On the Sign of the
Investment-Uncertainty Relationship

By Ricarpo J. CABALLERO*

Understanding the effects of uncertainty
over any decision variable has fascinated
economists for a long time. Risk aversion
and incomplete markets are likely to make
the investment—uncertainty relationship
negative (e.g., Roger Craine, 1989; Joseph
Zeira, 1989). What happens in the absence
of risk aversion and incomplete markets is,
however, ambiguous.

Richard Hartman (1972) and Andrew B.
Abel (1983, 1984, 1985) found that in the
presence of (symmetric) convex costs of ad-
justment, mean-preserving increases in price
uncertainty raise investment of a competi-
tive firm as long as the profit function is
convex in prices. On the other hand, the
recent literature on irreversible investment
(e.g., Robert S. Pindyck, 1988; Giuseppe
Bertola, 1988) has shown that increases in
uncertainty lower investment. All these re-
sults have been derived under either risk
neutrality or complete markets.!

Intuition suggests that the explanation for
such a difference lies with the asymmetric
nature of adjustment costs in the irre-
versible-investment case, as compared with
the symmetry of the adjustment-cost mecha-
nisms proposed by Abel and Hartman. Al-
though this intuition is confirmed in this
paper, asymmetric adjustment costs are
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New York, NY 10027. I am grateful to Giuseppe
Bertola, Prajit Dutta, Glen Hubbard, Anil Kashyap,
Richard Lyons, and the referees for their useful com-
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'The financial literature on investment has consid-
ered risk aversion through a premium in the discount
rate determined by the CAPM, (capital asset pricing
model), intertemporal CAPM, or consumption CAPM.
However, often this discount rate is left unchanged
when studying the response of investment to uncer-
tainty changes (e.g., Pindyck, 1988 pp. 974-5), thereby
omitting the effect of changes in uncertainty on invest-
ment due to risk aversion (and incomplete markets).
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shown not to be sufficient to explain why
the results differ. In fact, a more hidden but
at least as important difference between
these two literatures is that the former as-
sumes perfect competition and constant re-
turns to scale, whereas the latter assumes
either imperfect competition or decreasing
returns to scale (or both).?

The purpose of this paper is to highlight
the role of the decreasing marginal return
to capital assumption (due to either imper-
fect competition or decreasing returns to
scale [or both]) in determining the effects of
adjustment-cost asymmetries on the sign of
the response of investment to changes in
uncertainty (under risk neutrality). For this,
the paper develops a simple model with a
cost-of-adjustment mechanism general
enough to consider both symmetric-convex-
ity and irreversibility as special cases. One
of the most important findings is the lack of
robustness of the negative relationship be-
tween investment and uncertainty under
asymmetric adjustment costs® to changes in
the degree of competition. In fact, when
firms are nearly competitive, the conclusion
of Hartman and of Abel holds no matter
how asymmetric adjustment costs are.
Studying adjustment-cost mechanisms has a
central role in understanding the dynamics
of investment and its business-cycle implica-
tions, but conclusive results about the sign
of the instantaneous relationship between
uncertainty and investment should not be

’In the typical version of the irreversible-investment
problem, there is no cost of upward adjustments; thus,
imperfect competition and (or) decreasing returns to
scale are required to bound the size of the firm.

In this paper, asymmetric adjustment cost refers to
the case in which it is more expensive to adjust down-
ward than upward. Certainly, the opposite case is a
trivial extension of the case studied in this paper.
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expected from the adjustment-costs litera-
ture alone.

Section I develops the minimum frame-
work necessary to understand the main
issues involved. For this, a simple par-
tial-equilibrium two-period model in which
adjustment costs are (weakly) convex and
possibly asymmetric and in which managers
(owners) are risk-neutral is derived. Section
II specializes the previous model to perfect
competition. The result of Hartman and of
Abel is shown to be robust to asymmetries
in the adjustment-costs function, including
the irreversible investment case. Hence, in-
vestment and uncertainty are positively cor-
related even in the extreme case of irre-
versible investment, as long as the firm faces
a very elastic demand curve (and returns to
scale are nondecreasing). Section III con-
firms the fact that the combination of im-
portant degrees of imperfect competition
and adjustment-costs asymmetry may re-
verse the positive correlation between un-
certainty and investment. In obtaining this
result, imperfect competition is not only
necessary, but is also the paramount factor.
Section IV summarizes the results and dis-
cusses the roles of increasing and decreas-
ing returns to scale. The latter makes a
negative investment-uncertainty relation-
ship more likely, whereas increasing returns
makes it less likely. Finally, the Appen-
dix presents an infinite-horizon version of
the perfect-competition—adjustment-costs
model.

