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Abstract
This Supplementary Appendix contains details of the examples and proofs of some
results given in the paper “Maximum Likelihood Inference in Weakly Identified Models,”
by Isaiah Andrews and Anna Mikusheva. We also provide several additional examples

illustrating ways in which weak identification can arise in a DSGE context.

S1 Stylized DSGE model from Section 2

S1.1 Solving the model

Here we solve the restricted linear rational expectations system:

bEt’TFH_l + KTy — T = 0,
—[re = Eymepq — pAay] + By — 2 = 0, (S1)

1
E’]Tt + Uy = T,

where z; and m; are observed endogenous variables. Exogenous shocks a; and wy

evolve according to the system:

Aay = pAay_1 +eqp; U = 0Us—1 + g

(Saity Eus) ~ iid N(0,%); ¥ = diag(o?, 02).
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To solve the system we substitute out 7, in the first two equations of (S1) and
obtain the following system:
bE T = —KTy + T,
Eimi1 + Byrg = o + %Wt +up — pAay.

We solve for F;x;1 and get the expectation equation:
bEtJ7t+1 = (b ‘I— /{)l't + but — pra/t,

which we can rewrite as:

b b

bp
= by p il T et Ady.

Ty

Now we solve this expectation equation by iterating forward:

_i b jE’ _L _|_b_pA .
o= b+ k T g T R

J=0

We notice that Eyu,; = &uy and EyAar; = p’ Aay. As a result, we have:

b 1 N bp 1
— . u .
b+ k 1—(5b+iﬁt bt+r 1—pp
B b bp

T A ar—

Aat =

Tt =

Aat.

We plug the last expression into the Euler equation and solve the resulting expectation

equation for m;:

Ty = bEtﬂ'tJrl + KT =

bk bpk
A
AL S

= . bk bpr
SB[ ——2 e — Ay =
;0 t{ brr—0b" T e

bk bpk

T Ot r—a (=" B r—tp)1—1p)

= bEymi1 —

Aat.

Finally we obtain the following solution to the system (S1):

b b .
Tt = ~gn—sptt T b+f@—pprat’

(52)
bk bk
T Orr—ab) =30 U T R pbyi—tp

Ty =

)pAat.



S1.2 Identification of the model

In this subsection we check identification of the model (S1). We use the explicit

solution written in equation (S2). Assume that 62 > 0,02 > 0, 0 < §,p,b < 1 and

k> 0.
First we show that the model is point identified if § < p. Let A;(0) = —M%éb
and Ay(0) = b+ . We have
xy = A1(0)uy + As(0) pAay,
and
K
Ty = 1_ 6bA1(9)Ut + 1_—pbAQ(9),0ACLt

We can identify auto-covariances of all orders for the series x; and 7, as well as all

cross-covariances. In particular, we have

0'2 0'2
Var(z;) = A1(0)? 1_ 5 + A5(6)%p? - pQ;
J25k 02 k
cov(ar, i) = A(0) 5 + A(0)°p 211—’;2.

It is easy to see that from the auto-covariance structure of process x; one can identify

§ < p, A1(0)*c% and Ay(0)?c2. We also have the following expressions for the cross-

covariances:
COU(IB 7r) —A (9)20—5L—|—A (9)2 2 0'3 Kk
pm) = MO T e ey TR T T T
2 5k 2 )k
o 2 O-u(S K 2 2 Uap K
cov(xy, m_y) = A1(0) 52130 + Ay(0)7p T— 21— b
From cross-covariances we can additionally identify A;(6)? 31 ~< and Ay ()02 T pr

To sum up, the auto-covariance structure of the process z;, m; allows us to identify

the following six quantities:

K 2 92 K

A
(Sb 2(9) al - pb

9, p, A1(9)202 A2(9)2‘72 Al(e)

u’ a’

We can see from the last four quantities that *5 and
P

1—';2 is identified. Since p and ¢ are identified, we see that b is identified as well. This



implies that « is also identified. Finally we notice that the A;(#) are functions of only
b, k, p and ¢, and thus are identified. Looking at these six quantities, we can see that
they imply identification of o2 and o2,

Now we examine the identification in the case 6 = p. If 6 = p we have that x; and

7, satisfy the following system:

b

v (PAa — uy);

Ty =
_ bk _ K
T = Graabaon (PAG — W) = T
x; and m; are linearly dependent AR(1) processes with AR root § = p. The only
functionally independent quantities that can be identified are the autoregressive pa-
rameter (0 = p), the variance of z;, and the ratio x;/m;. Hence we con only identify
four quantities:
b K
5 = s e — 20-2 _|_ 0—2’ —’
P b=V T TG
but we have six structural parameters. As a result, there are two degrees of underi-

dentification.

