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RISK, UNCERTAINTY AND HIDDEN INFORMATION

ABSTRACT. People are less willing to accept bets about an event when they
do not know the true probability of that event. Such “uncertainty aversion” has
been used to explain certain economic phenomena. This paper considers how
far standard private information explanations (with strategic decisions to accept
bets) can go in explaining phenomena attributed to uncertainty aversion. This
paper shows that if two individuals have different prior beliefs about some event,
and two sided private information, then each individual’s willingness to bet will
exhibit abid ask spread property. Each individual is prepared to bet for the event,
at sufficiently favorable odds, and againgt, at sufficiently favorable odds, but there
is an intermediate range of odds where each individual is not prepared to bet
either way. Thisisonly trueif signalsaredistributed continuously and sufficiently
smoothly. It is not true, for example, in afinite signal model.

KEY WORDS: Subjective probability, uncertainty aversion, asymmetricinforma-
tion, willingnessto bet.

The old-fashioned way of measuring a per-
son’'s beliefsis to propose a bet and see what
arethelowest oddswhich hewill accept. This
method | regard as fundamentally sound. ...
(But) the proposal of a bet may inevitably
alter his state of opinion.*

Another shortcoming of the definition— or of
the device for making it operational — is the
possibility that people accepting bets against
our individual havebetter information than he
has (or know the outcome of the event consid-
ered). Thiswould bring us to game theoretic
considerations.?

1. INTRODUCTION

In Savage's (1954) theory of choice under uncertainty, rational indi-
viduals behave asif they are maximizing the expected value of some
utility function over outcomes, with respect to some probabilities.
We are not encouraged to ask where the probabilities come from, or
if theindividual ‘knows' the ‘true’ probabilities. Thisisnot relevant
to the argument.

Theory and Decision 42: 235-270, 1997.
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Much criticism of this subjective expected utility (SEU) approach
has focused on the idea that an individual’s knowledge of true prob-
abilities does matter. In particular, it is an implication of the SEU
approach that our individual should be prepared to assign a proba-
bility to any event and accept a bet either way on the outcome of that
event at odds actuarially fair given his probability of that event. Yet
both introspection and some experimentation® suggest that most peo-
ple are prepared to do so only if they know the true probability. This
distinctionis potentially important in explaining economic phenom-
ena. Indeed, there is an old tradition making a distinction between
risk (when objective probabilitiesare known) and uncertainty (when
objective probabilities are not known).* More recently, generaliza-
tions of expected utility theory have been proposed to capture the
distinction.® ‘Uncertainty aversion’, over and above ‘risk aversion’,
has been used to explain a number of apparently puzzling economic
phenomena, i ncluding aspects of ‘ entrepreneurship’,® financial asset
pricing,” and non-rationalizable play in games.®

It isargued in this paper that the phenomena attributed to ‘ uncer-
tainty’, or unknown objective probabilities, are consistent with the
traditional subjectiveexpected utility approach with privateinforma-
tion. Naturally, our individual is hesitant to bet either way given his
subjective beliefs, if he believes that the person he is betting against
possesses some superior information.® Notice that if an individual
doesnot know thetrue probability, thereiscertainly somepotentially
valuable information which he does not possess. This is tautologi-
cally true: he does not know the true probability. Notice also that
if the individual is making areal bet, there is someone who stands
to gain at our individual’s expense, if she had access to that infor-
mation. Thus all we need to argue, in order to rationalize apparent
uncertainty aversion in betting as a consequence of private informa-
tion, is that our individual assign some probability to the person he
is betting against knowing more about the true probability than he
does. This does not seem to be avery stringent requirement.

The motivation for this reinterpretation is discussed in detail in
Section 3. It isargued that proponents of subjective expected utility
have always understood that a ‘bid—ask spread’ in rational individ-
uals willingnessto bet is consistent with SEU maximization in the
presence of private information. It istruethat it is possibleto imag-
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ine environments where strategic considerations are ruled out, and
our individual nonetheless displays uncertainty aversion. Howev-
er, it is argued that such situations are unlikely to be economically
relevant.

The core of the paper (in Section 2) isaforma model of bid-ask
spreads in betting prices for subjective expected utility maximizers
with two sided private information. Suppose two individuals with
different prior beliefs about some event each observe some signal
correlated with the event. Suppose some outside agent specifies a
‘price’, or betting odds, at which the individuals may bet with each
other (thechoiceof pricedoesnot reveal any information). Given that
their different priors and the distribution of the signals are common
knowledge, and that they both know that a bet will be implemented
only if both accept the bet, at which odds will they bet against each
other? In particular, isit the case that each individual is prepared to
accept a bet for an event at any odds sufficiently favorable to him,
is prepared a bet against at any odds sufficiently favorable to him,
but is not prepared to accept a bet either way at some intermediate
range of odds?

This paper gives a condition on the distribution of individuals
signals which ensures an affirmative answer to this question. But it
isuseful to seefirst what might go wrong. Suppose | am considering
betting for some event. Asthe oddsmovein my favor, | should, other
things being equal, be keener to accept the bet. But, with two sided
private information, as the odds move in my favor, my opponent
will be more cautious about accepting a bet with me (remember the
distributions of signals were taken to be common knowledge). In
particular, she will accept the bet only on signals which make the
event | am betting for unlikely. Thus | must trade off my improving
odds against the increasingly bad news implicit in my opponent’s
willingnessto accept a bet against me.

In Section 2.3, | give an example with finite signals where the
bad news implicit in improving odds outweighs the improved odds
themselves. In fact, for any finite distribution of signals, we can find
priors for the individuals such that this phenomenon occurs. There
will aways be asituation where an infinitesimal improvement in my
odds will lead my opponent to stop accepting the bet on some signal
more favorable to me than the other signals where he is accepting
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the bet. The discrete changein hiswillingness to accept the bet will
outweigh my infinitesimally improved odds.

Individuals will exhibit the bid ask spread behavior that is said
to characterize uncertainty aversion if signals are continuous and
sufficiently smooth. The rate of change of the increasing marginal
likelihood ratio must be no greater than the rate of change of either
of two measures of the average likelihood ratio. In Section 2.2, |
show that the bid and ask prices, which exist under the smoothness
condition, satisfy the comparative static properties we might expect.
Thus, asmy prior probability of an event increases, thelessfavorable
odds | require to accept a bet for and the more favorable odds |
reguire to accept abet against. Asyour prior probability of an event
increases, the more favorable odds | require to accept a bet for, since
in that case there is more bad news implicit in your willingness to
bet against me. Conversely, as your prior probability of an event
increases, the less favorable odds | require to accept a bet against,
since there is then less bad news implicit in your willingness to bet
against me (and for the occurrence of the event). Finally, it is shown
that under natural conditions, improved information for either you
or me will tend to widen my bid ask spread in both directions.

There are a number of papers which address issues related to
thosein this paper. Leamer (1986) discusses a number of aternative
explanations for observed bid ask spreads for subjective probabili-
ties. If individualsare actually choosing the prices of the bets (unlike
in this paper), there will be strategic reasons to report different buy-
ing and selling prices for bets, even if they are in fact indifferent
between betting for or against at some odds. He also discusses a
‘winner’scurse’ in betting which isimplicit in the model studied in
this paper.

Morris (1993) provides amore general model of when two sided
private information leads to bid ask spreads. Existing informational
model sof bid ask spreadsinfinancial asset markets—e.g. Glostenand
Milgrom (1985) — consider environmentswhere all transactionstake
place between an uninformed market maker and possibly informed
traders, so that the model in effect deals with only one sided private
information. Shin (1991, 1992, 1993) uses a framework similar to
Glosten and Milgrom in an explicitly betting environment: the horse
racing market in the U.K. Again, the assumption is that there is
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one sided private information and noise traders. In all these papers,
comparative static properties of the bid ask spread can be studied.
In Shin (1992), it is shown that the bid ask spread will be higher for
low probability bets, because a punter’s willingnessto bet for alow
probability event conveys more information than his willingnessto
bet for a high probability event.

