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Abstract

The purpose of this paper is to consider the third-order asymptotic properties of bias corrected

ML. We show third-order e¢ciency of bias corrected maximum likelihood (ML) with a bias correction

based on sample averages of certain functions of likelihood derivatives, or on the bootstrap, or on

the jacknife. We give an explanation of these results suggesting that any bias correced ML satisfying

certain regularity conditions should be third-order e¢cient, i.e. that the form of the bias correction

has no e¤ect on the higher (third) order variance for ML. We also …nd a stronger equivalence property

for the bootstrap and jacknife bias corrected estimators, that they have the same stochastic expansion

to third-order.



1 Introduction

Asymptotic bias corrections provide useful methods for centering estimators nearer the truth. These

methods include analytical corrections such as the standard textbook expansion for functions of sample

means and the more complicated formulas required for a general maximum likelihood (ML) estimator.

They also include the jacknife and bootstrap methods. The purpose of this paper is to consider the third-

order asymptotic properties of bias corrected ML. We show third-order e¢ciency with a bias correction

based on sample averages of certain functions of likelihood derivatives, or on the bootstrap, or on the

jacknife. We give an explanation of these results suggesting that any bias correced ML satisfying certain

regularity conditions should be third-order e¢cient, i.e. that the form of the bias correction has no e¤ect

on the higher (third) order variance for ML. We also …nd a stronger equivalence property for the bootstrap

and jacknife bias corrected estimators, that they have the same stochastic expansion to third-order.

Pfanzagl and Wefelmeyer (1978) had previously shown that the bias-corrected ML is third-order e¢-

cient, when the bias correction is based on integrals over the parametric density. Our results show that

the expectations in the bias correction formula can be replaced by sample averages without a¤ecting

third-order e¢ciency, which simpli…es computation.

The Jackknife bias estimator goes back to Quenouille (1949). Bootstrap bias estimation was discussed

by Parr (1983), Shao (1988a,b), Hall (1992), and Horowitz (1998) in the context of nonlinear transforma-

tions of OLS estimators of linear models and nonlinear functions of the mean. Akahira (1983) considered

second-order properties of the jacknife and bootstrap. We extend the literature on the bootstrap and jack-

knife bias corrected estimator in two directions. First, we analyze genuinely nonlinear estimators rather

than nonlinear transformations of linear estimators as in Shao. Secondly, the literature on bootstrap bias

corrected estimators has been focused on analyzing bias properties without investigating the e¤ects of

bias correction on the higher order variance. We are instead working with third rather than second order

expansions of the bias corrected estimators. This allows us to analyze the e¤ect bias correction has on the

higher order variance of the estimator.

In Section 2 we derive the third order stochastic expansion of the bootstrap and jacknife bias corrected

ML, showing that they are identical. In Section 3 we consider third-order e¢ciency of the estimators.

Section 4 concludes.



jackknife bias corrected MLE, and argue that they are higher order equivalent. We argue that such bias

corrected estimators should have the same higher order variance as the bias corrected MLE developed by

Pfanzagl and Wefelmeyer (1978), which was shown to be third order optimal.

2.1 Higher Order Expansion of MLE

Let (­, F , P ) be a probability space. Consider a standard parametric model where fZign
i=1 is an iid sample

Zi » f (z, θ0), such that f (z, θ) satis…es su¢cient smoothness conditions summarized below in Condition

1. The density f (z, θ) is a member of a parametric family of distributions Pθ indexed by θ 2 £ with

£ 2 R a compact set. We consider properties of the MLE bθ where

bθ ´ sup
θ2£

n¡1
nX

i=1

log f (Zi, θ) .

It is convenient to understand bθ ´ bθ
³

1p
n

´
, where θ (ε) denotes the solution

θ̂(ε) = sup
θ2£

Z
log f (¢, θ)dFε (z) .

Here,

Fε ´ F + ε¢ ´ F + ε
p

n
³

bF ¡ F
´

, ε 2
·
0,

1p
n

¸

and F and bF denote the underlying cumulative distribution function and the empirical distribution func-

tion bF (z) ´ n¡1 Pn
i=1 1 fZi · zg .

We obtain bootstrapped estimates bθ¤
by sampling Z¤

1 , ..., Z¤
n identically and independently from the em-

pirical distribution bF . We denote the empirical distribution of Z¤
1 , ..., Z¤

n by bF ¤ (z) = n¡1 Pn
i=1 1 fZ¤

i · zg.

Using previous notation it therefore follows that bθ¤ ´ bθ¤ ³
1p
n

´
is the solution

θ̂
¤
(ε) = sup

θ2£

Z
log f (¢, θ)d bFε (z) ,

where

bFε ´ bF + εb¢ ´ bF + ε
p

n
³

bF ¤ ¡ bF
´

, ε 2
·
0,

1p
n

¸
.

Here, b¢ is the bootstrap empirical process b¢ ´ p
n

³
bF ¤ ¡ bF

´
. We are imposing the following technical

conditions to guarantee the validity of our stochastic expansions.



Condition 2 For each θ 2 £ and for m · 7 let ∂m log f (z, θ)/∂θm be a P -measurable function of z.

Condition 3 Let F be the class of functions ∂m log f (z, θ) /∂θm indexed by θ 2 £ for m = 1, ..,7 with

envelope M (z). Then,

Z 1

0
sup
Q2P

vuutlog N

Ã
ε
µZ

M2dQ
¶1/2

, F, L2(Q)

!
dε < 1, (1)

where P is the class of probability measures on R that concentrate on a …nite set and N is the cover

number de…ned in van der Vaart and Wellner (1996, p.90).

Condition 1 is a standard condition guaranteeing identi…cation of the model and imposing su¢cient

smoothness conditions as well as existence of higher moments to allow for a higher order stochastic

expansion of the estimator. Condition 2 together with separability of the parameter space guarantees

measurability of suprema of our empirical processes. As is well known from the probability literature,

measurability conditions could be relaxed somewhat at the expense of more re…ned convergence arguments.

We are abstracting from such re…nements for the purpose of this paper.

From Gine and Zinn (1990, Theorem 2.4) and Conditions 1,2 and 3 it follows that, almost surely,

n1/2
³
F̂ ¤ ¡ F̂

´
! T weakly in l1 (F) where T is a Brownian Bridge Process. We use the result on the

convergence of the empirical processes to obtain an expansion of the estimators bθ and bθ¤
.

Let ` (¢, θ) ´ ∂ log f (¢, θ)/ ∂θ, `θ (¢, θ) ´ ∂2 log f (¢, θ)
±

∂θ2, `θθ (¢, θ) ´ ∂3 log f (¢, θ)
±

∂θ3, etc. De…ne

I ´ ¡E
£
`θ(Zi , θ0)

¤
, Q1 (θ) ´ E

£
`θθ(Zi , θ)

¤
and Q2 (θ) ´ E

£
`θθθ(Zi , θ)

¤
. It is convenient to express the

resulting expansion in terms of U and V-statistics. We de…ne Ui (θ) ´ ` (Zi , θ), Vi (θ) ´ `θ (Zi ,θ) ¡
E

£
`θ (Zi , θ)

¤
, Wi ´ `θθ (Zi) ¡ E

£
`θθ (Zi)

¤
and let U (θ) ´ n¡1/2 Pn

i=1 Ui (θ), V (θ) ´ n¡1/2 Pn
i=1 Vi (θ),

and W (θ) ´ n¡1/2
Pn

i=1 Wi (θ) . We obtain the following formal expansion of the ML estimator. Validity

of these expansions was established under additional conditions for example by Gusev (1975, 1976).

Proposition 1 Under Condition 1, there exists some ~ε 2
h
0, 1p

n

i
such that with probability tending to

one, bθ satis…es the expansion

p
n

³
bθ ¡ θ0

´
= θε (0) +

1
2

1p
n

θεε (0) +
1
6

1
n

θεεε (0) (2)

+
1
24

1
n
p

n
θεεεε (0) +

1
120

1
n2 θεεεεε (0) +

1
720

1
n2

p
n

θεεεεεε (eε) (3)



and

θεεε (0) = I¡4Q2 (θ0)U (θ0)3 + 3I¡5Q1 (θ0)2 U (θ0)3 + 9I¡4Q1 (θ) U (θ0)2 V (θ0) (6)

+3I¡3U (θ0)
2 W (θ0) + 6I ¡3U (θ0) V (θ0)

2 .

Moreover, θε (0) = Op(1), θεε (0) = Op(1), θεεε (0) = Op(1) and max
ε2

h
0, 1p

n

i θεεεε (ε) = Op(1). Finally, let

~θ = θ0 + 1p
n θε (0) + 1

2
1
nθεε (0) + 1

6
1

n3/2θεεε (0) such that

Eθ0

·³p
n

³
~θ ¡ θ0

´´2
¸

=
1
I +

υ (θ0)
n

+
b (θ0)2

n
+ o(n¡1).

where

b (θ0) ´ 1
2

Eθ0 [θεε ] =
1

2I2 Eθ0

£
`θθ¤ +

1
I2 Eθ0

£
``θ¤

and

υ (θ0) ´ 1
4

Varθ0 (θεε) +
1
3
Eθ0 [θεεεθε ] + n1/2Eθ0 [θεεθε]

Proof. See Appendix A.4.

Based on Theorem (1), we can understand b(θ)
n as the higher order bias of bθ. Likewise, we can

understand 1
I + υ

n as the higher order variance of bθ.

In order to approximate the bias of the bootstrapped estimate bθ¤
we need a similar higher order

expansion as in the case of the ML estimator. Here, however, the reference point around which we develop

our approximation is the empirical distribution bF rather than the original distribution F. The convergence

of bF to F then guarantees that bootstrapped statistics are close to the original statistics.

We replace I, Q1 and Q2 with bI=¡n¡1
Pn

i=1 `θ(Zi, bθ), bQ1 = n¡1
Pn

i=1 `θθ(Zi, bθ) and bQ2 = n¡1
Pn

i=1 `θθθ(Zi, bθ)

and de…ne bootstrapped U and V-statistics as U¤
i (θ) ´ ` (Z¤

i , θ), V ¤
i (θ) ´ `θ (Z¤

i , θ)¡n¡1
Pn

i=1 `θ (Zi, θ),

W ¤
i ´ `θθ (Z¤

i )¡n¡1 Pn
i=1 `θθ (Z i, θ) and let U ¤ (θ) = n¡1/2 Pn

i=1 U ¤
i (θ), V ¤ (θ) = n¡1/2 Pn

i=1 V ¤
i (θ) and

W ¤ (θ) = n¡1/2 Pn
i=1 W ¤

i (θ) we obtain for the following result for the bootstraped estimate bθ¤
.