S1.3 Assumption 1

We have that

Tt Ut
Y, = = C(0) = C(0)Us,
Tt ACLt
and
o 0
Ut = AUt_l + &4 A= and E¢ N(O, Z)
0 p

We can write the likelihood function:
T

00(8) = const — % SO(CNB)Y: — ACTH(0)Y, 1) S (CH(0)Y; — ACT (B)Y; )

t=1

T
—Elog 12| — T'log |C(0)].

We derive the score for a similar likelihood in Section S3. Here we just note that
the score at the true parameter value is a linear combination of terms (g:6; — X) and
e:Y, ;. It thus trivially satisfies Assumption 1 from the paper for sequences of models

Withp:(5+\%.



S2 Example 1: ARMA(1,1) with nearly canceling
roots.

This section contains the details of Example 1 from the paper. Below we use the

formulation of the weak ARMA(1,1) model from Andrews and Cheng (2012).
}/; = <7T + B)Yt_l + e — TEt—1, €3~ 'LZdN(O, ].)

The true value of parameter 6y = (g, )’ satisfies the restrictions |m| < 1, Sy # 0
and |mo + fo| < 1, which guarantee that the process is stationary and invertible.
For simplicity we assume that Yy = 0 and ey = 0, though due to stationarity and
invertibility the initial condition does not matter asymptotically. One can re-write

the model as
(1—(r+pB)L)Y,=(1—7L)e;, or Y= (1—(m+B)L) (1 —7L)e,.

It is easy to see that if § = 0 the parameter 7 is not identified. Assume that the
model is point identified, that is § # 0, but that identification is weak. This can be
_
modeled as 8 = Vil
First, we write the log-likelihood function. Here we follow the derivation of An-

drews and Cheng (2012) closely:

-1 -1
e = 5y (Yi—; — (mo + Bo)Yi—j—1) = Y — Bo Zﬂ—é}/t—j—l-
=0 =0
L I -1
_ ' 2
(B, ) = const — 3 ;(Y; - ﬁj;oﬂﬂytjl) .

Next, we introduce the following two time series:

t
up = ZW(J)thj = (1= mL)™'Y; = (1 = (mo + o) L) "ey,
=0

Uy = Zjﬂ'gilyé_j = (1 - 7T()L)72th_1 = (1 - WQL)72(1 - (7T() + 50)[/)71(1 - 7TOL)€t_1 =

= (1 —moL) (1 = (mo + Bo)L) e



Series wu; is an AR(1) process with coefficient 7y + fy; v; is an AR(2) process with
roots my and my + (.

One can see that the score is:
T t—1 i—1
Sp(0) =Y |(Yi= B> 7Y () 7Y )
1 j=0 j=0
Sx(0) =

)

t=

82,

t=1

Notice that Y; — B Z;;B ﬂth_j_l = ¢;. As a result,

t—1 t—1
(Y, =B mYi )OO0 Vi)
=0 7=0

T
Sﬂ(ﬁo, 770) thl EtUp—1
ST(QO) = = .
Sw(ﬁo, 770) Bo thl €tV¢—1
We can now write the two measures of information:
T T
To(o.m0) = D€ty Bodli U1t
T\M0, "0) —
T T
Bod i1 e?ut—lﬂt—l 502 D i1 6503—1
82
Ir(0)) = ————/( =
(%) = = 5009
T T T
_ Dot Ui — 2 im1 GVt + o Dy U1
o T T 9T 9 T ’
=D eVt Bod i w1 By Y Vi — Bo Dy e
here w1 = Z;;loj(j — 1)) ?Y,_;_1 is a weakly stationary series.

Assume weakly canceling roots, that is, 5 = C/+/T. Then for a normalizing
matrix K = diag(1/v/T,1) we have

Eu? C - Elu_jv,_
l(ju]r(eo)[(T —P [ ! 1] [ o 1] , (83)
C - Elug—1v;4] c?- E[Ug—l]
where we used the Law of Large Numbers.

We also can notice that

0 — S ey 0 ¢
Kr(Jr(00) = Ir(Bo) Kr = | IS ) o) =
T Yo e T Y Wy § Cn

where (£,71) is a mean-zero normal vector with covariance matrix



Assumption 1 It is easy to see that Lindeberg’s condition holds for sequences

etut—1 d €tUt—1

VT VT
1 holds for the ARMA(1,1) model with near-canceling roots, and we have a robust

We check Assumption 1(b) in equation (S3). As a result, Theorem

test for a simple hypothesis Hy : m = mp, 8 = 0p.
Let us consider the problem of testing the weakly identified parameter 7, treating

[ as a nuisance parameter. The hypothesis of interest is Hy : m = 7.