1. Basic Framework

Each firm is in place for two periods* and
faces an isoelastic demand function:

(1) P=Qi v,

where (¢ > 1) is a markup coefficient that
takes the value of 1 under perfect competi-
tion, P and Q are respectively the price and
quantity of the good sold, and Z is a
stochastic term described by a lognormal

See the Appendix for a multiperiod version of the
perfect-competition version of the model.
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random-walk process:>

Z,=Z,_,expg,
with ¢ distributed normally with mean
— 0% /2 and variance o2,

Technology is described by a homoge-
neous Cobb-Douglas production function:

Q= (ALK'~*)’

with A4 a scale parameter, L labor, K capi-
tal, @ the labor share, and y a returns-to-
scale parameter.

Under these conditions the profit func-
tion, II(K, Z), is equal to

(K, Z,) = hZ7K}

where

h= (1 — a,y/(/,)A(v/l/f)/(l—av/d/)

( a,y )(a‘)’/l//)/(l—a‘)’/l/l)

W
1
nzm>1
(A-a)y/¥

and w is the (constant) wage paid to labor.®
Letting C(I) denote the cost of changing

the stock of capital by I units and assuming

(without loss of generality) neither depreci-

5Assuming a stationary process instead of a (log)
random walk does not change the conclusions.

Note that the unambiguous convexity of II(-,:)
with respect to Z depends on the fact that, given Q,
the relation between P and Z depends on neither
technology nor preference parameters. If, for example,
(1) were replaced by Q = P¥/0=¥)Z  the profit func-
tion would no longer be convex with respect to Z.
However, the specification in (1) seems more appropri-
ate since it permits analysis of perfect competition as
the limit case when ¢ = 1, without altering the variance
of the fundamental source of uncertainty, Z. In fact,
when ¢ =1, (1) corresponds to the specification of
Hartman and of Abel.
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ation nor discounting yields the following
two-period optimization problem for a sin-
gle firm:

(2) Vi(Ko,2Z))= mIax H(K,,Z,)—C(1I,)

+ E\[Vy(Ky, Z5)]
subject to K, = K, + I,

where V, represents the value function at
time i.

The first-order condition of this problem
is

(3) Hg(Ko+1;,Z,)—-C(1)
+E\[Vyx (Ko + 1,,Z,)] = 0.

Finally, the second-period (terminal) value
function is just

(4) Vy(K,,Z,)= mlax (K, +1,,Z,)
2

— (1.

The remainder of this section presents a
general investment-cost function, while the
rest of the paper discusses the role of com-
petition, returns to scale, and the shape of
the investment-cost function in determining
the investment—uncertainty relationship.

The cost of changing the stock of capital
by I units, denoted by C([), includes both
direct and adjustment costs:

C(I)=1+[I>0]y,I?+[I<0]y,l1"

where B> 1, y, and vy, are two nonnegative
parameters, and the price of capital has
been set equal to 1.7

This parameterization of C(I) is quite
general. For example, except for the addi-
tion of I to reflect the direct cost of capital,
the symmetric adjustment-cost case used by
Abel (1983) is achieved when y,=7y,>0
and B>1, and the irreversible-investment

7Relaxing this assumption is trivial.
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case of Pindyck (1988) and Bertola (1988)
corresponds to the case in which vy, =0,
v,=,and B=1.

II. Perfect Competition

In order to isolate the role of competi-
tion, I will postpone issues of returns to
scale until Section IV. For now, the technol-
ogy is assumed to exhibit homogeneity of
degree one with respect to capital and labor
(y=0.

Moreover, perfect competition is taken
only as an expository device to illustrate the
consequences of a highly elastic demand.
Indeed, Pindyck (1990) provides compelling
arguments against mean-preserving changes
in price-uncertainty experiments when com-
petition is strictly perfect and investment is
fully irreversible.

