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We introduce a new model of repeated games in large populations with random matching,
overlapping generations, and limited records of past play. We prove that steady-state equilibria exist under
general conditions on records. When the updating of a player’s record can depend on the actions of both
players in a match, any strictly individually rational action can be supported in a steady-state equilibrium.
When record updates can depend only on a player’s own actions, fewer actions can be supported. Here,
we focus on the prisoner’s dilemma and restrict attention to strict equilibria that are coordination-proof,
meaning that matched partners never play a Pareto-dominated Nash equilibrium in the one-shot game
induced by their records and expected continuation payoffs. Such equilibria can support full cooperation
if the stage game is either “strictly supermodular and mild” or “strongly supermodular,” and otherwise
permit no cooperation at all. The presence of “supercooperator” records, where a player cooperates against
any opponent, is crucial for supporting any cooperation when the stage game is “severe.”
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1. INTRODUCTION

In many settings of economic interest, individuals interact with different partners over time,
and bad behaviour against one partner causes a negative response by other members of society.
Moreover, people often have fairly limited information about their partners’ past behaviour,
and little to no information about the behaviour of people with whom their partners previously
interacted. Yet, groups often maintain outcomes that are more efficient than those consistent with
myopic incentives. !

To study these situations, we introduce a new class of repeated games with random
matching with three key features. First, there is a continuum population, where individuals have

1. Examples of such “community enforcement” or “indirect reciprocity” include Milgrom et al. (1990) and Greif
(1993) on merchant coalitions; Klein and Leffler (1981), Resnick and Zeckhauser (2002), and Dellarocas (2005) on seller
reputation; Klein (1992) and Padilla and Pagano (2000) on credit ratings; and Friedman and Resnick (2001) on online
ratings.

The editor in charge of this paper was Andrea Galeotti.
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geometrically distributed lifespans (with deaths balanced by a constant inflow of new players).
Second, all that players know about each partner’s past behaviour or social standing is the partner’s
current record. Third, the time horizon is doubly infinite (so there is no commonly known start
date or notion of calendar time), and we analyse steady states where the population distribution
of records is constant over time. Compared to standard repeated game models with a fixed finite
set of players, a commonly known start date, and a common notion of calendar time and/or a
public randomizing device, our model seems more appropriate for studying cooperation in large
decentralized societies. In addition, the combination of the continuum population and steady
state assumptions keeps the model tractable even in the presence of recording or implementation
errors, because individual agents do not learn about the state of the system from their own
observations. On the other hand, a new challenge in our setting is managing the interaction of
incentive conditions (which depend on the steady-state shares of players with different records)
and steady-state conditions (which depend on equilibrium strategies).

Two fundamental questions about such an environment are “What sort of records is a society
likely to generate?” and “What sorts of records suffice to support cooperative behaviour?”
Like most previous studies of record-keeping in community enforcement, this paper focuses
exclusively on the second of these questions, briefly discussing the first in the conclusion. Our
main finding is that in many settings supporting cooperation requires that records contain not
only information about individuals’ past actions, but also information about the context of these
actions. However, such contextualizing information need not be extremely detailed—it is enough
to record how players’ immediate partners behaved towards them.

The record-keeping systems we study can be viewed as idealizations of the types of information
that large societies need to support cooperation, but there are also some real-world settings where
they can be taken more literally. Some examples are the online rating systems used by platforms
like eBay, AirBnB, and Uber. There is strong evidence that users’ ratings on these platforms
determine their prospects for finding future trading partners, even after controlling for unobserved
heterogeneity (Cabral and Hortasgu, 2010; Luca, 2016). On some platforms (e.g. eBay, Amazon
Marketplace) users have no information about their current partner’s past partners’ behaviour—
these are examples of what we will call first-order systems. On other platforms (e.g. AirBnB),
users can look up feedback that their partners left about their own past partners, a form of
what we will call second-order information. While many considerations influence a platform’s
choice of rating system (Tadelis, 2016), our model highlights the ability to distinguish justified
and unjustified deviations from desired equilibrium behaviour as a factor that favours systems
capable of recording second-order information.

In our model, a record system updates the players’ records based on their current records
and the actions they choose. These systems may be stochastic, due to either recording errors or
errors in implementing a player’s intended action. We prove that steady states exist for record
systems that are finite partitional, which means that for any record, there is a finite partition
of the opponent’s record space such that the update function does not vary with the opponent’s
record within a given partition element. This condition is quite general; it is satisfied by all record
systems we analyse as well as those considered in prior work.

We then characterize the prospects for steady-state cooperation under different types of
record systems. To capture a simple form of robustness, we consider only strict equilibria. For
most of our results, we also require equilibria to be coordination-proof, which means that a
pair of matched players never play a Pareto-dominated equilibrium in the “augmented” game
induced by their current records and their expected continuation payoffs. Restricting attention to
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coordination-proof strategies rules out equilibria built on within-match miscoordination.” Finally,
our positive results focus on the double limit where players’ expected lifespans are long and there
is little noise in the record system.? Taking this limit allows a clean analysis and gives society
its best shot at supporting cooperative outcomes; of course, if players are myopic or records are
extremely noisy, only static Nash equilibrium outcomes can arise.

We begin by analysing second-order records, where record updates depend on a player’s
own record and action as well as their partner’s action, but not their partner’s record. In other
words, a player’s second-order record depends only on their own past actions and their past
partners’ actions towards them. We show that second-order records are rich enough to support the
play of any action that Pareto-dominates the pure-strategy minmax payoff (in the long-lifespans,
low-noise double limit).* To prove this, we consider strategies that assign players to good or bad
standing based on their records and specify that good-standing players take the target action when
matched with each other, while players take a minmaxing action whenever at least one player in
the match has bad standing. With these strategies, second-order records can identify the standing
of a good-standing player’s partner from their action. This allows the threat of switching a good-
standing player to bad standing to incentivize the prescribed behaviour among good-standing
players; similarly, bad-standing players can be incentivized by the promise of an eventual return
to good standing.

We then turn to first-order records, where a player’s record is updated based only on their
own record and action (as in the eBay and Amazon Marketplace examples). First-order record
systems cannot support as many actions as second-order systems, because first-order records
lack the contextualizing information required to distinguish justified deviations from the target
equilibrium action from unjustified ones. For example, in the prisoner’s dilemma (“PD”), if
a player is penalized for defecting against opponents who cooperate, they must be equally
penalized for defecting against opponents who defect. This impossibility of conditioning rewards
and punishments on the opponent’s action can preclude steady-state cooperation.

We first highlight a type of situation where the inability to distinguish justified from unjustified
deviations does not pose a major obstacle to supporting a target equilibrium action a. This occurs
when there exists an “unprofitable punishment” action b such that a player is made worse-off
when their partner switches from a to b, but unilaterally deviating to b is not profitable when the
opponent is expected to play a.” For example, in the PD, Defect is not an unprofitable punishment
for Cooperate because it violates the second condition: unilaterally deviating to Defect is profitable
when the opponent plays Cooperate. In settings where an unprofitable punishment for action a
does exist, strategies based on first-order records can support the play of a by penalizing a player
only if they take an action other than a or b. Intuitively, the inability to distinguish justified
and unjustified plays of b is not an obstacle to supporting a, since no one has an incentive to
unilaterally deviate to b.

Our positive results for second-order records and for first-order records with unprofitable
punishments raise the question of when an action without an unprofitable punishment can be
supported with first-order records. The remainder of our analysis answers this question for the
leading example of cooperation in the PD. That is, we characterize the set of payoff parameters in

2. Coordination-proofness is reminiscent of renegotiation-proofness in fixed-partner repeated games as studied
by Farrell and Maskin (1989) and others, but it is simpler since each pair of partners plays a single one-shot game. This
simplicity is another advantage of our model.

3. These results also assume record systems are “canonical,” as defined in Section 2.5.

4. The equilibria we construct to prove this “minmax-threat” folk theorem need not be coordination-proof. We
also provide a “Nash-threat” folk theorem in coordination-proof equilibria.

5. There is also an additional, more subtle requirement: there must exist a best response ¢ to b such that b is a
better response to ¢ than a is. We explain the role of this additional requirement in Section 4.
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the PD for which there exist strict, coordination-proof equilibria in which the share of cooperation
converges to 1 in the long-lifespans, low-noise double limit. The characterization is fairly subtle:
we find that full limit cooperation is possible if either (1) the degree of strategic complementarity
in the PD stage game is sufficiently high or (2) the degree of complementarity is positive and
in addition the instantaneous gain from defection is sufficiently low; and that otherwise the only
strict, coordination-proof equilibrium is Always Defect. Interestingly, cooperation in case (1)
requires that a non-zero share of players have records at which the equilibrium strategy prescribes
cooperation if and only if their opponent is going to cooperate, and also that a non-zero share of
players have records at which cooperation is prescribed even if the opponent is going to defect.
The latter supercooperator records prevent too many players from transiting to “bad” records
where they always defect.

There is a small prior literature on record-keeping in community enforcement. Without noise,
Okuno-Fujiwara and Postlewaite (1995) established a folk theorem with interdependent records
(which are more permissive than our second-order records).® Takahashi (2010) constructed
efficient equilibria in the PD when players observe their partner’s entire history of actions—
all first-order information—but no higher-order information. That paper did not consider steady
states, so it did not contend with the interaction of incentive and steady-state conditions, and
its conditions for efficient equilibria to exist are more permissive than ours. Heller and Mohlin
(2018) constructed an efficient mixed-strategy equilibrium in a PD where players are completely
patient and observe a finite sample of their current partner’s past actions, and a small fraction of
players are commitment types who always Defect.”

2. FRAMEWORK

We consider a discrete-time random matching model with a constant unit mass of players, each of
whom has a geometrically distributed lifetime with continuation probability y € (0, 1) (with exits
balanced by a steady inflow of new entrants of size 1 —y). The time horizon is doubly infinite.
When two players match, they play a finite, symmetric stage game with action space A and payoff
function u:A xA— R.

2.1.  Record systems

Every player carries a record, and when two players meet, each observes the other’s record but no
further information. Each player’s record is updated at the end of every period in a “decentralized”
way that depends only on their own action and record and their current partner’s action and record.

Definition 1. A record system R is a pair (R, p) comprised of a countable set R (the record
set) and a function p ‘R x A2 = A(R) (the update rule), where the four arguments of p are (in
order) a player’s own record, current partner’s record, own action, and current partner’s action.

6. Sugden (1986) and Kandori (1992) proved related results. Antecedents include Rosenthal (1979) and
Rosenthal and Landau (1979), which focused on existence results and examples. Steady-state equilibria in models with
interdependent records also appear in the literature on fiat money (e.g. Kiyotaki and Wright, 1993; Kocherlakota, 1998).
A less closely related literature studies community enforcement in finite populations without any information beyond
the outcome of one’s own matches (e.g. Kandori, 1992; Ellison, 1994; Dilmé, 2016; Deb et al., 2020). With so little
information, cooperation cannot be supported in a continuum population, or in a finite population that is large compared
to the discount factor.