Assumptions 2

(a) We showed before:

1

?]5’8(90 Zut —P hmTjgg(eo)

SO, J/gﬁl(eo)fglg(eo) —P 1.
(b) Igs(mo, B) does not depend on /.

(¢) Function (m, 8) is quadratic in 8, as a result 3(m) is the OLS estimator in a

regression of Y; on u;. The assumption trivially holds.

This means that Assumption 2 is satisfied, and thus the restricted ML estimate of (5

is asymptotically normal under the null.

Assumption 3 We have to check the conditions for the CLT for a pair Sr(6y) and

T

Apr(00) = Ja=(60) — 15z (00) ﬂoz — D101 +Zetvt 1-

t=1

It is easy to see that for 5y = C'/ VT and K Br = \/LT’ Assumption 3 is satisfied, and
Kgﬂ-A/gﬂ = N(O, Evt )

Assumption 4

(a) We have Kgr = Kgrp = \/LT and K, = 1. Assumption 4(a) holds trivially.



(b) Note that %6 = —2> u_1v—1. We may try to calculate Agg, from the
third information equality, but it is enough to notice that KE,TKW,TW%%K =
—% > uy_qvy_q satisfies the Law of Large Numbers, and that all terms in the
third information equality are normalized to converge to their expectations.

This implies that K3, Kr71Mgs, converges to its expectation (which is zero,

since A is a martingale);

(¢) The argument here is exactly the same as in (b), with the additional observation

o4 _

Since Assumptions 2, 3 and 4 are satisfied, according to Theorem 2 the two score
test statistics mo(ﬂo) and LAM@(WO) for testing hypothesis Hy : 7 = my have an

asymptotic x? distribution despite the weak identification of 7.

S3 An additional example of weak identification:
nearly reduced dynamics

This section contains an additional example showing how weak identification can
arise in DSGE models. Specifically, we consider an example in which insufficiently
rich dynamics for the observed variables gives rise to weak identification.

Assume that we observe a sample of 2 x 1 random vectors Y;,t = 1, ..., T generated

from the following model:

A(Q)}/t - Ut,
Ui =AUy + &y,
Er ZZdN(O, E),

which is the form typically taken by log-linearized DSGE models. Here U; and ¢; are
2 x 1 unobserved random vectors. Assume that the matrix of persistence parameters
A = diag(p,d) and the matrix of variances ¥ = diag(o?, 05) are both diagonal. The
vector 6 = (0,02, 02, p,§) contains the unknown parameters. We will show that if the

elements of A are equal, the parameter ] may become locally under-identified.



S3.1 Identification when 0 # p

According to Komunjer and Ng (2011), two parameter values 6, and #; are observa-

tionally equivalent if and only if there exists matrix P such that

PA()P_l = Al,
PYo P =%,.

Assume that p # o. If there exists a matrix P such that for some diagonal

matrices A; and ¥; we have PA¢P~! = A; and PX P’ = X;, then matrix the

C1 0 0 C1
P must be of the form or for some non-zero constants c;
0 Co Co 0
and cg. Thus the model is locally identified at 6, if and only if the transformation
~ ca 0 ~ - -
f:(c1,c0,0) — vec ' A(0) p is locally injective at (cy,cq,0) = (1,1, 6)).
0 Co

The sufficient condition for this is that the derivative of f with respect to (c1, co, é)

have full rank at (1,1, 9~0). The above mentioned matrix derivative is written below:

Aq1(6p) 0

0~ A”w“), ivec(A(é))
Ap(@y) 0 0

0 Ay (6p)

If this matrix has full rank, then parameter 6 is locally identified at ;. As we can
see, for 0 to be point-identified it must be of dimension at most two, which makes
the dimension of 8 = (6, 02,03, p,§) equal to six. From now on we assume that 6 is

2-dimensional and that the model is point identified for p # 4.

S3.2 Identification at p =9

In order to show that identification fails at 6 = p we write the likelihood for the model
00;Y1, ..., Yr). Let Al(0) = £(0;Y1,....Y;) — £(6; Y7, ..., Y, 1) be the increment of the
likelihood in period t:

Al =~ (AB)Y: — MG 15 (AGY; ~ AAGYi 1) — 5 108[5] + log | (@)



Consider the score. First take the score with respect to the variances:

8A€ 1
8 2t (60) = vy (6?,16 - U?)‘

Next, let s be a part of 6. We have:

JANA B ~ ~ R 8A 0A 0A |
B (60) = (A(0)Y; — ANA(0)Y;1)'E (83 A8 Y 1) — trace(— B —AT) =
r1,0A 0A 0A
= 5t§] I(EA I(AUt_l + €t) - AgA lUt_l) - trace(gA 1).
If p=29 then A = §Id, and %—’;‘A%A = A%—’;‘Ail. As a result
0Nl , _0A
— 6st(90) = trace ((etet -z 1%14 1) .