When competition is perfect u = 1; hence,
the profit function becomes linear with re-
spect to the stock of capital. This yields a
simple first-order condition at time 2 [see
eq. (4)]:

hz3 —[1,>0)(1+y,B1£7")

—[1, <0](1-v,BILIP~ ") =0.
Thus, I, is determined by
[hZ;’—l ]1/(13—1)

Y18
for,>0o0r hZ]>1

].—th 1/(B—1)
[ Y28 }

for I, <0or hZ7 <1.

The most important feature of this solution
is that it does not depend on K; hence, the
value function at time 2 is only linearly
linked to K, through the profit function. It
is easy to show that in this case V,x = hZ3 ®

®The fact that Vyk,=hZ3 can be easily proved by
noticing that I, does not depend on the stock of
capital at time 1; therefore, V5 =1 (K3, Z,). Given
that II(K,, Z,) = hZJK, and K, = K|+ I, then V,
=hZj.
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Plugging the expressions for V. (-, "),
Ig(-, ), and C,(-) into equation (3) pro-
vides the first-order condition for the per-
fectly competitive, constant-returns-to-scale
firm (at time 1):

hZ(1+ elnn=1/2le%)
"[11 > O](l + 7131{3_1)
=[5, <0)(1-7,BILIP ") =0

which yields the following investment func-
tion at time 1:

v18
for I;>0o0r hZ7(1+ e[n(n—l)/Z)aZ) >1

[hZ;’(1+e[’7(’7‘1)/21"2)—1 ]I/(B—l)

1= hZP(1+ elntn=D/2e?y |/E 7D
728

for I; <Oor hZP(1+ el"(n—l)/Z]oz) <1.

Again, investment at time 1 does not de-
pend on either past or future capital stocks.
This lack of “intertemporal links” does not
depend on the two-period assumption. In
fact, this insight also holds for the »n-period
model (see Appendix) and is crucial in
determining the irrelevance of the shape
(besides convexity) of the investment-cost
function, under partial equilibrium and risk
neutrality, vis-a-vis the response of invest-
ment to changes in the level of uncertainty.

The asymmetry of adjustment costs has
nothing to do with the sign of the response
of investment to increases in uncertainty.
Whether investment is positive or negative
depends on the sign of the numerator, and
this does not include the adjustment-cost
parameters. An increase in uncertainty
raises investment (or reduces disinvestment)
for any (finite) level of adjustment costs.
The asymmetry determines only that invest-
ment and disinvestment have different
speeds of adjustment. This is fully consis-
tent with Hartman’s (1972) and Abel’s (1983,
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1984, 1985) conclusion for the symmetric
case. Notice that this is true even for the
case in which B is very close to 1, vy, is
slightly greater than 0, and vy, is o, that is,
when investment is irreversible and there
are almost no costs (besides the price itself)
of adjusting the capital stock upward.’

In sum, the fact that asymmetric costs
imply a larger disequilibrium (as compared
to the frictionless capital stock) when de-
mand realizations are low, does not affect
the conclusion that, under constant returns
to scale and perfect competition (as well as
risk neutrality and partial equilibrium), in-
creases in uncertainty raise investment. This
is just a reflection of the fact that, under
perfect competition, how much is invested
today affects profits tomorrow, but not the
level of investment tomorrow. Therefore,
any increase in the expected marginal prof-
itability of capital, including the one caused
by an increase in price uncertainty, raises
investment today.

The next section relaxes the perfect-com-
petition assumption to show that the inter-
action between decreasing marginal prof-
itability of capital, resulting from imperfect
competition (or decreasing returns to scale),
and asymmetric costs can generate a nega-
tive investment—uncertainty relationship. In
determining this relationship, imperfect
competition not only is necessary but also
plays a central role.

III. Imperfect Competition

When competition is imperfect there is,
in general, no closed-form solution for the
investment function (even in the simple
two-period context).! The exceptions corre-
spond to extreme assumptions about
(¥1,72,B): no adjustment costs (0,0, B), ir-
reversible investment with no (adjustment)
cost of increasing the stock of capital
(0,, 1), capacity constraints with no cost of

°It is well known that, under perfect competition
and constant returns to scale, the size of the firm is
indeterminate; therefore, some convexity in (upward)
adjustment costs (y; > 0,8 >1) is required in order to
bound (positive) investment.

