Online Appendix

E Extending the Opening Example

In the extended example, there are four players (in addition to the mediator) and four
periods. The roles of players 2 and 4 are similar to those of players 1 and 2 in the original
example, respectively. The timing is as follows:

Period 1. No signals are observed. Player 1 takes an action a; € {A;, By }.

Period 2. The mediator observes a;. Player 2 takes as € {As, By, Cy} and player 3
takes a3 € {As, Bs}.

Period 3. Player 2 observes 6 € {n,p} such that § = n with probability 3/4. The
mediator takes ag € {Ag, Bo}.

Period 4. The mediator and player 4 observe s € {0,1}, where s = 0 if a; = A; and
either ag = Ag A ag = Ay or ag = By A ag = Bs. Player 4 takes ay € {N, P}.

Player 1’s payoff equals 1¢,,—p,} — 1{ay—conas=p}- Player 2’s payoff is given by

Ao By Ag By
Ay 0—1g=py 1-14-p Ay 1—14q—py 1—14,—p}
By 1-1gapy O0—Tlgepy Bo 1=liapy 1—liapy
Co —3—lgary —3—lgp O 0 0
ap = Al a; = Bl

Player 3’s payoff is constant. Player 4’s payoff equals —1{(; a,.0)2(41,05.p)} 1 {aa=P} -

Consider the target outcome distribution where (i) 1A4; + 1By is played in period 1, (ii)
when A; is played in period 1, 3 (As, A3, Ag) + 3 (Ba, Bs, Bo) is played in periods 2 and 3,
(iii) when B is played in period 1, (Ag, A3, Ag) is played in periods 2 and 3, and (iv) N is
played in period 4. We claim that this distribution is implementable in SE, but not with
¢ ="

Implementability with € # €* Again, it suffices to implement the target distribution in
a canonical NE in which players avoid codominated actions. Consider the following mediator
strategy:

The mediator draws m; € {A;, By} with equal probability.

When m; = a; = A;, the mediator draws my € {Ag, Bo} with equal probability, and
recommends my = Ay A mg = Az if mg = Ay and recommends my = By A ms = By if
mg = By. If s =0, he recommends my = N; if s = 1, he recommends my4 = P.

When m; = A; but a; = B, the mediator recommends moy = Cy, m3 = Az, and my = P.

When m; = By (regardless of a;), the mediator recommends my = Ay, ms = Aa,
mgz = As, and my = N.

It is straightforward to check that this is a NE. Moreover, no codominated actions are
recommended: For player 4, N is weakly dominant and hence never codominated, while P
is recommended only following s = 1. Hence, we need only check that P is not codominated
following s = 1. But this holds, because the event (ay, as, ) = (A1, Cs, p) is compatible with
s =1, and in this event P is optimal.
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Lemma 6 follows from another application of Bayes’ rule. We again relegate the proof to
the online appendix.

Given & (hf’t) = (t*, CZ**I), player ¢ believes that the mediator and players —¢ do not
tremble after period t*, and that recommendations are independent of  and ( after period
t*. Hence, by Lemma 6, (18) is equivalent to (14), and therefore follows from the definition
of 7k The proof for (19) is analogous.

This completes the proof that (o, ¢, J, K, ) is a quasi-SE.

Final Construction Fix any canonical NE (¢* 7*) in which codominated actions are
never recommended.*® The proof is completed by mixing the “motivating” quasi-SE (o, ¢, J, K, 3)
with this NE (with almost all weight on the latter) to create a quasi-SE that implements the
same outcome.

We construct a sequence of quasi-strategy profiles <6’“, (?ﬁk, J, K ) indexed by k that limit

to a quasi-SE profile (6, b, J, K ) (with the same sets J and K as in the motivating quasi-SE)
satisfying p7¢ = po ™.

Players’ strategies o*: Players are faithful, and after receiving m;; = %, with probability
1 — \/€x player i takes a;; according to the PE strategy 6i,t(foLlR’t), and with probability /e,
she takes all actions with equal probability.

Mediator’s strateqgy ¢": At the beginning of the game, the mediator draws f € F*
according to 7" with probability 1 — % (and subsequently follows f), and the mediator
follows quasi-strategy ¢" with probability %

Letting (6, Eb) = limj_, 00 <6k, g?ﬁk), we have p7? = po ™ .

Since J includes all faithful histories where no codominated actions have been recom-
mended, (6,&5, J, K) is valid. For each 1, t, hf’t € JiR’t, and h®! with i-component hf’t,
define I

B (b =t ),
| b P ()
_ ok
Define Bi7t(h’4’t|hiA’t) analogously. Since Pr? ¢ (h') > 0 for each h™' € J™* conditional on
the mediator following ¢, 3 is well-defined, and hence Kreps-Wilson consistent.

To prove that (6,&, J, K, B) is a quasi-SE, it remains to verify sequential rationality.
Under belief system 3, so long as a player i has been faithful and has not observed a signal
or recommendation that occurs with probability 0 conditional on the mediator following 7*,
she believes that with probability 1 the mediator is following 7* and other players have been
faithful so far. At such a history, it is optimal for player i to be faithful, since (o*, 7*) is a NE.
On the other hand, if player ¢ has been faithful and does observe a signal or recommendation
that occurs with probability 0 conditional on mediator strategy 7*, then she believes with
probability 1 that the mediator is following ¢" and other players have been faithful. In this
case, faithfulness is optimal by (18) and (19).

4> Note that if (¢**,7*) is a canonical NE for some canonical (but possibly not fully canonical) player
strategy profile o**, then (¢*, 7*) is also a canonical NE, where o* denotes the fully canonical player strategy
profile. One way of seeing this is to note that the strategy profile constructed in the proof of Proposition 2
is fully canonical.
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Given that P is not codominated for player 4 following s = 1, no action is codominated
for player 2, as each as € {Ay, B2} can be optimal after a; = A, and ay = C5 is optimal
after a; = B; when a4 = P is anticipated. Finally, given that ay = C5 and a4 = P are not
codominated after a; = By, action a; = A; is not codominated for player 1.

Non-Implementability with € = €* Suppose towards a contradiction that such a SE
exists. In what follows, each fraction p/q should be read as limy,_,, p*/¢*, where p*,¢* > 0
denote probabilities along a sequence of strategy profiles converging to the equilibrium.

For each player ¢ and action a; that is played with positive probability in the target
outcome, assume without loss that a; is played with positive probability after m; = a;.
Moreover, since the on-path actions of players 2 and 3 must be perfectly correlated, it is
without loss to assume that, for i € {2,3}, a; € {A;, B;} is played with probability 1 after
m; = a;. Further, to deter a deviation to a; = B; by player 1 following m; = A;, player
2 must play ay = C5 with probability 1 after some message, which without loss we take
to be my = (5. Since player 3 is indifferent among all outcomes, we can also let ag = ms
with probability 1. Finally, since player 4 moves last, the usual static revelation principle
argument implies that we can let a, = m,4 with probability 1. We have thus established that,
for players ¢ € {2,3,4}, a; = m; with equilibrium probability 1 at every history.

Note that Cs is strictly dominated conditional on a; = A; and weakly dominated
conditional on a; = B;. Since player 2 is willing to take Cy after my = (5, we have
Pr (a; = Bi|ms = C3) = 1. Therefore,

Pr(a; = Bi|mse = Cy, a5 = As)
Pr(a; = By) Pr(mgy = Csla; = By) Pr(as = Ag|la; = By, my = C5)
Pr (mg = C3) Pr (ag = Ag|mgy = Cs)
Pr(a; = By) Pr(ms = Csla; = By) Pr(as = As|mg = Cs)
Pr (mgy = C3) Pr(ay = Ag|my = ()
Pr(ay = By) Pr(ms = Csla; = By)
Pr (m2 = 02)
= Pr(a; = Bylmy =C3) = 1.

Hence, if player 2 trembles to a; = Ay after my = (5, she believes that a; = B; with
probability 1, and she therefore chooses her report (dQ,é to minimize the probability that

a; = By and a4 = P. Since a; = By implies s = 1 and player 2 can always report as if she
took as = (5, this implies that

Pr (a1 = Bl,CL4 == P|m2 == CQ,(IQ = AQ) S Pr (a1 = Bl,CL4 == P|m2 == CQ,CLQ = Cg) . (28)

Note that if Pr(a; = By, a4 = Plms = Cs,as = A3) < 1 then player 2 would deviate to A,
after my = Cy. So this probability must equal 1, and hence (28) implies

PI‘((Il == Bl,CL4 == P|m2 == 02,(12 == CQ) =1.
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Since a; = By implies s = 1, we have
Pr(a; = By,mq = P,s = 1lmy = Cy, a3 = Cy) = 1.
Finally, since a; = C5 with probability 1 after mo = Cs, we have
Pr(a; = Bi,as = Cy,mg = P,s = 1lmy = Cy) = 1. (29)

On the other hand, since player 4 is willing to take P after s = 1 and my = P, we have
Pr(a; = A1,as = C3,0 = p|s = 1,my = P) = 1. In particular,

Pr(m2 :CQ)Pr(al :Al,ag :CQ,QZP,TTM:P,S: 1|m2 :CQ)
+Zm27502 Pr (mg) Pr(a; = Ay,as = Cs,0 = p,my = P, s = 1|my) .
Pr (mq = C5) Zalm Pr(ai,as,my = P,s = 1lmy = Cy)
+ Zm#CQ Pr (my) Zal’az Pr (a1, as,my = P, s = 1|my)

