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1 Introduction

General equilibrium (GE) feedbacks—and the presumed ability of economic agents to understand them—are
a central piece of modern macroeconomics. In some contexts (e.g., a Keynesian economy at the zero lower
bound), they reinforce partial equilibrium (PE) effects, acting as “macroeconomic multipliers” that amplify
exogenous shocks or raise policy effectiveness. In other contexts (e.g., competition over limited resources),
they offset PE effects, helping stabilize aggregate outcomes or curtailing policy effectiveness. Either way, GE
mechanisms limit the usefulness of PE intuitions and empirical works that focus on identifying PE effects.

In this paper, we review and synthesize recent research that studies how frictions in information and ra-
tionality arrest perceived and actual GE feedbacks. Our starting point is the standard modeling practice in
macroeconomics, which combines a strong solution concept, Rational Expectations Equilibrium (REE), and
a strong informational assumption, “full” or “complete” information Following the literature, we refer to this
combination as FIRE, a shortcut for Full Information Rational Expectations. But we also emphasize that, for
our purposes, this combination has a very specific meaning: the “FI” half translates to common knowledge of
aggregate shocks and the “RE” half translates to common knowledge of rationality. This hints at a deep connec-
tion between all the approaches considered in this paper, a connection that we make clear as we proceed.

Our main take-home lesson can be summarized as follows: relaxing either the “FI” or the “RE” half of FIRE,
at least in the four ways considered in this chapter, amounts to anchoring the expectations of the responses
of others to aggregate shocks or policy shifts and, thereby, dampening the GE effect of such shocks. Turning
this lesson around, we conclude that the standard practice “overestimates” the potency of GE feedbacks—and
crucially, this “bias” is largest when these feedbacks are stronger to start with. This serves both as a warning for
the state of the art and as a direction for future research: to obtain reliable predictions for policy counterfactuals,
it is important to make sure that the theory fits not only the usual type of microeconomic evidence (e.g., higher
MPCs) but also survey evidence on the adjustment of beliefs.

But what are the four departures from FIRE that support this lesson? In what ways are they similar and in
what ways are they different? What does the evidence tell us about them? And how should we choose among

them, or between them and FIRE? The rest of this Introduction previews answers offered to these questions.

Four theories and their common ground. The first one, studied in Section 3, maintains rational expectations
but accommodates incomplete information, along the lines of Morris and Shin (2002, 2006), Woodford (2003),
Nimark (2017) and Angeletos and Lian (2018). The defining property of this approach is not the noise in the
observation of the underlying shocks per se but rather the absence of common knowledge about them. Ba-
sically, the key is that agents worry that others may not share the same information with them. This anchors
expectations of the behavior of others to the common prior, causing all agents to behave as if the GE feedback

was lower to start with.!

IRational Inattention a la Sims (2003) and Sticky Information a la Mankiw and Reis (2002) can be viewed as subsets of the first
approach, subject to the following qualification. These works have often emphasized the inertia in first-order beliefs, as opposed to
that in higher-order beliefs. But GE attenuation is driven exclusively by the latter friction, which is what the literature cited in the main
text focuses on. See also the review in Angeletos and Lian (2016).



The second approach, studied in Section 4, goes in the opposite direction, maintaining full information but
replacing rational expectations with Level-k Thinking (Farhi and Werning, 2019; Iovino and Sergeyev, 2021) or
two close variants of it, Reflective Equilibrium (Garcia-Schmidt and Woodford, 2019) and Cognitive Hierarchy
(Camerer, Ho, and Chong, 2004). This amounts to assuming that the typical agent believes that other agents
are less sophisticated than themselves and, as a result, less able to comprehend strategic interactions and GE
feedbacks. And since the best response to such a belief is to act as if the actual GE feedback were smaller, this
approach, too, translates to GE attenuation relative to FIRE.

Our description of the above two approaches suggests a deep connection between them. Indeed, both
approaches can be viewed as complementary relaxations of strong common-knowledge assumptions: the first
relaxes common knowledge of the shock, the second relaxes common knowledge of rationality. Furthermore,
both approaches can be understood as anchoring higher-order beliefs to a certain default point: the common
prior about the underlying shock in the first approach and the level-0 belief in the second approach. One subtle
difference is that the common prior in the first approach is disciplined by the objective truth, while the level-0
belief in the second approach is a free parameter, which the analyst must choose judiciously. This difference
and a minor “bug” aside,? the two approaches are close cousins to each other.

The third approach, Heterogeneous Priors, employed by Angeletos and La’O (2009) and Angeletos and Sas-
try (2021) and reviewed in Section 5, builds a bridge between the above two approaches. It decouples the first
approach’s relevant friction—the lack of common knowledge—from the pure noise in the observation of the
underlying fundamentals. It allows for a sharp translation between the depth of knowledge and depth of ratio-
nality. And it allows a gain in tractability while preserving the common essence of the other two approaches.

The last quality is shared by Gabaix (2020)’s Cognitive Discounting, the fourth and final approach reviewed
in this chapter. This concept introduces a form of under-extrapolation, which ultimately produces a similar

kind of GE attenuation as the other three approaches.

Applications. To simplify the exposition, most of the analysis in this chapter employs a static framework. But
we show how the logic extends to dynamic settings, in which behavior is forward looking and the GE feedback
runs across multiple periods. And we use this translation in Section 6 to review a number of topical applications,
including why bounded rationality arrests the power of forward guidance at the zero lower bound (Angeletos
and Lian, 2018; Farhi and Werning, 2019), or how it influences the relative merits of government spending and
consumption taxes as means of regulating aggregate demand (Vimercati, Eichenbaum, and Guerreiro, 2021).
We also discuss how to recast under this chapter’s umbrella earlier applications that study business cycles and
unemployment fluctuations (Angeletos and La’O, 2010; Venkateswaran, 2014), a literature that studies “com-
petition neglect” (Camerer and Lovallo, 1999; Greenwood and Hanson, 2015), and even some recent decision-

theoretic work on “narrow bracketing” (Lian, 2021).

2As explained in Section 4, this “bug” refers to the following issue: the plain-vanilla Level-k Thinking makes an ambiguous prediction
when the GE feedback is negative, but this ambiguity goes away with an appropriate “smooth” variant of it, namely Reflective Equilib-
rium. We first pointed out this issue in Angeletos and Lian (2017), where we also drew an analogy to the relation between Cobweb and
Tatonnement in Walrasian analysis.



Connecting the theory to evidence on expectations. Having emphasized the common ground and applica-
bility of the various approaches under consideration, Section 7 clarifies the following three points, which relate
to the available evidence on expectations.

First, all the approaches are tightly connected to under-reaction of average expectations to news. Such
under-reaction is evident in surveys of expectations. This offers not only support for the common ground of
these theories but also a way to quantify the degree of GE attenuation.

Second, although GE attenuation equals under-reaction of expectations relative to actual outcomes, it does
not necessarily translate to under-reaction of actual outcomes relative to FIRE. To put it differently, the same
friction can either dampen or amplify aggregate fluctuations relative to FIRE. Which of the two cases obtains
depends on whether the GE feedback is positive or negative to start with. When it is positive (i.e., it reinforces the
PE effect), GE attenuation translates to dampened volatility and sluggish adjustment. And when it is negative
(i.e., when it offsets the PE effect), GE attenuation translates to amplification and overshooting.

Finally, while all the approaches under consideration share similar testable predictions about the joint dy-
namics of aggregate outcomes and average expectations, they make distinct testable predictions about indi-
vidual expectations. In particular, consider the following two empirical questions: first, what is the correlation
between average forecast errors in one period and innovations of average forecasts in previous periods; and
second, what is the corresponding correlation for individual forecasts. Our first approach (incomplete infor-
mation) allows the answer to the first question to be positive but restricts the answer to the second question to
be zero, because the forecast errors of rational agents cannot be predictable on the basis of their own past in-
formation. By contrast, all other approaches (Level-k Thinking, Cognitive Discounting, etc) allow the answer to
the second question to be positive but also restrict that the answers to the two questions be exactly the same: if
belief under-reaction is due to a systematic bias, it oughts to manifest equally in the predictability of individual
and average forecast errors.

The available survey evidence suggests that, at least for professional forecasters, the reality is closer to the
first scenario than the second. See Coibion and Gorodnichenko (2012, 2015) for average forecasts, Bordalo
et al. (2020) and Broer and Kohlhas (2021) for individual forecasts, and Angeletos, Huo, and Sastry (2021) for a
synthesis. This, and a few additional considerations that we explain in due course, seem to favor incomplete
information over the alternatives. That said, laboratory experiments offer ample support for Level-k Thinking
and its variants,3 including in settings that resemble macroeconomic interactions (“beauty contests”).

Combining these observations with our main lesson (that all the approaches produce the same GE atten-
uation), we conclude that the first-order task is to move away from FIRE in the common direction of these
approaches as opposed to running a horserace between them. Notwithstanding this point, we offer some ad-
ditional guidance on the relative costs and benefits of each approach, on which ones are most tractable, and
on which ones are most suitable for stationary environments (regular business cycles) versus non-stationary

environments (unprecedented experiences).

3Nagel (1995); Stahl and Wilson (1994, 1995); Crawford, Costa-Gomes, and Iriberri (2013); Kneeland (2015); Mauersberger and Nagel
(2018); Broer and Kohlhas (2021).



2 Framework

In this section, we introduce an abstract setting, which stylizes PE and GE effects. We next show how it nests
a simplified but micro-founded New Keynesian economy. We finally define and characterize the FIRE bench-

mark, which is the point of departure for the rest of the paper.

2.1 PE and GE in a Nutshell

There is a continuum of agents i € [0, 1], each making a decision c¢; € R. Anticipating our upcoming micro-
foundation, we interpret c; as individual spending. The optimal spending depends on an individual-specific
fundamental 9; (e.g., an agent-specific preference shock or an agent-specific interest rate) and her expectation

of the aggregate spending:
c;=0;+aE;[c], (1)

where « is a fixed scalar, ¢ = fie[o,l] c;di is aggregate spending (an endogenous random variable), and E; [-] is
agent i’s expectation (which, for now, does not have to be rational).

An agent’s fundamental has both an aggregate and an idiosyncratic component: 8; = 8 +¢;, where 6 is the
aggregate component and €; is the idiosyncratic one. Implicit in (1) is the assumption that every agent knows
perfectly her own fundamental (6;), regardless of what she knows about the aggregate shock (f) and how she
forms beliefs about the actions of others and aggregate activity (c). This lets us focus on how the latter kind of
beliefs are formed and in particular on how they vary with the depth of the agents’ knowledge and rationality.

The aggregate counterpart of (1) is given by

c= 0 +aElc]. 2)
M~ N~
PE GE

where 0 = [0;di and E[c] = [ E; [c] di are the cross-sectional averages of §; and E;[c], respectively. This allows
us to decompose the change in ¢ triggered by any change in 8 into a partial equilibrium (PE) and a general
equilibrium (GE) effect. More specifically, the first term in (2) represents the average PE effect, for it captures
the direct impact of 8 on ¢, holding constant the average expectations of aggregate spending; and similarly the
second term in (2) captures the average GE effect, or the indirect effect of 8 on c via the feedback from aggregate
spending to individual spending.