This paper describes a particular institution by which individuals
with heterogeneous prior beliefs and private information might bet
with each other in ways representable by bid ask spreads. A more
general approach to this problem (allowing for more general trading
ingtitutions) is studied in Morris (1994).

In thispaper, the gamewhereindividual sdecide whether to accept
or reject a bet typically has multiple equilibria. In order to carry
out comparative statics, or even identify the bid ask spread, it is
necessary to select among thedifferent equilibriaof the betting game.
But because there are strategic complementarities in individuals
willingness to accept or reject a bet, there is a natural ‘largest’
Nash equilibrium, which isused in the analysis of this paper. Morris
(1992) shows that strategic complementarities allow usto carry out
comparativestaticsinamoregeneral classof ‘ acceptance games'.

The outline of the paper is as follows. The general informational
model of bid ask spreads for subjective probabilities with two sided
private information is presented in Section 2.2. In Section 2.1, an
example is presented where it is possible to explicitly solve for bid
ask spreads as afunction of all the parameters. This section enables
the game theoretic solution concept to the problem to be introduced.
Section 3 contains a more complete discussion of how important
hidden information isin explaining phenomena attributed to uncer-
tainty aversion, or unknown probabilities. Section 4 concludes with
adiscussion of the significance of the assumptionsdriving theresults
of this paper.

2. AN INFORMATIONAL MODEL OF BID-ASK SPREADS FOR
SUBJECTIVE PROBABILITIES

There is a ‘bid—ask’ spread for subjective probabilities for some
individual if [1] heis prepared to accept a bet for an event at some
odds sufficiently favorable to him, [2] he is prepared to bet against
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at some odds sufficiently favorable to him, but [3] there is aso
a range of odds in between where he is not prepared to accept a
bet either way. A formal model explaining the existence of such
bid ask spreads in the presence of two sided private information is
presented in this section. The format of the section is as follows.
The basic environment of two individuals, with possibly different
prior beliefs, considering a bet about some event, isintroduced first.
Then in Section 2.1 an example is presented where each individual
observes a particular continuous signal. This enables usto motivate
the basi c conceptual framework of the paper by means of an example
wherewe can explicitly derive the bid—ask spread asafunction of the
parameters. Section 2.2 presents the model for general continuous
signals. The results of Section 2.2 rely on continuous signals. As
argued in the introduction, if there were only afinite set of signals,
then generically the bid and ask probabilities of our individualswill
be badly behaved. Moving oddsin favor of an individual may make
him less willing to bet, because of informational externaities. An
example where this occurs is presented in Section 2.3.

Suppose two individuals 1 and 2 have possibly different beliefs
about the outcome of some event — say, whether a Republican will
winthe U.S. Presidential election in 2008. Individual i’sprior belief
ism; € (0,1). They are considering making a bet about the possible
outcome. Say that one individual, ‘F, is considering betting for a
Republican victory, while the other individual, ‘A’, will bet against.
Let us represent the odds at which they are to bet by a probability
p € (0,1). If a Republican wins, individual A must pay individual
F $(1-p), while if a Republican fails to win, individual F must pay
individual A $p. Noticethat an aternativeinterpretationisthat $pis
the ‘price’ of $1, contingent on a Republican victory. In the absence
of any private information, and thus any strategic considerations, an
individual will be prepared to accept the bet for if 7; > p and against
if m; < p. Thusabet will occur between individual F and individual
Aif rp > p> 4.

It isuseful to introduce additional notation for the ratios of prob-
abilities. Write * for 7;/(1—=;) and p* = p/(1—p). Thus‘prior odds
ratio’ «; is the ratio of likelihoods that individual i assigns to a
Republican victory and a non-Republican victory. It represents the
ratio of marginal valueto him of dollarsin those states. The ‘ betting
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odds ratio’ p* is the relative price of $1 contingent on Republican
victory with respect to $1 contingent on a non-Republican victory.
Thus the uninformed individual will be prepared to bet for Republi-
canvictory if 7 > p*. Throughout the paper, x* is used to represent
x/(1—Xx) for any variable, x, ranging from 0 to 1.

2.1. A Continuous Sgnals Example

Now suppose each individual observes some private information.
Each individual observes an independent but identically distributed
signa intheinterval [0,1]. The density of the signal on the interval
[0,1] is 2s, conditional on a Republican victory, while it is 2(1—9)
conditional on a non-Republican victory.

Let us calculate when the individuals would accept the bet, if
they failed to take into account the other individual’s willingnessto
bet. Individual i’s probability of Republican victory, divided by the
probability of a non-Republican victory, conditional on observing
signal s, would be 7;g/(1—s). Thus individual F would accept the
bet for, after observing signal s, if 73,5/(1—s) > p*. Individua A
would accept the bet against, after observing signal s, if 7% s(1—9)
<p-

But in practise a bet will be implemented only if both individu-
als are prepared to accept it. Suppose each individual must decide
simultaneously (and irrevocably) whether to accept. If both accept,
the bet issealed. If one of them rejectsthe bet, no bet isimplemented
(and there is no renegotiation). Formally, this is a game of incom-
plete information, where each individual’s strategy is to accept or
reject the bet, contingent on his signal. The terms of the bet (who is
for and against, and the betting odds ratio p*) are taken as given in
the analysis of the game.’®

Any non-trivial Nash equilibrium of thisgamewill havethe prop-
erty thereissomecritical pair of signals s and s, such that individual
F will accept the bet only if he observes signal 5 or higher, while
individual Awill accept the bet only if he observessignal sor lower.!
Therefore, in searching for Nash equilibria, we can focus attention
on simple strategies of thisform.

So supposethat individual Awill accept thebet only if he observes
signal sor lower. What isindividual F’s best response? We need to
calculate individual F’s probability that a Republican will win the
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election, divided by the probability that a non-Republican will win,
conditional on F observing signal sp and A observing asignal s, <
s. Individual F will accept the bet if thisratio is at least as great as
the betting odds ratio p*, i.e. if

prob(Republican win)

1 . — =
@) prob(non — Republican win)
TR2SE fOSZSAdsA « SF S #
S = Tr S>> D-
(1—7p)2(1—sp) fo 2(1— s4)dsa l1-sp2-s

This expression can be rewritten as

1
T ) (52— 8]

Thus we can represent F’s reaction function as follows:

(1", 5) = -
PR ) e /p) - [(8/2— 9)]

with the interpretation that F accepts the bet if and only if his signal
Sr > pr(ms, p*, 9. Notice that pr is decreasing in s, so that the
more willing A is to accept the bet, the more willing F is to accept
it too. If A isaways prepared to accept the bet (i.e. if s= 1), pr =
p*/(p*+3;), so that F is prepared to accept ‘naively’, based on his
own observation alone. If sissmall, so A is prepared to accept only
on very bad news about Republican victory, F will be prepared to
accept only if he has observed very good news, i.e. pr iscloseto 1.
Asstendsto O, py tendsto 1.