Proposition 2 Under Conditions 1,2 and 3 9~ε 2 £
0, n¡1/2

¤
such that with probability tending to one

PNa.s., bθ¤
satis…es the expansion

p
n

³
bθ¤ ¡ bθ

´
= bθε

(0) +
1
2

1p
n

bθεε
(0) +

1
6

1
n

bθεεε
(0)



2.2 Bootstrap Bias Correction

Bootstrap Bias estimation and Bias correction was analyzed in the context of linear models by Shao

(1988a,b). Let E¤ be the expectation operator with respect to bF . The idea behind the Bootstrap bias

correction is to estimate E
h
bθ
i
¡ θ0, if it exists, by E¤

h
bθ¤i¡bθ. We show that E¤

h
bθ¤i ¡bθ is close to b (θ) .

This in turn will allow us to construct the bias corrected estimate 2bθ ¡ E¤
h
bθ¤i

.

We …rst establish that b¤ = E¤
h
bθ¤ ¡ bθ

i
estimates the higher order bias b (θ) consistently.

Proposition 3 Assume Conditions 1,2 and 3 hold. Then

b¤ =
b (θ0)

n
+ op

¡
n¡1

¢
.

Proof. See Appendix A.4.

While this result establishes that we can consistently estimate the higher order bias it is not su¢cient

to guarantee good higher order properties of the bias corrected estimator. For this reason we establish

the next result.

Proposition 4 Assume Conditions 1,2 and 3 hold. Then

p
n

³
bθ ¡ E¤

h
θ̂

¤ ¡ bθ
i

¡ θ0

´
=

1
I U (θ0) +

1p
n

µ
1
2
θεε (0) ¡ b(θ0)

¶

+
1
6n

θεεε (0) ¡ 1
2n

B + op

µ
1
n

¶
,

where B is de…ned in (44) in the Appendix.

Proof. See Appendix A.4.

Because

E
·

θεε (0)
2

¡ b(θ0)
¸

= 0,

we can see that the bootstrap successfully removes bias. In a similar way we can approximate the MSE.

It then follows that

E
·³p

n
³
eθ ¡ E¤

³
θ¤ ¡ bθ

´
¡ θ0

´´2
¸

¼ Var
³p

n
³
eθ ¡ θ0

´´
¡ 1

2n
E [Bθε] .

2.3 Jackknife Bias Correction



The following proposition establishes the higher order properties of the Jackknife bias corrected ML

estimator.

Proposition 5 Assume Condition 1 holds. Then the jackknife bias corrected ML estimator has a higher

order expansion as in

p
n (θJ ¡ θ0) = θε +

1p
n

µ
1
2

θεε (0) ¡ b(θ0)
¶

+
1
6

1
n

θεεε ¡ 1
2

1
n

J + op

µ
1
n

¶

where J is de…ned in (52) in the Appendix.

Proof. See Appendix A.4.

It is shown in the appendix that

J = B, (7)

which means that the Jackknife and Bootstrap bias corrected versions of the ML estimator are higher

order equivalent. They do not only have the same higher order variance but agree more generally in

terms of their higher order distribution at least as far as the stochastic approximation allows to make such

comparisons.

3 Higher Order E¢ciency

In this section we obtain the higher order asymptotic properties of the bias corrected estimator of Pfanzagl

and Wefelmeyer (1978). Since that estimator was shown to be higher order e¢cient we will conclude that

our bias corrected estimator is higher order e¢cient under quadratic risk if the variance of the …rst three

terms in the stochastic expansion is the same as for the Pfanzagl and Wefelmeyer estimator.

From the expansion in Proposition 2 we have

p
n

³
bθ ¡ θ0

´
= θε (0) +

1
2

1p
n

θεε (0) +
1
6

1
n

θεεε (0) + Op

µ
1

n
p

n

¶
,

such that the highest order asymptotic bias of MLE is equal to

b (θ )
·
θεε (0)

¸



where τ (t1, t2, t3) ´ 1
2t21

t2+ 1
t21

t3, t1 ´ R
` (z, θ)2 f (z, θ)dz, t2 ´ R

`θθ (z, θ) f (z, θ) dz, t3 ´ R
` (z, θ) `θ (z, θ) f (z, θ) dz,

and m (z, θ) ´
³
` (z, θ)2 , `θθ (z, θ) , ` (z, θ) `θ (z, θ)

´0
. This leads to a bias corrected estimator

bθc ´ bθ ¡
b
³
bθ
´

n
.

This bias correction procedure was shown to be higher order e¢cient by Pfanzagl and Wefelymeyer (1978).

Our next result shows that as long as we restrict ourselves to quadratic loss any other regular estimator

of b(θ) also leads to a higher order e¢cient bias corrected MLE.

Theorem 1 Assume Conditions 1,2 and 3 hold. Assume that
p

n
³
b
³
bθ
´

¡ b (θ0)
´

is asymptotical ly a

nonsingular linear combination of
p

n
³
bθ ¡ θ0

´
, i.e.,

p
n

³
b
³
bθ
´

¡ b (θ0)
´

= ¨n¡1/2 Pn
i=1 ψ (Zi , θ0)+op (1)

for some nonsingular ¨ where ψ (Zi, θ0) ´ I¡1` (Zi ,θ0) denotes the e¢cient in‡uence function. Suppose

that bn is any other regular estimator of b (θ0) such that
p

n (bn ¡ b (θ0)) = n¡1/2 Pn
i=1 % (Zi, θ0) + op (1)

for some % (Zi ,θ0) such that E [% (Zi , θ0)] = 0. Let ~b
³
θ̂
´

= b(θ0) + ¨n¡1
Pn

i=1 ψ (Zi ,θ0) and ~bn =

b(θ0) + n¡1 Pn
i=1 % (Zi, θ0) . Then

E

Ã
p

n

Ã
~θ ¡

~b( θ̂)
n

¡ θ0

!!2

= E

Ã
p

n

Ã
~θ ¡

~bn

n
¡ θ0

!!2

.

We now consider a few special cases of this result that are relevant in practice. Intstead of analytical

or numerical evaluation of the integral one can replace the integral by sample averages. For

bb (θ) ´ τ

Ã
n¡1

X

i

m (Zi, θ)

!
,

an alternative bias correction is then

bθa ´ bθ ¡
bb
³
bθ
´

n
.

We can show that bθa and bθc have the same mean squared error up to order O
¡
n¡1

¢
by analyzing their

higher order variance. Let

m (θ) ´ E [m (Zi , θ)] =
Z

m (z, θ) f (z, θ0)dz (8)

with j-th element m (θ) and write m = m (θ ), τ ´ ∂τ ( ¹m)/∂m0, M ´ E
h

∂m(Zi,θ0 )
i

=
R ∂m(z,θ0) f (z, θ ) dz,



where An = τ m
¡
M

¡I¡1U (θ0)
¢

+ n¡1/2 P
i (m (zi , θ0) ¡ m)

¢
, Cn = τm (M + ¤)

¡I¡1U (θ0)
¢
, and

E
£
Cnθε (0)0¤ = E

£
Anθε (0) 0¤ = τ m (M + ¤)I ¡1.

Proof. See Appendix A.4.

This result has an intuitive explanation. Consider any two bias corrrected estimators

~θ = θ̂ + ~b/n, ¹θ = θ̂ + ¹b/n.

Suppose that θ̂, ~b, and ¹b are joint asymptotically normal estimators of θ0, b(θ0), and b(θ0) respectively, so

that θ̂ and ~b ¡¹b are joint asymptotically normal estimators of θ0 and 0 respectively. Asymptotic e¢ciency

of the ML means that θ̂ must be asymptotically uncorrelated with ~b¡¹b; otherwise, some linear combination

of θ̂ and ~b ¡ ¹b would be an estimator with smaller asymptotic variance than θ̂. Consquently, θ̂ must have

the same asymptotic covariance with both ~b and ¹b. Then, since the presence of the bias correction a¤ects

the third-order variance only through the asymptotic covariance of θ̂ with the bias correction (because

the bias correction is Op(n3/2)) it follows that the bias corrected ML has the same third-order variance

for both ~b and ¹b.1

This result seems to depend on the e¢ciency of the ML, so that for other estimators the form of

the bias correction may a¤ect the third-order variance. It would be interesting to extend this result to

estimators that are e¢cient within some class, to see whether bias correction would e¤ect the third-order

variance of these estimators. This extension is beyond the scope of this paper.

Given the preceding discussion, it is perhaps not surprising that the Bootstrap and Jackknife bias

corrected Maximum Likelihood estimators have the same approximate MSE as bθc:

Theorem 3 Assume Conditions 1,2 and 3 hold. Then,

1
2
E [Bθε (0)] =

1
2
E [Jθε (0)] = τm (M + ¤) I¡1.

Proof. See Appendix A.4.

Remark 1 Theorems 2 and 3 are irrelevant when the relevant loss function is not approximate MSE. On

the other hand, equation (7) indicates that the higher order equivalence of Bootstrap and Jackknife goes

beyond the MSE comparison.



bootstrap and jackknife procedures can be used to remove bias terms of stochastic order n¡1 from a ML

estimator without e¤ecting higher-order e¢ciency. Furthermore, we found that the third-order stochastic

expansion of the bootstrap and jackknife bias corrected ML are identical, so that they should have the same

higher-order properties. These results show that analytical bias corrections are not needed for achieving

full third-order e¢ciency of the ML.

A Proofs

A.1 Some Preliminary Lemmas

Lemma 1 Assume that Wi are iid with E [Wi] = 0 and E
£
W 2k

i
¤

< 1. Then,

E
h
(
Pn

i=1 Wi)
2k

i
= C (k)nk + o(nk)

for some constant C (k).

Proof. By adopting an argument in the proof of Lemma 5.1 in Lahiri (1992), we have

E
h
(
Pn

i=1 Wi)
2k

i
=

2kP
j=1

P
α

C (α1, ..., αj)
P
I

E
· jQ

s=1
Wαs

is

¸
, (9)

where for each …xed j 2 f1, ..., 2kg ,
P

α extends over all j-tuples of positive integers (α1, ..., αj) such that

α1 + ... + αj = 2k and
P

I extends over all ordered j-tuples (i1, ..., ij ) of integers such that 1 · ij · n.

Also, C(α1, ..., αj ) stands for a bounded constant. Note, that if j > k then at least one of the indices

αj = 1. By independence and the fact that EWi = 0 it follows that E
Qj

s=1 W αs
is

= 0 whenever j > k.

This shows that E (
Pn

i=1 Wi)
2k = C(k)nk + o(nk ) for some constant C(k).

Lemma 2 Suppose that fξi , i = 1, 2, . . . g is a sequence of zero mean i.i.d. random variables. We also

assume that E
h
jξ ij16

i
< 1. We then have

Pr

"¯̄
¯̄
¯
1
n

nX

i=1

ξi

¯̄
¯̄
¯ > η

#
= O

¡
n¡8¢

for every η > 0.