Note that the GE effect depends on the scalar @, which we treat as a fixed and commonly known parameter,
and on the average expectation of the response of others, which is our focal point. In game-theoretic terms, «
identifies the degree and form of strategic interaction; condition (2) is indeed mathematically the same as the
best response in the kind of beauty-contest games studied in Morris and Shin (2002) and Angeletos and Pavan
(2007). But for our purposes, a translates to the strength and direction of the GE feedback. When a > 0, the GE
effect works in the same direction as the PE effect, helping amplify it. When instead a < 0, the GE effect works



in the opposite direction of, and attenuates, the PE effect. In both cases, a higher |a| means a large absolute

strength of the GE effect, but the direction of the GE effect, relative to the PE effect, switches sign with a.
Throughout, we restrict a € (—1,1) so that (2) is a contraction mapping. This in turn guarantees the following

two key properties: first, that there will be a unique REE no matter the information structure; and second, that

the level-k thinking solution converges to the unique REE as the depth of reasoning goes to infinity.*

2.2 Micro-foundation: A Simplified New-Keynesian Model

We now show how (1) may stylize a New Keynesian economy. To start with, suppose that there is a continuum
of infinitely-lived consumers, as in Angeletos and Lian (2018), Garcia-Schmidt and Woodford (2019), and Farhi
and Werning (2019). After the familiar log-linearization, the optimal consumption of any consumer i in any

period ¢ is given by the following relation:

+00 oo
cir=0-Pai;— /30{ Z ﬁkEi,t (k= skl } + (1 - /3) { Z ﬁkEi,t [yt] } +0Peir 3)
k=0 k=0

where € (0,1) is the subjective discount factor, a; ; is the consumer’s asset position at the start of period #, y;
is aggregate income, i; and 7. are the nominal interest rate and inflation between ¢ and ¢+ 1, and p; ; is a
discount rate shock. The corresponding aggregate shock is denoted by g; and serves the usual role: it is a proxy
for an aggregate demand shock.’

Equation (3) is basically the permanent income hypothesis, adjusted to accommodate shocks to preferences
and interest rates. By aggregating it across i and imposing market clearing (more precisely, by assuming that

agents themselves understand that y; = c¢;), we arrive at the following:

+00 +00
Cr=-— .BU{ Z ,BkEt ltek = Trak+1] } + (1 - ,3) { Z ,BkEt [Crekl } +0Bp:. 4)
k=0 k=0
Under FIRE, we further have E; ;[-] = E;[-]. The above can then be reduced to a representative consumer’s Euler

equation (plus the appropriate transversality condition). Away from FIRE, the above clarifies how aggregate
spending in one period depends on expectations of monetary policy, inflation, and aggregate spending in all
future periods.

Consider next the supply side of the economy. For simplicity, we assume that firms remain fully rational
and fully informed, even though the consumers might not be so. In particular, we assume that firm behavior

gets summarized in a standard hybrid NKPC:

W =KCr+ W 1 + Wi [meiq], (5)

“When instead a ¢ (~1,1), a “pandora box” opens: with rational expectations, there can be multiple equilibria; and with Level-k
Thinking, the sensitivity of the level-k outcome to a free parameter (the arbitrarily chosen level-0 outcome) explodes to infinity as
k — oo. The study of these possibilities is outside the scope of this chapter.

SImplicit in (3) is the simplifying assumption that all agents face the same interest rate and receive the same income.



where ¥_1,¥4+1 =2 0,y_1 + w4 < 1, m1_; = 0. Note that this embeds the full-information rational expectation
operator, and that this contains both a forward-looking and a backward-looking component, as in Clarida,
Gali, and Gertler (1999) and much of the applied New Keynesian literature.

Finally, consider monetary policy. To be able to reduce this infinite horizon economy to our simple static
framework, we assume that monetary policy replicates flexible-price outcomes for all = 1 (but not for ¢ = 0).

This translates to ¢; = iy —m;4+1 = 0 for all ¢ = 1. For ¢ = 0, on the other hand, we impose the following Taylor rule:

) =(,[)CCO+(/)717T0. (6)

Note that this nests an interest-rate peg, or the ZLB, with ¢, = ¢, = 0. And more generally it lets ¢, and ¢,
parameterize how “passive” or “accommodative” monetary policy is (with higher values for ¢, and ¢, mapping
to less accommodation).

Combining the above assumptions about monetary policy with equations (4) and (5), and solving out for

the inflation dynamics, we obtain the following equilibrium restriction at ¢ = 0:

co =(1—ﬁ—ﬁ0 (</>C+ ((Pn—x)))Eo [col + o B0, (7)

K
l-yax

where y = Lyviyaya W € (0,1). This is readily nested in (2) with

(9a-2)-

K

O=0 and a=1-f- a( +—

Bp B—pBo|be+— o

That is, the aggregate fundamental equals the exogenous aggregate demand shock rescaled, and the degree

of strategic interaction is pinned down by parameters that regulate aggregate demand (S, o), aggregate supply
(x,w_1,%+1), and monetary policy (¢, dr).

Let us first consider the case of an interest rate peg, or fully passive monetary policy, in the sense of ¢, =

¢r = 0. In this case, the formula for a reduces to

(o
a = 1-g  + Kﬁ > 0.
~—~— 1- Yax
Keynesian cross —

inflation-spending spiral

That is, the GE effect is positive (equivalently, the consumers’ decisions are strategic complements) and comes
from two parts. First, the “Keynesian cross:” a consumer’s optimal consumption increases with other con-
sumers’ consumption, which in turn determines her own income. And second, the “inflation-spending spiral:”
a higher aggregate spending today leads to an increase in inflation, which other things equal depresses the real
interest rate and stimulates aggregate spending. These points explain why a increases both with 1 — 8, which
herein measures the MPC or the slope of the Keynesian cross, and with «, the slope of the Phillips curve.

As soon as monetary policy is active, in the sense that ¢, > 0 and/or ¢, > 0, a third GE effect comes into

the picture. Higher aggregate spending now causes the monetary authority to raise the nominal interest rate,



either directly (when ¢, > 0), or indirectly via inflationary pressures (when ¢, > 0). Other things equal, the
increase in the nominal interest rate discourages private spending. It follows that this GE effect works in the
opposite direction than the aforementioned two ones: it is the source of strategic substitutability among the
consumers. Furthermore, when the Taylor rule is sufficiently steep (in the sense of a sufficiently high value for
¢, and/or ¢5), this negative GE effect may dominate, so that the overall GE feedback becomes negative (a < 0).
To put it differently, a sufficiently active, or hawkish, monetary policy turns consumer decisions from strategic

complements to strategic substitutes.

2.3 Full Information Rational Expectations (FIRE)

Our benchmark is defined by imposing Rational Expectations Equilibrium (REE) along with full information,
and indeed common knowledge of, the aggregate fundamental 6.

In any REE, equilibrium strategies, or the mappings from shocks to outcomes, are commonly known. Here,
this translates to ¢ being a commonly known function of 6. Along with the assumption that 6 itself is commonly

known, this guarantees that ¢ is commonly known, too. That is

Eilc]=El[c] =, (8)

where E [-] is the full-information rational expectations operator Using this in (2), we have:

Proposition 1. There is a unique equilibrium under FIRE and it is such that

a 1
c= 0 +—60= —— 0. 9)
~ l-a l1-a
PE ~——
GE GE multiplier

In short, common knowledge of the underlying shock together with REE implies common knowledge of
the responses of others to the shock. It is as if agents get together in the same room, perfectly coordinate
their responses to the shock, and effectively act as a single and the same agent. It is in this sense that the GE

adjustment is “perfect” under FIRE.

2.4 Beyond FIRE

The benchmark studied above combines rational expectations with full information. This is basically the same
as imposing common knowledge of rationality and of information: everybody is both fully rational and fully
informed, everybody knows this fact, everybody knows that everybody knows this fact, and so on. We say “basi-
cally” because of the following subtlety: in general, the outcomes that are consistent with common knowledge
of rationality (a.k.a. rationalizable outcomes) are a superset of the REE outcomes. But as long as there is a
unique rationalizable outcome, which is the case in our setting for a € (-1, +1), the two sets coincide. For our
purposes, the “RE” half of FIRE is therefore synonymous to common knowledge of rationality—and similarly,

the “FI” half is synonymous to common knowledge of § and of the entire payoff structure.



These observations explain the two routes we take in the next two sections. In Section 3, we depart from
FIRE by maintaining rational expectations, or common knowledge of rationality, but relaxing full information,

or common knowledge of 6. In Section 4, we do the converse.

3 Incomplete Information

As anticipated, in this section we relax the “FI” half of FIRE. More specifically, we maintain common knowledge

of rationality but remove common knowledge of the underlying shock.

3.1 Removing Common Knowledge by Adding Idiosyncratic Noise

In our FIRE benchmark, everybody knew 6 perfectly and this fact was common knowledge. We now replace
this assumption with the following alternative, which captures the essence of a large literature on incomplete
information and higher-order uncertainty (e.g., Morris and Shin, 2002; Woodford, 2003; Angeletos and Lian,
2016, 2018):

Assumption 1. (i) Nature draws 6 from . (0,03).

(ii) Agents have imperfect and heterogeneous information about 0. In particular, an agent'’s information set is
given by (0;, s;), where s; is a sufficient statistic of the agent’s information about 0 (and about others’ information
thereof) and is given by

si=0+¢;,

wheree; ~ N (0,0%) is orthogonal t0 0 and i.i.d. across i.

(iii) The above facts are common knowledge.

The first part specifies the agents’ common prior about 6. The second part specifies each agent’s private
information. The last part makes sure that the subjective priors about all exogenous shocks coincide with the
objective truth, a requirement embedded in the REE concept.

A few remarks are worth making about this assumption. First, the Gaussian specification is useful but not
essential: it keeps the analysis tractable but does not drive the main insights. Second, the signal s; is meant to
summarize all the information that agent i has about the underlying aggregate shock, and thereby also about
the information of others and the resulting aggregate activity. Third, the idiosyncratic noise in this signal could
reflect not only the absence of relevant information but also cognitive limitations in processing such informa-
tion, as in the literature on rational inattention (Sims, 2003; Mackowiak and Wiederholt, 2009). Finally, the fact
that the noise is idiosyncratic as opposed to aggregate amounts to introducing higher-order uncertainty: every
agent is uncertain not only about 6 itself but also about what others know about 8, and hence also about what
others know about others, and so on. As we will explain in due course, it is the second kind of uncertainty that
translates to GE attenuation.

Our task now is to study how the informational friction changes equilibrium behavior relative to FIRE. To do

this, let us first fix the language: by “equilibrium” in this section we mean a linear REE, or equivalently strategy



of the form c; = af; + bs; that solves (1) under rational expectations, for some coefficients a and b. Note that
this imposes not only rational expectations but also linearity, which simplifies the subsequent analysis. But
the linearity restriction is without any loss: a non-linear REE does not exist in our setting, because a € (-1,1)

guarantees that there is a unique REE and Assumption 1 guarantees that this equilibrium is linear.

