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The communication revelation principle (RP) of mechanism design states that any outcome that can
be implemented using any communication system can also be implemented by an incentive-compatible
direct mechanism. In multistage games, we show that in general the communication RP fails for the solution
concept of sequential equilibrium (SE). However, it holds in important classes of games, including single-
agent games, games with pure adverse selection, games with pure moral hazard, and a class of social
learning games. For general multistage games, we establish that an outcome is implementable in SE if
and only if it is implementable in a canonical Nash equilibrium in which players never take codominated
actions. We also prove that the communication RP holds for the more permissive solution concept of
conditional probability perfect Bayesian equilibrium.
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1. INTRODUCTION

The communication revelation principle (RP) states that any social choice function that can
be implemented by any mechanism can also be implemented by a direct mechanism where
communication between players and the mechanism designer or mediator takes a canonical form:
players communicate only their private information to the mediator, the mediator communicates
only recommended actions to the players, and in equilibrium players report honestly and obey
the mediator’s recommendations. This result was developed throughout the 1970s, reaching its
most general formulation in the principal-agent model of Myerson (1982), which treats one-shot
games with both adverse selection and moral hazard.

More recently, there has been a surge of interest in designing dynamic mechanisms and
information systems.! Forges (1986) showed that the communication RP is valid in multistage

1. For dynamic mechanism design, see for example Courty and Li (2000), Battaglini (2005), Es6 and Szentes
(2007), Bergemann and Viliméki (2010), Athey and Segal (2013), Pavan et al. (2014), and Battaglini and Lamba (2019).

The editor in charge of this paper was Adam Szeidl.
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1504 REVIEW OF ECONOMIC STUDIES

games under the solution concept of Nash equilibrium (NE). But NE is usually not a satisfactory
solution concept in dynamic games: following Kreps and Wilson (1982), economists prefer
solution concepts that require rationality even after off-path events and impose “consistency”
restrictions on players’ off-path beliefs, such as sequential equilibrium (SE) or various versions
of perfect Bayesian equilibrium (PBE). And it is unknown whether the RP holds for these stronger
solution concepts, because—as we will see—expanding players’ opportunities for communication
expands the set of consistent beliefs at off-path information sets.

The current paper resolves this question. We show that in general multistage games the
communication RP fails for SE. However, it holds in important classes of games, including
single-agent games, games with pure adverse selection, games with pure moral hazard, and a
class of social learning games. Our main result establishes that, in general multistage games,
an outcome is implementable in SE if and only if it can be implemented in a canonical NE in
which players never (on or off path) take codominated actions, which are actions that cannot be
motivated by any belief compatible with a player’s own information and the presumption that her
opponents will avoid codominated actions in the future. This is an extension to SE of the main
result of Myerson (1986), which we review in Section 2.2.> We also show that the communication
RP holds in general multistage games for the solution concept of conditional probability perfect
Bayesian equilibrium (CPPBE), a simple and relatively permissive version of PBE.

Our results have a concise and practical message for applied dynamic mechanism design: to
calculate the set of outcomes implementable in sequential equilibrium by any communication
system, it suffices to calculate the set of outcomes implementable in Nash equilibrium excluding
codominated actions, using direct communication.® These two sets are always the same, even
though actually implementing some outcomes as sequential equilibria might require a richer
communication system (i.e. even though the communication RP is generally invalid for SE).

Let us preview the intuition for our key result: any outcome that can be implemented in
an NE that excludes codominated actions is also implementable in SE. By definition, any non-
codominated action can be motivated by some belief compatible with a player’s own information.
Such a belief can be generated in accordance with Kreps—Wilson consistency by specifying that all
players tremble with positive probability (along a sequence of strategy profiles converging to the
equilibrium) and then honestly report their signals and actions to the mediator, and the mediator
appropriately conditions his recommendations on the reports. An obstacle to this construction is
that a player who trembles to an action for which she must be punished in equilibrium will not
honestly report her deviation. To circumvent this problem, the mediator may (with probability
converging to 0) promise in advance that he will disregard a player’s report almost-surely (i.e. with
probability converging to 1). Then, the desired belief can be generated by letting players believe
that their opponents received promises to disregard their reports, trembled, and then reported
truthfully, and that subsequently the mediator did not disregard their reports after all. However,
to afford the mediator the ability to make such an advance promise, the communication system
must be enriched with an extra message. Note that the mediator’s “promise to ignore reports” is
made with equilibrium probability 0, so our construction is “canonical on path”.* At the same

For dynamic information design, see for example Kremer ez al. (2014), Ely et al. (2015), Che and Hérner (2018), Ely
(2017), Renault et al. (2017), Ely and Szydlowski (2020), and Ball (2020).

2. Myerson’s main result establishes the same characterization for the novel concept of sequential communication
equilibrium, which is not the same as SE. See Section 2.2.

3. The set of codominated actions itself can be calculated recursively. See Appendix A.

4. As this discussion indicates, it is important that our definition of SE allows the mediator to tremble. Section 5.2
discusses the case where the mediator cannot tremble.
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time, the need to have this extra message available explains why the communication RP is invalid
for SE.

In several important classes of games, the set of non-codominated actions in each period
does not depend on the history of players’ signals and actions. These include single-agent games,
games of pure adverse selection, games of pure moral hazard, and a class of social learning games.
In such games, the above obstacle to implementing non-codominated actions does not arise, and
the communication RP holds for SE. Furthermore, SE and NE are outcome-equivalent in many
of these classes.

By way of further motivation, we note that there seems to be some uncertainty in the literature
as to what is known about the RP in multistage games. A standard approach in the dynamic
mechanism design literature is to cite Myerson (1986) and then restrict attention to direct
mechanisms without quite claiming that this is without loss of generality. Pavan ef al. (2014,
p. 611) are representative:

“Following Myerson (1986), we restrict attention to direct mechanisms where,
in every period ¢, each agent i confidentially reports a type from his type space ®;;,
no information is disclosed to him beyond his allocation x;;, and the agents report
truthfully on the equilibrium path. Such a mechanism induces a dynamic Bayesian
game between the agents and, hence, we use perfect Bayesian equilibrium (PBE) as
our solution concept”.

Our results provide a foundation for this approach, while also showing that Nash, PBE, and
SE are outcome-equivalent in pure adverse selection settings like this one.’

Our simple positive results for games with one agent, pure adverse selection, or pure moral
hazard imply that the subtleties at the heart of our paper are most relevant for multiagent, multistage
games with both adverse selection and moral hazard: that is, multiagent dynamic information
design. Papers on this topic include Gershkov and Szentes (2009), Aoyagi (2010), Kremer et al.
(2014), Che and Horner (2018), Halac, Kartik, and Liu (2017), Sugaya and Wolitzky (2017), Ely
(2017), Doval and Ely (2020), and Makris and Renou (2020). Some of these papers prove versions
of the RP directly, while others appeal to existing results with more or less precision. For example,
Kremer et al. (2014) do not specify a solution concept and state that the RP is established for their
setting by Myerson; an implication of our Proposition 4 is that the RP is valid in their model for
SE. We hope our results will find application in this emerging literature; to this end, we provide
a compact summary at the end of the paper.

1.1.  Example

We begin with an example that illustrates how letting the mediator make advance promises to
disregard players’ reports can expand the set of implementable outcomes.

There are two players (in addition to the mediator) and three periods.

In Period 1, Player 1 takes an action a; € {A, B, C}.

In Period 2, Player 1 observes a signal 8 € {n,p}, with each realization equally likely. Then,
the mediator (“Player 0”) takes an action ag € {A, B}.

In Period 3, the mediator and Player 2 observe a common signal s € {0, 1}, where s=1 iff
ap #ay. Then, Player 2 takes an action ap € {N, P} (“Not punish”, “Punish”).

5. A caveat is that much of the dynamic mechanism design literature assumes continuous type spaces to facilitate
the use of the envelope theorem, while we restrict attention to finite games to have a well-defined notion of SE. We discuss
this point in Section 5.2. We also assume a finite time horizon.
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Player 1’s payoff equals 1i4-4,}—1{g,=P) —3 X 1{q;=c}, and Player 2’s payoff equals
—1{(a1,6)#(C.p)rar=pP}> Where 1) denotes the indicator function. In particular, Player 1 wants
to mismatch her action with the mediator’s action; action C is strictly dominated for Player 1;
and Player 2 is willing to punish Player 1 iff a; =C and 6 =p.

Consider the outcome distribution % (A,A,N)+ % (B,B,N).Itis trivial to construct a canonical
NE (i.e. an NE with direct communication, where in equilibrium players report their signals
and actions honestly and obey the mediator’s recommendations) that implements this outcome:
the mediator sends message/recommendation m| =A and m| =B with equal probability, plays
ag =my, and recommends my =N if s=0 and my =P if s = 1; meanwhile, players are honest and
obedient. Moreover, this NE is sequential iff Player 2 believes with probability 1 that (a;,0) =
(C,p) when s=1and mp =P. Thus, % (A,A,N)+ % (B,B,N) is implementable in SE iff this belief
is consistent.

Our main result shows that the outcome of any NE that excludes codominated actions is
implementable in SE. In this example, the action a; = P is not codominated at the history following
signal s=1, because a, =P is an optimal action for Player 2 if (a;,0)=(C,p). Our result thus
implies that % (A,A,N)+ % (B,B,N) is an SE outcome for some communication system. We now

explain intuitively why %(A,A,N )+ % (B,B,N) is not implementable in any canonical SE but is
implementable in a non-canonical SE.®

1.1.1. Non-implementability in canonical SE. Throughout the paper, by a “tremble”
to a particular action @ we mean a sequence of strategies converging to equilibrium along which
a player (or the mediator) takes action a with positive probability converging to 0. In a canonical
equilibrium, players who have not previously lied to the mediator obey all recommendations from
the mediator, even those that the mediator sends only as the result of a tremble. Since action C is
strictly dominated for Player 1, this implies that action C can never be recommended in a canonical
equilibrium, even as the result of a tremble.” Hence, the mediator can only ever recommend m| €
{A,B}. If Player 1 trembles to action C after such a recommendation, she will subsequently (for

each possible realization of §) make whatever report (&1 ,é) minimizes the probability that m, =
P. Since s =1 whenever a; = C, Bayes’ rule then implies that Pr((a1,0) = (C,p)|s=1,my =P) <
% (in the limit where trembles vanish). Hence, Player 2 will not follow the recommendation
my =P when s=1, so the desired outcome is not implementable in a canonical SE.

1.1.2. Implementability in non-canonical SE. Why does enriching the communication
system overturn this negative result? Suppose the mediator can tremble by giving a “free pass” to
Player 1 in Period 1. If Player 1 gets a free pass in Period 1, the mediator will always recommend
my =N, barring another mediator tremble. This makes Player 1 willing to truthfully report any
pair (a,0) after getting a free pass. Now, when Player 2 is recommended mj = P, he can believe
that the mediator trembled by giving Player 1 a free pass in Period 1, Player 1 trembled to a; =C,
Player 1 honestly reported &l,é) =(C,p), and the mediator trembled again by recommending
my = P. This new possibility can rationalize Player 2’s belief that (a;,0) =(C,p).

More precisely, consider the following sequence of strategy profiles, indexed by k € N:
Mediator’s strategy: In Period 1, the mediator recommends A and B with equal probability,
while trembling to a third message, “x” (the “free pass”), with probability % In Period 2, if

6. For the details, see the proof of Proposition 3.
7. That is, action C must lie outside the mediation range in any canonical equilibrium. See Section 2.2.
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my € {A, B}, the mediator plays ag=my; if m| =%, he plays A and B with probability % each. In
Period 3, if m| € {A, B}, the mediator recommends my, =N if s=0 and mpy =P if s=1; if m| ==,
with probability 1 — % he recommends m, =N (regardless of (&1 , é) and s), and with probability

% he recommends my =P if (&1 , é) =(C,p) and my =N otherwise.

Players’ strategies: 1If m1 € {A, B}, Player 1 takes a; =m and trembles to each other action
with probability k1—4; if my =, she plays A and B with probability % each, while trembling to C
with probability % Player 1 always reports her action and signal honestly. Player 2 always takes
a)=my.

Note that honesty is always optimal for Player 1 in the kK — oo limit: if m| € {A, B}, then any
deviation from a; =m leads to ap =P with limit probability 1 regardless of Player 1’s report;
while if m1 =x, then ap =N with limit probability 1 regardless of her report.

Now suppose Player 2 observes s =1 and m, = P. There are two possible explanations: either
(1) Player 1 trembled after m| € {A, B}, or (ii) the mediator trembled to m| =, Player 1 trembled

to a; = C, Player 1 honestly reported (&1 .0 ) =(C,p), and the mediator trembled again to m, = P.

Case (i) occurs with probability of order ki‘“ while case (ii) occurs with probability of order i;

Hence, in the k — oo limit, Player 2 believes with probability 1 that (ay,0) = (C,p). This belief
rationalizes a, = P, as is required to implement the desired outcome.

Remark 1 The non-implementability result established above uses the fact that the mediator
cannot recommend C in a canonical equilibrium, since Player 1 will not obey such a
recommendation. However, the target outcome %(A,A,N)+%(B,B,N) can be implemented in
a non-canonical equilibrium of the direct mechanism where my € {A, B, C} (without introducing
the extramessage %), by using message C as a stand-in for message . This trick always works when
each player has a strictly dominated (more generally, codominated) action at every information
set, but not more generally: in the proof of Proposition 3, we give an example where restricting
attention to direct mechanisms (even without additionally requiring honesty and obedience) is
with loss of generality.

The remainder of the paper is organized as follows. Section 2 describes the model and reviews
some background theory, including the notion of codominated actions. Section 3 presents our
results for SE: the communication RP fails in general but holds in some important special
classes of games; and in general games an outcome is SE-implementable if and only if it is
implementable in a canonical NE that excludes codominated actions. Section 4 defines CPPBE
and shows that the communication RP holds for this more permissive solution concept. Section 5
summarizes our results and discusses possible extensions. All proofs are deferred to the Appendix
or Supplementary Appendix.

2. MULTISTAGE GAMES WITH COMMUNICATION
2.1. Model

As in Forges (1986) and Myerson (1986), we consider multistage games with communication. A
multistage game G is played by N + 1 players (indexed by i =0, 1,...,N) over T periods (indexed
by t=1,...,T). Player 0 is a mediator who differs from the other players in three ways: (i) the
players communicate only with the mediator and not directly with each other, (ii) the mediator
is indifferent over outcomes of the game (and can thus “commit” to any strategy), and (iii)
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“trembles” by the mediator may be treated differently than trembles by the other players.® In each
period ¢, each player i (including the mediator) has a set of possible signals S; ;, a set of possible
actions A; ;, a set of possible reports to send to the mediator R; ;, and a set of possible messages
to receive from the mediator M; ;. For each i and ¢, let Sf = ]_[t;:ll Siz, let S;= l_[i-V:QSi, ¢, and let
St =]_[tt_:11 S¢, and analogously define Al, A;, A”, Ri, Ry, R', M!, M;, and M". These sets are all
assumed finite. This formulation lets us capture settings where the mediator receives exogenous
signals in addition to reports from the players, as well as settings where the mediator takes actions
(such as choosing allocations for the players). Note also the artificial assumption that the mediator
“communicates with himself”, which simplifies notation.
The timing within each period ¢ is as follows:

1. A signal s; €S; is drawn with probability p(s,|s’,a’), where (st,at) e St x A! is the vector of
past signals and actions. Player i observes s; ; €S; ;, the ith component of s;.

2. Each player i chooses a report r; ; € R; ; to send to the mediator.

3. The mediator chooses a message m; ; € M, ; to send to each player i.

4. Each player i takes an action a; ; €A; ;.

For each ¢, denote the set of possible histories of signals and actions (“payoff-relevant
histories”) at the beginning of period ¢ by

Xt={(st,at)eS’xAt:p<st|sf71,aT71>>0 Vrft—l}.

Similarly, denote the set of possible payoff-relevant histories after the period ¢ signal realization
st by
Y= {(s’Jrl ,at) e ST x Al :p(s, |sf_1,af_1) >0 Vr §t} .

For each i, let X! and Y} denote the projections of X” and Y’ on S x A} and Sf“ x AL, respectively.
Note that, typically, X' #H?JZOXI? and Y' £V, Y!. Assume without loss of generality that
Sit=Uyexrsupp pi (-|xt) for all i and ¢, where p; denotes the marginal distribution of p.