Proof. Using Lemma 1, we obtain
2¯ ¯ 3



Lemma 3 Suppose that, for each i, fξi (φ) , i = 1, 2, . . . g is a sequence of zero mean i.i.d. random

variables indexed by some parameter φ 2 ©. We also assume that supφ2© jξ i (φ)j · Bi for some sequence

of random variables Bi that is i.i.d. Finally, we assume that E
h
jBij16

i
< 1. We then have

Pr

"¯̄
¯̄
¯

1p
n

nX

i=1

ξi (φn)

¯̄
¯̄
¯ > n

1
12 ¡υ

#
= o

¡
n¡1+16v ¢

for every υ such that υ < 1
16 . For υ < 1

48 we have

Pr

"¯̄
¯̄
¯

1p
n

nX

i=1

ξi (φn)

¯̄
¯̄
¯ > n

1
12 ¡υ

#
= o(n¡1).

Here, φn is an arbitrary sequence in ©.

Proof. By Markov’s inequality, we have

Pr

"
sup
φ2©

¯̄
¯̄
¯

1p
n

nX

i=1

ξi (φ)

¯̄
¯̄
¯ > n

1
12¡υ

#
= Pr

"
sup
φ2©

¯̄
¯̄
¯

nX

i=1

ξi (φn)

¯̄
¯̄
¯ > n

7
12¡υ

#

·
E

h
supφ2© (

Pn
i=1 ξ i (φ))16

i

n 28
3 ¡16υη16

=
supφ2© E

h
(
Pn

i=1 ξ i (φ))16
i

n 28
3 ¡16υη16

,

where the last equality is based on dominated convergence. By Lemma 1, we have

E

2
4

Ã
nX

i=1

ξi (φ)

!16
3
5 · Cn8,

where C > 0 is a constant. Therefore, we have

Pr

"
sup
φ2©

¯̄
¯̄
¯

1p
n

nX

i=1

ξi (φ)

¯̄
¯̄
¯ > n

1
12¡υ

#
· Cn8

n28/3¡16υη16 = O
³
n¡4/3+16υ

´
.

Lemma 4 Let bG (θ) ´ 1
n

Pn
i=1 log f (Zi, θ). Suppose that Condition 1 holds. We then have for all η > 0

that
· ¯̄

b
¯̄ ¸ ³

¡ 23
´



Lemma 5 Under Condition 1, we have

Pr

"
max

0·ε· 1p
n

jθ (ε) ¡ θ0j ¸ η

#
= o

³
n¡ 23

3

´

for every η > 0.

Proof. Let η be given, and let ε ´ G (θ0) ¡ supfθ:jθ¡θ0 j>ηg G (θ) > 0. Letting g (z,θ) ´ log f (z, θ),

we have
Z

g (z, θ) dFε (z) =
¡
1 ¡ ε

p
n
¢
G (θ) + ε

p
n bG (θ)

and
¯̄
¯̄
Z

g (z, θ)dFε (z) ¡ G (θ)
¯̄
¯̄ · ¡

1 ¡ ε
p

n
¢ ¯̄

¯ bG (θ) ¡ G (θ)
¯̄
¯ ·

¯̄
¯ bG (θ) ¡ G (θ)

¯̄
¯ .

Here, the last inequality is based on the fact that 0 · ε · 1p
n
. By Lemma 4, we have

Pr

"
max

0·ε· 1pn

sup
θ

¯̄
¯̄
Z

g (z, θ)dFε (z) ¡ G (θ)
¯̄
¯̄ ¸ η

#
= o

³
n¡ 23

3

´

Therefore, for every 0 · ε · 1p
n with probability equal to 1 ¡ o

³
n¡23

3

´
, we have

max
jθ¡θ0 j>η

Z
g (z, θ)dFε (z) · max

jθ¡θ0j>η
G (θ) +

1
3

ε

< G (θ0) ¡ 2
3

ε

<
Z

g (z,θ0)dFε (z) ¡ 1
3
ε.

We also have

max
θ

Z
g (z,θ)dFε (z) ¸

Z
g (z,θ0)dFε (z)

by de…nition. It follows that

max
jθ¡θ0 j>η

Z
g (z, θ)dFε (z) < max

θ

Z
g (z, θ)dFε (z) ¡ 1

3
ε

for every 0 · ε · 1p
n . We therefore obtain that Pr

h
max0·ε· 1p

n
jθ (ε) ¡ θ0j ¸ η

i
= o

³
n¡ 23

3

´
.



Also,

Pr

"
max

0·ε· 1p
n

¯̄
¯̄
Z

K (¢;θ (ε))d¢
¯̄
¯̄ > Cn

1
12¡υ

#
= o

¡
n¡1+16υ¢

for some constant C > 0 and for every υ such that υ < 1
16 . If υ < 1

48 then the above order is o
¡
n¡1

¢
.

Proof. Note that we may write
Z

K (z; θ (ε)) dFε (z) ¡ E [K (Zi; θ0)]

=
Z

K (z; θ (ε)) dFε (z) ¡
Z

K (z; θ0) dF (z)

=
Z

K (z; θ (ε)) dFε (z) ¡
Z

K (z; θ0) dFε (z) +
Z

K (z;θ0)dFε (z) ¡
Z

K (z; θ (ε))dF (z)

=
Z

∂K (z; θ¤)
∂θ

(θ (ε) ¡ θ0) dFε (z) + ε
p

n
Z

K (z; θ0)d
³

bF ¡ F
´

(z)

where θ¤ is between θ0 and θ (ε). Therefore, we have
¯̄
¯̄
Z

K (z;θ (ε))dFε (z) ¡ E [K (Zi; θ0)]
¯̄
¯̄ · jθ (ε) ¡ θ0j ¢

Ã
E [M (Zi)] +

1
n

nX

i=1

M (Zi)

!

+

¯̄
¯̄
¯
1
n

nX

i=1

(M (Zi) ¡ E [M (Zi)])

¯̄
¯̄
¯

where M (¢) is de…ned in Condition 1. Using Lemma 5, we can bound

max
0·ε· 1p

T

¯̄
¯̄
Z

K (z; θ (ε))dFε (z) ¡ E [K (Zi ; θ0)]
¯̄
¯̄

in absolute value by some η > 0 with probability 1 ¡ o
³
n¡ 23

3

´
.

Using Condition 1 and Lemmas 3, we can also show that
¯̄R

K (¢; θ (ε))d¢
¯̄
can be bounded by Cn 1

12¡υ

for some constant C > 0 and υ such that υ < 1
16 with probability 1 ¡ o

¡
n¡1+16υ

¢
. Similarly, if υ < 1

48 ,

then the statement holds with probability o(n¡1).

Lemma 7 Suppose that Condition 1 holds. Then, we have

Pr

"
max

0·ε· 1p
n

jθε (ε)j > Cn
1
12¡υ

#
= o

¡
n¡1+16υ¢

"
εε

³
1 ¡υ

´2
#

¡ ¡1+16υ
¢



Proof. From (28), we have

θε (ε) = ¡
·Z

`θ (z, ε)dFε (z)
¸¡1 ·Z

` (¢, ε)d¢
¸

Using Lemma 6, we can bound the denominator by some C > 0, and the numerator by some Cn
1
12¡υ

with probability 1 ¡ o
¡
n¡1+16υ

¢
, from which the …rst conclusion follows. As for the second conclusion,

we note from (29) that we have

0 = Eε
£
`θθ (Z i, ε)

¤
(θε (ε))2 + Eε

£
`θ (Zi, ε)

¤
θεε (ε) + 2

µZ
`θ (z, ε)d¢ (z)

¶
θε (ε)

The second conclusion follows by using Lemmas 6 along with the …rst conclusion. The rest of the Lemmas

can be established similarly. Note that if υ < 1
48 then we can apply the specialized result of Lemma 6 in

the same way as before.

Lemma 8 Suppose that Condition 1 holds. Let ¹mj (θ) .be as de…ned in 8. Then

p
n

³
bI ¡ I

´
= ¡V (θ0) ¡ Q1 (θ0)I¡1U (θ0) + op (1) ,

p
n

³
bQ1

³
bθ
´

¡ Q1 (θ0)
´

= W (θ0) + Q2 (θ0) I¡1U (θ0) + op (1) ,

p
n

³
m1

³
bθ
´

¡ m1 (θ0)
´

= 2E [U i (θ0)Vi (θ0)]I ¡1U (θ0) + op (1) ,

p
n

³
m3

³
bθ
´

¡ m3 (θ0)
´

=
³
E

h
Vi (θ0)

2
i

+
¡
E

£
`θ (Zi , θ0)

¤¢2
+ E [Ui (θ0) Wi (θ0)]

´
I¡1U (θ0)

Proof. Let m0 (θ) ´ R
`θ (z, θ) f (z, θ0)dz. Note that

bI ¡ I = ¡n¡1
nP

i=1
`θ

³
Zi, bθ

´
+ E

£
`θ (Zi ,θ0)

¤

= ¡n¡1
nP

i=1

¡
`θ (Zi, θ0) ¡ m0 (θ0)

¢
+ op

³
n¡1/2

´
¡

³
m0

³
bθ
´

¡ m0 (θ0)
´

,

where the last equality is based on the usual stochastic equicontinuity. Also note that ∂m0 (θ)/ ∂θ =
R

`θθ (z, θ) f (z, θ0)dz by dominated convergence. We therefore obtain

p
n

³
bI ¡ I

´
= ¡n¡1/2

nP
i=1

¡
`θ (Zi, θ0) ¡ E

£
`θ (Z i, θ0)

¤¢ ¡ E
£
`θθ (Zi ,θ0)

¤ p
n

³
bθ ¡ θ0

´
+ op (1)



p
n

³
m1

³
bθ
´

¡ m1 (θ0)
´

= 2E
£
` (Zi , θ0) `θ (Zi, θ0)

¤ p
n

³
bθ ¡ θ0

´
+ op (1)

= 2E [Ui (θ0)Vi (θ0)] I¡1U (θ0) + op (1) ,

p
n

³
m3

³
bθ
´

¡ m3 (θ0)
´

=
³
E

h
`θ (Zi , θ0)2

i
+ E

£
` (Zi , θ0) `θθ (Zi, θ0)

¤´ p
n

³
bθ ¡ θ0

´
+ op (1)

=
³
E

h
Vi (θ0)

2
i

+
¡
E

£
`θ (Zi, θ0)

¤¢2
+ E [Ui (θ0) Wi (θ0)]

´
I¡1U (θ0)

A.2 Lemmas for Bootstrapped Statistics

Proposition 6 Assume that Conditions 1,2 and 3 hold. Let F be the class of measurable functions

de…ned in Condition 3. Let Ã denote weak convergence. Let (­, F ,P ) be a probability space such that

Zi :
¡
­N, FN, P N¢

! (­, F , P ) are coordinate projections. Then, for f 2 F ,
p

n
³

bF ¡ F
´

f Ã T f where

T is a tight Brownian bridge with variance covariance function F (t ^ s) ¡ F (s) F (t). Let BL1 be the set

of all function h : l1 (F) 7! [0,1] such that jh(z1) ¡ h(z2)j · kz1 ¡ z2kF for every z1and z2 where l1 (F)

is the set of uniformly bounded real functions on F and k.kF is the uniform norm for maps from F to R.