We can see that the score with respect to the four parameters (é, 02,03) is a linear

function of the three-dimensional random variable 3/ (g,¢, — %). This implies that
the Fisher information for parameters 6, 02,02, which is equal to covariance matrix
of score, is degenerate and has rank at most three (which makes the rank for the full
parameter vector 6 at most five). Thus we lose one degree of identification compared

with the case of p # §.

S3.3 Weak identification

cC 0
We model weak identification as A = d1dy + \/Lf,u, where 1 = . Consider

0 0
the score. First take the score with respect to the variances:

Next let s be a part of §. We have:

N Y U
—=. (00) = trace ((stet ¥ EA ) +
1 0A 0A
ﬁtrace (Ut_lstz_l (gA_lﬂ - MgA_1>> . (84)

Consider the following variables:

T

2 2 2 /,
Z 51t 01,€21 — 03,€1,4E24)";
t=1

%\H

T
T Z Ut 1<‘3t



Both &7 and nr converge to mean-zero normal vectors (which are three and four
dimensional respectively), all components of which are independent. We then see

that

1 o4

1
—ﬁg(%) = veér + ﬁ”Y:/??T- (S5)

Here v, and 77 are fixed vectors.
Let 6* = (6,02, 02) be the subset of parameters excluding p and §. What we have

shown is that:

1 Olr 1
——==(0y) = Tép + —=T"np,
VT o ) = T Gt

L 94 (0,) is 4 x 1 vector, I is 4 x 3 matrix, and I'* is 4 x 4 matrix.

where the score — 75 56"

As a result, the 4 x 4 block of the normalized Fisher information matrix corresponding

to the parameters 6* has rank three asymptotically:

1 1
7Lor = IVar(&)I + ?F*Var(nT)(F*)’ — TVar(&)T.

Now let us look at the components of the score corresponding to ¢ and p:

Al 0 0
885 t(90) =yt Uiy = trace | U_1e,27" ,
01 01
A 1 0
aa b (60) = trace | U1/~
P 0 0
As a result
1 Ol

—==——=(00) = I'nr,

VT 9(p, )
where I is 2x 4 matrix of full rank. We see that the part of the normalized information
matrix corresponding to the block of parameters p and § has rank two asymptotically,

and that the information matrix is asymptotically block-diagonal.

S3.3.1 Asymptotic behavior of Hessian

In the previous section we showed that the normalized (per observation) Fisher in-

formation for the 4-dimensional parameter 6 is of rank three asymptotically, and as

11



a result there is a direction « along which this matrix is degenerate. We show that
the normalized (per observation) Hessian of the log-likelihood is NOT asymptotically
degenerate along this direction.

For simplicity of notation denote by Z the limit of the normalized (per observation)
theoretical Fisher information for the block of parameters *, that is,

1 ANAWEGINANS 1 0%y
1= fm 7Ter= IEEOTEZ ( 06+ ) ( 00+ ) = AT a0

Let us also denote by Z; ; the entry of Z corresponding to parameters s and s.

First consider two parameters s,§ € 0 and let A, = %A*1 %Afl,u

pAAT A= AN Boo= P4 A1 DA A= We have the following:

s

) _PPAL ( 1 )’ _ ( 1 )
1T = 0 A + —=B,U,_ »1 Azep + —=B;U;_1 | +
Tt a a ( 0) t \/T t—1 t \/T t—1

1
+ex! (AsgSt + ﬁBngtl) + trace(AsAz) — trace(Asz) =

= {e] ALY Agey + trace(A,Az) } + trace [(s,6), — £)S 7" Ag] + 0,(1/T).  (S6)
As a result we have
T = E{c]AS7 Aze, + trace(AsAs) } = trace(SALS 1 A,) + trace( A As).
Let us define Cy = /24,52, then
Tz = trace(CLCy) + trace(C5Cy) = trace(DysDs),

where D, = \%(C’s + C?) is a symmetric matrix.
In fact, all entries of the limit of the normalized Fisher information matrix Z have
this form. Consider the entry corresponding to s € 0 and a variance o2

D* AL,

_Ei 1
_W(QO) = t(A Et + BsUt—l)i

o} VT
where the sub-index ¢ stands for the i-th component. As a result,

T.; = trace(XM;X 1 Ay)

where M; is matrix that has all entries equal to zero except entry ¢ which is —%.

Matrix 3~V2M,; 52 ig symmetric. Define D; = \%2_1/2]\4121/2.