We can perform thesymmetric calculation for individual A betting
against Republican victory: suppose that individual F will accept
the bet only if he observes signal s or higher. What is individual
A’'s best response? We calculate individual A's probability that a
Republican will win the election, divided by the probability that a
non-Republican will win, conditional on A observing signal s, and
F observing asignal sp > 5. Individual A will accept the bet if this
ratio is no higher than the betting odds ratio p*, i.e. if

)

©)
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This expression can be re-written as

1
N VARSI

Individual A’'sreaction functionis:

* k= 1

O P9 = ) [+ 9/ -9
with the interpretation that A accepts the bet if and only if his signal
Sa < PA(th p*’ 5)'

A Nash equilibrium of thisgamewill now beapair (s 5) satisfying
pr(mh, p*, 9 =5 and pa (%, p*, 5) =s Noticefirst that thereisalways
a Nash equilibrium where s = 0 and 5 = 1.12 This is essentially
equivaent to the Nash equilibrium where neither individual ever
acceptsthe bet (sinceitisazero probability event that s = 1and s,
= 0). But does there exist any other Nash equilibrium where betting
does occur? Figure 1 plots the reaction functions for the case where
=3, p* =1, 7% = 1/3. Here thereis aNash equilibrium when s =
s=1/2. F acceptsthe bet if he observesasignal greater than or equal
to 1/2; A accepts if he observes asignal less than or equal to 1/2.
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It can be verified that if 7}, < 47%, there does not exist a Nash
equilibrium where betting occurs (i.e. apair (s, s) # (1, 0) solving
the mutual best response property). Not only must 7}, be greater than
7% in order for betting to occur, it must be sufficiently greater (i.e.
by a factor of four) to overcome the asymmetry of information. If
> 41, thereis exactly one such Nash equilibrium where,

p*+ 21 T — 4,

(n s=— S 8=
Th +p* — 21y Th — 2T +

* *k .
Tr™R
p*

Let us adopt the convention that if such a Nash equilibrium exists,
it is this Nash equilibrium which is played. This gives a unique
prediction of play in the game:

p*+217% : * *
® srpmyr) = o DT A
1, otherwise
'n'}:.‘747rj1 . % 1 %
. — LA, if 7 <g7mR
©) S(TrAaﬂF:p ) = T2yt .
, otherwise.

Notice that these functions have all the comparative static properties
we might expect. Thus 5 is decreasing in 7} the more confident |
am that a Republican will win, the lower will be the critical signal
at which | start betting; 5 isincreasing in 7% the more confident
you are that a Republican will win, the more serious a signal your
willingnessto bet against meis; s isincreasing in p*: as the betting
odds move in my favor, the more willing | am to bet.

It may improve understanding to consider the limiting case here.
As 7}, — 0, s tends to 1. as | become more and more confident
of Republican victory, | am less prepared to bet; conversely, as 5.
— 00, § tendsto 0. As 7% — 0, § tends to p*/[p* + 7}.]: as you
become more and more confident in Republican failure, the less
and less information is conveyed by your willingness to bet. In
the limit, 1 bet on the basis of my ‘naive’ posterior beliefs. On
the other hand, as 7% — oo, § tends to 1: your willingness to
bet against a Republican victory, despite your extreme prior con-
fidence in a Republican victory must be very discouraging to me. If
we consider variations in the betting odds ratio, p*, we must con-
sider two cases. If 75 < 4x%, then 5 is 1 (and no betting occurs
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aways). If 3. > 4x%, then as p* tends to O, 5 tends to a constant
2 /[m% — 21%]. In this case, the improving betting odds ratio is
being exactly canceled out in the limit by the bad news implicit in
A'swillingnessto bet. Finaly, as p* — oo, § tendsto 1, as might be
expected.

It would be reasonable to finish our analysis here, with this sat-
isfactory characterization of the betting game for each p*. But it is
useful to be able to turn the solution concept around in order to see
when the individuals will exhibit bid-ask spread behavior. Suppose
you (individual 2) and | (individual 1) are considering making a bet.
Our prior probabilitiesare 7, and 7, and we have each observed an
independent signal, generated as above. All thisis common knowl-
edge. Suppose | have observed signal s;. At which betting oddsratios
would | be prepared to bet with you (either way)? Using the solutions
above, we seethat I, individual 1, will be prepared to accept abet for
Republican victory at betting odds p* if s, > 5 (73, 73, p*); | will be
prepared to accept a bet against Republican victory at betting odds
p*if s < (3, 73, p*). Because s and sare both (weakly) increasing
in p*, we can give a simply characterization of the set of betting
odds ratioswhere | will be prepared to bet: | will bet for Republican
victory if betting odds p* are less than or equa to p*(73, 75, S1);
| will bet against Republican victory if betting odds p* are greater
than or equa to p*(r3, 73, S1); where functions p* and p* are given
by

(10) pr(m;, 7, 5)
= max{p* € R, U{oo}|s > 5(m* m;*,p")}
rls[(wj — 27r;-‘)s — 27r;-‘],
_ it 7 > 4m; and s > 2
0, otherwise

(11  p(n}, 7, )

7)) ]7
=min{p* € R, U{oc} | s < s(r}, 7}, p")}

s ; * 1% w; —4n;
—F - if mr<irrands < L=+
{ }7 i 477 =2

1-s 4-2s J J

= ; ™
z J

00, otherwise.
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It isuseful to compare p* and p* with the price at which anaiveindi-

vidual (who ignored the information implicit in his opponent’swill-

ingnessto bet) would be prepared to bet (either way): 7} s/(1—9).
Observe that

S

(12) }3*(7{';’(,7[-;.‘,5) < 7[';.’(1_ s < 1_7*(71-;(77[';'(:5): for all 7['::7[';'(:5-

Thusp* and p* doindeed generate the same prediction asthe minmax
approach: there is a highest and lowest price at which theindividual
is prepared to bet. His ‘true’ willingness to bet (in the absence of
private information) isin between those two prices.

We can confirm also that p* and p* have al the comparative static
and limit properties we might expect. Thus 5* (the maximum price
individual i is prepared to pay for a bet for Republican victory) is
increasing in i’s prior odds ratio, 7}, decreasing in his opponent’s
prior oddsratio, 77, and increasing in his signal.

2.2. The General Continuous Sgnals Case

The framework in this section is exactly as in the previous section,
except that herewe allow for more general information signals. Here
wewill write E for theevent (Republican victory) that theindividuals
are betting about.

Each individual observes a signal whose distribution depends on
whether E has occurred or not. The signal can be distributed on
any closed interval on the real line, and for notational convenience
we will let that interval be [0,1].2® There is a smooth distribution
function (with support [0,1]) for individual i's signd: g;(-|E) if E
has occurred, g;(-| ~ E) otherwise. Both individuals are assumed to
know thetruedistribution of their own and each other’ssignals. Thus
they disagree about the likelihood of E, but not about the conditional
distribution of thesignals. The signalsare conditionally independent.
Thus we have:

(13) prob;[E, s;, 851 = migilsi | Elg;ls; | E]
probi[~ E, s, s5] = (1—mi)gilsi |~ Elgj[s; |~ EJ.
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We assumethat the signals have been ordered so that each likelihood
ratior;(s) isstrictly increasing in s, where

9i(s | E)
14 ri(s) = ———-.
)= 4G~ B)

Now | introduce notation for cumulative distributions given those
acceptance strategies. Let G;(-|E) and G;(-| ~ E) be the cumulative
distribution function of individual i’ssignal conditional on E and not
E, respectively, and let R; betheratio of the cumulativedistributions.
Thus

Gi(s| E) = [ ailt| Eat,
15 Gils |~ B) = [ ot |~ Byt

_ Gi(s| F)
and R;(s) = G5~ B
Alsolet G;(-|E) and G;(+|~ E) bethe cumulativedistribution function
of individual i’s signal from s to 1, conditional on E and not-E
respectively, and let R; betheratio of those cumul ative distributions.
Thus

1
(16)  Gi(s|E) = / it | E)dt,

1
Q(s|~E):/S g:(t |~ E)dt, and

Gi(s | E)
=gt
Observe that both R; and R; are strictly increasing (because r; is
strictly increasing); R;(s) — r;(0) ass— 0; Ri(1) =1; R,(0) = 1; and
R;(s) — r;(1) ass — 1. It is convenient in what follows to define
R;(0) to be equal tor;(0) and R;(1) to be equal tor;(1). Also observe
that R;(s) > r;(s) > Ri(s) and R;(S) > 1 > Ri(s), for all signalss.
Thus, in the previous section, we had g;(s |E) = 2s and g;(s|~ E)
=2(1-y9), for both individuals. Then we would haver;(s) = §/(1—5),
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Gi(s| E) =<, Gi(s|~ E) =s(2— 9), Ri(S) =5(2—9),G; (S|E) =1 —
&, Gi(s|~ E) = (1- 9 Ri(S) = (1+9)/(1~s).