Then suph2BL1

¯̄
¯E¤h

hp
n

³
bF ¤ ¡ bF

´
f
i

¡ Eh [T f ]
¯̄
¯ ! 0, P N-a.s.

Proof. We …rst show that for f 2 F ,
p

n
³

bF ¡ F
´

f Ã T f or in other words that F is a Donsker class.

De…ne Fδ =
n

f ¡ g : f, g 2 F,E
h
kf ¡ gk2

i
< δ

o
, F1 = ff ¡ g : f ,g 2 Fg and F2

1 =
©
f 2 : f 2 F1

ª
. In

light of van der Vaart and Wellner (1996, Theorem 2.5.2), it is enough to show that Fδ and F2
1 are F

measurable classes for every δ > 0 and E
h
M (z)2

i
< 1. The second requirement is satis…ed by Condition

1. Since Fδ ½ F1 the …rst condition holds if for f 2 F2
1 and any vector a 2 Rn and any n the function

s(Z1, ..., Zn ) = supθ1,θ22£

¯̄
¯Pn

i ai
¡
`(k)(Zi, θ1) ¡ `(k)(Zi, θ2)

¢2
¯̄
¯ is measurable. Let £k be an increasing

sequence of countable subsets of £ whose limit is dense in £. Then

sk (Z1, ..., Zn) = sup
θ1,θ22£k

¯̄
¯̄
¯

nX

i

ai

³
`(k)(Zi, θ1) ¡ `(k)(Zi, θ2)

´2
¯̄
¯̄
¯

is measurable by Condition 2. By continuity of `(k)(Zi, θ) in θ it follows that

lim inf
k

sk (Z1, ..., Zn) = s(Z1, ..., Zn)

such that measurability of follows from Royden (1988, Theorem 20, p.68). Conditional weak convergence



variables Bi that is i.i.d. Finally, we assume that E
h
jBij16

i
< 1. We then have

P ¤
"¯̄
¯̄
¯

1p
n

nX

i=1

ξ¤
i (φn)

¯̄
¯̄
¯ > n

1
12¡υ

#
= op

¡
n¡1+16υ¢

for every υ such that υ < 1
16 . Moreover,

P ¤
"¯̄
¯̄
¯
1
n

nX

i=1

ξ¤
i (φn)

¯̄
¯̄
¯ > n

1
12¡υ

#
= op

³
n¡ 23

3

´
.

Here, φn is an arbitrary sequence in © and P ¤ is the conditional probability measure of Z¤
i given Zi .

Proof. Note that
Pn

i=1 ξ¤
i (φ) =

Pn
i=1 (Nni ¡ 1) τ(Zi , φ) where Nn1, ..., Nnn is multinomially distrib-

uted with parameters (n, 1/n, ..., 1/n) = (k, p1, ..., pn) and independent of Zi such that Pr (\n
i=1 fNni = nig) =

n!/ (
Q

i ni!)
Q

i n¡ni where
Pn

i ni = n, ni ¸ 0. Let κr1r2....rn be the mixed higher order cumulant of

Nn1, ..., Nnn of order r = r1 + ...+ rn for ri ¸ 0, ri integer. Mixed higher order cumulants can be obtained

from Guldberg’s (1935) recurrence relation κr1r2 ..ri+1. ..rn = ai∂ (κr1r2..ri. ..rn)/∂ai where ai = pi/p1. Let

b be the number of non zero indices ri . The arguments in Wishart (1949) imply that for pi = n¡1 we have

κr1r2....rn · cn¡b+1 for some constant c. For notational convenience we will represent cumulants with zero

indices as lower order cumulants of the variables with non-zero indices, i.e. write κ...ri 6=j.. = κr1r2....rn

where rj = 0.

Consider

P ¤

"
sup
φ2©

¯̄
¯̄
¯

1p
n

nX

i=1

ξ¤
i (φ)

¯̄
¯̄
¯ > n

1
12 ¡υ

#
= P ¤

"
sup
φ2©

¯̄
¯̄
¯

nX

i=1

ξ¤
i (φn)

¯̄
¯̄
¯ > n

7
12 ¡υ

#

·
E¤

h
supφ2© (

Pn
i=1 ξ¤

i (φ))16
i

n 28
3 ¡16υη16

=
supφ2© E¤

h
(
Pn

i=1 ξ¤
i (φ))16

i

n 28
3 ¡16υη16

,

where the last equality uses the fact that supφ2© does not involve Nn1, ..., Nnn. By adopting an argument

in the proof of Lemma 5.1 in Lahiri (1992), we have

E¤ (
Pn

i=1 ξ¤
i (φ))2k =

2kP
j=1

P
α

C(α1, ..., αj )
P
I

jQ
t=1

τ (Zit, φ)αtE¤
jQ

s=1
(Nnis ¡ 1)αs , (10)

where for each …xed j 2 f1, ..., 2kg ,
P

α extends over all j-tuples of positive integers (α1, ..., αj) such

that α1 + ... + αj = 2k and
P

I extends over all ordered j-tuples (i1, ..., ij ) of integers such that 1 ·



where
P

r(1)+...+r (q)=α indicates the sum over all ordered sets of nonnegative integral vectors r(p),
¯̄
r(p)

¯̄
>

0,whose sum is α. Since the order of 10 depends both on the number of nonzero terms in
P

I and the size

of µ(α1, ..., αj ) for each j, we analyze the term

S(n, j) =
X

I

jY

t=1

τ (Zit, φ)αsE¤
jY

s=1

(Nnis ¡ 1)αs

for each j. Note that
¯̄
¯Qj

t=1 τ(Zit, φ)αs

¯̄
¯ is bounded almost surely and therefore does not a¤ect the analysis.

Also,
P

I is a sum over nj terms and thus is O(nj) if all these terms are nonzero. The crucial factor in

determining the overall order is therefore E¤ Qj
s=1 (Nnis ¡ 1)αs . We start with j = 1. Then α1 = 2k,

q = 1...2k and r(p) are scalars. Consequently, κ
r(p)
1

= c1 where c1 is some constant and S(n, 1) ·
c2

Pn
i= 1 jτ(Zit, φ)j2k for some other constant c2. If j · k then for q = 1...2q, r(p) are vectors with possibly

only one element di¤erent from zero. Again, S(n, j ) · c2
P

I
Qj

t=1 jτ(Zit, φ)jαs for j · k. If j ¸ k then

α contains at least 2(j ¡ k) elements αi = 1. Now assume that for some p, r(p)
i = 1 and r(p)

j = 0 for

i 6= j. Then κr (p)
i

= E (Nnis ¡ 1) = 0 and thus
Qq

p=1 κr(p)
1 r(p)

2 ....r(p)
j

= 0. On the other hand if r(p)
i = 1

and r(p)
j 6= 0 for at least one j 6= i then κr(p)

1 r(p)
2 ....r(p)

n
· c1n¡1. Since there must exists p0 corresponding

to the other αi0 = 1 such that either r(p0)
i0

= 1 and r(p0)
j = 0 for i0 6= j or r(p0)

i0 = 1 and r(p0)
j 6= 0

for at least one j 6= i0, it follows that
Qq

p=1 κr(p)
1 r(p)

2 ....r(p)
j

= c3n¡2(j¡k), at most. It now follows that

S(n, j) · c2n¡2(j¡k) P
I
Qj

t=1 jτ (Zit, φ)jαs for all j > k. Then,

E jS(n, j)j · c2
X

I

E

Ã jY

t=1

jτ (Zit, φ)jαs

!
· c2njE jτ(Zit ,φ)j2k

for j · k and

E jS(n, j)j · c2n¡2(j¡k)
X

I

E

Ã jY

t=1

jτ(Zit, φ)jαs

!
· c2n2k¡jE jτ (Zit, φ)j2k · c2nkE jτ(Zit, φ)j2k

for j > k. Together these results imply that

E
¯̄
¯E¤ (

Pn
i=1 ξ¤

i (φ))2k
¯̄
¯ · C(k)nkE jτ(Zit, φ)j2k

where C (k) is a constant that depends on k. By the Markov inequality it follows that E¤ (
Pn

i=1 ξ¤
i (φ))2k =

Op(nk ). We conclude that
"¯ ¯ #



Lemma 10 Under Condition 1, we have

P ¤
"

max
0·ε· 1p

n

¯̄
¯bθ¤

(ε) ¡bθ
¯̄
¯ ¸ η

#
= op

³
n¡ 23

3

´
.

Proof. For any η > 0, there exists some δ > 0 such that jθ ¡ θ0j > η/2 implies jG (θ) ¡ G (θ0)j > δ.

Let bG¤ (θ) ´
R

g(z, θ)d bF ¤ (z) and bG¤
ε (θ) ´

R
g (z, θ)d bFε (z). Then,

P ¤
"

max
0·ε· 1p

n

¯̄
¯bθ

¤
(ε) ¡bθ

¯̄
¯ ¸ η

#
· P ¤

"
max

0·ε· 1p
n

¯̄
¯G(bθ¤

(ε)) ¡ G
³
bθ
´¯̄
¯ > δ

#
.

Because

G
³
bθ¤

(ε)
´

¡ G
³
bθ
´

=
³
G

³
bθ¤

(ε)
´

¡ bG
³
bθ¤

(ε)
´´

+
³

bG
³
bθ¤

(ε)
´

¡ bG¤
ε

³
bθ¤

(ε)
´´

+
³

bG¤
ε

³
bθ¤

(ε)
´

¡ bG¤
ε

³
bθ
´´

+
³

bG¤
ε

³
bθ
´

¡ G
³
bθ
´´

and

¯̄
¯ bG¤

ε (θ) ¡ bG (θ)
¯̄
¯ ·

¯̄
¯ bG¤ (θ) ¡ bG (θ)

¯̄
¯ ,

we obtain

max
0·ε· 1pn

¯̄
¯G

³
bθ¤

(ε)
´

¡ G
³
bθ
´¯̄
¯

· sup
θ2£

¯̄
¯ bG¤ (θ) ¡ bG (θ)

¯̄
¯ + sup

θ2£

¯̄
¯ bG (θ) ¡ G (θ)

¯̄
¯

+ max
0·ε· 1p

n

¯̄
¯ bG¤

ε

³
bθ¤

(ε)
´

¡ bG¤
ε

³
bθ
´¯̄
¯ + max

0·ε· 1p
n

¯̄
¯ bG¤

ε

³
bθ
´

¡ G
³
bθ
´¯̄
¯

· sup
θ2£

¯̄
¯ bG¤ (θ) ¡ bG (θ)

¯̄
¯ + sup

θ2£

¯̄
¯ bG (θ) ¡ G (θ)

¯̄
¯

+ max
0·ε· 1p

n

¯̄
¯ bG¤

ε

³
bθ¤

(ε)
´

¡ bG¤
ε

³
bθ
´¯̄
¯ + max

0·ε· 1p
n

¯̄
¯ bG¤

ε

³
bθ
´

¡ bG
³
bθ
´¯̄
¯ +

¯̄
¯ bG

³
bθ
´

¡ G
³
bθ
´¯̄
¯

· sup
θ2£

¯̄
¯ bG¤ (θ) ¡ bG (θ)