7. Heller and Mohlin (2018) also considered information structures that are similar to our second-order records
but do not yield a folk theorem. Bhaskar and Thomas (2019) studied first-order information in a sequential-move game.
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Note that the update rule is allowed to be stochastic. This can capture errors in recording, as well
as imperfect implementation of players’ intended actions.® We assume all newborn players have
the same record, which we denote by 0. (Our main results extend to the case of a non-degenerate,
exogenous distribution over initial records.)

An update rule thus specifies a probability distribution over records as a function of a player’s
record and action and their current partner’s record and action. We sometimes refer to the general
case where p is unrestricted as an interdependent record system. An interdependent record system
is finite-partitional if for each r € R there exists a finite partition (J,,_; . () Rm =R such that,
whenever ', 7" €R,, for some m, p(r,r' ,a,a’)=p(r,r",a,a’) for all a,a’ € A. Kandori (1992)’s
“local information processing” and Okuno-Fujiwara and Postlewaite (1995)’s “status levels” are
examples of finite-partitional interdependent record systems.

Many simple and realistic record systems fall into a more restricted class, where a player’s
record update does not depend directly on their opponent’s record.

Definition 2. A record system is second-order if the update rule can depend only on a player’s
own action and record and their partner’s action, i.e., p(r,r' ,a,a’ )= p(r,v",a,d") forallr,v' ,v" €
R, a,d €A.

In the absence of noise, with a second-order record system, a player’s record can be computed
based only on their own history of stage-game outcomes.
Finally, in some situations a player’s record depends only on their own actions.

Definition 3. A record system is first-order if the update rule can depend only on a player’s
own action and record, i.e., p(r,r' ,a,a’Y=p(r,r" ,a,d”) forall r,r',r" €R, a,d’ ,a" €A.

Nowak and Sigmund ~ (1998),  Panchanathan and Boyd  (2003),  Takahashi  (2010),
Bhaskar and Thomas (2019), and Heller and Mohlin (2018) also considered first-order
records.” We consider second-order records in Section 3 and first-order records in Sections 4
and 5. Note that both of these types of record system are finite-partitional.

2.2.  Strategies, states, and steady states

In principle, each player can condition their play on the entire sequence of outcomes and past
opponent records that they have observed. However, this information is payoff-irrelevant in a
continuum-population steady state: the only payoff-relevant information available to a player is
their own record and their current partner’s record.

Thus, all strategies that condition only on payoff-relevant variables are pairwise-public,
meaning that they condition only on information that is public knowledge between the two
partners, namely their records. We restrict attention to such strategies. We write a pairwise-
public pure strategy as a function s:R x R— A, with the convention that the first coordinate is
the player’s own record and the second coordinate is the partner’s record, and similarly write a

8. In the imperfect implementation interpretation, the stage game payoffs are the expected payoffs that result when
players intend to take the given stage game actions, and we hold these expected payoffs fixed as the noise level varies.

9. To interpret noisy first-order records as resulting from implementation errors, the outcome of the game must
have a product structure in the sense of Fudenberg et al. (1994), so that a player’s record update does not depend on the
opponent’s action.

G20z Iudy 0 uo sasn saueiqi 1IN Aq | L06919/6.12/G/88/aI01He/pNisa./wod dno-olwapede//:sdiy wolj papeojumo(



2184 REVIEW OF ECONOMIC STUDIES

pairwise-public mixed strategy as a function o : R x R— A(A). We also assume that all players
use the same strategy.lo

The state e A(R) of the system is the share of players with each possible record. To
operationalize random matching in a continuum population, we specify that, when the current
state is u, the distribution of matches is given by u x . That is, for each (r, ") € R? with r £+,
the fraction of matches between players with record r and r’ is 2,7, while the fraction of
matches between two players with record r is /L%.

Given a record system R and a pairwise-public strategy o, denote the distribution over
next-period records of a player with record r who meets a player with record ' by ¢, ,(0)=
Yo a2 wor,lalo(r',rla'1p(r,r’,a,a") € A(R). Because newborn players have record 0, the
state update map f : A(R)— A(R) is given by

foO01:=1=y +y Y Yty ptprgpyr ()01,

/ /!

I%

Jo(Wlr]:= VZZMr’Mr’/¢r’,r//(U)[F] for r #0.

/"

Iz

r r

A steady state under strategy o is a state u such that f () = w.
Theorem 1.

(i) Under any finite-partitional record system (and hence any first-order or second-order
record system) and any pairwise-public strategy, a steady state exists.
(ii) For record systems that are not finite-partitional, a steady state may fail to exist.

The proof is in Appendix A.l. (All other omitted proofs can also be found in either the
Appendix or the Supplementary Appendix.) Intuitively, the combination of the finite domain of
the record-update function (due to finiteness of the stage game and the finite-partition property)
and geometrically distributed lifetimes imply that almost all players’ records lie in a finite subset
of the record set. This lets us find a convex set M that contains all feasible distributions over
records and resembles a finite-dimensional set—in particular, M is compact in the sup norm. We
then show that f maps M to itself and is continuous in the sup norm so, since M is also convex,
we can appeal to a fixed point theorem.'! When instead the record-update function does not have
a finite domain, the update map can shift weight to the upper tail of the record distribution in such
a way that no steady state exists. The proof shows that this is the case if y > 1/2 and, whenever
players with records r and r’ meet, both of their records update to max{r, '} +1.

Note that Theorem 1 does not assert that the steady state for a given strategy is unique, and it is
easy to construct examples where it is not.'? Intuitively, this multiplicity corresponds to different
initial conditions at time = —o0.

10. As will become clear, restricting players to use the same, pairwise-public strategy is without loss for strict
equilibria.

11. Fudenberg and He (2018) used a similar proof technique. In that paper, players do not observe each other’s
records, so the finite-partition property is automatically satisfied.

12. For instance, suppose that R={0, 1,2}, the action set is singleton, and newborn players have record 0. When
matched with a player with record O or 1, the record of a player with record O or 1 increases by 1 with probability &
and remains constant with probability 1 —e, but it increases by 1 with probability 1 when the player is matched with a
player with record 2. When a player’s record reaches 2, it remains 2 for the remainder of their lifetime. Depending on the
parameters y and &, there can be between one and three steady states in this example.
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2.3. Steady-state equilibria

We focus on steady states that derive from equilibrium play. Given a record system R, strategy
o, and state i, define the flow payoff of a player with record r as

(0, W)=Y (o (r,r’), o (', r).

Denote the probability that a player with record r today has record 7’ in ¢ periods if they are still
alive by ¢£(a, w)[r'].13 The continuation value of a player with record r is

Vilo, ) =(1=y)Y_y" Y (10, ') (rr(o, ).

t=0 r’

Note that we have normalized continuation payoffs by (1 —y) to express them in per-period terms.

Each player’s objective is to maximize their expected undiscounted lifetime payoff. Thus, a
pair (o, u) is an equilibrium if p is a steady state under o and, for each own record r, opponent’s
record /, and action a such that o (r, 7" )[a] > 0, we have

/" /

a€argmax [(1 — @ o', )+y Yy o . nld1p(r.r ,a,d)r" Ve (o, u)}.

r a

An equilibrium is strict if the argmax is unique for all pairs of records (r,7’), so each player has
a strict preference for following the equilibrium strategy. Note that, every strict equilibrium is
pairwise-public, pure, and symmetric. To distinguish equilibria (o, t) from Nash equilibria of the
stage game, we call the latter static equilibria.

Corollary 1. Under any finite-partitional record system, an equilibrium exists.

Proof. Fix asymmetric static equilibrium a*, and let o recommend o* at every record pair (r, 7).

Then, (o, 1) is an equilibrium for any steady state . O
Strict equilibria need not exist without additional assumptions; one sufficient condition is that

the stage game has a strict and symmetric Nash equilibrium.

Corollary 2. Under any finite-partitional record system, a strict equilibrium exists if the stage
game has a strict and symmetric Nash equilibrium.

The proof of Corollary 2 is identical to that of Corollary 1, except o™ is taken to be a strict
and symmetric static equilibrium.
2.4. Coordination-proofness

Coordination-proofness captures the idea that equilibria that rely on “miscoordination” within
a match will break down if matched partners manage to coordinate successfully. For a fixed
equilibrium (o, 1), denote the expected continuation payoff of a player with record r who plays

13. This is defined recursively by ¢,](a,,u)[r’]:Zr,/u,//qb,_,n(n)[r’] and for 1>1, ¢.(o,w)r'l=
> (@ @) (9 (0. Ir1).
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action a against an opponent with record r’ who plays a’ by Vz’:f/ =Y o, a,d)r" V.
The augmented payoff function it: R x R x A x A— R is defined by i, (a,d’):=(1 —y)u(a,a’)+
y VZ’ff,. The augmented game between players with records  and 7’ is the static game with action
set A x A and payoff functions &, ,» and i, ;.

Since (o, 1) is an equilibrium, the prescribed stage-game strategy profile (o (r,#),o (', r))is a
Nash equilibrium in the augmented game between players with records 7 and /' for any (r, ') € R%.
We say that the equilibrium is coordination-proof if (o (r,7"), o (+/,r)) is never Pareto-dominated
by another augmented-game Nash equilibrium.

Definition 4. An equilibrium (o, it) is coordination-proof if, for any records r,r’ and any Nash
equilibrium («, o) in the augmented game between players with records r and r', if i, (o, 0) >
ity (o (r,r),a(r',r)) then iy (' ) <@y (o (r',1),0(r,1")).

The logic is that, if (o (r,r’),o (', r)) were Pareto-dominated by some augmented-game Nash
equilibrium (e, ), players with records r and ' would benefit from reaching a self-enforcing
agreement to play (a,o’) when matched together, breaking the equilibrium. The following
corollary (proved in Supplementary Appendix A.1) gives a sufficient condition for the existence
of a coordination-proof equilibrium that is satisfied in many games, including the PD.

Corollary 3. Under any finite-partitional record system, a coordination-proof equilibrium
exists if the stage game has a symmetric Nash equilibrium that is not Pareto-dominated by
another (possibly asymmetric) Nash equilibrium.

2.5. Canonical records

For our positive results, we focus on canonical record systems. These track either the sequence of
actions (for first-order records) or stage-game outcomes (for second-order records) in a player’s
history, and allow for possible misrecording in any period.

Let n=|A|. With second-order records, a noise matrix ¢ is an n? x n> matrix with diagonal
elements equal to 0 and non-negative off-diagonal elements, where &(, 4 (,a) is the probability
that outcome (a,a’) is mis-recorded as (&,a’) #(a,a’). The canonical second-order record set is
the set of finite sequences of pairs of actions, U?io(A x A)!. Given a second-order canonical
record rzntrzl(af,a’t) and an outcome (a,a’), (r,(a,a’)) is the canonical record formed by
concatenating r and (a,a’).

Definition 5. A second-order record system is canonical if the record set R is canonical and
there exists a noise matrix € such that, for every record r = ]—[;:1 (ar,d.,) and action pair (a,a’),
we have

pira.d)=1— > eaaan |@adN+ Y e @i @)
(a,a)#(a,a’) (a,a')#(a,a")

Similarly, in a canonical first-order record systems, records are sequences of actions and each
action a has probability ¢, ; of being misrecorded as action a #a.