Since (a +¢)/(b+d) < (a/b) + (¢/d) for all non-negative numbers a, b, ¢, d, the left-hand
side is no more than
Pr(a; = Aj,as = Coy,0 = p,myg = P,s = 1,|mg = Cs)
Zalm Pr (a1, a9, my = P,s = 1|my = C5)
Pr(ay = A1,as = Co,0 = p,myg = P, s = 1|my)
* Z > ar.ay P1(a1,a2,m4 = P, s = 1|my) '

ma#Cs

Note that by (29),

Pr(a1 :Al,ag:Cg,sz,m4:P,3=1,|m2:C'2)
< Pr(a; = Aj,a3 =Cy,mg = P,s=1lmy =C3) =0

and

ZPr(al,ag,m4:P,3:1|m2:C’2) ZPI‘(CLl :BI,QQICQ,m4:P,S:1|TTL2:CQ>:1.

ai,a2
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Hence,

] Z Pr(ay = Aj,as = Co,0 = p,myg = P,s = 1|my)

mao#Co Zal,ag Pr (ah A2, My = P, S = 1|m2)

Z Pr(a; = Aj,as = Co,0 = p,myg = P, s = 1|my)
PI‘((Zl :Al,a,g :Cg,m4 :P,Si ].‘TTLQ)

IN

ma#Cs
_ Z Pr(a; = Ay, a = C3,0 = p,my = P|my)
Pr (a1 = Al,CLQ = Cg,m4 = P|m2)

ma#Cs
_ Z Pr (a1 = Al,CLQ = C'2|m2) Pr (9 =Pp,My = P|CL1 = Al,mg,ag = 02)
Pr (Gl Al, a9 = Cg|m2) Pr (m4 P|a1 Al, mo, Gy = CQ)

ma#Cs
_ Z Pr (0 = p,my = Play = Ay, ma, a2 = Cs)
Pr(my = Pla; = A1, ma, a5 = Cy)

(30)
mo#Co

where the second line drops the event (ay, az) # (A1, C2) from the denominator and the third
line uses the fact that a; = Cy implies s = 1.

Now, after ay = Cs, player 2 is strictly better off when player 4 takes N if a; = A;, and
player 2 is indifferent between player 4’s actions if a; = B;. Moreover, Pr (a; = A;|msy) > 0
for each my # Cy. Hence, for each my # Cy and 6, after (mg, ay = Cy, 0) player 2 chooses

her report <d2, 9) to minimize the conditional probability that ay = P given a; = Ay, and
hence to minimize the conditional probability that my = P given a; = A; (since ay = my
with probability 1). Therefore, for each my # Cs,
Pr (0 = p,m4 = Pla; = A1, my, a9 = Cy)
Pr (0 = pla; = A1, ma,as = Co) Pr(my = Pla; = Ay, ma, a9 = Co,0 = p)
(0 = p)Pr(my = Play = A1, ma, a3 = Cs,0 = p)
(

= Pr(6=p) (mm) Pr <m4 = Play = A1, ma, a3 = Cy, 6 = p, dg,@)
asz,0

= Pr (0 =p) min Pr <m4 = Play = Ay, mg, a0 = CQaané>
asz,0

= Pr(0 =p)Pr(my = Pla; = A1, mg,ay = Cs),

where the fourth equality follows since the distribution of my is independent of 6 conditional
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on (&2, 9) . Thus,

Z Pr (0 = p,my = Play = A1, ma, a9 = Cy)

— Pr (m4 = P|a1 Al, Mo, Qg = Cg)

_ Z Pr (0 = p) Pr (my4 = Play = A1, ma, a3 = Cs)
Pr (m4 == P|CL1 == Al,m27a2 == 02)

ma#Co

1 1
me#C2

This contradicts (30).

F Proof of Lemma 5

We prove (24); the proof of (25) is analogous. We will prove the following: for each i, ¢, faith-
ful history A" with ¥ (hf’t) >0, ¢!, and yt € YI[h™, there exist numbers F(h% 1) > 0
and el (hf’t, ¢t yt) > 0 such that

O, CLyflwor € Qo) = (0, ) (P PRI, o) + eff (R, CLyt) ) 1
e (hf»“, Cﬁ,yt) (31)

(1)2(L+1)T S .
k

(31) is sufficient for (24), since the former implies, for each ¢! € {0,1}"! and y* € Y![A*],

Tim 6" (4[4, )
= lim & (y]CL A wr € Qo) (by §(0f) = (0,¢) and (17))
i BT, ¢y (P H AR, 1) + ef (h )
= 1m
S v PR G (P PR, ) + eff (R, L) )
P IO, o) + eft (W, ¢yt
= lim
k200 S vy PO, 31 + g ey e (i L
gteyt[hh) i gteyt[ho ’
y Pr7 FA(h{™), ")
= lim pr —
2 S e PR, 1)
= B (REI0).

46There is a slight redundancy in this notation: the payoff-relevant part of )\(hf’t) equals y!, since the

(by (31))

payoff-relevant component of A(h/"") equals A/ and y* € Y[h11).
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where the second-to-last equality follows as Pr&k’ﬂ()\(hf’t), y) > e1g, (€)™ /(T A7), ef (hf’t, ¢, yt> <
(%)2(LH)T T, and k (e,)N" — oo.

We prove (31) by induction on t. Taking @ (R, ¢}) =1 and eff (hf’l, C%,yl) =0, (31)
holds for ¢ = 1.

Suppose it holds for ¢. We prove it holds for ¢ 4+ 1. For the rest of the proof, arbitrarily
fix h* e JEH ¢ e {01}, it € YR, and ¢, € {0,1}. Whenever we write
(at, S¢11), it means the components in 3.

Since 0, ¢, and randomizations under (6’“, /]) are independent across players, we have

SE (R Lyt wr € Qo)
= §"(hF ¢yt lwr € Qo)

1\2(LADTY PRt
I{Citzo mi 1 =ai 1€A; \Bio (b t)} ( ) ( (E) ) O-’iﬂf(hz' )(az t)
2(L+1) Rt N
| e amegvE (1= BT) (0 = V&) i)+ 4
+1 Rt (l) T —
{Cz t_l mq t=aj, teAz t\gz t(h )} k |A , yt(hi 775)‘
2L+1)TY .
s 05,1=0,(;,=0 (1= V&%) (1 - (%) > G5,¢(y5)(ajz)
2(L+1)T . .
x 3|} Ty mr, im0 v (1= (7Y (1= VAR G (i) + 345
0_it,¢_;, 1\2(L+1)T 1
t X Hﬁél Cie=La;jt€A;:\D;¢(y) (k) |Aj,t|*|©j,t(y;~)|
xp(se41ly’s ar).- (32)

By the inductive hypothesis, the first line of (32) equals

PR (P F ), o) + f (1, Cy') ).

Note that

& i : - Sk
Pr ’“(a_i,t|/\(hft),yt) = Hj;éi ((1 — €k) Uj,t<y§')<aj,t) + |A’t|> :
]7

Define

2(L+1)T\ ~ (3Rt
1{Cit:0 mit:aiteAit\Bit(ilRt)} (1 - \/_) (1 - (%) ) Ui,t(hz' )(ai,t)
5 (7 2(L+1)T ~ (3R,

P (hz}'%’t7mi7t) Qi) Ciﬂf) = +1{<Z +=0,m; 1= *}\/_ (1 - ( ) ) ((1 — \/€—k) O-i,t(hz' t)(ai’t) -+ %)

IN2(LA+1)T 1
+1{Q,til»mi,t:ai,tGAi,t\Qi,t(Ef’t)} (E)
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and

[lsi0, =0, =0 (1 = v/E&) (1 (1 W) 65041 (a30)
€k (yt+l) = Z x ]I j#1:05,0=1,(; =0 VEk ( ( 2 ) ((1 - \/_) th(y])(aj,t) + |ﬁ|)

1
k
Gfi,t,C_i,t ) L+1)T I

| A= |91 ()]

X HHAZ (=105t €45,:\Dj, t(y] (

— P P (a_ i  ANBEY), o)

1\ 2E+DT 1{a~t€A‘t\©'t(yt')} Sk
_ 1 » 7, 7, J,t\J 4 _ (1 _ 6]{:) 6—.7 (yt)<a7 ) — .
(k) Wi \ T4, = 2,00)] T 1A

Substituting these into (32), we have

SF(REE Ly ¢ lwr € Qo)
= R ) (P P OB,y + eff (b CLy'))
X Dy, (fOLR Mgy Gty G t)
< (P (asa MBS o) + @ () )
xp(si1ly", ar)- (33)
Next, define
Py, (ilf’ta Mty Qi t, Ci,t)

R/p Rt+1l ~t+1 Rt t
o (b G = o (b ) X ——— e
P (g (), g )

We can write

5k(hf’t+1’ CfﬂaytHWT € Qo) (34)
Pro" B (AR, o) x Py (a_; | A (R, yt)

= Ry [P (i (B, aul ) < plsiialy’ )

eft (R cLyt)

Y

where el! (hR RN yt“) is defined to satisfy this equality given (33): that is,

(hR 41 <t+1 t+1>

() P P (), o)
teft (b cz,y)( o A )t (y)
).

x Py (g, (! am|y) plscialy'sac).
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Since hf’t is faithful, the distribution of player i’s message and action in period ¢ is fully
determined by her own payoff-relevant history hf"t. Hence,

Pe™ 7 (i (1), ) = Pr? (i (), @ MRS, o)

Given this equality, we have
~k =~ ~k ~ “k ~ " °
Pr (A, y') x P (ayy MBE), o) x P (st (W), g 1) < plsial o)
= PR, .
Substituting this into (34), we have
(R Gy wr € Qo)
= QR (P OB,y + eff (B Ly )

Finally, we have

) i (hf’tﬂ’ GH’ t+1) . ér (y'™) K (hf’t’ Cf’ yt) S (ot
i, 1\ 2(L+1)T < Im = rmr T~ egenr (LtHe (¥"))
(%) (%) (%)
< 14t
ék(yﬂ'l)

where the last line uses limy_., W < 1 (and hence ¢ (y'™!) — 0 by (16)) and the

1
(zR(hR’t,g’%,yi) .
’“)’2(—L+§)T < t. Hence, (31) holds for ¢ + 1, as desired.