¯̄
¯ + sup

θ2£

¯̄
¯ bG (θ) ¡ G (θ)

¯̄
¯

+ max
0·ε· 1p

n

¯̄
¯ bG¤

ε

³
bθ¤

(ε)
´

¡ bG¤
ε

³
bθ
´¯̄
¯ +

¯̄
¯ bG¤

³
bθ
´

¡ bG
³
bθ
´¯̄
¯ +

¯̄
¯ bG

³
bθ
´

¡ G
³
bθ
´¯̄
¯

· 2 sup
θ2£

¯̄
¯ bG¤ (θ) ¡ bG (θ)

¯̄
¯ + 2 sup

θ2£

¯̄
¯ bG (θ) ¡ G (θ)

¯̄
¯ + max

0·ε· 1pn

¯̄
¯ bG¤

ε

³
bθ¤

(ε)
´

¡ bG¤
ε

³
bθ
´¯̄
¯ (11)

By Lemma 9, we have



where 1 f¢g denotes an indicator function. For every σ > 0, we have

Pr
·
P ¤

·
sup
θ2£

¯̄
¯ bG (θ) ¡ G (θ)

¯̄
¯ >

δ
6

¸
> σn¡ 23

3

¸
(13)

= Pr
·
1
½

sup
θ2£

¯̄
¯ bG (θ) ¡ G (θ)

¯̄
¯ >

δ
6

¾
> 0

¸

= Pr
·
sup
θ2£

¯̄
¯ bG (θ) ¡ G (θ)

¯̄
¯ >

δ
6

¸
= o(1)

where the last equality is implied by Lemma 4. It therefore follows that

P ¤
·
sup
θ2£

¯̄
¯ bG (θ) ¡ G (θ)

¯̄
¯ >

δ
6

¸
= op

³
n¡ 23

3

´
. (14)

Finally,

max
0·ε· 1p

n

¯̄
¯ bG¤

ε

³
bθ¤

(ε)
´

¡ bG¤
ε

³
bθ
´¯̄
¯ · max

0·ε· 1p
n

¯̄
¯ bG¤

ε

³
bθ¤

(ε)
´

¡ bG
³
bθ
´¯̄
¯ + max

0·ε· 1p
n

¯̄
¯ bG¤

ε

³
bθ
´

¡ bG
³
bθ
´¯̄
¯

= max
0·ε· 1p

n

¯̄
¯̄sup

θ
bG¤

ε (θ) ¡ sup
θ

bG (θ)
¯̄
¯̄ + max

0·ε· 1p
n

¯̄
¯ bG¤

ε

³
bθ
´

¡ bG
³
bθ
´¯̄
¯

· max
0·ε· 1pn

¯̄
¯̄sup

θ

bG¤
ε (θ) ¡ sup

θ

bG (θ)
¯̄
¯̄ +

¯̄
¯ bG¤

³
bθ
´

¡ bG
³
bθ
´¯̄
¯

· max
0·ε· 1p

n

sup
θ

¯̄
¯ bG¤

ε (θ) ¡ bG (θ)
¯̄
¯ + sup

θ

¯̄
¯ bG¤(θ) ¡ bG (θ)

¯̄
¯

· max
0·ε· 1p

n

sup
θ

¯̄
¯ bG¤ (θ) ¡ bG (θ)

¯̄
¯ + sup

θ

¯̄
¯ bG¤(θ) ¡ bG (θ)

¯̄
¯

· sup
θ

¯̄
¯ bG¤ (θ) ¡ bG (θ)

¯̄
¯ + sup

θ

¯̄
¯ bG¤(θ) ¡ bG (θ)

¯̄
¯

= 2sup
θ

¯̄
¯ bG¤ (θ) ¡ bG (θ)

¯̄
¯

Here, the …rst equality is based on the de…nitions of bθ¤
(ε) and bθ. Because

P ¤
·
sup
θ2£

¯̄
¯ bG¤ (θ) ¡ bG (θ)

¯̄
¯ > δ

¸
= op

³
n¡ 23

3

´

we can conclude that

P ¤
"

max
0·ε· 1p

n

¯̄
¯ bG¤

ε

³
bθ¤

(ε)
´

¡ bG¤
ε

³
bθ
´¯̄
¯ >

δ
3

#
= op

³
n¡ 23

3

´
. (15)

The conclusion follows by combining (11) - (15).

Lemma 11 Assume that Condition 1 is satis…ed. Let K (¢; θ (ε)) be de…ned as in Lemma 6. Then, for

any η > 0, we have



Proof. In the same way as in the proof of Lemma 6
Z

K
³
z;bθ¤

(ε)
´

d bFε (z) ¡
Z

K (z; θ0)d bF (z)

=
Z

∂K (z; θ¤)
∂θ

³
bθ¤

(ε) ¡ θ0

´
d bFε (z) + ε

p
n

Z
K (z; θ0)d

³
bF ¤ ¡ bF

´
(z)

where θ¤ is between θ0 and bθ¤
(ε). Therefore, we have

¯̄
¯̄
Z

K (z;θ (ε))dFε (z) ¡
Z

K (z; θ0)d bF (z)
¯̄
¯̄ ·

¯̄
¯bθ

¤
(ε) ¡ θ0

¯̄
¯ ¢

Ã
1
n

nX

i=1

M (Zi) +
1
n

nX

i=1

M (Z¤
i )

!

+

¯̄
¯̄
¯
1
n

nX

i=1

M (Z¤
i ) ¡ 1

n

nX

i=1

M (Zi)

¯̄
¯̄
¯

where M (¢) is de…ned in Condition 1. Let ¹M = 1
n

Pn
i=1 M (Z i) and ¹M ¤ = 1

n
Pn

i=1 M (Z¤
i ). Then, for any

η and some c

P ¤
h¯̄
¯bθ¤

(ε) ¡ θ0

¯̄
¯ ¹M > η

i
· P ¤

h¯̄
¯bθ¤

(ε) ¡ θ0

¯̄
¯ > η/c

i
+ P ¤ £¯̄ ¹M ¡ E [M (Zi)]

¯̄
> c

¤
= op

³
n¡ 23

3

´

since P ¤ £¯̄ ¹M ¡ E [M (Zi)]
¯̄
> c

¤
= 1 with probability equal to P

£¯̄ ¹M ¡ E [M (Zi)]
¯̄
> c

¤
= o

³
n¡ 23

3

´
by

Lemma 2 and zero otherwise for some c. Then, P ¤ £¯̄ ¹M ¡ E [M (Zi)]
¯̄
> c

¤
= op

³
n¡ 23

3

´
by the same

argument as in 13 Moreover,

P ¤
h¯̄
¯bθ¤

(ε) ¡ θ0

¯̄
¯
¯̄ ¹M¤ ¡ ¹M

¯̄
> η

i
· P ¤

h¯̄
¯bθ¤

(ε) ¡ θ0

¯̄
¯ > η/c

i
+ P ¤ £¯̄ ¹M¤ ¡ ¹M

¯̄
> c

¤
= op

³
n¡ 23

3

´

by Lemmas 9 and 10. It thus follows that for any η > 0,

P ¤
µ¯̄

¯̄
Z

K (z; θ (ε)) dFε (z) ¡
Z

K (z; θ0) d bF (z)
¯̄
¯̄ > η

¶
= op

³
n¡ 23

3

´
.

Finally note that P ¤
³¯̄
¯
R

K (z; θ0) d bF (z) ¡ EK (z; θ0)
¯̄
¯ > η

´
= 1 with probability

P
µ¯̄

¯̄
Z

K (z; θ0) d bF (z) ¡ E [K (z; θ0)]
¯̄
¯̄ > η

¶
= o(n¡ 23

3 )

by Lemma 2. Thus, by the same argument as in 13

P ¤
µ¯̄

¯̄
Z

K (z; θ0) d bF (z) ¡ EK (z; θ0)
¯̄
¯̄ > η

¶
= op

³
n¡ 23

3

´
.



where

P ¤

2
4 sup

jθ¡bθj<δ

¯̄
¯̄
Z

K (¢; θ)d b¢
¯̄
¯̄ > Cn

1
12¡υ

3
5 = op

¡
n¡1+16υ¢

follows directly from Lemma 9 and

P ¤
"

max
0·ε· 1p

n

¯̄
¯bθ¤

(ε) ¡bθ
¯̄
¯ ¸ δ

#
= op

³
n¡ 23

3

´

follows from Lemma 10.

Lemma 12 Suppose that Condition 1 holds. Then, we have

P ¤

"
max

0·ε· 1p
n

¯̄
¯bθ

ε
(ε)

¯̄
¯ > Cn

1
12 ¡υ

#
= op

³
maxn¡ 23

3 , n¡1+16υ
´

P ¤
"

max
0·ε· 1pn

¯̄
¯bθεε

(ε)
¯̄
¯ > C

³
n

1
12¡υ

´2
#

= op

³
maxn¡ 23

3 , n¡1+16υ
´

...

P ¤
"

max
0·ε· 1pn

¯̄
¯bθεεεεεε

(ε)
¯̄
¯ > C

³
n

1
12¡υ

´6
#

= op

³
maxn¡ 23

3 , n¡1+16υ
´

for some constant C > 0 and for every υ such that υ < 1
16 .

Proof. Let ¹Mε =
R

`θ (z, ε)d bFε (z) such that

bθε
(ε) = ¡ ¹M¡1

ε

Z
` (¢, ε)d b¢

and for any δ > 0 some C > 0 and for every υ such that υ < 1
16

P ¤
h¯̄
¯bθε

(ε)
¯̄
¯ > Cn

1
12¡υ

i
· P ¤

·
sup

ε

¯̄
¯̄
Z

` (¢, ε) db¢
¯̄
¯̄ > δCn

1
12¡υ

¸

+P ¤
·
sup

ε

¯̄ ¹Mε ¡ E
£
`θ (z, θ0)

¤¯̄
¸ δ

¸

= op

³
maxn¡ 23

3 , n¡1+16υ
´

by Lemma 11. The rest of the Lemma can be established similarly.

A.3 Moments of Bootstrapped and Jackknifed Statistics

The following results are stated without proof. They can be derived with straightforward but tedious



Lemma 14 Let X¤
k,i = τk

³
Z¤

i ,bθ
´

for k = 1, 2 be some transformation of Z¤
i , where τ k possibly depends

on the sample fZign
i=1 through bθ. Then

E¤
·µ

1p
n

nP
i=1

X¤
1,i

¶ µ
1p
n

nP
i=1

X¤
2,i

¶¸

= 1
n

nP
i=1

X1,iX2,i +
n ¡ 1

n

µ
1p
n

nP
i=1

X1,i

¶ µ
1p
n

nP
i=1

X2,i

¶

where Xk,i = τk (Zi, bθ).