Following the logic of the previous section, suppose one indi-
vidual, F, is considering betting for, and the other individual, A, is
considering betting against the occurrence of event E. Suppose that
individual A will accept the bet only if he observes signal sor lower.
What isindividual F’'s best response? We need to calculate individ-
ua F’s probability that a Republican will win the election, divided
by the probability that a non-Republican will win, conditional on F
observing signal sy and A observing asignal s, < s. Individua F
will accept the bet if thisratio is at |east as great as the betting odds
ratio p*, i.e. if

prob(E) _ Trgr(sr | B)Ga(s | E)
prob(~ FE) (L= 7mr)gr(sp |~ E)Ga(s |~ E)
= mprr(sp)Ra(s) > p".

(17)

Thisisequivaent* to

(18) Sp > r;l{ L } ,

. p* %
if —— > R >
more@) = ) 2 2

Thus we can represent F’s reaction function as follows:
(19) pF(ﬂ-;‘ap*aﬁa gFagA)

O, if RA (ﬁ)

— 1, if RA (§)

_1 p* -
TR {—W} 0 (ﬁ)} , otherwise

p*
2 71';,7‘5(0)
<

p
W}T‘F(l)

with the interpretation that F accepts the bet if and only if his signal
Sk > pr(Th, P, S, OF, 9a).2° We can perform the symmetric calcu-
lation for individual A betting against E: suppose that individual F
will accept the bet only if he observes signal s or higher. What is
individual A’sbest response?We calculateindividual A’sprobability
that a Republican will win the election, divided by the probability
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that a non-Republican will win, conditional on A observing signal
s, and F observing asignal s > 5. Individual A will accept the bet
if thisratio is no higher than the betting odds ratio p*, i.e. if

prob(E) _ Taga(sa | E)Gr(5 | E)
prob(~ F) (1—7a)ga(sa |~ E)Ga(5 |~ E)
= m4ra(sa)Rr(5) < p*.

(20)

Thisisequivalent to

21 < p1 L
@ s B
. p* *
if
mhra(1)

> Rp(5) >

m4ra(0)
Individual A’'sreaction functionis:

(22) pA(Wf&)p*aga gAagF)

= 1: Zf RF(E) < WZfA(l)
rit {ﬁg—;(s)} , otherwise

with the interpretation that A accepts the bet if and only if his signal
Sa < pa(i, P*y 5, 94, OF).

LEMMA 1. Properties of the Reaction Functions:

[1] pr isincreasing in p*, decreasing in 7., and decreasing in
S

[2] pa isincreasing in p*, decreasing in 7%, and decreasing in
§l6

Proof. Followsfrom the explicit formsof p and p4 given above,
and the strict monotonicity of r;, R; and R; for eachii.

A Nash equilibrium of thisgame will now be apair (s, s) satisfying
pr(Th, P*, 8, Or, 9a) =5 and pa(77, P, 5, 94, 9r) = S. In contrast to
the exampl e of the previous section, thereisno general, simple, char-
acterization of when there exists a Nash equilibrium where betting
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occurs with positive probability (i.e. (5, s) # (1,0)). Moreover, there
may exist many Nash equilibriawhere betting occurs (unlike in the
example). But notice that since both reaction functions are contin-
uous and negatively sloped, there exists a Nash equilibrium which
reflects the largest possible amount of betting. Formally, define the
set of Nash equilibriaasfollows:

(23) N(mp, 74, 0", 9r,94) = {(5,5) | pr(7h, 0", 8, g, ga) =
g; pA(ﬂ'jAap*ag: gAagF) = 5} .

Because both reaction functions are negatively sloped and contin-
uous, we know that there exists a unique ‘largest’ (5, s) € N(77.,
T4, P*s Or, 9a) such that for every (s', s) € N(7%, 77, P*, Or, 9a),
5 < § and s> 9. We want to assume that this ‘largest’ equilibri-
um is always played. We let (%, 7%, 9r, 94, P*) and S(7%, 75,
04, 9r, P*) bethat ‘largest’ equilibrium. Thus we have ‘ acceptance
functions' predicting exactly what the individuals will do in every
situation.’

In order to study the comparative static properties of these accep-
tance functions, we require a natural restriction on the information
signals, and a property of the best response functions along the
acceptance functions.

DEFINITION. Individual i’sinformation signal satisfiesthe smooth-
ness condition if

@ Ri(s) Ri(s)
@8 L) = me {RZ-(S)’ R;(s) } '

This condition requires that the rate of change of the (marginal)
likelihood ratio is at least as great as each measure of the rate of
change of the average likelihood ratio.'® Thusit isarequirement that
thelikelihood ratio changes sufficiently smoothly. We can check that
the exampl e of the previous section satisfies this condition:

S S 1-s
@) ) = 1 R)=y, Rl =

SO
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, _ 2s
Bi(s) = e
and ri(s) _ 1 Ri(s) _ 2
ri(s)  s(1—s)’ Ri(s) s(2—s)’
Ri(s) 2s

Ri(s)  (1=s)(1+4s)

In the next section, a finite signals example is presented and it is
shown how any continuous approximation to a finite signals distri-
bution would fail this property.

Before stating the main result, we require a property of the best
response functions which is guaranteed to hold a ong the acceptance
functions,

LEMMA 2. Supposes= (7}, 7%, 9r, 94, P*) and s= S(r%, 7%, 94,
gr, p*) are both in the open interval (0,1). Then at (s, ),
Opr Opa

(26) 9% 03 <1

Proof. Recall that both derivativesarestrictly negative. Now, if the
condition of thelemmafailed, then by continuity and monotonicity of
the reaction functions, there would exist another Nash equilibrium
(', 9), ‘larger’ than (s, 9), contradicting the construction of the
acceptance functions.

Finally, let us say that there is no betting if (5, s) = (1, 0) and there
is always betting if (5, s) = (0, 1). Then we have the following
characterizations of the acceptance functions.

THEOREM 1. Properties of the acceptance functions:

[1] If w3, < 7%, then thereis no betting.

[2] Ifrp(0) 75 > p* > r (1) 7%, then thereis always betting.

[3] sisdecreasing in 73 and increasing in 7*; if A's information
satisfies the smoothness condition, then sisincreasing in p*.

[4] sisdecreasing in 7% and increasing in 7}.; if F's information
satisfies the smoothness condition, then sisincreasing in p*.

Part (1) states that if A thinks event E at least as likely before
observing information, then no odds p* will induce that individual



252 STEPHEN MORRIS

to bet on any signals. Thus, in particular, if the individuals have a
common prior (73 = 7%), there is no betting. This was shown by
Sebenius and Geanakoplos (1983) and is closely related to the ‘no
trade’ theorem of Milgrom and Stokey (1982). Part (2) states that if
F thinks E sufficiently likely, and A thinks E sufficiently unlikely,
relativeto the betting oddsratio p*, then they will bet whatever signal
has been observed. Noticethat for someinformation structures (such
as the example in the previous section) this condition need never
be satisfied (because rx(0) = 0 and r 4(1) = o0). Parts (3) and (4)
ensure that the acceptance functions have the natural monotonicity
properties. Notice that A's information must satisfy smoothness, in
order for F’s acceptance function to be increasing in p* (so that F
bets | ess often as the odds move against him).