3.2 Main Lesson: GE Attenuation

From Assumption 1, we have that, for every i,

2

g
Ejl0)=As; with A=—2—€ (01l (10)
0’0+O’

Note that A is a monotone transformation of 05/ 02, the signal-to-noise ratio in an agent’s information. And
because varying the level of noise o in [0, +o00) is equivalent to varying the coefficient A in [0, 1), we can think of
A as an exogenous parameter.

Aggregating the above, we get

E[0]=A0. (11)

This allows one to interpret A as a measure of how “attentive” or “aware” agents are on average, namely how
much the average expectation of 8 varies with innovations in 8. But whereas this interpretation emphasizes
the degree of knowledge about the underlying aggregate shock, it is best to interpret A as a measure of how
well agents can predict one another’s behavior. That is, as a measure of the extent of common knowledge—or
equivalently as a measure of how effectively they can coordinate with one another.

This point will become clearer in Section 3.3, where we expand on the role of higher-order beliefs, and in
Section 5.1, where we decouple the relevant lack of common knowledge from noisy information about 6. But
the following lemma, which follows from the above equation along with the fact that ¢ must be proportional to

0 in equilibrium, helps capture the essence.

Lemma 1. In any equilibrium, the average rational expectation of ¢ satisfies

Elc] = Ac. (12)

This helps explain how a lower A impedes coordination: under FIRE (A = 1), behavior is perfectly coor-
dinated in the sense that the typical agent expects others to respond as much as herself; and away from this
benchmark, behavior is imperfectly coordinated in the sense that the typical agent worries that others will
under-react.

How does this translate in dynamic settings? Let {dc;+./00,}32 , denote the impulse response function (IRF)
of an aggregate outcome to an exogenous shock (e.g., that of aggregate output or inflation to a monetary shock)
and let {0E ;. [ci+7]/00 1152, denote the corresponding IRF for the agents’ average expectation of the same out-

come. FIRE imposes 0F ;1 [c;4:] /00, = dcy+. /00, for all T: subjective and objective IRFs coincide. By introduc-



ing incomplete information, we have effectively imposed |0E;; [c;4:]/00;| < |0c;1/00;| for all 7, or at least for
7 small enough (“short run”). This dynamic translation is useful when connecting the theory to expectations
evidence in Section 7.

Let us now return to our static setting and consider what Lemma 1 implies for actual behavior. By aggregat-
ing best responses, we obtain the following joint restriction on the actual outcome and the average expectation
thereof:

c=0+aE]c].

Next, replacing E[c] from Lemma 1, we get
c=0+Aac. (13)

This is the same fixed-point equation as that characterizing the FIRE outcome for an economy in which « is
replaced by Aa. In other words, it is as if the strategic interaction, or the GE feedback, has been attenuated
towards 0 in proportion to the informational friction. We therefore reach the follow result, which contains the

main lesson of this section:

Proposition 2. There is a unique equilibrium such that

al 1
c= 06 + 0 = 0, 14
~— 1-al 1-aAl (14)
PE N—— ~——
GE GE multiplier

By the same token, the following properties are true:

» The aggregate outcome is the same as in a “twin” FIRE economy in which the GE parameter a in equatio (2)

has been replaced by Aa.

* No matter whether a <0 or @ > 0, the absolute size of the GE effect is reduced, and the more so the smaller

the degree of common knowledge, as measured by A.

* When the GE feedback is positive (a > 0), the friction translates to under-reaction of the actual outcomes to
the underlying innovations, relative to FIRE; and when the GE feedback is negative (a < 0), it translates to

over-reaction relative to FIRE.

By varying A between 0 and 1, we can thus span all the values between the PE effect 8 and the FIRE outcome
ﬁ@. For A close to zero (meaning a sufficiently large departure from common knowledge), the total impact
of the aggregate shock 0 is arbitrarily close to its PE effect. But as A increases (meaning a higher degree of
common knowledge), the GE effect becomes more and more important. Importantly, all these properties hold
true no matter whether the GE effect amplifies the PE effect (a > 0) or dampens the PE effect (a < 0). But how
this translates in terms of the responsiveness of the aggregate outcome to the underlying innovations naturally
depends on the direction of the GE feedback: the friction translates to under-reaction (relative to FIRE) when

the feedback is positive and to over-reaction when the feedback is negative.

10



The last point underscores how the friction under consideration is distinct from pure inattention, sparsity,
or adjustment costs. These forces amount to attenuation of the PE effect and translate to under-reaction re-
gardless of a (indeed even if a = 0). The friction under consideration, instead, amounts to attenuation of the
GE effect and its translation to observables depends crucially on the sign and magnitude of a.

We will illustrate how this basic insight sheds new light on topical policy questions in Section 6. But let us
offer here a first hint of what it may mean in applied terms. The HANK literature has emphasized that liquidity
constraints and other frictions contribute to high MPCs and thereby to larger GE multipliers for monetary and
fiscal policy. This was stylized in the example of Section 2, in which a was indeed related to the MPC. In this
context, the above result suggests that the Keynesian multiplier may be muted in the short run, when it is likely
that there is little common knowledge about the underlying innovations and one another’s behavior (2 is small
to start with), but may kick in over time as agents become more aware of the underlying innovations and one

another’s behavior (A gets larger over time due to learning, as discussed in Section 5).

3.3 From Rational Expectations to Higher-Order Beliefs (HOBs)

We now “dig deeper” to show how the insight developed above relates to a certain property of higher-order be-
liefs (the beliefs of the beliefs of others). For this purpose, we will borrow heavily from game theory, and we will
echo Morris and Shin (1998, 2002, 2006) and Woodford (2003). But this does not mean that the above insight, or
the accommodation of incomplete information more generally, requires that the economic agents themselves
be “game theorists,” i.e., engage in strategic or higher-order reasoning. Instead, the typical consumer or firm
can be a “statistician” in the tradition of Muth and Lucas: they only need to have a statistical model of how ¢ and
6 comove. The REE concept—with or without full information—imposes that the statistical model in people’s
minds is consistent with actual behavior, but is deliberately agnostic about how exactly agents learn this model
in the first place.

We emphasize this point because it separates the approach taken here from that taken in the next section:
by design, Level-k Thinking and its variants require that agents engage in deductive or higher-order reasoning.
But for now, we put this point aside and proceed to translate our GE attenuation result from a property of the
REE fixed point to the following property of higher-order beliefs: under incomplete information, higher-order
beliefs (the beliefs of the beliefs of others) tend to react less to innovations than first-order beliefs (the beliefs of
the fundamentals themselves).

To illustrate this property and its likely robustness, we proceed as follows. Go back to the best-response
condition (1) but refrain, at least for the time being, from any assumption about what an agent knows about the
underlying aggregate shock and the information, rationality or behavior of others. Aggregating this condition
across i, we obtain

c=0+akE[c].

Note that this condition encapsulates individual rationality (optimality) for arbitrary expectations of c. Next,

suppose that every agent believes that other agents are individually rational. Then, every agent can infer that
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the above condition holds, which implies that the average expectations of ¢ must satisfy
Elcl = E[0] + aE[E(6]] = E[0] + aE*[c],

where E?[-] = E[E[-]] denotes second-order beliefs. Iterating ad infinitum, we can express that the average
expectations of ¢ in terms of the higher-order beliefs of fundamentals:
[e.°]

Elc] = ( a1 ER (0]
h=1

) (15)

where E"[0] = E[E"1[0]] for all h = 1, and with the convention E°[0] = 6.

The following remarks help clarify what we have done:

1. Inthe above construction, “iterating ad infinitum” amounts to imposing common knowledge of rational-
ity: the first iteration requires that agents know that others are rational, the second iteration requires that

agents know that others are rational, and so on.

2. Had we stopped this process at some finite order K, instead of letting K — oo, we would have obtained

- K - -
Elc] :( a"LE"[6)
h=1

+aKEK* T .

This restricts the subjective expectations of the aggregate outcome only up to a point, letting EX*1[c]
indeterminate (a “free variable”). As it will become clear in the next section, Level-K thinking amounts
to (i) stopping at some finite K and (ii) making a specific assumption about the value of EX*![c]. Here
instead we dispense of this “free variable” by letting K — oo, or by imposing “infinite rationality” in the

precise sense of common knowledge of rationality.

3. In general, common knowledge of rationality is weaker than REE. But as mentioned earlier, the two no-
tions are equal in our context, thanks to the restriction « € (—1,1). It follows that condition (15) can be
read as follows: it describes the rational expectations of ¢ for arbitrary information structures, including

full information.

With the last point in mind, let us now explain how condition (15) specializes in the knife-edge of full informa-
tion—and what changes away from this benchmark.

With full information, beliefs of all orders collapse to the underlying fundamental:
EMor=E"to1=... = E'0) =0. (16)

This in turn implies that E[c] = ¢, which can be read interchangeably as follows: (i) the expected response of ¢
to any innovation in 8 coincides with the actual response; (ii) agents face no uncertainty about one another’s

responses; and (iii) agents perfectly coordinate their responses.

12



When information is noisy, these properties remain true as long as all the noise is aggregate, that is, as long
as all the information is “public” (in the precise sense of common knowledge). But they cease to hold as soon as
once information is private, or the noise is idiosyncratic. And it is precisely the latter scenario that represents a
“real” departure from FIRE.

Consider in particular the information structure assumed in the previous analysis. With this structure, we
have that

E[0] = (1-A)ug + A,

where g corresponds to the prior mean (itself normalized to 0 for convenience), 6 corresponds to the shock,
and A € (0, 1) parameterizes the precision of the available private information, or the degree of common knowl-
edge. The above implies that

E?[0] = (1— Mg + AE[O] = (1 - A*) g + A%6

and, by induction,
E"MO =1 -A"pe+A"0

for all & = 1. We therefore see that, in response to any innovation in 8, beliefs of higher-order move less than be-
liefs of lower-order—to put it differently, higher-order beliefs are more anchored to the prior and less responsive
to news.

This property is a robust implication of incomplete information and has been extensively discussed in the
literature (Morris and Shin, 1998, 2002, 2003; Abreu and Brunnermeier, 2003; Woodford, 2003; Angeletos and
Lian, 2016). The point here was to show how this property translates to GE attenuation, as well as to pave the
way for some additional insights in the sequel. But keep in mind our earlier point: although this game-theoretic

translation offers important insight, in the present approach agents themselves could still be “statisticians.”

4 Bounded Rationality

In this section, we recoup the “FI” half of FIRE but relax its “RE” half. In particular, we start by adapting the
plain-vanilla version of Level-k Thinking from Farhi and Werning (2019) to our setting. For this version, GE
attenuation obtains necessarily when a > 0 but not when a < 0. We then explain how this bug is resolved by
two “smooth” variants, Reflective Equilibrium (Garcia-Schmidt and Woodford, 2019) and Cognitive Hierarchy

(Camerer, Ho, and Chong, 2004).