12



Thus, for any two parameters s and s out of 6* = (5, 0?,03), the entry of the

information matrix corresponding to this pair is
Zs 5 = trace(DsDy),

and all matrices Dy are symmetric 2 X 2 matrices. Because these matrices are sym-

metric

trace(D,Dz) = (Dy)ik(Ds)ix = (vec(D,)) vee(Ds).
ik
Since Dy is symmetric there are two repeating entries. Let us define D} to be 3 x 1

vector such that

trace(DsDs) = (D) D%.

If we put all the vectors D? into one matrix D (of dimension 3 x 4), we get
I=D'D

and so can see that Z is a 4 x 4 matrix of rank three, and the degenerate direction
is the direction perpendicular to D} for all s € *. Call this direction «. Consider a
linear combination of the parameters o/#* and note that the limit of the normalized
Fisher information along this direction is Z, = o/Za = o/ D'Da = 0.

The expression for Z is obtained as the expectation of the negative second deriva-
tive. Given the second information equality Z is also equal to the limit of the nor-
malized covariance matrix of the score. From the formula for the score (S4) we have

that for Sy = trace ((g,6), — )X Ay),
cov(Ss, S5) = (DY) D%,

where D¥ is a 3 x 1 vector-function of A, and ¥ only (described above).
The Hessian is Iy = Zthl ir¢, where the explicit formula for iz, is given in (S6).

We can see that :

T

)

T
1 1 , _
(_[T _I)Sg =7 tE:1 trace (.6, — )X Ag] + 0,(1/T).

13



The summands in the expression above have the same form as random variables S.

As a result we have:

jlgloloTCOU ((?]T —I)Sg, (T]T —I)T?) = (D35)'D; 5,

where D? . is 3 x 1 and constructed from A, 3 in exactly the same manner as D7 is
constructed from A,.

Consider the direction o = () sep such that o’Za = 0 and note that

1 1
1 / — = 1 — — ~ =
TlgroloTvar (a (T]T I) a) 71520 var E (TIT I>s~045045

5,5 »S

* *
= E E D A QFQ O = E Dy zas05
$,5

SS T"I“

In general the last expression is non-zero. For example, assume that > is identity
matrix. Then the last expression is equal to zero if any only if the second derivative
of matrix A+ A’ along direction « is equal to zero. This is obviously true if for example
A is a linear function of the parameter. In general, however, for non-linear functions
the second derivative along the special degenerate direction does not have to be zero,

and thus the stochasticity of Ir along this direction is non-trivial asymptotically.

S3.4 Assumptions 1-4

Assumption 1. Given the formula of score stated in equation (S5) it is easy to see
that Assumption 1 holds.

Let us denote 5 = 6* = (0,02,02), a = (p,6). Below we show that Assumptions
2-4 hold for testing Hy : f = Sy with the nuisance parameter a.

Assumption 2. Denote e; = (1,0) and es = (0,1)". Then A = peje| + deqesy. It is

easy to see that

Oty 8€

N ZUt’ ey € s ZUt Le2eh S ey
t—1

14



We can also note that

T

T
82€T 0%¢
2 : / / . T _} : ! ry—1 /
t=1

04?2

and

a2€T a ! /N —1 /
_8p05 - Z Ul_je1e1X eaeryUp_y.

1
T

It is easy to see that the Law of Large Numbers i

converge to the same matrix

2
o 0
o? )
O EUt—l 2
0.2
2

d ZT 8Aft

t=1 Oda

Thus Assumption 2(a) holds. Assumption 2(b) holds trivially since the third deriva-

tive of {7 with respect to « is zero. We also notice that estimator &(fy) is the usual

OLS estimator, as such Assumption 2(c) holds trivially.

Assumption 3. We need only to check that some form of the CLT holds for the

terms in the martingale A,3. Here we check one term, all others can be checked in

the same manner. One can easily check that for s € 6

PNl

insat - apas = Ut,—lAselellz_let + Ut/—lelellz_lAsgt +

VT

while the score is

0N/
8pt = Ul e1ef ey
OAY 1
ast =&/ Ayey — trace(Ay) + ﬁEQE_lBSUt_l

As a result,

1

1
Ul_eie, X 'BU,_,

T
1
—=Apsr =trace | —= Z&U{,l (Asere) S+ ee]271Ay) | —
\/T P58, (\/T —

\/_ Z U,_e1e) S egtrace ((ee; — D)E 71 A,) + O,(1/T).

15
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We can see that the CLT holds for the last expression, and Kq, 5,7 = \/LT For the

terms that involve a and o? we notice that

T
I . U1,t7151,t
po2 T — 4
o
t=1 1

and [, ,2 7 = 0. So, \/LTI po2,r converges to a Gaussian random variable, and one can

verify that the corresponding Jr entries converge in probability.