Let H'=X" xR x M" denote the set of possible histories of signals, actions, reports, and
messages (“complete histories™) at the beginning of period 7, with H! =@. Let Z=HT+! denote
the set of terminal histories of the game. Given a complete history A’ = (x,r',m") € H', let Wt =x'
denote the projection of 4! onto X’, the payoff-relevant component of H'; and let i’ = (r',m")
denote the projection of A’ onto R’ x M?, the payoff-irrelevant component of H'. Let X =X7 !
denote the set of payoff-relevant pure outcomes of the game. Let u;: X — R denote player i’s
payoff function, where u( is a constant function.

We refer to the tuple I':=(N,T,S,A,p,u) as the base game and refer to the pair €:=(R,M)
as the communication system. The implementation problem asks, for a given base game I" and a
given equilibrium concept, which outcomes p € A (X) arise in some equilibrium of the multistage
game G = (I", €) for some communication system €? Such outcomes p are implementable.

We now introduce histories, strategies, and beliefs. For each i and ¢, let H l’ =Xl.’ fo xM l’
denote the set of player i’s possible histories of signals, actions, reports, and messages at the
beginning of period 7. When a complete history 2 € H' is understood, we let i} = (xf,r!,m})
denote the projection of i’ onto H lt ; that is, hl’. is player i’s information set. Conversely, let H' [hf]
denote the set of histories 1’ € H' with i-component A. Note that, typically, H'[h!] ;é]_[j#iH; .

8. We also use male pronouns for the mediator and female pronouns for the players.
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Let hf =x! denote the payoff-relevant component of /!, and let hf = (rf,m!) denote the payoff-
irrelevant component of h’. We also let HiR’t =Y/ xRixM! and Hl.A’t =Y/ x Rl’.+1 x Ml.’Jrl denote
the sets of reporting and acting histories for player i, respectively. HR! [hf’t], HA”[h?’t], I;ll.e’t,
}Dz?’l, f'zf’t, and iz?’t are similarly defined.

T
A behavioural strategy for player i is a function o;= (ol.R ’UzA) = (aft,oft)tzl, where aft:
Hl.R’t - A (R,-, t) and alAt :Hl.A’t — A (A,-, t). This standard definition requires that a player uses the
same mixing probability at all nodes in the same information set. Let X; be the set of player i’s
strategies, and let £ =[], ;.
T
A belief for player i#0 is a function g;= (,BiR, ,8;4) = (ﬁft, ’B"f}t)zzl’ where ,Bft :HiR’t —

A(HR') and B2 :Hf"l — A(HM).? We write o (r,-,,|hf’t) for o® (hf’t> (ri,¢), and similarly

for crft, ,Bft, and ﬂfr When the meaning is unambiguous, we omit the superscript R or A
and the subscript ¢ from o; and B;, so that, for example, o; can take hf’t or h’?’t as its
argument.

A mediation plan is a function f :(ft)thl, where f;:R'T! — M, maps a profile of reports
up to and including period ¢ to a profile of period-t messages.'® A mixed mediation plan is
a distribution pu € A(F), where F denotes the set of (pure) mediation plans. A behavioural
mediation plan is a function ¢ = (¢,)IT: |» Where ¢; ‘R M' — A(M;) maps past reports and
messages to current messages. Since the mediator can receive signals and take actions in our
model, he must choose both a mediation plan f and a report/action strategy og. However,
we can equivalently view the mediator as choosing only f, while a separate “dummy player”
chooses oy. The distinctive feature of the mediator is thus the choice of f, while the strategy
oo plays no special role in the analysis and is included only for the sake of generality. As
we will see, whether it is most convenient to view the mediator as choosing a pure, mixed,
or behavioural mediation plan depends on the solution concept under consideration. All three
perspectives will be used in this paper. In contrast, we always view players as choosing behavioural
strategies (oi)i.\’: 1> and similarly view the mediator’s report/action strategy og as a behavioural
strategy.

Denote the probability distribution on Z induced by behavioural strategy profile o = (a,-)?]: 0

and mediation plan f by Pr°/, and denote the corresponding distribution for a mixed or
behavioural mediation plan by Pr®* or Pr®?, respectively. Denote the corresponding probability
distribution on X (the “outcome”) by p"’f , pTH, or ,o""p. As usual, probabilities are computed
assuming that all randomizations (by the players and the mediator) are stochastically independent.
We refer to a pair (o,f), (o, 1), or (0,¢) as simply a profile.

We extend players’ payoff functions from terminal histories to profiles in the usual way,
writing u; (o,f) for player i’s expected payoff at the beginning of the game under profile
(0,f), and writing u; (o, f |ht) for player i’s expected payoff conditional on reaching the
complete history A’. Note that it; (o,f|h’) does not depend on player i’s beliefs, as A’ is a
single node in the game tree. The quantities u; (o, 1), u;(o,¢), and u; (o,¢|h’) are defined
analogously. In contrast, we avoid the “bad” notation u; (0, wlh! ) which is not well defined when
Pro# (h') =0.

9. Since the mediator is indifferent over outcomes, there are no optimality conditions on the mediator’s strategy,
and hence no need to introduce beliefs for the mediator.
10. Myerson (1986) calls such a function a feedback rule.
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An NE is a profile (o, 1) such that i; (o, 1) > i (0/,0_;, 1) for all i 0 and 6/ € =;.'' (Or put
¢ in place of u; the definitions are equivalent by Kuhn’s theorem, which implies that for any u,
there exists ¢ such that Pr®* =Pr%? for all o, and vice versa.)

2.2.  Theoretical background

Our results build on four concepts introduced by Myerson (1986), which we briefly review here:
mediation ranges, conditional probability systems (CPSs), sequential communication equilibria,
and codomination.

A mediation range Q = (Qllf)i;éo,z specifies a set of possible messages Q;  (rf,m!, r; ;) SM;,
that can be received by each player i #0 when the history of communications between player
i and the mediator is given by (rltmf , r,-,,). Denote the set of mediation plans compatible with
mediation range Q by

t—1
Flo={r s (1) e0us (o (s (#41)) s ) vi 1.

Say that a reporting history hf’teHiR’t

is compatible with mediation range Q if m; . €
Qi (rlr ,m;, rl-,r) for all T < ¢; similarly, an acting history hf.\’t € Hl.A’t is compatible with mediation
range Q if m;  €Q; ¢ (rfmlt , ri,f) forall T <t.

Given a base game I'=(N,T,S,A,p,u), the direct communication system €* = (R*,M*) is
given by R;ftzAi,t—l xS; s and M;ft:A,-,,, for all i and r. That is, players’ reports are actions
and signals, and the mediator’s messages are “recommended” actions. In a game with direct
communication G* = (F ,Qﬁ*), player i is honest at reporting history hll.e’t if she reports r; ;=
(ai,1—1.5i,+), and she is obedient at acting history h’;\” if she plays a; ;=mj ;. Let ¥ denote the
set of strategies for player i in game G*. Let G*|¢g denote the game where, at each history for the
mediator Y} x R'T1 5 M!, the mediator is restricted to sending messages m; ; € Q; ; (rt.mi,riy)
for each i.

Note that players will obey the mediator’s recommendations even after trembles by the
mediator only if the possibility that the mediator trembles to recommending unmotivatable actions
is excluded. This can be achieved by restricting the mediation range. Given a game with direct
communication G* and a mediation range Q, the fully canonical strategy profile in G*|, denoted
o*, is defined by letting players behave honestly and obediently at all histories compatible with Q.
Later on, this will be contrasted with a more general notion of canonical strategies, where honesty
and obedience are required only for players who have not previously lied to the mediator. Since
the artificial assumption that the mediator “communicates with himself” is purely for notational
convenience, there is no loss in assuming throughout the paper that €y =< and o =0;;.

With direct communication, given a mediation plan f and a payoff-relevant history x’ = (s', a'),
the unique complete history A’ compatible with the mediator following f and all players reporting
honestly in every period 7 <7 satisfies r; ; = (a; r—1,5i,r) andm; ; =f; ¢ (r* 1) foralliand T <.
Denote this history by 4 (f,x'). Similarly, we denote by (x") the unique complete history A’
compatible with all players reporting honestly and acting obediently in every period T <t.

Denote the set of terminal histories in G* compatible with mediation range Q and honest
behaviour by the players by

Z|Q= {zeZ:r,-),:(ai’,,l,s,-J) and mi,,eQi,,(rf,mﬁ,r,-,,) Vi,t}.

11. In the context of games with communication, an NE is also called a communication equilibrium (Forges 1986).
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Analogously define zR1 lp and 71 |o. Denote the set of pairs (f,z) € F' x V4 | such that terminal
history z is compatible with mediation plan f by

Z|Q=[(f,z)eFxZ|Q:m,=ﬁ (ﬂ“) Vz}.

Analogously define ZR1) 0-and ZAL |o- Denote the subset of Z| o with period-f reporting history
WR! by Z[HR] 0. 21410, Z[hF"1g, and Z[k}"|g are similarly defined.

A CPS on a finite set 2 is a function p(-|-) 28 % 29\®—> [0, 1] such that (i) for all non-
empty C C 2, u(-|C) is a probability distribution on C, and (ii) for all A C BC C € Q with B#(,
we have u(A|B) i (B|C)=u(A|C). Theorem 1 of Myerson (1986) shows that 1 (-|-) is a CPS
on 2 if and only if it is the limit of conditional probabilities derived by Bayes’ rule along a
sequence of completely mixed probability distributions on €2 (see also Rényi 1955). Given a
CPS fton Z|g,f €F, {f} xY C Z|g, and {f} x Y’ C Z|p, we write i (f) =Z(fvz)€2|gﬁ(f,z) and
a(YIf.Y) =Zyeyll(y[f, Y'). A sequential communication equilibrium (SCE) is then a mixed
mediation plan u € A (F) in a direct-communication game G* together with a mediation range Q
and a CPS /& on 2|Q such that

e [CPS consistency] For all feF|g, t, hR”=(st+1,rt,m’,a’)GZR”|Q, WA =
(st+1,r’+1,mt+1,at)EZA”IQ, ms, a;, and s;.; such that (f,hR’t)eéRJIQ and
(f,hA”)eéAﬂQ,wehave

A=), A (relfs B == (a0
aalf B ) =gy, (s lf BN a)=p (St+1 |hA’t,at> ,
m (mt lf» hR’t, rt) = 1{m,=f,(r’,r,)}'

(Here the first argument of [ (-|-) must be read as a subset of Z |p. For example,
p R,t\ _ ~ - R,
Arlf B = Eog ne 2o A ()RS

e [Sequential rationality of honesty] For all i #0, t, Ui/ €¥;, and hf’t = (st.H

t t .t
i ’ri’mi’ai)e

Rt
H;" such that r; ; = (ai’1_1 ,si’,) and m; ; €Qj ¢ (rl.’,mir, ri,,) for all T <t, we have

R (R A T ANV

(f hR) e ZH o
_ R.t\ -
= Y (AR )i (of 0% IR, M
(f hRD)eZ[h o

e [Sequential rationality of obedience] For all i#0, ft, ai’eEi, and h?’tz

A
(sﬁ“,rf“,m?“,af) €H! " such that r; ; = (aiz—1.,5i,r) and m; ¢ € Qi - (rf ,m7 ,r; ) for

all T <t, we have

R (R T i

() eZ0h o

= > At ) (of 0% ). @)

(/A e 2o
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This definition of SCE is identical to Myerson’s, except that Myerson defines the CPS [
over F|g x X rather than F|g xZ |o- To see that this difference is immaterial, note that SCE
imposes sequential rationality only for players who have not lied to the mediator, and Z lo C
X x RTH1 5 MT+1 is the set of history profiles at which all players have not lied to the mediator.
Therefore, for any (f ,ht) €Flp %7 |o such that ﬂ(f W |hf) >( for some hf where sequential
rationality is imposed, the complete history /' is uniquely determined by f and the payoff-relevant
history x=h by specifying that all players have always reported truthfully: that is, h* =h(f , x).
Hence, the two definitions are equivalent.

Remark 2 Note that a CPS over F|g x Z lo is equivalent to a CPS over terminal nodes in the
tree of an alternative game where first the mediator chooses a (pure) mediation plan f and a copy
of the original game G follows each choice of f, where paths inconsistent with the mediator’s
initial choice of f are deleted and players’ information sets with the same history of messages from
the mediator are merged. The reader may ask why Myerson considers CPS’s over F|g X Z lo (or
equivalently F|g x X) rather than only Z|Q. The reason is that specifying a CPS over F|g x Z|Q
implicitly lets the mediator tremble over strategies rather than actions (i.e. in normal form rather
than independently at each information set), which allows a wider range of off-path expectations
of future mediator behaviour. Without this additional flexibility, Myerson’s characterization of
SCE outcomes would not be valid.”?

Myerson characterizes SCE in terms of codominated actions. The set of codominated actions
for player i at payoff-relevant history y! €Y/, denoted ®; ;(y!) CA;, can be given either an
recursive or a fixed-point definition. Here we give the fixed point definition, which is more concise.
We give the recursive definition, which may be more useful for calculating the correspondence
® in applications, in Appendix A.

Fix a direct-communication game G*. For any correspondence B that specifies a set of

actions B; ;(y') CA;  for each i #0, t, and y! € Y, let E'(B)={f € F :f; - (r" 1) ¢B; ; (rf“)

Vi, t>1,r"t1 e R7T1} be the set of mediation plans that avoid actions in B after period ¢, with the
convention that ET (B)=F," and let ¢ (B) = {(f.y")eF xY":3i#0 st fi /(') €Bi (v})} be
the set of mediation plans f and payoff-relevant history profiles y* such that f recommends
an action in ‘B,-,,(yg) to some player i at y'. Such a correspondence B is a codomination
correspondence if, for every period ¢ and every probability distribution 7 € A (F x Y! ) satisfying
(i) 7 (E"(B)xY')=1 and (ii) 7 (f,y")>0 for some (f,y")€¢'(B), there exists i#0, i,
ai €Bi(v!), and o] € £; such that

Yo wNuet S y)) < Yo w (Y )a(of.o X1k ().
(f.y')eFxY!, (fy)eFxY',
fi.t(yt):ai,t f,',t(y’):a,-_,

That is, if there is positive probability that some player is recommended a codominated action
in period ¢, but zero probability that any player will be recommended a codominated action after

12. Roughly speaking, when CPSs are defined over F|g x V4 |, a player can believe that her own past deviations
are inherently correlated with future deviations by the mediator. This is not possible when CPSs are defined only over
Z |o. Indeed, if the SCE definition were strengthened by defining CPSs only over Z\Q, the proof of Proposition 3 could
be adopted to give a counterexample to the claim that every SE-implementable outcome (and hence, every outcome of
an NE in which players avoid codominated actions) arises in an SCE.

13. In this definition, let B ¢ (1) = if ! e RTF\ ¥,
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period ¢, then some (possibly other) player has a profitable deviation in the event that she is
recommended a codominated action in period ¢. The correspondence ® is then defined as the
union of all codomination correspondences.'*

Myerson’s main result is that an outcome arises in an SCE if and only if it arises in a fully
canonical NE in which players never take codominated actions.

Proposition 1 [Myerson (1986), Theorem 2, Lemma 1)] For any base game T" and any
outcome p € A (X), there exists an SCE (1, Q, 1) satisfying p = p"*”‘ if and only if there exist an

NE (o*,u) in G*|¢ satisfying p=p°"H" and Qi,t(rf"'l,ml’.) O’Di,t(rf"'l):@forall i#£0,t, rl?'H,

and m.

The set of SCE outcomes can be calculated as follows: For every player i and payoff-relevant
history yl’., calculate the set of codominated actions ; ; (yf ) Delete these actions from the game
tree. Then calculate the set of canonical NE (i.e. communication equilibrium) outcomes in the
resulting game: as is well known, this set is a compact polyhedron, defined by a finite set of linear
inequalities (the incentive constraints).'>

2.3.  Communication RP: definition

In a direct-communication game G*, a strategy profile o € X* together with a mediation range Q
is canonical if the following conditions hold:

1. [Previously honest players are honest]| O’iRI (hf’t) = (a,-,,_l ,s,-,,) for all hf’t EHIR’Z such that
riz= (a,‘,,_l,si,r) and m; ¢ € Q,',-[ (I’l?,m;-f,ri,-[) forall T <t.
2. [Previously honest players are obedient] UiAt (h‘;”) =m; ; for all h‘?’t eH?’t such that r; ; =

(a,-,r_l ,si,,) and m; ; € Q; ¢ (rl.r,ml.f,ri,r) forall T <t.