In general, the set of equilibria depends on both the amount of noise in the system and the
players’ expected lifetimes. We focus on the case where there is little or no noise, and players
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live a long time. We thus consider the double limit (y, &) — (1,0), where ¢ is the noise matrix in
a canonical record system, and & — 0 means that every entry in the matrix & converges to 0.

Definition 6. Let 1%(y, ) denote the supremum of the share of players taking action a over all
equilibria for parameters (y,¢). Action a is limit-supported if lim,, ¢) (1,0)1"(y,e)=1.

3. SECOND-ORDER RECORDS: FOLK THEOREMS

Our next result shows that a wide range of actions can be limit-supported with second-order
records. Because second-order records allow a player’s record update to depend on both players’
actions, we can construct strategies that punish opportunistic actions but avoid punishing players
who punish others when they are supposed to. For example, in the prisoner’s dilemma our
strategies count Defect versus Cooperate as a “bad” outcome, but not Defect versus Defect, a
distinction that cannot be made using first-order records.

Denote the pure-strategy minmax payoff by u =min, max,u(a,a’).

Theorem 2. Fix an action a. With canonical second-order records:

(i) Ifu(a,a)>u, then a can be limit-supported by strict equilibria.

(ii) If u(a,a)>u(b,b) for some strict and symmetric static equilibrium (b,b) that is not
Pareto-dominated by another static equilibrium, then a can be limit-supported by strict,
coordination-proof equilibria.

Theorem 2(i) is a minmax-threat folk theorem. The construction relies on “cyclic” strategies
of the following form: Let b € argmin, max,u(a,a’) be a minmax action. Players begin in good
standing. A player in good standing plays a when matched with fellow good-standing players
and plays b against bad-standing players, while a player in bad standing always plays b. When
a good-standing player’s outcome is recorded as anything other than (a,a) or (b,b), the player
enters bad standing. A player remains in bad standing until they accumulate M (b, b) profiles for
some fixed M €N, at which point they return to good standing. We show that, when (y, )~ (1,0),
M can be chosen to be high enough so that the punishment of M periods of (b, b) is severe enough
to deter deviations from the prescribed strategy, but also low enough that the steady-state share
of players in good standing is high.

This equilibrium may not be coordination-proof. For example, suppose there is a symmetric
static equilibrium (c, ¢) such that u(c, ¢) is significantly greater than u(a,a). Then a pair of bad-
standing players may benefit from reaching a self-enforcing agreement to play (c, ¢) rather than
(b, b), even though this delays their return to good standing by one period.

Theorem 2(ii) presents a condition under which an action a can be limit-supported by strict,
coordination-proof equilibria. It gives a Nash-threat folk theorem, where the “threat point”
equilibrium (b,b) is required to be strict, symmetric, and not Pareto-dominated by another
static equilibrium. For example, in the prisoner’s dilemma, taking a=C and b= D implies that
Cooperate is limit-supported by strict, coordination-proof equilibria.

The proof of part (ii) uses the following grim trigger strategy. A player whose outcome has
never been recorded as anything other than (a, a) or (b, b) is in good standing, and all other players
are in bad standing. Players in good standing play a against fellow good-standing players and
play b against bad-standing players, while bad-standing players always play b. Such strategies
can support cooperation in the iterated limit where first noise becomes small (¢ — 0) and then
players become long-lived (y — 1). To handle the general limit, we modify this strategy with
an adaptation of the threading technique used in papers such as Ellison (1994) and Takahashi
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(2010).'* In particular, for a given N €N, a pair of matched players condition their play only
on the the recordings of each other’s outcomes in periods which preceded the current period by
a multiple of N. Thus, within each thread, the effective continuation probability is yV rather
than y. By altering N, we are able to control the effective continuation probability and can
essentially replicate the iterated limit where first noise becomes small and then players become
long-lived.

Okuno-Fujiwara and Postlewaite (1995)’s Theorem 1 showed that with a form of interde-
pendent records (termed ‘“‘status”), any actions that Pareto-dominate the pure-strategy minmax
payoffs can be supported without noise. Their proof uses grim trigger strategies, so it not robust to
noise. Theorem 2 shows that their theorem’s conclusion does not require interdependent records
and also extends to settings with overlapping generations and noise.

4. FIRST-ORDER RECORDS: UNPROFITABLE PUNISHMENTS

Now, we turn to first-order record systems, where a player’s record depends only on their own
past play. Such records cannot support as many actions as second-order records can, and the
folk theorem fails for strict equilibrium. The key obstacle is that first-order records cannot
distinguish “justified” deviations from the target action profile from “unjustified” ones. For
example, in the PD, if players are penalized for playing Defect against Cooperate (an oft-path,
opportunistic deviation), they must be equally penalized for playing Defect against Defect (a
justified punishment that must sometimes occur on-path if defection is to be deterred). As we will
see, this obstacle precludes cooperation in some games.

This section shows that this obstacle does not arise when the target action profile (a,a) has
the property that there exists a punishing action b and a strict best response ¢ to b such that
u(a,a) > u(c,b) (so that facing b is indeed a punishment), u(a, a) > u(b, a) (so that deviating from
a to b is unprofitable for a player whose opponent plays a), and u(b,c)> u(a,c) (so a player
prefers to carry out the punishment b rather than play the target action when the opponent best-
responds to b). We say that in this case b is an unprofitable punishment for a. Intuitively, when
an unprofitable punishment b exists for action a, the threat of switching to b can motivate one’s
opponents to play a, but a player is not tempted to unilaterally deviate to b against opponents who
play a. This enables first-order records to support the play of (a,a) by penalizing players only
for taking actions other than a or b. In contrast, when the only punishing action b is a tempting
deviation against a (as in the PD, where the punishing action D is always tempting), players must
be penalized for playing b, and the record system’s inability to distinguish justified and unjustified
plays of b becomes a real obstacle.

Theorem 3. Fix an action a. With canonical first-order records, if there exists an unprofitable
punishment b for a and there is a strict and symmetric static equilibrium (d,d), then a can be
limit-supported by strict equilibria.

The proof of Theorem 3, which is in Supplementary Appendix A.2, is similar to the proof of
Theorem 2(ii), except now a player transitions to bad standing whenever their action is recorded
as anything other than a or b (rather than transitioning whenever their action profile is recorded

14. We will use this threading technique in many of our results. In unpublished earlier work (Clark ez al., 2019a,
2020), we consider simpler strategies that deliver similar but less clean results without using threads.

G20z Iudy 0 uo sasn saueiqi 1IN Aq | L06919/6.12/G/88/aI01He/pNisa./wod dno-olwapede//:sdiy wolj papeojumo(



CLARK ET AL. RECORD-KEEPING AND COOPERATION IN LARGE SOCIETIES 2189

as anything other than (a,a) or (b,b)), and bad-standing players play c¢ against good-standing
players but play d against fellow bad-standing players.'>
Setting b=c=d in Theorem 3 yields the following corollary.

Corollary 4. Ifthere exists an action b such that (b, b) is a strict static equilibrium and u(a,a) >
max{u(b,a),u(b,b)}, then a can be limit-supported by strict equilibria.

Here, the strategy used to prove Theorem 3 takes the form of grim trigger with reversion to
(b, b). For example, suppose the stage game is a PD with an exit option E, which gives both players
an “exit payoff™ that is less than the cooperative payoff u(C, C) whenever either of them plays E.
Then (E,E) is a static equilibrium, and E is not a profitable deviation against C, so cooperation
can be limit-supported by strategies that revert to (E, E).'°

This example relates to a debate regarding the role of punishment in the evolution of human
cooperation. The difficulty in distinguishing a warranted punishment from an unwarranted
deviation is one factor that led Boyd ef al. (2003) and Bowles and Gintis (2011) (among others)
to argue that the enforcement of human cooperation cannot be explained without appealing to
social preferences. Others (e.g. Baumard, 2010; Guala, 2012) argued that human cooperation
is better explained by simply avoiding deviators, rather than actively punishing them. The fact
that cooperation in the PD is always limit-supported with second-order records, but (as we will
see) is limit-supported with first-order records only for certain parameters, supports the argument
that the inability to distinguish justified and unjustified plays of Defect is a serious obstacle to
cooperation in the PD. However, this obstacle evaporates when a simple exit option is added to
the game, consistent with Baumard and Guala’s position.

Another important example of unprofitable punishment arises when players can observably
reduce their own utility by any amount while taking a stage-game action. In this case, whenever 0 <
u(b,a)—u(a,a) <u(b,c)—ul(a,c), the action “play b and burn some amount of utility in between
u(b,a)—u(a,a) and u(b,c)—u(a,c)” is an unprofitable punishment. That is, whenever the gain
from playing b rather than a is greater when the opponent plays c as opposed to a, there exists an
appropriate amount of utility that can be sacrificed to make playing b unattractive.

5. FIRST-ORDER RECORDS: COOPERATION IN THE PD

In general stage games, characterizing whether an action that lacks an unprofitable punishment
can be limit-supported with first-order records is challenging. In this section, we resolve this
question for the leading case of cooperation in the PD. That is, we characterize the set of payoff
parameters for which Cooperate can be limit-supported by strict, coordination-proof strategies.
We will use the standard normalization of the PD payoffs, where the payoff to mutual cooperation
is 1, the payoff to joint defection is 0, and the gain g from defecting against an opponent who
cooperates and the loss / from cooperating against an opponent who defects satisfy g,/ >0 and
[ > g —1 (so that mutual cooperation maximizes the sum of payoffs). See Figure 1.

We first introduce some preliminary concepts in Sections 5.1 and 5.2. We then present our
main characterization result in Section 5.3.

15. Another difference is that the equilibria used to prove Theorem 3 may not be coordination-proof. This is because
there may be some static best response to a, e, such that (a,e) is a Nash equilibrium in the augmented game between a
good-standing and bad-standing player that Pareto-dominates the prescribed action profile (b, ¢).

16. Technically, to apply Theorem 3, we need to specify that u(E,E)>max{u(C,E),U(D,E)}. If instead this
inequality is replaced with an equality, the same proof applies, but the constructed equilibria are no longer strict.
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FIGURE 1

The prisoner’s dilemma.

5.1.  Defectors, supercooperators, preciprocators

We begin with some terminology for different types of records.
Definition 7. Given a pure-strategy equilibrium (s, i), record r is a

o defector if s(r,¥')=D forall v'.

e supercooperator if s(r,r')=C for all v’

o preciprocator if s(r,r')=s(r',r) forall ¥', and moreover there exist ', such that s(r,r") =
C and s(r,v’"")=D.

Defectors play D against all partners, while supercooperators play C against all partners, even
those who will play D against them. In contrast, preciprocators exhibit a form of anticipatory
reciprocation: they play C with partners whom they expect to play C, but play D with partners
whom they expect to play D.

The PD is strictly supermodular if g<I, so the benefit of defecting is greater when the
opponent defects, and conversely it is strictly submodular when g>1. A leading example of
the PD is reciprocal gift-giving, where each player can pay a cost ¢ >0 to give their partner a
benefit b> c. In this case, a player receives the same static gain from playing D instead of C
regardless of their opponent’s play, so g=I, and the game is neither strictly supermodular nor
strictly submodular. Bertrand competition (with two price levels H > L) is supermodular whenever
L > H /2 (the condition for the game to be a prisoner’s dilemma), and Cournot competition (with
two quantity levels) is submodular whenever marginal revenue is decreasing in the opponent’s
quantity.