4.1 Level-k Thinking

Level-k Thinking, also known as Limited-Depth Thinking, was developed in the experimental literature; see
Nagel (1995) and Stahl and Wilson (1994, 1995) for early contributions and Crawford, Costa-Gomes, and Iriberri
(2013) for a survey. It was later imported into macroeconomics by Garcia-Schmidt and Woodford (2019), albeit

with a twist that we explain in the next subsection, and by Farhi and Werning (2019), which we follow here.
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The concept is defined in a recursive manner. Let k € {0,1,---}. For k = 0, behavior is exogenously speci-
fied; and for any k = 1, behavior is given by the best response to the belief that all other agents are level-(k — 1)
thinkers. A higher k represents “deeper thinking” in the sense of incorporating more rounds of strategic inter-
action.

Putting this into math, let ¢* and c* denote, respectively, the conjectured (subjective) and the actual (objec-
tive) value of the aggregate outcome, ¢, when all agents are level-k thinkers. For each k = 1, the actual outcome
ck is the best response to the conjecture that the outcome will be &¥; that is, ¢ = 8 + aéX. The conjecture in turn

k= ck=1 Starting for an arbitrary ¢! = ¢, we

is given by the actual outcome for level-(k — 1) thinkers; that is, ¢
then have that the level-1 outcome is given by ¢! = 6 + ac® and, by induction, for any k = 1, the level- k outcome
is given by

k=1

ck=0+ack!= Z a0+ akcl. (17)

j=0
Because a € (—1,1), we immediately have that ¢ — -0 = c'RE as k — co regardless of c°. That s, as the depth
of thinking grows without bound (“agents become infinitely rational”), the aggregate outcome converges to its

k remains anchored to c°.

FIRE counterpart regardless of the analyst’s specification of ¢°. But for any k < oo, ¢
This begs the question of what's the “right” parameterization of c°.

This choice matters greatly for our purposes. So far, the value of c°, and indeed the entire cross-sectional
distribution of c?, is a “free variable.” In the experimental literature, it is common to let c? be i.i.d. across i,
drawn from a uniform distribution with full support over the set of feasible actions. The alternative proposed

by Farhi and Werning (2019) is to set c? =0 for all i, or equivalently

This translates as follows: “level-1 thinkers understand PE but not GE” (i.e., they behave as if there were no GE
feedback). It follows that level-2 thinkers play c? = 6 + a, level-3 thinkers play ¢ = 6 + (a + @®)0, and so on.

These iterations resemble adaptive expectations, except that the adjustment in beliefs happens instanta-
neously, not over real time, and on the basis of hypothetical outcomes (i.e., conjectures about the behavior of
others), not on the basis of the observation of actual past outcomes. Furthermore, under the assumption that
c! = 0, these iterations can be interpreted as rounds of GE feedbacks: level-1 agents understand only PE; level-2
agents incorporate a single round of the GE feedback; level-3 agents incorporate two rounds; and so on.

Under this prism, FIRE translates to “infinite rounds of GE feedback”, and bounded rationality translates to
“finite rounds of GE feedback.” This in turn suggests that Level-k Thinking should generate a similar form of GE
attenuation as incomplete information, with lower sophistication (lower k) here translating to less information
(lower A) there. As it turns out, this logic is valid when the GE feedback is positive (a > 0), but has to be qualified

when the feedback is negative (a < 0).

Proposition 3. Suppose that the economy consists of a continuum of level-k agents, for some k = 1. Suppose
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further that level-0 agents are anchored to the prior, i.e., c® = 0. Then, the aggregate outcome is given by

a—ak 1-ak
CcC = —+ =
~ l1-«a 1-a
PE ~—— ~——
GE GE multiplier

Furthermore, letting GE* denote the GE effect in this economy and GE''RE jts FIRE counterpart,® the following is

true:

e When a >0, |GE¥| is strictly increasing in k and bounded from above by |GEF'RE|,

» When instead a < 0, the above statement holds only for k odd. For k even, the opposite is true: |GE¥| is

strictly decreasing in k and bounded from below by |GETRE|,

In other words, GE attenuation obtains in two cases: when the GE feedback is positive and the depth of
thinking k is any finite number; or when the feedback is negative and k is odd. In both of these cases, level-k
thinkers under-estimate the response of others, not only relative to the FIRE counterpart but also relative to
their own behavior; they therefore behave as if the GE feedback was smaller, i.e., as in a FIRE economy in which
a is compressed towards zero. But the opposite is true when the GE feedback is negative and k is even. In
this case, level-k thinkers over-estimate the responses of others and, as a result, behave as if the GE feedback is
larger.

We illustrate what’s going on in Figure 1. The left panel features strategic complementarity (« > 0), and the
right one features strategic substitutability (¢ < 0). In either panel, the solid blue lines represent the agent’s
decision rule (1) before and after the shock, namely for @ = 0 and 6 = 1, respectively. ¢’ = 0 identifies the level-0
outcome, which itself coincides with the pre-shock REE outcome. ¢* identifies the post-shock REE outcome.
The level-1 response, or equivalently the PE effect of the shock, is captured by the vertical shift from point X to
point Y. The frictionless GE effect (“infinite rounds”) is captured by the shift from Y to Z. Note that the GE effect
amplifies the PE effect when a > 0 and offsets it when a < 0. Finally, the dashed arrows represent the rounds
of level-k thinking: level-1 is captured by the shift from X to Y (because level-1 coincides with PE); level-2 is
captured by the shift from Y to Y’; and so on. It is then evident that Level-k Thinking captures incomplete GE
adjustment when a > 0, but opens the door to “GE overshooting” when a < 0 and k is even.

Like others (Garcia-Schmidt and Woodford, 2019; Angeletos and Sastry, 2021), we view this overshooting
as a bug, not a feature of Level-k Thinking. In Sections 4.3 below, we thus explain how to fix this bug by a
few appropriate amendments of this concept. With these fixes in place, and provided that one continues to
assume that the level-1 outcome coincides with the PE effect, bounded rationality produces essentially the
same kind of GE attenuation as that produced by incomplete information.” The deeper connection between
the two approaches can indeed be understood by revisiting the discussion of higher-order beliefs from Section

3.3.

k
SThatis, GE¥ = 4=%-0 and GE"'RE = {29
7As a matter of fact, the above “bug” could have emerged even in our first approach, had we allowed for a more convoluted informa-
tion structure.
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Figure 1: Level-k Thinking

4.2 Parenthesis: Back to Higher-order Beliefs

Recall that under rational expectations, and with or without full information, the aggregate outcome can be

expressed as the following infinite sum:
c= i a"EMg),
h=0
with E°[0] = 6, E1[0] = E[6], E2[0] = E[E[0]] and so on. Under FIRE, we have E"[8] = 0 for all & and the above
specializes to

(o]
c=c"RE=Y" ahg.
h=0

When we drop the “FI” half of FIRE along the lines of Section 3, we get E"[0] = 16 for all h > 0 and therefore

= cinco _ i @A,

h=0
where A € (0, 1) parameterizes the degree of common knowledge. Relative to FIRE, this amounts to discounting
higher-order beliefs at an exponential rate. Finally, when we replace the “RE” half of FIRE with Level-k Thinking,
we get

c=ck= kil a’o.

h=0
Relative to FIRE, this amounts to keeping the beliefs of order h < k — 1 intact and truncating the beliefs of order
h=k.

Under this prism, both incomplete information and level-k thinking translate to “arresting the response of
higher-order beliefs to the underlying shock.” In the first case, this arresting takes the form of exponential dis-
counting over h. In the second case, it takes the form of a truncation, or a step function over h. The second
approach is less “smooth” than the first one, but the essence is the same, especially if the analyst feels comfort-

able to exchange the notion of less sophistication (lower k) for the notion of less information (lower ).
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4.3 Reflective Equilibrium and Cognitive Hierarchy

The last paragraph hints that a “smooth” variant of Level-k Thinking may avoid the type of overshooting identi-
fied in the right panel of Figure 1. Two such variants are readily available in the form of Reflective Equilibrium
and Cognitive Hierarchy. The former was introduced by Garcia-Schmidt and Woodford (2019) in the context
of the New Keynesian model; the latter was developed by Camerer, Ho, and Chong (2004) and has been widely
used in the behavioral and experimental literature (Crawford, Costa-Gomes, and Iriberri, 2013).

Let us start with Reflective Equilibrium. The basic idea is to preserve the essence of Level-k Thinking but
recast the discrete iterations described in Section 4.1 with a continuous analogue. In particular, the depth of
thinking k is now treated as a continuous variable in (0,00) and the cognitive process is modeled as follows. Let
¢(k) and c(k) denote, respectively, the conjectured and actual values of the aggregate outcome, as functions of

the depth of thinking.? The actual outcome is given by the average best response to the conjecture:
clk) =0+ aik). (18)

And the conjecture is given by as the solution to the following ODE:

dc(h)
dh

=c(h)—-¢(h) Yhel0,k] (19)

with the initial condition ¢(0) = 0.

Equation (19) requires that, as we move from step h to step h + dh, the conjecture is adjusted upwards if
the conjecture at step h fell short of the corresponding outcome, and downwards otherwise. This captures the
same essence as Level-k Thinking; but whereas that concept specifies these steps as discrete and requires that
the conjecture in each step is given by the outcome in the previous step, Reflective Equilibrium allows the steps
to be infinitesimally small and the adjustment to be continuous. As result, the bug is gone: the conjecture never
overshoots the FIRE outcome.

One can visualize this with the help of Figure 1 from Section 4.1. There (with plain-vanilla Level-k Thinking),

aswe varied kin {0,1,2,...}, the conjectures ¢€ and the outcomes c¥

were jumping around in discrete steps. Here
(with Reflective Equilibrium), as we vary k continuously in (0,00), the pair (&¥, c¥) varies continuously along the
segment between points Y and Z, guaranteeing that the outcome never overshoots relative to FIRE.? Translating

this in terms of GE attenuation, we have the following result:

Proposition 4 (Reflective Equilibrium). Suppose that agents are boundedly rational in the sense of Reflective

Equilibrium, as specified above. There exists a function § : [0,+00) x (—1,1) — [0, 1) such that, when the depth of

8These objects are also functions of @ and a, but these dependencies are suppressed to ease the notation.

9This brings to mind two older concepts developed to describe the off-equilibrium adjustment in Walrasian economies, namely
Cobweb dynamics and Tatonnement. The first featured discrete adjustments, like Level-k Thinking. The second featured continuous
adjustment, like Reflective Equilibrium. For a formalization of this parallel, see Angeletos and Lian (2017). Here, it suffices to say that
Reflective Equilibrium avoids the overshooting property of Level-K Thinking for basically the same reason that Tatonnement avoided a
similar overshooting property of Cobweb dynamics.
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thinking is k, the aggregate outcome is given by

ok, ) 1
c= 0 + = .
‘7);5-‘ ¥1—5(k,a)a ) ¥1—6(k,(x)a‘
gE GE mﬁtiplier

Furthermore, 0 (k, @) is strictly increasing in k, starting from 0 at k = 0 and converging to 1 as k — oo, regardless

of the sign of a.