Proof. (1) and (2) follow directly from reaction functions. | will
give a proof of (3) and (4) for an interior equilibrium (i.e. where 3
andsareintheinterva (0,1)). If oneof s andsareequal toOor 1, the
argument is easier in the sense that changes in p* do not in general
affect oneindividual’swillingnessto bet at the margin. But there are
many cases that have to be considered. At an interior equilibrium,
the following equilibrium conditions hold:

(27)  7irp(5)Ra(s) = p* = mara(s)Br(5).
Totally differentiating with respect to p* gives:

Now Lemma 2 gives
(29) aﬂ% _ {_TF(S)RIA@)} {_TA(S)R%(S)} <1
aﬁ 83 S
SO

(30) det (M) = mhm { T (_;RA@’";‘@RF(_;)} >0,



(31)

ds
d*
[5;

dp*
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by smoothness assumption.

Thus if A’'s signal satisfies smoothness, 5 is increasing in p*, and
if F's signal satisfies smoothness, s is increasing in p*. The signs
of derivatives with respect to prior probabilities can be obtained by
totally differentiating (27) with respect to 3, and 7*:

(32)

and

S
dry, | —TR(S)R

dd_ﬁp - M 1[ TF(S()) A(§)]
L drf

= i

G| =M1 N .
[—m@RF(s)]

The functions 5 and s determine what each individual should do for
a given betting odds ratio p* and specification of who is to bet for,
and who against. Now we do the trand ation into specifying for each
individual, having observed some signal s, a which betting odds
ratios he would be prepared to accept abet for, and at which betting
odds ratios he would be prepared to accept abet against. Thuslet

(33)

P

*(Tr;kaﬂ;fagiagja S)

={p" € Ry U{oc}ls > 5(n}, 7,01, 95 0") }
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(34) p*(ﬂf,ﬂ;,gi,gj,s)
= {p* € R+ U {OO}|5 < S(ﬂjaﬂ;‘fag’i:gjap*)} :

In the exampl e of the previous section, the sets of betting oddswhere
acceptance (for and against) takes place had a natural structure. If
a bet for was accepted at betting odds p*, it was also accepted at
any betting odds less than p*. While if a bet against was accepted at
p*, it was also accepted at any betting odds greater than p*. Thisis
a natural property because, other things being equal, an individual
prefers to bet for at a lower p*. But, in equilibrium, a higher p*
will imply that the other individual’s willingness to bet becomes a
worse signal. Whether the P* and P* sets are well behaved in the
sense described above depends on how 5 and s vary with p* which
in turn depends, as the previous theorem showed, on the smoothness
restriction on signals.

THEOREM 2. Existence and properties of bid-ask probabilities:
Suppose that individuals' signals satisfy the smoothness condition.
Then there exist functions p* and p* such that

[1] The bid ask spread property is satisfied:

(35)  P*(n},7},9i,95,9)
= {p* € R, U {oo}|p* < p*(n}, 77, 9i, 955 3)}
P (n, 7, 9i9;5 5)
[0 € Ry U oo} |9 2 0 (w5 19 9) )

[2] The betting interval includes naive posterior beliefs:

(36) ]3*(7[';(, 71-;'(7 9is 93> 5)
S 71-;(TZ'(S) S B*(Tr;kvﬂ-;agiagja S).

[3] Monotonicity: p* and p* are both increasing in s, increasing in
m;, and decreasing in ;.
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Proof. [1] istrue because 5 and sareincreasing in p*. Naive pos-
terior beliefsreflect your willingnessto bet if you assumed the other
individual would bet everywhere. Given that § and s are increasing
inp*, you can only belesswilling to bet if the other individual isnot
betting everywhere. Thisargument implies[2]. [3] followsfrom the
corresponding monotonicity conditionson s and s.

Theorem 2 captures everything we would like to say about will-
ingness to bet except that we have not considered the impact of
changing the information structure. In particular, it is natura to
expect that individualswill become lesswilling to bet as the accura-
cy of their independent information improves. But how to measure
the precision of the information? One approach would be to use the
partial order on information signals described by Blackwell (1951).
One signal is more valuable than another if the latter is a ‘noisy’
version of theformer. For our purposes, however, it seems sufficient
to study a natural one parameter class of information signals.

We will consider a class of signals that is parameterized by a
number A € (0,1]. Suppose that, for all A, the signal is uniformly
distributed, conditional on E not occurring, i.e. g*(s|~ E) = 1, for all
s,\; whereas if E occurs, the signal is aweighted sum of a uniform
distribution and astrictly increasing distribution g (s|E), i.e. g*(S|E)
=1 — X+ \gY(SE). Then it can be easily verified that r’(s) = 1 —
A+ Ari9), RM9) =1 - A+ ARY(S), RM9) =1 — X + ARY().1° As A
tends to zero, the signal becomes valueless. Now we can ask what
happens as A varies, if someindividual i observes signa g’

What happens as information quality improves? There are two
effects. First of all, any given signal conveys more information for
theindividual receivingit. Thusif r2(s) < 1, individua i will be less
willing to bet for and more willing to bet againgt, as the quality of
information (\) increases. Whereas if r)(s) > 1, individual i will be
more willing to bet for and less willing to bet against, as the quality
of information increases. But secondly, whether r(s) is greater than
or lessthanto 1, i’'simproved information will makej lesswilling to
bet against him, which makesi lesswilling (in equilibrium) to accept
the bet. If these effects work against each other, we cannot predict
the effect on the bid ask spread. The following theorem applies to
the case where they move in the same direction.
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THEOREM 3. Suppose infor mation satisfies the smoothness condi-
tion. Then p*(n;, 7%, 9}, df, 5) is decreasing in A if r}(s) < 1 and
decreasingin if r[s(r3, 7}, o, 6}, P*(7}, 75, 67, 0F, 9))] > 1; and
p*(r}, 75, 7, ¢, §) isincreasingin A if r}(s) > 1 and increasing in
pitri[ses, o, of o (s 75, 6 g, 9))] < 1%

To understand exactly what the theorem says, consider first the case
where r2(s) = 1, so that individual i’s naive posterior probability of
E is the same as his ex ante probability. Then any increase in the
quality of hisown information (\) will imply that he requires better
oddsto bet either way, so that hisbid ask spread range widensin both
directions. Intuitively, this is because while there is no direct effect
of the change in quality of i’sinformation, the other individual j will
become less willing to accept a bet (in either direction) given that i
is better informed. Allowing r?(s) to be less than one reinforcesi’s
decreasing willingness to bet for as information quality improves.
Allowing r?(s) to be greater than one reinforcesi’s decreasing will-
ingness to bet against as information quality improves. What is the
effect of changesin the quality of j’s information (1) on i’s bid-ask
spread for betting? The complicated expression, r%[s(w, 7}, ¢f, 97,
pr(ry, 7, g, g, 9))] represents the likelihood ratio of the highest
signal at which j would be prepared to bet against event E, if swas
the lowest value at which i would be prepared to bet for E, and if
the price p* was such that these were the *largest’ equilibrium of the
acceptance game. If thislikelihood were at |east as great as one, then
the critical signal at which j is accepting a bet against is one which
makes j less likely. Thus|j will be less willing to bet, and this will
lead to i being less willing to bet.