Lemma 1. Fix any first-order record system. In any strict equilibrium:

1. If g>1then every record is a defector or a supercooperator.
2. If g <l then every record is a defector, a supercooperator, or a preciprocator.

Proof. Fix astrictequilibrium. With first-order records, each player’s continuation payoff depends
only on their current record and action, so the optimal action in each match depends only on their
record and the action prescribed by their opponent’s record.

1. Suppose that g>[. When two players with the same record r meet, by symmetry (an
implication of strictness) they play either (C,C) or (D,D). In the former case, C is the strict
best response to C. Since the current-period gain from playing D instead of C is weakly smaller
when the opponent plays D, this means C is also the strict best response to D, so record r is a
supercooperator. In the latter case, D is the strict best response to D, and hence is also the strict
best response to C, so record r is a defector.

2. When g </, if D is strictly optimal against C, then D is also strictly optimal against D, so
every record is either a defector, a supercooperator, or a preciprocator. (|
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Theorem 4. Fix any first-order record system. If g > 1, the unique strict equilibrium is Always
Defect: s(r,r)=D for all r,r' €R."

Proof. By Lemma 1, if g>1 then the distribution of opposing actions faced by any player is
independent of their record. So D is always optimal. O

An intuition for Theorem 4 is that a player’s continuation payoff decreases by the same amount
whenever they play D, so they are willing to play D against opponents who play D while playing
C against opponents who play C iff g </. The theorem confirms that strictly individually rational
actions are not always limit-supportable by strict equilibria with first-order records, in contrast
to the situation with second-order records. Since this theorem resolves the submodular case, the
rest of this section assumes strict supermodularity: g <.

5.2.  Coordination-Proofness in the Supermodular PD

We note some simple consequences of coordination-proofness in the strictly supermodular PD.

Lemma 2. Fix any first-order record system. In any strict, coordination-proof equilibrium in
the strictly supermodular PD, whenever two preciprocators meet, they play (C,C).

Proof. By definition, preciprocators play C against opponents who play C and play D against
those who play D. Hence, the augmented game between any two preciprocators is a coordination
game, with Nash equilibria (C, C) and (D, D). Since playing D always gives a short-run gain, the
fact that preciprocators play C against C implies that cooperating leads to higher continuation
payoffs. Therefore, the (C,C) equilibrium yields both higher stage-game payoffs and higher
continuation payoffs than the (D, D) equilibrium, and thus Pareto-dominates it. So, coordination-
proofness dictates that any pair of matched preciprocators must play (C, C) rather than (D, D).
(]

Coordination-proofness thus implies that every preciprocator plays C when matched with
another preciprocator or a supercooperator and plays D when matched with a defector. In
particular, all preciprocators play C against the same set of opposing records. Hence, the strategy
in a strict, coordination-proof equilibrium is completely characterized by a description of which
records are preciprocators, which are supercooperators, and which are defectors. Denote the
total population shares of these records by u”, 15, and 1P, respectively. We will use the term
cooperator for all players who are either preciprocators or supercooperators (i.e. anyone who is

not a defector), and we denote the population share of cooperators by u€ =uf +u’=1—uP.

5.3.  Limit-supporting cooperation in supermodular PD’s

We now present necessary and sufficient conditions for cooperation to be limit-supported in strict,
coordination-proof equilibria with first-order records. Our sufficient conditions require canonical
records with ¢ — 0, while our necessary conditions apply for any “noisy” first-order record system.

17. The conclusion of Theorem 4 extends to all (possibly non-strict) pure-strategy equilibria whenever g>[.
Takahashi (2010) and Heller and Mohlin (2018) obtained the same conclusion (as well as converse results) in related
models.
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FIGURE 2

Limit efficiency obtains in the blue region. In the red region, the only strict, coordination- proof equilibrium is
Always Defect.

Definition 8. A first-order record system is noisy if for each record r there exist qc(r),qp(r) €
A(R) and ec(r)€(0,1/2], ep(r)€[0,1/2] such that

p(r,C)=1—ec(Mgc(r)+ec(r)gp(r), and
p(r,D)=ep(r)gc(r)+(1—ep(r)gp(r).

Here, gc(r) represents the distribution over records after “a recording of C is fed into the record
system,” gp(r) represents the distribution over records after “a recording of D is fed into the record
system,” and the ¢’s represent noise. The key feature of this definition is that perfect recording of
actions is ruled out by the assumption that ec(r) > 0.

We say that the prisoner’s dilemma is mild if g < 1 and severe otherwise, and that the game is
strongly supermodular if | > g+ g2.

Theorem 5. In the strictly supermodular PD,

(i) With any noisy first-order record system, if g> 1 and | < g+ g (i.e. the prisoner’s dilemma
is severe and not strongly supermodular), the only strict, coordination-proof equilibrium
is Always Defect.

(ii) With canonical first-order records, if either g <1 or | > g+ g2, (i.e. the prisoner’s dilemma
is either mild or strongly supermodular) cooperation can be limit-supported by strict,
coordination-proof equilibria.

Figure 2 displays the conclusions of Theorem 5. Note that as g increases from just below 1 to
just above 1, the critical value of / above which cooperation is possible jumps from 1 to 2.

We now discuss the intuition for the necessary and sufficient conditions in Theorem 5. The
proofs are contained in Appendix A.3.

5.3.1. Necessary conditions. Broadly speaking, a small value of g makes supporting
cooperation easier by reducing a preciprocator’s temptation to deviate to D against an opponent
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who is expected to play C, while a large value of / makes supporting cooperation easier by
reducing a preciprocator’s temptation to deviate to C against an opponent who is expected to play
D. The specific necessary condition g < 1 or [ > g+ g% comes from combining two inequalities:
wS <1/(14g) and u” +uS(I—g)> g. Note that the latter inequality requires that 5 >0 when
g>1:1in a severe prisoner’s dilemma, there must be a positive share of supercooperators in any
strict, coordination-proof equilibrium with any cooperation at all. The next lemma shows that
combining these inequalities delivers the necessary condition g < 1 or/ > g+ g2. After the lemma’s
short proof, we explain why the inequalities hold.

Lemma3. If g>1 and |<g+g>, it is not possible to satisfy both uS <1/(14+g) and u*+
1i—g)>g.

Proof. Suppose that wS <1 /(1+g). Then u” +uS(— g) is bounded above by either 1, which
corresponds to wf=1and uS5=0, or [/(1+g), which corresponds to uf =g/(1+g) and wS =
1/(14g). Hence, if u” +uS(I—g)>g=>1, then 1/(1+g) > g, which requires [ > g+ g>. O

To derive the inequality 15 < 1/(1+4g), note that a defector’s flow payoff equals u5(1+g), as
defectors receive payoff 1+ g when matched with supercooperators, and otherwise receive payoff
0. This flow payoff must be less than 1, since otherwise it would be optimal for newborn players
to play D for their entire lives instead of following the equilibrium strategy.

The inequality u” +uS(I—g) > g is established by Lemma 9 in A.3.2.1. As this inequality is
a key point where incentive conditions and steady-state conditions come together to determine
the scope of cooperation, here we provide a derivation for the special case where there is a
“best” record r* =argmax, V., r* is a preciprocator record, and the noise levels ec(r)=¢¢ and
ep(r)=¢p are independent of r. Since every preciprocator has an expected flow payoff of u€
and the probability that a preciprocator is recorded as playing C is (1 —ec)u€ +epu®, we have

Ve =(1=y)uC +y (A —ec)u€ +epuP )V +y(ecn® +(1—ep)u”)VE,
where Vrc* and Vg denote the expected continuation payoffs of record r* players who are recorded
as playing C and D, respectively. The incentive constraint for arecord * playerto play C against an
opponent who plays C is (1 =y)()+y(1—ec)VS+yecVR > —y)1+g)+yepVi+y(1—
SD)V’,D*, ory(l—ec— SD)(VrC* — VrD*)/(l —y) > g. By the accounting identity above, this simplifies
to
l—ec—ep

ecn€+(1—ep)ul
Now note that in a steady state the expected lifetime payoff of a newborn player equals the average
flow payoff in the population in a given period: Vo= u? € + uS(u€ — uPly+ uP uS(1+g). Since
Vx>V and Vs > Vg, the incentive constraint implies

14
(HC—Vr* - E(Vr* —Vﬁ)) > 8-

(1—ec—ep)u?
ecuC+1—ep)u

S +udi-g)>eg,

which itself implies u” +uS(l—g)>g.

The necessary conditions for cooperation in Theorem 5(i) hold for any noisy first-order record
system. The reason for assuming noise is that the proof analyses incentives at cooperator records
where there is a positive probability of being recorded as playing D in a given period. Without
noise, there can be fully cooperative equilibria even when g > 1 and [ < g+ g2. For example, for
some parameters grim trigger strategies, together with the steady state where no one has ever
defected, form an equilibrium.

G20z Iudy 0 uo sasn saueiqi 1IN Aq | L06919/6.12/G/88/aI01He/pNisa./wod dno-olwapede//:sdiy wolj papeojumo(



2194 REVIEW OF ECONOMIC STUDIES

5.3.2. Sufficient conditions. We use different types of strategies to support cooperation
when g<1 and when g>1 and /> g+g%. The strategies used in the g <1 case are threaded
grim trigger strategies, similar to those used to prove Theorem 2(ii) and Theorem 3, as well as
Proposition 1 in Takahashi (2010).

When g>1, we have seen that cooperation requires supercooperator records: in particular,
grim trigger strategies cannot support cooperation. Consider instead strategies that take the
following form for some J, K: within each thread, players begin life as defectors, become
preciprocators once they have been recorded as playing D J times, transition to being
supercooperators once they have been recorded as playing D an additional K times; and finally
permanently transition to being defectors once they have been recorded as playing D once more.
Two features of the resulting equilibria are particularly notable.

First, players’ incentives to cooperate are provided solely by the threat of entering defector
status once the number of times they have been recorded as playing D (their “score”) reaches
J 4K 41, at which point preciprocator opponents switch from playing C to D against them. (In
contrast, when a player switches from preciprocator to supercooperator status, their opponents’
behaviour is unaffected.) Since the survival probability y is less than 1, this threat looms larger the
closer a player’s score is to J 4+ K + 1. Hence, players with higher scores are willing to incur greater
costs to prevent their scores from increasing further. Our construction exploits this observation
by finding a critical score J 4 K such that players with score J+ K are willing to play C at a cost
of [, while players with scores less than K are willing to play C at a cost of g but not at a cost of
l. That is, players with score J 4+ K supercooperate, while those with scores from J to J+K —1
preciprocate.