(+
G Proof of Lemma 6

We prove (26); the proof of (27) is analogous. Let 3! = h*'. By definition of Bft e (26) is
equivalent to

inductive hypothesis that limy_.

k (F20° Y Prot (yt] £217 ot
lim 5]45 (th ’yt|hf,t> — lim Ty (f Y ) r (y |f Y ) (35)

k— k— F>px ~px o () Fope o~ )
- X eyt o T (fzt g )Pr (ytlf =y )

From the definition of &%, §* <f2t* Lyt

hf’t, t*, gf) equals

o (207 P (Y2 yT) Bill CiD

k. (fz::*’gt*> Pr7 (gt|f2t*’gt*> B, H#i éjb7
(36)

AD gz o (57 5 ),

J#

A ~t Lo t] F>t* <t* pt* <t* pt* ot
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where the summation is tal*ien over = € supp s, 01 € {0,1}*" 1, and (fj<t ,0§*, ) e
supp ;" x {0, 1} x [T (A, U{x}) Vj, and we define

(1 (L+1)t*+2(L+1)T . 1
A= (E) 1 ’ ?ﬁ - #M-(y?*)’
Ci = #M; () ij #M; (**)’
D = D =

L ene e <im0 )} Lmerenrer g e 0 010}
Note that A and B; cancel in (36). Moreover, we have

00 01 o1 1
D = D7 xDixD; XHJ#Z( XD]‘)’
N — 01 ol M1
D = DPx D x D x []; (D x D}) .

where

D% — 1 . DOl =1
i {m,.r:fff (y7) Vr<t*—1s.t. Ci,7=9i,-r=0}’ {mI r=x ¥7<t*~1s.t. (; ;=0 and 0; T:l}’

ol __ 0 _

Di - 1{mi,7-eAi,T\©i,T(y.z—) Vr<t*—1 s.t. Ci,T:]'}, DJ - 1{771] T_f]<:* (y ) Vr<t*—1 s.t. 9] 7__0}
1 _ 0 _

Dj - l{mjn—:* Vr<t*—1s.t. 05-=1}s Dj - ]'{mJ ,-—ff,ﬁ (§7) Vr<t*—1s.t. 0; 7——0}

Nl _
D] - 1{mj77-:* Vr<t*—1 s.t. 9j77—=1}'

(The pneumonic here is that the first superscript of D; indicates the value of §; € {0, 1},

where e indicates that 6; is not specified, and the second superscript indicates the value of

¢; € {0,1}. For player j # i, the superscript of D; indicates the value of 6; € {0,1}.)
Having cancelled A and B;, since (i) the term D D% D#! does not depend on ( fj<t 0" m

(i) DPDY'Det is the only term that depends on (f~",0") in the numerator of (36), and

(iti) TL,. (C'jD?Djl-) is the only term that depends on (fj<t*,0§*, ) i the numerator of

(36) equals

D DPDEDM x| m (1) P W) Y T (GD)D))

<t* pgt* <t* pt* o t*
005 (fj 0] M )j7ﬁi

Since DYDY D! also does not depend on f=! and y' ;, the denominator of (36) equals

) J ’ )jil’

S oprpitort <[ Y A (L) (1P 5) Y T (GDID!

<t* pt* ot t[yt] F>t* <t* pt* mt*
o0 .0; greYtyi], f= (f 05 m; )j#
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Moreover, < g v C;D?D; = 1 by (15). Hence, (36) equals

wh (77 ) Pr7 (67 ") |
p teYty!], f2 e < > Pr? (?J |f27, ~t*)

Taking the limit £ — oo, we obtain (35).

H Proof of Claims 1-4 of Proposition 4

We postpone the proof of Claim 5 to Appendix J, since it relies on results proved in Appendix
L.

H.1 Proof of Claim 1

We first show that, if an outcome can be implemented in a NE in which no player can detect
another’s unilateral deviation, it can also be implemented in a canonical NE in which no
player can detect another’s unilateral deviation.

Lemma 7 For any game G = (T, €) and NE (0, ¢) withsupp p7* = U, ;.0 Uy ey, supp py” "
’ J

for all i # 0, there exists a canonical NE (6 q~b> in game G* = (I, €*) such that p°* = pé"z’

5.8 —js®
and supp p; P = Uizio U&;ezj supp pl for all i # 0.

Proof. Fix such a G and (o, ¢). Let (&, &5) be the profile in G* constructed in the proof
of Proposition 2. Recall that ,0&’(;5 = p°?. By Lemma 1, for each i # 0, j # 4, and &;- € Xy,

g 10——]7¢ &‘/jv&*j7¢

there exists a strategy o’ € ¥; such that p;” X . Hence, we have

5'7~ O’7 50 ea ¢
Supp p; ¢ = Supp p; U U sSupp Plj 3 U U Supp sz - supp Pl
j#1,0 0%, €35 J7#1,05€xy

n
Thus, let (0, ¢) be a canonical NE in game G* = (T, €*) such that supp p7 = UjzioUo ex:

supp pjj’a_j’d) for all i # 0. We first construct a (possibly non-canonical) SE in G* with out-
come p°®. Then we construct a canonical SE with the same outcome.

Non-canonical SE construction: Denote the set of on-path histories for player i by H, =
{h; € H; : Pr™% (h;) > 0}. Since (o, ¢) is canonical, h; € H; if and only if h; € supp p7* and
rit = (ait—1, Si¢) and m;; = a;; for all t.

For each k, let o¥ denote the perturbation of o; where player i trembles uniformly with
probability |R;:|/k at each reporting history hf’t € HiR ' and trembles uniformly with
probability |A;,| /k at each acting history h* e H.

For each k, let (Fk (’S*) denote the constrained game where the mediator follows strategy

while each player ¢ is require o play o;; at each on-pa 1story n.” € A",is
¢ while each pl d to play % (hF') at each th history h'* e H*'
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required to play afgk (hf’t> at each on-path history hf’t € f]f‘ ' is required to send each

report with probability no less than 1/k at each off-path history th’t € HiR A\ fIlR ' and
is required to take each action with probability no less than 1/k at each off-path history
hiA’t € Hf’t \ f[f"t. By standard arguments, this game admits a NE (5’“,¢). Taking a
convergent subsequence if necessary, let (7, ¢) = limy_. (6%, ¢). Clearly, p°* = p7?.

Let M, (hf’t, Ti,t) denote the set of messages m;, that player ¢ receives with positive
probability at history (hf’t,riﬂf) under profile (6’“, ¢). Since &% has full support, this set

depends only on player ¢’s reports and messages (rt“, ml?) at history (hf”’t, ri,t>. Therefore,

% 7
we can define a mediation range () by Q;; (rtH, m"f) = M;, <hf’t, ri7t> for all 4, t, ritt m?

7 7 7 ) 2

and hf’t such that (Tf“, mf) equals i’s reports and messages at (hf’t, r@t).

For each k, let ¢" denote the perturbation of ¢ where the mediator trembles uniformly

with probability |Q; (ri", m!)| /kV1Z over messages m;; € Qi (ri™", m!) at each (r™, m}),
_k ik

independently across ¢ and t. Define a belief system [ as limg_, pro"9", By construction of

the relative tremble probabilities for players and the mediator, for each i, t, and " € HR|q,

we have o k
3o (R = Tim Pa?™* (WA = lim PO (),

and similarly for 6i7t(h‘4’t|hf’t).

Let J be the set of histories compatible with the mediation range (), and let K be the
set of the mediator’s history compatible with the mediation range Q).

We show that (7, ¢, J, K, ) is a quasi-SE in G*. The two conditions for validity hold since
the messages are within the mediation range as long as the mediator follows ¢. Consistency
of 3 is by construction. Sequential rationality at off-path histories h; € J; \ H; follows from
a standard upper hemi-continuity argument. To verify sequential rationality at on-path
histories, fix hf’t € fIzR ' note that

Bua (W) = Tim Pa7 (PR = Proe (WPRE) = Pro (1

i PGy

where the second equality follows because Pr7¢ (hf’t> = Pro? (hf"t> >0.Let H={h e J:

Pr7¢ (h) > 0}. (Note that H is not necessarily equal to [], H;.) Since Uyrex, SUPP p;;’gﬂ'"p —

supp pj"z) for each j # i, we have
Prouo-i (hJTH € supp p}”d) Yy # i|hR’t) =1

for all K" € HR' and o} € £*.47 Since (o, ¢) is canonical, with probability 1 conditional on
it e HR a;. = m;, and r;, = (aj,—1, ;) for each 7 > t. Hence,

Pu7te= (W4 € I Wj £ ™) =1,

47Note that Pr7?~? is well-defined since (6,90,J, K) is valid.
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Finally, since o_; and &_; coincide at all on-path histories, we have
Pr7to= (RETE € ;) A ") =1, (38)

By (37), player i’s belief over h®t € JRt at hf’t under [ is the same as the conditional
probability distribution over hft € JR at b under (o,¢); and for each hft, by (38),
the conditional probability distribution over Z induced by (o%,5_;, ¢) is the same as that
induced by (0%, 0_;, ¢). Hence, since (o, ) is a NE, o, is sequentially rational at h/"". The
argument for acting histories hf te ]f[ZA " is analogous.

Canonical SE construction: First, construct a canonical strategy profile (7, q~b) from (7, ¢)
as in the proof of Proposition 2. As in that proof, we let » and m denote the mediator’s
fictitious reports and messages, and let 7 and m denote actual reports and messages. Here
we also let h®* € HE' and h** € HA' denote the reporting and acting histories without

fictitious reports or messages. Thus, (N, &) is a canonical NE satisfying ,057‘2’ = p°?. To

complete the proof, we construct beliefs f3, subsets of histories J and K, and a mediation
range () such that (& 0. J, K ﬂ) is a quasi-SE and, for each 4, J; includes all histories where
player ¢ has not lied to the mediator or received a message outside the mediation range.