Lemma 15 Let X¤
k,i = τk

³
Z¤

i ,bθ
´

for k = 1, 2 be some transformation of Z¤
i , where τ k possibly depends

on the sample fZign
i=1 through bθ. Then

E¤
·µ

1p
n

nP
i=1

X¤
1,i

¶ µ
1p
n

nP
i=1

X¤
2,i

¶ µ
1p
n

nP
i=1

X¤
3,i

¶¸

= 1p
n

1
n

nP
j=1

X1,jX2,jX3,j +
n ¡ 1

n

Ã
1
n

nP
j=1

X1,jX2,j

! Ã
1p
n

nP
j=1

X3,j

!

+
n ¡ 1

n

Ã
1
n

nP
j=1

X3,jX1,j

! Ã
1p
n

nP
j=1

X2,j

!
+

n ¡ 1
n

Ã
1
n

nP
j=1

X2,jX3,j

!Ã
1p
n

nP
j=1

X1,j

!

+
n2 ¡ 3n + 2

n2

Ã
1p
n

nP
j=1

X1,j

! Ã
1p
n

nP
j=1

X2,j

! Ã
1p
n

nP
j=1

X3,j

!
.

Lemma 16 Let U ¤
i (θ) ´ ` (Z¤

i , θ), V ¤
i (θ) ´ `θ (Z¤

i , θ) ¡ `θ (¢, θ) ´ `θ (Z¤
i , θ) ¡ n¡1 Pn

i=1 `θ (Zi , θ),

W ¤
i (θ) ´ `θθ (Z¤

i ) ¡ `θθ (¢, θ) ´ `θθ (Z¤
i ) ¡ n¡1 Pn

i=1 `θθ (Zi, θ) and let U ¤ (θ) = n¡1/2 Pn
i=1 U¤

i (θ),

V ¤ (θ) = n¡1/2 Pn
i=1 V ¤

i (θ) and W ¤ (θ) = n¡1/2 Pn
i=1 W ¤

i (θ). Then (a)

E¤
h
U ¤

³
bθ
´i

= 0,

E¤
h
V ¤

³
bθ
´i

= 0,

E¤
h
W ¤

³
bθ
´i

= 0,

(b)

E¤
·
U ¤

³
bθ
´2

¸
= 1

n

nP
i=1

`
³
Zi, bθ

´2

E¤
h
U ¤

³
bθ
´

V ¤
³
bθ
´i

= 1
n

nP
i=1

`
³
Zi, bθ

´
`θ

³
Z i,bθ

´

(c)

E¤
h
U¤ (θ)3

i
= 1 1

nP
`
³
Z ,bθ

´3
,



Lemma 17 Let

W =
1p
n

nX

i=1

Xi , W(j) =
1p

n ¡ 1

X

i 6=j

Xi

Then, we have

nW ¡ p
n
p

n ¡ 1
1
n

nX

j=1

W(j) = W

Lemma 18 Let

W =

Ã
1p
n

nX

i=1

X1,i

!Ã
1p
n

nX
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X2,i

!
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0
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n ¡ 1
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1
A

0
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n ¡ 1
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A
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Then,
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n
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=
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!
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+
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Ã
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!

Lemma 20 Let
Ã

1 nX ! Ã
1 nX !Ã

1 nX !Ã
1 nX !



Then,
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1
n

nX
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=
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¢
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Then,
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(continued)
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A.4 Proofs of Main Results

Proof of Proposition 1. Let Q̂(θ) =
R

log f (¢, θ) dF̂ (z) ,Qε(θ) =
R

log f (¢, θ) dFε (z) and Q(θ) =
R

log f (¢, θ)dQ (z) such that Qε(θ) ¡Q(θ) = ε
p

n
³
Q̂(θ) ¡ Q(θ)

´
. By Conditions (1), (2) and (3) and van

der Vaart and Wellner (1996, Theorem 2.4.3) it follows that supθ jQε(θ) ¡ Q(θ)j · supθ

¯̄
¯Q̂(θ) ¡ Q(θ)

¯̄
¯ !

0 in probability. By van der Vaart and Wellner (1996, Corollary 3.2.3), it follows that uniformly in

ε 2
£
¡n¡1/2, n¡1/2

¤
, θ̂ (ε) p! θ0. This implies that for any compact set K ½ £ with θ0 2 K, P ( θ̂ (ε) 2

K) ! 1, as n ! 1. Consider the function G (ε,θ) ´
R

` (¢, θ)dFε (z) . If ∂£ is the boundary of £

then P (G
³
ε, θ̂ (ε)

´
6= 0) · P

³
θ̂ (ε) 2 ∂£

´
· 1 ¡ P (θ (ε) 2 K) ! 0. We now condition on the eventn

G
³
ε, θ̂ (ε)

´
= 0

o
.

By Taylor’s theorem there exists some ~ε 2 [0,1/
p

n] such that bθ
¡
n¡1/2

¢
= θ(0)+

Pm¡1
k=1

1
k!nk/2 θ(k) (0)+

1
m!nm/2θ(m) (~ε). By Lemmas 5 and 6 it follows that max0·ε·n¡1/2 θ(k) (ε) = Op(1) such that the remainder

term 1
m !nm/2 θ(m) (~ε) = Op

¡
n¡m/2

¢
for m · 6. To …nd the derivatives θ(k), let

h (z, ε) ´ ` (z, θ (ε)) ,

and rewrite the …rst order condition as

0 =
Z

h (z, ε) dFε (z)

Di¤erentiating repeatedly with respect to ε, we obtain

0 =
Z

dh (z,ε)
dε

dFε (z) +
Z

h (z, ε) d¢ (z) (16)

0 =
Z

d2h (z,ε)
dε2 dFε (z) + 2

Z
dh(z, ε)

dε
d¢ (z) (17)

0 =
Z

d3h (z,ε)
dε3

dFε (z) + 3
Z

d2h (z, ε)
dε2

d¢ (z) (18)

0 =
Z

d4h (z,ε)
dε4 dFε (z) + 4

Z
d3h (z, ε)

dε3
d¢ (z) (19)

0 =
Z

d5h (z,ε)
dε5

dFε (z) + 5
Z

d4h (z, ε)
dε4

d¢ (z) (20)

0 =
Z

d6h (z,ε)
dε6 dFε (z) + 6

Z
d5h (z, ε)

dε5
d¢ (z) (21)

Note that



d4h (ε)
dε4

= `θθθθ (θε)4 + 6`θθθ (θε )2 θεε + 3`θθ (θεε)2 + 4`θθθεθεεε + `θθεεεε (25)

d5h (ε)
dε5

= `θθθθθ (θε)5 + 10`θθθθ (θε)3 θεε + 15`θθθθε (θεε)2 (26)

+10`θθθ (θε)2 θεεε + 10`θθθεεθεεε + 5`θθθεθεεεε + `θθεεεεε

d6h (ε)
dε6

= `θθθθθθ (θε)6 + 15`θθθθθ (θε)4 θεε + 45`θθθθ (θε)2 (θεε)2 (27)

+20`θθθθ (θε)3 θεεε + 15`θθθ (θεε)3 + 60`θθθθεθεεθεεε

+15`θθθ (θε)2 θεεεε + 10`θθ (θεεε)2 + 15`θθθεεθεεεε + 6`θθθεθεεεεε

+`θθεεεεεε

Here, θε denotes the derivative of θ with respect to ε. Combining (16) - (19) with (22) - (25), we obtain

0 = Eε
£
`θ (Zi , ε)

¤
θε (ε) +

Z
` (z, ε) d¢ (z) (28)

0 = Eε
£
`θθ (Z i, ε)

¤
(θε (ε))2 + Eε

£
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¤
θεε (ε) + 2

µZ
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¶
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¤
(θε (ε))3 + 3Eε

£
`θθ (Zi , ε)

¤
θε (ε) θεε (ε) + Eε
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¤
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µZ
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¶
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¶
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`θ (Z i, ε)

¤
θεεεε (ε) + 4 (θε (ε))3

µZ
`θθθ (z, ε) d¢ (z)

¶

+12θε (ε) θεε (ε)
µZ

`θθ (z, ε)d¢ (z)
¶

+ 4θεεε (ε)
µZ

`θ (z, ε) d¢ (z)
¶

(31)

0 = Eε
£
`θθθθθ (Zi, ε)

¤
(θε (ε))5 + 10Eε

£
`θθθθ (Z i, ε)

¤
(θε (ε))3 θεε (ε)

+15Eε
£
`θθθ (Zi, ε)

¤
θε (ε) (θεε (ε))2 (32)

+10Eε
£
`θθθ (Zi, ε)

¤
(θε (ε))2 θεεε (ε) + 10Eε

£
`θθ (Zi , ε)

¤
θεε (ε) θεεε (ε)

+5Eε
£
`θθ (Zi, ε)

¤
θε (ε) θεεεε (ε) + Eε

£
`θ (Zi, ε)

¤
θεεεεε (ε) + 5 (θε (ε))4

µZ
`θθθθ (z, ε) d¢ (z)

¶



and

0 = Eε
£
`θθθθθθ (Zi , ε)

¤
(θε (ε))6 + 15Eε

£
`θθθθθ (Zi , ε)

¤
(θε (ε))4 θεε (ε)

+45Eε
£
`θθθθ (Zi, ε)

¤
(θε (ε))2 (θεε (ε))2 + 20Eε

£
`θθθθ (Zi , ε)

¤
(θε (ε))3 θεεε (ε)

+15Eε
£
`θθθ (Zi, ε)

¤
(θεε (ε))3 + 60Eε

£
`θθθ (Z i, ε)

¤
θε (ε) θεε (ε) θεεε (ε)

+15Eε
£
`θθθ (Zi, ε)

¤
(θε (ε))2 θεεεε (ε) + 10Eε

£
`θθ (Zi, ε)

¤
(θεεε (ε))2

+15Eε
£
`θθ (Zi , ε)

¤
θεε (ε) θεεεε (ε) + 6Eε

£
`θθ (Zi, ε)

¤
θε (ε) θεεεεε (ε)

+Eε
£
`θ (Zi, ε)

¤
θεεεεεε (ε) + 6 (θε (ε))5

µZ
`θθθθθ (z, ε)d¢ (z)

¶

+60 (θε (ε))3 θεε (ε)
µZ

`θθθθ (z, ε) d¢ (z)
¶

+ 90θε (θεε (ε))2
µZ

`θθθ (z, ε)d¢ (z)
¶

+60 (θε (ε))2 θεεε (ε)
µZ

`θθθ (z, ε) d¢ (z)
¶

+ 60θεε (ε) θεεε (ε)
µZ

`θθ (z, ε)d¢ (z)
¶

+30θε (ε) θεεεε (ε)
µZ

`θθ (z, ε)d¢ (z)
¶

+ 6θεεεεε (ε)
µZ

`θ (z, ε)d¢ (z)
¶

(34)