Second, the feature that players with score J 4K supercooperate rather than preciprocate
may at first seem to work against cooperation, because defectors obtain higher payoffs against
supercooperators than cooperators do. However, the presence of supercooperators increases the
steady-state share of preciprocators, via the following mechanism: since players with score J + K
supercooperate, their scores increase more slowly than if they preciprocated. Therefore, fewer
players survive to enter defector status, which reduces the steady-state share of defectors. Finally,
when there are fewer defectors, preciprocators defect less often, and hence their scores increase
more slowly, which increases the steady-state share of preciprocators. In sum, the presence of
supercooperators reduces the steady-state share of defectors and increases the steady-state share
of preciprocators, which enables steady-state cooperation.'®

6. DISCUSSION

This article introduces a new model of repeated social interactions, where players interact with
a sequence of anonymous and random opponents, and their information about their opponents’
past play consists of noisy “records.” We study steady-state equilibria in a large population with
geometrically distributed lifetimes, focusing on situations where there is little noise and lifetimes
are long.

We find that any strictly individually rational outcome can be supported with second-order
records, while with first-order records an outcome can be supported if it has a corresponding
unprofitable punishment. In the prisoner’s dilemma, cooperation can be supported if and only
if stage-game payoffs are either strictly supermodular and mild or strongly supermodular. The

18. Ostrom (1990) found that giving norm violators opportunities to resume cooperation before facing harsher
punishments helps sustain cooperation by preventing excessively fast breakdowns following occasional violations. The
mild punishment of transitioning to supercooperator status serves a broadly similar role in our model.
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strength of the short-term coordination motive and the temptation to cheat thus determine the
prospects for long-term cooperation.

We conclude by discussing some possible extensions and alternative models.

First-order records beyond the PD. Characterizing limit-supportable actions with first-order
information in the absence of unprofitable punishments is a challenging problem. We solved
this problem for the special case of cooperation in the PD, under equilibrium strictness and
coordination-proofness. In an earlier version of this paper (Clark et al., 2019a) we solved this
problem for general stage games under a restriction to frigger strategies, where records are
partitioned into two classes, one of which is absorbing. We found that such strategies can
limit-support the play of an action a if and only if there exists a punishing action b that
satisfies a generalized version of the definition of being an unprofitable punishment, where
the requirement that u(b, a) > u(a, a) is relaxed to u(b, a) — u(a, a) < min{u(b, c) — u(a,c),u(a,a) —
u(c,b)}. Extending this analysis beyond trigger strategies is a possible direction for future work
as is analysing non-strict or non-coordination-proof strategies.

Simpler strategies. It is also interesting to consider simpler types of strategies. In Clark et al.
(2019b), we analysed the performance of “tolerant” grim trigger strategies without threading in
the PD.!” We found that when g < [/(14-1) such strategies can limit-support any cooperation share
between g and //(1+1), and that otherwise they cannot limit-support any positive cooperation
share.

Also, in earlier work (Clark ez al., 2019a, 2020), we considered strategies that condition only
on the number of times a player was recorded as taking each action, and not the time sequence of
these actions (as in the threading strategies used here). Such strategies yielded very similar but
slightly more complicated results.

Sequential moves. In any strict equilibrium with first or second-order records, if players can
“jump the gun” by taking their action before the opponent has a chance to respond, then only static
equilibrium behaviour can be supported.?’ However, our simultaneous-move specification applies
not only when actions are literally simultaneous but also whenever both players must choose their
actions before fully observing their opponent’s action. This seems like a natural reduced-form
model for the typical case where cooperation unfolds gradually within each match.?!

Multiple populations. 1t is easy to adapt our model to settings with multiple populations of
players. Here, efficient outcomes can always be fully supported in situations with one-sided
incentive problems.?> For example, suppose a population of player 1’s and a population of player
2’s repeatedly play a product choice game, where only player 1 faces binding moral hazard at
the efficient action profile (and player 2 wants to match player 1°s action). The efficient outcome
can always be supported with the following trigger strategies (with K chosen appropriately as a
function of y and ¢): in each match, both partners play C if player 1’s score is less than K, and
both play D if player 1’s score is greater than K.

Endogenous record systems. This article has considered how features of an exogenously given
record system determine the range of equilibrium outcomes. A natural next step is to endogenize
the record system, for example, by letting players strategically report their observations, either
to a central database or directly to other individual players. Intuitively, first-order information is

19. Tolerant grim strategies (Fudenberg et al., 2012) wait to punish until the opponent has defected several times.

20. To see why, note that by jumping the gun a player can obtain a stage-game payoff of max, u(s(r,r’),s(r’,r))
when matched with an opponent with record 7/, by taking action s(argmax, u(s(r,r’),s(r’,r)),r"). This implies that all
players must receive the same payoff when matched with any given opponent.

21. Also, if records are interdependent rather than second order, the strategies used to prove Theorem 2 remain
equilibria for any possible move order.

22. Proposition 4 of Kandori (1992) is a similar result in a fixed-population model without noise.
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relatively easy to extract, since if a player is asked to report only their partner’s behaviour, they
have no reason to lie as this information does not affect their own future record. Whether and
how society can obtain higher-order information is an interesting question for future study.??

Supplementary Appendix

Supplementary Appendix are available at Review of Economic Studies online.
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Appendix
A.1. PROOF OF THEOREM 1

We first prove Theorem 1(i).

Without loss, relabel records so that two players with different ages can never share the same
record. Let R(z) be the set of feasible records for an age- player and fix a pairwise-public strategy
o . The proof relies on the following lemma.

Lemma 4. If records are finite-partitional, there exists a family of finite subsets of R,
{L(z,m}eN,y>0, such that

1. L(t,n)CR({) for all teN,n >0,

2. For any e A(R), ZreL(o,Mo(M)[r]E(l—n)(l —y) forall n>0, and

3. For any weAR) and t>0, if ZreL(FLn)urz(l—n)(l—y)yt_l for all >0, then
Y erpfoe (I =A=m(L—y)y' for all 5 >0.

Proof. We construct the {L(¢,n)} by iteratively defining subfamilies of subsets of R that satisfy
the necessary properties. First, take L(0,n)={0} for all > 0. Conditions 1 and 2 are satisfied
since R(0)={0} and f5 (1)[0]=1—y for every u € A(R).

Fix some 7 and take the subfamily of subsets corresponding to #—1, that is, {L(t—1,1)};>0.
For every n >0, consider the set of records L(t—1,n/2). Let A €(0,1) be such that A >(1—
1n)/(1—n/2). For any record r € L(t — 1,1/2), opposing record class Ry, and action profile (a,a’) €
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A2, we can identify a finite set of “successor records” S(r,m,a,a’) such that a record r player
who plays a against an opponent in class R, playing a’ moves to a record in S(r,m,a,a’) with
probability greater than A, i.e., Zr/,es(r’m,a’a/)p(r, v a,a)[r"]1> A for all ¥ €R,,. Let L(t,n)=
Ureri—1,n/2Uneft,... Mo Uia,area2S(r.m,a,a’). Note that L(¢, n) is finite and does not depend
on w. By construction, the probability that a surviving player withrecord in L(t — 1,7 /2) has anext-
period record in L(t, 1) exceeds A. For any p € A(R), it then follows that Zre L—1,n/2)Hr = (1—

n/2)(1— )"~ implies Y, cp o WIAZ A1 =0/A =)y = (A=n)(1—y)y'. O

The next corollary is an immediate consequence of Properties 2 and 3 of Lemma 4.

Corollary 5. For every u€ A(R) and n >0, we have ZreL(,,n)fé/ (Wr]1= A=A —y)y! for
allt' > t, where fé/ denotes the 1" iterate of the update map f,,.

Fix a family {L(¢,7)};eN,;>0. satisfying the three properties in Lemma 4 and define M, a
subset of A(R), by

M= ueA®): Y pr=(-yy'and Y ur=1-mn-y)y' VieN.n>0
rer() reL(t,n)

Note that M is convex and, by Corollary 5, must contain every steady-state distribution .
The next lemma uses Corollary 5 to show that M is non-empty.

Lemma 5. There exists ;€ A(R) satisfying ZrER(I)H’rz(l_V)yt and ZreL(r,n)/’“rZ(l_
(1 —y)y! for every teN,n>0.

Proof. Consider an arbitrary p € A(R). Set w9 =, and, for every non-zeroi € N, set ! =f;(u'=1).
Since Ris countable, a standard diagonalization argument implies that there exists some f € [0, 1R

and some subsequence {u’ },. < Such that lim;_, oo wl =i, forall reR.

For a given ¢ €N, Corollary 5 implies that ZreL(hn) /ﬂ >(1—n)(1—y)y' forall n> 0 and all
sufficiently high jeN, so

Y ar=-pd-yy'. (A.L1)
reL(t,n)

Moreover, for each €N, ZreR(t),uij =(1—y)y' foralljeN, s0 }_ pyir <(1—y)y’. Since
(A.1.1)holdsforalln € (0, 1), this implies that ZreR(t) ir=(1—7y)y', whichtogether with (A.1.1)
implies that i € M. O

The following three claims imply that f,; has a fixed point in M,?* which completes the proof
of Theorem 1(i).

Claim 1. M is compact in the sup norm topology.

Claim 2. f, maps M to itself.

24. This follows from Corollary 17.56 (page 583) of Aliprantis and Border (2006), and noting that every normed
space is a locally convex Hausdorff space.
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Claim 3. f is continuous in the sup norm topology.

Proof. of Claim I Since M is a metric space under the sup norm  topology, it suffices to show that
M is sequentially compact. Consider a sequence ' Nien of e M. A similar argument to the
proof of Lemma 5 shows that there exists some ji € M and some subsequence { Wi} ieN such that
llmj_>ooer =, forall reR. .

Here, we show that limj_wou’f =[t. For a given >0, there is a finite subset of records

L(n/2)CR such that ZreL(n/Z)Mr>1_’7/2 for every weM. Thus, |u£j—ﬁr| <n for all r¢

L(n/2) for all jeN. Now let J €N be such that |/¢ij — iyl <n for all re L(n/2) whenever j>J.
Then, supreR|uy—ﬁ,|<17f0rallj>J. |

Proof. of Claim 2 For any 11 € M, Properties 2 and 3 of Lemma 4 imply that ZreL(,’n)fg (wrl=>
(I—n)(A—y)y! for all teN,n>0. Furthermore, f,(u)[0]=1—y, and for all >0,
14 ZrER(tfl)/’Lr = ZrER(,)fa(IJ«)[”]’ SO ZreR(tfl)/ir =1~ V)Vtil gives ZreR(;)fa Wlrl=1-
Vv’ O
Proof. of Claim 3 Consider a sequence {u'},_ of u'eM with lim;_,oou' = eM. We will
show that 1im; oo fo (1) =[5 (f1)-

For any n > 0, there is a finite subset of records L(n/4) C R such that ZreL(n/4) ur>1—n/4for

every 1€ M. By Claim 2, f5 () € M for every (L€ M. The combination of these facts means that it
suffices to show that lim;_, oo fy (1) [F1 =f5 ()[r] for all r € R to establish lim,_, oo f (1)) =f5 (1)
Additionally, since f; (1)[0] =1 —y is constant across u € A(R), we need only consider the case
where r #0.
For this case,
fo@Dirl=y Y uhubap(! rIr,

(r/’r//)€R2
and
D=y Y aripet’ .
(r/,r”)eRz

Because ZreL(n/4)lur >1—n/4forevery weM,y €(0,1),and 0< (', r")[r]<1forall ¥',r" €
R, it follows that

Us WO —=fo @ISy | Y ot =R i) 7]

(r',r"EL(n/H?