For each k, let (6" (b ) denote the perturbatlon of (&, ®) where (i) players report honestly
with probability 1 at all reporting histories h 3 (11) players tremble uniformly over actions
with probability |A;+| /k at all acting histories hMt | and (iii) the mediator trembles uniformly
with probability |R;;|/k when she draws ﬁctltlous report 7;, at history (71 rt m! m?')
(but does not tremble when he draws fictitious messages m; or recommendations 7). By
construction, for each s”+1, rT+1 mT+l and a”*!, we have

PI' ,¢ ( T+1,TT+1,TTLT+1, CLT+1) PI' kb ( T+1’ rT—f—l’ mT—i-l’ aT—l—l) ) (39)

Let Mzt (h nt) denote the set of messages m;, that player ¢ receives with positive

- ~k
probability at history (hf’t, ﬁ,t) under profile (5%, ¢ ). Since players —i take all actions with
positive probability and the mediator selects each fictitious report with positive probability,

this set depends only on player ’s reports and messages ( f“, T f) at (ﬁf’t, fi,t) Therefore,

2

we can define a mediation range Q by Q”( Pt oml) = M;, <ﬁf’t,f¢,t> for all 4, ¢, 71

’L

mt, and th such that ( L g ’?) equals player i’s reports and messages at (hi * fi,t>. By

construction, Pr? k.o <mi7t|hi ’ ,f@t> > 0 if and only if m;, € ta ( Fitt Th’?).

7

~ ~L ~k ~
For each i, let J*T equal the set of histories A7 "' such that Pr’ ? <h?+1> > 0. Let

T+1 T+1)

KT+ equal the set of mediator histories (f 1M such that there exists 6 € X such
~ 7k ~ ~
that Pr>? (7F7+1,m7*1) > 0. Let the other elements of J and K include all truncations of

histories in J4T+ and K7+, Since .J; includes all histories where player 7 has not lied to the
mediator or received a message outside the mediation range, (7, ¢, J, K) is valid.
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Define a belief system [ on (j K ) as limy o Pr‘}k’g’k. This is well defined because

L~k ~ 1~k ~ ~ ~ ~ ~
P17 ? (hF") > 0 and P ? (A > 0 for all i, t, K™ € J&' and b € J*'. By construc-
tion, [ is consistent, and for each A" € J*' and A®* with Bi,t (BR’t|l~zf ’t> > 0, all players
have been truthful at A%, o

It remains to show that (7, ¢, J, K, [3) is sequentially rational. We prove this for reporting

histories; the argument for acting histories is analogous. Suppose towards a contradiction
that there exist i # 0, t, h;"" € J/*', and a strategy &) € ¥} such that

P IR TRt — ~/ ~ 217 R,
Z 61‘,7& (h 7ta"ﬂtﬂfnqhi >ul (U;7U—i7¢|h t77nt7mt>

RRAEHRLRY| 5 et mt

> Z Bi,t (ﬁR7t7 rt7 mt|]~1f7t> U; (6'7 &lﬁR’t7 Tt? mt> .

hRtcHRt [ﬁ?’t} \j,f(ﬂ"t mt

Here, (3 naturally extends to the belief about the profile of the history A%* and fictitious
reports and messages (r!, m'). This implies that there exists (rf, m!) with 3, , <rf, m§|ﬁft> >
0 such that

Z B’i,t <ITLR¢> Tt? mt|ﬁ1}'%7t7 T;;’ mf) ’az (5-;a 6—2’) &SV}'RJ’ ,,,,t’ mt>

hRAEHR LR 5 2 ort mt

}: P> TRt .t tizRt t t\ = ([~ JI1LRt .t t
> Bi,t(h 7T7m‘h‘i 7Ti7mi)ui(0'7¢|h' ,r,m),
Rt EgR,t[ﬁf,t] [ 7 k77at7mt

where the summation is taken over (r!, m') whose i-component equals (rf, m!).
Since player ¢ believes that nobody has lied to the mediator, by the same construction

as in the proof of Lemma 1, there exists o) € X¥ such that, for each (hR’t,rt,mt> =
_ - 1 5 (3 TRt
(s 7t rt mt mt at) with 3, (hR’t,rt,mt|hi ,rﬁ,mﬁ) > 0, we have
_ (<1~ ERt .t . t\ _ — (1 t+1 .ttt
ui<0i70——i7¢’h 7T7m)_ui(0iao——ia¢|s 7T7maa>'

Similarly, by construction of (5, &5), we have

U <6,$|BR’t,rt,mt> =1u; (0,9, 1", m!,a") .
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In total, there exist i # 0, ¢, ;"' € J/, (rf, m!) with 3, (rf, mﬂizf“) > 0, and a strategy
o, € ¥f such that

o t+1 .t t t|zRt _t t) ~ / t+1 .t t t
E Bi,t(s >T7m7a|hi 7Ti7mi>ui(0-i70-—i7¢|8 7Tamaa)

st+1 pt mt gt

> Z Bi,t (St+17rt7mt>aq%f’t??ﬁf?m;&) u; <07¢‘8t+17rt7mtuat) )

st+1 pt mt gt

where the summation is take over (s™™! 7!, m! a') whose i-component corresponds to the
counterpart of (ﬁf’t,rf,mﬁ .

Since (7, ¢, J, K, 3) is a quasi-SE in G*, to derive a contradiction, it remains to show
that, for each i # 0, t, A" = (si™, 7, mt, al) € J™', (rt, m!) with B;, <rf,mf]ﬁf’t> > 0, and

t+1

(s"1,r',m', a') whose i-component equals (s;*',rf, m!,al), we have

% tHL ottt Ll sttt =t ) S R N TR S B S
Bi,t(s ,rmtat|siT ri,mi,mi,ai)—6i7t(s Jromtboat|sit mi,ai). (40)

% 29 3 79

By construction, given 3, , <7“Z i

’?,m§|ﬁf’t> > 0, we have (sit1 7t mt, al) € J/M.
To prove (40), note that, for all £ we have
LR A S L S R TR NE R S S
Pr? No) (3 + ,r,me,a |$Z.+ ,ri,ri,mi,mi,ai)
~k Sk
= Pr7% ("t mt, d! sl ml, al)
gk ( t+1 &t t t| . t+1 .t ot &
= P70 (s et mt dl s el ml, al)
where the first equality follows because (i) given ﬁf’t € jl-R’t, we have 7; ; = (a; -1, s;,) for
all 7 < t and (ii) the distribution of 7! is fully determined by (7, 7¢,m!), and the second
equality follows from (39). Therefore,

= T N S TR A R S S SO
ﬁz}t(s ,Thmals; 7ri7ri7mi7miaai)
. 5k gk - -

= lim Pr% ¢ (stH,rt,mt,aﬂsﬁ“,rf,rf,mﬁ,mﬁ,af)
k—o00
. =k

= lim Pr® ¢ (st“,rt,mﬂaﬂsﬁ“,rf,mﬁ,aﬁ)
k—oo

_ N R S TR S R S A

= ﬁi’t(s ,rmtal|s ,ri,mi,ai).

i

H.2 Proof of Claims 2, 3, and 4

—j7¢ .
is vacuous when

Claim 2: Note that the condition supp pj = (U, Ua;ezj supp p, "
N = 1. Hence, the result follows from Claim 1.

Claim 3: The only difference from the proof of Claim 1 is in the verification that the
non-canonical assessment (7, ¢, J, K, ) in G* is sequentially rational at on-path histories
hit e AP and b e H. There, this followed from equations (37) and (38). Here,

note that in game G* player 7 faces sequential rationality constraints only in periods ¢ > t;.
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Sequential rationality at on-path histories in period t; now follows from (37) and the fact
that player ¢’s payoff does not depend on actions taken in periods 7 > t; (other than her
own action a;¢,). The latter fact also implies sequential rationality in periods ¢ > ¢;.

Claim 4: Claim 4 follows from the fact that players’ reports are always canonical in the
equilibrium that will be constructed in the proof of Proposition 5.

I Results for CPPBE

This section contains our analysis of CPPBE, culminating in the proofs of Propositions 7
and 8.

I.1 Quasi-Strategies and Quasi-CPPBE

As in Appendix D.1, we begin by introducing notions of “quasi-strategy,” which is simply
a partially defined strategy, and “quasi-equilibrium,”which is a profile of quasi-strategies
where incentive constraints are satisfied wherever strategies are defined.

Fix a game G = (I, €). A quasi-strategy (x;, J;) for each player i is defined exactly as in
Appendix D.1.

Intuitively, a quasi-strategy (¢, P, F'|p) for the mediator consists of a subset of reports P,
a set of mediation plans F'|p that specify messages only after reports in P, and a probability
distribution ¢ over F'|p. Formally, a quasi-strategy (1, P, F'|p) for the mediator consists of

1. A set of reports P = [[,_; P with P* C R' for each t, such that (i) for every r* € P!
there exists '™ € P?*! that coincides with r* up to period ¢, and (ii) for every
rT+1 ¢ PT+1 and t, the period-t truncation of »7 !, denoted r'*!, satisfies r’*! € P!,

2. A set F|p, where each f = (f;); € F|p consists of, for each t = 1,...,T, a function
ft . Pt+1 — Mt'

3. A probability distribution ¢» € A (F|p).

Let Z|;p be the set of (f,h"™) such that hTT! = (sTF1 p T+ T oTHY) € g1
hl € JIt! for each i, and f;, (r**!) = m,, for each i and t. For each i and h] ™' € JI ! let
Zhi e = {(f,h") € Z|yp : KT € HTH R}, Define 2%, p, Z04F|; p, Z44 1 p
and ZT1 ;b as the projections of Z|;p to F x H® F x HR®' x R, F x HA', and
F x HM x Ay, respectively. Define Z®[h]|; » and Z4*[hM']|; p analogously.