Assumption 4. Assumption (a) holds trivially since Ko, 7 = 7=, Koy 5,7 = 7o
while K3, is bounded (it is 1 for some directions while \/LT for the others).

For part (b) we notice that Aq, ;s is a linear combination of terms which are
products of ¢, and U;_; up to order 4. As a result all terms in [Aai,aj”/j] satisfy the
Law of Large Numbers and thus %[Aq, «, 3] = const. Thus, it is easy to see that the
expression in Assumption 4(b) has too strong a normalization and converges to zero.

Assumption (c) holds trivially since I, (v, 5) = I4.q(ap, 5) for any a, ap and 5.

S4 Additional example of weak identification: Weak
VAR

The identification failure observed in our main example in Section 2 of the paper when
p = 0 results from the interplay of two problems, one of which is reduced dynamics,
discussed in Section S3, while the other is that the structural VAR loses one degree of
identification due to the fact that the 2 x 2 matrix C(#) has rank 1. The example of
this section deals with the second problem, in particular, we consider structural VAR
models where part of parameter vector is weakly identified. Fernandez-Villaverde et
al. (2007) discuss the relationship between linearized DGSE models and VARs. To
model weak identification in this context we follow the approach of Stock and Wright
(2000) and consider a set of drifting functions that become asymptotically flat in

some directions.

16



Consider an exponential family with joint density of the form

fr (Xr]0) = h(Xr) exp {nT(H)' > H(x) — TA(WW))} : (S7)

t=1

Here 7 is a p—dimensional reduced-form parameter, while ZtT:1 H () is a p—dimensional
sufficient statistic. Model (S7) covers structural VAR models for 7 a set of reduced-
form VAR coefficients, structural variance terms, and functions thereof and x; =
(Y{,....,Y/ ), where Y; is a vector of data observed at time ¢, and the sufficient
statistics are the sample auto-covariances of the Y;.

Suppose that we can partition the structural coefficient # into sub-vectors o and
B, 0 = («,p"). For this example we consider an embedding similar to that of Stock

and Wright (2000) for weak GMM, which we use to model § as weakly identified. In

particular, we assume that

1
nr(0) = m(a) + ﬁmw,ﬁ),

where 5%m(ap) and 3517 (6p) are matrices of full rank k, and k = ko + ks correspond-
ingly. Assume that an infinitesimality condition holds for the sequence {\/LTH (x4) }tT:1
and a law of large numbers holds for H(z;)H (z;)" (i.e. %ZtT:l H(z)H (zy) —P
EH () H (x)']).

Let A and A denote the first and the second derivatives of A with respect to 7
(they are a p x 1 vector and p X p matrix respectively). From the normalization in
the exponential family we have that E[H(z,)] = A and Var(H(z;)) = A. Assume
that the parameter space for # is compact, that 6 lies in the interior of the parameter
space, and that the function Q(a) = m(a)A(m(ag))—A(m(e)) is uniquely maximized
at the point ay.

The score is

T N 8rg(o¢) + %(%ﬁéa,ﬂ)
— _ (67 T o
Sr=2. (H () A) 1 o(a,B)
t=1 \/T 9B
: . : o=ldy, 0 :
Consider a set of normalizing matrices Kp = T . It is easy to see
0 Idy,
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that Assumption 1 is trivially satisfied. In particular, since
1 & . N .
- (H(xt) - A) (H(xt) - A) P A,
t=1

we have that KpJrK/. converges in probability to a positive definite matrix.

Now consider the behavior of the Hessian. It is easy to see that

Iy onr /"3777’
== (#) - 4) 90:00, +T(aei) a6, (58)

t=1

Since Var(H(z;)) = A, we have

877T 677T . .
hm KT < 50 ) AZE 50 K = Th_r)rgo KrJr K = le_r)rgo KrZIr K.

That is, the second term in (S8) reflects the Fisher information. The first term in

(S8) also matters asymptotically, however. In particular,

-)’ 0*m Y 0?m

(Kr(Ir = Jr)K7)s, 5, = \/_Z( 06,08, ° 0508

where ¢ is a Gaussian vector. Thus K7 Ir K/ and KpJr K} have different asymptotic

. , e . Okoxka  Okgxks
limits and K7 (Ir — Jr) K. converges in distribution to a matrix :

Ok s x ko 3
where ¢ is kg x kg symmetric matrix with Gaussian entries.

S4.1 Assumptions 2-4
Below we check Assumptions 2-4 for testing hypothesis Hy : = [y with strongly

identified nuisance parameter «.