D IR s T
(', r"@L(n/47

L
2"

< Z ‘M;/M;” — [l Ly
(r',r")eL(n/4)?

Since lim;_, oo u' =i, there exists some IeN such that Z(r/,r”)eL(n/4)2|“i’“i”_ﬂr’rar” <
n/2 for all i4> I, which gives |fo(u")[r]—fs()[r]l <n for all i>1. We thus conclude that
lim;, oo fo (u)[r]=fo ()[r]. g
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We now prove Theorem 1(ii) by showing that no steady state exists when y > 1/2 for the
interdependent record system with R=N and p(r,7’,a,a’)=max{r,r’'}+1. To see this, suppose
toward a contradiction that u is a steady state. Let r* be the smallest record r such that Zf/o:r Wy <
2—1/y,and let usx=3 22 . ur <2—1/y. Note that u, >0, as a player’s record is no less than
their age, so for any record threshold there is a positive measure of players whose records exceed
the threshold.

Note that every surviving player with record r > r* retains a record higher than r*, and at least
fraction w4 of the surviving players with record r < r* obtain a record higher than r* (since this
is the fraction of players with record r < r* that match with a player with record r > r*). Hence,

(o.¢]

S LU=y sty (1= ) > i

r=r*

where the second inequality comes from 0 < u« <2—1/y. Butin a steady state, Y o0 .f () [r]=
W, a contradiction.

A.2. PROOF OF THEOREM 2
A.2.1. Proof of Theorem 2(i)

Let M be a positive integer such that (u(a, a) — u(b, b))M > max {max{u(a’,a) —u(a,a),u(a’,b) —
u(b,b)}}. Consider the following strategy, which we denote by o*.° Players begin in good
standing. A player in good standing plays a when matched with fellow good-standing players
and plays b against bad-standing players, while a player in bad standing always plays b. When
a good-standing player’s outcome is recorded as anything other than (a,a) or (b,b), the player
enters bad standing. A player remains in bad standing until they accumulate M (b, b) profiles, at
which point they return to good standing. Claim 4 below shows that, under o*, the steady-state
population share of a converges to 1 as (y,&)— (1,0), and Claim 5 shows that o* induces strict
equilibria when y and ¢ are sufficiently close to their limit values.

Let Zé(a’a)=Z(a,a,)#(aﬁa)’(,”b)s(a’a),(&’&/) be the probability that the stage-game outcome is
recorded as something other than (a,a) or (b,b) when the actual outcome is (a,a), &p p)=
Z(&’ @)(a,a).(b,b) € (b.b).(a.a) De the probability that the outcome is recorded as something other
than (a,a) or (b, b) when the actual outcome is (b, b), and £, )= Z(Zz,a’);é(b,b)E(b,b),(&,&’) be the
probability that the outcome is recorded as something other than (b, b) when the actual outcome
is (b,b). In a steady state u(y, ¢) for parameters (y, ¢), let ,uG(y, &) be the corresponding share of
good-standing players, and, for i € {0, ..., M — 1}, let 5i(y, ) be the share of bad-standing players
who have accumulated i (b, b) profiles since last entering bad standing.

Claim 4. The unique limit point as (y,e)— (1,0) of any sequence of steady-state shares
induced by o* is (/10,/130, ...,ﬁBM—'):(l,O, ...,0), s0 the share of good-standing players and
the population share of action a converge to 1 in the (y,e)— (1,0) limit.

Proof. Let (i©, pPo,...,[iB¥-1) be a limit point of a sequence of steady-state shares as
(y,e)— (1,0). The inflow into By, the first phase of bad-standing, is y(éa,a,uG(y,s)—i-éb,b(l —
MG(y,e)))MG(y,e), which is the share of good-standing players that move into bad-standing
in a given period. The outflow from By is the sum of (1—y)uBo(y, ), the share of players in

25. The strategy o* does not depend on (y, €).
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phase By who die in a given period, and y (1 —&, b)),uBO(y, ¢), the share of players in phase By
who move into phase B in a given period. Thus, in a steady state, y(éa,auc(y,s)+§b,b(1 —
wCy, emuliy,e)=(1 —yé(b,b))/LBO(y,e). Taking the limit of this equation as (y,&)— (1,0)
gives 150 =0. Likewise, equating the inflow and outflows of phase B; for 0 <i<M gives
y(l— é(b,b))uBifl (y,e)=(1- yé(b,b))MB"(y, ) and taking the limit of this equation as (y,&) —
(1,0) shows that 1% = 18i-1. Combining this with 120 =0 gives ifi =0 foralli €{0,,...,M —1}.
Since the good-standing population share and bad-standing population shares always sum to 1,
it follows that 16 =1. O

Claim 5. Given any sequence of steady states u(y,€) induced by o*, (c*, u(y,¢)) is a strict
equilibrium when y is sufficiently close to 1 and ¢ is sufficiently close to 0.

Proof. For 0 <i<M —1, the value functions in the bad-standing phase B; and the subsequent
bad-standing phase B; satisfy

VB =(1—y)ub,b)+y 24,5 VF +y (1 —Epp)VEH. (A22)

Similarly the value functions in the final bad-standing phase Bj;_1 and the good-standing phase
G are linked by

VI = (L= y)ulb. b)+ o0y VI -y (1 =B VE. (A23)

The value function in the good-standing phase equals the average flow payoff in the
population in a given period (since newborn players are in good standing), so VC=
,uG(y,s)2u(a,a)+(l—MG(y,a)z)u(b,b). Combining this with lim(y,g)ﬁ(lso)qu(y,s):l, we
obtainlim, ¢ (1,0) VY =u(a,a). Taking the limits of Equations A.2.2 and A.2.3 as (y,&)— (1,0)
thus gives limy,¢)—(1,0) V5 =lim(, ¢)(1,0) V¢ =u(a,a) for all i € {0,....M — 1}.

A player in bad-standing phase i where 0 <i <M — 1 strictly prefers to play b against b
when (1—y)u(b,b)+yé@p.n) VP +y (1 =& p)VP+ > (1= y)u@ ,b)+y (1 =@ b),m,0)V > +
ys(a/,b)’(b,b)VB"f' holds for a’ #b. Manipulating this gives (1—é(b’b)—8(a/,b),(b’b))y(VB"+1 —
VB")/(I —¥)>u(a',b)—u(b,b). Equation A.2.2 can be rewritten as

LBy = T (v _up.b)),
1—y 1=y&w.p

so we obtain lim(yya)ﬁ(l,o)(l — é(b,b) — S(a/‘b)y(b’b)))/(VBi“ — VBi)/(l —y)=u(a,a)—u(b,b).
Since max, u(da’,b) <u(a,a), it follows that the incentives of players in bad-standing phase i
are satisfied for (y, ¢) sufficiently close to (1,0).

An almost identical argument shows that the incentives of players in bad-standing phase
M —1 are satisfied for (y,¢) sufficiently close to (1,0). Thus, all that remains is to show that
the incentives of players in good-standing are satisfied in the limit. A good-standing player
has strict incentives to play a against a when (1—y)u(a,a)+y(1 —é(a’a))VG—}—yé(a’a)VBo >
(1—y)u(d,a)+ v (€@ a),(a,a) +5(a/,a),(b,b))VG +y(—¢&w a),(a,0)— 8(a/,a),(b,b))VBO holds  for
a’'#a. Manipulating this gives (1—&g,a)— & a).(a.a) — s(a/,a)’(b,b))y(VG —vBy/1—y)>
u(a',a)—u(a,a). Similarly, a good-standing player has strict incentives to play b
against b when (1—y)u(b,b)+y(1— E(b,b))VG +YEw,b) VB> (1—y)u(d ,b)+ Y (&w@ b, (@.a) T
s(a/’b%(b’b))VG +yv—ew by, (a,0)— s(a/,b),(b,b))VBO holds for a’ # b. Manipulating this gives (1 —
Eb,b) — &(a' ) (a,a) — 8(a/,a),(b’b))y(VG —VBoY/(1—y)>u(a',b)—u(b,b). Combining Equations
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A.2.2 and A.2.3 gives

1— (}’(lfé(b,b))

M
14 G 1/Boy_ 1=yéw.p ) G

— (V7 =V)=y (V7 —u(b,b)).
l—y l—y

It follows that limy,e)—(1,0/(1 —E(a,0) — &’ a).(@.a) — E@.a). (b)Y (VE = VE) /(1 —y)=
M(u(a,a)—u(b,b)). Since M(u(a,a)—u(b, b)) >max, {max{u(d’,a)—u(a,a),u(d@ ,b)—u(b,b)}},
good-standing players’ incentives are satisfied for (y, ¢) sufficiently close to (1,0). U

A.2.2. Proof of Theorem 2(ii)

We first show that a can be limit-supported and then show that the constructed equilibria are
coordination-proof.

A.2.2.1.  Proof that a is limit-supported by strict equilibria. Let0<y <y <1besuch
that
14 “(xlaXZ)—”(l%b)
> max
1=y  @ix) ula,a)—ub,b)

(A24)

forall y €[y, 1. Denote the grim trigger strategy described in Section 3 by oy, and let w© denote
the share of good-standing players in a steady state. We will show that for all § >0, there is an
&> 0 such that, whenever y €[y, 7] and ¢, ), (X)) < ¢ for all (x,xp), (xq ,x2) €A%, 0, induces

strict equilibria satisfying 1C > 1 —§. Thus, o7 can be combined with the threading technique
described in the text to limit-support a as (y, &) — (1,0).

Claim 6 below shows that the steady-state share of good-standing players induced by oy,
converges to 1 uniformly over y €[y,y] as ¢ = 0. For the remainder of the proof, we restrict
attention to y €[y, 7]. Claim 7 then shows that the incentives of good-standing players are satisfied
when ¢ is sufficiently small. These two claims together complete the argument, as the incentives
of bad-standing players are always satisfied since (b, b) is a strict static equilibrium.

Claim 6. For all >0, there is an €>0 such that, whenever &, ) ( <€ for all

1%5)

(x1,x2), (Jc’l ,X2) €A2, the steady states induced by oy satisfy ,uG >1-6.

Proof. Note that the inflow into good standing is simply 1 — y, the share of newborn players. The
outflow from good standing is the sum of (1 —y)u, the share of good-standing players who die
in a given period, and y (£(4,q) wC +Ep,py(1— w9 G, the share of good-standing players whose
outcome is recorded as something other than (a,a) or (b,b) in a given period. In a steady state,
these inflows and outflows must be equal, and setting the corresponding expressions equal to each
other gives

G -y -y
no= = = = = = .
1=y +y Ea,aynC +Epp(1 —n0) ~ 1=y +ymax{&,q).Ep,p))
The claim then follows since lim,_,ginf, ¢, 71(1 —¥)/(1 =y +ymax{&. ). Ep,p)}) =1 O
Claim 7. For all §>0, there is an €>0 such that, whenever E(x1, %), (x] 25)> < € for all

(x1,x2), ()c/1 ,X2) €AZ, the incentives of good-standing players are satisfied.