104t least, there is none known to me.
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scrapping capital («,0,1), and predeter-
mined capital (0,0, 8). Here, I solve numer-
ically several examples of the general
(717 Y2 B) case.

To streamline the notation, it is conve-
nient to assume (without loss of generality)
that Z, = 1. It is also simpler (again, without
loss of generality) to assume that there is no
initial capital, with the result that [, is
always positive. With these assumptions, I,
and [, are determined by the following two
equations:

pht =t —y pIE~!

+/3E1([I >0]‘)’11§—1_[I<O]')’2|12|B_1) =0

RhZI(I + 1)* 7' -1

- B{[I> O]'Yllzﬁ_l -[1< O]'Yz”zlﬁ-l} =0

corresponding to the first-order conditions
in periods 1 and 2, respectively.

The problem is even further simplified by
replacing the assumption of a lognormal
distribution for Z with a simple symmetric
Bernoulli distribution.!! Figure 1 illustrates
the independent (of asymmetries) role of
imperfect competition in generating the
negative investment—uncertainty relation-
ship.!? In this figure, adjustment costs are
entirely symmetric; however the Jensen’s in-
equality argument of Hartman (1972) and
Abel (1983, 1984, 1985) becomes less signif-
icant as competition becomes more imper-

UThe interesting symmetric Bernoulli case is that in
which the positive shock leads to positive investment in
period 2 and a negative shock leads to disinvestment.
The numerical problem is then trivial, as it consists of
three equations (the expected value equation [first
equation] and the two equations for the second period:
one for the good realization and one for the bad
realization) and three unknowns (investment in the
first period and investment in the second period for the
good and bad realizations). Certainly, generalizing this
to any discrete-state space is trivial.

All the curves (in all diagrams) are normalized by
their respective level of investment under certainty.
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fect ( gets larger).!> The figure shows that
as ¢ increases (i.e., as the elasticity of de-
mand is reduced), investment responds less
and less to changes in the level of uncer-
tainty." In fact, when ¢ >1.6, the lines
characterizing the investment—uncertainty
trade-off in Figure 1 are almost horizontal,
indicating practically no effects of changes
in the level of uncertainty on investment
decisions. Again, it should be remembered
that this has been achieved under perfectly
symmetric adjustment costs.

There are two channels for the dampen-
ing of the result of Hartman and of Abel
under imperfect competition (and symmet-
ric adjustment costs). First, as the elasticity
of demand is reduced, the convexity of the
marginal profitability of capital with respect
to price uncertainty, m, is reduced (given
the stock of capital).!® This can be seen
more clearly by using perfect competition as
a benchmark. Recall that under perfect
competition P, = Z,; hence, an increase in
Z, raises revenues both directly (through
QA P) and indirectly through the increase in
optimal output (given the stock of capital).
The latter effect is responsible for the con-
vexity of the profit function with respect to
Z,. When the elasticity of demand is less
than infinite, however, the indirect effect is
less important, as the firm’s desire to in-
crease output is less than that under perfect
competition since doing it brings the price
of its goods down, lowering the direct effect
of a positive change in Z. Thus, as the
elasticity of demand falls, the profit function
becomes less convex with respect to Z,.
Second, as the markup (i) rises, the
marginal profitability of capital (IT;) de-
creases more with a given increase in capital
(ie., Mgy, <0).'° This, again, dampens the
response of investment to an increase in

BNotice that the level of adjustment costs is not
important, since investment is normalized by the level
of investment under certainty.

*Remember that ¢ =1 corresponds to the perfect
competition case, whereas ¢ > 1 represents imperfect
competition (or decreasing returns to scale).

15Remember that 7 is decreasing in .

0 Remember that under perfect competition Il
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price (demand) uncertainty, as the initial lift
of the second period’s expected marginal
profitability of capital (due to Jensen’s
inequality) is curtailed by an increase in
investment today. Combined, these two ef-
fects demonstrate that the result of Hart-
man and of Abel loses its strength under
imperfect competition even when adjust-
ment costs are symmetric.