Assumption 2. Assumption 2(a) has been checked above. For the Assumption
2(b) we assume that non-stochastic functions m(«), m(a, By) and A(nr(a, By)) have
third derivatives with respect to o that are bounded in absolute value over the whole

parameter space for «. Indeed,

KoLy o, (0, fo) Ko = — i g L (0nr O
a,Tda;,a;, T\ P0 )X, T — 8041805] 8041'805]' 804@' ao‘j
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The last two terms are non-stochastic as well as term %%, the change in these terms
10Q;
when they evaluated at o and « such that K %|a — ag| < 6 is of order O(K, 1) =

O(\/LT) The stochastic part of the first term %ZtT:l H(z;) does not depend on

a and converges to a constant by the Law of Large Numbers. Assumption 2(c)

trivially follows from classical results, since Q(a) = #lr(a, o) uniformly converges

to Q(a) = m(a)A(m(ag)) — A(m(a)).

Assumption 3. It is easy to see that

Assume that the Law of Large Numbers holds for the fourth power of H(x;), then

Assumption 3 holds with K, 5,7 = 1.

Assumption 4. Assumption 4 (a) holds trivially. For Assumption 4(b) we assume
that the Law of Large Numbers holds for any products of any up to 6 components
of stochastic vectors H(x;), in such a case 4(b) holds due to the fact that [Aq, q,.3.]

converges to a constant, while K, 7 Ko, 7Kp, 7 = % For Assumption 4(c) we assume

agm(a750)

that =~ 3

is bounded everywhere.

S5 Additional Example: regime switching model

So far we have discussed only log-linearized DSGE models, which have been the
primary focus of the DSGE literature to date. However, the robust tests we propose
are applicable to non-linear models as well.

One class of non-linear DSGE models in the literature is that of models with
regime switching, for example, Schorfheide (2005) whose model includes an exogenous
state variable that determines the target inflation rate and the variance of Taylor-rule

shocks. Such regime-switching mechanisms can produce additional weak identification
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issues: for example, if the two regimes produce similar behavior for the observable
variables, then the regime-switching probabilities will be weakly identified.

One difficulty of working with non-linear DSGE models is that it is often chal-
lenging to calculate the likelihood function and its derivatives, which we will need to
evaluate our tests. For example, the frequently-used particle filter does not typically
allow us to approximate derivatives to a sufficient level of accuracy. Nonetheless,
there are some nonlinear models where the likelihood can be approximated using
other methods which allow us to calculate derivatives. For examples, we refer the
reader to Schorfheide (2005) as well as Amisano and Tristani (2011), who derive the
exact likelihood of a second-order approximation for a class of models with regime-
switching.

Below, we use a toy example to illustrate how regime switching models can gener-
ate weak identification, where to simplify the treatment we abstract from time-series
behavior and consider an i.i.d. model.

We assume that we have a sample X;,t = 1,...,T drawn i.i.d. from the distribution

fC01,902,0) =0f(5501) + (1= 08) f(+5 ¢2),

where the one-dimensional parameters ¢; and 5 belong to an open set §2. To resolve
the “label-switching” problem, assume that 0 < § < 1/2. Consider a weak identifi-
cation embedding in which the parameters ; and § are fixed while the parameter
Yar = 1+ \% is drifting to the point of non-identification (¢1 = ¢2).

Assume that for almost every realization of X; the cdf f(Xy; ) is four times
continuously differentiable in ¢ € €). Assume further that there exists a random
variable 1 with the finite second moment such that almost surely

rn < (Xt f(i)(Xt#P) ‘}
" { f Xt,% ' f(Xt7901) =

for all p € €, where f® stands for i-th derivative with respect to . We also assume

that (X, ;) for i € {1,2,3} are linearly independent random variables under
f( X5 1)
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S5.1 Assumption 1.

The score is

T . 8 f M (X 1)
= o . _
o ; 0f (Xe; 1) + (1 = 6)f (X3 ¢2) (1= 08) (X5 02)
f(Xis 1) — f( X 02)
T 3f (X5 1)

1 X 1
= o | 9 (f“)(Xt; o1) + [P (X0 G + 3O (X o) T + Oy 73/2))
t=1 2 =7 + O,(1
~ O X)) 77 — FO X o) G — 55 (X o) qam + O(T7)

where w; = 0f(X¢;01) + (1 — 6) f(Xy; p2). We may notice that

ﬁf 0 0 ] ] f(l)(Xt; ©1)
P S =E | SO (K e) + 0T
t=1 5 -
%T 2?1@) T % G (Xy; 1) + O, (T7Y?)
Let us define
1
/T 0 0
_ 2 1 3WVT
Kr= 5 15 C
VT  COVT
25 2(1-9)
then by the Law of Large Numbers
/
f(l)(Xt; 901) f(l)(Xt; 901)
1
KTJTK/T - E W_? _%f@)(Xt; ©1) _%f(Z)(Xt; ©1)
3 3
% ®) (Xi; 1) % (3)(Xt; ©1)

where the limit is a finite positive definite matrix. We also may notice that the
summands Krpsp, satisfy Lindeberg’s condition. As a result Assumption 1 of the

paper is satisfied.
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S5.2 Hessian