Proof. Again totaly differentiate equilibrium conditions (27),

now with respect to information quality parameters A\r and A4,
whererp =1—\p + Aprtandry=1— X4 + \ar}, gives

(37) [—] et [Tri‘v(l— k(s >Rag
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but R%(s) > 1forall s. Soif rk(5) < 1, wehave ds/d\r > Oand
ds/d\r < 0adso Ry(s) < 0, for dl s, Soif r4(s) > 1, we have
ds/d\4 > 0andds/dX s < 0. These properties of acceptance rules
trandate into the theorem’s conditions on bid-ask spreads.

2.3. AFinite Sgnals Example

The smoothness condition was required in the previous section to
ensure that the existence of a bid-ask spread in individuas will-
ingness to bet. The smoothness condition automatically fails in a
finite signal setting. We use the simplest possible example, where
each individual observes one of two signals, to illustrate what goes
wrong.

Suppose individual 1 has prior probability 5/6 of event E, while
individual 2 has prior probability 1/2 of event E. Each individual
observes a signal with two possible realizations, ‘good’ or ‘bad’.
Each individual’s signal has the same distribution. The good signal
is correlated with E, the bad with not E. Specifically, there isa 2/3
chance of the good signal if E, or of the bad signal if not-E. As
before, there is some betting probability p at which the individuals
may bet.

Rather than formally re-defining the solution concepts of the pre-
vious section for this finite case, | will assume it is clear how to
make the trandation. First, note that at no p will we have 1 betting
against E and 2 betting for E. So we can restrict attention to 1 betting
for, 2 against. | first check the values of p for which certain strategy
profiles are Nash equilibria of the betting game. Then | trandate
these results into acceptance rules, and show that those acceptance
rules do not generate bid-ask behavior.

We first check when there is Nash equilibrium of the betting
game when both individuals always accept the bet whatever the
signal. Thiswould require that 1's posterior probability of event E
after observing abad signal (5/7) is greater than p. We also require
that 2's posterior probability of event E after observing agood signal
(2/3) islessthan p. ThusthisisaNash equilibrium only if 2/3 < p
< 5/7.

Let us now check when there is Nash equilibrium of the betting
gamewhenindividual 1 acceptsabet for only after observing agood
signal and individual 2 accepts a bet against only after observing a
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bad signal. This requires that 1's posterior probability of event E,
conditional on 2 observing abad signal and 1 observing agood signal
(5/6) is greater than p, while his posterior probability of event E,
conditional on 2 observing abad signal and 1 observing abad signal
(5/9) islessthan p. Itisalso required (for this Nash equilibrium) that
2'sposterior probability of event E, conditional on 2 observing abad
signal and 1 observing a good signal (1/2) is less than p, while her
posterior probability of event E, conditional on 2 observing a good
signa and 1 observing a good signal (4/5) is greater than p. Thus
thisis a Nash equilibrium if 5/9 < p < 5/6 and 1/2 < p < 4/5, and
thusif 5/9 < p < 4/5.

It can further be checked that there is aNash equilibrium where 1
always accepts and 2 acceptsonly if she observesabad signadl, if 1/3
< p < 5/9. Thereis aNash equilibrium where 2 always accepts and
1 accepts only if he observes agood signal if 4/5 < p < 10/11.

For Nash equilibriawhere someindividual never accepts the bet,
the ‘perfection’ issue that arose in the continuous signals case arises
in avery similar form. Any strategy is a best response to the other
individual never accepting. It can be addressed in avery similar way.
Let us restrict our attention to Nash equilibriawhere one individual
never accepts to those where, if one individual does accept on some
signa, it is a best response to his most pessimistic conjecture of
when the other individual might accept (i.e. 1 conjectures that 2
accepts only on the bad signal; 2 conjectures that 1 accepts only on
the good signal). The strategy profile where 1 always accepts and 2
never acceptsissuch aNash equilibriumif 0 < p < 1/3. The strategy
profile where 2 always accepts and 1 never accepts is such a Nash
equilibriumif 10/11 <p < 1L

This covers all pure strategy Nash equilibria of the betting game.
Wetrand atethisinformationinto acceptancerulesby theassumption
that the ‘largest’ Nash equilibriumisawaysplayed. Thusif 0 < p <
1/3, 1 dwaysacceptsand 2 never accepts. If 1/3 < p < 5/9, 1 dways
accepts and 2 accepts only if she observes abad signal. If 5/9 < p
< 213, 1 accepts only if he observes agood signal, 2 accepts only if
she observes a bad signal. If 2/3 < p < 5/7, 1 dways accepts and
2 always accepts. If 5/7 < p < 4/5, again we have 1 accepting only
if he observes agood signal, 2 accepting only if she observes a bad
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signal. If 4/5 < p < 10/11, 1 acceptsonly on agood signal, 2 accepts
always. If 10/11 < p < 1, 1 never accepts and 2 always accepts.

We can trandlate this information into acceptance rules for each
individual. Thusindividual 1 will never accept abet against event E,
whatever signal he observes and whatever the odds. If he observes
the good signal, he will accept a bet for event E if and only if p <
10/11. If he observes the bad signal, he will accept a bet for event E
if and only if either 0 < p < 5/9o0r 2/3< p < 5H/7.

Individual 2 will never accept a bet for event E, whatever signal
she observes and whatever the odds. If she observes a bad signal,
she will accept a bet against event E if and only if p > 1/3. If she
observes a good signal, she will accept a bet against event E if and
only if either 4/5<p<1lor2/3<p<5/7.

Thusthereisno bid-ask spread. Consider individual 1's decision
to bet for if he has observed a bad signal, and what happens as the
betting probability moves in his favor (i.e. from 1 to 0). He starts
betting once p is smaller than 5/7. But when the odds move even
more in his favor, he stops being prepared to bet, because once p
fallsbelow 2/3, individual 2 will be deterred from accepting the bet
against if she has observed a good signal. But when the odds move
yet further in hisfavor, to 5/9, heis prepared to accept, despite have
observed a bad signal, and knowing that individual 2 is accepting
only when she has a bad signal. A symmetric pattern holds for
individual 2.

The logic of this example can be used to show that whenever
individuals observe a finite distribution of signals, we can choose a
ratio of prior beliefsfor the two individuals, 71/, such that the bid
ask spread property fails to hold. It may useful to relate this finite
signalsfailure to the smoothness condition in the continuous signals
case. Imagine making a continuous signal approximation to afinite
signals example. Then at some value of s, we would require r(s) to
jump suddenly, so that r'(s)/r(s) would have to be high at s for any
approximation. Thus the smoothness condition would fail.

3. UNCERTAINTY OR HIDDEN INFORMATION?

The informational model of the previous section showed that it is
possibleto rationalize bid ask spreadsin willingnessto bet by strate-
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gic concerns about hidden information possessed the person on the
other side of the bet. It remains to argue that this rationalization
is going to be correct. In this section, | first review the emphasis
which authors on subjective probability have always put on infor-
mational asymmetries in explaining bid ask spreads. | argue that
it is tautological to claim that if decison makers do not ‘know’
the ‘true’ probabilities, then there is some information they do not
possess, which is in some form available to others. Thus there is
always some relevant information in existence which potentially
explains the bid ask spread. Nonetheless, it could be that decision
makers exhibit ‘ uncertainty aversion’ even in situationswhere there
is not in fact any possibility of this information being used strate-
gically against them. It is suggested that such uncertainty aversion
may occur because boundedly rational decision makers misapply a
very sensible heuristic: “if someone asks you for odds at which you
are prepared to bet either way, they are probably about to exploit
you”.
The earliest proponents of subjective expected utility always rec-
ognized that the presence of private information will lead to bid-ask
spreads in willingness to accept bets. Ramsey and de Finetti, who
both anti cipated Savage’ sdevel opment of subjective expected utility,
were explicit about thisissue, as shown by the quotations preceding
the introduction to this paper. De Finetti notes that a game theoretic
solution will be required. Even earlier, Borel can be interpreted as
proposing the creation of game theory precisely to deal with the
problem of the information implicit in others' willingnessto bet!