We say a quasi-strategy profile (x, v, J, P, F|p) is valid if

1. JB' = S,. Foreach t > 1, f € F|p, hf*" with (f,h') € Z®|;p, 1 #0, 05, T > t, and
hBT with ProoX-of/ (RET|RRY) > 0, we have hf’T € JJR’T for each j # i and the report-
component 77 of K7 lies in P™.* Similarly, for each r, with Pr7oX-o/ (RR7 r_ |pfY) >
0, we have (r",r,) € P™"' where r7 is the report in h®7; and for each m, with

A81f hf’t*1 4 JjA’t*l for some j # i or rt ¢ P?, then Pro¢X-i-f (7 |Af1) is not well-defined. In this case,
the condition vacuously holds. The same caution applies to the following conditions.
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ProiX—if (hR’T,rT,mT]hR’t) > 0, we have (hf”,rjﬁ,mjﬁ> € J]A’T for each j # 1.

The same condition holds when we replace h* with (f, ") € Z*|; p by h*' with
( 7, hA’t) € Z4Y;p. That is, no unilateral player-deviation leads to a history where
either the mediator’s or another player’s quasi-strategy is undefined.

2. For each 7 and ¢, if hf’t S JiR’t then there exist f and h}_%;t € Ji?t such that (f, hf’t, hl_%;t) €
ZHR/ ; p. Similarly, for each i and ¢, if hf"t € JiA " then there exist f and hff € Jf{t
such that (f, hiA’t, hé;t) € ZM; p.

The first requirement implies that, for every valid quasi-strategy profile (x, ¥, J, K), every
mediation plan f and terminal history A7 ! with PrX¥ ( f hTH) > 0 liesin Z|; p. The second
requirement implies that the projection of ZJ J.p on H*" includes all histories h] ™' € JI*,

Finally, a quasi-CPPBE (x, %, J, P, F|p,v) is a valid quasi-strategy profile (x, ¢, J, P, F|p)
together with a CPS v on Z|; p such that no player has a profitable deviation at any history
. IRt At .
in J;7" and J;": that is, we have

1. [CPS consistency] For all f, t, h®*, 1, my, a;, and s.41 such that (f, h®, ry, my, az, $041) €
ZR b we have

D(f) = (f), O (r £, 17 =TT\ (Ti7t|h£%,t) 7
IL (mt|f, hR’t7 Tt) - 1{mt:ft(rz’”)}’ IZ) (at|fa hR’t) T, mt) = Hz]\;O X{,‘t (ai,t|hf’ta ri,t7 mi,t> )
D (sealf 17 00) = p (sealia)

2. [Sequential rationality of reports] For all i # 0, t, o, € %;, and h)"" € J'**, we have

S (AR ) a G =S (AR @ (o fIR)
(fRROEZRA N 5 p (f.hRNEZRA R 1 p
(41)

3. [Sequential rationality of actions] For all ¢ # 0, t, o, € ¥;, and hf"t € JiA’t, we have

DO A VU RO ) = SN ) Y A e E A C Ay

(fRAOEZARMY | 5 p (f.RAYEZA R p

(42)

Let pX¥ € A (X) denote the outcome distribution induced by valid quasi-strategy profile
(x,%). The following lemma says that it is without loss to consider quasi-CPPBE rather
than fully specified CPPBE.

Lemma 8 For any game G and outcome p € A(X), p is a CPPBE outcome if and only if
p = pX¥ for some quasi-CPPBE profile (X,w, J, P,F|p,'(L) in G. Moreover, given a quasi-
CPPBE profile (X,¢, J, P,F|p,@7)), for each Q such that J C Z|q, there exists a CPPBE
(0,1, Q, v) such that (o, 1) and (x,) coincide on (J, P).
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Proof. Fixagame G. If (o, 1, Q, ) is a CPPBE, then let .J be the set of histories compatible
with the mediation range: for each ¢, define

Rt R Rt
J: = {hi eH™ mi;€Qir(r],m],ri;) VT < t} ,

JAt = {hf’t e HM :mi, € Qi (rT,ml,riy) V7 <t

—

)
JZ.R’tJr = {(h,f»%’t7 Tiﬂg) . hﬁ’t S JiR’t and ri,t € Ri,t} 9 and

JA’t+ = {(h?’t, Cbiﬂg) : h?’t S JiAi and Qg ¢ c Ai,t} .

)

Let P = R, and let F'|p be the set of mediation plans compatible with the mediation range:

Flp = H {ft : HRT — Q; (v, (fr (ryr ) ,rt)} .

t=1 T=1

Given this definition, we now show that (o, u, J, P, F|p, i) is a quasi-CPPBE. The two
defining conditions for validity holds, since (i) J™! = S! by definition, (ii) histories outside
J; cannot arise as long as the mediator follows p, and (iii) every message history in J can
arise for some mediation plan in F'|p. CPS consistency and sequential rationality follow from
the fact that (o, u, @, i) is a CPPBE.

For the converse, fix a quasi-CPPBE (X, v, J, P, F|p, fb) and a mediation range () with

J C Z|g. We say that a move distribution on Z|;p is a triple (a”, o, a?), where o' €

A(F|p), aff = (aR’t)thl with o : ZR®|;p — A(R;), and ot = (aA’t)tT:l with a?t :
ZA4;p — A(A). A move distribution on Z|;p has full support if we have (i) for each
f € Flp, o(f) > 0, (ii) for each (f,hf") € Z7; p, ot (ry|f, h®') > 0 if and only if
(bt 1) € ZR| ) p, and (iii) for each (f, h*") € Z4|;p, a(as| f, ') > 0 if and only if
(f, hA’t, at) c Zt+1|J7P.

By Theorem 1 of Myerson (1986), every CPS is the limit of conditional probabilities
derived from a sequence of full support move distributions. Thus, there exists a sequence of

move distributions (o', o a4*) with full support on Z|; p such that (i) a*(f) — ¥ (f)
for all f € F|p, (ii) a®*(r|f, h) — Hf\io Xft (ri7t|hf’t) for all (f, hR’t,rt) € Z™ b, and
(iti) a®*(ar| f, B — T, Xft(ai7t|h;4’t) for all (f,h*' a;) € Z™|; p. For each k, let

e = min min{a™Ft (), ofF (| £, B0, oM (ay) £, B 1y, my)} > 0. (43)
t,(f,tht,rt,mt,at)EZH‘l\J’P

Let mf(fu hR’t) = supp aR’k’t(Tt|f7 hR’t) and mf(fu hA7t> = supp &A’k’t<at|f7 hR7t7 T't, mt)‘
Given f € F|p, denote the set of mediation plans that coincide with f after history J*
by
F(f) = { freF|g: fli(r") = fii (r") for all t and 7* }

s.t. there exists At € J* with report component equal to 7

Note that, given J C Z|p, validity implies that the mediator sends messages compatible
with mediation range ) for each r* such that there exists hf* € J®! with report component
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equal to r*. Hence, F'(f) is non-empty.
For each k, define an auxiliary game (Fk, @) as follows:

1. The mediator uses the mixed mediation plan u* € A (F|g) defined as follows: (i) with
probability 1 — %, draw f € F|p according to a* € A(F|p) and then draw [’ € F|g
uniformly at random from F'(f); (ii) with probability <&, draw f’ € F|q uniformly at
random from Fg.

2. Bach player i chooses probability distributions o/5*(-|n"") € A(R;,) and o/%F(-|h) €
A(A;,) for each t, K e H\J and hf” HAt\J;”. At histories hf.“ J and
hAt e J player i is required to choose o it ( |th) = Xft’t (~]hf’t) and aft’k(-|h?’t) =

1

Xz‘,£ <"h?’t>-

3. Given ¢* and f, the distribution of terminal histories H”*! is determined recursively
as follows:

Given f € F|g and hf** € H™' each r, € R, is drawn with probability

(1 — < |RA\RE(f, BTY)|) «f* (| £, RBY) if (f, hBY) € ZBE ) p Ary € RE(Sf, ),
?k if (f> hRﬂt) S ZR’t‘J,P ATy Ql mf(f? hR’t);

[0 (1= [Ridl) o (real b + %) it (f,h) ¢ 27

Given f € F|g and h™' € H, each a; € A; is drawn with probability

(1= % |ANA (S, hA’t)I)aA”“(atlf,h“ if (f h") € Z45p Aay € AL(f, H),
(f hAt) c ZAt|JP/\CLt gg(k(f hAt)
if

IS ((1-% Al) o ) + %) it (f,hA0) ¢ 249,

Given b4t € HtA Tand a, € Ay, each s;1q € Spy1 is drawn with probability p (st+1 |iLA’t, ag

4. Player ©’s payoff at terminal history h7+ is u;(A7).

As in the proof of Lemma 3, (Fk, €) admits a NE (%, u*). Moreover, for any o*, (O‘k, uk)
has full support on F|g X Z|g in (I'*,€). Hence, (6%, 1) induces a CPS ¥ on F|q x Z|q
by Bayes’ rule.

Let (5%, u*, i*); denote a sequence of NE (5%, u¥) and corresponding CPS’s i* in (Fk, QI).
Taking a convergent subsequence if necessary, let (7, u, ji) = limy_.o (6%, u*, i*). Note that
(,p) and (x, 1) coincide on (J, P). We claim that (7, u, @, i) is a CPPBE in (I', €). Since
it is a CPS as the limit of conditional probabilities, it remains to verify sequential rationality.
The proof is exactly parallel to the corresponding part of the proof of Lemma 3. We include
it for completeness.

We consider reporting histories hf '+ the argument for acting histories AT analogous.
There are two cases, depending on whether or not h"* € J/**. If b ¢ J*' then hI*! ¢
JI*L for all hI*! that follow A", so by inspection the outcome distribution (and hence player
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i’s expected payoff) conditional on hf! is continuous in o*, ¥, &4, and k. Since 5?’15 (-lhf’t>
is sequentially rational in (Fk, €) (as (5k, uk) is a NE in (Fk, Qﬁ) where the distribution over
A"+ has full support), it follows that o} <-|hf’t) is sequentially rational in (I, €).