The communication RP states that it is without loss to restrict attention to direct communication
systems, and furthermore to restrict attention to canonical strategies.'®

Communication RP Fix an equilibrium concept. For any game (I", ), any outcome p € A (X)
that arises in any equilibrium of (I", &) also arises in a canonical equilibrium of (F, Q*) lo
for some mediation range Q.

Forges (1986) established the communication RP for NE. For this result, it is not necessary
to restrict the mediator’s messages via a mediation range; it suffices to consider the unrestricted

mediation range QU given by Ql.Ut (rf“,ml’.) =A;forall i#0, ¢, rf"'l, and mf

14. We occasionally extend the domain of D; , from ¥! to R by letting ®; , (7! ) =4 for all 7+ e RIFI\ 17,

15. Establishing the validity of this algorithm requires one fact beyond Proposition 1: the set of NE in G*|¢ in which
codominated actions are never played equals the set of NE in the game tree where codominated actions are deleted. Since
the latter set obviously includes the former, this amounts to showing that deleting codominated actions never relaxes an
incentive constraint: that is, to verify incentive compatibility in G*|g, it suffices to consider only deviant strategies that
never take codominated actions. This intuitive fact is established by Myerson (1986; Theorem 3).

16. Townsend (1988) extends the RP by requiring a player to be honest and obedient even if she has previously lied
to the mediator, and correspondingly lets a player report her entire history of actions and signals every period (thus giving
players opportunities to “confess” any lie). Our results show that enriching the communication system in this way does
not expand the set of implementable outcomes. Townsend’s motivation was to formulate incentive constraints in terms
of one-shot deviations. In contrast, we follow Myerson in considering multishot deviations, as in inequalities (1) and (2).
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Proposition 2 [Forges (1986, Proposition 1)] The communication RP holds for NE, with the
unrestricted mediation range.

As we build on this result, we give a proof in Appendix B.!” The intuition is that, in any game
(I', €), we may view each player as reporting her signals and actions to a “personal mediator”
under her control, who then communicates with a “central mediator” via communication system
¢, and then recommends actions to the player. Each player may as well be honest and obedient
vis-a-vis her personal mediator, since she controls her personal mediator’s strategy. Now, view
the collection of the N personal mediators together with the central mediator as a single mediator
in the direct-communication game (F, QZ*), where player i’s personal mediator now automatically
executes its equilibrium communication strategy from game (I', ¢). Then it remains optimal for
each player to be honest and obedient, as a player has access to fewer deviations when she cannot
directly control her personal mediator.

3. SEQUENTIAL EQUILIBRIUM
3.1. Definition

Our definition of SE in a multistage game with communication is simply Kreps—Wilson
(Kreps and Wilson 1982) SE in the N 41 player game where the mediator is treated just like
any other player. That is, an SE is an assessment (o, ¢, ) consisting of behavioural strategies o
for the players, a behavioural strategy ¢ for the mediator, and beliefs B for the players, such that

e [Sequential rationality of reports] For all i £0, ¢, al( ,and hf’[, we have

D Gl T A ) ERD S (e AR T RN ]

Rt e HRAR Rt e HRAR]

e [Sequential rationality of actions] For all i #£0, t, O’l-/ ,and h‘?’t, we have
> s Ya (oot )z Y pi(R Y (of o).
BAt e HAM R BAt e HAM R

e [Kreps—Wilson Consistency] There exists a sequence of full-support behavioural strategy
profiles (o, qbk);il such that limy_, o5 (0%, ¢*) = (0, );

k 41k R
ﬁ-(hR’t|hR’t>= lim Pro ¢ (h ,z)
i i k—00 ppot ¢t (hl_'{,t>

1

forall i#0, 7, " € HY!, and AR € HR 1R, and

k sk A
‘3.<hAJ|h‘f‘”>= lim M
i i k— 00 prok. ¢k (hA,t>

1

for all i £0, 1, k' € HM, and 1 € HAT [,

17. Forges’s proof is convincing but informal, as are all other proofs of this result that we are aware of (e.g. pp.
106-107 of Mertens et al. 2015).
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In this definition, the mediator takes a behavioural strategy and trembles independently at
every information set, just like each of the players.!®

3.2. Failure of communication RP

Our first substantive result is a negative one: the communication RP is generally invalid for SE, and
even restricting attention to direct communication systems (without necessarily also restricting
attention to canonical strategies) is generally with loss of generality.

Proposition 3 The communication RP does not hold for SE. Furthermore, there exists a game
(T, €) and an outcome p € A (X) that arises in an SE of (I', €) but not in any SE of (F, QZ*).

The failure of the RP for SE was previewed in the introduction. The stronger result that
restricting attention to direct communication systems is with loss is proved by extending the
opening example so as to ensure that action C must be recommended at some history. This
implies that a recommendation to play C cannot be used to substitute for the extra “free pass”
message %, so the set of possible messages must be expanded.

3.3. Special classes of games

While the communication RP is invalid for SE in general multistage games, we show that it does
hold in several leading classes of games. Moreover, NE and SE are outcome-equivalent in many
of these classes.

First, the communication RP holds and NE and SE are outcome-equivalent under a full support
condition: any NE outcome distribution under which no player can perfectly detect another’s
unilateral deviation is a canonical SE outcome distribution. This result is not very surprising, but
the formal proof is not completely straightforward.

Second, the communication RP holds and NE and SE are outcome-equivalent in single-agent
settings. This is a trivial corollary of the full support result. It is applicable to many models of
dynamic moral hazard (e.g. Garrett and Pavan 2012) and dynamic information design (e.g. Ely
2017).

Third, the communication RP holds and NE and SE are outcome-equivalent in the following
class of social learning games: a state w € Q is drawn with probability p (w) at the beginning of the
game. Given the state @ and a payoff-relevant history x’ = (s*, a’), period- signals s; are drawn with
probability p (st |w, x" ) We assume that, for each player i, there is a period #; such that |Al~,, | =1 for
all t#t; and |S,-,,} =1 for all # < #;: that is, each player is “active” in only a single period. Player i’s
final payoff u; (a), aj, ,i) depends only on the state @ and her own action. Such games are included
in our model by letting p (s, |xt) =) ,Dw)p (st |a),xt) and u; (x)=) " Pr(w|x)i; (a) a,-,,l.) (where
ajy; 18 i’s action at outcome x).!” The model of Kremer, Mansour, and Perry (2014) lies in this
class.

Fourth, the communication RP holds and NE and SE are outcome-equivalent in games of
pure adverse selection: |Ai,t| =1foralli#0andre{l,...,T}. In a pure adverse selection game,
players report types to the mediator, the mediator chooses allocations, and players take no further
actions. Much of the dynamic mechanism design literature assumes pure adverse selection (e.g.
Pavan et al. (2014) and references therein).

18. An alternative definition, where the mediator cannot tremble at all, yields a more restrictive version of SE, for
which our main results do not hold. We discuss this possibility in Section 5.2.
19. Here, the dependence of ; (x) on w is accommodated by allowing |S,-,,| >1fort>t.
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Fifth, the communication RP holds (but NE and SE are not outcome-equivalent) in games of
pure moral hazard: for each i 0, there exist (ﬁi,f)zil and (ﬁ,)tT:l such that u; (x) = ZzT=1 w1 (ar),
and p (s, Iy ! ,a,_l) =p: (s, las—1 ) In a pure moral hazard game, payoffs are additively separable
across periods, and signals are payoff-irrelevant and time-separable. This implies that the
distribution of future payoff-relevant outcomes is independent of the realization of past payoff-
relevant outcomes, conditional on the path of future actions. If these assumptions were violated,
a player’s payoff-relevant history would constitute a “hidden state” that the mediator might need
to elicit, possibly leading to a failure of the communication RP. Pure moral hazard games include
finitely repeated games with complete information.

Proposition 4 The following hold:

1. For any game, if (o,¢) is an NE and supp pf’¢ =U,4i OUa.’ezj supp ,Oiaj’gfj,(bfor all i £0,
h ’ J

then p®? is a canonical SE outcome.?’

2. If N=1, any NE outcome is a canonical SE outcome.

3. In social learning games, any NE outcome is a canonical SE outcome.

4. In games of pure adverse selection, any NE outcome is a canonical SE outcome.
5. In games of pure moral hazard, the communication RP holds for SE.

The logic of these results is as follows:

Parts 1 and 2 are intuitive. In any NE, each player’s strategy is sequentially rational at on-path
histories, and each player’s strategy at off-path histories that follow her own deviation can be
changed to a sequentially rational strategy without affecting other players’ on-path incentives.
Under the full-support condition, every history either is on path or follows a player’s own deviation.
Hence, any NE can be transformed into an SE by changing each player’s strategies at histories
that follow her own deviation.

In social learning games, since each player moves once and there are no payoff externalities,
changing a player’s off-path strategy never affects other players’ on-path incentives. So again NE
and SE are outcome-equivalent.

Part 4 follows from noting that the construction in Proposition 5 (in the next subsection) is
canonical in pure adverse selection games.

Finally, in pure moral hazard games, the set of codominated actions in a given period ¢ does not
depend on the payoff-relevant history y'. Hence, the mediator does not need to elicit information
about y’ to motivate all non-codominated actions in period ¢. Under this condition, we show that
the communication RP is valid for SE.?!

3.4. Characterization of SE-implementable outcomes

Our main result is that an outcome is implementable in SE if and only if it arises in an SCE, or
equivalently if and only if it arises in a canonical NE that excludes codominated actions.

Define the pseudo-direct communication system €** = (R*,M**) by R;’it =A;;—1 xS, and
Ml*;* =A; ;U{x}, for all i and ¢, where x denotes an arbitrary extra message. Under pseudo-direct

20. Here, pf % denotes the marginal distribution of p®¢ on X;.

21. The set of codominated actions is also independent of the payoff-relevant history for social learning games and
pure adverse selection games. Thus, the proof of Part 5 of Proposition 4 also implies that the communication RP holds
for SE in social learning games and pure adverse selection games. However, Parts 3 and 4 of Proposition 4 establish the
stronger result that NE and SE are outcome-equivalent in such games.
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communication, in every period a single extra message from the mediator to each player is
permitted.

Proposition 5 For any base game, an outcome is SE-implementable if and only if it arises in
an SCE. In addition, every such outcome arises in an SE with pseudo-direct communication.

The “easy” implication of Proposition 5 is that every SE-implementable outcome arises in an
SCE: we abbreviate this statement as SE C SCE. This follows from Propositions 6 through 8 in
Section 4.

The “hard” implication is that every SCE outcome is SE-implementable (and in particular
can be implemented with pseudo-direct communication): that is, SCE C SE. In our construction,
message * is not used on path. Moreover, players are honest and follow all recommendations other
than *, as long as they have done so in the past. The construction is thus “almost” canonical.??

Message * corresponds to the “free pass” in the opening example. As in that example, the
role of message * is to cause a player to tremble with higher probability. (When a player instead
receives a message m; ; 7, she plays a; ; =m; ; and trembles with much smaller probability.) In
addition, after receiving %, a player’s future reports to the mediator are inconsequential (barring
future mediator trembles), so honesty is optimal. Based on these honest reports, the mediator’s
future trembles can be specified so that, conditional on a player receiving a future recommendation
to take any non-codominated action, the player’s beliefs are those required to motivate that action.
For instance, in the example, when Player 2 receives recommendation m, = P, he believes that the
mediator trembled first to m| =« and then to my =P following (a; ,é) =(C,p), which generates
the belief required to motivate ay = P. Note that it is the possibility that one’s opponents received
message *, trembled, and then reported truthfully that motivates a given player to follow her
recommendation.

We end this section by sketching the proof of Proposition 5.

It is useful to first briefly review Myerson’s proof that the outcome of every NE that excludes
codominated actions is an SCE, as we build on this proof. Myerson first shows that every CPS is
generated as the limit of beliefs induced from a sequence of full-support probability distributions
over moves.?? He then constructs an arbitrary SCE with the property that all non-codominated
actions are recommended at each history with positive probability along a sequence of move
distributions converging to the equilibrium. Finally, he constructs another equilibrium where the
mediator mixes this “motivating” SCE with the target NE. By specifying that trembles are much
more likely in the former equilibrium, after any history in the mixed equilibrium that lies off-path
in the target NE, players believe that the motivating SCE is being played, and therefore follow all
non-codominated recommendations. Taking the mixing probability to O yields an SCE with the
same outcome as the target NE, in which all non-codominated recommendations are incentive
compatible.

22. A second way in which our construction is not canonical is that a previously honest but disobedient player
may not be honest. This difference from Myerson’s approach arises because the SE solution concept limits the consistent
beliefs available to a disobedient player: in particular, a player cannot believe that her own past deviations are inherently
correlated with past or future deviations by other players or the mediator. This makes it hard to ensure that previously
disobedient players are honest.

23. This differs from Kreps—Wilson consistency in that the move distributions may not be strategies. For example,
some CPSs can be generated only by supposing that a player takes different actions at nodes in the same information set.
This gap between SCE and SE has been noted before. See, for example, Kreps and Ramey (1987) and Fudenberg and Tirole
(1991).
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Our construction starts with an arbitrary trembling-hand perfect equilibrium (PE) in the
unmediated game: that is, the limit as ¢ — 0 of a sequence of NE in the unmediated, e-constrained
game where each player is required to take each action at each history with independent probability
at least &. We let the convergence of ¢ to 0 be slow in comparison to other trembles we will
introduce: that is, action trembles in the PE are relatively likely. In the SE we construct in the
mediated game, the mediator uses the off-path message * to signal to a player that the PE is being
played. Since the PE is an equilibrium in the unmediated game, a player who receives message
» believes that her future reports are almost-surely inconsequential, and thus reports honestly.?*
Specifically, when the mediator implements the PE, he recommends m; ; €A; ; according to the
PE strategy of player i with probability 1 —./¢ and recommends m; ; = with probability /e,
independently across players. Player i obeys each recommendation m; ; €A; ; (with negligible
trembling probability) and, and after message *, takes a;; according to her PE strategy but
trembles with probability 4/e. Since the mediator’s tremble to m; ;=x is independent across
players, from the other players’ perspectives, it is as if player i plays her PE strategy while
trembling with probability /e x /e =¢.

In order to provide on-path incentives, the mediator must also be able to recommend specific,
non-codominated punishment actions off path. To make these recommendations incentive
compatible, we mix in trembles to mediation plans that recommend all motivatable actions (as
in Myerson’s construction). A key step in our construction is showing that, since trembles in the
PE are relatively likely and players who believe this equilibrium is being played report truthfully,
the mediator tremble probabilities can be chosen to generate the beliefs required to motivate each
non-codominated action.

An important difficulty is posed by histories that involve multiple surprising signals or
recommendations: for example, a player may receive a O-probability recommendation to play
some action a in period ¢ and update her beliefs about the mediation plan accordingly, but may
then observe another surprising (i.e. conditional O-probability) recommendation to play some
action a’ in a later period ¢'. We need to ensure that every non-codominated recommendation in
period ¢’ is incentive compatible, no matter what recommendations were made in earlier periods.
This is challenging, because there is no guarantee that the mediation plan that motivates action a
in period ¢ is compatible with the mediation plan that motivates action @’ in period #’.

To deal with this, we introduce an additional layer of trembles, whereby the mediator may
tremble to recommend any motivatable action even while he still “intends” to implement the
PE. These trembles are less likely than both the action trembles within the PE and the mediator
trembles to mediation plans that rationalize non-codominated actions. Therefore, when a player
receives a 0-probability recommendation to play action a in period ¢, she believes with probability
1 that the mediator has trembled to the mediation plan that motivates action a; but when she
later receives another surprising recommendation to play action @’ in period #', she switches
to believing that, in fact, her period- recommendation was due to a recommendation tremble
“within” the PE (and thus that, in retrospect, she might have been better-off disobeying the
period-t recommendation), while the current, period-t’ recommendation to play &’ indicates a

tremble to the mediation plan that motivates a’.?

24. This step is absent in Myerson’s proof, as the SCE solution concept allows mediator trembles to be inherently
correlated with player trembles about which the mediator has no information, so the mediator does not need to elicit
information from players about their trembles.