G20z Iudy 0 uo sasn saueiqi 1IN Aq | L06919/6.12/G/88/aI01He/pNisa./wod dno-olwapede//:sdiy wolj papeojumo(



CLARK ET AL. RECORD-KEEPING AND COOPERATION IN LARGE SOCIETIES 2203

Proof. The value function of good-standing players, VC, equals the average flow payoff in
the population in a given period (since newborn players are in good standing), so V¢ =
w(uCula,a)+(1 —puub, b))+ (1 — u)u(b, b). In contrast, the value function of bad-standing
players, VB, equals the expected flow payoff of bad-standing players, so VB =u(b, b).

When facing an opponent playing a, the expected payoff of a good-standing player from
playing a is (1 —y)u(a,a)+y (1 — é(cw))VG +&(, a)VB while their expected payoff from playing
x#a is (1=y)ux,a)+y(Exa)@a)+ a6,V +(1 = 8.0y, (a.0) — Ex.a),(b,b) V. Thus, a
good-standing player strictly prefers to play a rather than any x # a precisely when

u(x,a)—u(a,a)

> max - G .
L=y x#a (1—€@,0)—&x.a).(a.0) — Ex.a).(b,b)) L7 (Ula,a) —u(b, b))

Claim 6 implies that, as ¢ — 0, the right-hand side of this inequality converges uniformly to
maxy£q(u(x, a) —u(a,a))/(u(a,a) —u(b,b)). By the inequality in (A.2.4), we conclude that a good-
standing player strictly prefers to match a with a instead of playing some x #a for sufficiently
small noise.

When facing an opponent playing b, the expected payoff of a good-standing player from
playing b is (1 —y)u(b,b)+y (1 — §(b,b))VG +Epb,b) V8 while their expected payoff from playing
x#b is (1—y)uC,b)+ v (e by.(aa) +E.b).b.6)VE + (=€ b) (@a) — Ex.b).b,p))VE. Thus, a
good-standing player strictly prefers to play a rather than any x # b precisely when

14 u(x,b)—u(b,b)
> max — G .
L=y x#b (1= Ew.p) — &(x,b),(a,a) — Ex,b),(b,b))MC (u(a,a) —u(b,b))

Claim 6 implies that, as ¢ — 0, the right-hand side of this inequality converges uniformly to
max p(u(x, b) —u(b, b))/ (u(a,a) —u(b, b)). By the inequality in (A.2.4), we conclude that a good-
standing player strictly prefers to match b with b instead of playing some x #b for sufficiently
small noise. |

A.2.2.2. Proof of coordination-proofness. We first argue that in every match between
bad-standing players, there is no Nash equilibrium in the augmented game that Pareto-dominates
(b,b). Note that the outcome of the current match does not affect a bad-standing player’s
continuation value. Thus, any Nash equilibrium in the augmented game between two bad-
standing players must also be a static equilibrium in the stage game. Since there is no static
equilibrium that Pareto-dominates (b, b), it follows that two bad-standing players playing (b, b)
is coordination-proof.

Now, we show that in any match involving a good-standing player, there is no Nash equilibrium
in the augmented game that Pareto-dominates the action profile the players are supposed to play.
By an argument similar to the one showing that a good-standing player strictly prefers to play
a against a, no good-standing player would ever prefer an action profile other than (a,a) or
(b, b) be played in one of their matches when y €[y,y] and noise is sufficiently small. Thus, in
any match involving a good-standing player, we need only consider whether (a,a) or (b,b) are
Nash equilibria in the augmented game and whether one of these profiles Pareto-dominates the
other. When two good-standing players match, both (a,a) and (b, b) are Nash equilibria in the
augmented game, but (b, b) does not Pareto-dominate (a, a). Indeed, if (b, b) did Pareto-dominate
(a,a), this would imply that the value functions for these good-standing players would be no
higher than u(b,b), which is not possible given that u(a,a) > u(b,b). Thus, the prescribed play
between two good-standing players is coordination-proof. Moreover, in any match involving a
bad-standing player, all Nash equilibria in the augmented game require the bad-standing player
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to play a static best-response to the action of their opponent. Because u(a, a) > u(b,b) and (b, b)
is not Pareto-dominated by any static equilibrium, (a,a) is not a static equilibrium, so (b, b) is
coordination-proof when a good-standing player matches a bad-standing player.

A.3. PROOF OF THEOREM 5

Section A.3.1 derives the incentive constraints that must be satisfied in any strict equilibrium
with noisy first-order records, and Section A.3.2 proves Theorem 5(i) (necessary conditions
for cooperation). The main step is proving Lemma 9, which shows that u? + 51— g) > g in any
strict, coordination-proof equilibrium with ;1€ > 0. Section A.3.3 proves Theorem 5(ii) (sufficient
conditions for cooperation). This part of the proof is split into three parts: Section A.3.3.1 shows
that threaded grim trigger strategies can limit-support cooperation when g < 1; Section A.3.3.2
shows that threaded “defector— preciprocator— supercooperator— defector” strategies can limit-
support cooperation when /> g+ g2; and Section A.3.3.3 shows that each of these classes of
equilibria is coordination-proof.

A.3.1. Incentive constraints with noisy records

Throughout, (C|C), denotes the condition that C is the best response to C for a player with record
r, (C|D), denotes the condition that C is the best response to D, (D|C), denotes the condition
that D is the best response to C, and (D|D), denotes the condition that D is the best response to
D.

Let VrC denote the expected continuation payoff when a recording of C is fed into the record
system for arecord r player. That s, Vrc =Ep~qcr[ Vi), where Ep () indicates the expectation
when r’ is distributed according to g¢(r). Similarly, let VrD =E ~q,r[V,] denote the expected
continuation payoff when a recording of D is fed into the record system. Let m, denote the
expected flow payoff to a record r player under the equilibrium strategy, and let pf’ denote the
probability that a recording of D will be fed into the record system for a record r player. Note
that p? >0 for all r since ec(r)>0 and ep(r) < 1.

Given a noisy record system and an equilibrium, define the normalized reward for playing C
rather than D for a record r player by

_ I—ec(r)—ep(r)

W, :
r prD

<nr—vr+L(v,C —vr>>.
I—y

Lemma 6. For any noisy record system,

The (C|C), constraint is W, > g.
The (D|C), constraint is W, <g.
The (C|D); constraint is Wy > L.
The (D|D), constraint is W, <.

Proof. Consider a player with record r. We derive the (C|C), constraint; the other constraints
can be similarly derived. When a record r player plays C, their expected continuation payoff is
(1 —ec(r))VrC +8c(r)V,D , since a recording of C is fed into the record system with probability
1 —¢ec(r) and a recording of D is fed into the record system with probability ec(r). Similarly,
when the player plays D, their expected continuation payoff is ep(r) Vrc +( —SD(r))VrD . Thus,
the (C|C), constraintis 1 —y +y (1 —ec(r)VE +yec(r)VP > (1 —y)1+g)+yep(r)VE +(1 —
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sD(r))VrD , which is equivalent to

14
(1—sc(—ep(—— (VS =V)>g.
1—y
Note that V,=(1—y)m,+y(1—p?)VE+ypPVP. Manipulating this gives V¢ —VP =((1 -
YT — Vr—i—yV,C )/ (yp? ). Substituting this into the above inequality gives the desired form of
the (C|C), constraint. O

The strategies we use to prove part (ii) of the theorem depend on a player’s record only through
their age and their “score,” which is the number of times they have been recorded as playing D.
For such scoring strategies, we slightly abuse notation in writing Vj for the continuation payoff of
a player with score k.2° The incentive constraints for such strategies take a relatively simple form
with the canonical first-order record system: for all k we have ec(k)=ec, ep(k)=¢p, ch =V,

and Vl? =Vj+1, so the normalized reward simplifies to

l—ec—ep
Wi=——F—(m— V).

Pk

Lemma 7. For scoring strategies and the canonical first-order record system, Lemma 6 holds
with Wy =(1—ec —ep)(mp — Vi) /PR

A.3.2.  Proof of Theorem 5(i)

Theorem 5(i) follows from the following two lemmas.

Lemma 8. For any first-order record system, in any strict equilibrium, u5 <1/(1+g).

Lemma 9. Forany noisy first-order record system, in any strict, coordination-proof equilibrium
with € >0, MP+MS(l—g) >g.

Lemma 8 says that there cannot be too many supercooperators. It holds because new players
with record 0 have the option of always playing D, so in any strict equilibrium with ©€ >0, it
must be that x5(1 +g) < Vo <1, which gives WS < 1/(14+¢)

Conversely, Lemma 9 implies that cooperation requires a positive share of supercooperators
when g > 1, and moreover that the required share grows when g and [ are increased by the same
amount. It is proved in the next subsection.

Theorem 5(i) follows from Lemmas 8 and 9 since, by Lemma 3, it is impossible to satisfy
both 15 <1/(1+g) and u” +uS(1—g)> g when g>1 and [ < g+ g

A.3.2.1. Necessary conditions for cooperation and Proof of Lemma 9. Let V= sup,.
V, and let {r,} e be a sequence of records such that lim,— oo Vy, _V Note that V < oo and,
smce Vo (the expected lifetime payoff of a newborn player) equals uPu€+ ,us (,u uP l)+
wS(1+g) (the average flow payoff in the population), we have V> Vo= puf u€+ ;1,5 (u€—
Dl)+uDMS(1+g).

Lemma 10. [f 1€ >0, there is no sequence of defector records {rn}nen such that limy,— oo Vi, =
V.

26. Recall that V. is defined as the continuation value of a player with record r. Under scoring strategies, two players
with different records that share the same score have the same continuation value, so we can index V by k rather than r.
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Proof. Suppose otherwise. Since V,=(1—y)m,+y(1 —p?)VrC + )/PrD VrD and 7, = wS(1+g)
for all r,,, we have V,, =(1— uS+g)+yd —pg)Vrf +)/pg Vg for all r,,. This implies

V., <uS(1+g)+ %(1 —pPymax{V\ —V,,.0}+ %pg max{V> —V,,,0}.