Now consider the case where hf’t € JiR ', 'We show that player i believes that A" €
ZRp| ; p with probability 1. Note that, for each b7 ™ € JI ™ and (f, A7) ¢ Z®¢[1™| ,p,

there exists ( 1 iLT+1> € ZRHR |5 p such that

—k T+1
lim PALR ) (Ji’}} ) =
oo i (FLRT)

This follows because in (Fk , Q:) each “tremble” leading to a history outside J occurs with
probability at most € /k, while every history hz-T+1 € JiT *1 occurs with positive probability
given move distribution (a*, a* o4*) (this is an implication of the third condition in the
definition of a valid quasi-strategy profile), and with this distribution each move occurs with
probability at least e.

Therefore, for each h[*" € J™ and (f,h%*) € ZB* |, p, we have f(f, AT |h") =
O(f, kB |hf"), and the conditional probability that (f,hftt) e ZRt (17| s.p equals 1. Hence,
the fact that (41) holds with CPS ¢ implies that aft(-|hf%’t) = Xt <-|hZR’t) is sequentially
rational in (I', €). m

1.2 SCE Implies CPPBE

Lemma 9 For any base game T', mediation range Q, and SCE (u,Q, i), there exists a
canonical strategy profile o and CPS i’ such that (o, u,Q, ') is a CPPBE in (I',C*) with
the same outcome distribution.

Proof. In the direct-communication game G* = (I', €*), let J be the set of truthful histories
compatible with the mediation range: for each ¢, define

Rt Rt .
3 - )
! Tir = (ai,T—h Siﬂ') and m; - € Qi,’r (T;;ru mz; Ti,’r) VT <t
At At .
JAE h;” e H :
3 - )
' Tiz = (Giz-1, 8i7) and m; - € Q7 (], m],757) V7 <t

Rt+ Ryt LRt Rt _
J; = {(hz ,n-’t> ch;t e J7 and 1y = (a1, si,t)} , and

J;4,t+ = {(hf’t, am) : hiA’t € JiA’t and a;; € Ai,t} )
Let P = R, and let F'|p be the set of mediation plans compatible with the mediation range:

T

FbZH{#IP%ﬁ@@WﬁW%Mi%%-

t=1
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Consider the quasi-strategy profile (x, i, J, P, F'|p) where, for each i, x; is honest and obe-
dient at each h; € J;. This quasi-strategy profile is valid, since (i) histories outside J; can
arise only if player ¢ is dishonest or the mediator uses a mediation plan outside F'|p, and (ii)
every message history in J can arise for some mediation plan in F'|p. Moreover, by inspec-
tion, (x,p,J, P, F|p, i) is a quasi-CPPBE in G* if (i, Q, i) is a SCE. Hence, the former is
a quasi-CPPBE in G*. Moreover, J; includes all histories at which player ¢ has been honest
and the mediator’s messages lie in the mediation range. Hence, Lemma 8 implies that there
exists a canonical CPPBE (o, u, @, ') in G* with the same mediation range and outcome

as (4, Q,j1). m

1.3 CPPBE and Codominated Actions

We now show that, in any CPPBE, players do not take codominated actions at any history.

Lemma 10 For any game G, mediation range ), and CPPBE (o, i, Q, i), supp af}t(h?’t) N
D.(h™) = 0 for all i, t, and K™ € H*'.

1.3.1 Proof of Lemma 10

Fix a game G, mediation range (, CPPBE (o, i, Q, 1), and sequence of full-support CPS’s
(ﬂk) ., converging to fi. For each ¢ and ¢, the sequential rationality condition at history hf’t
is

Yoo AL (e ) = max YT B AR (o] 0, IR

At 03€% At
(f;hAt)eZAt R | (f;hA)eZAtR g

(44)

We wish to prove the following lemma, which establishes the corresponding sequential
rationality condition in the direct-communication game G*. Let F' be the set of mediation
plans in game G*. For each 4, t, and y; € Y, let M, (y;) = U, a0j4:_, SUpp a;‘}t(h?’t); and,
for each 7t € R let

- My (7Y i fif e v
(P = ¢ T Z Z
Qi (777) { Ay otherwise )

Given Q, let F \Q be the set of mediation plans in game G* with mediation range Q.

Lemma 11 In game G*, for each t, there exists a CPS ji, on F|Q x Y such that, for each
i, yt € Y, i, € Miy (y), and o) € 7,

Z lat(fv yt|yf> mi,t)ﬂ'i (O-*a f|B <f> yt> 7m7ﬁ,t>
(Ft)eFloxY[y!]
Z Z ﬁt(f? yt’yzta mi,t)ai (O-;W O-*—ia f’B (fa yt> 7mi,t> . (46)

(Fyt)eFloxYtyl]
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Before proving Lemma 11, we first show how it implies Lemma 10. Toward a contra-
diction, suppose that there exists a period ¢ such that M@t (yH) N Di4(yf) # O for some
i and y' € Y!. Let t* be the last such period. Note that, for all f € F |5, we have
fir P N D, (7YY = 0 for all ¢ > t*, 4, and 71 such that 71 € Y}': that is, recommen-
dations after period t* exclude codominated actions.

Let E C F|Q x Y denote the set of pairs (f, y”) such that fi;-(y'") € D (y!") for

some 7. Define ji’ (f, yt*> = - (f,y"|E). For each ;s € D;(y!"), the conditioning
event 7, 4+ in (46) implies that the realized pair ( 1, yt*) lies in E. Hence, (46) implies that,
for each i and m; 4 € ]\;[z-,t* (yf) ND;+(y!"), we have

S Gy (e (Fy) = Y By (et fiR (Fy7).
(" )eFlgxy: (Ft")ePloxy®:

J . 2 X
Jipx (Ut )=1m; 4 fi i )= g

This contradicts the hypothesis that m; ;« € D; 4= (yf), which completes the proof of Lemma
10.

We now prove Lemma 11. Let ¢~* denote a collection of functions (¢,)_.,, where ¢, :
R — A (M} x 24| g) (where here Z4|g C F|g x H*" denotes the set of mediation
plans and period-t acting histories in G’ with mediation range @), and for 7 > ¢, ¢, :
ZAT o x R — A (M;k x H A”). Intuitively, ¢=' may be viewed as a continuation strategy
for the mediator in the direct-communication game starting with arbitrary past reports
7l e R**! in period t.

Lemma 12 For each t, in game G*, there ezists ((¢§)T>t)k with limit ¢, = limg_o ¢F for

each T >t such that, for each i, y! € Y}, and 1,y € My, (y), we have

> By F (Midly') > 0 for all k, (47)
yteYt[yf]
and, for all o, € 3,
> By i) (07, (6,) s [y {7 = o'} i) (48)
yteYt[yl]
> Z ﬂ(yt|yf7 miﬂf)ai (0‘;7 0-*—2" (¢T)7'Zt |yt7 {fH—l = yt} ami,t) ’
yreYtyl]

where [i 1s defined by

ﬁ(yt\yt m't) — lim ﬁk(yt|yf)¢f(ml,t|yt) '
o ko0 thgyt[yﬂ ﬁk(gt’yf)¢f(mz,t|gt)

Proof. Construction of (gblj)T> ,: This is similar to the proof of Proposition 2. For each
k, first define (¢E)T> , recursively in 7, then define ¢, = limy,_ qﬁf for all 7 > t.
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For each canonical 71 € R**1 the mediator draws a mediation plan and “fictitious
history” (f, h**) € Z44|g according to i*(f, h*|y") for y* = 7149 Then, he recommends
mit € A;s to player ¢ according to th(hA’t). This defines ¢,’f .

hA,T—l

For each 7 > t, we now define gzﬁk as a function of (f s i1, S T) with (aZ o1, Sir) =

7i-. For each ¢, the mediator draws a “fictitious report” r; ; € R, ; according to o; (hA 71 JTir),
1ndependently across players. Next, given r,, the mediator calculates the vector of “fictitious
messages” m, = f;(r7,r;), where r” is the report component of hA7~1. Finally, the me-
diator draws recommendation m; » € A, ; according to a (hAT ! s Qir—1, Siry Tirs My ) With
(@ir-1,8i+) = i r, independently across players. This then defines hiA’T = (hf’Tﬁl, Qir—1, Sivrs Tiry M)
with (a;r—1,8ir) = Tir

Proof of (47): For each y' € Y, since i*(f, h**|y") has full support over (f,h*) €
Z4 [y | o, we have ¢F(m,|yt) > 0 for each i and 7, € M, (y!). Hence, (47) is satisfied.

Proof of (48): Toward a contradiction, suppose (48) is violated for some i, y! € Y},
i € My (y!), and o} € 57, Denote the conditional probability of (f, ht) € Z4¢|, and
r € X given y', 7 =y and 1, by

Pro @z (f R4 2yt {7 =yt igy)
By construction, for each & € ¥*,
PuF Oz (1A oyt {74 = o) mn)
= lim Prot (f My {7 =y i) Pro O (aly! (7 =y} R )
= lf Pyt ) PO @z (alyt (P =y} R )
= A(f, BNy g e) Pro@oeze (xf £, B mgy)

In the last line, we omit 3 since ~Pr¢f (‘|y*, m; ) assigns probability 1 to hAt = yt, and we also
omit {71 = y'} by defining Pr(#+)r>: (x| f, M, ;) as follows: conditional on A*, define

t+1~)

#+1 = At and calculate the conditional distribution of z given & and (f, B, Mit)-

By definition, for each y* € Y*[y!],
ﬁ(yt’yf’ ml t) (f7 hAt|y ml t) (f7 hA |yz ) mz t)l{hA tfyt}

Hence, the violation of (48) implies

Z :a(fv hA,t‘yfa mi,t)ﬂi (0*7 (¢T)7'2t |fa hA7ta mi,t)
(fhADEZA QA eY* ]
< Z Ia(fa hA’t‘yfa mi,t>ai (0-;7 O’i“ (¢’7’>th ‘f, h,A,t’ ﬁli,t) .