Here, Eε [¢] is de…ned such that

Eε [g (Zi , ε)] ´
Z

g (z, ε) dFε (z)

Evaluating expressions (28) - (31) at ε = 0, we obtain

θε =
1

¡E [`θ ]

µZ
`d¢

¶
=

1
I

Z
`d¢, (35)

θεε =
1

¡E [`θ ]

µ
E

£
`θθ¤ (θε)2 + 2

µZ
`θd¢

¶
θε

¶

=
E

£
`θθ

¤

¡E [`θ ]
(θε )2 + 2

1
¡E [`θ ]

µZ
`θd¢

¶
θε

=
E

£
`θθ

¤

I3

µZ
`d¢

¶2

+ 2
I2

µZ
`θd¢

¶ µZ
`d¢

¶
, (36)

θεεε =
E

£
`θθθ

¤

¡E [`θ ]
(θε)3 + 3

E
£
`θθ

¤

¡E [̀ θ ]
θεθεε + 3

1
¡E [̀ θ ]

µZ
`θθd¢

¶
(θε)2 + 3

1
¡E [`θ ]

µZ
`θd¢

¶
θεε

=

Ã
E

£
`θθθ

¤

I4
+

3
¡
E

£
`θθ

¤¢2

I5

!µZ
`d¢

¶3

+
9E

£
`θθ

¤

I 4

µZ
`d¢

¶2 µZ
`θd¢

¶

+
3
I3

µZ
`d¢

¶2 µZ
`θθd¢

¶
+

6
I3

µZ
`d¢

¶ µZ
`θd¢

¶2

(37)



θεεεεε =
E

£
`θθθθθ¤

¡E [̀ θ ]
(θε )5 + 10

E
£
`θθθθ¤

¡E [̀ θ ]
(θε)3 θεε + 15

E
£
`θθθ¤

¡E [̀ θ ]
θε (θεε)2

+10
E

£
`θθθ

¤

¡E [`θ ]
(θε)2 θεεε + 10

E
£
`θθ

¤

¡E [̀ θ ]
θεεθεεε

+5
E

£
`θθ

¤

¡E [`θ ]
θεθεεεε + 5

1
¡E [`θ ]

(θε )4
µZ

`θθθθd¢
¶

+30
1

¡E [`θ ]
(θε)2 θεε

µZ
`θθθd¢

¶
+ 15

1
¡E [̀ θ ]

(θεε)2
µZ

`θθd¢
¶

+20
1

¡E [`θ ]
θεθεεε

µZ
`θθd¢

¶
+ 5

1
¡E [`θ ]

θεεεε
µZ

`θd¢
¶

. (39)

Proof of Proposition 2. Let Q̂¤(θ) =
R

log f (¢, θ)dF̂ ¤ (z) , Q̂ε(θ) =
R

log f (¢, θ) dF̂ε (z) and Q̂(θ) =
R

log f (¢, θ)dF̂ (z) such that Q̂ε(θ) ¡ Q̂(θ) = ε
p

n
³
Q̂¤(θ) ¡ Q̂(θ)

´
. By Conditions (1), (2) and (3) and

Giné and Zinn (1996, Theorem 2.6) it follows that supθ

¯̄
¯Q̂ε (θ) ¡ Q̂(θ)

¯̄
¯ · supθ

¯̄
¯Q̂¤(θ) ¡ Q̂(θ)

¯̄
¯ ! 0 in

probability, PNa.s. By standard arguments such as Arcones and Giné (1992), it follows that uniformly

in ε 2
£
¡n¡1/2,n¡1/2

¤
, θ̂

¤
(ε) P ¤

! θ̂, PNa.s. This implies that for any compact set K ½ £ with θ0 2 K,

P ¤( θ̂
¤

(ε) 2 K) ! 1, PNa.s., as n ! 1. Consider the function Ĝ (ε, θ) ´
R

` (¢, θ) dF̂ε (z) . If ∂£ is the

boundary of £ then P ¤(Ĝ
³
ε, θ̂

¤
(ε)

´
6= 0) · P ¤

³
θ̂

¤
(ε) 2 ∂£

´
· 1 ¡ P ¤ (θ¤ (ε) 2 K) ! 0, .PNa.s. We

now condition on the event
n

Ĝ
³
ε, θ̂

¤
(ε)

´
= 0

o
. By the same arguments as in the proof of proposition 1

it follows that there exists some ~ε 2
£
0, n¡1/2

¤
such that

p
n

³
bθ¤ ¡ bθ

´
= bθε

(0) +
Pm¡1

k=1
1

k!nk/2
bθ(k)

(0) +

1
m!nm/2

bθ(m)
(~ε) P Na.s., where bθε

(0) is obtained from evaluating
R dh(z,ε)

dε d bFε (z)+
R

h (z, ε)d b¢ (z) at ε = 0.

We obtain

op(n¡m/2) =
Z

`θ(z,bθ)d bF (z)bθε
(0) +

Z
`
³
z, bθ

´
d b¢ (z) ,

where
R

`θ(z, bθ)d bF (z) ´ n¡1
Pn

i=1 `θ(Zi ,bθ) and b¢ (z) ´ p
n

³
bF ¤ (z) ¡ bF (z)

´
. Similar expressions can

be found for higher order derivatives of bθ(ε). These expressions depend on n¡1 Pn
i=1 `(k)

³
Zi, bθ

´
and

R
`(k)

³
z, bθ

´
d b¢ (z) for k = 0, 1, ..., 6. By Condition 1 and Lemma 5, it follows that n¡1 Pn

i=1 `(k)
³
Zi, bθ

´
p!

E
£
`(k) (Zi ,θ0)

¤
by a uniform law of large numbers. By Proposition 6 the class F is Donsker. By the proof

of Theorem 2.4 in Gine and Zinn (1990) it follows that the following conditional stochastic equicontinuity

property
Ã ¯̄Z ³ ´ ¯̄ !



or
Z

`(k)
³
z, bθ

´
db¢ (z) =

Z
`(k) (z, θ0) db¢ (z) + op (1) PNa.s.

It now follows from Proposition 6 and Theorem 2.4 of Gine and Zinn (1990) that
R

`(k) (z, θ0) db¢ (z) Ã
R

`(k) (z,θ0)dT (z) almost surely, where T (z) is a Brownian Bridge process. We …nally have to analyze

the term bθ(m)
(~ε) which contains expressions of the form

R
`(k)(z,bθ¤

(ε))d bFε (z) and
R

`(k)
³
z,bθ¤

(ε)
´

d b¢ (z) .

For
R

`(k)
³
z, bθ¤

(ε)
´

db¢ (z) we use the same inequality as in (40) together with Lemma 10 to show that

Z
`(k)

³
z, bθ¤

(ε)
´

d b¢ (z) =
Z

`(k) (z, θ0)d b¢ (z) + op(1) PNa.s.

Next consider
¯̄
¯̄
Z

`(k)(z, bθ¤
(ε))d bFε (z) ¡ `(k)(z, θ0)dF (z)

¯̄
¯̄

· jεj
¯̄
¯̄
Z

`(k)(z, bθ¤
(ε))d b¢ (z)

¯̄
¯̄ +

¯̄
¯̄
Z

`(k)(z, θ0)d
³
F (z) ¡ bF (z)

´¯̄
¯̄

+
¯̄
¯̄
Z h

`(k)(z, bθ¤
(ε)) ¡ `(k)(z, θ0)

i
d bF (z)

¯̄
¯̄

where
R

`(k)(z,bθ¤
(ε))d b¢ (z) = Op(1) PNa.s. by Proposition 6 and sup jεj = O(n¡1/2). The second term is

op (1) by a law of large numbers. Finally,

P ¤
µ

sup
ε

¯̄
¯̄
Z h

`(k)(z, bθ¤
(ε)) ¡ `(k)(z,θ0)

i
d bF (z)

¯̄
¯̄ > η

¶

· P ¤
Ã

sup
jθ¡θ0j<δ

¯̄
¯̄
Z h

`(k)(z, θ) ¡ `(k)(z, θ0)
i

d bF (z)
¯̄
¯̄ > η

!
+ P ¤

Ã
sup

0·ε·1/
p

n

¯̄
¯bθ¤

(ε) ¡ θ0

¯̄
¯ ¸ δ

!

where the …rst probability is zero with P N-probability tending to one by stochastic equicontinuity and the

second probability goes to zero by Lemma 10. It follows that
R

`(k)(z,bθ¤
(ε))d bFε (z) p! E`(k)(z, θ0) PNa.s.

Together, these results imply that supε

¯̄
¯̄bθ(k)

(ε)
¯̄
¯̄ = Op (1) PNa.s. for k · 6. This establishes the validity of

the expansion.

Proof of Theorem 3. Introduce the truncation function hn(x)where

hn (x) =

8
>>><
>>>:

¡nα if x < ¡nα

x if jxj < nα

α if α

(41)



Using the expansion for
p

n
³
bθ¤ ¡ bθ

´
from Proposition (2) together with Lemma (12) it follows that

P ¤
³p

n
¯̄
¯bθ¤ ¡ bθ

¯̄
¯ > nα+1/2

´
= op (n¡20/3). This shows that we can replace E¤

³
bθ¤ ¡ bθ

´
with a truncated

integral E¤hn

³
bθ¤ ¡ bθ

´
. Let

bθ¤
a ´ n¡1/2bθε

(0) +
1
2

1
n

bθεε
(0) +

1
6

1
n3/2

bθεεε
(0) +

1
24

1
n2

bθεεεε
(0) .

Because jhn(x) ¡ hn(y)j · 2nα ^ kx ¡ yk, we have

¯̄
¯hn

³
bθ¤ ¡ bθ

´
¡ hn

³
bθ¤

a

´¯̄
¯ · min

Ã
2nα ,

1
96n5/2 sup

0·ε·1/
p

n

°°°bθεεεεε
(ε)

°°°
!

.

Fix ε > 0 and 7
96 < δ < 1

2 arbitrary. Taking expectations with respect to the measure bF leads to

¯̄
¯E¤

h
hn

³
bθ¤ ¡ bθ

´i
¡ E¤

h
hn

³
bθ¤

a

´i¯̄
¯

· ε/n2¡δ + 2nα ¢ P ¤
"

1
96n5/2 sup

0·ε·1/
p

n

°°°bθεεεεε
(ε)

°°° > ε/n2¡δ

#
.

Use the fact that P ¤
h

1
96n5/2 sup0·ε·1/

p
n

°°°bθεεεεε
(ε)

°°° > ε/n2¡δ
i

= op
¡
n¡76/60¡(16/5)δ

¢
by setting ¡v =

1/60 + δ/5 in Lemma 12. Choose δ 2 (7/96 + (5/16) α, 1/2) . It follows that
¯̄
¯E¤

h
hn

³
bθ¤ ¡ bθ

´i
¡ E¤

h
hn

³
bθ¤

a

´i¯̄
¯ · ε/n2¡δ + 2op

³
n¡76/60¡(16/5)δ+α

´

= Op(nδ¡2) = op(n¡3/2)

Next, we need to show that E¤
h
hn

³
bθ¤

a

´i
¡ E¤

h
bθ¤

a

i
= op

¡
n3/2

¢
. Note that

¯̄
¯E¤

h
hn

³
bθ¤

a

´i
¡ E¤

h
bθ¤

a

i¯̄
¯ · E¤

h¯̄
¯nα ¡ bθ¤

a

¯̄
¯1

n¯̄
¯bθ

¤
a

¯̄
¯ ¸ nα

oi

· E¤
h¯̄
¯bθ

¤
a

¯̄
¯1

n¯̄
¯bθ

¤
a

¯̄
¯ ¸ nα

oi

+nαE¤
h
1

n¯̄
¯bθ¤

a

¯̄
¯ ¸ nα

oi

· 2E¤

2
64

¯̄
¯bθ¤

a

¯̄
¯
4

(nα)3

3
75 .