The problem can be put in a ... smple form, which is, however, complex enough
to contain al its difficulty, by a consideration of a game like poker, where each
player bets on his own play against the play of the adversary. It the adversary
proposes a large bet, this tends to make people believe that he has a good hand,
or at least that he is not bluffing. Consequently the fact alone that the bet is made
modifies the judgement which the bet is about. The deep study of certain games
will perhaps lead to a new chapter in the theory of probabilities, a theory whose
origins go back to the study of games of chance of the simplest kind.?

A morerecent text on Bayes Theory isequally clear onwhy wedon’t
expect subjective expected utility maximizers to bet either way at
the same odds:

Supposeyou arein aroom full of knowledgeable meteorol ogists, and you declare
the probability it will rain tomorrow is .95. They al rush at you waving money.
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Don't you modify the probability? We may not be willing to bet at all if we feel
others know more. Why should the presence of others be allowed to affect our
probability 7%

The meteorologist example raises the question of what we mean
by information. It would be true but no doubt not very helpful to
maintain that your unwillingness to bet either way at a probability
of .95 at your subjective probability is because you do not know the
true probability. Even if you do not think meteorol ogists know the
true probability, and even if the meteorologists have already been
forced to share al ‘objective’ information with you, we are inclined
to think that you would want to alter your beliefsin thelight of their
willingness to bet. Presumably there is some hidden *‘information’
whichisimplicit in the fact that they are experts, and you are not.

Conversely, itisuseful to consider what could bemeant by * know-
ing the true probability’. It is useful not because we care about the
semantics, but because there is a strong intuition around that know-
ing the true probability matters, so to get to the root of the intuition,
we need to understand what it means. Borel gave one definition

Observe however that there are cases where it is legitimate to speak of the prob-
ability of an event: these are the cases where one refers to the probability which
is common to the judgements of all the best informed persons, that is to say, the
persons possessing al theinformation that it is humanly possible to possess at the
time of the judgements.>3

Thissurely capturesexactly our intuition of what we mean by thetrue
probability of an event. | know that the true probability of the dime
| am holding coming up heads is 1/2. | can imagine that someday
someone might invent amachinewhich, by physical testsof thecoin,
could determineto one hundred decimal placesthe‘true’ probability
of that coin coming up heads on a ‘fair’ toss (which might not be
exactly 1/2). Oncethat machineisinvented, or evenif | thought such
amachine might have been invented, | would not claim to know the
‘true’ probability, even if 1/2 was in fact the ex ante expectation
unconditional on the machine’s test results.

An dternative representation of uncertainty aversion uses non-
additive expected utility functions, and a“ hidden information’ inter-
pretation is common here too, going al the way back to Dempster
(1967, 1968). Thus Sarin and Wakker (1992) report (p. 1255) with
approval Keynes' (1921) view that “ambiguity in the probability of
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such events may be caused, for example, by alack of availableinfor-
mation relative to the amount of conceivable information”. Recent
‘expanded state space’ justifications for non-additive expected util-
ities include Gilboa and Schmeidler (1994) and Mukerji (19944).
Kelsey and Milne (1993) show how a hidden moral hazard problem
induces non-additive expected utilities.

But even granted that ‘not knowing the true probability’ means
the same thing as  someone may know something | don’'t’, this does
not imply that the person I’'m betting against might be the person
who might know something | don’t. Furthermore, we can design
decision problems in the face of uncertainty in such a way that
strategic issues should not arise. It is useful to illustrate this issue
by the classic example of Ellsberg (1961) whichisregularly used to
motivate the notion of ‘uncertainty aversion’ in the face of unknown
probabilities.

Consider thefollowing thought experiment. Urn | contains 50 red
and 50 black balls. Urn Il contains 100 balls, some red and some
black. The true proportion is not known to you. We are interested in
your preferences among the following four contingent claims:

1. $100 if ared ball isdrawn from urn |
2. $100 if ablack ball isdrawn from urn |
3. $100if ared ball isdrawn from urn 11
4. $100if ablack ball isdrawn from urn 11

A typical preference pattern might have you indifferent between
(1) and (2), indifferent between (3) and (4), but strictly prefer-
ring either (1) or (2) to either (3) or (4). You strictly prefer $100
with a known probability of 1/2 to $100 with unknown probability,
even though SEU theory apparently suggeststhat the decision maker
ought to be assigning probability at least 1/2 to either to ared ball
or to ablack ball being drawn from urn 1. More explicitly, expected
utility theory (assuming the decision maker assigns probability 1/2
toared ball being drawnfromurnl) impliesthat one of thefollowing
three holds:

() probability of red ball being drawn from urn 11 is more than 1/2
and (3) - (1) ~ (2) > (4);

(i) probability of red ball being drawn fromurn 1l is1/2 and (1) ~
(2 ~ ) ~ (4);
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(iii) probability of red ball being drawn from urn 1l is less than 1/2
and (4) >~ (1) ~ (2) > (3).

The apparent uncertainty aversion may initially seem to be easily
explained by private information. It is certainly conceivable that
someone knows the exact number of red ballsin urn I1. If someone
offers to sell me option (3), say, | would certainly typicaly infer
that the person offering to sell it to me knows something | don't, in
particular that there are not too many red balsinurnil.

This explanation will not go through, however, if | am really
offered the menu of choices (1) through (4). It istrue that the person
offering me a choice of (1) through (4) quite likely has some infor-
mation about (3) and (4) that | don’t. Therefore, she may have pref-
erences over which of the options| take. But the thought experiment
isset upinsuchaway that | cannot infer any of that information, and
so | ought to behave non-strategically (i.e. satisfy the Savage axioms
despite the presence of privateinformation). Yet the evidenceisthat
many apparently rational decision makers still display uncertainty
aversion, even when the strategic aspects are ruled out.?*

One explanation might go as follows. In most situations where
you must make a choice between uncertain outcomes and where
somebody may know something which you don’t, there is some
information implicit in the offer made to you which should lead you
to not buy and sell at the same price. In those rare situations where
it is not the case, you nonetheless continue to use this heuristic.
Psychol ogists Kahneman and Tversky (1974) identified a number of
heuristicswhich decision makersusein making choices under uncer-
tainty. These rules make sense in simple environments (explaining
how they might have comeabout inan evolutionary setting), but their
failures in certain more complicated circumstances explain many
anomalies in observed choices under uncertainty. Observed ‘ uncer-
tainty aversion’, like Kahneman and Tversky’s‘ representativeness’,
‘availability’ and ‘adjustment’ heuristics, may be a decision rule
which works well in many, but not all, circumstances.

Some authors have argued that not only do the three heuristics
identified by Kahneman and Tversky imply violations of the expect-
ed utility assumption in certain circumstance, but they do so in eco-
nomically significant ways.?> Can the same be said for uncertainty
aversion? Presumably, we would want to offer uncertainty aversion
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as an explanation for some observed behavior only if a standard
private information explanation fails. Yet economic environments
are precisely those where private information explanations are often
going to be most plausible. Among all decisions under uncertainty,
it is a particular characteristic of those we make in economic life
that someone with more information than us stands to gain from
our decision. For example, using uncertainty aversion to explain
financial asset pricing?® seems especialy redundant, since clearly
financial asset trades represent near zero-sum transactions and there
is plenty of private information around.