25. This additional layer of trembles is also not needed in Myerson’s proof, because the SCE solution concept
allows mediator trembles to off-path recommendations to be inherently correlated with the earlier player trembles needed
to rationalize such recommendations.
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To complete the construction, this “motivating equilibrium” (the mixture of the PE, the
mediation plans that motivate each non-codominated action, and the additional layer of trembles)
is mixed with the original target NE, with almost all weight on the latter. Players therefore
believe that the mediator follows the target NE until they observe a O-probability signal or
recommendation. Subsequently, players assign probability 1 to the motivating equilibrium, and
hence obey all non-codominated recommendations. Since the target NE excludes codominated
actions, all on- and off-path recommendations are incentive compatible.

4. CONDITIONAL PROBABILITY PERFECT BAYESIAN EQUILIBRIUM

Denote the set of terminal histories in G compatible with mediation range Q by
. t .
Zlp= {z €Z:mi;€Qi; (rl-,ml’.,r,-,,) Vl,[} .

Note that, in contrast to the set Z |o defined in Section 2.2, the set Z|p is defined for any
communication system.”® Analogously define Z®/|y and Z47|.

Denote the set of pairs (f,z) € F|g X Z|p such that terminal history z is compatible with
mediation plan f by

Zlo={(t.20€Flgx Zlg:m =f; (++') wi}.
Analogously define ZR-! |p and ZA”|Q. Denote the subset of Z|¢p with period-f reporting history
WRt by ZRIIR g Zh 10, Z1h 1o, and Z[R]|o are similarly defined.
We consider perfect Bayesian equilibria in which beliefs are derived from a common CPS on

Z|g. A CPPBE is a profile (o, i) together with a mediation range Q and a CPS i on Z|g such
that

e [CPS Consistency] For all feFlg, t, hR’tz(s’+1,r’,m’,a’)€ZR*’|Q, WA =
(s’*l,rtH,m’H,a’)eZA”|Q, my, a;, and s;41 such that (f,hR”)eZR”lQ and
(f,hA’t)eZA*’|Q,wehave

=), Rty ) =TT oo, (i 1),
i (arlf 1) =l_[§V:oGi/,‘t (ai,tlh?’t)’ A (se1lf HY ar) =p (S’+1 |;lAgl’a’)’ ®
ﬁ,(mtlf,hR’t”’l) =lm=f,01 )

e [Sequential rationality of reports] Foralli #0,1,0] € %;,and hf’t = (sltfH i mfaf) IS Hf’t

such that m; r € Q; ¢ (rl.f,ml.f , ri,f) for all T <t, we have

PR (N T CAI )

(f.hReZ[H 1o

= > (R )i (of oIk “)

(f.hR) e Z[H o

26. ThesetZ |o also contained only histories at which players have been honest. This restriction is not well-defined
with indirect communication and does not appear in the definition of Z|g.
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e [Sequential rationality of actions] Foralli #0,¢, ol-’ € X;,and h‘?’t = (sf-'H , rl-t'H ,mE'H ’) €

H?’t such that m; ; € Q; ¢ (rl’mlf , r,-,t) for all T <t, we have

oo At )i (o)

(f,hA")EZA*’[h?'t]lg

=Y Al )a(of o it). )

(e ZA g

To understand this definition, note that the conditional probabilities ﬂ(f ,hR*’|th’t) and

In (f A |h’l.4’[> in the sequential rationality conditions (4) and (5) correspond to player i’s beliefs
in the alternative game discussed in Remark 2, where the mediator first chooses a pure mediation
plan f and a copy of the original game G follows each choice of f. In the language of mechanism
design, this corresponds to the designer first unobservably committing to a deterministic dynamic
mechanism, and the players then updating their beliefs about the mechanism as they play it. Note

that in an unmediated game, (i) it reduces to a CPS on Z, (ii) ,EL(f ,hA”|h‘l.4’t) reduces to a

belief 8 (hA’t |h?’t>, (iii) (4) disappears, and (iv) (5) reduces to the usual definition of sequential

rationality. In the context of unmediated games, the CPPBE concept is not new: for example,
Fudenberg and Tirole (1991), Battigalli (1996), and Kohlberg and Reny (1997) study whether
imposing additional independence conditions on top of CPPBE leads to an equivalence with
SE in unmediated games. In contrast, we will see that CPPBE and SE are always outcome-
equivalent in mediated games. The basic reason why independence conditions are not required
to obtain equivalence with SE in mediated games is that the correlation allowed by CPPBE can
be replicated through correlation in the mediator’s messages.>’
We first verify that CPPBE is more permissive than SE.?®

Proposition 6 Every SE-implementable outcome p € A (X) is also CPPBE-implementable: that
is, SEC CPPBE.

Proof. Fix anSE (o, ¢, ), and let (ok , ‘f’k)](:; be a sequence of full-support behavioural strategy
profiles that converge to (o, ¢) and induce conditional probabilities that converge to 8. By Kuhn’s
theorem, there exists an equivalent sequence of full-support profiles (ak , uk);::l converging
to (o, ), where the mediator is now viewed as playing a mixed strategy. By Theorem 1 of
Myerson (1986), the limit of the sequence of conditional probabilities on Z|yv derived from

(ak,,uk)]ti] by Bayes’ rule gives a CPS ji on Z|,u. Since [L(f,hR*’|hf’t)=,3(f,hR’t|hf’t>
and [L(f A |h‘l.4’t ):ﬂ(f A |h’l.4’l>, sequential rationality of (o,¢,B) implies sequential

27. Mailath (2019) defines a notion of “almost perfect Bayesian equilibrium”, which appears to coincide with
CPPBE in unmediated multistage games, though this remains to be proved. Most other notions of “perfect Bayesian
equilibrium” (e.g. Fudenberg and Tirole 1991; Watson 2017) impose some form of “no signalling what you don’t know”,
which is not required by CPPBE.

28. As the proof shows, this holds even if the mediation range in the definition of CPPBE is required to be
unrestricted, Q= QY. In fact, Lemma 8 in the Supplementary Appendix shows that if an outcome p is implementable in
CPPBE with some mediation range Q, it is also implementable in CPPBE with mediation range QU . It therefore would
have been without loss to require Q = 0V in the definition of CPPBE; however, the current definition makes the connection
between CPPBE and SCE more transparent.
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rationality of (a, w,0Y, ;1). Hence, (0, w,0Y, /1) is a CPPBE and induces the same outcome as
(0.¢.8). N

The relationship between CPPBE and SCE is more subtle. The definition of a CPPBE in the
special case where the communication system is direct, €= €*, is similar to the definition of an
SCE. (Of course, CPPBE is defined for arbitrary communication systems €.) There are three
differences:

1. SCE requires not only direct communication but also canonical equilibrium (i.e. players are
required to be honest and obedient).

2. SCE imposes sequential rationality only for players who have not previously lied to the
mediator.

3. SCE requires that a player who has not previously lied to the mediator believes with probability
1 that her opponents have also not previously lied to the mediator.

These properties of SCE were already noted by Myerson (1986), who argued informally
that they should be without loss of generality.?’ The following result verifies this conjecture,
by showing that the set of SCE outcomes (equivalently, the set of outcomes of canonical NE
in which players avoid codominated actions) equals the set of outcomes implementable in a
canonical CPPBE.

Proposition 7 For any base game T, outcome p € A(X), and mediation range Q, there exists
an SCE (u, Q, 1) satisfying ,0”*’“ = p if and only if there exist a canonical strategy profile o and
CPS it/ such that (0,11, Q, 1) is a CPPBE in (T',€*) satisfying p®H = p.

Our final result establishes the communication RP for CPPBE.

Proposition 8 The communication RP holds for CPPBE, with mediation range equal to the set
of all non-codominated actions: Q; (er,mf) =A; \D;; (rf“) foralli, t, rf'H, and mf

To prove Propositions 7 and 8, we first establish that every SCE outcome is implementable in
a canonical CPPBE. To show this, we introduce the notions of a “quasi-strategy”’, which is simply
a partially defined strategy, and a “quasi-equilibrium”, which is a profile of quasi-strategies where
incentive constraints are satisfied wherever strategies are defined. We say that a quasi-equilibrium
is “valid” if no unilateral deviation by a player can ever lead to a history where another player’s
quasi-strategy is undefined. We show that it makes no difference whether we consider fully
specified CPPBE or (valid) quasi-CPPBE. This result saves us from having to specify what a
player does after she lies to the mediator, and it also lets us assume that a previously honest player
always believes her opponents have also been honest. Given this simplification, every SCE can
be viewed as a canonical quasi-CPPBE.*"

29. For example, he writes, “...there is nothing to prevent us from assuming that every player always assigns
probability zero to the event that any other players have lied to the mediator. .. This begs the question of whether we could
get alarger set of sequentially rational communication equilibria if we allowed players to assign positive probability to the
event that others have lied to the mediator. Fortunately, by the RP, this set would not be any larger. Given any mechanism
in which a player lies to the mediator with positive probability after some event, there is an equivalent mechansim in
which the player does not lie and the mediator makes recommendations exactly as if the player had lied in the given
mechanism” (p. 342).

30. Quasi-strategies are also useful in proving Proposition 5.
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We next establish that every (possibly non-canonical) CPPBE outcome is an SCE outcome:
that is, CPPBE C SCE. This completes the proofs of both Propositions 7 and 8. Since every
CPPBE is an NE, by Proposition 1 it suffices to show that codominated actions are never played
in any CPPBE. We prove this as Lemma 10 in Supplementary Appendix 1. The logic of this result
is that if a player is willing to take a certain action in a CPPBE, this action must be motivatable
for some belief derived from a CPS, which implies that it is not codominated.

Combining the inclusion CPPBE C SCE with Proposition 6, we see that every SE-
implementable outcome arises in SCE: that is, SE C CPPBE C SCE. This proves the “easy”
direction of Proposition 5.

In total, Propositions 5-8 show that SCE CSE C CPPBE C SCE. This implies that the
characterization of SE-implementable outcomes in Proposition 5 applies equally to any notion
of PBE which is stronger than CPPBE but weaker than SE. Many notions of PBE that impose
some form of “no signalling what you don’t know” fall into this category, such as PBE satisfying
Battigalli’s (1996) “independence property” or Watson’s (2017) “mutual PBE”.?!

5. CONCLUSION
5.1.  Summary

Our main result is that to calculate the set of outcomes implementable in sequential equilibrium
by any communication system in a multistage game, it suffices to calculate the set of outcomes
of canonical Nash equilibria in which players avoid codominated actions.

We also show that the stronger communication revelation principle holds for conditional
probability perfect Bayesian equilibrium but not for sequential equilibrium. In particular, while
the set of sequential equilibrium-implementable outcomes equals the set of outcomes of canonical
Nash equilibria in which players avoid codominated actions, it may be necessary to allow one
extra message to implement some of these outcomes as sequential equilibria.

There are, however, some important settings where the communication revelation principle
does hold for sequential equilibrium. These include games where no player can perfectly detect
another’s deviation, games with a single agent, social learning games, and games of pure adverse
selection or pure moral hazard.

5.2. Discussion

5.2.1. Sequential equilibrium without mediator trembles. In defining SE in games
with communication, one must take a position on whether or not the mediator is “allowed
to tremble”, or more precisely whether players are allowed to attribute off-path observations
to deviations by the mediator instead of or in addition to deviations by other players. In the
current paper, the mediator can tremble. If the mediator cannot tremble, one obtains a more
restrictive version of SE, which in a previous version of this paper we called “machine sequential
equilibrium” (MSE), to indicate that the mediator follows his equilibrium strategy mechanically
and without error. Gerardi and Myerson (2007; Example 3) showed that, in general, not all SCE
outcomes are implementable in MSE. However, we have shown that Claims 1 through 3 of
Proposition 4 hold for MSE, as does a “virtual-implementation” version of Claim 4. In particular,
whether the mediator can tremble or not is “almost irrelevant” in games of pure adverse selection.

31. Watson (2017) defines plain PBE, which does not require the existence of a common CPS across players.
His lectures (available at https://econweb.ucsd.edu/~jwatson/#other) further define “mutual PBE”, which does require a
common CPS.
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5.2.2. Infinite games. The dynamic mechanism design literature often assumes a
continuum of types or actions to facilitate the use of the envelope theorem, while we restrict
to finite games to have a well-defined notion of SE.> We conjecture that the communication
RP for CPPBE can be extended to infinite games under suitable measurability conditions. This
extension is not immediate, because we build on Myerson’s characterization of CPSs as limits
of full-support move distributions, which does not apply in infinite games. Nonetheless, we
believe that Myerson’s results can be generalized to infinite games by instead relying on an
alternative characterization of CPSs as lexicographic probability systems (Halpern 2010). This
is an interesting question for future research.

5.2.3. Non-multistage games. Some recent models of dynamic information design go
beyond multistage games to consider general extensive-form games that lack a common notion of
a period (e.g. Doval and Ely 2020). Modeling communication equilibrium in general extensive-
form games is a long-standing unresolved issue, and different approaches are possible (e.g. Forges
1986; Von Stengel and Forges 2008). Characterizing implementable outcomes in such games is
another open question.
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Appendix: Omitted Proofs

A. RECURSIVE DEFINITION OF CODOMINATION

Fix a direct-communication game G* and a set of mediation plans 7 CF. For any ¢, given a correspondence 2, = (Ql; t) 0

/i
with 07 1Y/ = A;,, say that o] € %; is U -obedient if o] is honest and obedient at every history hzt', with ¢’ > such
that m; , €21 ,(v}). Say that a correspondence 2A; = (Ql,;,)i#_o with 2 : Y] = A; , is (F,24))-motivatable if there exists a
distribution 77, € A(F x ¥") such that, for all i #0 and 2] -obedient o7,

o mE)a(o fh(EY) = D ) w(of .o f IR (YY),
(fy')eFxy! (f.)')eFxy!
and for all y; and all @, €2;;(y}) there exist f€F and y' ;€[] ¥/ satisfying fir Oy =ais, (V5,y;) €Y', and

7 (f.yh,y;) > 0.
We now characterize ®©;, and its complement ©f , by backward induction. We first recursively construct a finite

sequence of correspondences ng)],Ql[Tl], ...,QI[TLT] satisfying Q([TLT] =97%. Define Ql?] by 91?] (yf):(?) for each i#0 and
yiT € YiT. Recursively, for each /> 1, let Ql¥] denote the union of all (F R 91¥71]>-m0tivatable correspondences QKT.33 Let

Lt be the smallest integer / such that EZ[¥] :Ql[THl], and let % :Ql[TLTJ. (Such Ly exists because A is finite.)

32. For a recent attempt to extend SE to infinite games, see Myerson and Reny (2020).
33. It may be helpful to note that .Al[l} (y,T) is the set of actions that are played with positive probability by type ))[T
in the one-shot game where each player j’s type space is YjT, for some correlated equilibrium and some prior on ]_[ j Y/.T.
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By backward induction, for each t < T, let F; C F denote the set of mediation plans f such that f; » (yl’.’) € ’Df v (yf/)
for all i#0, ' > ¢, and yl’./ € Yi’/.34 Let % ()= for each i #0 and y! € Y/. Recursively, for each /> 1, let A" denote
the union of all (f,,flly*l])-motivatable correspondences ;. Let L; be the smallest integer / such that mE” :Q{EHI], and
let D¢ =A™, Finally, let © denote the complement of D°: that is, D; , () =A;\D¢, () for each i 0, 1, and y!. For a

it
player i #0, period ¢, and payoff-relevant history y!, an action a; ; €A;, is codominated if a; ; € D; ; (yf)

The equivalence of this recursive definition and the fixed-point definition given in the text follows from the fact that,
for any correspondence B; = (‘B,-’,)l. 20 with B; ;: Yi' —A;,; that is not a codomination correspondence, there exists a
correspondence B C B, such that every action in B8,\B; is (F;, B{)-motivatable, where F; is the set of mediation plans
that never recommend codominated actions after period 135 Hence, if some action outside Qly] is not codominated—so

c c c
(ng”) is not a codominated correspondence—then there exists a correspondence (ml’“]) C (2[{”) such that every

C C
action in (9@”) \(ng“”) =m£’+”\m{” is (E,Qly])—motivatable.