Figure 2 shows the effects of asymmetric
adjustment costs on the investment—uncer-
tainty relationship, once competition is im-
perfect. The markup coefficient is 1.67 (this
corresponds to an elasticity of demand equal
to 2.5), and the cost of downward adjust-
ments goes from being equal to the cost of
upward adjustments of the capital stock
(solid line), to being 50 times as expensive
as the latter (short dashes). It is apparent
that, given the presence of a significant de-
gree of competition imperfection, the in-
vestment—uncertainty relationship becomes
more negative as the adjustment-cost asym-
metry gets larger.

Adjustment costs deform the relationship
between realizations of the shock (innova-

tions), &,, and the stock of capital at time 2
(when compared with the costless adjust-
ment case). For example, if capital is prede-
termined (unchangeable both upward and
downward), there is no link whatsoever be-
tween the realization of the shock and the
stock of capital in the second period. In the
irreversible-investment case, on the other
hand, the capital stock and shocks are only
linked for “good” realizations of the latter
(i.e., for realizations in which the capital in
place is less than the desired stock of capi-
tal). In general, for the asymmetric case, the
stock of capital responds more to “good”
than to “bad” realizations (i.e., realizations
in which the capital in place is larger than
the desired stock of capital). When competi-
tion is imperfect, the determination of what
is a “good” and a “bad” shock is endoge-
nous. It depends on how much is invested in
the first period. The less the firm invests in
the first period, the more likely it is to get a
good shock (i.e., one in response to which
the lowest adjustment cost is paid). Cer-
tainly, the cost of this strategy is less output
today. When uncertainty is larger, “very
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good” and “very bad” news become more
likely; but the larger the asymmetry of ad-
justment costs, the more expensive are the
latter relative to the former. Thus, it is
optimal to buy more protection, in the form
of less initial investment, as the asymmetry
and degree of uncertainty rise.

It is also worth noticing that the support
of I, is larger in Figure 1 than in Figure 2,
suggesting that imperfect competition (or
decreasing returns to scale) not only is a
necessary condition for asymmetric adjust-
ment costs to affect the investment—uncer-
tainty relationship, but also plays a central
role.

IV. Conclusion

This paper has demonstrated that the
presence of asymmetric adjustment costs is
not sufficient to render a negative relation-
ship between investment and mean-preserv-
ing changes in uncertainty. Some nonnegli-
gible degree of imperfect competition is also
required. In fact, the result of Hartman

(1972) and Abel (1983, 1984, 1985) (positive
relationship between investment and uncer-
tainty) for symmetric and convex adjustment
costs under perfect competition fully carries
over to the case of asymmetric adjustment
costs. Furthermore, under very competitive
conditions, the asymmetry of adjustment
costs has little to do with the sign of the
investment—uncertainty relationship.
Today’s investment decisions depend almost
exclusively on the price of capital (today
and in the future)'” and the expected
marginal profitability of capital. In this case,
the marginal profitability of capital is only
tenuously related to the level of capital;
hence, the convexity of marginal profitabil-
ity of capital with respect to prices is the
dominant factor in determining the sign of
the investment—uncertainty relationship. A
simple Jensen’s inequality argument shows
that the latter is positive.

Assumed to be constant in this paper.
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Conversely, when competition is imper-
fect, the marginal profitability of capital is
significantly affected by the level of capital.
An increase in investment today makes it
more likely that the firm will find its
second-period capital “too large” relative to
the desired capital stock. When adjustment
costs are asymmetric, having “too much”
capital is worse than having “too little” of
it, since increasing the stock of capital is
cheaper than decreasing it. If this effect is
sufficiently strong (i.e., the asymmetry of
adjustment costs is large and the negative
dependence of the marginal profitability of
capital on the level of capital is strong), the
investment—uncertainty relationship be-
comes negative. The irreversible-investment
arguments analyzed in the literature typi-
cally correspond to this case.