(f.RAN)EZAL Q:h At eyl

49 As in the proof of Proposition 2, (f,h**) can be chosen arbitrarily if #*! is not a feasible payoff-relevant
history. A similar comment applies to r; » and h?’T in the next paragraph.
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Therefore, there must exist hiA’t with (R

> a(f, b

(fhA)eZA R

< > A

(fhA)ezA R

yt,m;,) > 0 such that

A ~ _ ~
h'i 7t7 miyt)ui (U*a (QST)TZt |f> hA’ta miﬂf)

vt i ) (05,05 (D)5 | S WY ) (49)

Note that (¢,),-, is constructed so that the conditional distribution of z given ( fs hA’t)
and m;; under (0*, (¢T)T>t) in game G* is the same as the conditional distribution of = given

(f,h*") and a;; = i, € supp oft(hf’t) in game G with mediation range @) under (o, f):

>, S i W )T (0%, (6,) s [ M 04
(frAH 24 R g
= Z a(f, k™M, mt|h?’t7mi,t)ai (U|f, hA’t,’ﬁli,t) .

(fRAHEZA R g

To derive a contradiction, it suffices to find a strategy ¢ in G’ with mediation range Q that
attains the expected payoff in the second line of (49),

Yo AR )T (07,07 (60) 5 L R )
(thA,t)ezA,t[h?thQ
= Z ﬁ<f7 hA,t’h;‘Lt’ mi,t)ﬂi (&;’ U*i‘f? hA’tv mi,t) )

(fRAEZAL RS g

since the existence of such a strategy contradicts (44). The same construction as in the proof
of Lemma 1 defines such a strategy 6. m
Proof of Lemma 11. We now prove (46). For each k, by Kuhn’s theorem, there exists a

collection of mixed mediation plan (ﬁ’;m);t L, in G, with ik, € A (F ) for each 771, that
satisfies the following condition: for each y* € Y, 71 € R**! strategy o’ € 3*, and vector

(Mg, gy (Sry Tory Ty aT)f:tH), we have

’ k
P ) (i a0, (57, 000 1y 7Y

- Z ﬁ§t+1(f~) PI.U/ (mty ag, (577 77;T7 mr; aT)Z:t+1 ‘f, yt, 7:t+1> .

fear)

(That is, (0’ , (¢k)7> t) and (0' ) ,&ffm) give rise to the same distribution of histories in G*

T
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~t+1

conditional on ' and 7 pitl

.) In particular, if 71 = 4' we have

/ k
P’ (95) (ﬁlt, ag, (Sry Py My, am')f:t—l—l |yt>
= > NP (s an, (57 i a) L o)

feAa(r)
Define _ -
A Fome) = B X Qi () X Ly

Let ji = limy_ ji*. Since each f € supp ji satisfies f; (7 +!) € Q;,(F:t1) for all T > ¢, (48)
implies

Z ﬁt(fu yt|y§7mi,t)ai (0*7 f'yt7 {ft+1 = yt} 7mi,t)

(Fyt)eFloxYtyl]
Z Z ﬁt(f’ yt|yf7 mi,t)ﬂi (0-;'7 O-iia f|yt7 {fH—l = yt} ami,t> . (50)
(Ft)ePlgxyiy]

For each f, we can write f = (<!, f2!) with f<* = (f,)!Z} and f>* = (f,)7_,. Since

=1
the past recommendations mt do not affect the continuation strategy, there exists ji, such
that f1,(f) = p~(f<Y) x p7'(f2*) and (50) holds with fi, in place of fi,. Since under j,
recommendations prior to period ¢ are independent of those after period ¢, this yields (46).

I.4 Proof of Propositions 7 and 8

Proposition 7: By Lemma 9, for each SCE (i, @, 1), there exists a canonical CPPBE
(o, 1,Q, ji') in G* with po# = p°#. Conversely, take a CPPBE (o, u,Q, i) in G* with
canonical ¢ and outcome p. As in the proof of Lemma 9, let J be the set of histories such
that players are honest and messages are compatible with mediation range @, let P = R,
and let F|p be the set of mediation plans compatible with mediation range (). Since o is
canonical, the quasi-CPPBE (o, i, J, P, F'|p) is SCE.

Proposition 8: By Lemma 10, players do not take codominated actions at any history
for any €. Since every CPPBE (o, 1, @, i) is a NE, there exists a NE with outcome p where
players do not take codominated actions at any history. Hence, by Proposition 1, there exists
a SCE (¢/, @', ') with p = p”"* and Qi (ri™",mt) = A;; \ D4 (ri"). Hence, by Lemma 9,

there exists a canonical CPPBE (o, i/, @', ") with outcome p.

J Proof of Claim 5 of Proposition 4
We first establish a preliminary result. Fix a game G, mediation range ), and CPPBE

(o, 1,Q, n). Foreach i, let 3; (o0_;, u, i) C X; denote the set of sequentially rational strategies
for player i against (0_;, 1) under CPS fi: that is, the set of strategies ¢; such that, for each
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t and A",

Z a(f, R Ya (64,04, fIRT) = max Z a(f,

oley;
R R
(f. R 2R R g (f.Rf) 2R R g

K3

At
and, for each h; ",

N (o, i, fIR™)

S AR (o SR = max YD AR (o oo, fIRY).

olex;
(fhA0)eZAt g (fhADEZA Mg
Let M;, (y}) = Uh?,t:fb?,t:yf U&iezg(o,i,p,p) supp &ft(hf’t). The following lemma shows that
codominated actions are never taken by any sequentially rational strategy ¢; € 3; (o_;, , [t)-
Lemma 13 For any game G, mediation range Q, and CPPBE (o, u, i), M, (y))ND;, (y}) =
0 for alli, t, and y! € Y}

Proof. Suppose otherwise that there exists ¢ such that M, (y!) N Dy, (y!) # 0 for some i
and y! € Y. Let t* be the last such period, and fix i, 6; € ¥; (04, i1, i), y¢ , and action
i such that m; 4+ € UhA ¢ jAtt e SUPD O t*(hA )N D (yl).

For each t, y! € Y}, and rt“ ¢ R*tJrl let

ety M) i <y
LEV Ay otherwise

and let Q~: (@1, Q_i), where Qj is defined in (45) for j # i. By Lemma 10, for each t the
range of ()_;; excludes all codominated actions; and by definition of ¢*, for each ¢ > ¢*, the

range of int excludes all codominated actions as well.
Applying the same construction as in the proof of Lemma 10 with &; in place of o; yields
a CPS [i,. on F|s x Y such that, for each o} € ¥,

Z i (F y |yt ) (@y o_i, fIh (fa Z/t> ,ﬁ%',t>

(Fyt)eF|oxYty]

= > ) (0 o, fIh <fyt>mt>

(Fut)eFlgx ]
Let E C F!Q x Yt denote the set of pairs <f, yt*) such that f;.(y"") = 7. Letting

IatE* (fa yt*> = ﬁt*(f’ yt*|E>7 we have

S wEGy (e TR (Fe)) = Y A (ko fIh
(7 )erlgar () ePlgnr

Fie (yt*):ﬁ%‘,t* Fie (yt*):ﬁ%,t*
This contradicts the hypothesis that 1m; « € D; 4« (y! ). =
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Turning to the proof of the claim, note that in games of pure moral hazard, for each ¢
and t, the set of codominated actions for player i in period ¢t does not depend on the realized
payoff-relevant history y!: that is, there exists a set D,, C A;; such that D, (yh) = D, for
all y! € Y. Let Y} be the set of payoff-relevant histories that can be reached without any
player taking a codominated action:

{yf € Yf : Elyii s.t. (yf, yii) €Y' and anr € Apnr \ Dyr for each n and 7 <t — 1} .

Define L and 7% as in the proof of Proposition 5, where now each 7r£l] € A(F=txY?)
depends only on its first component.

Fix a canonical NE (¢*, u*) in G* where players never take codominated actions at any
history.”® We first construct a (possibly non-canonical) SE (&, i) in G* with outcome p° #"

~ ok ~k

and then construct a canonical SE (¢*, i*) with the same outcome.

Construction of (6’“ , /lk) We first construct a sequence of profiles (6’“, [ﬁ) indexed by k
that limits to a (quasi) SE in G*.
Mediator’s Strategy: At the beginning of the game, the mediator draws (, € {0,1} for

each t = 0,...,T such that ¢, = 1 with probability (%)2(L+1)T
Given ((,){_,, the mediator draws (w;),_, as follows: For t = 0, wy = (0, f), where f is
distributed according to p*(f). For each ¢ > 1, given (wt_l,Ct,l), w; is determined as
follows:

, independently across periods.

1. If ¢,_; =0, then w; = w;_; with probability 1 — %, and wy = (t, fzt) with probability
i (1)

2. If ¢,y = 1, then w, = (¢, f=") with probability 7 (f=).

Given ((;,w;), the mediator’s recommendation is determined as follows: If {, = 0, then
my = f(r'") if wy = wo and my = f=7 (r'*Y) if w, = (7, f=7). If ¢, = 1, then the mediator
draws each m;; € A;+ \ D;; with equal probability 1/ (|A;¢| — |D;+|), independently across
7 and t.

Each realization of the mediator’s randomization defines the realization of the first ele-
ment of wy, for each ¢. Let t*(¢) be the corresponding random variable, which takes values
in {0, ..., t}.