Now, let us look at the Hessian I7. One can show that

T §fO (X4, 1) 0 FO(Xy, 1)
JT_IT = Zw_t 0 (1 _6)f(2)(Xt7902) _f(l)(Xt7<p2>
t=1
f(l)(Xt,%) —f(l)(Xu(PQ) 0

From the logic of the information equality it follows that
M(x @(x
Wt Wt
for any (. Thus we have the following Central Limit Theorem:
1

: Z_ f( (Xe, 1), A (Xt 1)) = (61,62)

Ttlwt

(f(l) ) 2 £
T 2
where (&1, &;) is a Gaussian vector with the covariance matrix £ / / 9

F @ ﬁ
f? f

Further
082 0 &1
—Wr=Ir)=1 0 (1-§)& &
&1 —&1 0

from which it is easy to see that the matrix Kz (Jr—Ir) K is asymptotically explosive,

EVH

and thus that It and Jr have asymptotically different behavior.

S6 A simplified non-linear model.

In this section we discuss an analytically solvable model with regime-switching that
may suffer from identification issues.
Schorfheide (2005) discusses a model with learning and monetary policy shifts,

whose log-linearized equilibrium conditions can be written:

= Eixpy — 7 (1 — Eymipr) — By AGr + TE 20,
T = BEm + k(2 — gi)
re = (1= pp)¥m + pere1 + (1 —pp) (1 =) 7} (8¢) + &
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and

Egt 0'2 0 0
€24 | ™ N10,1 0 03 0 )
Ert 0 0 O'Z(St)

where s; € {1,2} is an unobserved state that evolves exogenously according to a first
order Markov chain with transition matrix
o1 1=
1—¢1 ¢

Two parameters 7} (s;) and o2(s;) are functions of the state variable.

7):

To solve the model analytically we make a few simplifying assumptions. In partic-
ular, we assume that 77 (1) = 7/ (2) = 0, so there is no change in the target inflation
across states. Let us further assume that 7 =1, p, = 0 and ¢ = % Under these

assumptions the model becomes

= By — e+ Evmpn + (L — pg) ge + p22,
T = BEi1 + K (T — Gr)
Ty = %m + &t
where the only state-dependence is regime-switching in the variance of ¢, ;. We have
used the fact that Eyz; 1 = p.z and EyAgy = Ey (g1 — 9 = (pg — 1) g1
We can solve this model forward in the same manner as the DSGE example in

Section S1. We can write the solution in the following form:

Bp~ __B8
i 1 w+B—Bp P gt

e = ﬁznpz —ﬂ
Yrt e O (H‘i’ﬁfﬁpz)(lfﬁpz) K+ “t
Ty 0 Brp= B 67“715

(k+B—Bp=)(1-Bp-)  w+B

S6.1 Identification failure

Let us impose that 0 < 3,p,,p. < 1, & > 0, and assume all variances are strictly

positive. Note that conditional on the state s;

-0 0
Var(Yils)=C0) | o = o |C(O)
0 0 0'3(815)



while the auto-covariance of Y; with Y;_; for j > 0 is

o2

Pyt 00
Cov (Yy,Yi|s1) = C(6) 0 pZ 0| C0).

1-p=

0 0 0

The state s; has no effect on the auto-covariance of Y;, but instead matters only
through the variance. In the special case where the variance of ¢, is the same across
the two states, 02(1) = 02(2), the state has no effect on the covariance structure
of {V:};2,. Since {Y;};2, is jointly normal in this case, the covariance function is

sufficient for all parameters, so this implies that for 62(1) = ¢2(2) the state transition

probabilities ¢; and ¢o are unidentified.

S7 Proof of Lemma 2 from the paper

Take any € > 0,

T
Ki,TKj,TKl,TE M 4105 41 ¢

t=1

T
KirK;r E M My

t=1

= max | K o 4| | K K [ My, My r)

< max | K g 4|

Assumption 3(b) implies that K; K, r[M;, M|y —P £;, is bounded in probability.
E (rntax IKZ-,TmZ-,t|> <e+E <Kz',T max [m, | I{ | K | > 6}) <

<e+ Y E(Kigp|mi[I{| Kizmi| > €}).
t

The last term converges to 0 by Assumption 3(a). O
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