Most of the analysis of this paper main-
tains the assumption of constant returns to
scale. Relaxing this assumption, however,
does not convey any additional difficulty.
Convexity of the profit function with respect
to prices in this case depends on the value
of v /¢ instead of just 1/¢. An increase in
vy operates exactly like an equivalent reduc-
tion in the markup coefficient and vice versa.
Hence, decreasing returns to scale makes a
negative uncertainty—investment relation-
ship more likely, whereas increasing returns
offsets imperfect competition, bringing the
uncertainty—investment relationship closer
to the result of Hartman and of Abel.!®

Overall, the results of this paper suggest
that the relationship between changes in
price uncertainty and capital investment un-
der risk neutrality is not robust. Studying
different adjustment-cost mechanisms is ex-
tremely important in determining the dy-
namics of investment and its business-cycle
implications; however, it is very likely that it
will be necessary to turn back to risk aver-

814 is also easy to show that if there are costs of
waiting to invest, in the sense that there are some
advantages (besides the traditional convex-adjustment-
costs arguments) of planning and investing with time,
the investment—uncertainty relationship may become
positive even when adjustment costs are asymmetric,
returns to scale are constant or decreasing, and compe-
tition is very imperfect.
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sion, incomplete markets, and lack of di-
versification to obtain a sturdier negative
relationship between investment and uncer-
tainty. Craine (1989) and Zeira (1989) have
taken important steps along these lines.

APPENDIX

Consider the following discounted infi-
nite-horizon version of the optimization
problem presented in the paper for the per-
fect-competition case:

(A1) ¥( K,_,2)= m]ax {thnKt -1,

- [It > O]'YlItB
- [It < 0]’)'2'1,"3
+ aEt[V(KnZHl)]}

subject to

K,=AK,_,+1,
Tlim 8TE[V(Kr-1,Z7)] =0

K,_, given.

The parameters & and A correspond to the
discount factor and 1 minus the deprecia-
tion rate, respectively, both being less than
1. Also assume that Z, = Z,_,W,, where W,
is any strictly positive independently and
identically distributed random variable with
mean 1 and log-standard deviation o.

From the insights given by the two-peri-
ods problem, it seems reasonable to guess a
value function of the form

(A2) V( Kt—l’Zt) = A(Zt) + CthnKt—l

where c is a constant and A(+) is a continu-
ous function, both to be found.

After substituting (A1) into (A2) and ob-
taining the first-order conditions, it is possi-
ble to write investment as a function of the
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unknown parameter c:

hZ?(1+ cASL(n,0))—1]/#"P
718

for1, >0

1— hZ?(1+ cASL(n,0)) ]/€ Y
Y.B

for I, <0
where L(n,0)= E[W,",], an increasing
function of o (Jensen’s inequality). Plugging

this back into the Bellman equation makes
it possible to find c:

A
CT1-A6L(n,0) "

This substitution also leads to a functional
equation for A(-):

(A3) A(Z,)=0E[A(Z,,,)]+G(Z)
where
G(x) =[x 2 {h[1+cAL(n,0)]) "]

[hx"[1+ cASL(n,0)] -1 ]‘/"3‘”
X

Y18
X [1=¢8L(n,0)hx"]

~[x={r[1+cAL(n,0)]} "]

[hx"[1+cA8L(n,0)] -1 r/‘B-D

Xy1
¥1B

+ [x <{h[1+ cAL(n,U)]}_l/"]

X[l—hx"[1+cA8L(n,a)] ]1/“*‘”
Y28
X [1—¢c8L(n,0)hx"]

~[x <{h[1+AL(n,0)]} "]

1—hx"[1+cA8L(n,0)] JP/¢°
Xy, .
Y.B

CABALLERO: INVESTMENT —UNCERTAINTY RELATIONSHIP 287

Making the simplifying assumption that
W, has bounded support makes the func-
tion G(x) a continuous bounded function.
This, together with the Markov structure of
the transition and the fact that § <1, deter-
mines that A(Z,) exists and is unique (David
Blackwell, 1965).1°

As long as ASL(7m,0) <1, the instanta-
neous reward function is concave in the
control 1,; therefore, the investment func-
tion is also unique. Furthermore,

3_2={B(B_1)([1> 0]y, +[1<0ly,)

x (1= A6L(n,0))%} "

X |1)"Phz8 L (7 ,0)
>0

confirming the fact that the result of
Hartman (1972) and Abel (1983, 1984, 1985)
extends to the asymmetric-adjustment-cost
case.

YNote that the function 4(-) does not need to be
unique to guarantee a unique investment function.
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