Player i’s Strategy: We say that player 7 is honest and obedient at history hf’t it r,, =
(ajr—1,8ir) and a;, = m,;, for all 7 < t, and is honest and obedient at history hf’t if
rir = (air—1,8.) for all 7 <t and a;, = m,;, for all 7 < ¢. Let jiR’t (resp., jiA’t) be the set
of histories h/"" (resp., h:"") such that player i has been honest and obedient and lolf’t e Yl

For each k, let (Fk, C*) denote the following auxiliary game:

1. The mediator follows ji".

2. Each player i chooses probability distributions af{k(-|hf’t) € A(R;;) and afgk(~|h;4’t) €
A(A; \ Dyy) for each t, b1t € HPN\J* and B e HM\J'. Note that player 7 is

50 As in footnote 45, it is without loss to consider here the fully canonical strategy profile o*.
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required not to take a codominated action. At histories ™ e J* and h™' € jZA i
player i is required to report r;; = (a;4—1, S;) and take a;; = m;,, respectively.

3. Given (o*, "), the distribution of terminal nodes H”*! is determined recursively as
follows:

Given hf** € H®' each r;; € R;; is drawn independently across players with proba-
bility o (ri,t\hfvt).

Given ht* € HA' each a;; € R;; is drawn independently across players with proba-

bility
1 3(L+1)T? ) N 1 3(L+1)T?
<1 — ‘A@t‘ <E) > O-iﬂf,k( ; hz ’t) + (E>

Given ht € Hf *and a; € Ay, each s;41 € Syyq is drawn with probability p (st+1 |fOLA’t, a;

4. Player i’s payoff at terminal history ht*t € HTH is (;LH_I).

As in the proof of Lemma 2, (Fk C*) admits a NE ( 5 /]k)

Now define strategy 6% by UR k= 6B and

(2

1\ 3T 1\ 3LADT?
~ Ak At ~ Ak At
i i) = (1—\14“\ (7) >a i+ (7)

Note that the distribution over terminal histories under ( ) ) in game (Fk, Qﬁ*) is the same
as that under (6%, ") in game (', €*). Let (G, ) = limy_o (6%, i*). Note that (5, i) is a
profile in (I", €*).

We next claim that, for each i and o} € 3% such that supp( 'At(hAt)) ND;; =0

for all ¢ and hiA’t, we have u(d, 1) > u(0}, 64, f1): that is, no player i has a profitable
deviation that avoid codominated actions. To see this, let ¢ denote the behavioral mediation
plan induced by fi, and let ¢* denote the behavioral mediation plan induced by p*. Then

o, (-|r mb) = ¢ (+|r*, m?) for all (r'*, m?) satisfying Pr7¢ (r**1 m!) > 0 for some player
strategy o. Slnrul:aurly7 for each i, 67, ( |th> = oif ( \th> for all hf"" where player i has

been honest and obedlent and th € Y}, and similarly for acting histories h; 4! Hence, for

any on-path history hl under (0, i), the continuation play of i’s opponents differs from that
under (o*, u*) only following a deviation by player i to a codominated action. Therefore, for

any o, € ¥f such that supp (0'At(hAt)) N D, = 0 for all t and A", the fact that (o*, )
is a NE implies that u(é, i) > u(ol, 6, ft).

Construction of Quasi-SE (7, fi, J, K 6) We now define subsets of histories J and K

along with beliefs 3 and a mediation range Q such that (o, [, J, K B) is a quasi-SE in game
G-
Q
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Define Q; (i, mt) = Ay, \ Diy for each i, t, and (r'*1 m?). For each i, let J*7T equal
the set of histories h] ' such that Pr’ st (hth) > 0. Let KT+ equal the set of mediator
7T mTth) such that there exists o’ € X satisfying pr i (r™,m™*1) > 0. Let
the other elements of J and K include all truncations of histories in J4T+ and K7. Since
J; includes all histories where player i has not lied to the mediator or received a message
outside the mediation range Q, (o, [, J, K ) is valid. Define belief system A by

histories (

o Rt
B (n™In) = ,}‘i&%

for each hf** € H™'[h{""]|; z. Since prot (hf’t> > 0 for each h™ € J/', this is well-

defined. Since /3 is consistent by construction, it remains to verify sequential rationality of
(5-7/]7 JaKaﬁ)

As in the proof of Claim 1 of Proposition 4, sequential rationality at histories outside
JI or jZA * follows from a standard upper hemi-continuity argument.

Fix any hf’t € jZ-R’t. By Lemma 13, it suffices to show that player ¢ never has a profitable
deviation to a strategy that avoids codominated actions. By definition of le ' there exists

(w',¢") = (Wi, wi1,Cyy s Gy y) such that Pro™7" (hf’t

denotes the fully canonical strategy profile. Since under ji* any sequence (wt,Ct) occurs

2
with probability at least (%)2(L+1)T+2(L+1)T

those under 6* with probability at most , player 7 assesses that other players are
honest and obedient with probability 1. Hence, it suffices to verify that, for each i, t, 7 < t,
and hZR te jZR ' &, is sequentially rational conditional on the event that all players are honest
and obedient and t*(t) = 7. There are three mutually exclusive events to which player i
assigns positive probability:

t) > 0, where as usual o*

, while under &* players’ actions differ from
(1)3(L+1)T2
i

1. If t*(t) = 0 then Pr# <hf’t> > 0. Sequential rationality follows since @(d, 1) >

u(ol,6_;, i) for any strategy o that avoids codominated actions.

2. If t*(t) = 7 < t then w;, = (7, f=7). Since the mediator draws f=" from 7, by the
same argument as in the & (hf’t) = (t*, Ci*) case of the proof of Proposition 5 (i.e.,

the discussion immediately following Lemma 6), honesty is optimal.

3. If t*(t) = t then with probability 1 future recommendations are independent of the
current report. Hence, honesty is optimal.

Next fix any hf’t € jZA ' Again, player i assesses that other players are honest and
obedient with probability 1. She also assesses that ¢, = 1 with probability 0, since (i) for

any (hR T t) each m;; € A;; \ D;; occurs with positive probability conditional on ¢, = 0

and t*(t) = t, (ii) ¢, = 0 and t*(t) = ¢ occur with probability at least (1 — (%)2(L+1)T> (1)L,

k
while ¢, = 1 occurs with probability at most (%)2(L+1)T. Hence, we again consider three
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mutually exclusive events: t*(t) = 0, t*(¢) = 7 < t, and t*(¢) = ¢ and (, = 0. The proof
of sequential rationality in the first two events is the same as for reporting histories. In the
last event, sequential rationality follows from the same argument as in the & (hf7t> = (t, Cf)

case of the proof of Proposition 5.
Construction of (5*”‘“, [L*k) We first construct a sequence of profiles (5*’k , ﬁ*’k) indexed
by k that limits to a quasi-SE profile in G*.

Definition of the Mediator’s Strategy [i**. As in Proposition 2, in each period t, given
player ¢’s canonical report ff“ € Y/, the mediator draws a fictitious report r;; according

SRk Rt Rt . . . e
to &;5" (h;""), where h;"" = (y!,rf,m!) with y* = 7#*'.*! Given fictitious reports '*! and

~k ~k
fictitious messages m?, the mediator draws fictitious message m; from ¢, (r'™!, mt), where ¢
is the behavioral strategy induced by ji*. He then draws the recommendation m;; according
~Ak/ ~ ~
to 6;; (1|7 P ml ).

Definition of Player i’s Strategy 67". We define 67" to specify that player 4 is honest

2
and obedient, but trembles uniformly over actions with probability |A; | (%)3(L+1)T

At At
Qg ¢ € Ai,t and hi7 S H,L ”,

A 1) 3@+D7? 1\ 3ELADT?

Construction of Quasi-SE (6%, i*, J, K, 3) Define 6* = lim_o, 6% and [i* = limy,_ o *".
We will construct J, K, and  such that (6%, i*, J, K, 3) is a quasi-SE in G*. By the first
sentence of Lemma 2, this implies that there exists a SE in G* that implements the same
outcome. We will also construct a mediation range () such that J includes all histories com-
patible with the mediation range where players have been honest. By the second sentence
of Lemma 2, this implies that the SE is canonical.

Definition of Q. For each i and ¢, if 717 € Y;! we define

: for each

~xAk
Oit (o

Qi) =U (51 i) supp &7 ([yf, i+, mi*)

s.t. 7; r Esupp &?;k(y;f,r;",m[) with y;':F;—J’l for each 7<t
m; EA; 7 \D;, » for each 7<t

where yf = 711 and if 71T ¢ V! we define Q;(F1T) = A; .

Definition of (J, K, ). Define K™+ = Hi ™ and define JiA T as the set of all histories
compatible with the mediation range where players have been honest. Let the other elements
of J and K include all truncations of histories in J4T*+ and K7*. Since Q;+(7:™") contains
all messages ever sent under ji** when the history of communications between the mediator
and player i is 71, (6%, 1%, J, K) is valid.

SLIf f?‘l € R} s \ Y/, then the mediator draws r;; uniformly at random, and similarly for 7, ; in what
follows.
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Next, for each h/"" € J* and h®t € HR'[h1')|; k, define

~x. k ~x,k
Pro R (RR
(RBHREY) = lim () .
1,t 7 k—00 5%k ﬂ*’k R.t
Pyt (hi )

To see that the denominator of this expression is positive (so the quotient is well-defined),
note that, since (i) under ji* every sequence ¢’ occurs with positive probability and, given
¢, = 1, for each i the mediator sends each m;; € A;;\ D;: with positive probability at

every history, and (ii) players tremble uniformly over actions under &;"k, it follows that
it (hf’t> > 0 for all /"' € J*'. Define Bis (hA’t

Py

consistent by construction.
Sequential Rationality: Since the construction of (&*’k , ﬂ*’k) from (61“ , ﬁk) is the same as

hZA ’t) analogously. These beliefs are

~k
the construction of (&k, [0) ) from (5’“, <b) in the proof of Claim 1 of Proposition 4, sequential

rationality of (6%, 1%, J, K, ) follows from sequential rationality of (6, i, J, K, B)
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