B. PROOF OF PROPOSITION 2

Fix a game G=(I",€) and an NE (o, ¢). We construct a canonical NE (&,(ﬁ) in G*= (T, ¢*) with p‘;’“; =p%?. We take

& =o*: players are honest and obedient at every history. The mediator’s strategy ¢ is constructed as follows:

Denote player i’s period ¢ report by 7; ;= (Zl,-.,,l,E,;,) €A; -1 X Siy, with A; o=¢. In Period 1, given report 7; 1,
the mediator draws a “fictitious report” r; | €R; | (the set of possible reports in G) according to crl.lfl (5:',1) (player i’s
equilibrium strategy in G, given Period 1 signal 5; 1), independently across players. Given the resulting vector of fictitious
reports r| = (”'11)," the mediator draws a vector of “fictitious messages” m; € M (the set of possible messages in G)
according to ¢; (my|ry). Next, given (5; 1,r;,1.m; 1), the mediator draws an action recommendation ;| €A; | according
to ai{*l (ﬁu,] |Si1,ri1,mi1 ), independently across players. Finally, the mediator sends message ;1 to player i.

Recursively, for r=2,...,T, given player i’s reports 7; ; = (Zl,-.r,l ,fv,-.r) for each T <t and the fictitious reports and
messages (ri,,,mi,f) for each 7 <1, the mediator draws r; ; € R; ; according to aﬁ(&,'.,rf,m;,é,’.j,;,), independently across
players.36 Given the resulting vector r; = (r,;,)i, the mediator draws m; € M; according to ¢, (m|r',m’,r;). Next, given
Sitorirsmi ), the mediator draws /m; ; € A; ; according to of,(il’., ri,m, a5, ri,mi,), independently across players.37
Finally, the mediator sends message 7; ; to player i.

That p%¢ = p®? follows by induction from the beginning of the game: given that players are honest and obedient,
7! equals player i’s period ¢ payoff-relevant history, so, conditional on each profile (Fl’ .1l m;)i, the variables r; ;, m; ;, and
a; ; are all chosen with the same probabilities under strategy (&,zﬁ) in game G* as they are under strategy (o, ¢) in game
G.

It remains to prove that (5,(13) is an NE in G*. We first show that, for any deviant strategy 6/ that player i can play

against (&_mf)) in game G*, there exists a strategy o/ that yields the same outcome when played against (c_;,¢) in
game G.

~ . 4 . 5' 5 b
Lemma 1 For each i and strategy ] € X}, there exists a strategy o/ € ¥; such that p°i O=inh = p0i 0=

Proof. Fix i and 6/ € X}. We construct o] € X; as follows: In Period 1, given signal s; 1, player i draws a fictitious type
report 7; | €S;,1 according to &i/ﬁ (s,;l). Player i then sends report r; | €R; 1 according to cr,.’?l (?,;1). Next, after receiving
message m; | € M; 1, player i draws a fictitious action recommendation 712; | €A; 1 according to ‘7;,41 (?,-, 1,71, 1 ) Finally,
player i takes action a; | €A, 1 according to &i/ﬁ (s,v,l JFil ,ﬁz;yl).

Recursively, for r=2,...,T, given her past signals and actions (s,-,,,a,v,r)tr;ll, her past fictitious type reports and

t—1

-1 . ,
1> her past reports and messages (rl-,,,m,;,)T:1 , and her current signal s; ;, player i

action recommendations (?,-_I ,n~1,-,,)

34. For r;/*'l eRl’./‘H \Yl.’/,ﬁ,,/(r,f/*'l) is not restricted.

35. This fact is established by the first paragraph of the proof of Lemma 3 of Myerson (1986), setting k=t and
B'=%B; X[];2141Dr-

36. If (3;,&?, i ,) ¢Y!, the mediator can draw r; ; € R;; arbitrarily (e.g. uniformly at random).

37. Again, if (5¢,a!,5:) € Y!, the mediator can draw 77; ; arbitrarily.
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draws a fictitious type report 7; ; €A; ;—1 x S; ; according to &i”lf (s§,7,m},al,s; ). Player i then sends r; ; € R; ; according to
Rzt
NGRS

according to aft(?g,ri’,ml’., Fit,rie,miy). Finally, player i takes action a; ; € A; ; according to &i’,’}(sf,?f,%l’.,al’.,s,-,,, Fiogs i g).

mI’., ?,3,).38 Next, after receiving message m; ; € M, , player i draws a fictitious action recommendation 77; ; €A; ;

ol 5.5

in® =p 9 by the same argument as for ,o‘}'é =p>¢. N

Given this construction, p
Now suppose towards a contradiction that there exist i 0 and 5/ € £} such that &; (51.’ ,0_i, (5) > i (&,—, 6;,-,:73). By
Lemma I, there exists o] € %; such that
i (o}, 0_i,9) =1 (5,-/,5—i,¢) > Uj (5:’,5—1',4)) =u;(0;,0-;, ).

This contradicts the hypothesis that (o,¢) is an NE in G.

C. PROOF OF PROPOSITION 3

We first prove that, in the opening example, the outcome distribution %(A,A,N)—Q— % (B,B,N) is implementable in non-
canonical SE but not in canonical SE. In the Supplementary Appendix E, we extend the example to prove that restricting
to direct communication is with loss of generality.

C.1. Implementability in non-canonical SE

Propositions 1 and 5 show that any outcome that is implementable in a canonical NE in which codominated actions are
never played is SE-implementable. It thus suffices to construct a canonical NE that implements % (A,A,N)+ % (B,B,N)
in which players avoid codominated actions. Such an NE is: the mediator recommends m; =A and m; =B with equal
probability, plays ap =m, and recommends m» =N if s=0 and my =P if s=1. Note that each a; € {A, B} and a; =N are
never codominated, and a; =P is not codominated after s=1 as P is optimal if (a1,0)=(C,p).

C.2. Non-implementability in canonical SE

Since a1 =C is strictly dominated, if a canonical SE implements %(A,A,N )+ % (B,B,N), the mediation range Q; (¥)
must equal {A, B}. That is, the mediator can never recommend m; =C (even as the result of a “tremble”).

Note that, for each strategy of the mediator and Player 2, and for each realization of (ml,&l,é ,s), the resulting
probability Pr (mz =P|my,a;,0,a ,é ,s) does not depend on (ap,8), since neither the mediator nor Player 2 observes
(ay,0). Conditional on reaching history (m,a; =C,0), player 1 chooses her report (fu ,é) to minimize Pr (m; = P) (since
in a canonical equilibrium, with probability 1 conditional on <m1 ,ay,0,a; ,é, s), ap =P iff my =P). Since a; = C implies

s=1, and when a; = C player 1 must be willing to report (Zu ,é) =(C,0) for each value of 6, we have
Pr(mZ:lel,&l =C,0=n,s= l) :Pr(mQ:lel,Ell :C,é:p,s:l).
In addition, if a canonical SE implements % (A,A,N)+ % (B,B,N), it must satisfy

Pr(mzzlel,&l :C,s:1)>0foreach my €{A,B}.

Otherwise, given that Player 2 never plays a, = P with positive probability when s =0 (since s =0 implies a; # C), Player
1 could guarantee a payoft of % by, after each m; € {A, B}, playing A and B with equal probability and reporting a; =C.
Hence, for each m; € {A, B},

Pr<m2:P|m1,[11 =C,0=n,5= 1) :Pr(mzzlel,Zzl :C,é:p,s:l) >0.
Since Player 1 honestly reports each (a1,0) in a canonical SE,

Pr(my=P|my,a1=C,0=n,s=1)=Pr(my=P|m;,a1=C,0=p,s=1)>0.

38. If ?f“ ¢ Y/, player i can draw r;, arbitrarily, and similarly for /n; , in what follows.
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Hence, along any sequence of completely mixed profiles indexed by k converging to the equilibrium,
lim Pr(my=Plm;,a;=C,0=n,s=1)= lim Pr(my=P|m;,a;=C,0 =p,s=1)>0. (C.1)
k—o0 k k—o0 k
Therefore,
Pr((a1,0)=(C,p)Is=1,my=P)

— lim Prf ((a1,0)=(C,p),s=1,my=P)
T koo Prf(s=1,my=P)

— Lim Pr*((a1,0)=(C,p),s=1,my=P)
k»ooPr ((a1,0)=(C,p),s=1,my=P)+Prf((a1,0) #(C.,p),s=1,my=P)

< lim Prf ((a1,0)=(C,p),s=1,my=P)
- k—>00Pr ((a1,0)=(C,p),s=1, my=P)+Prk ((a1,0)=(C,n),s=1,my=P)

Pr¥ ((a1,0)=(C.p),s=1)Pr* my =P|(a1,0)=(C,p),s=1)

kingo Prk((ahe):(c,p),s:l)Prk(m2:P|(al,Q)Z(C,p),SZ])
+Pr¥ ((a1,0)=(C,n),s=1)Prk (ma=P|(a1,6)=(C,n),s=1)

lim Pt (my=P|(a1,0)=(C,p),s=1)

k=00 Pr¥ (my = P|(a1,0) = (C,p),s= 1)+ Ptk (my =P| (a1,0) = (C,n),s=1)

1

E )

where the second-to-last line follows because 6 =n or p with equal probability, independent of a; and s, and the last
line follows since (C.1) holds for each m; € {A, B}, which are the only possible values for m;. This implies that Player 2

will not follow recommendation m, =P when s=1 in any canonical SE. Hence, a; =P cannot be played with positive
probability at any history in any canonical SE. Given this, Player 1 can guarantee a payoff of % by playing A and B with

equal probability after each m, so % (A,A,N)+ % (B,B,N) cannot be implemented.

D. PROOFS OF PROPOSITIONS 4 AND 5

This section contains our analysis of SE, culminating in the proofs of Propositions 4 and 5.

D.1. Quasi-strategies and quasi-SE

We begin by introducing notions of “quasi-strategy”, which is simply a partially defined strategy, and “quasi-equilibrium”,
which is a profile of quasi-strategies where incentive constraints are satisfied wherever strategies are defined. We use
these concepts to show that defining strategies and assessing sequential rationality only after a subset of histories (which
necessarily includes all on-path histories) suffice to establish the existence of an SE with the specified on-path behaviour.
The basic idea is that strategies outside the specified subset can be defined implicitly without affecting incentives at
histories within the subset.

Fix a game G= (T, €).

Intuitively, a quasi-strategy for player i consists of a subset of histories J; C H; and a strategy yx; that is defined only
on J;. Formally, for each player i, a quasi-strategy (x;,J;) consists of

1. A set of histories J; = J/_, (Jl.’“ usRrusM uJ;‘*’+) with S CH IR CHY xRy, SN cHM, and ST €

H,A” xAj; :H,.H'1 for each ¢, such that (i) for each hiR" EJI.R” there exists hl.”'1 EJ?’TJr that coincides with th’t up to the

period-¢ reporting history, (ii) for each hiTJrl eJl.A’T+ and every hf‘t eHiR ! that coincides with hiTJrl up to the period-¢

reporting history, we have hiR’t eJiR", and (iii) the same conditions hold for J,.R’H, ]l.A‘t, and le,rJr’ with hf” replaced by
(h,.R”, r,;t), h‘;’", and (h?”,ai,,), respectively.

T
2. A function y; = (le ',XI.A") R where X[R":JiR"ﬁ A(R;;) and X J '— A(A;,) for each 1.
t=

The key requirement in the definition of a quasi-strategy (x;,J;) is thus that for each history hf" S JiR ! there is some

AT+

continuation path of play that terminates at a history hprl e€J;"' ", and conversely any history th’t reached along the

hT+l EJA Tr .

path of play leading to any terminal history is contained in ] " (and similarly for h}“ le“). We also let
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J={heH:hj€J; Vi=0,...,N}. Note that 2% € J®" if and only if ~{"' € J' for all i, and similarly for (h®7,r,) € JR™,
KA eJA and (B, a,) e JAT

Similarly, a quasi-strategy (i, K) for the mediator consists of
1. Asetofhistories K = U,T=1 (K'UK™) withK' SR x M and K'T CR'*! x M+ such that (i) for each (' 1, m') e K’
there exists (rT+1 ,mT) e KT that coincides with (' !, m") up to period , (i) for each (*’ ™!, m") e KT and every (+'*!,m")
that coincides with (r"+!,m”) up to period ¢, we have (+'*!,m’) € K’, and (iii) the same conditions hold for K'*, with
(', m") replaced by (', m'*1).

2. A function ¢ = (w,)thl, where ¥, : K' — A (M,) for each ¢.

A strategy profile (o,¢) has support within (J,K) if (i) for each (r'*',m')eK’, ¢;(m;|r't' ,m")>0 only if
(1, m 1y e K™, (ii) for each hll.“ eJiR’t, gft(n_,mf”) >0 only if (hll.e*’,r,-,,) eJiR”*, and (iii) for each hf-"t le”t,
aft(a,-,, |h?") >0 only if (h?",a,-,,) EJiA’H'.

Recall that 2R denotes the payoff-irrelevant component of h®!. Define h®' € HR!|;  if hiR’t eJiR" for each i and
iRt e K'~1+ with the convention that #%! € K%* vacuously holds. For each i and hf" EJiR”, define AR GHR’t[hf’[]lj.K
if iR e HR!|; g and W®' € HR'[AF']. Define h' € HA|j i, and i € HA' 1)y k analogously.

We say a quasi-strategy profile (x,v,J,K) is valid if
1. JR1=§, Foreachr>1,h" e HR!|; x,i£0, 0;, T > t,and h®* with Proi-x=i-¥ (RR-T|pR1) > 0, we have h]R EJJ.R” for
each j#i and hRT e g1+ 39 Similarly, for each r; with Proi-X—i-¥ (hR'T,rr |hR*’) >0, we have (I:LR",r,) €KT; and for
each m, with Proi-X-i-¥ (hR*’,rT,mr |hR*’) >0, we have (h;e’z,rj,I ,mj,,) e]jfM for each j #i. The same condition holds
when we replace A% € HR!|; by hd' € HA7|; k. That is, no unilateral player-deviation leads to a history where either
the mediator’s or another player’s quasi-strategy is undefined.

2. For each (o, ¢) with support within (J,K), we have Pro-®(hT+!1 e HT+1|; )=1.40

The first requirement implies that, for every valid quasi-strategy profile (x,v,.J,K), every history A% (respectively,
A1) with ProeV (mR0) >0 (Prt-V () > 0) lies in HR®!|; x (HA!|; k). That is, HT*1|; x includes all on-path histories
under (x,v). This implies in particular that (x, 1) induces a well-defined outcome p*-¥ € A (X). The second requirement
implies that the same conclusion is true for each strategy profile with support within (J, K).

Finally, a quasi-SE (x,v,J,K,B) is a valid quasi-strategy profile (x,v¥,J, K) together with a belief system B such
that

L. [Sequential rationality of reports] For all i %0, t, o/ € X;, and hf’l le”, we have

S A )aGovnty = 3 B (W )i (of ™). D2)

hRJeHRJ[h’va”LK hR*’EHR’r[h,{“”.LK

2. [Sequential rationality of actions] For all i #£0, t, ol-’ €Y, and h;“ EJ?’[, we have

oo A )a (et = Y (i )a (o win). D3

WA eHA M| hATeHAT M |y &

3. [Kreps—Wilson consistency] There exists a sequence of strategy profiles (a" , qb")oil such that

(a) (0%, ¢%) has support within (J,K) for each k.
(b Pr7" 9" () >0 and P 9" () > 0 for all i, i €Jf, and i} e g,
(c) limkﬁooa.R’k nRt =Xit 1®") for each i and K GJR", limkﬁooo.""k i =Xir B4 for each i and K EJAJ,
it i s i i i it i s i i i
and limg— oo ¢f (F+1,m') =, (r'+!,m") for each (#+!,m') eK".
(d) k 1k k 1k
s R, s A,
Bi () = lim P ap (i) = tim P )
! ! k—00 Pr(rk,(pk (tht) ! ! k—o00 Prak‘d)k (hzl“x,r)

for each i, "' € X', WM e I, hR e HR'BN | k) and B € HAT W)y k-

39. If there exists j #i with hf’z_l ¢JJ.A’T_1 ,orif iR ¢ K71, then Pro-X-i-¥ (hR’r |hR”) is not well defined. In this
case, the above condition vacuously holds. The same caution applies to the following conditions.
40. Note that, since (o, ¢) is a fully specified strategy profile, Pr™® is well defined.
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The following lemma shows that it is without loss to consider quasi-SE rather than fully specified SE.