Reflective equilibrium therefore not only fixes the bug of the plain vanilla Level-k Thinking but also provides
a tight connection to incomplete information: the two approaches generate the same kind of GE attenuation,
with 6 (k, @) taking the place of 1. More succinctly, a lower depth of thinking under the present approach trans-
lates to a lower degree of common knowledge under our first approach (and vice versa).

Similar points apply to Cognitive Hierarchy. Motivated by the heterogeneity of observed choices and re-
ported beliefs in experiments, this concept modifies the plain-vanilla Level-k Thinking in two ways. First, ac-
tual heterogeneity is introduced in the depth of thinking. And second, agents are allowed to understand the
presence of such heterogeneity, albeit up to a point: an agent still thinks that she is at least as sophisticated
as anybody else. With a judicious parameterization of the objective heterogeneity and of the subjective be-
liefs thereof, the distance between the average conjecture ¢ and the corresponding best-response outcome ¢
is a continuous function of a single parameter 7, which can be interpreted as the average sophistication in the
population. The details are spelled out in Appendix A but the bottom line is this: relative to Reflective Equi-
librium, this concept allows for heterogeneity but produces basically the same predictions for aggregate beliefs

and aggregate outcomes.

5 Additional Variants and Dynamic Extensions

In this section, we review the third approach, by Angeletos and La’O (2009) and Angeletos and Sastry (2021),
which captures the common essence of the above two approaches while also being easier to use. We then
discuss how the insights extend to dynamic settings, in particular the roles played by learning and forward
looking behavior. We finally explain why the fourth approach, by Gabaix (2020), can be viewed as a close cousin

of the other three approaches.

5.1 A Bridge: Heterogeneous Priors, or Shallow Reasoning

We now discuss the approach taken by Angeletos and La’O (2009) and Angeletos and Sastry (2021). This ap-
proach mimics both incomplete information and Level-k Thinking (and its variants), while also being highly
tractable and easily adaptable to richer settings.

The basic idea in Angeletos and La’O (2009) is to use heterogeneous priors to decouple the degree of com-
mon knowledge, or the extent of the coordination friction, from the precision of the available information.

Think of this as revisiting the analysis in Section 3 and letting A be a separate parameter from o, the level
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of noise. Angeletos and Sastry (2021) further simplify that approach, highlight its tight connection to Level-
k Thinking, and conclude that it captures interchangeably bounded depth of knowledge and bounded depth of
rationality. Accordingly, they refer to this approach as “shallow reasoning.” But one could also call it “anchored
beliefs” or “lack of common knowledge of others’ attentiveness.”

Here, we follow the version of Angeletos and Sastry (2021), which amounts to the following joint assumption

on the agents’ actual information about 6 and on their subjective beliefs about the information of others:

Assumption 2. All agents know 0 and all agents are individually rational in the sense that they play according
to the best response condition (1). However, this fact is not common knowledge. Instead, every agent believes (i)
that the above fact is true for only a fraction A of other agents, and that these agents share the same beliefs with
herself; and (ii) that the remaining fraction 1 — A of agents are uninformed about 8 and that they therefore play

c;i=0.

This approach resembles incomplete information in that it preserves common knowledge of rationality but
drops common knowledge of the shock. But the latter property is no longer accomplished by adding non-trivial
noise in the agents’ own observation of 8. Instead, it is accomplished by introducing heterogeneous priors
about one another’s information. In a nutshell, all agents may themselves be perfectly informed about 6 and
nevertheless worry that other agents are not.

At the same time, this approach resembles Level-k Thinking and its two variants in the following regard:
there, agents thought that they were smarter than the others; here, they think they are better informed than
the others. Furthermore, it is straightforward to translate such beliefs about the informativeness of others to
beliefs about the rationality of others: the proposed concept is indeed equivalent, in terms of both beliefs and
behavior, to a variant of Cognitive Hierarchy in which the actual distribution of types has mass 1 at k = oo, while
the corresponding subjective beliefs have mass 1 -1 at k =ocoand A at k= 0.

In a nutshell, one can interpret A interchangeably as the depth of knowledge and the depth of reasoning.
Crucially, though, the present approach avoids the iterative nature of Level-k Thinking and instead preserves
the fixed-point nature of REE: agents are statisticians, albeit with a mis-specified model about the information
of others. To put it differently, the present approach boils down to Bayesian Nash Equilibrium with heteroge-
neous priors.

Let us see what this means in practice. Let ¢ be the actual outcome, or equivalently the action of the typical
agent. Since this agent believes that only a fraction A of the population are like herself (i.e., have the same
information and play the same action), and that the remaining fraction is inactive, this agent’s expectation of
the aggregate outcome is given by

Eilcl=(1-A)0+Ac=Ac.

The best response to this belief is
ci=0+alc. (20)

Aggregating and solving for ¢, we get the following result:
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Proposition 5. Suppose that agents are shallow reasoners in the sense described in Assumption 2. The aggregate

outcome is given by

al 1
c= 0 + 6=
~— 1-al 1-al
PE N—— ——
GE GE multiplier

Note that this is the exact same characterization as that provided in Proposition 2 for our incomplete-
information model. The difference, as anticipated in the beginning of this section, is that A is now discon-
nected from how much agents know about the underlying shock and instead is more directly tied to the degree
of common knowledge. At the same time, this approach preserves the bounded-rationality flavor of Level-k
Thinking, for the reasons already explained. We conclude that the present approach bridges the other two ap-

proaches—and as evident from above analysis, it is more tractable than both of them.

5.2 Dynamics I: Learning

So far the analysis has been confined to a static framework in order to deliver the key insights in a sharp and
transparent manner. In applications, however, it is often central to allow for two different kinds of dynamics.
The first (discussed in this subsection) has to do with learning over time, or the dynamics of beliefs. The sec-
ond (discussed in the next subsection) has to do with intertemporal payoff interdependences, which make the
decisions forward-looking actions.

To isolate the role of learning, we continue to assume that the GE feedback is static but let decisions be
repeated over time, on the basis of time-varying fundamentals and beliefs. More specifically, we index time by

te€{0,1,---} and specify the optimal behavior at each ¢ as follows:

Ci,=0ir+aE;[c], (21)

where c; ; is the action (e.g., spending) of agent i in period ¢, 0; ; is her payoff-relevant fundamental, c¢; and 6;
are the corresponding aggregates, and E; ; is the agent’s expectation in period .

This is basically the same kind of dynamic setting as that considered in Woodford (2003) and Angeletos and
La’0 (2010). In the former, c; ; maps to the price set by a firm, 0; ; to its nominal marginal cost, and E; ; [c;]
to its expectation of the aggregate price level; and in the latter, c; ; translates to the production of a firm, 8; ;
to its productivity, and E; ; [c;] to its expectations of aggregate output (or aggregate demand). Putting aside
the possible interpretations, the key observation here is that (21) rules out any feedback from the outcomes at
T # t to optimal behavior at ¢, which retains the static nature of the GE feedback and isolates the adjustment in
beliefs as the only interesting dynamic element.

To illustrate, consider an aggregate shock to 8y. With time passing, the agent receives more information
about 0 (e.g., her own fundamental 0; ;) and gradually learns about 8y. Because of such learning, the effective

degree of information friction about 8y may decrease (equivalently, the effective degree of A may increase) with
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the passage of time. For example, in the environment where the GE effect works in the same direction as the PE
effect, such learning will let the GE multiplier increase with the age of the shock.

The basic idea that gradual learning can help generate sluggish responses is, of course, not new; a version
of it can be found, inter alia, in Sims (2003) and Mankiw and Reis (2002). But the subtler point first recognized
by Woodford (2003), further pushed by Angeletos and Huo (2021), and echoed above is that the sluggishness
in the aggregate outcomes implied by any given informational friction is larger the larger the macroeconomic
complementarity or the GE feedback. This in turn helps explain why the form of sluggishness documented here
is closely connected to the notion of GE attenuation, as well as why it may be more pronounced at the macro
level than at the micro level (Angeletos and Huo, 2021), or more succinctly why macro hump shapes can be
consistent micro jumps (Auclert, Rognlie, and Straub, 2020).

Another important question is how exactly learning, or the adjustment in beliefs, takes place. Learning un-
der full rationality, or Bayesian learning, is an important benchmark but not the only option. We refer the reader
to Baley and Veldkamp (2021) for a more detailed treatment of Bayesian learning with incomplete information
and to Carroll and Wang (2021) for an alternative that emphasizes the spreading of beliefs from one agent to

another.

5.3 Dynamics II: Forward-Looking Behavior

In (2), the GE feedback is static; but modern macroeconomics emphasize forward looking behavior and in-
tertemporal GE interactions. To illustrate, let us revisit the New Keynesian economy of Section 2.2. There, we
assumed that the monetary policy replicated flexible-price outcomes for all ¢ = 1. That assumption let us fix
Eiolctl =c;=0forall t =1 and all i, muting the roles forward-looking behavior and dynamic GE interactions,
and allowing us to reduce the entire economy to a static game at ¢ = 0. But once we relax that assumption,
the economy translates to a dynamic economy featuring not only a different decision at each ¢ but also a GE
feedback across .

To see this more clearly, suppose that the discount rate shock follows an AR(1) process with persistence p
and that prices are perfectly rigid, so that 7, = 0 for all . The optimal consumption of an agent can then be

expressed as follows:
+oo k . +00 k ,BO'
Ciy==Po 4 ¥ B Eiiliverl {+(1=B) X B Eielcranl + ~——0ir- (22)
k=0 k=0 1- P
Next, assume the following Taylor rule for monetary policy:

iy =dcy, (23)

where ¢ > 0 parameterizes how aggressively monetary policy responds to fluctuations in aggregate demand.

Replacing the above into (22) and aggregating, we reach the following joint restriction between aggregate de-
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mand and expectations thereof:

+00
Ct :9t+a{zlﬁkﬁ_‘t[ct+k]}’ (24)
k=0

where 0; = %Qt and a =1 - 8 — B¢ can be interpreted as, respectively, the aggregate demand shock and the
degree of dynamic macroeconomy complementarity. We then see clearly the following properties. First, the
mathematical structure and interpretation of (24) is similar to the static analogue used in the rest of our chapter,
except that now the outcome (aggregate spending) in any given period depends on the average expectations of
the outcome not only in the same period but also in all future periods. And second, this dependence, or the
overall dynamic GE feedback, is pinned down by the difference between the slope of the Keynesian cross (1 - f3)
and the slope of the Taylor rule (¢).

The intuition for the last property is basically the same as that in Section 2.2: a larger MPC contributes
towards a positive GE feedback, or strategic complementarity (@ > 0); a less accommodative monetary policy
contributes towards a negative GE feedback, or strategic substitutability (o < 0). What changes is that these
feedbacks, or the strategic interactions, run across time.