Since im0 Vy, =V, limycomax{V< —V;, 0} =lim,_, comax{V? =V, ,0}=0. It further
follows that V =1lim,— so Vi, < wS(1+ g),soV, < wS(1+ g) for all r. However, note that every
player can secure an expected flow payoff of u5(1+g) every period by always defecting, so it
must be that V, > uS(1+g) for all r. It follows that V, = u5(1+g) for all r, and since the value
function is constant across records, every record must be a defector record, so MC =0. O

Lemma 11.  If u€ > 0, there is some record r' that is a preciprocator or a supercooperator and
satisfies

Y
Vy— S(V,C/ V)= w4+ (€ =P+ uP (140,

Proof. First, consider the case where V= P €+ S (€ — uPn+pPusSa+ g). Then, there
must be some record r’ such that Vo =uf u€+puS(u€ —uPn+ ,uD,uS(l +g). By Lemma 10,
such an 7’ cannot be a defector record and so must be either a preciprocator or a supercooperator.
Additionally, VS <V, s0 Vs —(y /(1 —y)(VS = V) = uP uC+ 15 (uC — P+ uPuS(1+).
Now consider the case where V > uf u€ +puS(uC€ — P+ uPusS1+ g). For any sequence
of records {r,},en such that lim, 5V, =V, limn_momax{VrC —V,,0}=0, so there is some
sufficiently high n such that V,, —(y /(1 =y )(VE =V, ) > uP uC+ 1S (u€ — 1P+ pP s+
g)- Additionally, by Lemma 10, for sufficiently high n, the record r,, must be either a preciprocator
or a supercooperator. (]

Proof. of Lemma 9 First, take the case where the record 7/ identified in Lemma 11 is a
preciprocator. Then by Lemma 6, we must have

1—ec(r')—ep(r') 14
= Ty —Vy+ I—(VS—VV/) >g.
Pr/ v

When 7, =p€ and Vy—y (VS =Vi)/A=p) = pnP nC+uduC —uPD+pPud1+), this
implies
(1—ec()—ep(rHuP
. u’+pS1-2)>g.
r/

Note that pf?, >(1—ep(r)uP since a preciprocator plays D whenever they are matched with
a defector and this leads to a recording of D being fed into the record system with probability
1—ep(r’). This gives (1 —ec(r/)—aD(r/))MD/pB <1, so u 4+ pu3(—g) > g must hold.

Now take the case where 7/ is a supercooperator. By Lemma 6, 7 —Vy.+(y/(1—
yN(VE=V,)>0. When 7 =uC—uPl and Vo —(y/(1—y)(VE = Vi) = pul u€+pS(uC —
wPh+uP uS(1+g), this implies that

1€ = pPl— P uC+ 15 — 1P+ pP b (1 +g) =P + 151 —-g)—1>o0.

This requires u” +uS(I—g)> I, which implies u* 4+ u5(1—g) > g, since [ > g. O
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A3.3. Proof of Theorem 5(ii)
A.3.3.1. Limit-supporting C wheng <1. Let0<y <y <1/2 be such that

g<%<l (A3.5)

for all y €[y,7]. Consider the grim trigger strategy, and let 1€ (y, ) denote the steady state share
of cooperators, i.e., those players who have not been recorded as playing D, for parameters (y, €).
(As we will see, there is a unique steady state when noise is sufficiently small.) We will show that
for all § > 0, there is an £ > 0 such that, whenever y €[y,y] and ec,ep <€, grim trigger induces

strict equilibria satisfying 1€ (y,&)>1—8. Thus, grim trigger can be combined with threading
to limit-support C as (y,e)— (1,0).

First, we establish that for all § >0, there is an €>0 such that whenever y €[y,y] and
ec,ep <F, there is a unique steady state induced by grim trigger and it satisfies u€ > 1—8. Note
that the inflow into cooperator status is 1 —y, the share of newborn players. The outflow from
cooperator status is the sum of (1 —y)uC, the share of cooperators who die in a given period,
and y(ecuc +(1—ep)(1— ,uc)),uc, the share of cooperators who are recorded as playing D in a
given period. In a steady state, these inflows and outflows must be equal, so

l—y=(1—y+y(ecu®+1—ep)(1—uEH)HuC.

This expression has a unique solution u€ € [0, 1] when &¢ and ep are sufficiently small, given by

—yvep—+/(1—yep)2—dy(l—ec—ep)(1—y)
2y(l—ec—ep) '

|
nCy.e)=

Note that Mc(y,e) is continuous for y €[y,y] and sufficiently small ec,¢p, and uc(y,O):l

for all y <1/2. It follows that there is an >0 such that € (y,&)>1—4 for all y €[y, 7] and
ec,ep<Ee. o

Now we establish that for all § > 0, there is an € > 0 such that whenever y €[y,y]and ec,ep <
£, the incentives of preciprocators are satisfied. (The incentives of defectors are clearly satisfied.)
We will use the facts that the value function of preciprocators, V<, equals the average flow payoff
in the population in a given period, (1€ (y, £))?, and that the value function of defectors is V2 =0.

When facing an opponent playing C, the expected payoff for a preciprocator from playing
Cisl—y+y(-— sc)(,uc(y, ¢))* while their expected payoff from playing D is (1 —y)(1+g)+
vep(u€(y,€))?. Thus, a preciprocator strictly prefers to play C against an opponent playing C if
and only if 1 —y +y(1—ec)(uC(y,e)? > (1= )1 +g)+yen(uC(y, )2, which simplifies to

Y > g .
1=y~ (—ec—ep)uC(y.e)7

When facing an opponent playing D, the expected payoff to C for a preciprocator is —(1 —
Il+y(1— ec)(uc(y, ¢))? while their expected payoff from playing D is yeD(,uC(y, £))%. Thus,
a preciprocator strictly prefers to play D against an opponent playing D if and only if —(1 —y)/+
y(1 —esc)(,uc(y,s))2 < ysD(,uC(y,s))2, which simplifies to

y [
1=y ~(—ec—ep)uC(r.e)?
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Combining these incentive conditions shows that all the incentives of a preciprocator are
satisfied if and only if

8 Y )
(I—ec—ep)uCre)? 1=y  (I—ec—ep)uC(y.e)?

As ¢ — 0, the left-most expression and right-most expression in this inequality converge uniformly
to g and [, respectively. From (A.3.5), we conclude that the incentives of a preciprocator are
satisfied for sufficiently small noise when y €[y, ¥1.

A.3.3.2. Limit-supporting C when!>g+g2. We use the class of strategies of the form
“DjPgS1Dso,” where J, K € N. These strategies specify that a player is a defector until they have
beenrecorded as playing D J times. Subsequently, the player is a preciprocator until they have been
recorded as playing D K more times, and then a supercooperator until they are recorded as playing
D once more, after which they permanently become a defector. Throughout, we let ! be the share
of players who have been recorded as playing D fewer than J times (and are thus defectors), 1’ be
the share of preciprocators (those with score J <k <J+K), ,bLS be the share of supercooperators
(those with score k =J +K), and ;P2 be the share of defectors with a score k > J + K. We also let
w€ = uf + uS be the total share of cooperators and wP = puPr 4 P2 =1— ;i€ be the total share
of defectors. We will show that for all § >0, there are 0 <y <y <1 and € > 0 such that when
y €ly.7] and ec,ep <E, this strategy class gives equilibria satisfying u€ > 1—38. Thus, these
strategies can be combined with threading to limit-support C as (y,&)— (1,0).

The following lemma characterizes precisely which population shares and parameters are

consistent with an equilibrium using a Dy Px S1 D strategy. The statement of the lemma involves
the functions «: (0,1) x (0,1)— (0,1) and B:(0,1) x (0,1) x [0, 1] — (0, 1), defined by

vy
a(y,w)——l_y+w//,
_ _ D
B(y.e. )= y(ec+(l1—ec—ep)u”™)

l—y+y(ec+(l—ec—ep)uP)’

Lemma 12. There is a DyPgS1Doo equilibrium with shares uP', uf, uS, and P2 if and only
if the following conditions hold:

,uDl = 1 —Of()/» 1 _SD)Jv
uwf =a(y,1—ep) (1—B(y,e,u?)5),

1S =a(y,1—ep) By, e, u (1 —a(y,ec)),

1. Feasibility:

uwPr=a(y,1—ep) B(y,e,u’a(y,ec).

ClC)y:
(e D D1 by

2. Incentives: (1—ec—ep) MD MS IJ«DZ
“ec+(l—ec—ep)ul

(u” —Msg)> >g,

y(1—ec—ep) (1 —a(y,ec)uPl+a(y,ec)(uf —uSg) B
l—y+y(ec+(1—ec—ep)uP)

(DID)jyk—1: IR

. y(l—ec—ep)
(CIDYs -k (if 1’ > 0): P2 (P = g =Pl ) > 1.
—v+vec
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The proof of Lemma 12 is in Supplementary Appendix A.3.1. The feasibility constraints
come from calculating the relevant steady-state shares for the strategy DjPgS1Doo. The (C|C)y
incentive constraint comes from solving V; and using Lemma 7. The (D|D)j+x—1 and (C|D)j+x
constraints are derived by relating the value functions of adjacent records.

Since /> g+ gz, it can be shown that, for all sufficiently small § >0, there are ﬁP ,ES >
0 satisfying 7l + @5 =1-8, @ > (g/I)(1—4), and @’ —5g—581>0. Fix such a § and the
corresponding 7z*, 7% . There is some sufficiently small 5 € (0, 8/2) such that the above inequalities
hold when ", 75, and § are respectively replaced with any u”, w5, and § satisfying
P =), % ~ 78| <, and [§ - 8| <2n.

The following lemma, whose proof is in Supplementary Appendix A.3.2, shows that there is
an interval of y such that J and K can be tailored to obtain shares wPr, 1uP, and 8 within 7 of 8,
', and 715, respectively, when noise is sufficiently small. (Consequently, the share 1 must be
within 27 of §.) Moreover, the y interval can be taken so that the incentives of supercooperators
are satisfied.

Lemma 13. Thereare0 <y <Yy <landg>O0suchthat, forally €[y,ylandec,ep <€, thereis

a DjPkS1Doo strategy with a steady state whose shares satisfy |,ulD =8|, |uf =P, |uS =S <,
and are such that the (C|D)jyg constraint in Lemma 12 is satisfied.

The left-hand side of the (C|C); constraint in Lemma 12 converges uniformly to w5 /(1 —uP1)i
ase—Oforall y €[y, ], [uPr =8|, |uf — 7P|, |u5 — 5| <n. Because (w5 —n)/(1—5+n)l > g,
this means that & can be chosen to be sufficiently small such that all these steady-state shares
satisfy the (C|C); constraint in Lemma 12 for all y €[y,y] and ec,ep <€. This is similarly true
for the (D|D)j4+g—1 constraint in Lemma 12, because the left-hand side of the corresponding
inequality converges uniformly to yu?/(1—y+yuP) <1 as e— 0 for all y €[y, 7], |uP' —
8, 1P =P, 1S =¥ <.

Thus, there are 0 <y <y <1 and €>0 such that equilibria with shares wb s satisfying

| —HS|, |uS —ﬁ5| < r/_(and thus u€ > 1—26) exist whenever y €ly.yland ec,ep <&.

A.3.3.3. Proof of coordination-proofness. We show that the grim trigger equilibria
analysed in Appendix A.3.3.1 and the D;PgS1Dxo equilibria analysed in Appendix A.3.3.2 are
coordination-proof. In any such equilibrium, (C, C) is played in every match where neither player
has a defector record. By a similar argument to the proof of Lemma 2, the play in these matches
is coordination-proof. Thus, we need only consider play in matches with a defector. Note that in
equilibria generated by either grim trigger or Dj Pk S| Do Strategies, the expected continuation
value of a defector is weakly higher from playing D than from playing C. Since D is strictly
dominant in the stage game, it follows that D is strictly dominant in the augmented game for any
defector. Thus, the prescribed action profile (D, D) in a match involving a preciprocator and a
defector is the only equilibrium in the corresponding augmented game. Likewise, the prescribed
action profile (C, D) in a match involving a supercooperator and a defector is the only equilibrium
in the corresponding augmented game. We conclude that play in all matches is coordination-proof.
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