Lemma 2 For any game G and outcome p € A(X), p is an SE outcome in G if and only if p=p*-V for some quasi-SE
(x,¥,J,K,B) in G. Moreover, for any quasi-SE (x,¥,J,K,p), there exists an SE (o,¢) such that (o,¢) and (x,V)
coincide on (J,K).

Proof. Fix a game G. One direction is immediate: If (o,¢,8) is an SE in G, then define (x,¥)=(0,¢), JR” HR",

1
TR =HR xR, I = HM M =HM X A KT =R x M and K"t =R" x M". Then (x, ¥, J, K, B) is a quasi-SE
w1thpx‘p—p"¢

For the converse, fix a quasi-SE (x,¥,J, K, B) and a corresponding sequence of strategy profiles (&k , ¢~)k>k satisfying
the conditions of Kreps—Wilson consistency on (/, K). For each k, let

e = min min{G (i B0, 605 @i ). F Gme P )
(h?“ : )EJR:‘+ (hAr . )EJA1+ (r+1_mr+1)ekz+
;

Let mkt(hR “Y=supp oRtk( |hR h, Qlkt(hA "y=supp aAtk( \hA ", and MK+ m") =supp G(-[r'+!,m"). Since (61‘,(;)1‘)
has support within (/, K), (hi ! r,-,,) eJiR’H' for each hf‘t eJiR" andr;; € %ﬁt(hf"), (hf.‘”,a,-’,) € JI.A’H' for each hf.‘" EJiA"
and a; , teit(h?‘t), and (7!, m*1) eK'* for each (r'T!,m') €K' and m, € ME G+, m").

We now define an auxiliary game (l"k s C) indexed by k. In this game, each player i chooses a strategy O‘ik € X; and the
mediator chooses a behavioural mediation plan ¢, subject to the requirement that their choices coincide with (&k , 43") at
histories in H|; k. These strategies are then perturbed so that every history 4" occurs with positive probability, but when
k is large all histories outside H|; x occur with much smaller probability than any history within H|; x. Formally, the
game (Fk,€) is defined as follows:

1. The mediator chooses probability distributions ¢f(-|r*!,m')e A(M,) for each (r'*!,m')e(R™+! x M')\K'. At
histories (+*!,m’) K", the mediator is required to choose ¢f(-|r'*!, ’*)—&"(-lr”rl m).

2. Each player i chooses probabﬂny distributions or ( |hR "Ye A(R;;) and a ( |hA e A(A;,) for each ¢, hR g
HR I\JR !, and hA [eH \J . At histories hl. eJl.R t and hf.‘ [eJiA !, player i is required to choose oth (~|hll.e H=

&Rk< |th> andUAk( |hAt) ~Ak( lhA r)

it
3. Given (o ,¢k), the distribution of terminal histories H? ! is determined recursively as follows:
Given h®" € HR! each r;, € R;, is drawn independently across players with probability

( -7 ,,\{Rk th)> RA(V:t\th) lthtGJRt/\Vztemk (th)
Y if AR TR A ¢ RE ),
(12 |Ri,t|)0§{k(ri,t|hf't)+ &% if hf,t ¢JI_RJ.

Given (r't!,m') e R x M, each m; is drawn with probability

(1= 2 MAIRE Y mD) )G (e |# 4 ) 3F (#1 m) € KT Amy € MEGH ),
& it (7t m') €K' Amy gMMEGEL m),
(1= 1M, 1) @f me |1 )+ % if (1 m') ¢K".

Given i € HY!, each a; , € A;; is drawn independently across players with probability

(1% |\t ) 57 a2 S € a2 0,
o . if h;‘*’ EJQ'[/\lli,ﬁéQ[ﬁt(h?J)’
(1- ‘Azr|) (altlh N+ if ' g g

Given /' e HM' and a, €A,, each 5,11 € Sy is drawn with probability p (s,H A a,).

4. Player i’s payoff at terminal history /"' e HT ™1 is u; (iz'*l )

The interpretation of the distribution of r;, i in Part 3 is as follows (the interpretation of the distributions of m, and a;
are similar): if the current history hf" lies in J !, then player i reports each r; ; € SR" (hR "y with probability & a (r, ,|hR !

R.t+

(in which case the resulting pair (hf", T, ,) lies in J, barring a low-probability tremble to a report out51de Eﬁf‘ t(hf’t).

Such low-probability trembles occur with uniform probability %“ , which is much smaller than the probability of any report
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in the support of 5I.R'k when £ is large. Finally, if the current history hf.?" is already outside J| iR !, then player i follows her
chosen strategy al.R'k, while trembling uniformly with probability %"

Note that the strategy set in the game (F" , @2 is a product of simplices. In addition, each player i’s utility is continuous
in o’* and affine (and hence quasi-concave) in o; . Hence, the Debreu—Fan—Glicksberg theorem guarantees existence of an
NE in (I'¥,€). Moreover, since (0%, ¢*) has full support on Z for any strategy profile o* in (I'*, &), Bayes’ rule defines
a belief system g¥ by

k pk
Pl % ()
ke
Bi (' hf) = e
Prrk&: (h)
for all 50, all h}, and all k' € H'[h}], where Prp« ¢ denotes probability in game (l"k, @).

Solet (5%, K, B*); denote a sequence of NE (&k , dB") in (l"k s G) with corresponding beliefs B Taking a subsequence
if necessary to guarantee convergence, let (5, @, B) =limy_, oo (6%, ¢, B¥). Note that (&,¢) and (x, V) coincide on H|; k.
We claim that (0, ¢, 8) is an SE in (I", €). Since g satisfies Kreps—Wilson consistency by construction, it remains to verify
sequential rationality. We consider reporting histories hf”; the argument for acting histories hf” is symmetric.

There are two cases, depending on whether or not hf’t eliR”. If th’t ¢JI.R”, then hl.T+l ¢ J,A’TJr for all hiT+l that follow
th”, so by inspection the outcome distribution (and hence player i’s expected payoff) conditional on th" is continuous
in ok, ¢k, g, and k. Since 6[5,’]‘ (-lhf") is sequentially rational in (', €) (as (6*,¢%) is an NE in (I'¥,€), where the
distribution over 27! has full support), it follows that 65 (-lhf’t) is sequentially rational in (I", &).

Now consider the case where hf” eJI.R”. We show that player i believes that h%! eHR*’[hf”]\ 7,k With probability
1. Note that, for each hiT+I e]f"TJr and hif' with (hf*',h:*') gZHT“[h[.T“]l 7.k, there exists h’_Tf' such that
LR e HTH R+ k and
k gk T+1 3 T+1
Pro® (] T

klinolo Prak,¢k(h_T+1 h/T_+1)
1 2=

This follows because in (l"k , Q‘) each “tremble” leading to a history outside J occurs with probability at most e /k (this

is an implication of Condition 3(a) of Kreps—Wilson consistency for quasi-SE and the third condition in the definition of

a valid quasi-strategy profile), while every history hiTJrl eJl.A'T+ occurs with positive probability given (ak,¢>k) (this is
an implication of Condition 3(b) of Kreps—Wilson consistency for quasi-SE).

Therefore, for each hf" eJiR”, we have B; (hR"lhf’t) :ﬁi(hR*’lhf") for all AR? EHR’r[hf't]lJYK. Moreover, by the

second condition in the definition of a valid quasi-strategy profile, for any o/, player i believes that players —i follow x_;.

Hence, the fact that (D.2) holds for belief g; implies that afr(-lhf‘t): Xit (-Ihf‘t) is sequentially rational in (I, ¢). W

In the proofs of Propositions 4 and 5, it will be convenient to describe the mediator’s strategy as first choosing a
period-t “state” 6; € ®, as a function of the mediator’s history (r’ ,m’) and the past states 0’ =(0y,...,6,—1), and then
choosing period-r messages m; as a function of the vector (0’, rtm',6;, r,). When convenient, we will include these states
as part of the mediator’s history.

D.2.  Proof of Proposition 5

Here we prove that every SCE outcome is SE-implementable with pseudo-direct communication, and hence SCE C SE.
As discussed in Section 4, the reverse inclusion follows from Propositions 6-8.

By Proposition 1, it suffices to show that every outcome that arises in a canonical NE in which codominated actions
are never recommended at any history is SE-implementable with pseudo-direct communication.

Under pseudo-direct communication, we say that player i is faithful at history h} = (s?, ri,mt.a; ) ifri s =(aiz—1,5i.r)
for each v <t and a; ; =m; ; for each v <t with m;  €A; ; (i.e. with m; ; # ). That is, player i is faithful at history hf if
thus far she has been honest and has obeyed all action recommendations. Note that faithfulness places no restriction on
player i’s action in periods 7 in which she received message . Faithfulness at histories hf" and hf."l are similarly defined.

D.2.1. Trembling-hand PE. As previewed in Section 3.4, our construction begins by defining an arbitrary
trembling-hand PE.
Fix (1) gen satisfying ex — 0 and k (;)™ — oco. For each k, let 6% be an NE in the unmediated, &-constrained game
where each player is required to play each action with probability at least 4 at each information set. Taking a subsequence
if necessary, (&k) converges to a PE & in the unconstrained game (I, ). Thus, for each i, 1, yf, and strategy O‘/, we

)NT

keN
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have
D B OE )= Y B ()i (of,6-ily), (D.4)
yeYy] .V'GY'U,]
where Y'[y!] is the set of y' € Y* with i component equal to y! and
sk
Pro (»')
Bt (v'Iyf) = Jim =
P (v)
For future reference, for each y, let B; ; (v!) =A:, \supp 6;, (v!) denote the set of actions that are taken at y! only when

player i trembles. For ri*! e R¥+1\ Y/, we define B; ,( ’“) @.

Consider now the mediated, unrestricted, direct-communication game (I', €*). Suppose the mediator performs all
randomizations in the PE & on behalf of the players, so that the outcome of & results if players are honest and obedient:
that is, the mediator follows the behavioural mediation plan ¢ constructed from & as in the proof of Proposition 2.
Note that, since ¢ is a strategy profile in the unmediated game, (5,-,, (r“rl ,m' ) depends only on rf“, for all i, ¢, and

(r*',m"). In particular, the correspondence defined by 0, (rf“) =supp (h,(rf“) for all i and ¢ is a mediation
range.41 Moreover, since player i’s recommendations and player j’s recommendations are drawn independently, we can
write @ (m |+ m") =11 (m,',,lrf“) for all #, my, and (r+1,m").

Now let (&k ,q§) denote the profile in the mediated game (I',€*) where players are honest and obedient, while

trembling uniformly over actions with probability &;. Note that 5% converges to the fully canonical strategy o*. Define
x=0* V=6, JR ' {(S'H,rl,m al)irie =(Qic—1,8ic) Ami ¢ €0; ,(rTH) Vt <t—1} forall i and ¢ (and similarly for

JR S JA ! andJA Y K ={( ) imi . € Qs f( T“) Vi, 7 <t } for all ¢ (and similarly for K*), and
. Pro ¢ (hR
B (1) = lim — =2

for all i, t, hf", and KR! EHR”[th"]lj.K (and similarly for 5,-,, (hA*’lh?">). For y' € Y‘[ilf‘t], we write
B (Y1) = > B (1),
hRJeHRJ[h’RJ”_LK with ilR”=y’

and we write it; ((ri, rrji,q;\ilf”,y’> for player i’s continuation payoff at the history /%" where hf" = (yt’.,iz,l.e’t) (recall that

hiR” is the payoff-irrelevant components of hf”) and h]R‘t :l_zj(y]’.) for each j # i42

AW . . Rt _ jRt IRt _ yRt . . PRI SR
Lemma 3 (x,w,J,K,,B) is a quasi-SE. Moreover, for each i, t, o/, ;" €J;"', and ;" € J;" with "' =h;", we have
- T T CAll A E S 1 i T CRen AR B (D3)
yey! [l yevi iR
Proof. For each i, let J; be the set of histories where players are honest and all past messages lie in the mediation range:
for each t,

Rt Rt
e 7 iri e =(aic—1, v,,)andm,,eQ,r(r mf,r,-yr) V‘L’<l‘},

[
h *irie =(ai,c—1,8i7) and mic € Qi o (r] ,mf ,ri7) VYt St},

(v
(

th ri 7) thGJRrand r”:(alt 1,8i t)}

At+ _ hAtazt) hAtGJAt}

Rt+ {
41. Since we construct é in Proposition 2 such that, after rf“ eR;"H\Y’ , the mediator sends all action
recommendations with positive probability. Hence, Q,-, ¢ (rf“) =A,;, for rl{“ ethJrl \ Y.

42. Here, I_zj(y]’.) is the history for player j that obtains under honesty and obedience given payoff-relevant history
!
Ve
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Similarly, for each ¢, let

K = {(r""l,m’)eRH'l xM":m; €0 (r] ,mf,riz) Vi,r<t},

Kt = {(r""l,m""l)eR"H xM* i €0in (rFomf . ric) Vi,rgt}.

The quasi-strategy profile (,v,J, K) satisfies the two defining conditions for validity in G, since (i) J® ! = S! by definition,
(ii) histories outside J; cannot arise as long as player i is honest and the mediator follows v, and (iii) for each i, a terminal

history hiTJrl arises with positive probability when players are honest and take all actions with positive probability and

the mediator sends all messages within the mediation range with positive probability if and only if all reports in hiT+1 are

honest and all messages in hiT+1 lie in the mediation range.
To establish that ( x.v,J.K, ,5) is a quasi-SE, it remains to show sequential rationality:
Yo Ao ) = 3 B (W )i (of 0% BHR) (D)
hR"eHRJ[hIR"]\J,K hRJEHR"[hf"]\j.K
. R,t Rt . P At . . R,t Rt .
for each i, 1, ;"' €J;"', and strategy o/ in game (I', €*) (and similarly for A;""). Since (i) #;"" €J;"" implies that player
i has been honest, (ii) ¢,(r’+1 Jm')= ]_[iqb;,, (r{“), and (iii) player i always believes that her opponents are honest, for
each i, t, hf" eJ,.R” and rr.’ we can write (D.6) as
R G LT Gl D - S A R AR B ®7)
yey![ifh yert[ifh

Moreover, for each y' € Y’ [ﬁf”], we have

B Pro5® (VY Pro* b (il |y Pro5 8 (VY PrS® (it [yt
ﬁi,t(ytlhf’t) = lim r.k ~(y) d = (m; ) = lim ) r~k .(mlly’)
k=00 prohd () Pea Ol ly!) ko0 Protd () Prod 1yt
pré*.@ v ) pro* y! ~
—im o 0) i PO O) s e,
koo o (yf) koo Pre(y))

where the second equality uses pro* ¢(m Y= pro* ¢(m [¥}), which holds since & (my |+, ’):I—[i&i,t(m,-_,lrf"']).
Hence, (D.7) is equivalent to

> A (i (o Bl ) =Y ﬂu<y ) (o 0 Bl ).

yieyt thJ ¥ EY’[h

By the same argument as in the proof of Proposition 2, (a*,(fb) induces the same outcome distribution in (I, €*) as &

does in (T", ¥). Hence,
Do A (Y (o B ) = Y B ()@ (61).
yey (il yey![ifh

In addition, by the same constructlon as in the proof of Lemma 1, for each hR ! EJR'

(T, &*), there exists a strategy &/ in game (T, #f) such that
S (Yoot B ) = () (61,6l
yert il yert [l
Hence, (D.4) implies (D.7).
To complete the proof, we show that (D.7) can be strengthened to (D.5). To see this, note that, under strategy o; =0/,

since ¢ implements the play of a PE in the unmediated game, player i’s continuation play in periods t > ¢ does not depend
on mf Hence, for each hf’t eJiR‘t and hl’.R‘t eJiR" with hiR" :h’.R’t we have

> A (Y (on Bl )= Y ﬁ”(y Vi (o Bl ).

yeyiif yert i

and every strategy o] in game

Moreover, again because ¢ pertains to the unmediated game, players’ recommendations are independent. Hence, for any
o] that depends on m}, there is another strategy o’ that does not depend on m} and achieves the same payoff. Hence, for
each th’t GJI.R” and h;R” eJiR’t with ilf’t :;ll/-R’t, we have

S B ()i (of oG ) mmax Y B (W )i (o0 Bl ).
Y ey o yerity
Hence, (D.7) implies (D.5). W

i
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1532 REVIEW OF ECONOMIC STUDIES

By Kuhn’s theorem, there exists a mixed mediation plan ji € A(F) such that (o, /1) and (o*,é) induce the same

distribution on terminal histories Z in (I", €*) for all strategies o. Since &,(m,lr’“,m’):]_[iq;,;, (m,-,,lrf“) for all i, ¢,

141
)

my, and ("1, m"), we have

i) =[ [ forall f. (D.8)
it
For each ¢, let F, denote the set of functions f,:R"*! — M,, and define F<'=x,_,F, and F>'=xsF,. Thus,

(F='.f=") €F for each t. For f<' € F~', we write f <" € supp jt~' if there exists f=' € F=' such that (f=',f=") € supp .
Define f; € supp fi; and f;~' € supp /i~ analogously, focusing on the mediation plan for player i.