Although this change is relatively minor at the conceptual level, it can raise non-trivial challenges at the
computational level. This is particularly true for the incomplete-information approach; see Nimark (2008,
2017), Huo and Takayama (2021), and Angeletos and Huo (2021) for both a detailed discussion of the challenge
and some ways to tame them. Level-k Thinking is significantly more manageable, as illustrated in Farhi and
Werning (2019), because it shuts down any adjustment in beliefs. But if one is willing to abstract from learn-
ing, one can further maximize tractability by employing the approach in Angeletos and Sastry (2021). In the
present context, for example, this approach translates to replacing the average subjective expectations E; [¢4 ]
in equation (24) with AE,[cs+x], where E([-] is the FIRE expectation operator and A € (0,1) measures the depth

of knowledge or rationality. That is, equation (24) becomes

+00
¢ =0, + /la{ Y B*Eclcrer] } (25)
k=0

Two properties are then evident: the insight about GE attenuation goes through; and the above approach is just

as tractable as the FIRE benchmark.!?

5.4 Cognitive Discounting

We now turn to the approach taken by Gabaix (2020). This departs from FIRE by assuming that the perceived

law of motion of the aggregate state of the economy is less persistent than the actuallaw of motion. Suppose in

100ne can further show that the exact same equation obtains with rational expectations and incomplete information as long as there
isno learning, or atleast as long as agents do not anticipate that there will be learning in the future. This pointis proved in Angeletos and
Lian (2018) and makes clear that the key simplification of Angeletos and Sastry (2021) is to abstract from learning, thus also bypassing
the technical challenge of keeping track of the dynamics in the hierarchy of beliefs (Townsend, 1983).
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particular that a model’s true law motion is given by
Xy = Axt_l + B€t

where A and B are matrices, x; is the state variable, and ¢, is the innovation. Gabaix (2020) assumes that the
“behavioral agent” incorrectly perceives the law of motion to be x; = m- (Ax;_; + Be;), for some exogenous
scalar m € (0, 1) that is interpreted as a “cognitive” discount factor.

To illustrate how this translates to GE attenuation, consider the New Keynesian example of the previous
section. As long as the exogenous shock follows an AR(1) process, the FIRE outcome also follows an AR(1):
it satisfies ¢; = pc;_1 + b"'REe,, where €, stands for the innovation in 6, p is the actual persistence of 8, and
bRE > 0 is a scalar pinned down by o, B, p and ¢». One can guess and verify that a similar property is true in the
presence of cognitive discounting (m < 1) :

Ct = pCy-1+ bey,

albeit for some b # b"'RE. With this guess, the perceived law of motion becomes
Cr=pCc1+ EEt,

with p = mp and b= mb. Together with the fact that future innovations are unpredictable, this implies that
the subjective expectations satisfy E;[c;+x] = p*c; = mFpFc,, while the objective, rational, expectations satisfy
E/lcrsr] = pFey. It follows that

Erlersr] = m¥Eilcrinl, (26)

which makes clear the following point: the present variant shares with all the other approaches in this chapter
the property that the average expectations of the actions of others, or of the aggregate outcome, respond less to
the underlying innovations than the actual outcome.

One subtle difference is that this kind of under-reaction is predicted to increase with the horizon of fore-
casts, while this is not the case for other approaches in this chapter. With Angeletos and Sastry (2021), for
example, we have E;[c;4i] = AE;[c;+%], where A € (0,1) is invariant to the forecast horizon k. Furthermore,
when agents are incompletely informed but rational and there is learning over time, we effectively have that
Eilciir] = UiEslce+ k], where pg € (0,1) is an increasing function of k, opposite to (26). The intuition is that,
when agents expect both themselves and others to learn, they also expect the friction in coordination to ease
(formally, to reach higher levels of common knowledge). Notwithstanding this subtle difference, cognitive dis-
counting is a close cousin of the other approaches in this chapter. And it shares with Angeletos and Sastry
(2021) both a high degree of tractability and the treatment of the agents as “statisticians” rather than as “game

theorists.”
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6 Applications

In this section, we illustrate how the abstract insights translate to specific applications.

6.1 Forward Guidance at the Zero Lower Bound

Consider a New Keynesian economy in a liquidity-trap recession, so that the central bank’s hands are tied by the
Zero Lower Bound (ZLB) on interest rates. The central bank may still attempt to stimulate aggregate demand
by committing to keep interest rates low after the economy exits the trap and the ZLB ceases to bind. The basic
New Keynesian model predicts that this kind of forward guidance can be extremely effective. But this does not
appear to have been the case during the Great Recession, so this prediction became known as the “forward
guidance puzzle” (Del Negro, Giannoni, and Patterson, 2015; McKay, Nakamura, and Steinsson, 2016).

To understand this puzzle and our proposed resolution thereof, let us revisit the environment behind equa-
tion (24), pick an arbitrary T = 2 and make the following assumptions about monetary policy: i; =0fort < T-1
(this captures the role of the ZLB); it is chosen and announced at ¢ = 0 (this captures the role of forward guid-
ance); and finally for all £ = T + 1, i; is such that the flexible-price outcome, or c; = 0, is henceforth obtained
(this captures “return to normalcy”). The question of interest boils down to the following: how does cy varies
with i7, and in particular how does this response depend on 7, the horizon of forward guidance?

To ease the exposition, let us address this question while abstracting from the role of inflation: prices are
perfectly rigid, so that ; = 0 for all . Together with the above assumptions about monetary policy, this implies

that equation (4) reduces to
- T_t -
ct=—ﬁa{ﬁT‘fEt[iT1}+(1—ﬁ){ > B*E, [ch]}, 27)
k=0

for all £ < T (and c; = 0 thereafter). With FIRE, we further have E;[ir] = i7 and E;[c;+x] = Cs+k, SO that the

response of ¢; to the news about it can be calculated as follows:

dc; T—t & ok 0ck
O _pgti 41— Ocers | 28
o= o (1) T e
PE N . )
GE

From this expression, we can see that, although the PE effect of i on c; decreases with T, reflecting discounting
at the individual level, the GE effect actually increases with T, because a large horizon translates to more periods
over which the Keynesian feedback between income and spending can operate (or equivalently to a larger re-
sponse in expected permanent income). Furthermore, these two conflicting effects happen to offset each other

perfectly in the representative-agent version of the New Keynesian model, so that the following is true here:

Proposition 6. Under FIRE, g% =—o forall T.
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More succinctly, forward guidance about interest rates far in the future is predicted to be as effective as con-
ventional monetary policy, which seems counterfactual. And if we relax the simplifying assumption of perfectly
rigid prices, the puzzle gets even worse: under FIRE, the response of ¢y to any news about it increases with
the horizon T. This is because allowing for non-rigid prices amounts to introducing an additional GE feedback
between aggregate spending and inflation, which only adds to the income-spending multiplier.

The bottom line is that the puzzle is driven by GE feedbacks. But then it is an immediate corollary of this
chapter’s main theme that this puzzle is resolved, or at least eased, if we accommodate some bounds on the
agents’ depth of knowledge or rationality. For example, if we adopt the approach of Angeletos and Sastry (2021),
we have that E; [i7] = i7 but E; [c;+ 1] = Aci+1, SO that (28) changes to the following:

dcy T—t = 0Cik
— =—po +A(1- —_— - (29)
dir &?—/ ( ﬁ){kgoﬁ Oir
PE N - ’
GE

That is, the GE effect is effectively discounted by a factor equal to A, helping the PE logic to “reign supreme.”
Indeed, solving the above fixed point problem, one can easily see that the power of forward guidance is atten-
uated and that the degree of attenuation increases not only with the friction in knowledge/rationality but also

with the horizon T.

Proposition 7. Suppose that there is a bound on agents’ depth of knowledge or rationality, in the form of Angeletos
and Sastry (2021). Then,
% _pa,m 22| (30)
dir 0iT | FIrE
where ¢p(A, T) is strictly bounded between 0 and 1, strictly increasing in A for any T = 2, and strictly decreasing in

T foranyA€[0,1).

Given what has been shown in this chapter, it should be no surprise that this result readily translates to
rational expectations once information is incomplete (Angeletos and Lian, 2018), to Level-k Thinking (Farhi
and Werning, 2019), and to Cognitive Discounting Gabaix (2020). As one moves across these approaches, the
math changes a bit, but the essence is the same.

The result as stated above directly extends to the full version of the New Keynesian model, which allows
prices to adjust slowly. For a textbook calibration of that model and a modest value of the novel friction (A =
.75), Angeletos and Lian (2018) find that the attenuation effect can be quite sizable: at a horizon of 5 years
(T = 20), the power of forward guidance could be as low as one tenth of its FIRE counterpart.!! This number
is of course sensitive not only to A but also to all other parameters that regulate the potency of GE feedbacks,
such as the slope of the Keynesian cross and the slope of the Phillips curve. By adopting a textbook calibration,

Angeletos and Lian (2018) overestimates the latter but also underestimates the former. Accordingly, Farhi and

1} = 75 can be read as follows: every agent expects the typical other agent to be inattentive and not respond with probability 25%.
Calibrating A to the type evidence considered in Coibion and Gorodnichenko (2012, 2015) could have justified an even smaller value.
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Werning (2019) have emphasized that the documented attenuation effect is likely to be more pronounced in
HANK economies that properly account for liquidity constraints and high MPCs than in a RANK economy. This
circles back to our earlier point about the synergies between the type of frictions considered in this chapter
and those traditionally considered in the literatures on incomplete markets and heterogeneity. For additional

examples of this point, see Angeletos and Huo (2021) and Auclert, Rognlie, and Straub (2020).

6.2 Fiscal Policy

We now turn to fiscal policy. In particular, we consider the question studied in Vimercati, Eichenbaum, and
Guerreiro (2021): which of the two fiscal tools, an increase in government spending or a reduction in consump-
tion taxes, is more effective in stimulating aggregate demand when the economy is at the ZLB. Both types of
fiscal stimuli are assumed to be financed by an increase in future lump sum taxes, so neither of them involves a
labor distortion. The key issue, instead, is how expectations respond to the one versus the other.

Because consumption taxes enter individual consumption in the exact same way as real interest rates, our
preceding insights about forward guidance translate as follows: bounded rationality, or lack of common knowl-
edge, reduces the stimulative power of future tax cuts but not so much that of current tax cuts, because the
latter have a more pronounced, direct, PE effect. And since current taxes, unlike current monetary policy, are
not constrained by the ZLB, this policy tool remains basically as effective as in FIRE—which is one key lesson in
Vimercati, Eichenbaum, and Guerreiro (2021).