Dow and Werlang (1994) explain the breakdown of backwards
inductionin perfect information gamesby the existence of uncertain-
ty aversion. Theargument can be seen asan alternativeformalization
of the reputation story of Kreps and Wilson (1982) and Milgrom and
Roberts (1982), which explicitly assumes incomplete information
(‘crazy’ types) rather than uncertainty aversion to motivate an intu-
itive aternative to the standard backwards induction outcome. The
argument of this paper has been that incomplete information about
payoffs (and/or agents’ rationality) is what lies at the heart of our
intuitiverejection of the backwardsinduction outcome. * Uncertainty
aversion’ is generated by the incompleteinformation, either directly
(as in the model of Section 2), or indirectly through an uncertain-
ty aversion heuristic. Even the work of Knight (1921) is consistent
with asymmetric information interpretation of uncertainty aversion.
LeRoy and Singell (1987) have recently argued that
Knight shared the modern view that agents can be assumed alwaysto act asif they
have subjective probabilities. We document our contention that by uncertainty

Knight meant situations in which insurance markets collapse because of moral
hazard or adverse selection.

When can we be sure that there are no strategic considerations
in decision making under uncertainty, so that apparent uncertain-
ty aversion cannot be rationalized by asymmetric information? The
most obvious case is when the uncertainty concerns nature rather
than the actions of other economic actors. Bewley (1989) — in one
interpretation of Knight (1921) — has argued that entrepreneurs are
exactly those peoplewho are prepared to bet on eventsfor which true
probabilities are not known. Entrepreneurs are presumably at least
partly engaged in betting against nature (will | be able to develop
some new technology?), athough in a market economy, they may
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also be making indirect bets against other economic actors (poten-
tial competitors, for example). On the other hand, it isnot clear that
standard private information stories do not explain apparent uncer-
tainty aversion to entrepreneurial activities. If | am considering a
new project which no one else has yet undertaken (and do not know
the‘true’ probability), thereisclearly awinner’s curse aspect. Infor-
mation is revealed by the fact that others have not undertaken the
project.

This appeal to unmodelled hidden information as an alternative
to uncertainty aversion may appear to verge on the tautologous. The
following may be an operational way to distinguish between hidden
information and true ‘uncertainty aversion’. Suppose it is the case
that any particular decision of an apparently uncertainty averse agent
can be plausibly rationalized by some hidden information, but that
each decision requires the decision maker to be imputing different
information to those heisinteracting with. Then we have compelling
evidence (which does not rely on the assumption that the decision
maker does not perceivethe situation to be strategic) that thereistrue
uncertainty aversion. Dow and Werlang (1994) and Mukerji (1994)
examine implications of uncertainty aversion which would require
changing information for a hidden information explanation.

4. CONCLUSION

The main contribution of this paper was to show that in the face of
two sided asymmetric information, with sufficiently smooth signals,
rational individuals’ willingnessto bet will be characterized by well-
behaved bid ask spreads.

Let us briefly see how this result depended on the exact assump-
tions of this paper. It was assumed that the priors and independent
signal distributions were common knowledge and that the decision
makers, while disagreeing on the prior probability of the event they
were betting on, agreed on the posterior probability of their signals
conditional on whether the event occurred or not. Each of these
assumptions could be weakened while maintaining the same quali-
tative results.

Thus if signals were not independent and individuals did not
agree on the posterior probabilities of the signals, the results of
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Section 2 would still go through if individualshad acommon ordinal
interpretation of signals(Morris, 1992) —i.e. there existsan ordering
of signals of each individual’s possible signals such that conditional
on any observation of any individual, each individual agrees that a
‘higher’ signal makes the event they are betting about more likely.
This assumption guarantees the crucial strategic complementarities,
and thus monotonic best response functions, in the betting game.

Common knowledge of the other individual’s prior and posterior
distribution could be relaxed to alow each individua to have a
probability distribution over the possible priors and posteriors of
the other individual. Of course, such uncertainty about the other
individual’stype would play arole exactly analogousto the existing
two sided private information in the model. The bid ask spread
properties demonstrated in this paper would be maintained as long
as this new private information did not lead to a violation of the
common ordinal interpretation of signals property.

NOTES

. Ramsey (1927), pages 34/35.

. deFinetti (1937) in footnote (a) on page 62. Thefootnote was added in 1964.

. Ellsberg (1961).

. Knight (1921).

. Bewley (1986, 1987, 1988), Gilboa and Schmeidler (1989), Wakker (1991).
Work with non-additive probability distributions is also closely related in
terms of both motivation and mathematical structure, see e.g. Schmeidler
(1989).

. Bewley (1989).

Dow and Werlang (1992), Epstein and Wang (1994).

Dow and Werlang (1994), Klibanoff (1993), Mukerji (1994b), Lo (1994).

. Bewley (1986, pages 1/2) explicitly rejects this argument: “One may try to
explain the lack of betting (between individuals with different prior beliefs)
by mutual suspicion that the other decision maker has secretly acquired
superior information. | find this hard to reconcile with the observation that
people usually seem very fond of their own decisions”.

10. Thisis essentially the static betting game studied (under the common prior

assumption) in Sebenius and Geanakoplos (1983).

11. ThereisalsoawaysaNash equilibriumwherebothindividualsalwaysreject

the bet, and possibly other Nash equilibria where one agent always rejects

the bet. The argument that follows does not apply to those equilibria which
areformally ruled out consideration when other (non-trivial) equilibriaexist
in the next section.
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To be precise, p4 isundefined at s = 1; but thelimit as s tendsto 1is0and it
is convenient and natural here and in the rest of paper to assume the reaction
function takes on the value of itslimit at boundary points 0 and 1.

The analysis could easily be generalized to the extended redl line, i.e. R U
{00, —o0}, if limits of distribution functions on the real line existed.

r;l iswell-defined on theinterval specified becauser  is strictly increasing.
Notice that there is a perfection argument implicitly built into the reaction
functions. If s = 0, then with probability 1, A never accepts the bet, so
F’s reaction ought to be indeterminate. We are assuming that F's reaction
functionis single-valued and continuous. It is straightforward to justify this
by aperfection argument. In an analogous setting in Morris(1992), anad hoc
pessimistic conjecture is used to support this outcome. Restricting attention
to proper equilibriawould also suffice.

The terminology ‘increasing’ and ‘decreasing’ are used in the lemma and
throughout the paper intheweak sensei.e. non-decreasing and non-increasing.
Thusfor an appropriate simplification of thegameand ordering of signals, the
game is one with strategic complementarities (Bulow et al., 1985; Milgrom
and Roberts, 1990). Specifically, suppose one round of dominated strategies
are deleted, so that al remaining strategies are of the form ‘accept if sp
> & for F and ‘accept if s < § for A, and strategies are ordered by the
critical acceptance signal, then ordinal strategic complementarity conditions
(Milgrom and Shannon, 1994) are satisfied. Morris (1992) studies these
and other issues concerning strategic complementarities in more general
Bayesian ‘acceptance games . The results of that paper could thus be used
to show in more detail the relation between Nash equilibriain this paper.
Thusit is equivalent to the requirement that both r;(S)/R;(s) and r;(s)/R;(S)
areincreasing functions of s.

Where ri(s) = g'(s|E)/gl(s|~ E), R(s) = GY(S|E)/GY(s/~ E) and R*(s) =
GYSE)/GY g~ B).

Notice that by construction r?(s) > 1if and only if ri(s) > 1.

Borel (1924), page 58.

Hartigan (1983), page 7.

Borel (1924), page 50.

It would be interesting to test how sensitive Ellsherg-paradox-type phenom-
enaareto varying emphasisin the experimental design onthe experimenter’s
incentives.

Thaler (1991).

Dow and Werlang (1992) and Epstein and Wang (1994).
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