D.2.2. Rationalizing non-codominated actions. We now construct a sequence of mixed mediation plans that
induce all non-codominated actions with positive probability.
Let
Fr= {f EF £ (") e AL \D (FT) Vi, ! }

be the set of mediation plans that never recommend codominated actions, and let
P == e P T ) €A\ D ) Vi e 27 |

be the projection of F* on F=' A Asin Myerson’s Lemma 3, the definition of codomination requires that there exist

T
L>1 and distributions ((ﬂ,m )lL:l) with 7/ e A (F*=' x X" x §;) for each  and [ satisfying the following conditions:

=1
. -1 .
First, define ntk =Z,L=] (%) rr,[”. Then, for each i, ¢, and y!, denote the support offl%’ at y! under rr," by

there exist f=' and y' with i-component equal to y’
() =dm A, i
supp,, (1) {m”’EA"" such that =¥ (f2,3') > OAfS ) =m, :

Note that this set is the same for all £ € N. Finally, for each ¢, let

Pra*,nf (fzz’;lrﬂ mTy =n[k (fzt’,‘,’lR,t) Pt (ilT+1 Tk (ﬁR,r)) ’

where m"'T = (m;, ..., mr). Note that supp Pr"**”fk is the same for all k e N.

T
With these definitions, the required conditions on ((m“])lel) e
1=

1. Every non-codominated action is recommended with positive probability:
supp; (V) = A, \Dir 3))-

2. Atevery history reached with positive probability under profile (a*,n,’" ), honesty and obedience is optimal under the
beliefs ,B"**”’ derived from (a*,ntl‘) as k— oo: foreach i, t, T >1, (ilf’r,m;") satisfying Pr"**”fk (itll.e”,m,’f’) > 0 (for any
k €N), and strategy Ji’, we have

Dl (R AN DAL R

f2eF =t yTeyT [;,IR-T]

D S Sl G AR LIURTEN ) (D.9)

fEteFe=t yT eyt

where
ok o>t T T
o* 1 (p=1 PRT 1 . Pe? (LY mT)
B+ ’(f* YRy ,mi’):khm — T ’_r’ .
=00 P (5] mlT)

Since every reachable history A% under (O’*,J‘[tk) is faithful and f=' sends only action recommendations (i.e.

is not recommended), (f=',y") uniquely pins down hRT=h(y") given that we have h®'=/(y'). Hence, we write
it; (Ji’,afi{fzt,y’) for i; (Ui’,afi[fz’,h(y’)).

43. Note that in the definition of F*>!, there is no restriction for f; , (#* 1) if r*+1 GR?‘Hl \Y7.
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SUGAYA & WOLITZKY THE REVELATION PRINCIPLE IN MULTISTAGE GAMES 1533

D.2.3. “Motivating equilibrium” construction. We next define a sequence of quasi-strategy profiles
(ok,gbk,l,l()k in the game with pseudo-direct communication (I',&**), where the quasi-SE profile for the desired
“motivating equilibrium” is given by (o,¢,J,K) =limj_ (Jk,¢k,J,K).

Players’ strategies o* : Each player i is faithful: with probability 1, she plays a; , =m; , after each m; ; € A; ; and reports
ri = (al-’,,l,x,-v,) after each (a,-,,,l ,s,-,,) €A1 X S;,. After receiving message m; ; =*, with probability 1—,/e; player
i takes a; ; according to her PE strategy &; ,(y}), and with probability ,/&; she plays all actions with equal probability.

Mediator’s strategy ¢*: At the beginning of the game, the mediator draws the following three variables: First, for
each player i and each period ¢, independently across i and ¢, he draws 6; ; € {0, 1} with Pr (Gi,, :0) =1—,/ex. Second,

again independently for each i and ¢, he draws ¢;, €{0,1} with Pr ({,3,:0) =1- (%)Z(L_H)T. Third, independently for
each i, he drawsf:- from fi;. Given a vector £ =¢ 7+ let |¢| = Z,’,;Ci.r be the /;-norm of ¢.

In each period ¢, the mediator has a state

e |J 0pHu U @»n)

fesupp it 1<r*<T feF*=t*

with initial state wp= (O,f ) Let o=w"*!. Given 6 =07*! and ¢ =¢ 7!, for each period ¢, the mediator recursively
calculates the state w, and recommends m; ; €A; ; U{x} as follows:

e Notation: For each i, 7, and yf_', denote the number of tuples (f;~',6;,m!) with ;" € supp ;" such that, for all
7 <t—1, the mediator sends m; :j;.;’ 7)if 6; - =0 and sends m; ; =« if 6; ; =1 by
(F=1,6!,m!) €supp i7" x {0, 1}~ x [T:2} (A Ux})
mir =f{ 7)) Ve <t—1st 6. =0, . (D.10)

#M; ()=
’ mj =% Vr<t—1s.t. 9,"1—:1

Let#M(y' )= ]_[f]:O#M,-(yl’f 1. In addition, for /<" € supp /i~!, denote the number of recommendation strategies
f €supp jt which coincide with < for the first t— 1 periods by #(f<")=|{f’ € supp fi:f'<' =f<}.

Calculation of w,: We define the distribution of e, given w,_1, ', 0, and ¢. If w,_| # wy then w, =w,_; with
probability 1. If w;—1 =wp then the mediator calculates the probability of (6, s =wo, r' T m! ) given o* and
the construction of ¢* up to period ¢. Denote this probability by p* (9, Cowo, r't m! )

If pX (0, ¢, o, r'+!,m") =0 then w; = w;_1 with probability 1. If p*(8, ¢, wp, "', m") > 0 then, for each ' € F*>!,
the mediator draws ;= (t,f=') with probability

1\ EHDH2LHDT ] 1 k(i gt
) 7 ) D.11)

4 (w:|9,§,wo,r’+l ,m’) = <f

X X = y
k PrO. ¢, w0, 7t m") T #E<ORM ()

and draws w; = wy with the remaining probability. Note that p* (6.¢,@0,r' T, m") > 0 implies that r' +1 corresponds
to some y' €Y', so f(f=!,r"+1) and #M (') are well-defined.

Calculation of m;: If w,= (0, f ), then the mediator recommends m; ; = f,-,,(rf“) if ¢;;=06;;, =0, recommends

m;,; =«if {; ; =0and 6; , = 1, and recommends all non-codominated actions 4; ; \’D,-,,(rfﬂ) with equal probability
if &, =1.1If & = (7,f=") with 7 > 1, then the mediator recommends 1, =f5’(r’“).

Definition of K and J: Let KT+ = { (rTHL mT Y omy e [T, A1 Ui} \’D,;,(rf“) vt }; for each ¢, K* and K'* consist of

all truncations of histories in K. Let J,-A‘T+ be the set of player i’s histories 111.TJrl such that (i) m; , € A; ;U {*} \Si_,(rf“)

vt, (i) 7y =(ais—1,5:,) V¢, and (iii) a;,=m;, Yt with m;y,eA,;,\@,-,,(rf“); the other elements of J; consist of all
AT+

J

i .

truncations of histories in

Let us give some interpretation of the mediator’s strategy. The mediator’s state ; indicates whether the mediator
currently intends to implement the PE 6 (in which case o, = (0, f )) or has switched to implementing some other mediation
plan f=7 for some 7 <t (in which case w,; = (t, f Z’), where 7 is the period when the mediator switched). The mediator’s
state switches at most once in the course of the game: that is, every state w, except (O, f") is absorbing. Moreover, the

probability that the mediator’s state ever switches converges to 0 as k — 0o. A crucial feature of the construction is that
the mediator’s state transition probability, qk, is determined so that, conditional on the event that the mediator’s state

switches in period ¢, the likelihood ratio between any two mediation plans and payoff-relevant histories (f =t h’) and
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1534 REVIEW OF ECONOMIC STUDIES

(f =ty ’) is the same as the likelihood specified by JT[k. This feature will guarantee that the recommendation to play any
non-codominated action is incentive compatible in the limit as k — oo.
In addition to possibly “trembling” from the initial state (O, f ) to another state (t, = ) the mediator can also tremble in

his recommendations while remaining in state (O, f~ ) Specifically, when w; = (0, f ), ;=1 indicates a mediator tremble

that sends message * to player i. Player i then plays her PE strategy 6; in period ¢ but trembles with probability /.
Since Pr (9,;, = 1) = /e from the perspective of each of i’s opponents, they assess that player i trembles with probability
&k X /€ =¢k, exactly as in strategy profile &*. This argument is formalized in Lemma 5.

Also, when v, = (0, f), ¢y =1 indicates a mediator tremble that recommends all non-codominated actions with
positive probabilities. This event is very rare, so that when player i is recommended a non-codominated action outside
supp 6; (yf) in period ¢, she believes that ¢; ; =0 and this surprising recommendation is instead due to a switch in the
mediator’s state in period . However, if she later reaches a history inconsistent with this explanation, she updates her
belief to ¢; ,=1. This is formalized in Lemma 4.

We note that the quasi-strategy profile (o, ¢,J,K) is valid. To see this, observe that a profile (a’, qb’) has full support
on (J,K) if and only if each player i is faithful and the support of the mediator’s recommendation equals [ [;A; ;U {*}\
Di(r! *1) for each  and (1, m"). Given this observation, the three conditions of the definition of validity are immediate.

D.2.4. Joint distribution of histories and mediator states. Given the quasi-strategy profile (ak,g‘bk) just
defined, we calculate the joint distribution of (0, Z, w,hT*! ), which we denote by k.
For each (6, ¢, wo, '+, m") such that p*(0, ¢, wp, '+, m') > 0, we have

NT 2L4+1)TIe|
k e = (7)o ) 1
PiO,¢, w0, 1 ,m)Zu«<f)>< [AT] ><<% .

Hence, for each (8, ¢, wo, r't!,m") and w, # wy, we have

(1)(L+l)t ‘AT| 1 7T,k(le,r1+])
- X 7 X~ X = .
k (&) u( ) H(E<OHM ()

k 1+1 t
q (erG,C,wo,r+ ,m)f

W — 00 as k— oo, this implies

lim ¢* (wt|9,;,w0,r’+‘,m'):o. (D.12)
k—o0

Since k(&

Giveny', f~'esupp £~', 0", and ¢, let M'(f<,0',¢",y") denote the set of m' such that, foreachiand t=1,...,t—1,
@) mi e =£,F 07 if Gi.e =60 =0, (i) m; r = if &; ; =0 and 6; =1, and (iii) m; r €A;  \D; (O7) if &ir =1.

Foranyt,ifw():m:w,,l=(0,]~"> andwt=~~~=a)r=(t,f‘zt),Wedeﬁnet*(m):tandf(a)):<f<’,f3’>.Wehave44
840, ¢,0,n")
k o k k )
= Hay=agv) XPr¥ (0,0) x i(f (@) X Pr” (@, =wo¥t|0, ¢, ) x Pr? (hT“lf(w),e,c)

° (LADt2(L+DT|¢|
PO, ¢, 00,08 m") (1)

T 1 Al O

X = g
PRO.8,00, 1R m") #(f <! ()M (RR1)
-’er(r*(w):t} Z «Pro” (}flTJrl‘l‘,’lR,t fzt(w))
=1 FF<t=f<t(w) »

x1 {m’ eMI(F<!(),6",¢1 ity and my =f = (w)(RR-T) Vrzt}
: k 1 . 1
Cancelling out p* and 2 and E =< () and =y Ve have

8 ©0,¢,0,hTT)

= Lrmogv) X P (0.2) x fi(f (@) x P (@, = woV1]0. ¢, ) x Pr?* (h”l [f(@),6, g)

T 1\ LADIF2LADTIE] 7 (= ) R 5 % (5741 3R =1
(t) Lo (TR (@)
+Zl(t*(u)):t} «1
=1 {m/eM/(f<'<w),0',;',ﬁf)andmr:le(w)(ﬁm)vfzr}

44. Here, It is the projection of A7+1 on X'. Since players are faithful, 4 fully determines the reports, and hence
rT+1 does not appear in this calculation. We also write Pr®” (izT“ |I:LR",f3’(a))> instead of Pr®" (I:LTJrl |iLR*’,f2’(w)) since

1) if ;= (r, f 3’) for some 7 #0, then m, € A, and (ii) players follow all non-+ recommendations given .
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D.2.5. Conditions for quasi-SE. The main remaining step in the proof is showing that (o,¢,J,K), together
with a belief system B, is a quasi-SE. (The proof will then be completed by mixing this quasi-SE with the target SCE
outcome.) We first show that, for each k, i and 7, 5k (hf") > 0 for all hf" EJl.R" and &% (hf.“t> > 0 for all hf.‘" EJI.A". We
then compute 8 as the limit of conditional probabilities under 8¥. We will then be ready to verify sequential rationality
given beliefs §.

We show that 8¢ (h?’”') > 0 foreachk, i, and h?’“' = (XI-TH s riTH s miTJrl R al.TH) eJ?‘”'. Fix any (xf,-“ ,aEd) such
that (siTH ,si;rl ,aI.TJrl R ai?l) e XT+1, For each 1, define 0;., =1 for each j and ¢; for each ¢, define m; ; = and ¢; , =0 for

each j#i and ¢; and for each ¢, define ¢; , =1 if and only if m; ; # *. It suffices to show that
T+1 T+1 T+l T+l T+l T+l
(Si ST T m T )
happens with a positive probability given 8k if ry=(a;—1,s;) for each t and a; , =m; ; for each t with m; ; € A; ;. Since any
m;; €A \D i,,(rf“ ) is recommended with a positive probability given ; ; =1, m; ; = is recommended given ¢, =0 and
0. =1for each j and ¢, and each player j takes all actions with positive probability given m; , =, we have 5k (hf\’”') >0.
‘We now define the belief system 8 by
B (W) = D Ba (0.6, S,
0.¢,01

where . B
. 846,00
X Rt 1Rt
ﬂl.z(eqi,wph I )——khm 781((}[?,5

for i-component of %" being equal to th”. By construction, this belief system satisfies Kreps—Wilson consistency given
quasi-strategy profile (o,¢,J,K). Thus, to establish that (¢,¢,J,K) is a quasi-SE, it remains to verify

1. [Sequential rationality of reports] For all i 0, t, 0/ € %;, and hf’t eJl.R",

D (e TR ERD S M (G T TR NI (D.13)

hR-’EHR-’[th'f]lJAK hR"EHR"Ul,Ivh“JK

2. [Sequential rationality of actions] For all i#0, t, o/ € ¥;, and h?'t E]f’[,

> (i Ya(ost )= S ()i (of osli). @14
hA’rEHA'r[h?J]l_]'K hA"EHA"[h,A’r”J.K

D.2.6. Mediator states that explain a faithful history. We now present Lemma 4, which was previewed above

following the definition of (ok K, I K ) We first define the notion of a mediator state “explaining” a given faithful history.

Given a faithful history hf” for some i and ¢, we say (0,¢) explains hf” if there exist f esupp i, 0, and hli’il such
that, for each j and t=1,...,t—1, (i) mj=a; :f,’;,(hf‘r) if §j o =0 =0, (ii) mj; = if ¢;; =0 and 6; ; =1, (iii)
mjc=a;; €Aj \@,ﬁr(izf’) if g, =1, and (iv) p(se411s7T1,a™1) > 0 (and also p(s1) > 0).

Given a faithful history hiR” for some i and ¢, we say (t*,¢) witht* > 1 explains hf" if there existf'“* € supp asr L rEr,
6,and B! such that (i)~(iii) hold fort = 1, ..., 7*, @) p(se41ls7T1,a™1) > 0foreacht =0, ..., — 1, (v) 7k (fi’*,i#‘f*) >
0, and (vi) m; =a, =f§’*(izR'T) for each T =t*,...,t—1.