But what about the other tool, government spending? Suppose, for simplicity, that the initial level of public
debt is zero, so that the average asset position of the households is also zero. By aggregating the individual
consumption functions, we now get that, unsurprisingly, aggregate demand depends on real interest rates and

disposable permanent income:
+00 k= +00 k=
cr= —/30{ Y BE¢livek— Trsks] } +(1 —,3){ B E¢ [Vesk — Tevk] },
k=0 k=0

where T is the lump sum tax in period ¢. By the intertemporal budget constraint of the government, on the
other hand, the present discounted value of taxes must equal the present discounted value of government

spending. To the extent that consumers understand this basic fact, the above equation is replaced by
+00 e +00 e
ct=—Po 4 Y B Etlivek = Mrrie1] } +(1=8)§ 2 B Ee [Virk— Grek] }
k=0 k=0

where G; is the government spending at t. Finally, by market clearing, y;—G; = ¢;. And provided that consumers

understand this property, too, the above reduces to

+00 +00
Cr=-— ﬁa{ > BEE lipsk— T sk } +(1-p) { > BEE,(crirl }, (B1)
k=0

k=0

which is exactly the same as equation (4) before.
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This immediately implies that the following property extends from FIRE to all the alternatives studied in

this chapter:

Proposition 8. Holding constant the average expectations of real interest rates, aggregate private spending is

invariant to the path of government spending, regardless of the depth of knowledge and rationality.

By the same token, if prices are rigid and the monetary authority does not change interest rates in response
to fiscal policy, the fiscal multiplier is one, again regardless of the depth of knowledge and rationality. This is
indeed a corollary of Proposition 8 from Angeletos and Lian (2018).12

This lesson is different from that reported in Vimercati, Eichenbaum, and Guerreiro (2021): that paper
argues that, holding real rates constant, government spending crowds out private spending once agents are
boundedly rational in the sense of Level-k Thinking. The apparent contradiction is due to a subtle difference in
the specification of level-1 beliefs. Let us explain.

In Section 4.1, and following Farhi and Werning (2019), we assumed that level-1 agents expect others not to
respond to the underlying shock (¢! = ¢ = 0) and therefore act as if the shock had only a PE effect (¢! = 0). In the
present context, this translates to the belief that the path of aggregate private spending is invariant to the path of
government spending, or ¢! =0 for all #. By contrast, in Vimercati, Eichenbaum, and Guerreiro (2021) the level-
1 belief is that the path of aggregate output is invariant to the path of government spending, which translates
to ¢! = —G;. That is, in response to an increase in government spending, level-1 consumers now expect other
consumers to cut down their spending, which in turn motivates them to cut down their own spending despite
the fact that government spending has no direct PE effect. As a result, the fiscal multiplier is lower than its FIRE
counterpart for level-1 thinkers; and by induction, it remains so for any finite level of reasoning.

Which specification of level-1 beliefs is more plausible? The following remark offers some theoretical guid-
ance: only the first specification is consistent with rational expectations and lack of common knowledge of the
path of government spending. But the question is ultimately an empirical one: one can imagine conducting

surveys that elicit the relevant subjective beliefs, whether in the messy real world or in a controlled experiment.

6.3 Other Applications

We now discuss how the insights can find application outside the New Keynesian context—or even outside
macroeconomics.
To start with, consider the incomplete-information RBC model of Angeletos and La’O (2010). This boils

down to a game among the firms, with the best response of firm i given by

Vie=0-a)yai;+aE;; |y (32)

12That proposition, and similarly an extension in Vimercati, Eichenbaum, and Guerreiro (2021), allows for prices to be non-rigid. This
does not upset Proposition 8 above, but changes the prediction about fiscal multipliers, because government spending can now feed
into inflation. For careful treatments of this case, see Section 6 of Angeletos and Lian (2018) and Section 3 of Vimercati, Eichenbaum,
and Guerreiro (2021).
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where y; ; is its output, a; ; is its TFP, y; = [ y; ;di is aggregate output, and y > 0 and « < 1 are fixed scalars. In
this context, the empirically relevant case is @ > 0;'® and this chapter’s lesson about GE attenuation translates
to under-reaction of aggregate output to aggregate TFP shocks. For some parameterizations, this attenuation
can be sufficiently large that aggregate employment changes little, or even decreases, in response to a positive
TFP shock, helping reconcile the RBC model with the evidence in Gali (1999).

Another flexible-price application is found in Venkateswaran (2014). Under our lens, that paper can be
summarized as follows: incomplete information attenuates the GE feedback inside the Diamond-Mortessen-
Pissarides model; and because that feedback is negative, this translates to larger unemployment fluctuations
than under FIRE, helping ease the so-called Shimer puzzle.

Next, and moving from macroeconomics to IO, consider the the works of Camerer and Lovallo (1999) and
Greenwood and Hanson (2015) on “competition neglect.” The latter concept refers to the idea that firms may
fail to recognize that a favorable demand or supply shock will lead additional competitors to enter the industry,
and as a result may cause the firms to over-expand in the short run. Under the prism of our analysis, the
concept of competition neglect is the same as the concept of GE attenuation. And in this particular context, GE
attenuation translates to over-reaction, or the kind of over-investment documented in Greenwood and Hanson
(2015), simply because the GE feedback works in the opposite direction to the PE effect.

Finally, let us turn to single-agent decision problems, the focus of Lian (2021). That paper shows how the
theoretical tools and insights developed for inter-personal coordination frictions (as in Section 3) can be then
used to study intra-personal decisions and to provide a new way to think about narrow bracketing and mental
accounting. This is formalized by assigning different decisions to different selves, who in turn share the same
objective (the decision maker’s utility) but make their respective decisions on the basis of different, non-nested,

information.

7 Discussion: Similarities, Differences, and Empirical Backdrop

The key similarities of the various approaches considered in this chapter can be summarized as follows: they
all can be understood as relaxations of one or another common-knowledge assumption; relative to FIRE, they
all amount to discounting higher-order beliefs, or equivalently to arresting the expected response of others to
aggregate shocks; and they all ultimately translate to GE attenuation. We next expand on some of their key
differences, of both conceptual and empirical nature. And we try to offer further guidance on when and how to

use these approaches.

131n principle, a could be of either sign because it encapsulates two conflicting GE feedbacks: when other firms produce more,
aggregate income goes up, which feeds to higher demand and higher returns for each firm; but they also push up the cost of labor or
other inputs, which contributes in the opposite direction.

28



7.1 Key Differences

Let us focus on our main two approaches, incomplete information and Level-K Thinking (or its variants). One
key difference has already been emphasized: while Level-k Thinking requires that agents be “game theorists”
(to reason recursively), incomplete information allows them to be “statisticians,” in the tradition of Lucas (1972)
and Muth (1961).

This cuts both ways. In the macroeconomic context, it does not seem a priori compelling—at least to us—to
model the consumers or the firms as strategic players that actively engages in the kind of iterative reasoning
articulated in Section 4. Instead, it seems more natural to model their thinking about the economy as a sta-
tistical model, which is what the incomplete information approach allows. On the other hand, the RE half of
this approach, namely the assumption that the subjective statistical model in people’s mind is the same as the
objective truth, is hard to defend in the context of unusual circumstances, such as the Great Recession and the
Z1B on monetary policy.

Another difference regards the scope for learning. Like other departures from rational expectations, Level-k
Thinking begs the question of what agents do in the face of systematic discrepancies between their expectations
and the realized outcomes. In the experimental literature, the estimated depth of thinking often increases with
the rounds of play. Translating this into our context may suggest that the GE attenuation diminishes with the
passage of time. But there is a problem: for this idea to be operational in a stationary environment, it would
have to be that agents are at once “shallow thinkers” vis-a-vis recent shocks and “deep thinkers” vis-a-vis old
shocks. Clearly, this makes no sense in the context of Level-k Thinking, at least insofar one takes this concept
literally: an agent’s reasoning capacity and her understanding of the economy may vary with her education and
experience, but may not fluctuate with the age of recurring aggregate shocks.

Incomplete information (and its sibling, Rational Inattention) naturally avoids these problems. First, by
maintaining rational expectations, this approach makes sure that agents are never presented with the conun-
drum of systematic discrepancies between their expectations and the realized outcome. And second, by allow-
ing agents to accumulate more information about any given shock with the passage of time since the shock
occurs, it naturally predicts that the degree of common knowledge is specific to each shock and increases with
the age of the shock. More succinctly, incomplete information predicts that agents behave as if they are once
shallow thinkers vis-a-vis recent shocks and deep thinkers vis-a-vis old shocks.

Last but not least, the two approaches share the same predictions about the time-series properties of av-
erage forecasts but have distinct predictions about the corresponding properties of individual forecasts. The
same applies to cognitive discounting. We elaborate on this point in the next section and use it to highlight
the combination of the survey evidence reported in Coibion and Gorodnichenko (2012, 2015), Bordalo et al.
(2020), Angeletos, Huo, and Sastry (2021) and elsewhere seems to favor incomplete information over all the
alternatives.

All considered, we would offer the following guidelines: Incomplete Information, its siblings, Rational Inat-

tention and Sticky Information, and the bounded-rationality alternatives of Angeletos and Sastry (2021) and
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Gabaix (2020) seem best suited for the study of “normal” business cycles and “systematic” policy rules. Further-
more, if one is willing to abstract from learning, the latter two approaches capture the essence while buying a
lot of tractability. But we agree with Farhi and Werning (2019) that Level-k Thinking or some variants thereof
may make sense in the context of unprecedented experiences, as well as that it offers another, plausible, and
indeed complementary, way to model bounded rationality.

At the end of the day, it really depends on what the analyst wishes to achieve. If the main goal is to cap-
ture and quantify the degree of GE attenuation, the various approaches reviewed in this chapter are basically
interchangeable. The key discipline from the data will then come in the form of measuring how much aver-
age expectations comove with realized outcomes, conditionally on a given policy shift or some other aggregate
shocks. In our static, one-shock framework, this means measuring the ratio between the empirical counterparts
of 0E[c]/80 and d¢/H0; and in a more realistic, dynamic, multi-shock context, it translates to the ratio between
the empirical counterparts of {0E[c;1]/0¢ 152 and {0k [cpy]/ 6et}}‘;‘;0.14 Whether this ratio is matched in the
theory by choosing alow degree of common knowledge, A, alow depth of thinking, k, or alow cognitive discount
factor, m, looks like a “detail” with regard to the aforementioned goal. But if the goal shifts to understanding
and quantifying the adjustment of expectations over time, a theory that accommodates some form of learning

seems necessary, and then incomplete information seems to be in a better position than the alternatives.

7.2 Empirical Backdrop: Under-reaction in Average vs Individual Forecasts

We now expand on the point made above regarding the available evidence on average and individual forecasts.

Under all the approaches considered in this chapter, GE attenuation is a direct consequence of the fact
that agents underestimate one another’s responses. A common testable prediction of all these approaches is
therefore the following: relative to actual outcomes such as inflation and GDP, the average expectations of these
outcomes should under-react in response to identified shocks, or to past revisions of expectations.

This prediction and some close variants of it find empirical support in surveys of expectations (Coibion and
Gorodnichenko, 2012, 2015; Angeletos, Huo, and Sastry, 2021). The available evidence on average forecasts
therefore clearly favors these approaches over FIRE. But such evidence does not help distinguish between the
various approaches. To accomplish this, we must look into individual forecasts.