Here,
¯̄
¯bθ¤

a

¯̄
¯
4

is a forth order polynomial in a = bθε
(0), b = 1

2
bθεε

(0), c = 1
6
bθεεε

(0), and d = 1
24

bθεεεε
(0) .

Expectations of all terms of the from E¤ £
aibjckdl

¤
where i, j, k, l 2 f0, 1, 2, 3, 4g and i + j + k + l = 4

are bounded in probability such that E¤ £
aibj ckdl

¤
= Op(1) where E¤ £ 1

n2 a4
¤

= Op(n¡2) is the largest

term. It follows that
¯̄

¤
h ³

b¤´i
¤
h
b¤i¯̄ ¡ ¡2¡3α

¢ ¡ ¡3/2
¢
. Because ¤

h
1 bεεεε i



In order to evaluate E¤
h
bθ¤

aa

i
we use Proposition 2 by which bθε

(0) = bI¡1U¤
³
bθ
´

, bθεε
(0) = bI¡3 bQ1

³
bθ
´

U¤
³
bθ
´2

+

2bI¡2U ¤
³
bθ
´

V ¤
³
bθ
´

and

bθεεε
(0) = bI¡4 bQ2

³
bθ
´

U ¤
³
bθ
´3

+ 3bI¡5 bQ1

³
bθ
´2

U ¤
³
bθ
´3

+ 9bI ¡4 bQ1

³
bθ
´

U¤
³
bθ
´2

V ¤
³
bθ
´

+3bI¡3U ¤
³
bθ
´2

W ¤
³
bθ
´

+ 6bI¡3U ¤
³
bθ
´

V ¤
³
bθ
´2

.

Note that bI, bQ1 and bQ2 are constants with respect to E¤. It thus follows that

E¤
h
bθε

(0)
i

= bI¡1E¤
h
U

³
bθ
´i

= 0

by Lemma 16(a). We consider E¤
·
U

³
bθ
´2

¸
= 1

n
Pn

i=1 `
³
Zi ,bθ

´2
. By Proposition 6 and van der Waart

and Wellner (1996, Theorem 1.5.7) it follows that

lim sup
n!1

P

Ã
sup

jθ¡θ0j<δ

¯̄
¯̄ 1

n

nP
i=1

` (Zi, θ)2 ¡ 1
n

nP
i=1

` (Zi, θ0)
2
¯̄
¯̄ > ε

!
= 0

such that by Lemma 5 it follows that

E¤
·
U

³
bθ
´2

¸
= 1

n

nP
i=1

` (Zi , θ0)
2 + op(1).

Similar results can be established for the other expressions of Lemma 16. It therefore follows that

E¤
h
bθεε

(0)
i

= I¡3Q1 (θ0) 1
n

nP
i=1

` (Zi, θ0)
2 + 2I¡2 1

n

nP
i=1

` (Zi, θ0) `θ (Zi, θ0) + op (1)

= I¡2Q1 (θ0) + 2I¡2E
£
``θ¤ + op (1)

= 2b (θ0) + op(1).

It also follows that E¤
h
bθεεε

(0)
i

= Op
¡
n¡1/2

¢
by the same arguments. Therefore

E¤
h
bθ¤

aa

i
=

b (θ0)
n

+ op
¡
n¡1¢ ,

which establishes the result.

Proof of Proposition 4. First note that E¤
h
hn

³
bθ¤ ¡ bθ

´i
= E¤

h
bθ¤

aa

i
+ op

¡
n¡3/2

¢
by Theorem 3.

It follows that

p
n

³
bθ ¡ E¤

h
hn

³
bθ¤ ¡ bθ

´i
¡ θ0

´
=

p
n

³
bθ ¡ E¤ [θ¤

aa] ¡ θ0

´
+

p
n

³
E¤ [θ¤

aa] ¡ E¤
h
hn

³
bθ¤ ¡ bθ

´i´

=
p

n
³
bθ ¡ E¤ [θ¤

aa] ¡ θ0

´
+ op(n¡1).



and

E¤
h
bθεεε

(0)
i

= bI¡4 bQ2

³
bθ
´ Ã

1p
n

1
n

nP
j=1

`
³
Zi, bθ

´3
!

+ 3bI¡5 bQ1

³
bθ
´2

Ã
1p
n

1
n

nP
j=1

`
³
Zi ,bθ

´3
!

+9bI¡4 bQ1

³
bθ
´ Ã

1p
n

1
n

nP
j=1

`
³
Zi, bθ

´2
µ

`θ
³
Zi ,bθ

´
¡ `θ

³
¢,bθ

´¶!

+3bI¡3

Ã
1p
n

1
n

nP
j=1

`
³
Zi ,bθ

´2
µ

`θθ
³
Zi ,bθ

´
¡ `θθ

³
¢, bθ

´¶!

+6bI¡3

Ã
1p
n

1
n

nP
j=1

`
³
Zi ,bθ

´ µ
`θ

³
Zi, bθ

´
¡ `θ

³
¢, bθ

´¶2
!

= Op

³
n¡1/2

´
.

Here,

p
nBn ´ ¡3I ¡3pn

³
bI ¡ I

´
Q1 (θ0)

+I¡2pn
³

bQ1

³
bθ
´

¡ Q (θ0)
´

+I¡3Q1 (θ0)
µ

1p
n

nP
i=1

h
` (Zi , θ0)2 ¡ E

h
` (Zi, θ0)2

ii
+

p
n

h
¹m1

³
bθ
´

¡ ¹m1 (θ0)
i¶

¡4I ¡3pn
³

bI ¡ I
´

E
£
` (Zi , θ0) `θ (Zi , θ)

¤

+2I ¡2
³p

n
h

¹m3

³
bθ
´

¡ ¹m3 (θ0)
i

+
p

n
·
n¡1

nP
i=1

` (Z i, θ0) `θ (Zi, θ0) ¡ E
£
` (Zi , θ0) `θ (Zi, θ0)

¤¸¶

It follows that

E¤
h
bθ¤

aa

i
=

1
2

1
n

¡
I¡2Q1 (θ0) + 2I¡2E

£
` (Zi, θ0) `θ (Zi, θ0)

¤¢

+
1
2

1
n3/2

¡p
nBn

¢
+ Op

¡
n¡2¢ . (42)

Using Lemma 8, we obtain

p
nBn = B + op (1) , (43)

where

B ´ 3I¡4Q1 (θ0)2 U (θ0) + I¡3Q2 (θ0) U (θ0) + 6I¡4Q1 (θ0) E [Ui (θ0)Vi (θ0)] U (θ0)
h i



Combining (42) and (43), we obtain
³
bθ ¡ E¤

h
hn

³
bθ¤ ¡ bθ

´i
¡ θ0

´

= bθ ¡ θ0

¡1
2

1
n

¡
I¡2Q1 (θ0) + 2I¡2E

£
` (Zi, θ0) `θ (Zi, θ0)

¤¢

¡1
2

1
n3/2

B + op

µ
1

n3/2

¶
,

from which the conclusion follows.

Proof of Proposition 5. Write θε = θε (0), etc, for notational simplicity. Because

bθ = θ0 + θε +
1
2

1
n

θεε +
1
6

1
n
p

n
θεεε

+ 1
24

1
n2

θεεεε + 1
120

1
n2

p
n

θεεεεε + 1
720

1
n3

θεεεεεε (eε) ,

we should have

bθ(j) = θ0 + θε
(j) +

1
2

1
n ¡ 1

θεε
(j) +

1
6

1
(n ¡ 1)

p
n ¡ 1

θεεε
(j)

+
1
24

1
(n ¡ 1)2

θεεεε
(j) +

1
120

1
(n ¡ 1)2

p
n ¡ 1

θεεεεε
(j) +

1
720

1
(n ¡ 1)3

θεεεεεε
(j)

¡
eε(j)

¢
.



Therefore,

p
n

³
eθ ¡ θ0

´
=

p
n

0
@nbθ ¡ n ¡ 1

n

nX

j=1

bθ(j) ¡ θ0

1
A

= n

8
<
:

p
n

³
bθ ¡ θ0

´
¡

r
n

n ¡ 1
1
n

nX

j=1

p
n ¡ 1

³
bθ(j) ¡ θ0

´
9
=
;

+
r

n
n ¡ 1

1
n

nX

j=1

p
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for every υ such that υ < 1
48 . In particular, we have

1p
n

θεεεεεε (eε) = op (1) (46)

By Lemma 7 again, we obtain
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Here, the …rst equality is based on the fact that Zi are i.i.d., so that θεεεεεε
(j) (ε) are identically distributed

for j = 1, . . . , n. In particular, we have

1
(n ¡ 1)

p
n

nX

j=1

θεεεεεε
(j)

¡
eε(j)

¢
= op (1) (47)

Combining (46) and (47), we obtain

1
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(48)

Note that θεεεε is a sum of V-statistic of order 4 as considered in Lemma 20. Likewise, θεεεεε is a sum of

V-statistic of order 5 as considered in Lemma 21. Therefore, combining (38) and (39) with Lemmas 20

and 21, we obtain
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from which we further obtain
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0
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Combining (4), (5), (6) with Lemmas 17, 18, 19, we obtain
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+
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Combining (45) with (48), (50), (49), and (51), we obtain
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where
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Proof of Theorem (1). Because bθ is an e¢cient estimator of θ0 it follows that b
³
bθ
´

is an

e¢cient estimator of b (θ0). Denote the limit law of
p

n
³
b(bθ) ¡ b(θ0)

´
by L. By the convolution theorem

p
n (bn ¡ b(θ0)) Ã L + W where W is independent of L and Ã denotes weak convergence. This can only

occur if



Now, note that we have the expansions
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Because θε (0) = n¡1/2 Pn
i=1 ψ (Zi , θ0), equation (53) implies that covariances of the “adjustment terms”

of order n¡1 with θε (0) are equal to each other.

Proof of Theorem 2. An expansion of b
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´

gives

b
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Ã
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Plugging these expansions into that for bθ gives
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Also,
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Proof of Theorem 3. The asymptotic bias of the MLE is equal to
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It follows that
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