym,,—oz < 0.

v

This contradicts (36). Hence m € C.
Step 5: Constructing a representing measure. Since m € C, there exist 0V, ... 0 e
A(Y) and weights Aq,..., A, = 0 with >7._| A\; = 1 such that
m, = Y A(0W) Vvel
s=1
Define a probability measure p on A(Y') by

W= Z As Ogls) s
s=1

1Since A(Y) is compact and the map 0 — ¢(0) = (0"),ez is continuous, its image is compact,
and therefore C' is compact as a convex hull of a compact set in the finite-dimensional space RZ.
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where dy(-) is the Dirac measure at §). Then, for all ||v||; < T,

0" du(f) = Y A, (6

Thus p is a probability measure on A(Y) with the required moments, establishing

(1).
This completes the proof of the equivalence of (1) and (2). O
: T
Lemma B.3. For any horizon T' >0, 3}, jeyr MZ(1 )lT(q) =1
Proof. We proceed by induction on 7.
Base case (T = 0). By definition M©)(q) = mg = 1.

Inductive step. Suppose the claim holds for 7. Let v =e;, +--- + €;,.. Then

Z Mz(ft;{rl (q) = Z mei1+"'+eiT+1 = Z Z my+elT+1

(i1,esir1)eY THL (#15esir g 1)€Y THL (i1,yiT)eY T dry1€Y
= X X awlme= X me )
Qizoq M v qZT+1
(i1,eeiT)EYT i 11€Y (i1,e-yiT)EYT 17 41€Y
—_——

=1

- 2 MZ(IT)ZT(q) = 1.

(il,...,’iT)EYT

where the first and fifth equalities use the definition of the count moment tensor, the
)

7

third uses the recursion m, .., = ¢;"’m,,, the fourth uses ¢’ € A(Y), and the last is

the inductive hypothesis. ]

Lemma B.4. If the count moment tensor M) (q) is completely positive, then it is

simplex completely positive.

Proof. Since M™) (q) is completely positive, there exist a positive integer r and

nonnegative vectors 7V, ... 7" € RY such that

7(3 —(s)
“ z:r T
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We may assume each 7(*) is nonzero. For each s, define

—(s)
Ly = Zﬁi(s) > 0, 7@ . T vs = 27T,
€Y

Then 7(*) € A(Y) since 7r§5) >0and ), 7Ti(s) — 1. Substituting 7\* = stgs) gives

T - s s
Mi(l.-)-z‘T(Q) — Z Ve 7Ti(1) . 'E'(T)-
s=1

It remains to verify »._, v, = 1. Summing the decomposition over all (i1,...,ir) €
YT and using 7® € A(Y):

Yoo M@= D A ewl) =Y
s=1 s=1

(i1,eyi7 )Y T (i1,-507)eY T

. J
"

= (ZieY 71_2(3))T: 1

By Lemma B.3, the left-hand side equals 1, so >._, 7, = 1. Therefore M) (q) is
simplex completely positive. O]
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