If the first approach (incomplete information but rational expectations) is right, there can be under-reaction
in average forecasts but not in individual forecasts: an agents’ forecast errors should be unpredictable by her
own past forecast revisions, no matter what her information is. And if instead any of the other approaches is
right, there should be the same level of under-reaction at the aggregate and the individual level.

What does the evidence say about this? While there is, as already noted, evidence of under-reaction in
average forecasts, that’s not the case for individual forecasts: if anything, individual forecasts appear to over-
react a bit (Bordalo et al., 2020). This seems to favor incomplete information over the alternative: among the

two general ways of relaxing FIRE and getting GE attenuation, that of dropping the “FI” half but maintaining

1411 the latter case, one must read “ratio” as a measure of distance between the two IRFs. See, for example, Angeletos, Huo, and Sastry
(2021).
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the “RE” half is more consistent with the available evidence on expectations.

That said, the relevant available evidence on individual forecasts regards exclusively analysts and profes-
sional economists, leaving open the question of what goes on with regular consumers and firms. Furthermore,
Level-k Thinking has found ample support in laboratory experiments, and so does the broader idea of “an-
chored” beliefs. All in all, we therefore view that the evidence is supportive of relaxing both the “FI” and the “RE”
halves of the standard practice, and we iterate our recommendation from the previous section. Researchers
may feel comfortable choosing their modeling strategy among the presented alternatives on the basis of the
following two criteria: whether the main theme is GE attenuation or the dynamic adjustment in expectations;

and which approach is most flexible and tractable.

8 Conclusion

GE effects, such as competitive pressures or Keynesian multipliers, are at the core of both theoretical and quan-
titative macroeconomics: they limit the usefulness of PE intuitions, and they often account for a significant
fraction of the overall quantitative effects of aggregate shocks or policy interventions.

In this chapter, we have operationalized the notion that the standard modeling practice, which assumes
FIRE, tends to overstate the potency of such GE effects. We did so by showing that plausible relaxations of
either the “FI” or the “RE” half of this benchmark amount to anchoring the beliefs about the behavior of others
and arresting GE feedback loops.

We illustrated this through specific examples. But the broader message can be summarized as follows. Per-
haps there is more to “simplistic” PE intuitions than the macroeconomic theorist is trained to see. Perhaps
the prevailing structural interpretations of the data are misleading because we have “overestimated” GE effects.
And perhaps the policy maker should put more emphasis on policies that work through salient PE effects, as
opposed to multi-layer GE effects, if she wishes to steer the economy in the short run.

Our framework was deliberately simple and abstract. This helped deliver the key insights in a transparent
and flexible manner. It allowed us to shed light not only on the common ground of the various approaches
but also on some key differences among them. And it let us offer the following guideline for how future re-
searchers may choose among the different approaches: all approaches are equally good for the purpose of cap-
turing the apparent under-reaction in average expectations and the resulting GE attenuation; the approaches
of Angeletos and Sastry (2021) and Gabaix (2020) accomplish this goal with maximal tractability; incomplete
information gains ground in stationary settings with learning; and Level-k Thinking becomes more appealing
in non-stationary or unfamiliar environments.

Finally, we would like to emphasize that the type of frictions studied here also helps accommodate “animal
spirits” within a unique equilibrium framework. Angeletos and La’O (2013), Benhabib, Wang, and Wen (2015)
and Huo and Takayama (2021) accomplished this by maintaining rational expectations but introducing incom-
plete information, making room for extrinsic fluctuations in higher-order beliefs. Furthermore, the resulting

business fluctuations have the following quality: they resemble those of aggregate demand shocks, and capture
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salient features of the data, without a strict reliance on nominal rigidity and accommodative monetary policy.'®
But one can engineer basically the same fluctuations by replacing incomplete information with Level-k Think-
ing and by allowing the level-0 belief to be random, or by making an analogous modification of the other two
approaches discussed in this chapter. Therefore, the key question is once again an empirical one: above, we
asked how much expectations move with fundamentals; here, we must ask how much expectations move for
extrinsic reasons.

All in all, the approaches reviewed in this chapter, and related work on rational inattention, hold promise
to offer a better account of the joint stochastic behavior of observed expectations and observed outcomes, and
a more reliable framework for macroeconomic policy evaluation. Recent quantitative explorations, such as
those found in Angeletos and Huo (2021), Auclert, Rognlie, and Straub (2020), Chahrour and Ulbricht (2021),
Mackowiak and Wiederholt (2015), Melosi (2017), and Qiu (2019), are encouraging; but the verdict is still open.
See also Milani (2021).

150n this matter, see also Angeletos, Collard, and Dellas (2018), Angeletos, Collard, and Dellas (2020), Chahrour, Nimark, and
Pitschner (2021), Ilut and Saijo (2020), and Chahrour and Gaballo (2021).
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Appendix A: Cognitive Hierarchy

As mentioned in the main text, Cognitive Hierarchy (Camerer, Ho, and Chong, 2004) modifies the plain-vanilla
version of Level-k Thinking described in Section 4.1 in two regards. First, it introduces heterogeneity in so-
phistication: an agent’s own level k is given by an i.i.d. draw from some distribution with full support over
{0,1,2,---}. And second, agents understand that there is such heterogeneity, albeit up to a point: a level-k agent
believes that any other agent is a level-h thinker, where £ is drawn in an i.i.d. manner from a distribution with
full supportover h e {0,1,---,k—1}.

Note that this amounts to assuming that, no matter how low her k might be, an agent always believes that
she is at the top of the pecking order: every agent believes that she is the smartest person in the world. But this
belief is incorrect for any finite k: in actuality, there is always someone smarter. Also note that, so far, this allows
for a countable infinity of free parameters (in addition to cp): the analyst must exogenously specify, not only the
objective distribution of k in the population (denoted below by f), but also the subjective counterpart for each
level k (denoted below by gi).

To escape this embarrassment of riches, Camerer, Ho, and Chong (2004) make the following additional
assumptions. First, the actual, or objective, distribution of types is assumed to be a Poisson distribution over
k €1{0,1,...}. In our continuum-player context, this assumption translates as follows: the actual mass of level-k
agents in the population is f (k) = e "7*/k, where 7 € R, is the Poisson parameter. And second, the subjective
belief of a level-k thinker about the distribution of types in the population is assumed to be a truncated version

of the objective one: for any k = 1, a level-k agent believes that the mass of level- % agents is given by

g = W T
TEL ) Rkl etrl
for h<k—1andby gx(h)=0for h = k.

With these assumptions in place, there are only two free parameters left: ¢ and 7. This is the same number
of free parameters as in the plain-vanilla Level-k Thinking and Reflective Equilibrium alike, with 7 here taking
the place of k in the previous analysis. Indeed, note that a higher value of 7 shifts both the actual distribution
of types and all the subjective counterparts towards higher types, which verifies that T has basically the same
meaning as k before: it parameterizes the average degree of sophistication in the economy.

We close the concept by assuming c® = 0. As before, this translates to “level-0 thinkers are unresponsive,” or
“level-1 understand PE but not GE;” and it leaves 7 as the only free parameter.

The outcome can then be solved recursively, following a similar procedure as in Section 4.1, although with
more tedious algebra because of all the heterogeneity. Let c* denote the behavior of a level-k agent and ¢* her
subjective expectation of aggregate activity. Level-0 and level-1 thinkers behave as in Section 4.1: ¢ = 0 and
c! = 6. But this is no longer the case for higher-level thinkers. In particular, because level-2 thinkers believe that

the population consists of a mass g»(0) of level-0 thinkers and a mass g»(1) of level-0 thinkers, their conjecture
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about c is given by

&= g0+ g = g1,

and their behavior in turn is given by ¢ = 0 + a¢?. Iterating, we get that, for any k = 2, a level-k thinker expects
the aggregate outcome to be

k-1
=Y grmc"
h=0

and best responds by playing c* = 6+ a¢¥. The actual aggregate outcome is finally given by the objective average

behavior in the population:

+00
c= Z f k) ck.
k=0

At the end of the day, the above procedure maps any triplet of values for 6, 7 and «a to c, that is, for the

average expectation and the actual outcome. Because c*

are proportional to 8 at each step of this procedure, it
is evident that ¢ must be proportional to 6. The next result characterizes this mapping in terms of the realized

outcome; a similar result applies for the average expectation.

Proposition 9 (Cognitive Hierarchy). Suppose that agents are boundedly rational in the sense of cognitive hier-
archy, as specified above. There exists a function x : R* x (—1,1) — R such that the aggregate outcome is given
by

c = $+K(T,a)£9.

PE SN~
GE

In the above, T parameterizes the average level of sophistication, 120 corresponds to the GE feedback under FIRE,

and x (1, &) measures the fraction of this effect that survives under cognitive hierarchy.

Unfortunately, a closed-form characterization of x is not possible, due to the complexity of the iterative
procedure behind it. However, because « is a function of only two parameters, it is easy to do an extensive nu-
merical exploration of it. On the basis of it, the following property appears to be true: forany a € (—1,+1), x(7, @)
is bounded between 0 and 1, is strictly increasing in 7, converges monotonically to 1 as T — co. In other words,
the bug of the plain-vanilla level-k thinking is gone, and the GE feedback is necessarily arrested regardless of its

sign.'6

Appendix B: Proofs

Proof of Proposition 1. This follows from equations (1), (2), and (8).

Proof of Lemma 1. This follows from the argument in the main text.

18Having said that, it is useful to remind that we have restricted @ € (—1,1), which was necessary and sufficient for the corresponding
REE to be the unique rationalizable outcome (equivalently, for the iteration of best responses to define a contraction mapping). If
instead we let @ < —1, x (7, &) ceases to be monotone in 7, that is, GE overshooting can still happen. By contrast, this possibility is absent
from the incomplete-information model of Section 3, even when a < —1.
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Proof of Proposition 2. This follows from equation (13).
Proof of Proposition 3. This follows from equation (17).
Proof of Proposition 4. From equations (18) and (19), we know

dc(h)
dh

=0-(1-a)é(h) Yhel0,Kk],

which has solution

From equation (18), we know

04+ olk,a)ax
T 1-6k,@)a
where . ( a )k)
—(1-e" 7@
_ 1-«a
ok, ) = 1+ (1- e (1-0k)

This proves Proposition 4.
Proof of Proposition 5. This follows from equation (20).

Proof of Proposition 6. Observe that 3% = —0o. Proposition 6 then follows from backward induction based on

equation (28).
Proof of Proposition 7. From equation (29), we know that

L S
dir  1-A(1-B)

and, forallt<=T -1,

0 0 0 0
ﬁ=,3 C€+1+/l(1—,3)£= B CfH.
alT alT alT I—A(I—IB) GzT
As aresult, r
0
o_ (b Y,
dit 1-A(1-p)

It follows that the result holds with r
=
AT =|——| .
¢4 D (1—/1(1—/3)

Proof of Proposition 8. This follows directly from equation (31).

Proof of Proposition 9. This follows follows directly from the derivation in the text.
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