Similarly, given a faithful history h}“, we say (0,¢) explains h?" if (i)—(iii) hold for t=1,...,¢ and (iv) holds for
1=0,...,t—1; and (t*,¢) explains hf” if my=£=" (") holds in addition to the above conditions (i)—(vi).

Let
= U (e*.2).

0<t*<T,ze{0,1)NT

[m

Order the elements of E such that (%, ¢) < (7%, ) if (i) |¢] < ‘;‘ or (ii) |¢] = ‘;‘ and 1* <7*. Lemma 4 will establish that
(r*,¢) < (*,) if and only if a mediator tremble to y'rtli with ¢; =1 for || values of (j, 7) is infinitely more likely than a
mediator tremble to ﬂ;’i with g =1 for ‘;:‘ values of (j, 7).

Given the specified order on E, let & (hf’[) and & (hf") denote the smallest pairs (t*,¢) that explain hf" and h?",
respectively. Since Z is a finite set and 6% (hf”) and 8% <hf") are strictly positive for all faithful histories hll.?‘[ and

h?", such pairs always exist. Note in addition that each realization (¢, w) defines a realization (*,¢) € E. Denote the
corresponding random variable that takes realizations in E by (t*,¢).
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For any ¢/ €{0, 1y~!, define (0,¢1)= (O,Z’) where Zi’ =¢/, &i e =0 for all T>¢, and ;. =0 for all j#i and all .
Define (t*,{f) similarly.

Lemma 4 For all faithful histories hf’t and h?’[, the following claims hold:

1. We have
tim s (fer. o=} inf1) = 1. (D.15)
tim o ({0 =g i) = 1. (D.16)

2. Either E(hf’t) =(0,¢/) for some ¢!, or S(hf't) = (t*, {i’*)for some 0 <t* <t and {i’*. Likewise, either S(h’;”t) =(0.¢)

for some ¢f, or E(h?’t) = (t* , ;i’*) for some 0 <t* <t and {i’*.

Claim 1 of the lemma says that S;‘(hf") is an infinitely more likely explanation for faithful history th’t than any other
(t*,¢), and & (h?”) is an infinitely more likely explanation for faithful history h?’t than any other (*,¢).

Claim 2 says that the most likely explanation (#*,¢) for a faithful history has the following three properties. First,
the most likely explanation never involves a player j #i receiving a recommendation outside the support of 6; while the
mediator intends to implement 6': that is, ¢j,; =0 for all j #i and all . Second, the most likely explanation never involves
player i receiving a future recommendation outside the support of 6; while the mediator intends to implement &: that is,
¢ =0forall T >t (for hf", we also have ¢;  =0; note that player i has not received her period-f recommendation at history
hf‘[). Third, for an acting history h?’t, the most likely explanation never involves a recommendation outside the support
of 6; while the mediator intends to implement & in the current period: that is, for each h?" withm; , €A; ﬂf?,; ,(rlf*'1 ), we

have &(h") = (z*,g,.'*) with 0< 7* <f.

Proof. We prove first Claim 2 and then Claim 1.
Claim 2: We first observe that, whenever *.;‘(hf”): (0,¢), we have ¢ =¢/. To see this, note that whenever (0,¢)
explains hf", so does (O, {’) with {i/,r =¢; forall 7 and le,r =0 for all j and 7, since, for each t and a; ;, we can take
gj,r =0,0; ¢ =1,and m; ; ==, rather than ¢; ; =1 and m; ; =a; ;. Moreover, whenever (O, ;") explains hf‘t, so does (O, {i’).
As (0,¢) <(0,¢) with strict inequality if ¢/ #¢, this implies the observation.
We next observe that, whenever S(hf"): (t*,¢) for t* >0, we have ¢ =§i’*. To see this, note that whenever (1*,¢)
explains h?", so does (t*, {’) with {J’r ={j . foralljand 7 <#* and ;]’Z =0 for all j and 7 >*, since m; . is independent
o~

of ¢j . for all j and 7 > ¢*. Moreover, whenever (t*, {’) explains hf", so does (t*, e ) since for each 7 <#* and g; ., we

can take ¢; ; =0, 0; ; =1, and m; ; =, rather than ¢; ; =1 and m; ; =a; .. The observation follows as (t*, {i’*) <(t*,¢)

with strict inequality if g“i’* #¢. Given these two observations, Claim 2 for $(hf") holds.
The proof for S(h;“t) is the same, except that we also show &(hf.“) # (0, ;‘f“) with gi’“ = (;‘i’, 1). To see why this

new condition holds, note that whenever (O, {;“) explains h?”, so does some (t*, Eﬁ) with * =t and Z,-,r =¢; . for

each T <t—1. This is because, given #* =t, for each rf+1 ,eachm;, €A;, \@,-_t(r;"'l ), and each f<’ €supp 1=, we have

mi €supp ;,(r1). Since (t, Zi’) < (O, ;l.H'l), we have f;‘(h’?”) e (O, ;l."*']) with &, =1.
Claim 1: We prove (D.15); the proof of (D.16) is analogous. Let (1*,¢) :S(hf”)A

Denote the smallest probability of any message vector miT+] among those in the support of ¢; by

T
&= min 1_[(23[.1 (mu|ilf>

: T+1 T+ 7 7
l.mi+ .h,.Jr :¢;A,(m;'1|h§)>0\7’r,=]

+1

Denote the smallest probability of any signal vector s”+! among those in the support of p by

T

Hp(stls’,a’).

t=1

&= min
al+1 sT+1 :p(sils'.al)>0Vt
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. R 1\ EHD
e 1))

=1

1\ 2E+DTIE [\ 2@+DT NT—[g]
) (-6)
k k

N(t—1)
Na-1) (Vex)
|A7]

‘We claim that

< (VED)

X & XEy. (D.17)

- - - T

The explanation is as follows: Define 8/ €{0,1}'~! by 6; ; =0 if m; ; #% and §; ; =1 if m; ; ==. First, [| (1 — (%)(Lﬂ)t)
=1

is a lower bound for the probability that w, =wy for all T <T. Second,

[\ 2E+DT1E| [\ 2E+DT NT—[¢]
- 1—( =
() ()

is the probability that { =¢ (independently of ). Third, conditional on any w and ¢,

(1 —\/87() |r§t71:mi.,#*| (\/a) |r§tfl:m,'.r:*| (\/a)(Nfl)(Ifl)
is a lower bound for the probability that 6/ :0~l.’ and 0; ; =1 forall j #i and T <7—1; moreover, for sufficiently large k this
product is no less than (ﬁ)mt—l). Fourth, conditional on any 6 such that 6 = 91-’ and 6j ,=1forallj#iand T <t—1,

N(—1)
or any a' , ~—;7— 1S a lower bound for the probability that player j takes a; ; for all j (including j=i) and 7 <7—
fi y'(ﬁ/{,l is a lower bound for the probability that player j takes a; . for all j (including j=i) and 1

with 6; - = 1. Fifth, conditional on w; =wy for all T <7, any ¢, and any 6 satisfying 0[.’ =§} , &1 is a lower bound for the
probability of (m; ) . Finally, conditional on any , £, is a lower bound for the probability of s+

{1,...,t—1}m; ¢ #x i
Similarly, for #* > 1, denote the smallest probability of any tuple (f B ,x) in the support of n,[il for any ¢* and /
by
: ] p=t* 1* Y >rf r*
, min e (S0 )Pr(xlf=" Y ) > e3.
*>1,1f20 eF21 yey! xeX
1771[;{] (fzz* vyt*>Pf”* (xlfzt* ,)’/* ) -0

We claim that

k Rt -l [\ E+De
8 ({(t =50k ) = (T1 <1_(k> )

t=1

1)\ 2E+DT1E| [\ 2E+DT NT—[¢]
x| - 1—| -
k k

ey (ﬁi)”(r‘)
AT

1 (L+1)r* 1 1\
() () <o
k mMax, e, #MERY - \k

The first three lines represent the same probability as (D.17), up to period t* — 1. For the fourth line, (i) conditional on
1\ L+Dr* 1
(x)

x(ver)

X & X &y

t*>r*, is a lower bound for the probability that t* =¢*, (ii) conditional on t* =¢*, (%) isa

Max, ig; yr #M(hR1)

lower bound for the probability selecting index / for nt[,f], for each /€ {1,...,L}, and (iii) conditional on t*=¢* and [, &,

is a lower bound for the probability of (fz’ ) ,x).
In contrast, for each (7*,7) # é(hf"), if (7*, ) does not explain hf" then 8¢ ({(t*, o=@}, hf") =0.If (7*,) does
explain hll.e’l, then

)

) I\ 2T [E [0
(R GRIN (%)

since (%)2(L+1)T|C|
that t* =7*.

is an upper bound for the probability that { =¢ and (%)(Lﬂ)t is an upper bound for the probability
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Ignoring terms that converge to 1 as k — oo, we have
(e o=@Dra) (Ly2e ol

im < lim
Hr N i 2L+ DT+ LA DI +L
ok (@ = L) T () ’

(D.18)

max hR,Ey,#M(hR’) |AT\ 818283

Since either |¢]|= ‘E‘ and r* <7* or |¢] < )E ,
(2(L+1)T(§]+(L+1)E*) — (@A DTIE |+ LA D +L)

2L+ DT —(L+1)T—L if\§|<‘2‘

L+1-L if|§|=‘§‘andt*<f*
> 1.

Hence, the right-hand side of (D.18) is no more than
1

#M(RRY)

(M .
k [AT] £182€3MAX, jRicyr

Since k(g — 00 by assumptionand ¢, &,, &3, and max, jry: #M (;ZR" ) are constants independent of &, this converges

to 0 as k— oo. Finally, since there are only finitely many possible values for (7*, ), this implies (D.15). W

D.2.7. Sequential rationality. We now establish (D.13) and (D.14). By Lemma 4, there are two cases:
Case 1: Reporting histories satisfying E(h,l.e") = (0, ¢! ) and acting histories satisfying E(h?‘t) = (0, el )

Let Q():Ufesupp i (O,f“) be the set of all possible mediator states wp. Since pré* (wy =woVt|wg) — 1 for each
wo € Qo by (D.12), £(h*")=(0,¢/) implies lim_, o 6" (wr € QoA ) =1, and (k") = (0, /) implies limy_, o 6" (w7 €
QolntH=1.

For each i, 7, and y!, fix any action m;f[(yf) €EAiy \f?,-. +(v}). With a slight abuse of notation, we write

¥ R4\ _ mi, ifm, EAi,t\Bi,r(;l,R',)
my (R =0 SR e T\ B, BRI
mi',(h,' ) if mi gAl,[\Bl.t(hi )
where m;; is the corresponding element of hf’H". For each faithful history hll.e’t with & (hf”) >0, let }L(hf")eHiR !
denote the history where each message m; . is replaced by m?"r(hll.e’T*l)eA;,, \Bi,r(iziR’f) for every T <t—1. That is, we
replace each action recommendation outside the support of i with some fixed recommendation within the support. Note
that Pro* 7t (A(hf‘t)) >0 whenever E(hf’t): (0, {i’) and ¥ (hf‘t) > 0: this follows because, given &%, players take each
action profile a, with probability at least g /|A;| > 0 at every history, and [i recommends all actions in A; ; \I},-. ,(rf“) in
each period with positive probability. Define )L(h’;’”) € HiA‘t analogously.

The following lemma confirms that, whenever & (hf") = (O, {i’ ) oré (h’?”) = (0, {,’), player i’s beliefs in the constructed
quasi-SE coincide with those in (&k,;l).

Lemma 5 The following two claims hold:
1. Foreach hR ! E]R "and ¢! satisfying S(hR "=(0,¢!) and each y' € Y’[hR "1, we have

lim 8 (yf|hR ) <y AR ’)) (D.19)
k—o00
2. For each k' € J" and ¢! satisfying &)= (0,¢}) and each y' € Y'[ii""], we have
: k(. A\ _ 3. t At
Jim 8 (1) = s (3 ). (D.20)

Lemma 5 follows from applying Bayes’ rule inductively on ¢. We relegate the proof to the Supplementary Appendix.

We now verify (D.13). £(hi"")=(0,¢/) implies 8*( € QolhX")=1. Given w, € Q9 and 4R, (D.8) implies that the
distribution of future recommendations m, follows ]_[j q;/,r (mj,rlrjrﬂ) for each 7 >t. Hence, Lemma 5 implies that
(D.13) is equivalent to

S B (o) (o Bl )z Y B () (of 0 IR
yert it yey (iR

Finally, since the payoff-relevant component of )\(hf’t) equals that of hf”, (D.5) implies (D.13). The proof for (D.14) is
analogous.
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Case 2: Reporting histories satisfying & (hf"): (t*, {[’*) and acting histories satisfying é(h?"): (t*, {i’*), for
t*>0.
The next lemma confirms that, whenever & (hf't) = (t*, g“i’*) oré (h}“) = (t*, {i’* ) , player i’s beliefs in the constructed

*
o T

quasi-SE are given by ;

Lemma 6 The following two claims hold:

1. Foreach hf” eJiR" and ;‘i’* satisfying S(hf”): (t*, {i’*), each f="" € F2"™* and each y' € Y’[izf"], we have

lim & <fzt* ,y’lhf") :ﬁz:.m* (fzt*yytli’liR.t’mlt.*:t). D.21)

k—00
2. For each hf”t ell’-q’t and {i’* satisfying E(h‘?‘t): (t*, {i’*), each f="" € F=™*, and each y' € Y’[it?’t], we have
Jim o4 (7= ) = BT (12 U ). (D.22)

Lemma 6 follows from another application of Bayes’ rule. We again relegate the proof to the Supplementary Appendix.
Given & (hf"): (t*, {i’*_]), player i believes that the mediator and players —i do not tremble after period #*, and
that recommendations are independent of 6 and ¢ after period 7*. Hence, by Lemma 6, (D.13) is equivalent to (D.9), and

therefore follows from the definition of nt’i‘ The proof for (D.14) is analogous.
This completes the proof that (o,¢,J,K, 8) is a quasi-SE.

D.2.8. Final construction. Fix any canonical NE (o*,7*) in which codominated actions are never
recommended.*> The proof is completed by mixing the “motivating” quasi-SE (o, ¢,J,K, §) with this NE (with almost
all weight on the latter) to create a quasi-SE that implements the same outcome.

We construct a sequence of quasi-strategy profiles (6k,¢_>k,l ,K) indexed by k that limit to a quasi-SE profile
(&,q_b,l, K) (with the same sets J and K as in the motivating quasi-SE) satisfying p*® = p"*'”*.

Players’ strategies o*: Players are faithful, and after receiving m; ;, =+, with probability 1 — /€ player i takes a; ;
according to the PE strategy 6,;,(?15"), and with probability ,/e she takes all actions with equal probability.

Mediator’s strategy ¢*: At the beginning of the game, the mediator draws f € F* according to 7* with probability
1- % (and subsequently follows f), and the mediator follows quasi-strategy ¢* with probability %

Letting (5,(13) =limy_, (c_rk,ék), we have p®® :p”*’”*.

Since J includes all faithful histories where no codominated actions have been recommended, (6,(5,] K ) is valid.
Foreach i, 1, hf" EJiR'[, and 2®" with i-component hf", define

5k pk
n Pr? - (e
Bty = tim 2 2 )
k=00 pro*.@ (hfvf)

Define B;,,(hA"\hf”t) analogously. Since pro*- ot (hf") > () for each th" eJiR’t conditional on the mediator following ok,
E is well-defined, and hence Kreps—Wilson consistent.

To prove that (5,(;3,] K, B) is a quasi-SE, it remains to verify sequential rationality. Under belief system §, so long
as a player i has been faithful and has not observed a signal or recommendation that occurs with probability O conditional
on the mediator following 7*, she believes that with probability 1 the mediator is following 7* and other players have
been faithful so far. At such a history, it is optimal for player i to be faithful, since (o*,7*) is an NE. On the other hand,
if player i has been faithful and does observe a signal or recommendation that occurs with probability 0 conditional on
mediator strategy 77*, then she believes with probability 1 that the mediator is following ¢* and other players have been
faithful. In this case, faithfulness is optimal by (D.13) and (D.14).

45. Note that if (o**,77*) is a canonical NE for some canonical (but possibly not fully canonical) player strategy
profile o**, then (¢*,77*) is also a canonical NE, where ¢ * denotes the fully canonical player strategy profile. One way
of seeing this is to note that the strategy profile constructed in the proof of Proposition 2 is fully canonical.
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